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Abstract

Sample-wise learning curves plot performance versus training set size. They are
useful for studying scaling laws and speeding up hyperparameter tuning and model
selection. Learning curves are often assumed to be well-behaved: monotone (i.e.
improving with more data) and convex. By constructing the Learning Curves
Database 1.1 (LCDB 1.1), a large-scale database with high-resolution learning
curves including more modern learners (CatBoost, TabNet, RealMLP, and TabPFN),
we show that learning curves are less often well-behaved than previously thought.
Using statistically rigorous methods, we observe significant ill-behavior in approxi-
mately 15% of the learning curves, almost twice as much as in previous estimates.
We also identify which learners are to blame and show that specific learners are
more ill-behaved than others. Additionally, we demonstrate that different feature
scalings rarely resolve ill-behavior. We evaluate the impact of ill-behavior on
downstream tasks, such as learning curve fitting and model selection, and find it
poses significant challenges, underscoring the relevance and potential of LCDB 1.1
as a challenging benchmark for future research.

1 Introduction

In machine learning, a learning curve can refer to two types of curves. The epoch-wise learning
curve (also known as training curve), depicts model performance versus training iterations or epochs.
The sample-wise learning curve focuses on performance versus the amount of training data used for
training [1]. Sample-wise curves provide a richer evaluation at multiple training data sizes [2]. These
curves are useful for speeding up model selection and hyperparameter tuning using multi-fidelity
techniques [3]. The curves are also useful to estimate how much data is needed to reach a particular
performance [4, 5], providing insights into so-called scaling laws [6–9]. In this work, we focus
exclusively on sample-wise learning curves and use the term learning curve to refer to them.

To effectively use learning curves, it is important to know their shape. When a suitable parametric
formula can be assumed, it becomes possible to extrapolate the final performance from partial training
data, thereby accelerating model selection. However, learning curve modeling remains challenging:
existing parametric models often fail to outperform the simple strategy of selecting the best algorithm
based on the last observed curve value [10, 11]. Furthermore, much remains unknown about the
learning curve shape. Often, it is assumed that more data leads to better generalization performance
[1, 10]. Such learning curves are called monotone: the loss decreases monotonically with more
data. Similarly, learning curves are often assumed to be convex, meaning that there is an effect of
diminishing returns: the more data we have, the less performance is improved by additional data. If a
curve is monotone and convex, we call it well-behaved [1, 12, 13].

Learning curves can exhibit a variety of ill-behaved shapes in toy-settings, violating either monotonic-
ity or convexity [1, 14]. Mohr et al. [10] studied whether such behaviors occur in non-toy settings.
They collected the largest-scale database of learning curves, called the Learning Curves Database 1.0

39th Conference on Neural Information Processing Systems (NeurIPS 2025) Track on Datasets and Benchmarks.



Table 1: Ill-behaved learning curves in the wild on OpenML CC-18 classi�cation datasets. The y-axis
indicates the error rate on the validation set, and the x-axis represents the size of the training set.
The line is the mean and the shaded area indicates one standard error; this applies to all subsequent
learning curve plots. Peaking: error rate has a local maximum. Dipping: error rate worsens and does
not recover. Phase transition: sudden improvement.
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(LCDB 1.0), from various learners, evaluated across hundreds of classi�cation datasets [15, 16]. In
LCDB 1.0, Mohr et al.[10] conclude: “We found that the large majority of learning curves is, largely,
well-behaved, in that they are monotone, convex, and do not show peaking.” We believe, however,
that this conclusion is premature. Their analysis only shows that more extreme ill-behaviors are less
frequent; however, it does not estimate how many are signi�cant as a fraction of all curves.

The LCDB 1.0 also suffers from technical issues. It lacks resolution, which can make it dif�cult to �nd
ill-behavior reliably. In LCDB 1.0, features were also not scaled. Feature scaling is a well-established
and standard practice in machine learning that improves training stability and model performance
[17–20]. Therefore one may also wonder if the ill-behavior may disappear simply by scaling. Indeed,
we �nd that sometimes feature scaling makes a curve well-behaved, see Figure 1a. Besides, we �nd
that LCDB 1.0 suffers from missing data and a minor data-leakage issue. These issues illustrate the
need for a new database and deeper analysis of the prevalence of ill-behaviors.

We introduce the Learning Curves Database 1.1 (LCDB 1.1) which addresses the aforementioned
limitations. We incorporate four-times more training set sizes, see Figure 1b. This increases the
resolution of the curves, which allows us to �nd more ill-behavior. We argue that, depending on
how learning curves are used, data-leakage is sometimes acceptable. Therefore, we introduce two
database versions, one with data-leakage and the other without, and also incorporate different feature
scalings. In case a performance value is missing due to an error, we justify and document it. Besides,
we include the OpenML CC-18 datasets [21], which are more carefully curated datasets, and some
more modern tabular data learners, including boosting (CatBoost [22]), deep learning (TabNet [23],
RealMLP [24]), and foundation models (TabPFN v2 [25, 26]).

Next to providing a new database, we provide a richer analysis of the ill-behaved learning curves. We
develop methods to detect whether a learning curve is signi�cantly non-monotone or non-convex
and also measure the size of violations. Besides, we also identify other learning phenomena, such
as peaking, dipping, and phase transitions, see Table 1. We demonstrate that these ill-behavior are
signi�cant and happen often for particular learners. Feature scaling cannot mitigate these ill-behaviors
in most of the cases, ruling out that these issues can be easily resolved.

So, we show that these ill-behaviors are signi�cant, but are they also relevant for downstream tasks
such as learning curve �tting and model selection? We conduct learning curve �tting experiments
using parametric formulas. We investigate the relation between curve �tting and ill-behavior. Most

(a) (b)

Figure 1: Motivation for new LCDB 1.1 features. (a) Feature scaling can mitigate an ill-behaved
learning curve. (b) Low-resolution curves may omit certain phenomena or render them less apparent.
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parametric curve models lack the �exibility to model non-monotone and non-convex behavior [27],
and indeed we con�rm that parametric modeling is signi�cantly more dif�cult on ill-behaving
curves. Learning curves can be used for multi-�delity model selection using Successive Halving
(SH). We �nd that the crossing curves in our database also make multi-�delity model selection more
challenging. Thus, we illustrate the relevance of these ill-behaviors for downstream tasks, and the
unique challenges posed by sample-wise learning curves.

