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Abstract

In this manuscript, we analyze a solvable model of flow or diffusion-based gen-
erative model. We consider the problem of learning a model parametrized by a
two-layer auto-encoder, trained with online stochastic gradient descent, on a high-
dimensional target density with an underlying low-dimensional manifold structure.
We derive a tight asymptotic characterization of low-dimensional projections of
the distribution of samples generated by the learned model, ascertaining in particu-
lar its dependence on the number of training samples. Building on this analysis,
we discuss how mode collapse can arise, and lead to model collapse when the
generative model is re-trained on generated synthetic data.

Introduction

Diffusion and flow-based generative models represent a new paradigm in the sampling of high-
dimensional probability densities. Such methods operate by recasting the sampling problem as a
transport from a simple base distribution to the target density. The velocity field directing the transport
can further be parameterized by a neural network, and learned from data [68, 70, 36, 34]. These ideas
have been successfully implemented in a number of algorithmic frameworks [70, 48, 4, 49, 71], with
applications ranging from image generation [55, 58, 63] to drug discovery [83].

The surprising effectiveness of such models in learning probability densities in high dimensions
hints at the presence of architectural biases built in the network parametrization, placing strong
priors on the class of densities generated by the model. When aligned with the target density, these
architectural biases can allow generative models to learn a good approximation of the target from only
a small number of training samples [35]. Naturally, when the biases are ill-suited to the task, they
can also lead to poor solutions. Gaining a solid theoretical understanding on how the neural network
architecture shapes the generated density is hence a central, yet still largely open, research question.

Arguably, the prominent technical obstruction lies in the need to reach a precise characterization
of the density a given architecture learns to generate. A large fraction of theoretical studies of
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generative models [17, 14, 8, 40, 41, 43] analyze only the generative transport process, starting
from the assumption that aL 2-accurate approximation of the velocity or score is available. This
gap has in part been �lled by a recent line of works [52, 15, 7, 13, 82], which establishes that some
target densities can provably be learned by neural networks, provided suf�cient width and number of
samples. Such sample complexity bounds are however little descriptive of the shape of the generated
density, nor do they capturefailure modeswhere the architecture is not expressive enough to yield
a good approximation. Closer to our work, authors of [21] conduct a tight analysis of a simple
generative model, which is however limited to the highly stylized case of a binary Gaussian mixture
target density with isotropic covariances. The present manuscript overcomes these barriers, and
provides asharpcharacterization of the generated distribution for models learning from a large class
of non-trivially structured target densities.

Main contributions

We consider generative models parametrized by a two-layer Denoising Auto-Encoder (DAE) with
tied weights and trainable skip connection, trained with online Stochastic Gradient Descent (SGD), in
the framework of stochastic interpolation [4, 5]. We consider target distributions given by (possibly
in�nite) Gaussian mixtures in high dimensions, with generic cluster covariances, and centroids
spanning a low-dimensional manifold – re�ecting a pervasive intuition in machine learning [72,
84]. Overcoming previous limitations, we derive atight asymptotic description of the generated
distribution. More precisely,

• We provide a tight characterization of the training dynamics in terms of a set of deterministic
Ordinary Differential Equations (ODEs), bearing over a �nite set of low-dimensional
summary statistics.

• Building on these results, we similarly provide a tight low-dimensional characterization of
the generative transport process, thereby reaching a sharp description of low-dimensional pro-
jections of the generated density, as a function of the number of samples and sampling time.
The theoretical predictions further quantitatively capture experiments on simple real datasets.

• We discuss and illustrate how a phenomenon akin to mode collapse [32] can arise, and lead
to a loss of diversity in the generated density. Iterating and extending over our analysis to
cases where the generated data is further re-used to train the generative model, we highlight
how this mode collapse phenomenon can ultimately conduce to model collapse [66].

The code employed in this manuscript is accessible on this online repository.

Related works

Sampling accuracy and dynamics– A large body of works on diffusion-based and �ow-based
generative models has been devoted to the study of the generative process, assuming access to a
L 2-accurate score estimate, or to the exact empirical score. [17, 14, 8, 40, 41, 43, 9, 16, 23, 42]
provide rigorous bounds on appropriate distances between the target and generated probability
distributions. The sequential emergence of structure in the transported density with sampling time
has been investigated in [11, 10, 65, 64, 1, 79, 44, 28, 45], evidencing the presence of rich critical
phenomena. [30] explore the computational hardness of sampling for an array of graphical models.
This line of works, however, does not allow one to elucidate how such score estimates can belearned
from databy practical architectures.

Sample complexity bounds– Complementing this set of results, a recent stream of work re�ned
these bounds by further ascertaining thesample complexityof learning accurate score estimates
[12, 38, 85, 25, 90, 33, 46, 29]. For data distributions close to the one considered in the present
work, [27, 18] show how the score of Gaussian mixture densities can be learned algorithmically in
ef�cient fashion. Similarly, for target densities with latent low-dimensional structure, [52, 15, 13]
prove that DAE-parameterized models are able to learn the latent structure, and thus break the curse
of dimensionality. [82] provide a full error analysis for models parametrized by deep ReLu networks.
None of these bounds, however, allow for a precise elucidation of thegeometryof the generated
density. Furthermore, because such results primarily focus on settings where the target densities
can be provably learned by the model with enough samples, they are not descriptive of unrealizable
settings where the model is unable of perfect learning, and thus overlook possible failure modes and

2



biases. The present study on the other hand permits the exploration of the latter, and sheds light on
mode and model collapse phenomena in the considered model.

Tight characterization of learning in AEs– In order to study such cases,sharperresults are
therefore warranted. In this direction, a sizeable research effort has been devoted to analyzing the
learning of AEs [77, 76], arguably the simplest instance of the class of denoiser neural networks used
in generative models. The learning dynamics of AEs under (S)GD was characterized in [54] in the
linear case, and [56] for non-linear models. [22] derive a tight asymptotic characterization of the
learning of AEs for a denoising task, reaching a precise description of the generated density when
this network is used to parametrize a generative model [21]. This characterization is however limited
to a rather stylized target density, namely a binary Gaussian mixture with isotropic clusters, and thus
fails to describe real data distributions. The present manuscript overcomes this barrier, and considers
realistically structured target densities.

Inductive bias in generative models– Even with moderately large training sets, generative
models succeed in generating novel images, rather than reproducing memorized training samples
[89, 88, 60, 53, 81, 47, 26, 80]. This surprising ef�ciency strongly hints at the presence of inductive
biases inherited from the network parametrization, that nudge the model towards good solutions. The
inductive bias of U-net architectures [59] has been investigated in [35], who observe how such archi-
tectures tend to learn adapted harmonic bases. In a similar spirit, the work of [37] evidences how the
bias of such convolutional architectures towards learning equivariant and local scores helps to promote
good solutions. Finally, [50] demonstrates that U-nets are closely related to message-passing algo-
rithms on random hierarchical data, and thus particularly adapted to such structure. Complementing
this line of works, the present manuscript offers insights on the bias of DAE architectures.

1 Problem formulation

We start by providing a succinct overview of the problem of sampling a target density� overRd

using ideas from generative transport. For de�niteness and ease of presentation, we consider in this
manuscript the class of stochastic interpolant models [4], which shares substantial connections with
other methods, including score-based diffusion models [71] and denoising methods [36, 34].

Sampling– A sampleX 1 � � can be obtained from a Gaussian sampleX 0 � N (0; Id) by evolving
the latter fort 2 [0; 1] with the Stochastic Differential Equation (SDE)

dX t

dt
=

�
_� t �

_� t

� t
� t + � t

� t

� 2
t

�
f (t; X t ) +

�
_� t

� t
�

� t

� 2
t

�
X t +

p
2� t dWt ; (1)

where W is a Wiener process. This statement holds for any choice of interpolants�; � 2
C2([0; 1]); � 2 C0([0; 1]) provided� (0) = � (1) = 1 ; � (1) = � (0) = 0 and� 2

t + � 2
t > 0; � t � 0 at

all timest 2 [0; 1] [4]. In (1), the functionf : [0; 1] � Rd ! Rd is de�ned asf (t; x ) = E[x1j� t x0 +
� t x1 = x]; with the conditional expectation bearing overx1 � �; x 0 � N (0; Id). Intuitively, f (t; x )
can be interpreted as adenoising function, which aims to recover the samplex1 from the interpolated
version� t x0 + � t x1, in which it is corrupted by the noisex0.1 Perhaps then unsurprisingly, the
functionf admits a natural characterization as the minimizer of the quadratic denoising objective

R[f ] =

1Z

0

E kf (t; � t x0 + � t x1) � x1k2 dt: (2)

This formulation provides an opportune pathway to learn the functionf governing the sampling
(1) directly from data. The learning can be carried out following the usual machine learning rationale
of (a) parametrizingf by a denoiser neural network and (b) replacing the expectation in(2) by an
empirical average over a training set.

