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Abstract

Current state-of-the-art generative models map noise to data distributions by match-
ing flows or scores. A key limitation of these models is their inability to readily
integrate available partial observations and additional priors. In contrast, energy-
based models (EBMs) address this by incorporating corresponding scalar energy
terms. Here, we propose Energy Matching, a framework that endows flow-based
approaches with the flexibility of EBMs. Far from the data manifold, samples move
from noise to data along irrotational, optimal transport paths. As they approach
the data manifold, an entropic energy term guides the system into a Boltzmann
equilibrium distribution, explicitly capturing the underlying likelihood structure of
the data. We parameterize these dynamics with a single time-independent scalar
field, which serves as both a powerful generator and a flexible prior for effective
regularization of inverse problems. The present method substantially outperforms
existing EBMs on CIFAR-10 and ImageNet generation in terms of fidelity, while
retaining simulation-free training of transport-based approaches away from the
data manifold. Furthermore, we leverage the flexibility of the method to introduce
an interaction energy that supports the exploration of diverse modes, which we
demonstrate in a controlled protein generation setting. This approach learns a scalar
potential energy, without time conditioning, auxiliary generators, or additional net-
works, marking a significant departure from recent EBM methods. We believe this
simplified yet rigorous formulation significantly advances EBMs capabilities and
paves the way for their wider adoption in generative modeling in diverse domains.

1 Introduction

Generative models learn to map from a simple, easy-to-sample distribution, such as a Gaussian, to
a desired data distribution. They do so by approximating the optimal transport (OT) map—such as
in flow matching [Lipman et al., 2023, Liu et al., 2023, Albergo and Vanden-Eijnden, 2023]—or
through iterative noising and denoising schemes, such as in diffusion models [Ho et al., 2020, Song
et al., 2021]. In addition to being highly effective in sample generation, diffusion- and flow-based
models have also been used as priors to regularize poorly posed inverse problems [Chung et al., 2023,
Mardani et al., 2024, Ben-Hamu et al., 2024]. However, these models do not explicitly capture the
unconditional data score and instead model the score of smoothed manifolds at different noise levels.
The measurement likelihood, on the other hand, is not tractable on these noised manifolds. As a
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Figure 1: Trajectories (green lines) of samples traveling from a noise distribution (black dots; here, a
Gaussian mixture model) to a data distribution (blue dots; here, two moons as in [Tong et al., 2023])
under four different methods: Action Matching [Neklyudov et al., 2023], Flow Matching (OT-CFM)
[Tong et al., 2023], EBMs trained via contrastive divergence [Hinton, 2002], and our proposed Energy
Matching. We highlight several individual trajectories in red to illustrate their distinct behaviors.
Both Action Matching and Flow Matching learn time-dependent transports and are not trained for
traversing the data manifold. Conversely, EBMs and Energy Matching are driven by time-independent
�elds that can be iterated inde�nitely, allowing trajectories to navigate across modes. While samples
from EBMs often require additional steps to equilibrate (see, e.g., the visible mode collapses that
slow down sampling from the data manifold), Energy Matching directs samples toward the data
distribution in “straight” paths, without hindering the exploration of the data manifold.

result, existing approaches repeatedly shuttle between noised and data distributions, leading to crude
approximations of complex, intractable terms Daras et al. [2024]. For example, DPS [Chung et al.,
2023] approximates an intractable integral using a single sample. More recently, D-Flow [Ben-Hamu
et al., 2024] optimizes initial noise by differentiating through the simulated trajectory. To the best of
our knowledge, these models lack a direct way to navigate the data manifold in search of the optimal
solution without repeatedly transitioning between noised and data distributions.