In summary, we create a new and improved database. We perform a more in-depth analysis regarding
ill-behaved curves. These analyses illustrate what is inside our database, and therefore we call these
database analyses (DA), that we pose as questions. DA1: How many learning curves are signi�cantly
ill-behaved and which learners are responsible? DA2: How does feature scaling affect ill-behavior?
DA3: How do ill-behaved curves affect learning curve extrapolation? DA4: How does learning curve
crossing affect model selection using successive halving?

We discuss the design of LCDB 1.1 in Section 3. Section 4 describes how to robustly detect ill-
behaviors. The experimental setup and the results are in Section 5, and we end with discussion and
conclusion in Section 6. First, we cover preliminaries and related work.

2 Preliminaries and Related Work

Sample-Wise Learning Curves: Theory and Practice. A sample-wise learning curve returns a
performanceC(n) versus the training set sizesn used. Here we discuss its theoretical de�nition and
how it is computed in practice, focusing on classi�cation tasks. LetSn be the training set, consisting
of featuresx 2 Rd and corresponding class labelsy, thusSn = f (x1; y1); : : : ; (xn ; yn )g. We
assume that there exists a distributionP from which(x; y) are independent and identically distributed
samples.A(Sn ) is a learning algorithm trained onSn . Let R(A(Sn )) be the risk, which indicates its
loss in expectation on data fromP. For classi�cation commonly the zero-one loss is used, in this
case,R(A(Sn )) is the error rate. The theoretical mean learning curveC(n) is de�ned as:

C(n) = ESn � P R(A(Sn )) ; (1)

The curve is computed over a number of training set sizes, e.g.n1; n2; : : :, where we call the training
set sizeanchor. The risk is an expectation that relies on an integral over the true data distributionP,
which is unknown. Therefore, we estimate the risk using performance on held out data (test data).
The expectation overSn is approximated using multiple repeats with different train and test sets. By
using multiple repeatsK , we obtain multiple estimates of the risk,R̂r

n , wheren indicates the training
set size andr is the repetition. We estimate the mean learning curve asĈ(n) = 1

K

P K
r =1 R̂r

n . One
decidesn1; n2; : : : ; nN , typically based on the dataset size.N is the amount of anchors in a curve.

Ill-Behaved, Non-Monotone, and Non-Convex Learning Curves. Several synthetic learning
problems illustrate that more data does not lead to better performance [14, 28], we �nd such examples
in carefully curated CC-18 datasets [21] (see Table 1). Peaking is such a violation, where the error
rate initially decreases as the training set size increases, then rises to a peak before decreasing again
[29, 30], and is also called sample-wise double descent [5, 31]. Peaking has been proven to occur
for the Fisher classi�er, and the peak effect is most severe when the training set size is equal to the
dimensionalityd [32, 33]. Double descent describes a similar phenomenon when plotting the error
versus the capacity of the model [1, 34]. Other cases of monotonicity and convexity violations include
dipping and phase transitions. Loog and Duin[35] introduce the concept of dipping. The error rate
initially improves, then increases without recovering, even in the limit of in�nite amounts of data.
Dipping has been observed for decision trees in error rate learning curves [36, 37], and for KNN
in AUC learning curves [38]. A phase transition means that model performance improves abruptly,
causing a distinct drop in the learning curve. Phase transitions in machine learning were studied
mostly in theory [1, 39], and we are not aware of any examples on real-world datasets before this work.
Beyond classi�cation, many of the observed learning curve irregularities, such as non-monotonicity,
may also arise in regression problems [14, 40, 41] and even unsupervised learning [42], challenging
the assumption that more data always helps.

The Learning Curves Database 1.0 (LCDB 1.0). The LCDB 1.0 [10] includes classi�cation
learning curves of various learners on numerous datasets from the OpenML platform [43–45]. Some
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Table 2: Main innovations of LCDB 1.1 compared to LCDB 1.0.

Database Preprocessor Feature Scaling Anchor Resolution #Learners #Datasets Missing Missing Reason

LCDB 1.0 with data-leakage (dl) none d16� 2k=2e 20 196 (claim 246) 12% (30%) unknown
LCDB 1.1 with and without dl none, min-max, standard 4 times denser 32 265 4% documented

curves in LCDB 1.0 are missing, resulting in actually fewer than 196 datasets, possibly due to
incompatibilities with sparse matrices and long compute times. Data leakage occurs because the
feature imputer was �tted on the complete data. We resolve these issues with the LCDB 1.1.

Other Datasets and Relation to Deep Learning. Task-Set [46], LCBench [47], and BUTTER
[48] are datasets containing epoch-wise curves of neural networks. They are not comparable to ours,
since we study sample-wise learning curves. In deep learning, the scaling law literature focuses on
much larger training sets and presents much sparser learning curves [7–9]. LCDB 1.1 instead focuses
on tabular data, where many classical algorithms remain competitive with deep learning [49–52], and
where datasets are typically smaller. Furthermore, tabular data offer unique challenges: these datasets
are rare [53], and columns are often incomparable across datasets, complicating knowledge transfer
[54, 55]. Meanwhile, tabular data are crucially important for industry [56]. Insights into learning
curves can help estimate how much tabular data is needed [5] which is important when data is costly.

Learning Curve Fitting. Learning curves are usually modeled by parametric formulas [1, 8,
57]. Popular functions are exponential and power laws, which are motivated by the well-behaved
assumption [1]. Learning curve �tting can be used to estimate the amount of data needed [5]. Mohr
et al.[10] identi�ed that parametric models with 4 parameters seem to perform best for interpolation,
such asPOW4, whereĈ(n) = a � b(d + n) � c. The most widespread technique is least square
curve-�tting using Levenberg-Marquadt [28], more advanced techniques use Bayesian techniques
and neural networks [58–60]. We investigate the effect of ill-behavior on least square curve �tting.

Multi-Fidelity Model Selection. Successive Halving [61] (SH) is a method to speed up model
selection. It uses a �delity; the higher the �delity, the more accurate model performance is estimated.
The �delity can represent the amount of epochs used or the amount of training data. SH is iterative,
evaluating model performances �rst at low �delities and moving to higher �delities afterward. In
each round, a percentage of the learners that perform poorest are dropped, and the �delity is increased.
SH can be combined with learning curve extrapolation for both learning curves [13] and training
curves [58]. If learning curves often cross, SH may perform suboptimal, which we will investigate.
Various multi-�delity methods exist [58, 62–67], we use SH since it is popular and interpretable.

