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Abstract

Current state-of-the-art generative models map noise to data distributions by match-
ing flows or scores. A key limitation of these models is their inability to readily
integrate available partial observations and additional priors. In contrast, energy-
based models (EBMs) address this by incorporating corresponding scalar energy
terms. Here, we propose Energy Matching, a framework that endows flow-based
approaches with the flexibility of EBMs. Far from the data manifold, samples move
from noise to data along irrotational, optimal transport paths. As they approach
the data manifold, an entropic energy term guides the system into a Boltzmann
equilibrium distribution, explicitly capturing the underlying likelihood structure of
the data. We parameterize these dynamics with a single time-independent scalar
field, which serves as both a powerful generator and a flexible prior for effective
regularization of inverse problems. The present method substantially outperforms
existing EBMs on CIFAR-10 and ImageNet generation in terms of fidelity, while
retaining simulation-free training of transport-based approaches away from the
data manifold. Furthermore, we leverage the flexibility of the method to introduce
an interaction energy that supports the exploration of diverse modes, which we
demonstrate in a controlled protein generation setting. This approach learns a scalar
potential energy, without time conditioning, auxiliary generators, or additional net-
works, marking a significant departure from recent EBM methods. We believe this
simplified yet rigorous formulation significantly advances EBMs capabilities and
paves the way for their wider adoption in generative modeling in diverse domains.

1 Introduction

Generative models learn to map from a simple, easy-to-sample distribution, such as a Gaussian, to
a desired data distribution. They do so by approximating the optimal transport (OT) map—such as
in flow matching [Lipman et al., 2023} |Liu et al., [2023| |/Albergo and Vanden-Eijnden, [2023]]—or
through iterative noising and denoising schemes, such as in diffusion models [Ho et al., 2020, [Song
et al., 2021]]. In addition to being highly effective in sample generation, diffusion- and flow-based
models have also been used as priors to regularize poorly posed inverse problems [Chung et al., 2023}
Mardani et al., [2024, [Ben-Hamu et al.| 2024]]. However, these models do not explicitly capture the
unconditional data score and instead model the score of smoothed manifolds at different noise levels.
The measurement likelihood, on the other hand, is not tractable on these noised manifolds. As a
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Figure 1: Trajectories (green lines) of samples traveling from a noise distribution (black dots; here, a
Gaussian mixture model) to a data distribution (blue dots; here, two moons as in [Tong et al., 2023])
under four different methods: Action Matchirig [Neklyudov et/al., 2023], Flow Matching (OT-CFM)
[Tong et al.| 2023], EBMs trained via contrastive divergence [Hinton, 2002], and our proposed Energy
Matching. We highlight several individual trajectories in red to illustrate their distinct behaviors.
Both Action Matching and Flow Matching learn time-dependent transports and are not trained for
traversing the data manifold. Conversely, EBMs and Energy Matching are driven by time-independent
elds that can be iterated inde nitely, allowing trajectories to navigate across modes. While samples
from EBMs often require additional steps to equilibrate (see, e.g., the visible mode collapses that
slow down sampling from the data manifold), Energy Matching directs samples toward the data
distribution in “straight” paths, without hindering the exploration of the data manifold.

result, existing approaches repeatedly shuttle between noised and data distributions, leading to crude
approximations of complex, intractable terms Daras &l al. [2024]. For example| DPS [Chunhg et al.,
2023] approximates an intractable integral using a single sample. More recently, D-Flow [Ben-Hamu
et al|/ 2024] optimizes initial noise by differentiating through the simulated trajectory. To the best of
our knowledge, these models lack a direct way to navigate the data manifold in search of the optimal
solution without repeatedly transitioning between noised and data distributions.

EBMs [Hop eld| (1982, Hinton, 2002, LeCun et @al., 2006] provide an alternative approach for
approximating the data distribution by learning a scalar-valued funé&igd that species an
unnormalized densitp(x) / exp ( E(x)) . Rather than explicitly mapping noise samples onto
the data manifold, EBMs assign low energies to regions of high data concentration and high energy
elsewhere. This de nes a Boltzmann distribution from which one can sample, for example, via
Langevin sampling. In doing so, EBMs explicitly retain the likelihood informatio& (k) . This
likelihood information can then be used in conditional generation (e.g., to solve inverse problems),
possibly together with additional priors simply by adding their energy terms [Du and Mordatch, 2019].
Moreover, direct examination of local curvature on the data manifold—allows the computation of
local intrinsic dimension (LID) (an important proxy for data complexity)—whereas diffusion models
can only approximate such curvature in the proximity of noise samples.

Despite the theoretical elegance of using a single, time-independent scalar energy, practical EBMs
have historically suffered from poor generation quality, falling short of the performance of diffusion

or ow matching models. Traditional methods [Song and Kingma, 2021] for training EBMs, such

as contrastive divergence via Markov chain Monte Carlo (MCMC) or local score-based approaches
[Song and Ermdn, 2019], often fail to adequately explore the energy landscape in high-dimensional
spaces, leading to instabilities and mode collapse. Consequently, many methods resort to time-
conditioned ensembles [Gao et al., 2021], hierarchical latent ensernbles [Cui arid Han, 2024], or
combine EBMs with separate generator networks trained in cooperation [Gud et alj, 2023, Zhang
et al| | 2024, Yoon et al., 2024], thereby requiring signi cantly higher parameter counts and training
complexity.



Contributions. In this work, we propose Energy Matching, a two-regime training strategy that
combines the strengths of EBMs and ow matching; see Figure 1.

