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Abstract

While following different technical routes, both low-rank and orthogonal adaptation
techniques can efficiently adapt large-scale pre-training models in specific tasks or
domains based on a small piece of trainable parameters. In this study, we bridge
the gap between these two techniques, proposing a simple but effective adaptation
method based on Householder reflections. Given a pre-trained model, our method
fine-tunes its layers by multiplying each frozen weight matrix with an orthogonal
matrix constructed by a chain of learnable Householder reflections (HRs). This
HR-based orthogonal fine-tuning is equivalent to an adaptive low-rank adaptation.
Moreover, we show that the orthogonality of the reflection planes corresponding
to the HRs impacts the model capacity and regularity. The analysis motivates us
to regularize the orthogonality of the HRs, leading to different implementations
of the proposed Householder reflection adaptation (HRA) method. Compared
with state-of-the-art methods, HRA achieves superior performance with fewer
learnable parameters when adapting large language models and conditional image
generators. The code of the experiments is available at https://github.com/
DaShenZi721/HRA, and the method has been merged into the PEFT package.

1 Introduction

In recent large foundation model competitions, “Scaling Laws” [22, 18, 39] motivate researchers
to increase model size continuously, which brings significantly improved model capabilities in
understanding, generation, reasoning, and generalization but with more and more unbearable model
adaptation costs. For instance, the GPU memory for fine-tuning a LLaMA-65B model with 16bit
precision exceeds 780GB [9]. The adaptation of image generative models (like the ControlNet
in [60] did) may suffer the same issue when applying large vision foundation models as backbones.
Consequently, fine-tuning large foundation models efficiently for adapting various downstream tasks
has become a challenge in practice.

To overcome the above challenge, Parameter-Efficient Fine-Tuning (PEFT) methods [53] provide
promising solutions, which aim to reduce the trainable parameters and memory consumption of
fine-tuning while maintaining even improving model adaptation performance. Among various PEFT
methods, the adapter-based fine-tuning [20, 37] attracts a lot because it only inserts limited trainable
parameters into existing models during fine-tuning but without adding extra complexity or overhead
in the inference phase. Currently, given a parameter matrix of a pre-trained model, i.e., W ∈ Rdout×d,
there are roughly two strategies implementing the adapter-based fine-tuning. The mainstream strategy
is applying Low-Rank Adaptation (LoRA) [20] and its variants [9, 21, 25, 31, 33, 35, 48, 54, 60,
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(a) The scheme of our Householder re�ection adaptation method

(b) Performance on GLUE Benchmark

Method Param. RatioGSM8K MATH

LLaMA2-7B - 14.6 2.5
LoRA r =32 0.25% 50.2 7.8
OFT b=16 0.13% 50.1 8.4
BOFT m =2

b=8 0.12% 50.6 8.6
PiSSA 4.75% 53.1 7.4

HRA r =8 ; � =0 0.03% 47.1 6.6
HRA r =16 ; � =0 0.06% 52.1 8.1
HRA r =32 ; � =0 0.12% 55.8 9.0
HRA r =32 ; � = 1 0.12% 52.8 9.2
HRA r =32 ;� =10 � 1 0.12% 53.6 8.3
HRA r =32 ; � =10 � 4 0.12% 56.3 9.3

(c) LLM adaptation for mathematical reasoning

Figure 1: (a) An illustration of our HRA method. (b) Comparisons for various methods on GLUE benchmark [50].
The x-axis corresponds to the number of trainable parameters (M), and the y-axis corresponds to the average
score (%). (c) Comparisons for various methods on the ratio of trainable parameters and accuracy (%) when
adapting LLaMA2-7B [46] in mathematical reasoning tasks.