3 The Improved Learning Curves Database 1.1

Table 2 gives an overview of the main differences between LCDB 1.1 and 1.0. First, we discuss data
splitting, preprocessing and we justify two the versions with and without data-leakage. We brie�y
discuss dataset and learner selection, and end with metrics, reproducibility, and some statistics. Some
details equal to LCDB 1.0 are omitted (see Appendix A). The LCDB 1.1 is publicly available.1

Data Splitting. We use multiple train-validation-test sets to enable the simulation of model selection
using nested cross validation. Selection can be done using validation and evaluation using the test set.
We use 5 inner and 5 outer seeds to create these datasets. LetD be the complete dataset, then

D
outer split

�������!
outer seedm

�
D (m o )

train-val; D (m o )
test

�
then D (m )

train-val
inner split

�������!
n random seed

�
D (m o ;m i )

train ; D (m o ;m i )
val

�

where the superscripts indicate outer (mo) and inner (mi ) seeds. LCDB 1.0 uses training anchors
nk = d16 � 2k=2e, wherek 2 f 0; 1; 2; :::g. The LCDB 1.1 usesnk = d16 � 2k=8e resulting in four
times higher resolution. Further details are as in LCDB 1.0 (see Appendix A).

1LCDB 1.1 dataset:https://doi.org/10.4121/3bd18108-fad0-4e4c-affd-4341fba99306
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Table 3: The 32 learners in LCDB 1.1 FULL (265 OpenML datasets, no scaling version), their
estimated ill-behaved (non-monotone or non-convex) ratio, and their abbreviations.

Learners (Abbreviation) Ill-behaved Learners (Abbreviation) Ill-behaved

CatBoost [22] 1.5% Complement Naive Bayes (ComplementNB) 8.3%
Decision Tree (DT) 1.5% Passive Aggressive (PA) 9.4%
TabPFN v2 [26]* 1.5% Mix Complement Naive Bayes (MixComplementNB) 10.2%
Extra Tree (ET) 1.9% Mix Multinomial Naive Bayes (MixMultinomialNB) 10.6%
ensemble Gradient Boosting (ens. GB) 1.9% RBF Support Vector Machine (SVM_RBF) 15.8%
ensemble Random Forest (ens. RF) 3.0% Ridge Regression Classi�er (Ridge) 17.0%
Stochastic Gradient Descent Classi�er (SGD) 3.4% Mix Gaussian Naive Bayes (MixGaussianNB) 21.5%
ensemble Extra Trees (ens. ET) 3.4% Gaussian Naive Bayes (GaussianNB) 24.9%
Perceptron 3.8% Multilayer Perceptron (MLP) 27.9%
K-Nearest Neighbors (KNN) 3.8% Bernoulli Naive Bayes (BernoulliNB) 28.3%
RealMLP [24]** 5.3% Mix Bernoulli Naive Bayes (Mix BernoulliNB) 28.7%
Logistic Regression (LR) 5.3% Linear Discriminant Analysis (LDA) 37.7%
Linear Support Vector Machine (SVM_Linear) 5.7% Quadratic Discriminant Analysis (QDA) 45.7%
Polynomial Support Vector Machine (SVM_Poly) 7.9% Sigmoid Support Vector Machine (SVM_Sigmoid) 58.1%
Multinomial Naive Bayes (MultinomialNB) 7.9% Dummy Classi�er (Dummy) 60%
Nearest Centroid (NC) 7.9% TabNet [23] 74.3%
* The reported results cover 210 out of 265 datasets with the maximum curves length less than 10k, due to the fact that TabPFN v2 only supports datasets

with up to 10k training samples, 500 features, and 10 classes. Note that some datasets included in LCDB 1.1 were used in designing its prior.
** Some LCDB 1.1 datasets were used in the meta-train benchmark for designing and meta-tuning RealMLP.

On Preprocessing and Data Leakage. In LCDB 1.0, the imputer was �tted on the whole dataset.
In LCDB 1.1, we apply: no scaling (abbreviated as “noFS”), min-max scaling, or standardization
of features. Because of this additional preprocessing, it is even more important to discuss how to
�t the preprocessor and data-leakage. When learning curves are applied for model selection and
hyperparameter tuning, the goal is to reduce computation time. We can assume the user has access to
the complete dataset. Fitting the preprocessor on the whole dataset can then lead to better performance
and stability, and data-leakage is acceptable. However, when trying to estimate how much data is
needed, we cannot assume the user has access to all data. Thus, in this case, data-leakage is not
acceptable. We therefore construct two LCDB 1.1 variants, with and without data-leakage. To prevent
data-leakage, preprocessors are �tted on the train set. We compare these versions in Appendix B.

Dataset and Learner Selection. In LCDB 1.0, we observe that some datasets are overly easy,
resulting in �at learning curves that are already converged at the �rst anchor. Therefore, we include
all datasets of the OpenML-CC18 benchmark [21] in LCDB 1.1, called LCDB 1.1 CC-18. This
benchmark was carefully curated, �ltering out datasets that are overly easy, amongst other issues. The
complete LCDB 1.1, referred to as LCDB 1.1 FULL, combines CC-18 with all datasets of LCDB 1.0.

The LCDB 1.1 has 32 learners, see Table 3. The dummy predicts the majority class and provides a
weak baseline. One-hot features violate assumptions of Naive Bayes [68], to that end we introduce
mixed Naive Bayes learners. Moreover, we incorporate a broader set of modern tabular learners:
the boosting model CatBoost [22], deep learning models such as TabNet [23] and RealMLP [24],
and the foundation model TabPFN v2 [26]. According to Erickson et al.[69], CatBoost remains
a strong state-of-the-art model by default, while RealMLP achieves state-of-the-art performance
after tuning and ensembling. TabNet is a popular deep learning baseline [23], and TabPFN v2 is a
well-performing foundation model for tabular data [26]. See Appendix A for all added learners.

All these modern learners claim robustness to differently scaled features; therefore, we only include
their no scaling (noFS) and no data-leakage variants in LCDB 1.1 FULL (except TabPFN, which does
not explicitly address feature scaling) [22–24, 26]. Regarding categorical features, RealMLP and
TabPFN use one-hot encoding, whereas for CatBoost and TabNet we follow their suggested practice
of directly feeding categorical features into the model. For implementation details see Appendix A.

Metrics, Reproducibility, and Database statistics. We use Python, scikit-learn [70], a docker
image, save all package versions and provide all the code for reproducibility.2 We �x the seed of the
learner to make them reproducible. We compute: error rate, F1, AUC, and log-loss for the validation
and test sets, and we store learners' scores or probabilistic outputs. When training fails, we record the
error message and set the performance to Not-A-Number (NaN). Table 4 shows the proportions of
different curve shapes (their detections are discussed in the next section). Missingness refers to NaN

2https://github.com/learning-curve-research/LCDB-1.1
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values and is mostly caused by Naive Bayes learners that cannot handle negative features. While not
the main point of this work, one may wonder which learners perform best; see Appendix C.