1Note that the denoising functionf is related to the score functions of the density of� t x0 + � t x1 by the
simple linear relation� 2

t s(t; x ) = � t f (t; x ) � x.
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Architecture– In the present manuscript, following [22], we consider the simplest instance of
denoising neural network, namely a two-layer DAE

f b;w;v (t; x ) = b� x +
w

p
d

�
�

w> x
p

d
+ pt v

�
; (3)

with activation function� , and trainable skip connectionb 2 R. For simplicity, we assume that
the decoder and encoder aretied, namely parametrized by a unique set of weightsw 2 Rd� r . This
assumption allows for a more concise exposition of the technical results, and was not found to
sensibly alter the phenomenology of the model. We discuss in Appendix A how the analysis can be
extended to generically untied weights. In(3), p : [0; 1] ! R is an arbitrary time encoding scheme,
and is embedded into the network preactivation through multiplication with a set of trainable weights
v 2 Rr . Note that this is equivalent to including the time encodingpt as an extra dimension in the
inputx, and acting upon it with an extended set of(d+ 1) � r weights – withv then corresponding to
the �rst row thereof. Let us remark however that for the model(3), the inclusion of the time encoding
scheme was not found to signi�cantly alter the behaviour of the model in all probed settings.

Let us brie�y situate the class of DAEs(3) with respect to models considered in related works. [15, 52]
consider deep networks with ReLU activations, but require sparsity constraints on the weights. Closer
to our work, [13] similarly assume shallow DAEs, but place themselves in the limit of in�nite width
(r ! 1 ). On the opposite end of the spectrum, [21] consider shallow DAEs with a single hidden unit
(r = 1 ), and sigmoidal activations� . The architecture(3) considered in the present manuscript, on
the other hand, corresponds to a more �exible class of �nite-width networks with arbitrary activations.
Let us note that while DAEs are amenable to theoretical characterization and consequently the main
focus of the aforedescribed body of theoretical studies, they admittedly represent very simpli�ed
architectures when compared to e.g. U-Nets [59] used in practice. On the other hand, the model(3)
retains the main architectural features of the latter, notably a bottleneck structure, a skip connection,
and a time encoding scheme, and thus constitutes a valuable simpli�ed model.

Training– The neural network(3) can now be used to parametrize the denoising functionf in the
objective(2). We consider training the DAE(3) with online (single-pass) SGD, with learning rate�
and weight decay� :

b� +1 � b� = �
�
d2

�
@bEt




 x �

1 � f b� ;w � ;v � (t; � t x
�
0 + � t x

�
1 )




 2

�
; (4)

w� +1 � w� = � � r w Et



 x �

1 � f b� ;w � ;v � (t; � t x
�
0 + � t x

�
1 )




 2

� �
�
d

w� : (5)

v� +1 � v� = �
�
d

r v Et



 x �

1 � f b� ;w � ;v � (t; � t x
�
0 + � t x

�
1 )




 2

� �
�
d

v� : (6)

The expectationEt over t bears over the uniform distribution over[0; 1], or any approximation
thereof by a chosen set of pointsG = f t1; t2; : : : g. The updates(4) are iteratedn times from a given
initializationb0; w0; v0. Note that in online SGD, a fresh pair of samplesx �

1 � �; x �
0 � N (0; Id) is

employed at each training step, and the number of training steps thus coincides with the number of
samples. Finally, it will prove convenient to introduce thetraining time� = 2�n =d, a quantity that
remains �nite in the asymptotic limit considered, which we detail below. We accordingly denote by
b� ; w� ; v� the values of the skip connection and weights at the end of training.

After training, the optimized DAE(3) f b� ;w � ;v � can then be employed in the generative �ow(1) as a
proxy for the true denoising functionf :

dX t

dt
=

�
_� t �

_� t

� t
� t + � t

� t

� 2
t

�
f b� ;w � ;v � (t; X t ) +

�
_� t

� t
�

� t

� 2
t

�
X t +

p
2� t dWt : (7)

The SDE(7) can then be used for sampling. Because the learning is generically imperfect due
to limited data and architectural bias, we generically havef b� ;w � ;v � 6= f , and thus the generated
density�̂ � (t) –namely the law ofX t – differs from the target density� , even ast ! 1. One of the
primary objectives of this work is to give a precise description of the discrepancy between� and
�̂ � (t) – beyondsimply bounding probability distances therebetween–, through a sharp asymptotic
characterization of̂� � (t).
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Target density– In this manuscript, we consider target densities given by a (possibly in�nite)
Gaussian mixture supported on a latent low-dimensional manifold. Namely,

� =
Z

R�

N (� (c); �( c))d� (c): (8)

In words, the centroids� (c) 2 Rd of the different clusters lie on a� � dimensional manifold, equipped
with a coordinate systemc 2 R� . The distribution of the clusters on the manifold is given by the
relative weights� (c). Finally, each cluster can exhibit a non-trivial covariance structure�( c) 2 Rd� d.
For the analysis, we further assume that all the covariancesf �( c)gc are jointly diagonalizable, and
admit well-de�ned spectral densities� c in the high-dimensional limitd ! 1 , leaving the generic
case to future work. The density(8) re�ects and models the celebrateddata manifold hypothesis
[72, 84], which posits that real data distributions lie on low-dimensional manifolds.

[52, 15, 13] similarly consider linear subspaces embedded in high dimensions, which can be viewed
as special instances of(8) in the limit of vanishing covariances�( c) = 0 for all c 2 R� . Note
also that theK � modal Gaussian mixture distributions considered in e.g. [21, 86] correspond to
the special case of(8) where the cluster distribution� is a sum ofK Dirac deltas. Finally, the
heavy-tailed distributions considered in [3, 2] correspond to the special case� (c) = 0 d for all c.

High-dimensional limit– We aim at characterizing the generated density�̂ � (t) in the asymptotic
limit of large data dimension and commensurably large number of samples, namelyd; n ! 1 with
n=d = � d(1). This asymptotic limit captures the non-trivial regime where the number of samples is
not small enough for the neural network to trivially over�t, and conversely not in�nite – thus allowing
the investigation of �nite data effects. We further suppose that the number of hidden unitsr of the
DAE and the intrinsic dimensionality of the data manifold� , alongside all other parameters, remain
�nite: r; �; �; � = � d(1). Moreover, the diameter of the mixture(8) is also supposed to remain �nite,
i.e. there existD = � d(1) such thatk� (c)k2� D with probability1 for c � � . Finally, we assume
that the ambient dimension of the manifold is also �nite, namelydim span(� (c)) c = � d(1).

2 Precise characterization of the generated density

We are now in a position to detail our main technical �ndings, namely a sharp asymptotic character-
ization of the generated density�̂ � obtained from the sampling process(7), governed by the DAE
f b� ;w � ;v � (3) trained with online SGD(4). Because it is challenging to describe a high-dimensional
probability distribution, we rather aim at characterizinglow-dimensional projectionsthereof. For-
mally, let us �x a reference spaceE � Rd with �nite dimensionalityR = � d(1), and letE 2 Rd� R

be a matrix whose columns form an orthonormal basis ofE. We aim at an sharp characterization of
the law� E �̂ � (t) of the projectionE > X t of a generated sampleX t � �̂ � (t). In words, the subspace
E corresponds to an observation space of interest, chosen by the statistician. Natural choices consists
in electing a subspace where the target density exhibits non-trivial structure, with a view to probing
how well it is reproduced at the level of the generated density – for example, the space spanned by
the directions of larger variance of the target density� , or the space spanned by the latent manifold
span(f � (c)gc).

The derivation of this characterization proceeds in two steps. First, we derive a sharp asymptotic
characterization of the high-dimensional training dynamics induced by SGD(4). More precisely, we
describe the evolution of a set oflow-dimensional summary statisticsof the weightsw over training
time in terms of a collection of limiting ODEs. These summary statistics encode all the geometric
information onw necessary to reach, in a second step, a sharp asymptotic characterization of the
generative SDE(1) in terms of low-dimensional processes. Finally, this characterization yields a
sharp description of� E �̂ � (t) as a corollary.