EBMs [Hop�eld, 1982, Hinton, 2002, LeCun et al., 2006] provide an alternative approach for
approximating the data distribution by learning a scalar-valued functionE(x) that speci�es an
unnormalized densityp(x) / exp (�E(x)) . Rather than explicitly mapping noise samples onto
the data manifold, EBMs assign low energies to regions of high data concentration and high energy
elsewhere. This de�nes a Boltzmann distribution from which one can sample, for example, via
Langevin sampling. In doing so, EBMs explicitly retain the likelihood information inE(x) . This
likelihood information can then be used in conditional generation (e.g., to solve inverse problems),
possibly together with additional priors simply by adding their energy terms [Du and Mordatch, 2019].
Moreover, direct examination of local curvature on the data manifold—allows the computation of
local intrinsic dimension (LID) (an important proxy for data complexity)—whereas diffusion models
can only approximate such curvature in the proximity of noise samples.

Despite the theoretical elegance of using a single, time-independent scalar energy, practical EBMs
have historically suffered from poor generation quality, falling short of the performance of diffusion
or �ow matching models. Traditional methods [Song and Kingma, 2021] for training EBMs, such
as contrastive divergence via Markov chain Monte Carlo (MCMC) or local score-based approaches
[Song and Ermon, 2019], often fail to adequately explore the energy landscape in high-dimensional
spaces, leading to instabilities and mode collapse. Consequently, many methods resort to time-
conditioned ensembles [Gao et al., 2021], hierarchical latent ensembles [Cui and Han, 2024], or
combine EBMs with separate generator networks trained in cooperation [Guo et al., 2023, Zhang
et al., 2024, Yoon et al., 2024], thereby requiring signi�cantly higher parameter counts and training
complexity.
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Contributions. In this work, we propose Energy Matching, a two-regime training strategy that
combines the strengths of EBMs and �ow matching; see Figure 1.

When samples lie far from the data manifold, they are ef�ciently transported toward the data.
Once near the data manifold, the �ow transitions into Langevin steps governed by an internal
energy component, enabling precise exploration of the Boltzmann-like density well around the
data distribution. This straightforward approach produces a time-independent scalar energy �eld
whose gradient both accelerates sampling and shapes the �nal density well—via a contrastive
objective that directly learns the score at the data manifold—yet remains ef�cient and stable
to train. Empirically, our method signi�cantly outperforms existing EBMs on both CIFAR-10
and ImageNet generation in terms of �delity, and compares favorably to �ow-matching and
diffusion models—without auxiliary generators or time-dependent EBM ensembles.

Our proposed process complements the advantages of �ow matching with an explicit likelihood
modeling, enabling traversal of the data manifold without repeatedly shuf�ing between noise
and data distributions. This simpli�es both inverse problem solving and controlled generations
under a prior. In addition, to encourage diverse exploration of the data distribution, we showcase
how repulsive interaction energies can be easily and effectively incorporated, with an application
to conditional protein generation. Finally, we also showcase how analyzing the learned energy
reveals insight on the LID of the data with fewer approximations than diffusion models.a

aCode repository: https://github.com/m1balcerak/EnergyMatching

2 Energy matching

In this section, we show how a scalar potentialV (x) can simultaneously provide an optimal-transport-
like �ow from noise to data while also yielding a Boltzmann distribution that explicitly captures the
unnormalized log-likelihood of the data.

The Jordan–Kinderlehrer–Otto (JKO) scheme. The starting point of our approach is the JKO
scheme [Jordan et al., 1998], which is the basis of the success of numerous recent generative models
[Xu et al., 2023, Terpin et al., 2024, Choi et al., 2024]. The JKO scheme describes the discrete-time
evolution of a probability distribution� t along energy-minimizing trajectories in the Wasserstein
space,

� t+�t = arg min
�

W 2
2 (�; � t )
2�t| {z }

Transport Cost

+
Z

V� (x)d�(x)
| {z }

Potential Energy

+ "(t)
Z

�(x) log �(x)dx
| {z }

Internal Energy (-Entropy)

: (1)

Here,� denotes the learnable parameters of the scalar potentialV� (x) , and"(t) is a temperature-like
parameter tuning the entropic term. The transport cost is given by the Wasserstein distance,

W 2
2 (�; � t ) = min


2�(�;� t )

Z

Rd �R d
kx � yk 2d
(x; y); (2)

where�(�; � t ) is the set of couplings between� and� t , i.e., the set of probability distributions on
Rd � R d with marginals� and� t . Here,d is the dimensionality of the data. Henceforth, we call OT
coupling any 
t that yields the minimum in (2). When 
t = (id; T ) # �, i.e., it is the pushforward of
the map x 7! (x; T (x)) for some function T , we say that T is an OT map from � to �t .