4 Robustly Measuring Monotonicity, Convexity, Peaking and Dipping

In this section, we introduce the methods to detect and also measure monotonicity violations,
convexity violations, peaking and dipping curves. However, we �rst criticize the methods of Mohr
et al.[10]. They analyze monotonicity and convexity, but only consecutive anchors are compared.
This will miss violations that happen over longer ranges, which is why we compare all anchors.
We also check for signi�cance, and since neighboring training set sizes may not yield signi�cant
differences, comparing all pairs is even more crucial. The convexity measure of Mohr et al.[10] treats
the anchors as linearly spaced, ignoring that they are de�ned in logarithmic scale, which leads to
incorrect conclusions. Our method incorporates the anchor scale. We use a hypothesis test to ensure
detections are signi�cant, where we are pessimistic, e.g. we only �nd violations if we are con�dent,
otherwise we assume the curve is well-behaved. This aligns with the prior belief that most curves are
well-behaved following literature [1, 10]. We assume a metricC where lower means better.

A monotonicity violation means that the curve does not always improve with more data, see Figure 2.

De�nition 1 (Monotonicity Violation Error ). The largest increase between any anchor pair is

� mono = max
�

0; max
1� i<j � N

(C(nj ) � C(ni ))
�

: (2)

The violation error� mono measures the largest size of the violation and is zero if there is none.

Figure 2: Monotonicity
Violation

To detect violations from empirical learning curves, we use the following
procedure. We computê� mono using the empirical curve means and �nd
the pair(i � ; j � ) that maximizes Equation 2. If̂� mono is zero, we classify
the curve as monotone. If�̂ mono > 0 we check the signi�cance of the
violation. We compare the empirical distributionsR̂r

n i � andR̂r
n j � using

a paired one-sidedt-test with Bonferroni correction. Paired, because the
same inner and outer seeds are used, and one-sided because we only care
about violations in one direction. The Bonferroni correction corrects for
multiple testing, assuring we do not �nd too many violations due to noise.
This correction is necessary because identifying the maximum among
anchor pairs implicitly involves multiple comparisons. We correct on a
curve-level for all anchor pairs. The corrected signi�cance level is� 0 = �

N (N � 1)=2 , where� is the
original signi�cance level. If thep-value is smaller than� 0 we classify the curve as non-monotone.

A function is convex if its linear interpolation is always above the function itself. If the curve is above
its linear interpolation, this is a convexity violation, see Figure 3.

De�nition 2 (Convexity Violation Error ). The linear interpolation of a curve from anchornh to nj

evaluated atni is: Cinterpolated(ni ; nh ; nj ) = n j � n i

n j � n h
C(nh ) + n i � n h

n j � n h
C(nj ). We de�ne

� conv = max
�

0; max
1� h<i<j � N

(C(ni ) � Cinterpolated (ni ; nh ; nj ))
�

: (3)

The violation error� conv measures the largest convexity violation and is zero if there is none.

Figure 3: Convexity
Violation

We detect a convexity violation from empirical data using the following
procedure. First, we evaluatê� conv using the empirical means of the
learning curve. If�̂ conv < 0, the curve is classi�ed as convex. If
�̂ conv > 0, we check the signi�cance of the violation. First, we �nd the
maximizers(i � ; j � ; h� ) of Equation 3. For each repeat, we interpolate
the curve linearly, to obtain the empirical distribution of the interpolated
curve. The interpolated and actual distributions are compared using
one-sided pairedt-test. We correct for the triplet comparison using
Bonferroni; thus if thep-value is smaller than� 0 = �

N (N � 1)( N � 2)=(3!) ,
we classify the curve as non-convex.
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De�nition 3 (Peaking Phenomenon). Peaking occurs if there exists a triplet of indices,1 � h <
i < j � N , such that:

C(ni ) > C (nh ) and C(ni ) > C (nj ): (4)

In this case,C(ni ) forms a local peak, indicating that the model's performance temporarily degrades
and subsequently recovers as more data is added.

De�nition 4 (Dipping Phenomenon). Dipping occurs if there exists an indexi , 1 � i < N , such
that:

C(ni ) < C (nN ): (5)

N denotes the amount of anchors in a curve. This indicates a sustained degradation of model
performance, with no recovery observed as more data is added.

Lastly, we describe how peaking and dipping are detected. Peaking is characterized by a combination
of convexity and monotonicity violations: we �rst locate a convexity violation at(h� ; i � ; j � ), and
then verify a monotonicity violation betweenh� andi � and we check for signi�cant improvement
betweeni � andj � (similar to violation error detection, but instead checking for improvement). If all
3 conditions are satis�ed, the curve is classi�ed as peaking. Dipping corresponds to a monotonicity
violation with j �xed as the last anchorN .

5 Results

Here we discuss the database analyses (DA) that we perform and the experimental setup.

5.1 Experimental Setup

Both QDA and the Dummy classi�er are excluded due to reproducibility issues and the lack of
meaningful learning behavior, respectively. We do not conduct analyses of mixed Naive Bayes
methods, as their curves are largely indistinguishable from standard Naive Bayes (Appendix C). We
always focus on error rate learning curves in LCDB 1.1 CC-18, since its selection of datasets is more
carefully curated. Results on LCDB 1.1 FULL are similar (see Appendix D).DA1 and DA2. A
signi�cance level of� = 0 :05 is used throughout, and the curves are estimated using the validation
set. Since we have 5 inner and 5 outer seeds, the learning curves are estimated from 25 repeats,
which are aggregated together. To compare with LCDB 1.0, we interpolate the LCDB 1.0 curves to
have the same length to ensure Bonferroni corrections are comparable.DA3. We closely follow the
curve �tting methodology of LCDB 1.0 [10] and also use the validation set. We use the parametric
modelsPOW4, MMF4 , andWBL4 since they performed best. Flat curves are �ltered because they
are overly easy to �t, leading to very small MSEs. To detect them, we scale all learners' curves to
[0,1] range and classify it as �at if the maximum minus minimum value is below 0.05.DA4. We run
successive halving to perform model selection, where the �delity is determined by the anchor. Model
selection is done using the validation set, and the selected model is evaluated using the test set.