2.1 Analysis of the learning

What weights are learned at the end of the training process(4), and how do they correlate with
the main structural components of the target density, such as the centroids and directions of higher
variance ? Answering this question is instrumental to subsequently build an understanding of how,
during the generative process, the weight matrix shapes the generated density and allows to reproduce
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the overall structure of the target density. This is the goal of our �rst result. On a technical level,
it shows that the evolution under the SGD dynamics(4) of a set of summary statistics of the weights
w of the DAE(3) is asymptotically described by a collection of deterministic ODEs. These summary
statistics importantly quantify the correlation of the trained DAE weights with the key geometric
features of the target density.
Result 2.1. (SGD dynamics) Let � > 0 denote the training time, andw� be the weight matrix
obtained from the stochastic SGD dynamics(4) from an initializationw0. The summary statistics
Q� 2 Rr � r ; Q� : R� ! Rr � r ; G� 2 Rr � R ; M � : R� ! Rr de�ned as

Q� =
w>

� w�

d
; Q� (c) =

w>
� �( c)w�

d
; G� =

w>
� E

p
d

; M � (c) =
w>

� � (c)
p

d
; (9)

asymptotically concentrate in probability to the solutions at time# = � of a system of coupled,
�nite-dimensional, deterministic ODEs

d
d#

Q# = FQ (O# );
d

d#
Q# = FQ (O# );

d
d#

G# = FG (O# );
d

d#
M # = FM (O# ); (10)

using the shorthandO# = ( Q# ; Q# ; G# ; M # ; b# ) for more compact notation, although not all
functions depend on the totality of the arguments in the collectionO# . Similarly, the time encoding
weightsv� converge to the solution of an ODEd=d# v# = Fv (O# ). The expression for the update
functionsFQ ;Q;G;M;v is expounded in Appendix A. Finally, the value of the skip connectionb� after
training from an initializationb0 is given by the compact closed-form expression

b� =
� Et [� t ]

� Et [� 2
t ] + Et [� 2

t ]

h
1 � e� ( � Et [� 2

t ]+ Et [� 2
t ]) �

i
+ b0e� ( � Et [� 2

t ]+ Et [� 2
t ]) � ; (11)

where we denoted� the average covariance eigenvalue� =
R

d� (c)
R

d� c(! )!:

Figure 1: Evolution of the summary statistics
M � ; Q� and of the skip connection strengthb� as a
function of the training time� , for � = tanh ; r =
2; pt = 0 ; � t = 1 � t; � t = t; G = f 1=2g. The
target density is a trimodal Gaussian mixture
� = 1=3N (� 1; I d)+ 1=3N (� 2; I d)+ 1=3N (� 3; I d):
Solid lines: numerical experiments in dimension
d = 1000. Dashed: theoretical characterization
(10) of Result 2.1.

The derivation of Result 2.1, which we detail
in Appendix A, follows the ideas of the seminal
work of [61, 62], and is very close in spirit to
the analysis of [56] for a related model, in the
context of data reconstruction. It leverages the
observation that in the high-dimensional limit,
the SGD steps(4) self-average, and can be cap-
tured by a set of deterministic differential equa-
tions. These theoretical predictions accurately
capture the dynamics observed in numerical ex-
periments, as illustrated in Fig. 1. Finally, we
detail for illustration in Appendix A the particu-
lar case of a linear DAE, for which the limiting
ODEs (10) take simple, compact forms.

The ODEs (10) capture the evolution of
the low-dimensional summary statistics
Q; Q; G; M; P; T , which subsume various
geometric characteristics of the weight matrix
w� , over the SGD dynamics(4). Most notably,
the statistic M (c) measures the alignment
between the weightsw with the centroids
� (c) that constitute the manifold(8), and thus
measures how well the manifold structure is
identi�ed and learned. In the simple example of
a Gaussian mixture target density,M (c) thus gives a quantitative sense of how wellw identi�es
and correlates with the different centroids, thereby learning the key structure of the density. The
statisticQ(c), on the other hand, gauges the alignment between the weights and the higher-variance
directions of the density at pointc of the latent manifold. In the simple case of a unimodal target
density with a spiked covariance,Q(c) hence quanti�es how well the spike is learned. Overall, the
summary statistics appearing in Result 2.1 thus capture the correlation between the DAE weightsw
and the key structural features of the target density(8), describing how well the latter are learned and
encoded into the DAE parameters. The next section investigates how this encoded structure manifests
during the generative transport, and allows in turn the reproduction of the structural elements in the
generated density.
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2.2 Analysis of the transport

We are now in a position to leverage the summary statisticsQ� ; Q� ; � � ; M � ; P; T characterized in
Result 2.1 –which capture key geometric statistics of the weightsw� of the DAE after training– to
analyze the generative SDE(1). A crucial observation is that the SDE(1) is only non-linear in the
r � dimensional subspaceW� = span(wi

� )r
i =1 spanned by the columns of the weight matrixw� , and

is on the other hand linear in thed� r dimensional orthogonal subspaceW ?
� . The generative dynamics

(1) of a sampleX t can accordingly be compactly described by the linear evolution ofYt = � ?
W �

X t

(where we denoted� ?
W �

the projection inW ?
� ), and the more complicated but �nite-dimensional

non-linear evolution ofZ t = w >
� X t =

p
d 2 W � . This statement is formalized in the following result:

Result 2.2. (generative dynamics) LetX t be a stochastic process obeying the generative SDE(1)
from an initializationX 0 � N (0; Id), and denoteYt = � ?

W �
X t andZ t = w >

� X t =
p

d. Further de�ne
the shorthands� t = _� t � _� t =� t � t + � t � t =� 2

t ; � �
t = b� � t + _� t =� t � � t =� 2

t , which depend on the
schedule functions�; �; � and on the skip connection strength after trainingb� . ThenZ t obeys the
low-dimensional SDE

d
dt

Z t = � �
t Z t + � t Q� � (Z t + pt v� ) +

p
2� t Q

1=2
� dBt ; (12)

from an initial conditionZ0 � N (0; Q� ), with B a r � dimensional Wiener process. On the other
hand,Yt is independently Gaussian-distributed as

Yt � N

0

@0W ?
�

; e
2

tR

0
ds� �

s

2

41 + 2

tZ

0

e
� 2

sR

0
dh � �

h
� sds

3

5 � ?
W �

1

A : (13)

The SDE(12)and equation(13) fully describe the law ofX t in terms of low-dimensional quantities.

We have thus reached a fully asymptotic characterization of the evolution of a sampleX t transported
by the SDE(1). Qualitatively, the densitŷ� � (t) of X t is shaped in the column-spaceW� of the weights
w� by the action of the DAE network (second term in(12)), which acts as a drift term, while its scale
is controlled by the contraction/expansion term� �

t (�rst term in (12)), in which the skip connection
b� intervenes. InW ?

� , �̂ � (t) simply remains isotropic and Gaussian, with a time-varying variance
succinctly given by(13). We remind that, from Result 2.1, the weightsw� encode information on the
key structural features of the target density� (8). The corresponding drift term� t Q� � (Z t + pt v� ) in
(12) intuitively pushes the generated density along those important directions, ensuring that they can
be approximately reproduced. This qualitative picture sheds light on the bias of the DAE-parametrized
generative model(3). The DAE weightsw identify and learn important features of the target density
from the dataset, allowing the model to implement at sampling time a non-trivial transport(12) in the
corresponding spaceW� to reproduce the main structural features of the target density. In the orthog-
onal subspaceW ?

� on the other hand, the DAE is only able to rather crudely approximate the target by
an isotropic Gaussian distribution(13), leveraging its skip connectionb to adjust the variance thereof.

2.3 Projected density

While Result 2.2 fully characterizes the distribution ofX t , the description is set the spaceW� ,
which changes with the training time� , rendering the result rather unwieldy. Ideally, we would
like to transfer the characterization to a� � independent reference spaceE, in order to allow for an
easier comparison of the generated density at different training times — a comparison that will be
subsequently discussed in Section 3, and illustrated in Figs. 2 and 3—. The desired technical result
is thus a characterization of distribution of the projectionE > X t of the generated sampleX t in the
reference spaceE. We state this characterization in the following result.
Corollary 2.3. (Projected generated density) The law of the projectionE > X t of a sampleX t in the
space of interestE is given by

E > X t
d= G>

� Q+
� Z t + N

0

@0R ; e
2

tR

0
ds� �

s

2

41 + 2

tZ

0

e
� 2

sR

0
dh � �

h
� sds

3

5
�
IR � G>

� Q+
� G�

�
1

A ; (14)

where the law ofZ t is characterized in Result 2.2 by the SDE(12), and the summary statisticsQ� ; G�
are characterized in Result 2.1.Q+

� denotes the Moore-Penrose pseudo-inverse ofQ� .
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Figure 2: (Left ) Evolution of the projected density� E �̂ � generated by a DAE(3) with r = 1 hidden
unit and� = tanh activation, trained on a bimodal Gaussian mixture, with� = 0 :2; � = 1 :5; � t =
0; pt = 0 ; � t = 1 � t; � t = t; G = f 0:5g. The generative SDE(7) was run up tot = 0 :9, and the
subspaceE is a plane containing the centroid of the target density. Different panels correspond to dif-
ferent training times� . Blue contours: contour levels of the theoretical prediction of Corollary 2.3 for
the density� E �̂ � . Colormap: numerical experiments in large but �nite dimensiond = 1000. Green
contours: contour levels of the target density� . (Right) Hellinger distance between the target and
generated densities, projected in the space spanned by the centroid, as a function of the training time� .