When samples lie far from the data manifold, they are ef ciently transported toward the data.
Once near the data manifold, the ow transitions into Langevin steps governed by an internal
energy component, enabling precise exploration of the Boltzmann-like density well around the
data distribution. This straightforward approach produces a time-independent scalar energy eld
whose gradient both accelerates sampling and shapes the nal density well—via a contrastive
objective that directly learns the score at the data manifold—yet remains ef cient and stable
to train. Empirically, our method signi cantly outperforms existing EBMs on both CIFAR-10
and ImageNet generation in terms of delity, and compares favorably to ow-matching and
diffusion models—without auxiliary generators or time-dependent EBM ensembles.

Our proposed process complements the advantages of ow matching with an explicit likelihood
modeling, enabling traversal of the data manifold without repeatedly shuf ing between noise
and data distributions. This simpli es both inverse problem solving and controlled generations
under a prior. In addition, to encourage diverse exploration of the data distribution, we showcase
how repulsive interaction energies can be easily and effectively incorporated, with an application
to conditional protein generation. Finally, we also showcase how analyzing the learned energy
reveals insight on the LID of the data with fewer approximations than diffusion médels.

2Code repository: https://github.com/m1balcerak/EnergyMatching

2 Energy matching

In this section, we show how a scalar potentidlk) can simultaneously provide an optimal-transport-
like ow from noise to data while also yielding a Boltzmann distribution that explicitly captures the
unnormalized log-likelihood of the data.

The Jordan—Kinderlehrer—Otto (JKO) scheme. The starting point of our approach is the JKO
scheme [Jordan et al., 1998], which is the basis of the success of numerous recent generative models
[Xu et al., 2023, Terpin et al., 2024, Choi et al., 2024]. The JKO scheme describes the discrete-time
evolution of a probability distribution; along energy-minimizing trajectories in the Wasserstein

space, 7 7
WZ(; o)
wt =argmin ———2+ VvV (xd(x) +") x)log (X)dx : 8
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Here, denotes the learnable parameters of the scalar potdhtigl, and"(t) is a temperature-like
parameter tuning the entropic term. The transport cost is given by the Wasserstein distance,
z

WZ(; )= min kx yk *d (xy); 2
2(; 1) RIR d

where (; ) is the set of couplings betweerand ¢, i.e., the set of probability distributions on

RY R 9 with marginals and ;. Here,d is the dimensionality of the data. Henceforth, we call OT

coupling any  that yields the minimum in (2). When = (id;T) » , i.e., itis the pushforward of

the map x 7! (x; T (x)) for some function T, we say that T is an OT map from teo.

Differently from most literature, we considét) to be dependent on time and study the behavior of
Equation (1) ast! 1. To x the ideas, consider, for instance, a linear scheduling:
8
< 0; 0 t< ;
"= . "max 7& ; t<1; )

" max t 1:

First-order optimality conditions. Following Terpin et al. [2024], we analyz@) at each time
via its rst-order optimality conditions [Lanzetti et al., 2024, 2025]. These conditions characterize
the properties of the desired solution and thus represent the optimization goal:



ti(x y+r «VXx)+"Or xlog ¢ (X)=0; (x;y) 2 supp( t) (4)

where { is an OT plan between the distributions; and ; andsupp( ) is the support of ;.
That is, this condition has to hold for all pairs of points in the supportaf and ; that are coupled
by OT. Intuitively, analyzing (4) provides us with two key insights:

1. Fortimest< ,"(t) =0 and (4) becomes

1
T W+ WV )=0 (xy)2supp( o) (5)
That is, the system is in an OT, ow-like, regime.

2. Near the data manifold, which we aim at modeling with the equilibrium distributigof (1),
tt eqand, thus, fort 1,x yforall (x;y) 2supp( ). Then, we can simplify (4) as

"maxt 109 eq() =T V(X)) 3 w®)/exp Y

Thus, the equilibrium distribution is described by an EBM, exp ( E(x)), with E(x) :%

Our approachinanutshell. Combining the two insights above, we propose a generative framework
that combines OT and EBMs to learn a time-independent scalar potér(tialwhose Boltzmann
distribution,
V (X
wolexp ©)

max
matches gata . TO transport samples ef ciently from noisg to ¢q data » W€ USE two regimes:

» Away from the data manifold® 0 . The ow is deterministic and OT-like, allowing rapid
movement across large distances in sample space.

* Near the data manifold: " . Samples diffuse into a stable Boltzmann distribution, properly
covering all data modes.

By combining the long-range transport capability of ows with the local density modeling exibility
of EBMs, we achieve tractable sampling and explicitly encode the unnormalized log-likelihood
V  (X)="max Of the underlying data distribution; see Figure 1.

2.1 Training objectives

In practice, we balance the two objectives by initially trainMgexclusively with the optimal-
transport-like objective"(= 0, see Section 2.1.1), ensuring a stable and consistent generation of
high-quality negative samples for the contrastive phase. Subsequently, we jointly optimize both
the transport-based and contrastive divergence objectives, progressively increasing the effective
temperature td =" 5« as samples approach the data manifold (i.e., the equilibrium distribution);
see Section 2.1.2.

2.1.1 Flow-like objective Lot

We begin by constructing a global velocity eld V (x) that carries noise samplésg to

data sample$ 432 g With minimal detours. For this, we consider geodesics in the Wasserstein
space [Ambrosio et al., 2008]. Practically, we compute the OT couplingetween two uniform
empirical probability distributions, one supported on a mini-batch of the data, and one supported on
a set of noise samples with the same cardinality. These samples are drawn from an easy-to-sample
distribution; in our case, a Gaussian. Since the probability distributions are uniform and empirical
with the same number of samples, a transport map T is guaranteed to exist [Ambrosio et al., 2008].