Differently from most literature, we consider"(t) to be dependent on time and study the behavior of
Equation (1) as t ! 1. To �x the ideas, consider, for instance, a linear scheduling:

"(t) =

8
<

:

0; 0 � t < � � ;
"max

t�� �

1�� � ; � � � t < 1;
"max ; t � 1:

(3)

First-order optimality conditions. Following Terpin et al. [2024], we analyze(1) at each timet
via its �rst-order optimality conditions [Lanzetti et al., 2024, 2025]. These conditions characterize
the properties of the desired solution and thus represent the optimization goal:
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1
�t

(x � y) + r x V� (x) + "(t)r x log � t+�t (x) = 0; (x; y) 2 supp(
 t ) (4)

where
 t is an OT plan between the distributions� t+�t and� t andsupp(
 t ) is the support of
 t .
That is, this condition has to hold for all pairs of points in the support of� t+�t and� t that are coupled
by OT. Intuitively, analyzing (4) provides us with two key insights:

1. For times t < � � , "(t) = 0 and (4) becomes
1

�t
(x � y) + r x V� (x) = 0 (x; y) 2 supp(
 t ): (5)

That is, the system is in an OT, �ow-like, regime.
2. Near the data manifold, which we aim at modeling with the equilibrium distribution� eq of (1),

� t+�t � � eq and, thus, for t � 1, x � y for all (x; y) 2 supp(
 t ). Then, we can simplify (4) as

"max r x log � eq(x) = �r x V� (x) =) � eq(x) / exp
�

� V� (x)
" max

�
:

Thus, the equilibrium distribution is described by an EBM, exp (�E(x)), with E(x) =V� (x)
" max

.

Our approach in a nutshell. Combining the two insights above, we propose a generative framework
that combines OT and EBMs to learn a time-independent scalar potentialV� (x) whose Boltzmann
distribution,

� eq(x) / exp
�

�
V� (x)
"max

�
; (6)

matches �data . To transport samples ef�ciently from noise �0 to � eq � � data , we use two regimes:

• Away from the data manifold:" � 0 . The �ow is deterministic and OT-like, allowing rapid
movement across large distances in sample space.

• Near the data manifold:" � " max . Samples diffuse into a stable Boltzmann distribution, properly
covering all data modes.

By combining the long-range transport capability of �ows with the local density modeling �exibility
of EBMs, we achieve tractable sampling and explicitly encode the unnormalized log-likelihood
�V � (x)=" max of the underlying data distribution; see Figure 1.

2.1 Training objectives

In practice, we balance the two objectives by initially trainingV� exclusively with the optimal-
transport-like objective (" = 0 , see Section 2.1.1), ensuring a stable and consistent generation of
high-quality negative samples for the contrastive phase. Subsequently, we jointly optimize both
the transport-based and contrastive divergence objectives, progressively increasing the effective
temperature to" = " max as samples approach the data manifold (i.e., the equilibrium distribution);
see Section 2.1.2.