Corollary 2.3 allows to transfer the characterization of Result 2.2, set in a training time dependent
spaceW� , into a �xed, � � independent subspaceE. (14) reveals that the generated density is given by
the sum of a non-trivial termG>

� Q+
� Z t , which captures the key learned structure of the target density,

and a simple Gaussian term, which intuitively tries to approximate the remaining structural features
which were not learned and reproduced. Let us �nally remind that the choice ofE is made by the
statistician. To give more concrete examples, in the following, when considering Gaussian mixture tar-
gets, a natural choice forE is the space spanned by the cluster centroids. When dealing with unimodal
targets with non-trivial covariance, we will choose the space spanned by the principal components.

3 Evolution of the generated density over training time

The theoretical characterizations of Results 2.1, 2.2 and 2.3 afford a complete characterization of
low-dimensional projections of the generated density�̂ � as a function of the network architecture
and training time� . They thereby provide a window to elucidate how the DAE architecture shapes
the generated density. Importantly, the present analysis also allows the study of the evolution of the
generated density overtraining time� , in addition to its evolution over sampling timet, which has tra-
ditionally been the focal point of past works, e.g. [11, 10, 17]. In the next paragraphs, we discuss these
questions in the context of two examples, for a Gaussian mixture density and a real data distribution.

Example 1 – Gaussian mixture We give as a �rst example the case of a Gaussian mixture target
density� with 2 isotropic modes. We consider a generative model parametrized by a DAE(3) with
r = 1 hidden unit and� = tanh activation. Fig. 2 illustrates, for different training times� , the
generated densitŷ� � projected in a two-dimensional spaceE containing the cluster centroids. A
comparison between the theoretical predictions of Corollary 2.3 (blue contour levels) and numerical
experiments in large but �nite dimensiond = 1000 (orange colormap) reveals a good agreement.
Over training, the model successfully learns the data structure, and produces a generated density�̂ �
exhibiting the correct bimodal structure in the relevant direction. Correspondingly, the estimated
Hellinger distance between the generated and target densities in the subspace spanned by the cluster
centroids monotonically decreases over training (Fig. 2 right). This simple example, which echoes
the �nding of e.g. [21], illustrates how the diffusion model(3) can successfully learn to reproduce
simple target densities over training time. However, as mentioned above, the interest of deriving
a precise characterization such as Corollary 2.3 primarily lies in the possibility to not only study
settings where the model successfully learns the target density, but also settings where it fails and is
biased – due to insuf�cient expressivity or data, or poor �t between the architecture and data structure.
The following example instantiates such a case. We provide another example for a 3-modal Gaussian
mixture, learned with a widthr = 4 , ReLU-activated DAE in Appendix B.
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Figure 3: (Left ) Evolution of the density� E �̂ � generated by a DAE(3) with r = 2 hidden units
and� = tanh activation, trained on a Gaussian density with the MNIST sevens covariance, with
� = 0 :2; � = :784; � t = pt = 0 ; � t = 1 � t; � t = t; G = f 1=2g. The generative SDE(7) was run up
to t = 0 :98, and the subspaceE is spanned by principal components of the target density. Different
panels correspond to different training times� . Blue contours: contour levels of the theoretical
prediction of Corollary 2.3 for the densitŷ� � . Colormap: numerical experiments. Green contours:
contour levels of the target density� . (Right) Samples from the generated density�̂ � , from a common
initializationX 0 of the generative SDE (7), as a function of the training time� .

Example 2– MNIST In Fig. 3, a DAE-parametrized generative model withr = 2 hidden units and
� = tanh activation is trained to generate a Gaussian distribution with covariance matching that of
MNIST sevens [39]. The generated probabilitŷ� � is represented in the principal two-dimensional
eigenspaceE of the MNIST sevens distribution. In a similar fashion to the �rst example, the generated
density progressively adjusts to the shape of the target density (green and purple contours) over
training time, �rst stretching in one direction into a bimodal density (0 / � / 1:5), with each mode
being subsequently elongated (� ' 1:8), approaching the variance of the target in the secondary
direction. This sequential emergence of directions of variance in the generated density has very visual
consequences at the level of the generated images. Fig. 3 shows samples from the generated density
�̂ � for varying training times� , transported from a common base sampleX 0. For 0 / � / 1:5,
the generated image gains more resolution and becomes less noisy, as the �rst principal direction is
learned. After� � 1:8, idiosyncratic features – such as the horizontal bar of the seven– emerge, as a
second direction is learned, signaling increased diversity.

While the structure of the generated density�̂ � progressively adapts to that of the target� over training,
it retains a sizable discrepancy thereto – notably, the variance of�̂ � is markedly smaller. This dramatic
reduction in variance betrays a detrimental bias in the model, which we more extensively explore
in the next and last section. For completeness, we report in Fig. 10 in Appendix D an additional
experiment on the FashionMNIST [87] dataset of clothing item images. The experiment again reveals
a good agreement between the theoretical predictions and simulations (conducted this time directly
on the original dataset, rather than a Gaussian approximation thereof), and a similar phenomenology.

4 Failure modes: mode(l) collapse

Mode collapse– The loss of variance in the modes of the generated density�̂ � when learning
from the MNIST target distribution (Fig. 3) is reminiscent of themode collapsephenomenon most
commonly observed in the context of generative adversarial networks [32] and score-based models
[24], and analyzed for variational inference in [69]. Mode collapse entails a loss in diversity in the
generated images. In the present case, mode collapse is in fact a consequence of the un�tness of the
architecture(3) for the target density at hand. To see this, �rst observe that the skip connectionb� of
the DAE model(3) contributes to increase the variance of the generated density�̂ � , as it intervenes in
the linear dilatation term� �

t of the generative transport(12), see Result 2.2. In words, the stronger
the strengthb� of the skip connection, the more spread is the resulting generated density. However,
note from(11) that the skip connectionb� becomes of the same order as the average eigenvalue
� at large training times� . For real data distributions which tend to have a small number of large
eigenvalues, and a large tail of small eigenvalues,� is typically small, implying in turn a smallb�
and small variance for the modes of�̂ � . Mode collapse causes a signi�cant mismatch between the
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Figure 4: (left) Target density� corresponding to a Gaussian density equipped with the covariance
of the distribution of MNIST sevens (middle) generated density� E �̂ (1)

� (right ) second generation
density� E �̂ (2)

� obtained by training the generative model(3) on the synthetic distribution̂� (1)
� .

Blue contours: contour levels of the theoretical prediction of Corollary 2.3. Colormap: numerical
experiments in large but �nite dimensiond = 1000. Green contours: contour levels of the target
density� . At each successive generations, the same model speci�cations� = 2 :8; r = 2 ; � =
tanh; � = 0 :2; � = :784; � t = pt = 0 ; � t = 1 � t; � t = t; G = f 1=2g were employed. The generative
SDEs(7) were run up tot = 0 :98at reach generation. Finally, the subspaceE is spanned by principal
components of the target density.

generated distribution̂� � and the target distribution� . A possible remedy would be to �x the skip
connection strengthb, instead of training it, ensuring it retains a suf�ciently large value. We brie�y
present additional numerical experiments in Appendix D.

Model collapse– This mismatch can be further aggravated when the biased synthetic data thus
generated isre-usedto train another generative model, with successive generations of generated
densitieŝ� (1) ;� 1 ; �̂ (2) ;� 2 ; ::: becoming increasingly biased. This rapid degradation is an instantiation
of the model collapsephenomenon –described in [66] and analyzed in [91] for simple linear
single-step denoising models– can be opportunely analyzed for non-linear diffusion-based models
within the present theoretical framework. To see this, observe that training the generationg+ 1 model
on data produced by the generationg model corresponds to adopting the density�̂ (g) ;� g generated by
the latter as the target distribution. Seasonably, at each generation�̂ (g) ;� g further remains of the form
(8), and Results 2.1, 2.2 and 2.3 thus apply. This observation is formalized in the following remark.
Remark 4.1. (Successive generated densities) At each generation,̂� (g) ;� g is again of the form(8),
with � = r; � (c) = c and

� = � W ( g ) ;� g
�̂ (g) ;� g ; 8c 2 R� ; �( c) = e

2
tR

0
ds� �

s

2

41 + 2

tZ

0

e
� 2

sR

0
dh � �

h
� sds

3

5 � ?
W ( g ) ;� g

: (15)

In (15), � W ( g ) � g
�̂ (g) ;� g , � � g are given by Results 2.1, 2.2 and 2.3 evaluated for a target density

�̂ (g� 1) ;� g � 1 : We remind thatW(g) ;� g denotes the column-space of the trained weights of the generation
g model.