Remark 2.1 (OT solver). Depending on the method used to compute the OT coupling, an explicit OT
map may or may not be obtained. Similarly, if the number of noise samples differs from the mini-batch
sizeB, the resulting OT coupling generally will not correspond to a map. In this case, one can
adapt the algorithm by de ning a threshold, and considering all pairgx gata ; Xo) for which the
coupling value satis €S (Xgata ; X0) >t - In our experiments, we used tROTsolver [Flamary

et al., 2021] and did not observe bene ts from using a sample size differenBraansistent with
previous approaches [Tong et al., 2023].



Then, for each data point,, we de ne the interpolationk; = (1 )T(X  gata ) *+ tX data , Which

is a point along the geodesic. The velocity of eacls Xgata T (X gata) (i-€., the samples move

from the noise to the data distribution at constant speed) and, in this regime, we would like to have

r xV (&t) X dama T(X data)- FOr tr}%s, we de ne the loss: i
I—OT = Etﬁd(actf ZD) kr xV (Xt) + X data T(X data)k2 :

This objective can be interpreted as a ow-matching formulation under the assumption that the

velocity eld is both time-independent and given by the gradient of a scalar potential, thereby

imposing an irrotational condition. This aligns naturally with OT, which also yields an irrotational

velocity eld—any rotational component would add unnecessary distance to the ow and thus in ate

the transport cost without bene t. Our experimental evidence adds to the recent study by [Sun

et al., 2025], in which the authors observed that time-independent velocity elds can, under certain

conditions, outperform time-dependent noise-conditioned elds in sample generation.

Algorithm 1 Phase 1 (warm-up).

1: Initialize model parameters
2: foriterationn =0;1;::: do

3: Sample mini-batch fyawmb gb.; D . Data samples
4: Sample mini-batch fgpgE.;  N(O; 1) . Random Gaussian samples
5: T OTsolver(fX gata:b 9;X 0:609) . Compute OT map
6: Sample figl,;, U@©; ) . Typically =1 for the warm-up
7: Set interpoE\tionsog (It p)TXdaab )+t bXdatab . Interpolation along geodesics
8: Lot () E:l kr xV (Xt,) + X datap T (X datajp k2 . Loss function
9: r Lot () . Gradient update with learning rate
10: end for

11: return . Trained

2.1.2 Contrastive objective Lgp

Near the data manifoldy (x) is re ned so that ¢q(X) / exp(V  (X)="max) mMatches the data
distribution. We adopt the contrastive divergence loss described in EBMs [Hinton, 2002],
V (X) V (%)

Lo Exp e v E xsgp ) w4
max max

wherex are “negative” samples of the equilibrium distribution induced/byWe approximate these
samples using an MCMC Langevin chain [Welling and Teh, 2011]. We split the initialization for
negative samples: half begin at real data, and half begin at the noise distribution. This («y,
forms well-de ned basins around high-density regions while also shaping regions away from the
manifold, correcting the generation. Thg() indicates a stop-gradient operator, which ensures
gradients do not back-propagate through the sampling procedure.

2.1.3 Dual objective and implementation notes

To balance the deterministic ow-like regime (whéere0 ) away from the data manifold and the
stochastic Boltzmann regime (whére" ax) near equilibrium, we adopt the linear temperature
schedule described if8). We introduce a dataset-speci ¢ hyperparametgs to stabilize the
contrastive objective by appropriately weightihgp relative toL o7t . The resulting algorithm is
described in detail in Algorithm 1 and Algorithm 2. Since Algorithm 2 bene ts from high-quality
negatives, we begin with Algorithm 1 (and, thus, witht only) to ensure suf cient mixing of
noise-initialized negatives.

Given the trained models, we de ne a sampling tigeAlthough convergence to the equilibrium
distribution is guaranteed only as! 1, we empirically observe that sample quality (measured with
Fréchet inception distance (FID)) plateaus by 3:25 on CIFAR-10; see Section A.2. The sampling
procedure, which optionally includes conditional and interaction terms, is detailed in Algorithm 3.
In practice, we implement training using explicit Euler—Maruyama updates and sampling with an
Euler—Heun predictor-corrector scheme, while for simplicity the algorithms illustrate only explicit
updates. Additionally, the constant factor 1z in Lcp is absorbed into ¢p .

Section A.1 discusses how the landscap¥ oévolves across these two phases. Hyperparameters for
each dataset, along with intuitions to guide their selection for new datasets, are provided in Section D.



Algorithm 2 Phase 2 (main training).

1 pretrained . Initialize from Algorithm 1
2: foriterationn=0;1;:::do

3: Lor Uselines 3— 8 from Algorlthm 1

4: Initialize negative samples f?gg b gE., from noise and/or data . Negative samples
5: form=0;1;:::;M Langevin 1 dO

6: forb=1 to 5 do

2. w(m) " max ; if initialized from data (Optional)

"(mt) from (3); otherwise

8: Sample , N(O;1) p

9 X X Sl xVeg (D) 28 ™ . Langevin dynamics step
10: end for
11: end for h " i
12: Leo & oy V (Xdaap ) V (xﬁegfg”gev"”) . Contrastive divergence loss
13: L() L or+ coleo
14: Update r L() . Gradient descent step
15: end for
16: return . Trained

Table 1: FIB# score comparison for unconditional CIFAR-10 generation (lower is better). Unless otherwise
speci ed, we use results for solvers that most closely match our setup (325 xed-step Euler—Heun [Butcher,
2016]). indicates reproduced methods, while all other entries re ect the best reported results. EGC in its
unconditional version has been reported in [Zhu et al., 2024]

Learning Unnormalized Data Likelihood Learning Transport/Score Along Noised Trajectories