5.2 DA1: How Many Curves Are Signi�cantly Ill-Behaved and Which Learners Are
Responsible?

An overall picture of the violations can be observed in Table 3 and 4. In this section, we only
discuss the no feature scaling case (“no FS”). A substantial amount of curves is non-monotone (9.9%)
and non-convex (11.5%), leading to 14.9% ill-behaved curves. This is signi�cantly larger than the
signi�cance level� , ruling out that these curves ill-behaviors are purely caused by noise. Note
that the LCDB 1.0 barely passes this bar, underlining the need for a higher resolution database like
LCDB 1.1 to detect all ill-behaviors. Peaking is responsible for 5.0% and dipping is responsible for
6.1%. The amount of �at curves is reduced for the CC-18 version compared to the FULL version as
expected due to more careful curation.

In Figure 4, we visualize the ill-behaviors per learner. Learners that have less than5%of any of the
ill-behaviors are omitted, for a full overview see Appendix D. Again, we discuss the case of no feature
scaling. The MLP can exhibit surprising learning curve shapes that we classify as phase transitions
(see examples in Appendix E.1). Additionally, we observe several peaking caused by artifacts arising
from the interplay between batch size and training set size (see also Appendix E.1). The Sigmoid
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Table 4: Ill-behavior statistics of the LCDB 1.1 variants and LCDB 1.0. Since we use a signi�cance
level of5%to detect ill-behaviors, we can expect5%false positives (in the worst-case). Therefore,
only numbers larger than5% are signi�cant, which the LCDB 1.0 barely satis�es. Note: “no FS”
results include the statistics of 4 more modern learners.

Shapes / Database LCDB 1.1 CC-18 (72) LCDB 1.1 FULL (265) LCDB 1.0 (196)

no FS min-max FS standardization FS no FS min-max FS standardization FS no FS with interp.

Missing 2.1% 0.0% 8.7% 3.0% 0.0% 8.7% 11.9%

Flat 7.1% 5.8% 3.4% 9.9% 7.9% 5.3% 5.2%
Non-Monotone (: M) 9.9% 11.2% 9.2% 9.6% 11.1% 9.5% 5.1%
Non-Convex (: C) 11.5% 9.4% 8.4% 12.3% 10.0% 8.8% 5.7%
Ill-behaved (: M [ : C) 14.9% 13.5% 11.2% 15.4% 14.3% 11.8% 8.1%

Peaking 5.0% 3.3% 2.9% 5.7% 3.7% 3.2% 2.5%
Dipping 6.1% 8.5% 6.3% 6.9% 9.6% 7.2% 4.6%

SVM is a notably ill-behaved learner, showing many monotonicity and convexity violations, of which
most can be classi�ed as dipping. The RBF SVM is more well-behaved but does show some peaking.
Note that the statistical stringency differs across ill-behaviors. For example, Sigmoid SVM shows
more dipping than monotonicity violations, we return to this issue in Section 6.

We also observe peaking for LDA and the Ridge classi�er. This can be expected because Ridge and
LDA are closely related to Fisher [71, 4.3] [72, 4.1.5] which is known to peak. Surprisingly, KNN,
Naive Bayes, and Nearest Centroid also do not always behave well. For Nearest Centroid, it was
known it could dip [35], but this was never observed outside of toy settings. It can be concluded
that a few learners are in fact responsible for the most ill-behaving curves. The most well-behaved
learners are tree-like and ensemble learners (see also Table 3).

While many modern learners, such as CatBoost, RealMLP, and TabPFN v2, tend to exhibit well-
behaved learning curves, this is not always the case. The notably ill-behaved learner TabNet exhibits
substantial non-convexity in its learning curves (see Appendix D), which mostly appears to stem
from phase transition phenomena (see Appendix E.2). We suspect that TabNet was designed for large
datasets, and that its default hyperparameters are not suitable for small dataset sizes. Indeed, we �nd
that generally for large training set sizes, TabNet performs well (see Appendix C).

5.3 DA2: Can Feature Scaling Mitigate Ill-Behavior?

To understand the impact of feature scaling, we now compare the results across scaling techniques.
Table 4 indicates that feature scaling marginally reduces the amount of ill-behavior. From Figure 4

(a) (b)

(c) (d)

Figure 4: Estimated probability (%) of different ill-behaviors, (a) Monotonicity Violation, (b)
Convexity Violation, (c) Dipping, (d) Peaking, for learners with different feature scalings. For all
results see Appendix D. Observe that feature scaling for most learners does not lead to signi�cant
changes. Ridge and MLP improve signi�cantly, while NC becomes more ill-behaved.
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we observe that for most learners, feature scaling does not resolve ill-behavior. The Sigmoid SVM
becomes slightly more monotone and has fewer peaks, but is still signi�cantly ill-behaved. While
preprocessing does not reduce ill-behavior, the SVM absolute performance improves notably and
training becomes more stable after scaling is applied (see Appendix E.3 for details). Nearest Centroid
and some Naive Bayes models are the only models that become signi�cantly more ill-behaved with
feature scaling. Note that GaussianNB is not entirely invariant to feature scaling, due to the way it
calculates the variance for numerical stability. The biggest reductions in ill-behavior occur for the
Ridge classi�er and MLP. Ridge becomes almost completely monotone and without peaks when
using min-max scaling, but not with standard scaling. The MLP improves signi�cantly when using
standard scaling, largely resolving ill-behaviors, however, min-max scaling does not always help the
MLP. We con�rm LDA is insensitive to feature scaling, and �nd the peak occurs when the training
set size is approximately equal to the dimensionality (Appendix E.4) in line with peaking literature.

A further analysis showing which datasets are responsible for ill-behavior can be found in Appendix
E.5. The ill-behavior seems to occur on almost all datasets, and in particular, it is not possible
to attribute ill-behavior to a small number of datasets. In conclusion, few models become more
well-behaved with preprocessing, and the type of preprocessing that helps can differ per model.

5.4 DA3: How Do Monotonicity and Convexity Violations Affect Curve Fitting?

In Figure 5a we show how the curve �tting performance is affected by convexity and monotonicity
violations. We focus here on the results for the parametric formulaPOW4 (power law). For MMF4
and WBL4, results are similar, see Appendix F. Performance is measured using the mean squared
error (MSE) on the �tted points (interpolation). The mean of the log MSE for monotone curves
is over ten times smaller than for non-monotone curves, and the same applies to convex versus
non-convex curves. Figure 5b visualizes the MSE versus the violation error. The results reveal a
clear positive correlation between violation error and MSE. Our �ndings clearly show that parametric
model �tting is signi�cantly harder for non-monotone and non-convex curves, establishing LCDB 1.1
as a challenging benchmark for evaluating learning curve modeling methods.

(a) (b)

Figure 5: Ill-behaved learning curves pose challenges for curve �tting. (a) The distribution of �tting
MSE when applying a parametric model to monotone vs. non-monotone (left) and convex vs. non-
convex (right) learning curves. The dashed lines represent mean of the log MSE. Ill-behavior leads to
to signi�cantly larger MSE. (b) Larger violation sizes (x-axis) coincide with larger MSE (y-axis).