In words, Remark 4.1 ensures that one can apply Results 2.1, 2.2 and 2.3 to iteratively reach a
characterization of̂� (g+1) ;� g +1 from that of �̂ (g) ;� g . Fig. 4 illustrates the �rst two generations of
synthetic distributionŝ� (1) ;� 1 ; �̂ (2) ;� 2 , when the initial target distribution� is given by the same
Gaussian approximation of MNIST sevens considered in Fig. 3. The mode collapse phenomenon
described in the previous subsection, and apparent at generationg = 1 , gets aggravated upon
re-training. As a result, the densitŷ� (2) ;� 2 generated atg = 2 exhibits smaller even variance, and
is devoid of meaningful structure.

Conclusions

In this manuscript, we provide a precise and exhaustive theoretical characterization of the distribution
of the samples generated by a simple diffusion model. Considering a model parametrized by a shallow
DAE, in the limit of high dimensions, we derive a tight characterization of low-dimensional projec-
tions of the generated density, ascertaining in particular its evolution over training. Our results, which
also describe tasks with realistically structured target densities, capture how the architectural bias
can lead to mode collapse, and ultimately model collapse if the synthetic data is re-used for training.
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guidelines for their institution.
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A Derivation of Result 2.1

In this Appendix, we detail the derivation of the tight ODE description(10) of the SGD training
dynamics(4), as provided in Result 2.1. We sequentially examine the dynamics for the skip connection
band the weight matrixw.

A.1 SGD dynamics of the skip connection

We �rst derive a closed-form expression for the evolution of the skip connection strengthb(3) over
the SGD iterations. We recall that the latter read

b� +1 � b� = �
�
d2 Et

h
� 2(1 � b� t )� t kx �

1 k2+2b� 2
t kx �

0 k2+ O(
p

d)
i

; (16)

keeping only leading order terms. Note thatkx �
1 k2=d (resp.kx �

0 k2=d) asymptotically concentrate to�
(resp.1) in the limit d ! 1 . Therefore, the incrementdb= b� +1 � b� self-averages as

d
2�

db= Et
�
� t (1 � b� t )� � b� 2

t

�
: (17)

The ODE(17) gives in closed-form the evolution of the skip connection strength over the SGD
training (4), in the considered high-dimensional limit. Note that interestingly, while the training
algorithm is inherently stochastic, the randomness averages out in the high-dimensional limit, leading
the dynamics to concentrate to a deterministic limiting ODE.

A.2 SGD dynamics of the weight matrix

A.2.1 SGD update

We now turn to deriving a similar tight asymptotic characterization for the evolution of the weight
matrix w (3) under the SGD dynamics. Let us �rst write explicitly the SGD updates(4). Developing
the derivative, and dropping the time index� for readability, for1 � 
 � r; 1 � i � d, the SGD
update of the weight matrix reads
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We introduced the shorthands

� 1

 �

w>

 x1

p
d

; � 0

 �

w>

 x0

p
d

; ! t

 = � t � 0


 + � t � 1
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A.2.2 Expected increment

In the likeness of the settings studied by e.g. [61, 62, 56], we expect the dynamics to asymptotically
self-average. Let us accordingly evaluate the expectationE[dwi
 ] over the running data samplex1;0

� .
This can be compactly rewritten as

E[dwi
 ] = Et Ec[Ecdwt;c
i
 ]; (20)

with the expectationEc bearing over the manifold coordinatec � � (8). Conditional on the manifold
coordinatec, the expectationEc bears over the Gaussian random variable associated to thec� indexed
cluster in(8), distributed asN (� (c); �( c)) . We remind the reader that the covariancesf �( c)gc are
assumed jointly diagonalizable. Without loss of generality, we place ourselves in the basis in which
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they are directly diagonal, and denote in the following by%c
i thei � th eigenvalue of�( c). Taking the

expectation over (18), the expected increment then reads
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The various coef�cientsA t;c ; Bt;c ; Ct;c ; D t;c can be computed leveraging the fact that the data
componentsx1;0

i are weakly correlated with the local �elds!; � 0;1, i.e. have� d(1=
p

d) covariance.
Using the expansions for weakly correlated Gaussian variables reported e.g. in [57] (Appendix B.1),
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we reach
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We introduced the summary statistics

M c =
w> � (c)

p
d

; Qc =
w> �( c)w

d
; (31)

Q =
w> w

d
; 
 t;c = � 2

t Q + � 2
t Qc; T ck = � (c)> � (k) (32)

One also needs to introduce the further statistics

G =
w> E
p

d
; P c = E > � (c); (33)

where we remind that the columns ofE 2 Rd� R constitue an orthonormal basis of the
R� dimensional subspaceE in which we aim to characterize the generated density. Finally, we
also used the shorthands:
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and
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(43)

Let us brie�y summarize at this point the derivation so far. Starting from the SGD update onw,
we showed that the expected increment can be written solely in terms of a small number summary
statisticsM; Q; Q; 
 ; T , in addition to the weight components themselves. Next, we aim at closing
these equations on the summary statistics, thus reaching a concise low-dimensional description of the
SGD dynamics.

A.2.3 Update equation for the summary statistics

The training dynamics of the DAE weightsw are thus governed by set of �nite-dimensional summary
statistics. To close the equations and reach a self-contained characterization, we now turn to deriving
the induced dynamics of the summary statistics. To that end, following e.g. [31], it proves convenient
to �rst introduce a new set of summary statisticsdensities. For any%: R� ! R –denoting a
joint sequence of eigenvaluesf %(c)g–, let us assume the existence of the densitiesm; p : R� �
F (R� ; R) ! R; q; g : �F (R� ; R) ! R and� : (R� )2 � F (R� ; R) ! R so that the summary
statisticsM c; Q; Qc; T; G; P(31) can be decomposed as

M c =
Z

d%mc(%); (44)

Qc =
Z

d%q(%)%c; (45)

Q =
Z

d%q(%); (46)

T ck =
Z

d%�ck (%); (47)

G =
Z

d%g(%); (48)

P c =
Z

d%pc(%); (49)

The following subsections focus on deriving the updates of the summary statistic densities
m(�); q(�); � (�); g(�) inherited from the SGD dynamics of the weight matrixw (21).

A.2.4 Overlapmk (�)

The expected increment formk (%) can also be decomposed as

E[dmk (%)] = Et Ec
�
Ecdmt;c

k (%)
�

; (50)
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with
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A.2.5 Overlapg(�)

The expected SGD forg(%) can be derived along nearly identical lines. By the same token, for
1 � i � R, the decomposition

E[dgi (%)] = Et Ec
�
Ecdgt;c

i (%)
�

(52)
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holds with
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yielding the increment ofg(�) under the SGD dynamics.

A.2.6 Overlapq(�)

We now turn to the summary statisticq(%) (31). First note that

E[dQ] =
1
d

dX

i =1

Ec

h
wi Et [Ecdwt;c

i ]> + Et [Ecdwt;c
i ]w>

i + Et;t 0[Ecdwt;c
i (dwt 0;c

i )> ]
i

� Et Ec[EcdQt;c
(1) (%)] + Et;t 0Ec[EcdQt;t 0;c

(2) (%)]: (54)

We have separated the linear term and the quadratic term. It follows that the density statisticq(�) can
be similarly decomposed as

E[dq(%)] = Et Ec[Ecdqt;c
(1) (%)] + Et;t 0Ec[Ecdqt;t 0;c

(2) (%)]: (55)
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In the following, we sequentially examine the linear and quadratic terms. The expected increment for
the linear termdqt;c

(1) (�) can be read from (21) as
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We now turn to the quadratic termdqt;c
(2) (�). Keeping only leading order terms,
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We introduced the integrals
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A.3 Update for v

Finally, we can ascertain the asymptotic evolution of the time encoding weightsv. In the considered
limit, the updatedv again concentrates. As above, let us decompose the expected increment as

E[dv
 ] = Et Ec[Ecdvt;c

 ]; (69)

with

Ecdvt;c

 = �

2�
d

"
X

�

Q
� I t;c
� 0� (
; � ) � (1 � b� t )I

t;c
� 1 � 0(
; 
 ) + b� t I

t;c
� 0 � 0(
; 
 ) + �v 


#

(70)
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A.4 Continuous time limit