2.1.1 Flow-like objective LOT

We begin by constructing a global velocity �eld�r x V� (x) that carries noise samplesfx 0g to
data samplesfx data g with minimal detours. For this, we consider geodesics in the Wasserstein
space [Ambrosio et al., 2008]. Practically, we compute the OT coupling
 � between two uniform
empirical probability distributions, one supported on a mini-batch of the data, and one supported on
a set of noise samples with the same cardinality. These samples are drawn from an easy-to-sample
distribution; in our case, a Gaussian. Since the probability distributions are uniform and empirical
with the same number of samples, a transport map T is guaranteed to exist [Ambrosio et al., 2008].
Remark 2.1 (OT solver). Depending on the method used to compute the OT coupling, an explicit OT
map may or may not be obtained. Similarly, if the number of noise samples differs from the mini-batch
sizeB , the resulting OT coupling generally will not correspond to a map. In this case, one can
adapt the algorithm by de�ning a threshold� th and considering all pairs(x data ; x0) for which the
coupling value satis�es
 � (x data ; x0) > � th . In our experiments, we used thePOTsolver [Flamary
et al., 2021] and did not observe bene�ts from using a sample size different fromB , consistent with
previous approaches [Tong et al., 2023].
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Then, for each data pointxdata we de�ne the interpolationx t = (1 � t)T (x data ) + tx data , which
is a point along the geodesic. The velocity of eachx t is xdata � T (x data ) (i.e., the samples move
from the noise to the data distribution at constant speed) and, in this regime, we would like to have
�r x V� (x t ) � x data � T (x data ). For this, we de�ne the loss:

L OT = E x data 2D
t�U(0;� � )

h
kr x V� (x t ) + x data � T (x data )k2

i
:

This objective can be interpreted as a �ow-matching formulation under the assumption that the
velocity �eld is both time-independent and given by the gradient of a scalar potential, thereby
imposing an irrotational condition. This aligns naturally with OT, which also yields an irrotational
velocity �eld—any rotational component would add unnecessary distance to the �ow and thus in�ate
the transport cost without bene�t. Our experimental evidence adds to the recent study by [Sun
et al., 2025], in which the authors observed that time-independent velocity �elds can, under certain
conditions, outperform time-dependent noise-conditioned �elds in sample generation.

Algorithm 1 Phase 1 (warm-up).
1: Initialize model parameters �
2: for iteration n = 0; 1; : : : do
3: Sample mini-batch fxdata;b gB

b=1 � D . Data samples
4: Sample mini-batch fx0;b gB

b=1 � N (0; I) . Random Gaussian samples
5: T  OTsolver(fx data;b g; fx 0;b g) . Compute OT map
6: Sample ftbgB

b=1 � U(0; � � ) . Typically � � = 1 for the warm-up
7: Set interpolations xt b  (1 � t b) T (x data;b ) + t b xdata;b . Interpolation along geodesics
8: LOT (�)  

P B
b=1 kr x V� (x t b ) + x data;b � T (x data;b )k2 . Loss function

9: �  � � �r � L OT (�) . Gradient update with learning rate �
10: end for
11: return � . Trained �

2.1.2 Contrastive objective LCD

Near the data manifold,V� (x) is re�ned so that� eq(x) / exp (�V � (x)=" max ) matches the data
distribution. We adopt the contrastive divergence loss described in EBMs [Hinton, 2002],

L CD = E x�p data

�
V� (x)
"max

�
� E ~x�sg(p eq )

�
V� (~x)
"max

�
;

where~x are “negative” samples of the equilibrium distribution induced byV� . We approximate these
samples using an MCMC Langevin chain [Welling and Teh, 2011]. We split the initialization for
negative samples: half begin at real data, and half begin at the noise distribution. This way,V� (x)
forms well-de�ned basins around high-density regions while also shaping regions away from the
manifold, correcting the generation. Thesg(�) indicates a stop-gradient operator, which ensures
gradients do not back-propagate through the sampling procedure.

2.1.3 Dual objective and implementation notes

To balance the deterministic �ow-like regime (where" � 0 ) away from the data manifold and the
stochastic Boltzmann regime (where" � " max ) near equilibrium, we adopt the linear temperature
schedule described in(3). We introduce a dataset-speci�c hyperparameter� CD to stabilize the
contrastive objective by appropriately weightingL CD relative toL OT . The resulting algorithm is
described in detail in Algorithm 1 and Algorithm 2. Since Algorithm 2 bene�ts from high-quality
negatives, we begin with Algorithm 1 (and, thus, withL OT only) to ensure suf�cient mixing of
noise-initialized negatives.