\
Ensembles: Diffusion + (one or many) EBMs | Diffusion Models

Hierarchical EBM Diffusion [Cui and Han, 2024] 8.93| DDPM [Ho et al., 2020] 6.45
EGC [Guo et al., 2023] 5.36 DDPM++ (62M params, 1000 steps) [Kim et al., 2021] 3.45
Cooperative DRL (40M params) [Zhu et al., 2024] 4 3 NCSN++ (107M params, 1000 steps) [Song et al 2021] 2.45
Cooperative DRL-large (145M params) [Zhu etal., 2024]

Energy-based Models \ Flow-based Models
ImprovedCD [Du et al., 2021] 25 1 Action Matching [Neklyudov et al., 2023] 10.07
CLEL-large (32M params) [Lee et al., 2023] Flow-matching [Lipman et al., 2023] 6.35
Energy Matching (50M params, Ours) 3. 34 OT-CFM (37M params) [Tong et al., 2023] 4.04

3 Applications

In this section, we demonstrate the effectiveness and versatility of our proposed Energy Matching
approach across three applications: (i) unconditional generation (i) inverse problems, and (iii) LID
estimation. The model architecture and all the training details are reported in Section D.

3.1 Unconditional generation

We compare four classes of generative models: (1) Diffusion models, which deliver state-of-the-art
quality but typically require many sampling steps; (2) Flow-based methods, which learn OT paths
for more ef cient sampling with fewer steps; (3) EBMs, which directly model the log-density as a
scalar eld, offering exibility for inverse problems and constraints but sometimes at the expense of
sample quality; and (4) Ensembles (Diffusion with one or many EBMSs), which combine diffusion's
robust sampling with elements of EBM exibility but can become large and complex to train. Our
approach, Energy Matching, offers a simple (a single time-independent scalar eld) yet powerful
EBM-based framework. We evaluate our approach on CIFAR-10 [Krizhevsky and Hinton, 2009] and
ImageNet32x32 [Deng et al., 2009, Chrabaszcz et al., 2017] datasets, reporting FID scores in Table 1
and Table 2, respectively. Our method outperforms state-of-the-art EBMs, reducing the FID score by
more than 50%.



Table 2: FIB# score comparison for unconditional ImageNet 32x32 generation (lower is better). Unless
otherwise speci ed, we use results for solvers that most closely match our setup (300 xed-step Euler—Heun
[Butcher, 2016]).

Learning Unnormalized Data Likelihood \ Learning Transport/Score Along Noised Trajectories

Ensembles: Diffusion + (one or many) EBMs \ Diffusion Models

Cooperative DRL (40M params) [Zhu et al., 2024] 9.3$ DDPM++ (62M params, 1000 steps) [Kim et al., 2021] 8.42

Energy-based Models | Flow-based Models
ImprovedCD [Du et al., 2021] 32.48| Flow-matching [Lipman et al., 2023] (196M params) 5.02
CLEL-base [Lee et al., 2023] (7M params) 22.1
CLEL-large [Lee et al., 2023] (32M params) 15.4
Energy Matching (50M params, Ours) 6.64

3.2 Inverse problems

In many practical applications, we are interested in recoveriBg some diaden noisy measurements

y generated by an operatary = AX) +w ,wherew N 0; 2 | . Inthis setting, the posterior
distribution of x given y is

POY) 1 exp ky ACK ® pxp(E, () )
| {z } 1 p(x)
I'p(yix)

whereE (x) is an energy function which one can learn from the data, an EBM. Because we want to
samplex given a measuremett this reconstruction task is often referred to as an inverse problem.
Here,ky Axk 2 encodes the measurement delity wittcontrolling the balance between this delity
term and the prior. We obtain the prior teEn(x) = % by trainingV (x) via Energy Matching.
Samples from this posterior can be drawn by starting from a random saifipleN (0;1) and
following a Langevin update. We detail the algorithm for generating solutions to inverse problems
in Algorithm 3 (which also incorporates additional interaction enahtfx; x 9 between generated
samples). We demonstrate our model's capabilities qualitatively through a controlled inpainting task

and quantitatively via a protein inverse design benchmark. Speci ¢ hyperparameters are detailed in
Section D.

Algorithm 3 Unconditional/conditional sampling with optional interaction energy

1: form=1toM do
2: Initialize xﬁﬁ) from noise and/or data . Initialize each chain
3: end for
4. N b s=tc . Number of Langevin steps for sampling time
5: forn=0;1;:::;N 1do
6: form=1; 2(; ;M do . Prior + data delity + interaction
- () " max | if initialized from data (Optional)
' "(nt) from (3); otherwise
8: U x® v xD ey A x® o200 P oo W XS5 x
: —m ;
9: Sample o N ©; 1 D
10: IV x O oy U XD o+ T2 O . Langevin dynamics step
11: end for
12: end for
13: return fx ﬁﬁ') gM_, . Final samples

Controlled inpainting. Suppose we want to recover two images from a masked image while
encouraging diverse reconstructions. EBMs allow this by introducing an additional interaction energy;,
W(xi;xz) = KBE1X 2K \yhereB has ones in the region of interest (focusing diversity there)
and zeros elsewhere, ands a hyperparameter controlling the interaction's strength. Speci cally,
we denep(X1; X2 jY)/p(X 1]Y)p(X2jy) exp W(Xx 1;X2) , which gives high probability to
pairs(x1; X2) that lie far apart in the speci ed regid. This encourages exploring the edges of the



posterior rather than just its modes, and with suitdidlesamples shift toward rare events without
needing many draws. To illustrate the interaction term's advantages for diverse reconstruction, we
apply our method to a CelebA [Liu et al., 20164 64 inpainting task. As shown in Figure 2,

we start from a partially observed (masked) face and aim to reconstruct two distinct high- delity
completions.

p(x1;Xa2jy)
I'p(x 1jy)p(X 2jy)

/
\

pOX1ixaly)
Ip(x 1jy)p(X 2jy)

kB (X1 X 2)k?

exp 2

Figure 2: Controlled inpainting for diverse reconstructions. On the left is the masked face. On the
right are two reconstructions: the top pair without the interaction term and the bottom pair with it.
The interaction term applies in the solid red square (wBeteas ones), and the measurement matrix

A is the (zeros inside, ones outside). By encouragamglx, to differ in the

target region, the interaction yields a wider range of completions while preserving delity.