62, 4, 11], modifying the weight matrix by adding a trainable low-rank decomposition matrix, i.e.,
W + AB , whereA 2 Rdout� r andB 2 Rr � d, andr � min(d; dout) is the intrinsic rank of the
modi�cation AB . Another strategy is Orthogonal Fine-Tuning (OFT) [37, 34], which multiplies
the weight matrix with a structured orthogonal matrixR 2 Rd� d determined by limited trainable
parameters, i.e.,W R . Both strategies can reduce VRAM usage because they merely leverage limited
trainable parameters and do not store the optimizer state of the original weight matrices. At the same
time, they achieve encouraging model adaptation performance in various vision and NLP tasks.

Essentially, LoRA hypothesizes that the additive modi�cations of weight matrices are intrinsically
low-rank, while OFT preserves the pairwise angles between neuron vectors and theoretically penalizes
the discrepancy between pre-trained and �ne-tuned models. The difference between their principles
prevents us from building a uni�ed adapter-based �ne-tuning framework. To bridge the gap between
these two strategies, we propose a simple but effective adapter-based �ne-tuning method called
Householder Re�ection Adaptation (HRA). This method provides a new perspective connecting
LoRA to OFT and achieves encouraging performance in various downstream tasks. As illustrated in
Figure 1a, our method adapts a pre-trained model by multiplying each frozen weight matrix with a
chain ofr learnable Householder re�ections (HRs) [19]. HRA can be interpreted as either an OFT
adapter or an adaptive LoRA. Consequently, it harnesses the advantages of both strategies, reducing
parameters and computation costs while penalizing the loss of pre-training knowledge.

Moreover, we show that the orthogonality of HR planes impacts the capacity and regularity of
HRA. Accordingly, we leverage an orthogonality regularizer of the HR planes when applying HRA,
achieving a trade-off between the model capacity and regularity by controlling the strength of the
regularizer. When the weight of the regularizer (i.e., the� in Figure 1a) goes to in�nity, we constrain
the orthogonality strictly by Gram-Schmidt orthogonalization [2], resulting in a strictly-orthogonal
HRA implementation. We apply HRA to adapt different models, including large language models
(LLMs) and conditional image generators. Experiments show that HRA consistently outperforms
state-of-the-art adapters in various tasks, achieving better performance with fewer trainable parame-
ters. Figures 1b-1c highlight the superiority of our method in natural language understanding and
mathematical reasoning tasks, and more results can be found in the following content.
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2 Related Work and Preliminaries

The early PEFT methods [57, 44, 10] apply model �ne-tuning , which keep model architectures
unchanged and only update a small portion of model parameters. To achieve better performance,soft
prompt �ne-tuning [13, 28, 30, 49] is proposed, introducing additional trainable parameters into
inputs and/or hidden layers when adapting models. Recently,adapter-based �ne-tuning [20, 62] is
proposed to improve model adaptation performance without changing model architecture. As we
mentioned before, it is often implemented based on the following strategies.

2.1 Low-rank Adaptation (LoRA)

LoRA [20] formulates trainable parameters as decomposed low-rank matrices and aggregates them
to frozen weight matrices linearly during �ne-tuning, which achieves a trade-off between ef�ciency
and effectiveness. Following LoRA, many improved low-rank adaptation methods [9, 21, 25, 31, 33,
35, 48, 54, 60, 62, 4, 11] have been proposed, which can be coarsely categorized into three classes.

• Structure Adjustment. The work in [48, 25, 62, 60] further reduces trainable parameters by
adjusting the structure of inserted low-rank matrices. VeRA [25] incorporates frozen low-rank
matrices shared across all layers with few trainable scaling vectors. DyLoRA [48] learns low-rank
matrices with different ranks and determines optimal ranks automatically. AdaLoRA [62] prunes
trainable parameters based on the importance scores of the original weight matrices.

• Initialization Improvement. Some methods [33, 35] utilize matrix decomposition methods
on the original weight matrices to initialize parameters. DoRA [33] decomposes each original
weight matrix into magnitudes and directions for �ne-tuning. PiSSA [35] performs singular value
decomposition (SVD) on each original weight matrix, where the low-rank principal matrix serves
as trainable parameters, while the residual matrix is frozen.