Given the trained models, we de�ne a sampling time� s. Although convergence to the equilibrium
distribution is guaranteed only as� s ! 1 , we empirically observe that sample quality (measured with
Fréchet inception distance (FID)) plateaus by� s = 3:25 on CIFAR-10; see Section A.2. The sampling
procedure, which optionally includes conditional and interaction terms, is detailed in Algorithm 3.
In practice, we implement training using explicit Euler–Maruyama updates and sampling with an
Euler–Heun predictor-corrector scheme, while for simplicity the algorithms illustrate only explicit
updates. Additionally, the constant factor 1="max in L CD is absorbed into �CD .

Section A.1 discusses how the landscape ofV� evolves across these two phases. Hyperparameters for
each dataset, along with intuitions to guide their selection for new datasets, are provided in Section D.
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Algorithm 2 Phase 2 (main training).
1: �  � pretrained . Initialize from Algorithm 1
2: for iteration n = 0; 1; : : : do
3: LOT  Use lines 3–8 from Algorithm 1
4: Initialize negative samples fx(0)

neg;b gB
b=1 from noise and/or data . Negative samples

5: for m = 0; 1; : : : ; M Langevin � 1 do
6: for b = 1 to B do

7: "(m)  

(
" max ; if initialized from data (Optional)

"(m�t) from (3); otherwise
8: Sample �b � N (0; I)
9: x(m+1)

neg;b  x (m)
neg;b � �tr x Vsg(�) (x (m)

neg;b ) +
p

2�t" (m) � b . Langevin dynamics step
10: end for
11: end for
12: LCD  1

B

P B
b=1

h
V� (x data;b ) � V � (x

(M Langevin)
neg;b )

i
. Contrastive divergence loss

13: L(�)  L OT +� CD L CD

14: Update �  � � �r � L(�) . Gradient descent step
15: end for
16: return � . Trained �

Table 1: FID# score comparison for unconditional CIFAR-10 generation (lower is better). Unless otherwise
speci�ed, we use results for solvers that most closely match our setup (325 �xed-step Euler–Heun [Butcher,
2016]). � indicates reproduced methods, while all other entries re�ect the best reported results. EGC in its
unconditional version has been reported in [Zhu et al., 2024]

.
Learning Unnormalized Data Likelihood Learning Transport/Score Along Noised Trajectories

Ensembles: Diffusion + (one or many) EBMs Diffusion Models

Hierarchical EBM Diffusion [Cui and Han, 2024] 8.93 DDPM� [Ho et al., 2020] 6.45
EGC [Guo et al., 2023] 5.36 DDPM++ (62M params, 1000 steps) [Kim et al., 2021] 3.45
Cooperative DRL (40M params) [Zhu et al., 2024] 4.31 NCSN++ (107M params, 1000 steps) [Song et al., 2021] 2.45
Cooperative DRL-large (145M params) [Zhu et al., 2024] 3.68

Energy-based Models Flow-based Models

ImprovedCD [Du et al., 2021] 25.1 Action Matching [Neklyudov et al., 2023] 10.07
CLEL-large (32M params) [Lee et al., 2023] 8.61 Flow-matching [Lipman et al., 2023] 6.35
Energy Matching (50M params, Ours) 3.34 OT-CFM� (37M params) [Tong et al., 2023] 4.04

3 Applications

In this section, we demonstrate the effectiveness and versatility of our proposed Energy Matching
approach across three applications: (i) unconditional generation (ii) inverse problems, and (iii) LID
estimation. The model architecture and all the training details are reported in Section D.