Protein inverse design. In Figure 3, we demonstrate our method's performance on the inverse
design problem of generating Adeno-Associated Virus (AAV) capsid protein segments [Bryant et al.,
2021]. Given a desired functional property ( tness)—here de ned as the predicted viral packaging
ef ciency normalized between 0 and 1—the goal is to design novel protein sequences satisfying this
target condition. Beyond achieving high tness, practical inverse design requires generating diverse
candidate sequences to ensure robustness in the downstream experimental validation [Jain et al.,
2022]. We evaluate on two benchmark splits (medium and hard), which correspond to subsets of the
original AAV dataset differing in baseline tness distributions and required mutational distance from
known high-performing variants [Kirjner et al., 2024]. Leveraging the latent-space representation of
VLGPO [Bogensperger et al., 2025], we employ our Energy-Matching Langevin sampler with an
inference-time tunable repulsion term, allowing explicit control over the diversity of the designed
proteins. This enables a exible trade-off between tness and diversity, resulting in high tness
scores alongside substantially improved sequence diversity. See Section B for experimental details
and dataset descriptions.

3.3 Local intrinsic dimension estimation

Real-world datasets, despite displaying a high number of variables, can often be represented by
lower-dimensional manifolds—a concept referred to as the manifold hypothesis [Fefferman et al.,
2016]. The dimension of such a manifold is called the intrinsic dimension. Estimating the LID at a
given point reveals its effective degrees of freedom or directions of variation, offering insight into
data complexity and adversarial vulnerabilities. We defer the precise de nition to Section C.

Diffusion-based approaches. Recent work leverages pretrained diffusion models to estimate the
LID [Kamkari et al., 2024, Stanczuk et al., 2024] by examining the learned score function. However,
since these models do not learn the score at the data martfeldl(), their estimates become
unreliable there. Consequently, current methods rely on approximations, for instance by evaluating
the score in the proximity of the data manifotd1 t o), where computations remain suf ciently
reliable.
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Figure 3: Fitness—diversity trade-off for protein inverse design on the AAV Medium (left) and Hard
(right) benchmarks. We compare our Energy Matching method (blue), with diversity explicitly
controlled by a repulsion strength parameter4), against leading ow-based (purple), score-based
(orange), and other non-likelihood methods (black). Fitness measures how well generated sequences
satisfy the target property (predicted viral packaging ef ciency), while diversity quanti es the average
Levenshtein distance between sequences in each generated batch.

Spearman'’s correlation " | MNIST | CIFAR-10
ESS [Johnsson et al., 2014] 0.444 0.326
FLIPD [Kamkari et al., 2024] 0.837 0.819
NB [Stanczuk et al., 2024] | 0.864 0.894
Energy Matching (Ours) 0.877 0.901
Table 3: Spearman's correlation coef cients of LID estimates with PNG compression rate. Bench-
marks results reported in [Kamkari et al., 2024].

Hessian-based LID Estimation. Unlike diffusion models, EBMs explicitly parametrize the relative
data likelihood. This explicit parametrization enables ef cient analysis of the curvature of the
underlying data manifold — in this example, estimating the LID. To this end, we compute the Hessian
matrixr 2V (X4ata ) at a given data point and perform its spectral decomposition. We de ne near-zero
eigenvalues as those whose absolute values lie within a small thresfinldur experiments, we

set =3 for MNIST [Deng, 2012] and = 2 for CIFAR-10). The count of near-zero eigenvalues

re ects the number of at directions and thus reveals the local dimension. As shown in Table 3, the
LID estimates we obtain exhibit stronger correlations with PNG compressioh(sizauated on

4096 images) using Spearman's correlation. Figure 4 offers qualitative illustrations. Our EBM-based
approach compares favorably to diffusion-based methods, as it relies on fewer approximations by
performing computations exactly on the data manifold rather than merely in its vicinity.

Figure 4: Qualitative results for LID estimation using the Hessian spectrom(gj . Left: Spectrum
for a low-LID image. Right: Spectrum for a high-LID image. The eigenvalues quantify curvature
along principal directions (eigenvectors). A degenerate spectrum (many near-zero eigenvalues,

marked in red) indicates locally " at" regions, revealing the LID. Intuitively, higher image complexity
often corresponds to a higher LID.

IPNG is a lossless compression scheme specialized for images and can provide useful guidance when no
LID ground truth is available Kamkari et al. [2024].



4 Conclusion and limitations

Contributions. We introduced a generative framework, Energy Matching, that reconciles the
advantages of EBMs and OT ow matching models for simulation-free likelihood estimation and
ef cient high- delity generation. Speci cally, it:

» Learns a time-independent scalar potential energy whose gradient drives rapid high- delity
sampling—surpassing state-of-the-art energy-based models—while also forming a Boltzmann-like
density well suitable for controlled generation. All without auxiliary generators.

« Offers ef cient sampling from target data distributions on par with the state-of-the-art, while
learning the score at the data manifold with manageable trainable parameters overhead.

 Offers a simulation-free, principled likelihood estimation framework for solving inverse prob-
lems—where additional priors can be easily introduced—and enables the estimation of a data
point's LID with fewer approximations than score-based methods.