• Parameter Quantization. Some methods [54, 9, 31] quantize the pre-trained model to further
reduce computational costs in both training and inference. For example, QA-LoRA [54] achieves a
trade-off between quantization strength and adaptation performance with the help of a group-wise
quantization operator.

These methods have empirically demonstrated decent performance in various downstream tasks,
however, they lack theoretical guarantees regarding the retention of pre-training knowledge.

2.2 Orthogonal Fine-tuning (OFT)

LoRA and its variants have empirically demonstrated decent performance in various downstream
tasks. However, they lack theoretical guarantees regarding the retention of pre-training knowledge.
In order to address this issue, orthogonal �ne-tuning (OFT) [37, 34] is proposed, which transforms
neuron vectors within the same layer using the same set of orthogonal matrices. It preserves the
pairwise angles between neuron vectors and thus guarantees a bounded discrepancy between pre-
trained and �ne-tuned models. For instance, the OFT method in [37] adopts Cayley parameterization
to generate the block-diagonal orthogonal matrix. The BOFT [34] introduces butter�y factorization
to generate a denser orthogonal matrix from a chain of structured sparse matrices, which improves
OFT's performance with fewer trainable parameters.

Note that, besides �ne-tuning, the principle of imposing orthogonality constraints on trainable
parameters has been applied in designing robust and training-ef�cient neural network architectures,
e.g., convolution neural networks (CNNs) [14, 27], recurrent neural networks (RNNs) [51, 26], and
Transformers [59]. In particular, by constraining the orthogonality of these models' weight matrices,
we can ensure the models are 1-Lipschitz in theory and thus make them achieve provable robustness
against adversarial perturbations [47, 29] and generalization bounds [43, 24].

3 Proposed Method

3.1 Model Adaptation via Learning A Chain of Householder Re�ections

DenoteSd� 1 = f u 2 Rd j kuk2 = 1g as ad-dimensional hypersphere. For eachu 2 Sd� 1, we
can construct a Householder re�ection matrix, denoted asH , by I � 2uu > , which corresponds to
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Table 1: Comparisons for various OFT-based adapters

Method OFT [37] BOFT [34] Our HRA

Implementation R ( b) = diag(f R i g
d=b
i =1 ) B ( m;b ) =

Q m
i =1 B ( b)

i H ( r ) =
Q r

i =1 I � 2u i u >
i

Illustration

#Parameters d( b� 1)
2 � db dm ( b� 1)

2 � dmb rd

Complexity O(d(b2 + b+ dout))
O(d((b2 + b)m + dout)) � O(d(r + dout))O(d((b2 + d)m + dout))

CoverOd� d b = d f B ( m =log d;b =2)
i gd� 1

i =1 f u i gd� 1
i =1

a specular re�ection hyperplane, denoted asH. For anyx 2 Rd, Hx corresponds to re�ectingx
across the hyperplaneH, which reverses the component ofx that is orthogonal to the hyperplane.

BecauseH is an orthogonal matrix, it is natural for us to implement orthogonal adaptation based on
it — we can treatH as an adapter and multiply it with the weight matrix of the pre-trained model.
Moreover, since the set of alld � d orthogonal matrices, denoted asOd� d, satis�es all the axioms of
a group which is a compact Lie group of dimensiond(d � 1)=2, the product of orthogonal matrices is
also an orthogonal matrix [1]. Therefore, we can enhance the capacity of the adapter by constructing
a chain ofr trainable Householder re�ections, leading to our HRA method. As shown in Figure 1a,
given a weight matrixW 2 Rdout� d and an inputx 2 Rd, the forward step of HRA is

z = W H ( r ) x = W
� Y r

i =1
H i

�
x = W

� Y r

i =1
(I � 2u i u >

i )
�

x ; with f u i 2 Sd� 1gr
i =1 : (1)

Although equation 1 involves the chained product ofr + 1 dense matrices, we can leverage the
structure of Householder re�ection to simplify the computation. Letx (0) = x and x ( j +1) =
(I � 2u r � j u >

r � j )x ( j ) for j = 0 ; :::; r � 1. We implement equation 1 by the following two steps:

1) x ( j +1) = x ( j ) � 2hu r � j ; x ( j ) i u r � j ; for j = 0 ; :::; r � 1: 2) z = W x ( r ) : (2)

The �rst step involvesr vector inner products andr scalar-vector multiplications, whose complexity
is O(rd). The second step involves a matrix-vector multiplication, whose complexity isO(doutd).
Therefore, the complexity of HRA can be as low asO(d(r + dout)) .