3.1 Unconditional generation

We compare four classes of generative models: (1) Diffusion models, which deliver state-of-the-art
quality but typically require many sampling steps; (2) Flow-based methods, which learn OT paths
for more ef�cient sampling with fewer steps; (3) EBMs, which directly model the log-density as a
scalar �eld, offering �exibility for inverse problems and constraints but sometimes at the expense of
sample quality; and (4) Ensembles (Diffusion with one or many EBMs), which combine diffusion's
robust sampling with elements of EBM �exibility but can become large and complex to train. Our
approach, Energy Matching, offers a simple (a single time-independent scalar �eld) yet powerful
EBM-based framework. We evaluate our approach on CIFAR-10 [Krizhevsky and Hinton, 2009] and
ImageNet32x32 [Deng et al., 2009, Chrabaszcz et al., 2017] datasets, reporting FID scores in Table 1
and Table 2, respectively. Our method outperforms state-of-the-art EBMs, reducing the FID score by
more than 50%.

6



Table 2: FID# score comparison for unconditional ImageNet 32x32 generation (lower is better). Unless
otherwise speci�ed, we use results for solvers that most closely match our setup (300 �xed-step Euler–Heun
[Butcher, 2016]).

Learning Unnormalized Data Likelihood Learning Transport/Score Along Noised Trajectories

Ensembles: Diffusion + (one or many) EBMs Diffusion Models

Cooperative DRL (40M params) [Zhu et al., 2024] 9.35 DDPM++ (62M params, 1000 steps) [Kim et al., 2021] 8.42

Energy-based Models Flow-based Models

ImprovedCD [Du et al., 2021] 32.48 Flow-matching [Lipman et al., 2023] (196M params) 5.02
CLEL-base [Lee et al., 2023] (7M params) 22.16
CLEL-large [Lee et al., 2023] (32M params) 15.47
Energy Matching (50M params, Ours) 6.64

3.2 Inverse problems

In many practical applications, we are interested in recovering some datax from noisy measurements
y generated by an operatorA, y = A(x) + w , wherew � N

�
0;

p
2 �I

�
. In this setting, the posterior

distribution of x given y is

p(xjy) / exp
�

�
1
� 2 ky � A(x)k 2

�

| {z }
/ p(yjx)

exp (�E � (x))
| {z }

/ p(x)

; (7)

whereE � (x) is an energy function which one can learn from the data, an EBM. Because we want to
samplex given a measurementy, this reconstruction task is often referred to as an inverse problem.
Here,ky �Axk 2 encodes the measurement �delity with� controlling the balance between this �delity
term and the prior. We obtain the prior termE � (x) = V� (x)

" max
by trainingV� (x) via Energy Matching.

Samples from this posterior can be drawn by starting from a random samplex (0) � N (0; I) and
following a Langevin update. We detail the algorithm for generating solutions to inverse problems
in Algorithm 3 (which also incorporates additional interaction energyW(x; x 0) between generated
samples). We demonstrate our model's capabilities qualitatively through a controlled inpainting task
and quantitatively via a protein inverse design benchmark. Speci�c hyperparameters are detailed in
Section D.

Algorithm 3 Unconditional/conditional sampling with optional interaction energy
1: for m = 1 to M do
2: Initialize x(0)

m from noise and/or data . Initialize each chain
3: end for
4: N  b� s =�tc . Number of Langevin steps for sampling time �s
5: for n = 0; 1; : : : ; N � 1 do
6: for m = 1; 2; : : : ; M do . Prior + data �delity + interaction

7: "(n)  

(
" max ; if initialized from data (Optional)

"(n�t) from (3); otherwise

8: U�
�
x (n)

m
�

 V �
�
x (n)

m
�

+ " (n)



 y � A

�
x (n)

m
� 


 2=� 2 + " (n) P

k6=m W
�
x (n)

m ; x (n)
k

�

9: Sample �(n)
m � N (0; I)

10: x(n+1)
m  x (n)

m � �t r x U�
�
x (n)

m
�

+
p

2" (n) �t � (n)
m . Langevin dynamics step

11: end for
12: end for
13: return fx (N)

m gM
m=1 . Final samples

Controlled inpainting. Suppose we want to recover two images from a masked image while
encouraging diverse reconstructions. EBMs allow this by introducing an additional interaction energy,
W(x 1; x2) = � kB(x 1 �x 2 )k 2