Limitations. First, our method requires an additional gradient computation with respect to the
input, which can increase GPU memory usage (e.g., by 20-40%), particularly during training.
Second, when estimating the LID (Section 3.3) for very high-dimensional datasets, computing the
full Hessian spectrum may be impractical due to its computational complex®(af); in such

cases, partial-spectrum methods such as random projections or iterative solvers can be employed
instead.

Outlook. Contrary to widespread belief, we demonstrated that time-independent irrotational meth-
ods for generative ows are highly effective and offer an exciting direction for future research. Our
Energy Matching approach has the potential to yield novel insights into controlled generation and
inverse problems for cancer research Weidner et al. [2024], Balcerak et al. [2024], molecules and
proteins Wu et al. [2022], Bilodeau et al. [2022], computational uid dynamics Gao et al. [2024],
Shysheya et al. [2024], Molinaro et al. [2024], and other elds where precise control over generated
samples and effective integration of priors or constraints are crucial. Moreover, Energy Matching
aligns naturally with recent generative Al trends toward scaling inference for new capabilities [Zhang
et al., 2025, Ma et al., 2025], further broadening its potential impact across scienti ¢ and engineering
domains.

Acknowledgments and Disclosure of Funding

This research was supported by the Helmut Horten Foundation and the European Cooperation in
Science and Technology (COST).

References

Charu C. Aggarwal, Alexander Hinneburg, and Daniel A. Keim. On the surprising behavior of
distance metrics in high dimensional space. In International Conference on Database Theory
(ICDT), 2001.

Michael Albergo and Eric Vanden-Eijnden. Building normalizing ows with stochastic interpolants.
In International Conference on Learning Representations (ICLR), 2023.

L. Ambrosio, N. Gigli, and G. Savaré. Gradient ows: in metric spaces and in the space of probability
measures. Lectures in Mathematics ETH Zirich. Birkhauser Basel, 2008.

Jason Ansel, Edward Yang, Horace He, Natalia Gimelshein, Animesh Jain, Michael Voznesensky, Bin
Bao, Peter Bell, David Berard, Evgeni Burovski, et al. Pytorch 2: Faster machine learning through
dynamic python bytecode transformation and graph compilation. In International Conference on
Architectural Support for Programming Languages and Operating Systems (ASPLOS), 2024.

Michal Balcerak, Tamaz Amiranashvili, Andreas Wagner, Jonas Weidner, Petr Karnakov, Johannes C
Paetzold, Ivan Ezhov, Petros Koumoutsakos, Benedikt Wiestler, et al. Physics-regularized multi-
modal image assimilation for brain tumor localization. In Advances in Neural Information
Processing Systems (NeurlPS), 2024.

10



Heli Ben-Hamu, Omri Puny, Itai Gat, Brian Karrer, Uriel Singer, and Yaron Lipman. D- ow:
differentiating through ows for controlled generation. In International Conference on Machine
Learning (ICML), 2024.

Camille Bilodeau, Wengong Jin, Tommi Jaakkola, Regina Barzilay, and Klavs F Jensen. Generative
models for molecular discovery: Recent advances and challenges. Wiley Interdisciplinary Reviews:
Computational Molecular Science, 12(5):€1608, 2022.

Lea Bogensperger, Dominik Narnhofer, Ahmed Allam, Konrad Schindler, and Michael Krauthammer.
A variational perspective on generative protein tness optimization. In International Conference
on Machine Learning (ICML), 2025.

David Brookes, Hahnbeom Park, and Jennifer Listgarten. Conditioning by adaptive sampling for
robust design. In International conference on machine learning (ICML), 2019.

Drew H. Bryant et al. Deep diversi cation of an aav capsid protein by machine learning. Nature
Biotechnology, 39:691-696, 2021.

John C. Butcher. Numerical Methods for Ordinary Differential Equations. John Wiley & Sons, 3rd
edition, 2016.

Jaemoo Choi, Jaewoong Choi, and Myungjoo Kang. Scalable wasserstein gradient ow for generative
modeling through unbalanced optimal transport. In International Conference on Machine Learning
(ICML), 2024.

Patryk Chrabaszcz, llya Loshchilov, and Frank Hutter. A downsampled variant of imagenet as an
alternative to the cifar datasets. arXiv preprint arXiv:1707.08819, 2017.

Hyungjin Chung, Jeongsol Kim, Michael T Mccann, Marc L Klasky, and Jong Chul Ye. Diffusion
posterior sampling for general noisy inverse problems. In International Conference on Learning
Representations (ICLR), 2023.

Jiali Cui and Tian Han. Learning latent space hierarchical ebm diffusion models. In International
Conference on Machine Learning (ICML), 2024.

Giannis Daras, Hyungjin Chung, Chieh-Hsin Lai, Yuki Mitsufuji, Jong Chul Ye, Peyman Milanfar,
Alexandros G Dimakis, and Mauricio Delbracio. A survey on diffusion models for inverse problems.
arXiv preprint arXiv:2410.00083, 2024.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-scale
hierarchical image database. In IEEE/CVF Computer Vision and Pattern Recognition (CVPR),
20009.

Li Deng. The mnist database of handwritten digit images for machine learning research. IEEE Signal
Processing Magazine, 29(6):141-142, 2012.

Alexey Dosovitskiy, Lucas Beyer, Alexander Kolesnikov, Dirk Weissenborn, Xiaohua Zhai, Thomas
Unterthiner, Mostafa Dehghani, Matthias Minderer, G Heigold, S Gelly, et al. An image is
worth 16x16 words: Transformers for image recognition at scale. In International Conference on
Learning Representations (ICML), 2020.