3.2 Comparisons with Existing OFT Methods

Table 1 compares HRA with existing OFT [37] and BOFT [34] methods on their implementations,
numbers of parameters, computational complexity, and model capacity.

• The number of parameters. Both OFT and BOFT construct several orthogonal sub-matrices
in Ob� b based on Cayley transformation [12], each of which requiresb(b� 1)

2 � b2 trainable
parameters3 andO(b3) computational complexity. OFT constructs a block diagonal matrix based
on d

b sub-matrices, i.e.,R (b) = diag(f R i 2 Ob� bgd=b
i =1 ). BOFT constructsm sparse orthogonal

matricesf B d
i gm

i =1 by scattering the elements ofdm
b orthogonal sub-matrices in a butter�y manner,

such that whenm = log 2d
b , the product of them sparse matrices leads to a dense orthogonal

matrix. Therefore, according to the number of orthogonal sub-matrices, the numbers of parameters
of OFT and BOFT ared(b� 1)

2 and dm (b� 1)
2 in theory whiledbanddmb in practice. To make the

3Cayley transformation represents an orthogonal matrix inOb� b asR = ( I + A )( I � A ) � 1 , whereA is
a trainable skew-symmetric matrix. The computational complexity of(I � A ) � 1 is O(b3). Ideally, we only
needb( b� 1)

2 parameters to determineA . In practice, however, both OFT and BOFT leverage a dense parameter
matrix P 2 Rb� b to constructA as 1

2 (P � P > ), increasing the number of parameters tob2 for making the
method friendly to GPU computation.
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number of parameters comparable to OFT, BOFT often applies a smaller block size (e.g.,b = 2 or
4). It is easy to �nd that whenr = b (= mb), HRA has the same number of parameters as OFT
(BOFT). Therefore, HRA is generally comparable to OFT and BOFT regarding model size.

• Computational complexity. For the forward step of OFT, i.e.,z = W R (b) x , the computational
complexity isO(d(b2 + b+ dout)) . Here,O(db2) corresponds to applying Cayley transformation
to constructdb orthogonal sub-matrices, andO(db) andO(ddout) correspond to the matrix block
multiplication used fory = R (b) x and the matrix-vector multiplication forz = W y , respec-
tively. For the forward step of BOFT, i.e.,z = W B (m;b ) x , whereB (m;b ) =

Q m
i =1 B (b)

i , the
computational complexity isO(d(mb2 + mb + dout)) � O (d(mb2 + md + dout)) . Similar to
OFT,O(dmb2) means applying Cayley transformation to constructdm

b orthogonal sub-matrices,
O(dmb) � O (d2m) corresponds to the matrix-vector multiplications ofm butter�y matrices4 to
computey =

Q m
i =1 B (b)

i x , andO(ddout) corresponds toz = W y . When settingr � b2 + b
(� m(b2 + b)), HRA can be more ef�cient than OFT (BOFT).

• The trade-off between model capacity and regularity.The ranges of OFT, BOFT, and HRA
correspond to different subsets ofOd� d, achieving a trade-off between model capacity and regu-
larity. To cover the wholeOd� d, OFT needs to setb = d and compute a dense orthogonal matrix
with high complexity. With the help of the butter�y structure, BOFT can derive a dense orthogonal
matrix with fewer parameters. However, we need to constructf B (m;b )

i gd� 1
i =1 with m = log d and

b = 2 , such that eachB (m;b )
i (B (m;b )

i )> can represent a Householder re�ection matrix [8], and
accordingly, the chained product of thed � 1 Householder re�ections can represent an arbitrary
orthogonal matrix inOd� d. Similarly, for HRA, we need to constructd� 1 Householder re�ections
based onf u i gd� 1

i =1 to represent an arbitrary orthogonal matrix inOd� d. According to the above
analysis, BOFT and HRA are relatively easy to achieve a trade-off between model capacity and
regularity with mild computation costs — by setting smallm; b, andr , they can achieve dense
orthogonal matrices that have intrinsic low-dimensional manifold structures.