� 2 , whereB has ones in the region of interest (focusing diversity there)
and zeros elsewhere, and� is a hyperparameter controlling the interaction's strength. Speci�cally,
we de�nep(x1; x2 j y) / p(x 1 j y) p(x 2 j y) exp

�
�W(x 1; x2)

�
, which gives high probability to

pairs(x 1; x2) that lie far apart in the speci�ed regionB . This encourages exploring the edges of the
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posterior rather than just its modes, and with suitableW, samples shift toward rare events without
needing many draws. To illustrate the interaction term's advantages for diverse reconstruction, we
apply our method to a CelebA [Liu et al., 2015]64 � 64 inpainting task. As shown in Figure 2,
we start from a partially observed (masked) face and aim to reconstruct two distinct high-�delity
completions.

p(x1 ; x2 jy)
/ p(x 1 jy)p(x 2 jy)

p(x1 ; x2 jy)
/ p(x 1 jy)p(x 2 jy)

� exp
�

kB (x 1 � x 2)k2

� 2

�

Figure 2: Controlled inpainting for diverse reconstructions. On the left is the masked face. On the
right are two reconstructions: the top pair without the interaction term and the bottom pair with it.
The interaction term applies in the solid red square (whereB has ones), and the measurement matrix
A is the dotted blue square (zeros inside, ones outside). By encouragingx1 andx2 to differ in the
target region, the interaction yields a wider range of completions while preserving �delity.

Protein inverse design. In Figure 3, we demonstrate our method's performance on the inverse
design problem of generating Adeno-Associated Virus (AAV) capsid protein segments [Bryant et al.,
2021]. Given a desired functional property (�tness)—here de�ned as the predicted viral packaging
ef�ciency normalized between 0 and 1—the goal is to design novel protein sequences satisfying this
target condition. Beyond achieving high �tness, practical inverse design requires generating diverse
candidate sequences to ensure robustness in the downstream experimental validation [Jain et al.,
2022]. We evaluate on two benchmark splits (medium and hard), which correspond to subsets of the
original AAV dataset differing in baseline �tness distributions and required mutational distance from
known high-performing variants [Kirjner et al., 2024]. Leveraging the latent-space representation of
VLGPO [Bogensperger et al., 2025], we employ our Energy-Matching Langevin sampler with an
inference-time tunable repulsion term, allowing explicit control over the diversity of the designed
proteins. This enables a �exible trade-off between �tness and diversity, resulting in high �tness
scores alongside substantially improved sequence diversity. See Section B for experimental details
and dataset descriptions.

3.3 Local intrinsic dimension estimation

Real-world datasets, despite displaying a high number of variables, can often be represented by
lower-dimensional manifolds—a concept referred to as the manifold hypothesis [Fefferman et al.,
2016]. The dimension of such a manifold is called the intrinsic dimension. Estimating the LID at a
given point reveals its effective degrees of freedom or directions of variation, offering insight into
data complexity and adversarial vulnerabilities. We defer the precise de�nition to Section C.

Diffusion-based approaches. Recent work leverages pretrained diffusion models to estimate the
LID [Kamkari et al., 2024, Stanczuk et al., 2024] by examining the learned score function. However,
since these models do not learn the score at the data manifold (t = 1 ), their estimates become
unreliable there. Consequently, current methods rely on approximations, for instance by evaluating
the score in the proximity of the data manifold (t = 1 � t 0), where computations remain suf�ciently
reliable.
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Figure 3: Fitness–diversity trade-off for protein inverse design on the AAV Medium (left) and Hard
(right) benchmarks. We compare our Energy Matching method (blue), with diversity explicitly
controlled by a repulsion strength parameter (/ 1

� 2 ), against leading �ow-based (purple), score-based
(orange), and other non-likelihood methods (black). Fitness measures how well generated sequences
satisfy the target property (predicted viral packaging ef�ciency), while diversity quanti�es the average
Levenshtein distance between sequences in each generated batch.