Equations(51),(53),(56) and(57) provide the update equations for the summary statistic densities
m(�); g(�); q(�) under SGD steps (4), which take the form

d
2�

dm(%) = Fm (%; m(%); q(%); M; Q; Q; b);

d
2�

dg = Fg(%; m(%); q(%); M; Q; Q; b);

d
2�

dq = Fq(%; m(%); q(%); M; Q; Q; b); (71)

where the update functionsFm;q;g denote the right hand sides of(51),(53),(56)and(57), and we have
omitted the time step indices to ease the notations. From(44), these updates translate directly at the
level of the summary statisticsM; Q; Q; G into

d
2�

dM c = FM (M; Q; Q; b; v)c; FM (�)c =
Z

Fm (%; m(%); q(%); �)cd%;

d
2�

dG = FG (M; Q; Q; b; v); FG (�) =
Z

Fg(%; m(%); q(%); �)d%;

d
2�

dQc = FQ (M; Q; Q; b; v)c; FQ (�)c =
Z

%cFq(%; m(%); q(%); �)d%;

d
2�

dQ = FQ (M; Q; Q; b; v); FQ (�) =
Z

Fq(%; m(%); q(%); �)d%:

(72)

We remind that from (17), the skip connection strength similarly obeys

d
2�

db= Fb(b); (73)

where the update functionFb corresponds to the right hand side of equation(17). Similarly, from
(70), the time encoding weights obey

d
2�

dv = Fv (M; Q; Q; b; v); (74)

whereFv corresponds to the right-hand side of(70). Now remark that in the asymptotic limitd ! 1 ,
the coef�cientd=2� tends to zero. Introducing the time variable# � 2�� =d, so thatd# = 2� =d, the
discrete processes (72) and (73) are thus asymptotically described by the limiting ODEs

dM
d#

= FM (M; Q; Q; b; v);

dQ
d#

= FQ (M; Q; Q; b; v);

dQ
d#

= FQ (M; Q; Q; b; v);

db
d#

= Fb(b);

dv
d#

= Fv (M; Q; Q; b; v) (75)

Finally, the ODE forb, governing the dynamics of the skip connection strengthb over the SGD
optimization dynamics, can be solved in closed-form as

b(#) =
� Et [� t ]

� Et [� 2
t ] + Et [� 2

t ]

h
1 � e� ( � Et [� 2

t ]+ Et [� 2
t ])#

i
+ b0e� ( � Et [� 2

t ]+ Et [� 2
t ])# ; (76)

whereb0 designates the value ofbat initialization. This completes the derivation of Result 2.1.
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Figure 5: Evolution of the summary statistics(31)M (left), Q (middle) and skip connection strength
b(right ), characterizing the dynamics of the AE parameters(3) under SGD dynamics(4). Parameters
� = tanh ; r = 2 ; � = 0 ; � = 0 :2; G = f 1=2g were used, and the target density� was taken to
be a Gaussian mixture with three isotropic clusters (see also Fig. 7 in the main text). The weight
vectors were initialized along the centroids of the target density, with norm0:1, while the initial skip
connection strength isb0 = 0 . Dashed lines: theoretical characterization of Result 2.1. Continuous
lines: numerical experiments ind = 1000, for a single run.

Figure 6: Evolution of the summary statistics(31)Q (left), b(middle) and skip connection strengthM
(right ), characterizing the dynamics of the AE parameters(3) under SGD dynamics(4). Parameters
� = tanh ; r = 2 ; � = 0 :784; � = 0 :2; G = f 1=2g were used; weights were initialized with random
independent Gaussian components andb0 = 0 . Dotted continuous lines : numerical experiments for
a target density� given by the set of MNIST sevens. Continuous lines: numerical experiments for
a unimodal Gaussian target distribution with covariance matching that of the set of MNIST sevens.
Dashed lines: theoretical predictions of Result 2.1 for the latter Gaussian target density.

A.5 Numerical validation

We plot the theoretical predictions of Result 2.1 for the evolution of the summary statistics
M; Q; Q; G; b (31) under the SGD dynamics(4) in Fig. 5 for a Gaussian mixture target density
� with three isotropic modes, learnt by an AE withr = 2 hidden units andtanh activation, using
learning rate� = 0 :2 and weight decay� = 0 . The centroids of the clusters were taken as� e1; e2
for two orthonormal vectorse1; e2, and the columns of the weight matrixw were initialized with a
warm start as0:1 � e1;2. Finally, for simplicity, the expectationEt in (4) was chosen to bear over a
delta distribution aroundG = f 1=2g, instead of the full integral over[0; 1]. Including more points in
the gridGwas not found to signi�cantly alter the qualitative aspect of the generated density. Fig. 5
reveals an overall good agreement between the theoretical predictions of Result 2.1 (dashed lines) and
numerical experiments (solid lines), obtained by simulating the model in large but �nite dimension
d = 1000:

Fig. 6 similarly contrasts numerical experiments for a target distribution corresponding to MNIST
images of sevens (dotted lines), a Gaussian target density with matching covariance (solid lines), and
the theoretical predictions of Result 2.1 for the latter. All experimental details are speci�ed in the
caption. Although the agreement between the three curves is overall good, discrepancies appear, in
particular due to the rather low dimensionalityd = 784.
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A.6 Extensions

We brie�y describe, for completeness, how the analysis can be generalized to characterize the
learning of more complex DAE architectures. Namely, we discuss how the derivation can be adapted
to accommodate (a) untied weights and (b) time encodings.

Untying the weights – The analysis reported in the present appendix can be extended to untied
DAE architectures of the form

f b;u;v (x) = b� x +
u

p
d

�
�

v> x
p

d

�
; (77)

trained with online SGD

b� +1 � b� = �
�
d2

�
@bEt




 x �

1 � f b� ;u � ;v � (� t x
�
0 + � t x

�
1 )




 2

�
; (78)

u� +1 � u� = � � r u Et



 x �

1 � f b� ;u � ;v � (� t x
�
0 + � t x

�
1 )




 2

� �
�
d

u� ; (79)

v� +1 � v� = � � r v Et



 x �

1 � f b� ;u � ;v � (� t x
�
0 + � t x

�
1 )




 2

� �
�
d

v� : (80)

Such an extension, however, comes at the price of more cumbersome expressions, as the summary
statistics(31)needs to be introduced for the two sets of weightsu; v, in addition to cross-statistics
of the formu > �( c)v=d andu > v=d. We refer the interested reader to Appendix B of [56] where such a
derivation is detailed, in a closely related setting. Experimentally, in the probed settings, we did not
observe a signi�cant effect of (un)tying the weights on the qualitative phenomenology discussed in
the main text.

Deeper architectures – This manuscript focuses on the simpler instance of DAE architecture
(3), namely a two-layer model with a skip connection. It is of interest to remark, however, that the
technical ideas employed in its analysis can be extended to study more intricate models, at the cost of
considerably heavier mathematical expression. For this reason, we present in this paragraph a model
of multi-layer DAE which we anticipate is amenable to similar analysis, and sketch the main ideas
underlying the latter; the detailed analysis, however, is left for future work.

Consider the depth-2L model f f b` ;u ` ;v ` g` 2 [L ]
(x) = hL , where the successive post-activations

f h` g` 2 [L ] are de�ned byh0 = x

h` +1 = b` +1 h` +
u` +1
p

d
� ` +1

�
(v` +1 )> h`p

d

�
: (81)

In simple words, this multi-layer model simply results from the composition of multiple DAE layers
(3). We denoter ` the width of layer̀ , so thatu` ; v` 2 Rd� r ` . We again consider the limitd ! 1 ,
while r ` = � d(1) for all ` 2 [L ]. We anticipate that the analysis of the online SGD training dynamics
trained with online SGD

b`
� +1 � b`

� = �
�
d2

�
@b` Et






 x �

1 � f f b`
� ;u `

� ;v `
� g` 2 [L ]

(� t x
�
0 + � t x

�
1 )








2
�

; (82)
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u� ; (83)

v`
� +1 � v`

� = � � r v ` Et
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1 � f f b`
� ;u `

� ;v `
� g` 2 [L ]

(� t x
�
0 + � t x

�
1 )








2
� �

�
d

v� : (84)

should once again be amenable to theoretical analysis, and shown to converge to a set of de-
terministic limiting ODEs, borrowing the same technical ideas as previously. We highlight
some of the differences in the computations. Massaging the update equations(82) reveals that
they depend as previously in(18) on random variables of the form� 1

u;` = (u ` )> x 1=
p

d; � 1
v;` =

(v ` )> x 1=
p

d; � 0
u;` = (u ` )> x 0=

p
d; � 0

v;` = (v ` )> x 0=
p

d, over which the integrals appearing in the
�nal expressions bear. The updates will also involve further summary statistics of the type
Qvv;`;` 0

� (c) = (v `
� )> �( c)v ` 0

� =d; Quv;`;` 0

� (c) = (u `
� )> �( c)v ` 0

� =d; Quu;`;` 0

� (c) = (u `
� )> �( c)u ` 0

� =d, and
Qvv;`;` 0

� = (v `
� )> v ` 0

� =d; Quv;`;` 0

� = (u `
� )> v ` 0

� =d; Quu;`;` 0

� = (u `
� )> u ` 0

� =d, which will appear in the end
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result, and whose dynamics are tracked by a set of limiting ODEs. Importantly, we thus trade matrix
r � r summary statistics for tensors of sizeL � L � r � r , thus resulting in more cumbersome
equations. We leave for future work a thorough theoretical analysis of this model, and the study of
the effect of deeper architectures on the generated density.