5.5 DA4: How Do Crossing Learning Curves Affect Model Selection?

Here, we choose two sets of learners and run Successive Halving (SH) on them to perform model
selection with the training set size as �delity, to investigate the in�uence of crossing curves. We
determine5-subsets of learners, one set of learners that often cross, and one set of learners who rarely
cross; see Figure 6a. On both sets of learners we run SH, the results are shown in Figure 6b. In the
left �gure, we show how often the best algorithm is found. However, since the �nal performance
differences of learners may be very similar, we complement this �gure with the regrets on the right.
Regret is the �nal error rate of the chosen learner minus the minimum of the �nal error rate over
the learners in the subset (note the log-scale). Results for more settings are given in Appendix G.
In the group of learners whose curves rarely cross (blue), the algorithm almost always picks the
best or at least runner-up. For learners that frequently cross this is less often the case. The regrets
show a similar pattern. As such, we can observe that crossing curves make model selection using SH
signi�cantly more challenging, highlighting the usefulness of LCDB 1.1 as a challenging benchmark
for evaluating multi-�delity model selection strategies.
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(a) (b)

Figure 6: (a) Learning curve crossing probabilities of the two learner subsets (blue and orange),
heatmap indicates probability. (b) Results of Successive Halving (SH) applied to blue and orange
learner subsets. Fewer crossings lead to better SH performance. More results are in Appendix G.

6 Discussion

In contrast to Mohr et al.[10], we do �nd signi�cant amounts of ill-behavior using our improved
LCDB 1.1. While peaking and dipping were previously known for LDA, Ridge, Nearest Centroid,
and MLP [1], their occurrence in realistic settings was not established. For the Sigmoid SVM, Naive
Bayes, and KNN, it was not known ill-behavior was possible (either in toy or realistic settings).
Ensemble methods have very well-behaved curves, yet we observe severe dipping on OpenML dataset
41027 [73]. The causes of these ill-behaviors remain unclear and present a challenging open problem.

The shape analysis is challenging. Note that ill-behavior may change if curves are longer (especially
dipping). It is also dif�cult to maintain statistical rigor and consistency; this is because the Bonferroni
correction imposes different levels of stringency, for instance, when testing monotonicity (two
anchors) and convexity (three anchors). Bonferroni is also quite pessimistic, and some subjective
choices had to be made. For example, peaking can also be detected differently (see Appendix H), yet
results are similar. Moreover, we have performed additional analysis using slightly less conservative
method called Holm's Step-Down Procedure (Holm's method) [18], in the sense that it will reject
more null hypotheses, typically resulting in fewer Type II errors. This slightly increases the proportion
of ill-behaved cases to 19%, but preserves overall consistency (see Appendix I). An analysis using
E-values [74] or controlling the false discovery rate [75] may alleviate inconsistency issues, but such
an analysis is non-trivial, going beyond our main point.

We have tried our best to make LCDB 1.1 fully reproducible, by using a docker container and
�xed python package versions, yet we �nd that one LDA curve and several QDA curves are non-
reproducible, likely due to numerical non-determinism of the singular value decomposition. For this
reason, we exclude the QDA learner from the analysis but include its curves in the database.

The next step is to investigate whether ill-behavior persists under hyperparameter tuning, which we
leave for future work, since collecting learning curve data with tuning is computationally expensive
(LCDB 1.1 already required 800K CPU hours; see Appendix J). This investigation is particularly
relevant for models that may exhibit strong sensitivity to hyperparameter settings, such as TabNet.
Moreover, hyperparameters in Scikit have reasonable defaults determined by the community, and as
such the ill-behavior observed remain surprising and relevant, especially when persistent to different
scalings. Although our empirical analysis is scoped to error rate learning curves for classi�cation, the
observed ill-behaviors are not con�ned to this setting. It is therefore valuable to examine alternative
evaluation metrics, such as AUC, F1 score, and log-loss, all of which we provide in LCDB 1.1.

7 Conclusion

In conclusion, we introduce the Learning Curves Database 1.1 (LCDB 1.1). This database is more
reproducible, of higher resolution, and has multiple types of preprocessing (with and without data-
leakage), as well as more modern learners such as CatBoost, TabNet, RealMLP, and TabPFN, making
it a valuable database for the community to study learning curves. Moreover, we carefully study
ill-behavior and �nd that a signi�cant amount, 15%, of the curves exhibit ill-behavior while some
learners misbehave more frequently than others. Feature scaling rarely solves this problem and in
some cases can make it worse. Lastly, we demonstrate the impact of ill-behavior on downstream
tasks, underscoring the practical implications. We hope that LCDB 1.1 facilitates new investigations
of ill-behavior and serves as a challenging benchmark to evaluate downstream tasks.
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A LCDB 1.1 Additional Details

Data Splitting. We split the data twice, �rst, theouter split(outer seed) splits off 10% test data.
Theinner split (inner seed) splits the remainder in a train (90%) and validation (10%) set. Validation
and testing set are capped at 5000 samples. We use 5 inner and 5 outer seeds and these splits are
strati�ed. Training sets are further reduced in size to simulate the collection of a learning curve. The
training sets are constructed in a monotonic way without strati�cation, i.e.S1 � S2 � ::: � Sn . This
procedure corresponds exactly with how the LCDB 1.0 also was collected [10].

Imputation. We impute the median for numerical features and the most frequent value for
categorical features to deal with missing data. For categorical features, we apply one-hot encoding.
This procedure corresponds exactly with how the LCDB 1.0 also was collected [10]. Note that, for
LCDB 1.0, if the number of features is very large, features were binarized, which we believe was not
a intended preprocessing step. We do not include any binarization.

Justi�cation of Other Additional Learners. The Complement Naive Bayes learner was intro-
duced to resolve poor assumptions of the Multinomial Naive Bayes classi�er, hence we include it [76].
Complement and Multinomial Naive Bayes are intended for text classi�cation, yet few datasets are
text datasets. Therefore, we decided to also include Gaussian Naive Bayes, which assumes features
are Gaussian, which can be more reasonable for our diversity of datasets. We, however, choose to
include all Naive Bayes learners, as they were also included in the LCDB 1.0. The Nearest Centroid
classi�er is computationally ef�cient but is known to display ill-behavior in toy settings [35].