Spearman's correlation " MNIST CIFAR-10
ESS [Johnsson et al., 2014] 0.444 0.326

FLIPD [Kamkari et al., 2024] 0.837 0.819
NB [Stanczuk et al., 2024] 0.864 0.894
Energy Matching (Ours) 0.877 0.901

Table 3: Spearman's correlation coef�cients of LID estimates with PNG compression rate. Bench-
marks results reported in [Kamkari et al., 2024].

Hessian-based LID Estimation. Unlike diffusion models, EBMs explicitly parametrize the relative
data likelihood. This explicit parametrization enables ef�cient analysis of the curvature of the
underlying data manifold – in this example, estimating the LID. To this end, we compute the Hessian
matrix r 2

x V (xdata ) at a given data point and perform its spectral decomposition. We de�ne near-zero
eigenvalues as those whose absolute values lie within a small threshold� (in our experiments, we
set� = 3 for MNIST [Deng, 2012] and� = 2 for CIFAR-10). The count of near-zero eigenvalues
re�ects the number of �at directions and thus reveals the local dimension. As shown in Table 3, the
LID estimates we obtain exhibit stronger correlations with PNG compression size1 (evaluated on
4096 images) using Spearman's correlation. Figure 4 offers qualitative illustrations. Our EBM-based
approach compares favorably to diffusion-based methods, as it relies on fewer approximations by
performing computations exactly on the data manifold rather than merely in its vicinity.

Figure 4: Qualitative results for LID estimation using the Hessian spectrum ofV� (x) . Left: Spectrum
for a low-LID image. Right: Spectrum for a high-LID image. The eigenvalues quantify curvature
along principal directions (eigenvectors). A degenerate spectrum (many near-zero eigenvalues,
marked in red) indicates locally "�at" regions, revealing the LID. Intuitively, higher image complexity
often corresponds to a higher LID.

1PNG is a lossless compression scheme specialized for images and can provide useful guidance when no
LID ground truth is available Kamkari et al. [2024].
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4 Conclusion and limitations

Contributions. We introduced a generative framework, Energy Matching, that reconciles the
advantages of EBMs and OT �ow matching models for simulation-free likelihood estimation and
ef�cient high-�delity generation. Speci�cally, it:

• Learns a time-independent scalar potential energy whose gradient drives rapid high-�delity
sampling–surpassing state-of-the-art energy-based models–while also forming a Boltzmann-like
density well suitable for controlled generation. All without auxiliary generators.

• Offers ef�cient sampling from target data distributions on par with the state-of-the-art, while
learning the score at the data manifold with manageable trainable parameters overhead.

• Offers a simulation-free, principled likelihood estimation framework for solving inverse prob-
lems—where additional priors can be easily introduced—and enables the estimation of a data
point's LID with fewer approximations than score-based methods.

Limitations. First, our method requires an additional gradient computation with respect to the
input, which can increase GPU memory usage (e.g., by 20–40%), particularly during training.
Second, when estimating the LID (Section 3.3) for very high-dimensional datasets, computing the
full Hessian spectrum may be impractical due to its computational complexity ofO(d3); in such
cases, partial-spectrum methods such as random projections or iterative solvers can be employed
instead.

Outlook. Contrary to widespread belief, we demonstrated that time-independent irrotational meth-
ods for generative �ows are highly effective and offer an exciting direction for future research. Our
Energy Matching approach has the potential to yield novel insights into controlled generation and
inverse problems for cancer research Weidner et al. [2024], Balcerak et al. [2024], molecules and
proteins Wu et al. [2022], Bilodeau et al. [2022], computational �uid dynamics Gao et al. [2024],
Shysheya et al. [2024], Molinaro et al. [2024], and other �elds where precise control over generated
samples and effective integration of priors or constraints are crucial. Moreover, Energy Matching
aligns naturally with recent generative AI trends toward scaling inference for new capabilities [Zhang
et al., 2025, Ma et al., 2025], further broadening its potential impact across scienti�c and engineering
domains.
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