Attention models – Transformer architectures [74] are also often used to parametrize diffusion
models. Considerd = Ld0 dimensional datax, divided inL patchesx1; :::; xL 2 Rd0

and reshaped
into a sequenceseq(x) 2 RL � d0

. Consider the folowing attention-based denoiser:

f w (x) = softmax
�
seq(x)ww> seq(x)> �

seq(x); (85)

parametrized byw 2 Rd� r trained on the denoising lossEt kf w (� t x0 + � t x1) � seq(x1)k2. Let us
further assume that all patchesx ` for ` 2 [L ] are drawn from a generalized Gaussian mixture of the
form (8), with the different latent variablesc` allowed to be correlated across rows — thus reprising,
and slightly extending, the data model in [19]. In the asymptotic limitd0 ! 1 ; L; r = � d0(1), this
simple model, close to that considered in [20], and is expected to be once more amenable to analysis
using the same set of technical tools, in an approach analogous in spirit to that of [6]. Let us mention
that more complex (e.g. deep) architectures are also anticipated to be analyzable, leveraging similar
ideas to e.g. [73].

We remark that, on a fundamental level, the anticipated analytical tractability of the above models
stems from their pertaining to the class of sequence multi-index models introduced in [19]. This
formalism allows for an uni�ed analysis of this class of models. A study of online SGD on sequence
multi-index models was reported in full generality in the recent work of [51], to which we refer the
curious reader. Finally, we note that while we assumed in this work �nite-width networksr = � d(1),
the analysis can also in theory be extended to accommodate wider networks. We refer the interested
reader to [75] where such an extension is studied for two-layer feedforward networks, and leave this
direction for future work.

A.7 � ! 1 limit

The summary statistics describing the weights of the DAE(3) at convergence are captured by the
� ! 1 solutions of the ODEs of Result 2.1. The value of the skip connectionb1 at convergence
admits the simple closed-form expression

b1 =
� Et [� t ]

� Et [� 2
t ] + Et [� 2

t ]
; (86)

as a function of the schedule fonctions� t ; � t . Interestingly, the target density only enters this
expression through the effective variance� , which provides an intuitive notion of the spread of the
data density, without allowing a �ner description of its structure – which is captured by the network
component of the DAE (3), rather than its skip connection. In contrast, the other summary statistics
Q1 ; Q1 ; M 1 ; G1 at convergence obey a set of four coupled equations, which generically admit no
simple closed-form expression, aside from simple cases. For illustration, we detail in the following
subsection such a simple setting (Gaussian mixture target, linear network) where the equations at
convergence can be solved in closed-form.

A.8 Example : linear model, Gaussian mixture

The previous analysis provides a tight characterization of the training dynamics of the non-linear
DAE (3) under the SGD dynamics(4). For completeness and intuition, we conclude the present
appendix by expounding a special simple case where the limiting ODEs of Result 2.1 admit a compact,
closed-form expression, and consider the linear case� (x) = x; r = 1 ; pt = 0 , when learning a
target binary Gaussian mixture with isotropic clusters� = 1=2N (�; I d) + 1=2N (� �; I d). We assume
the squared normk� k2 asymptotically concentrates and denote by� its limiting value. Finally, we
consider the limit of vanishing learning rate� ! 0. In this limit, the quadractic termqt;c

(2) , which is of
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order�( � 2), can be neglected. The limiting ODEs (75) simplify in this case to
d

d#
M = � Et

�
� 2

t M 2 + Q(� 2
t + � 2

t ) + Q
�
� 2

t + � 2
t (1 + � )

�
� 2

�
(1 � b� t )� t (� + 1) � � 2

t b
�

+ �
�

M

d
d#

Q = � Et

"

2Q
�
� 2

t M 2 + Q(� 2
t + � 2

t )
�

� 2
�
(1 � b� t )� t (M 2 + Q) � � 2

t bQ
�

+ � Q

#

: (87)

The evolution of the skip connectionb, on the other hand, remains unchanged from(76). Let us now
seek a solution of(87)at convergence, in the limit# ! 1 . It can be straightforwardly veri�ed that,

M = � Q; Q =

Et [� t ]Et [� 2
t ]

Et [� 2
t + � 2

t ] � � �
2

Et [� 2
t (1 + � ) + � 2

t ]
(88)

is a solution of(87) at convergence. Note that the identityM = � Q, together with the de�nitions
M = w > � =

p
d; Q = w > w=d, implies thatw lies entirely inspan(� ). In other words, the weightsw of

the DAE recover perfectly the direction� along which the data distribution� exhibits non-trivial
structure.

Turning to the generative process, we aim at describing the generated density�̂ in the one-dimensional
subspaceE = span(� ), in which the original distribution� exhibits non-trivial structure. The SDE
(12) describing the evolution of the projection of a sample in this subspace is for the considered
setting linear, and can be solved in closed form as

Z t = Z0e

tR

0
ds(� 1

s +� s Q )
; Z0 � N (0; Q): (89)

In the orthogonal subspacespan(� )? , the law of a sample is still given by an isotropic Gaussian, as
described by equation(13) in Result 2.2. Therefore, the law of a sampleX t remains Gaussian at all
times, with the variance inspan(� ) increasing over sampling time to adapt to – and approximate–
the structure of the target distribution� in this subspace. This simple linear case sheds light on the
workings of the DAE-parametrized diffusion models. Over training, the weights identify and learn
the relevant structural features of the target distribution. Subsequently, the learned weights drive the
generative process to reproduce the target structure in the identi�ed subspace, while approximating
the density in the orthogonal space by an isotropic Gaussian.

B Derivation of Result 2.2

In this section, we derive the tight characterization of Result 2.2 for the learnt generative transport
process (7).

B.1 Generative SDE

We remind the generative SDE, leveraged to generate samples from�̂ (t) starting fromX 0 � N (0; Id):
dX t

dt
=

�
_� t �

_� t

� t
� t + � t

� t

� 2
t

�
f b� ;w � ;v � (X t ) +

�
_� t

� t
�

� t

� 2
t

�
X t +

p
2� t dWt ; (90)

with Wt a Wiener process and� t the diffusion schedule. Introducing the shorthands

� t = _� t �
_� t

� t
� t + � t

� t

� 2
t

(91)

� �
t = b� � t +

_� t

� t
�

� t

� 2
t

; (92)

the generative SDE can be written more compactly as
dX t

dt
= � �

t X t + � t
w�p

d
�

�
w>

� X tp
d

+ pt v�

�
+

p
2� t dWt : (93)

Importantly, note that the non-linear term� (�) acts on the projection ofX t in the spaceW� spanned
by the columns of the trained weights matrixw� . Furthermore, its image also resides inW� . Thus,
the challenging non-linear part of the transport only acts in a small �nite-dimensional space, and
can be handled carefully in isolation. In contrast, the dynamics in the orthogonal spaceW ?

� is still
non-trivially high-dimensional, but simply linear and thus easily to analyzed. This motivates one to
examine in succession the variableZ t � w >

� X t =
p

d and the projectionYt � � ?
W �

X t of X t in W ?
� .
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B.2 Dynamics inW�

Let us �rst ascertain the evolution ofZ t , which tracks the evolution of a sampleX t in the weight
spaceW� . It follows directly from (93) thatZ t obeys ther � dimensional SDE

d
dt

Z t = � �
t Z t + � t Q� � (Z t + pt v� ) +

p
2� t Q

1=2 dBt ; (94)

with B t a r � dimensional Wiener process, andQ� the summary statistic sharply characterized in
Result 2.1. This recovers equation (12) of Result 2.2.

B.3 Dynamics inW ?
�

In W ?
� , the transport induced by the SDE (93) is simply linear:

dYt

dt
= � �

t Yt +
p

2� t dH t ; (95)

with H t here a(d � r )� dimensional Wiener process. This SDE admits a compact closed-form
solution

Yt = e

tR

0
ds� �

s
Y0 + e

tR

0
ds� �

s

tZ

0

e
�

sR

0
dh � �

h p
2� sdWs: (96)

By Itô isometry,Yt is Gaussian with law

Yt � N

0

@0W ?
�

; e
2

tR

0
ds� �

s

2

41 + 2

tZ

0

e
� 2

sR

0
dh � �

h
� sds

3

5 � ?
W �

1

A ; (97)

which recovers equation (13). This completes the derivation of Result 2.2.