Yilun Du and Igor Mordatch. Implicit generation and generalization in energy-based models. In
Advances in Neural Information Processing Systems (NeurlPS), 2019.

Yilun Du, Shuang Li, Joshua Tenenbaum, and Igor Mordatch. Improved contrastive divergence
training of energy based models. In International Conference on Machine Learning (ICML), 2021.

Charles Fefferman, Sanjoy Mitter, and Hariharan Narayanan. Testing the manifold hypothesis.
Journal of the American Mathematical Society, 29(4):983-1049, 2016.

Rémi Flamary, Nicolas Courty, Alexandre Gramfort, Mokhtar Z Alaya, Aurélie Boisbunon, Stanislas
Chambon, Laetitia Chapel, Adrien Coren os, Kilian Fatras, Nemo Fournier, et al. POT: Python
Optimal Transport. Journal of Machine Learning Research, 22(78):1-8, 2021.

11



Han Gao, Sebastian Kaltenbach, and Petros Koumoutsakos. Generative learning for forecasting the
dynamics of high-dimensional complex systems. Nature Communications, 15(1):8904, 2024.

Ruigi Gao, Yang Song, Ben Poole, Ying Nian Wu, and Diederik P Kingma. Learning energy-based
models by diffusion recovery likelihood. In International Conference on Learning Representations
(ICLR), 2021.

Will Grathwohl, Kevin Swersky, Milad Hashemi, David Duvenaud, and Chris Maddison. Oops i took
a gradient: Scalable sampling for discrete distributions. In International Conference on Machine
Learning (ICML), 2021.

Qiushan Guo, Chuofan Ma, Yi Jiang, Zehuan Yuan, Yizhou Yu, and Ping Luo. Egc: Image generation
and classi cation via a diffusion energy-based model. In IEEE/CVF International Conference on
Computer Vision (ICCV), 2023.

Geoffrey E Hinton. Training products of experts by minimizing contrastive divergence. Neural
computation, 14(8):1771-1800, 2002.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. In Advances in
Neural Information Processing Systems (NeurlPS), 2020.

J. J. Hop eld. Neural networks and physical systems with emergent collective computational abilities.
Proceedings of the National Academy of Sciences, 79(8):2554—2558, 1982.

Aapo Hyvarinen. Connections between score matching, contrastive divergence, and pseudolikelihood
for continuous-valued data. Neural Computation, 18(8):1527-1550, 2006.

Zarif Ikram, Dianbo Liu, and M Saifur Rahman. Antibody sequence optimization with gradient-
guided discrete walk-jump sampling. In ICLR 2024 Workshop on Generative and Experimental
Perspectives for Biomolecular Design, 2024.

Moksh Jain et al. Biological sequence design with g ownets. In International Conference on Machine
Learning (ICML), 2022.

Kerstin Johnsson, Charlotte Soneson, and Magnus Fontes. Low bias local intrinsic dimension
estimation from expected simplex skewness. IEEE transactions on pattern analysis and machine
intelligence, 37(1):196-202, 2014.

Richard Jordan, David Kinderlehrer, and Felix Otto. The variational formulation of the fokker—planck
equation. SIAM Journal on Mathematical Analysis, 29(1):1-17, 1998.

Hamid Kamkari, Brendan Ross, Rasa Hosseinzadeh, Jesse Cresswell, and Gabriel Loaiza-Ganem. A
geometric view of data complexity: Ef cient local intrinsic dimension estimation with diffusion
models. In Advances in Neural Information Processing Systems (NeurlPS), 2024.

Dongjun Kim, Seungjae Shin, Kyungwoo Song, Wanmo Kang, and II-Chul Moon. Soft truncation: A
universal training technigue of score-based diffusion model for high precision score estimation. In
International Conference on Machine Learning (ICML), 2021.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimization. arXiv preprint
arXiv:1412.6980, 2014.

Andrew Kirjner et al. Improving protein optimization with smoothed tness landscapes. In Interna-
tional Conference on Learning Representations (ICLR), 2024.

Alex Krizhevsky and Geoffrey E. Hinton. Learning multiple layers of features from tiny images.
Technical report, University of Toronto, Department of Computer Science, Toronto, Ontario,
Canada, 2009.

Nicolas Lanzetti, Antonio Terpin, and Florian Dér er. Variational analysis in the wasserstein space.
arXiv preprint arXiv:2406.10676, 2024.

Nicolas Lanzetti, Saverio Bolognani, and Florian Dor er. First-order conditions for optimization in
the wasserstein space. SIAM Journal on Mathematics of Data Science, 7(1):274-300, 2025.

12



Yann LeCun, Sumit Chopra, Raia Hadsell, M Ranzato, and F Huang. A tutorial on energy-based
learning. Predicting Structured Data, 1(0), 2006.

Hankook Lee, Jongheon Jeong, Sejun Park, and Jinwoo Shin. Guiding energy-based models via
contrastive latent variables. arXiv preprint arXiv:2303.03023, 2023.

Minji Lee, Luiz Felipe Vecchietti, Hyunkyu Jung, Hyun Joo Ro, Meeyoung Cha, and Ho Min Kim.
Robust optimization in protein tness landscapes using reinforcement learning in latent space. In
International Conference on Machine Learning (ICML), 2024.

Yaron Lipman, Ricky TQ Chen, Heli Ben-Hamu, Maximilian Nickel, and Matthew Le. Flow matching
for generative modeling. In International Conference on Learning Representations (ICLR), 2023.

Xingchao Liu, Chengyue Gong, et al. Flow straight and fast: Learning to generate and transfer data
with recti ed ow. In International Conference on Learning Representations (ICLR), 2023.

Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep learning face attributes in the wild. In
International Conference on Computer Vision (ICCV), 2015.

Nanye Ma, Shangyuan Tong, Haolin Jia, Hexiang HwChuan Su, Mingda Zhang, Xuan Yang,
Yandong Li, Tommi Jaakkola, Xuhui Jia, and Saining Xie. Inferette scaling for diffusion
models beyond scaling denoising steps. arXiv preprint, arXiv:2501.09732, 2025.

Morteza Mardani, Jiaming Song, Jan Kautz, and Arash Vahdat. A variational perspective on solving
inverse problems with diffusion models. In International Conference on Learning Representations
(ICLR), 2024.

Roberto Molinaro, Samuel Lanthaler, Bogdan Raofbbias Rohner, Victor Armegioiu, Stephan
Simonis, Dana Grund, Yannick Ramic, Zhong Yi Wan, Fei Sha, et al. Generative ai for fast and
accurate statistical computation of uids. arXiv preprint arXiv:2409.18359, 2024.

Kirill Neklyudov, Rob Brekelmans, Daniel Severo, and Alireza Makhzani. Action matching: Learning
stochastic dynamics from samples. In International Conference on Machine Learning (ICML),
2023.

Aliaksandra Shysheya, Cristiana Diaconu, Federico Bergamin, Paris Perdikaris, José Miguel
Hernandez-Lobato, Richard Turner, and Emile Mathieu. On conditional diffusion models for pde
simulations. In Advances in Neural Information Processing Systems (NeurlPS), 2024.

Sam Sinai, Richard Wang, Alexander Whatley, Stewart Slocum, Elina Locane, and Eric D Kelsic.
Adalead: A simple and robust adaptive greedy search algorithm for sequence design. arXiv preprint
arXiv:2010.02141, 2020.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
In Advances in neural information processing systems (NeurlPS), 2019.

Yang Song and Diederik P Kingma. How to train your energy-based models. arXiv preprint
arXiv:2101.03288, 2021.

Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. In International
Conference on Learning Representations (ICLR), 2021.

Jan Pawel Stanczuk, Georgios Batzolis, Teo Deveney, and Carola-Bibiane Schonlieb. Diffusion
models encode the intrinsic dimension of data manifolds. In International Conference on Machine
Learning (ICML), 2024.

Qiao Sun, Zhicheng Jiang, Hanhong Zhao, and Kaiming He. Is noise conditioning necessary for
denoising generative models? In International Conference on Machine Learning (ICML), 2025.

Antonio Terpin, Nicolas Lanzetti, Martin Gadea, and Florian Dor er. Learning diffusion at lightspeed.
In Advances in Neural Information Processing Systems (NeurlPS), 2024.

Tijmen Tieleman. Training restricted boltzmann machines using approximations to the likelihood
gradient. In International Conference on Machine Learning (ICML), 2008.

13



Alexander Tong, Kilian Fatras, Nikolay Malkin, Guillaume Huguet, Yanlei Zhang, Jarrid Rector-
Brooks, Guy Wolf, and Yoshua Bengio. Improving and generalizing ow-based generative models
with minibatch optimal transport. Transactions on Machine Learning Research, 2023.

Jonas Weidner, lvan Ezhov, Michal Balcerak, Marie-Christin Metz, Sergey Litvinov, Sebastian
Kaltenbach, Leonhard Feiner, Laurin Lux, Florian Ko er, Jana Lipkova, et al. A learnable prior
improves inverse tumor growth modeling. IEEE Transactions on Medical Imaging, 2024.

Max Welling and Yee W Teh. Bayesian learning via stochastic gradient langevin dynamics. In
International conference on machine learning (ICML), 2011.

Lemeng Wu, Chengyue Gong, Xingchao Liu, Mao Ye, and Qiang Liu. Diffusion-based molecule
generation with informative prior bridges. Advances in Neural Information Processing Systems
(NeurlPS), 2022.

Chen Xu, Xiuyuan Cheng, and Yao Xie. Normalizing ow neural networks by jko scheme. In
Advances in Neural Information Processing Systems (NeurlPS), 2023.

Sangwoong Yoon, Himchan Hwang, Dohyun Kwon, Yung-Kyun Noh, and Frank Park. Maximum
entropy inverse reinforcement learning of diffusion models with energy-based models. In Advances
in Neural Information Processing Systems (NeurlPS), 2024.

Bingliang Zhang, Wenda Chu, Julius Berner, Chenlin Meng, Anima Anandkumar, and Yang Song.
Improving diffusion inverse problem solving with decoupled noise annealing. In IEEE/CVF
Computer Vision and Pattern Recognition (CVPR), 2025.

Yasi Zhang, Peiyu Yu, Yaxuan Zhu, Yingshan Chang, Feng Gao, Ying Nian Wu, and Oscar Leong.
Flow priors for linear inverse problems via iterative corrupted trajectory matching. arXiv preprint
arXiv:2405.18816, 2024.

Yaxuan Zhu, Jianwen Xie, Ying Nian Wu, and Ruigi Gao. Learning energy-based models by

cooperative diffusion recovery likelihood. In International Conference on Learning Representations
(ICLR), 2024.

14






	Introduction
	Energy matching
	Training objectives
	Flow-like objective `3́9`42`"̇613A``45`47`"603ALOT
	Contrastive objective
	Dual objective and implementation notes


	Applications
	Unconditional generation
	Inverse problems
	Local intrinsic dimension estimation

	Conclusion and limitations
	Additional details on Energy Matching
	Energy landscape during training
	Ablation on the sampling time
	Ablations on the *ot Solver
	Sampling Time Analysis

	Details on AAV inverse design protein generation
	Details on LID estimation
	Training details