Naive Bayes Preprocessing and Mix-Naive Bayes. Each Naive Bayes model is included twice:
as an original and mixed version. In LCDB 1.0, Naive Bayes was trained on all features, including
the one-hot encoded features, which we call original. One-hot encoded features violate the core
assumption of conditional independence that underlies the Naive Bayes model [68]. The mixed Naive
Bayes models categorical and numerical features separately. Categorical Naive Bayes is used for
categorical features, and the other model is used on the numerical features (Bernoulli, Multinomial,
Complement, Guassian), ensuring that the categorical features are modeled appropriately.

Modern Learner Implementation Details. We use the of�cial implementations of CatBoost,
TabNet, RealMLP, and TabPFN v2 with their default hyperparameters. For TabNet, we employ the
small-scale model (TabNet-S) and use the default hyperparameters without early stopping, different
from how TabNet was con�gured in [23], to ensure consistency across all learners.

B Difference Between LCDB 1.1 versions

To assess whether data leakage meaningfully alters the learning curves, we computed the proportion
of instances where a statistically signi�cant difference (based on Bonferroni-correctedt-tests) was
observed between results obtained with and without potential leakage. This comparison was per-
formed across three preprocessing con�gurations: no feature scaling, min-max normalization, and
standardization. If there is one anchor signi�cantly different between two curves, we classify it as
a different curve. The results are summarized in Table 5. Observe that, for the case of no feature
scaling, the amount of different curves is small, because here only imputation was performed. When
feature scaling is used, data leakage becomes more pronounced.

Table 5: Percentage of curves with at least one anchor that is signi�cantly different between data
leakage and no data leakage version of the LCDB 1.1.

no FS min-max FS standardization FS

LCDB 1.1 CC-18 (72) 1.2% 12.3% 8.3%
LCDB 1.1 FULL (265) 1.9% 15.6% 12.5%
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C Absolute Performance Comparison

In addition to analyzing the shape of the learning curve, we can also compare the performance of
different learning algorithms on different feature scaling techniques by using optimal performance
points on the learning curve. As a simple supplementary analysis provided in the appendix, Figure 7
presents the best average error rates of different learners on both LCDB 1.1 CC-18 and FULL.
Speci�cally, we extract the minimum error rate from each learning curve and compute the average
across datasets for each learner. It is evident that feature scaling has minimal impact on tree-based
algorithms, but can signi�cantly improve the performance of many distance-based and iteratively
�tted learners.
(a) (b)

Figure 7: Comparison of learner best performance on average under different feature scaling strategies.
(a) LCDB 1.1 CC-18 (72 datasets). (b) LCDB 1.1 FULL (265 datasets).

Furthermore, we can investigate the learners' optimal performance by �ltering datasets according to
their characteristics. This analysis can serve as a simple use case that provides further evidence on
whether deep learning models outperform tree-based methods under different scale of dataset. Figure
8 compares the learners' performance between two groups: one where at least one anchor includes
more than 10k training samples, and another where all anchors have fewer than 10k training samples.
As shown, CatBoost and RealMLP demonstrate consistently strong performance across both groups,
while TabNet exhibits competitive performance only on datasets with larger training set sizes.

(a) (b)

Figure 8: Comparison of learner best performance on average under different feature scaling strategies.
(a) LCDB 1.1 FULL (200 datasets with number of samples less than 10k). (b) LCDB 1.1 FULL (65
datasets with number of samples more than 10k).

Motivated by the analysis in Williams[68], which highlights the incorrect assumption of conditional
independence in Naive Bayes when applied to one-hot encoded features, we explore mixed Naive
Bayes model variants. The one-hot encoded features are not independent and may lead to inaccurate
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probability estimates and model misspe�ciation. To address this, we introduce mixed Naive Bayes
models and evaluate their performance using the win-loss-tie framework on the LCDB 1.1 FULL.
We compare the performances over all anchors and datasets, and record a win if one method is
better than the other and a tie if they achieve the same performance. As shown in Figure 9, mixed
Naive Bayes models do not always outperform their vanilla counterparts. The tie cases are primarily
due to datasets without categorical features, where no encoding is applied and both models behave
identically. In conclusion, the model-misspeci�cation for Naive Bayes does not seem so problematic
for the error rate.

Figure 9: The performance comparison between Naive Bayes and mixed Naive Bayes methods by
using LCDB 1.1 FULL (265 OpenML datasets).

D Statistics in LCDB 1.1 per Learner

Similar to Table 4, we show the statistics of different learners in LCDB 1.1 for both CC-18 and
FULL with no data-leakage version in Tables 6, 7, and 8. Here, non-monotone, non-convex, and
ill-behaved refer to shapes that violate monotonicity, convexity, and either, respectively. In Table 6,
we only include the no feature scaling version, since the three considered models can internally handle
feature scaling. Note, some datasets from CC-18 or FULL were used in the meta-train benchmark
for designing and meta-tuning RealMLP. For Table 7, the relatively high proportion of missing
curves is mainly due to the limitations of TabPFN v2, which only supports datasets with up to 10k
training samples, 500 features, and 10 classes, as well as curves whose maximum length is below 10k.
Moreover, some datasets included in CC-18 and FULL were used during the design of the TabPFN
prior. Therefore, the comparison involving TabPFN v2 is not entirely fair, and we present this table
separately.

Table 6: Statistics of CatBoost, TabNet, and RealMLP in LCDB 1.1 (no feature scaling).

Learner / Ratio(%) LCDB 1.1 CC-18 (72) LCDB 1.1 FULL (265)

Missing Non-Monotone Non-Convex Ill-behaved Peaking Dipping Missing Non-Monotone Non-Convex Ill-behaved Peaking Dipping

CatBoost 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.0% 0.4% 1.1% 1.5% 0.8% 0.4%
TabNet 0.0% 11.1% 72.2% 72.2% 33.3% 1.4% 0.4% 17.4% 73.6% 74.3% 42.3% 4.2%
RealMLP 0.0% 0.0% 1.4% 1.4% 0.0% 0.0% 0.0% 0.4% 4.9% 5.3% 0.0% 0.0%

Table 7: Statistics of TabPFN v2 in LCDB 1.1.