B.4 Discretized sampling

As a �nal remark, let us note that the derivation presented in the present Appendix can be carried
out in completely unchanged fashion starting from any discretization of the generative SDE(1). Let
t0 = 0 , t1; :::; tT 2 (0; 1) and consider the Euler-Mayurama discretization of the stochastic process
for k 2 J0; T � 1K:

X k+1 � X k =( tk+1 � tk )
��

_� t k �
_� t k

� t k

� t k + � t k

� t k

� 2
t k

�
f b� ;w � ;v � (X k ) +

�
_� t k

� t k

�
� t k

� 2
t k

��
X k

+
p

2� t k (tk+1 � tk )� k ; (98)

starting fromX t 0 � N (0; Id). In (98), � k � N (0; Id) independently for each stepk. Then the
following version of Result 2.2 holds:

Result B.1. (Discrete dynamics) Consider a discretizationt1; :::; tT 2 (0; 1) and the discretized
sampling process(X k )k2 J1;T K (98). DenoteYk = � ?

W �
X k andZk = w >

� X k =
p

d, for a processX k

satisfying the generative process(98) from an initializationX 0 � N (0; Id). ThenZ t follows the
low-dimensional stochastic process

Zk+1 � Zk = ( tk+1 � tk )
�
� �

t k
Z t + � t k Q� � (Zk + pt k v� )

�
+

p
2� t k (tk+1 � tk )Q1=2

� � k ; (99)

from an initial conditionZ0 � N (0; Q� ), with � k � N (0; I r ) andE[� k � >
l ] = � kl I r . On the other

hand,Yk is independently Gaussian-distributed as

Yk � N
�

0W ?
�

;
�

k � 1Q

j =0

�
1+( t j +1 � t j )� �

t j

� 2
+

k � 2P

j =0
2� t j ( t j +1 � t j )

k � 1Q

l = j +1

�
1+( t j +1 � t j )� �

t j

� 2
+2 � t k � 1 ( t k � t k � 1 )

�
� ?

W �

�
:

(100)
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C Derivation of Corollary 2.3

Result 2.2 already provides a tight asymptotic characterization of the law of a sampleX t in terms
of its projectionZ t (12) in the weights spaceW� (characterized by ar � dimensional ODE) and
its Gaussian componentYt (13) in the orthogonal spaceW ?

� . A weakness of this characterization,
however, lies in that it relies on atraining-time dependentspaceW� , with respect to which the
characterization is formulated. Intuitively, this space rotates and changes as the model is further
trained, making the result rather unwieldy. To palliate this shortcoming, one would rather select
a �xed, � � independent, reference subspaceE of �nite dimension R = � d(1), and transfer the
characterization of Result 2.2 to this �xed subspace. Formally, this means ascertaining the law of
the projection ofX t in E, from that of its projections inW� ; W ?

� . This is made possible because
the overlap between the spacesW� andE is captured by the summary statisticG� , characterized in
result 2.1. Formalizing this agenda is the object of the present Appendix.

Let us �x an orthonormal basisf ej gR
j =1 of E, stacked vertically in the matrixE 2 Rd� R . We remind

that we aim at characterizing the law ofE > X t . To that end, for any1 � j � R, start from the
decomposition

e>
j X t = (� W � ej )> (� W � X t ) + e>

j � ?
W �

Yt ; (101)

where we decomposedX t into its projections inW� ; W ?
� . Note that, from Result 2.2 the two terms

of this decomposition are independent. In the following, we sequentially ascertain the distribution of
each of the terms in the decomposition (101).

C.1 Law of (� W � ej )> (� W � X t )

To compute(� W � ej )> (� W � X t ), we �rst aim to decomposeej ; X t in a basis ofW� . Let us consider
the eigendecomposition of the summary statisticQ� = w >

� w � =d (characterized in Result 2.3) as

Q� = U� S� U>
� : (102)

This means thatB � = 1=
p

d(S+
� )1=2 U>

� w>
� forms a set ofr orthonormal vectors (or a set of orthonor-

mal vectors plus zero vectors ifQ� is rank de�cient), which we will use as a basis. We denotedS+
�

the Moore-Penrose pseudo-inverse ofS� . The components of the reference vectorsE 2 Rd� R (with
columnsf ej g) andX t in this basis are then given by

B � E =
1

p
d

(S+
� )1=2 U>

� w>
� E = ( S+

� )1=2 U>
� G>

� (103)

B � X t =
1

p
d

(S+
� )1=2 U>

� w>
� X t = ( S+

� )1=2 U>
� Z t ; (104)

whereZ t is characterized in Result 2.2. Then, very simply, the decomposition ofX t in the reference
basisE restricted toW� reads

(� W � ej )> (� W � X t ) = e>
j B >

� B � X t = G� Q+
� Z t (105)

C.2 Law of E > � ?
W �

Yt

In distribution,E > � ?
W �

Yt inherits the Gaussianity ofYt , as established in Result 2.2. It has mean
zero and covariance

e
2

tR

0
ds� �

s
E > � ?

W �
E = e

2
tR

0
ds� �

s
E > (Id � B >

� B � )E

= e
2

tR

0
ds� �

s �
IR � G� Q+

� G>
�

�
: (106)
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C.3 Law of E > X t

One is now in a position to ascertain the law ofE > X t . Putting the above results together, in
distribution:

E > X t
d= G� Q+

� Z t + N

0

@0R ; e
2

tR

0
ds� �

s �
I r � G� Q+

� G>
�

�
1

A ; (107)

which recovers Corollary 2.3.

D Additional experiments

D.1 Additional details on the numerical experiments

In this Appendix, we provide further speci�cations on the numerical experiments illustrated in Fig. 7,
3 and Fig. 4.

Generative process– In all the �gures, the sampling was carried out by discretizing the interval
(0; 1) in N stepstk = 1=N for k 2 J0; N K, and running the discretized SDE(98) in experiments, and
the associated theoretical characterization of Results B.1 and 2.3 for the theoretical predictions, up to
a stopping time0 � t f � 1. In Fig. 7,N = 100; t f = 0 :95; in Fig. 8,N = 100; t f = 0 :98 and in
Figs. 3,?? and 4,N = 50; t f = 0 :98. Note that all choices forN; t f are up to the experimentalist,
and captured by the theoretical characterizations. Generically, one needs to opt fort f < 1 due to the
DAE-parametrized SDE(7) being ill-de�ned att = 1 , since� 1 = 0 . This is an artifact of the neural
network parametrization; the ground-truth SDE (1) is on the hand well-de�ned even att = 1 .

Discretization of the manifold density� – In the generic case where� (�) (8) is not discrete, the
ODE updates(10)still involve an integral overd� (c), with c spanningR� . For instance, in the setting
of Fig. 4, at generationg = 2 , � = r = 2 and� (c) = � W (1)

�
�̂ (1) (c). The latter is however still

characterized in terms of a SDE(12), and not in closed-form. As a �rst step, we thus generated4000
samples from� , using the theoretical characterization of Result 2.2, and approximated the density
using thescipy [78] implementation of Gaussian kernel density estimation (KDE), in order to access
a smooth estimation of� . The bandwidth was elected to be1:5 times that determined using the
Silverman method [67]. To perform the integral with measured� (c), we discretized� over a10� 10
grid, restricting the support to[� 1:5; 1:5] � [� 2:5; 2:5] where almost all of its mass was found to
lie. The relative weights of the10� 10 = 100 discretized points were then evaluated from the KDE
estimation, and overall normalization was �nally enforced to ensure the relative weights sum to
1. Finally, this discretization was used in evaluating the theoretical characterization of Result 2.1,
replacing the integrals over� by �nite sums over the100points of the discretization. All results have
been observed to be rather robust with respect to the choice of discretization, range, and bandwidth.

Preprocessing of the MNIST images– Finally, we detail the procedure used to evaluate the
covariance of MNIST sevens used in Fig. 3. The total MNIST training set was used, retaining
only sevens. The data was vectorized (�attened), centered, and normalized by300. The empirical
covariance was �nally evaluated over the entire dataset, and used to generate the Gaussian target
density considered in Fig. 3.

Evaluation of the Hellinger distance– To estimate the Hellinger distance between�̂ and� (see
Fig. 2 (right)), we �rst sample5000points from the trained diffusion model, project them in the
considered subspaceE, and approximate the density using thescipy implementation of Gaussian
KDE. In the case of Fig. 2 (right), we usedE = span(� ), and used a1000-points grid discretization
of the interval[� 10; 10] for the purpose of the KDE. The Hellinger distance between� and the (KDE
of) �̂ is then numerically estimated as

H (� E�; � E �̂ ) =
Z

E
dz

hp
(� E� )(z) �

p
(� E �̂ )(z)

i 2
: (108)

By the same token, the theoretical prediction of the Hellinger distance is obtained by sampling5000
samples from the theoretical expression for�̂ , as described in Result 2.3, and repeating the same
KDE procedure.
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