Learner / Ratio(%) LCDB 1.1 CC-18 (72) LCDB 1.1 FULL (265)

no FS min-max FS standardization FS no FS min-max FS standardization FS

Missing 12.5% 12.5% 12.5% 20.8% 20.8% 20.8%
Non-Monotone 0.0% 1.4% 0.0% 0.0% 0.4% 0.4%
Non-Convex 0.0% 1.4% 0.0% 1.5% 2.3% 1.9%
Ill-behaved 0.0% 2.8% 0.0% 1.5% 2.6% 1.9%
Peaking 0.0% 0.0% 0.0% 0.4% 0.4% 0.4%
Dipping 0.0% 0.0% 0.0% 0.0% 0.0% 0.0%
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E Observation the Shape of Learning Curves

In this section, we provide additional details beyond the detection of ill-behaviors and present some
results of more measurements. Speci�cally, we include some analyses on the localization of peakings
in MLP and LDA with different feature scaling settings. Meanwhile, we visualize some results about
the size of monotonicity and convexity violations (violation errors), which quanti�es the severity of
such behaviors. In addition, we present further learner-wise analyses related to the shape of learning
curves, including the standard deviation across different random seeds. These results aim to provide
deeper insights into how models behave learning differently and also show a new perspective on how
our LCDB 1.1 can be used.

E.1 Surprising Shapes of MLP

In Figure 10, we show the cases where the MLP exhibits a phase transition in LCDB 1.1 CC-18.
Since identifying such patterns, which characterized by abrupt improvements in performance, is
somewhat subjective and they occur relatively infrequently, we did not develop a method to detect
them. Instead, we selected them manually and observed that these transitions can consistently be
eliminated through feature scaling.

Figure 10: The phase transition shapes of MLP in LCDB 1.1 CC-18.

In Figure 11, we visualize the location of the peak for the MLP. Speci�cally, the peaking detection
process involves a convexity violation analysis. We identify the point of maximum convexity violation
(de�nition in Eq. 3) and extract the coordinates of its middle point (i � ), which we take as the estimated
peak position.

Figure 11: The position of peaks for the MLP for different feature scalings. Standard scaling seems
to completely resolve peaking.

The location of the peaks line up suspiciously vertically. We discovered that the peak location can
be explained as follows. When iterating over mini-batches, the last mini-batch can contain fewer
samples because the training set sizes are not multiples of the mini-batch size. This can cause the last
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mini-batch to contain one or very few samples. This causes convergence issues with �tting the MLP,
leading to worse performance for very speci�c training set sizes. Notably, the peaks also disappear
when standardization scaling, which is known to improve convergence for the SGD optimizer. Thus,
the peaking behavior of the MLP is largely an issue due to how mini-batches are sampled in Scikit.

E.2 Ill-Behaved Learning Curves in TabNet

The notably ill-behaved learner TabNet exhibits substantial non-convexity in its learning curves,
which mostly appears to stem from phase transition phenomena. Figure 12 presents all the ill-behaved
learning curves of TabNet in LCDB 1.1 CC-18. We can clearly observe that many of these curves
show phase transition shapes, where the performance changes abruptly. From these observations,
we �nd that such ill-behaviors typically occur at small training set sizes. As the training set size
increases, the performance of TabNet tends to become more stable. In some cases, multiple phase
transitions can even be observed within a single learning curve.

Figure 12: Ill-behaved learning curves of TabNet in LCDB 1.1 CC-18
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E.3 Standard Deviation Distribution of SVM

The performance of the model improves noticeably after scaling of features (Figure 13a). Furthermore,
we observed substantial changes in the standard deviation over the repeats, indicating that the training
process becomes more stable after feature scaling (Linear SVM as an example is shown in Figure
13b).

We extract the standard deviation of all anchors from all learning curves and, based on the frequency
distribution, plot three histograms: one without feature scaling, one with min-max feature scaling,
and one with standardization.
(a) (b)

Figure 13: Feature scaling improve SVM performance and can make them more stable in the context
of standard deviation. (a) Comparison of SVMs best error rate in average under different feature
scaling. (b) Standard deviation distribution of learner Linear SVM, the Y-axis represents the times in
all anchors of the learning curve.

E.4 More Details regarding LDA

In Figure 14a we extract the location of the peak for LDA, and compare it to the dimensionality of
the dataset. We see that the peak location occurs when the training set size is approximately equal to
the dimensionality. Since LDA is insensitive to feature scaling, scaling the features does not lead to
any changes in the learning curve (besides small differences due to numerical issues).

(a) (b)

Figure 14: The curve shape of LDA is unaffected by feature scaling. (a) Peaking occurs when training
set size is approximately equal to the dimensionality for LDA. (b) Numerical issues can cause a small
change in the learning curve (this is the only curve in LCDB 1.1 that we can �nd that is different for
LDA).

Another notable observation is that, although a substantial number of peaking behaviors in LDA
learning curves are identi�ed (see Section 5), a signi�cant portion of peaks are still missed. Around
15% of the datasets in CC-18 contain fewer than 16 features, while the �rst anchor is de�ned at a
training set size of 16. Given thatn � d in such cases, peaking behaviors are underestimated in the
LDA learning curves.

To theoretically con�rm that feature scaling does not affect the LDA learning curves, we provide the
following proof.

Proof. Given the LDA discriminant function:

f k (x) = xT w k + w0k ; (6)
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where

w k = � � 1� k ; (7)

w0k = �
1
2

� T
k � � 1� k + log p(yk ): (8)

x is the feature vector,� k and� denote the class mean and shared covariance matrix, andp(yk ) is
the prior probability of classk.

The scaling factor for feature scaling transformationS is a diagonal matrix, after feature scaling
x0 = Sx. Correspondingly, the class means and covariance matrices become� 0

k = S� k and
� 0 = S�S .

Then:

w 0
k = ( � 0) � 1� 0

k (9)

= ( S�S ) � 1(S� k ) (10)

= S� 1� � 1� k (11)

= S� 1w k : (12)

Similarly:

w0
0k = �

1
2

(� 0
k )T (� 0) � 1� 0

k + log p(yk ) (13)

= �
1
2

(S� k )T (S� 1� � 1S� 1)S� k + log p(yk ) (14)

= �
1
2

� T
k � � 1� k + log p(yk ) (15)

= w0k : (16)

Thus, the new discriminant function:

f 0
k (x0) = ( w 0

k )T x0+ w0
0k (17)

= ( S� 1w k )T (Sx) + w0k (18)

= w T
k x + w0k (19)

The new discriminant function is the same as no feature scaling one, so the learning curves should be
exactly the same after feature scaling.

Note that a similar argument holds for QDA, which should also be insensitive to feature scaling.
However, given the reproducibility issues of QDA we did not investigate empirically.

E.5 Detailed Violations Error in CC-18

Since we de�ne the violation error in Equations 2 and 3 to quantify the size of monotonicity and
convexity violations, we are able to compare the severity of such violations across different learners
and datasets. Figures 15 and 16 provide heatmap visualizations illustrating these violation errors,
where zero means no violation, and white means missing learning curves.
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Figure 15: Monotonicity violations error heatmap of LCDB 1.1 CC-18.
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