3.3 Connections with Low-rank Adaptation

Figure 2: A 2D illustration indicat-
ing that when the re�ection planesH 1

and H 2 are orthogonal, the distance
kH 2H 1w � w k2 is maximized.

Different from OFT and BOFT, HRA can also be viewed as
an adaptive low-rank adapter. Speci�cally, we can rewrite the
chain of HRs in equation 1 in the following equivalent format:

H ( r ) =
Y r

i =1
(I � 2u i u >

i ) = I + U r � r U >
r ; (3)

whereU r = [ u 1; :::; u r ] 2 Rd� r , � r = [ 
 ij ] 2 Rr � r is an
upper-triangular matrix, and it can be de�ned as

� 1 = � 2; � r =
�
� r � 1 � 2� r � 1U >

r � 1u r

0>
r � 1 � 2

�
: (4)

Accordingly, we have

W H ( r ) = W + W U r � r U >
r = W + A (W ; B )B : (5)

The above formulation can be viewed as an adaptive LoRA
that inherits the theoretical guarantee of OFT on the retention of pre-training knowledge. The low-rank
matrix B = U r , is constructed by normalized vectors, while the low-rank matrixA = [ a1; :::; a r ] is
parameterized asW U r � r , which can be treated as a function ofW andB . Therefore, similar to
OFT and BOFT, HRA ensures that the columns ofW H ( r ) are always in the column space ofW .

3.4 Enhancing The Orthogonality of Householder Re�ections for Stronger Regularity

Besides the number of Householder re�ections, the orthogonality of them also impacts the regularity
of HRA. Speci�cally, the supreme change of the weight matrixW , i.e.,supH ( r ) kW � W H ( r ) kF

4Because of their non-block sparsity patterns, butter�y matrices are not friendly to modern hardware like
GPUs [5]. Ideally, we can apply sparse matrix-vector multiplication withO(dmb) operations, but when applying
GPUs, we often treat butter�y matrices as ordinary dense matrices, which results inO(d2b) operations.
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Table 2: Results (%) of various methods on the GLUE development set. The best results on each dataset are
shown inbold, and the second best results are shown inunderline. We report the matched accuracy for MNLI,
Matthew's correlation for CoLA, and average correlation for STS-B.

Method #Param (M)MNLI SST-2 CoLA QQP QNLI RTE MRPC STS-B All

Full Fine-tune 184 89.90 95.63 69.1992.40 94.03 83.75 89.46 91.60 88.25
BitFit 0.10 89.37 94.84 66.96 88.41 92.24 78.70 87.75 91.35 86.20
H-Adapter 1.22 90.13 95.53 68.64 91.91 94.11 84.48 89.95 91.48 88.28
P-Adapter 1.18 90.33 95.61 68.77 92.04 94.29 85.20 89.46 91.54 88.41
LoRA r =8 1.33 90.65 94.95 69.82 91.99 93.87 85.20 89.95 91.60 88.50
AdaLoRA 1.27 90.76 96.10 71.45 92.2394.55 88.09 90.69 91.84 89.46
OFT b=16 0.79 90.33 96.33 73.91 92.10 94.07 87.36 92.16 91.9189.77
BOFT m =2

b=8 0.75 90.25 96.44 72.95 92.10 94.23 88.8192.40 91.92 89.89

HRA r =8 ; � =0 0.66 90.70 96.45 73.70 91.29 94.66 88.45 93.69 91.86 90.10
HRA r =8 ; � =10 � 5 0.66 90.43 96.79 71.91 91.02 94.4489.53 94.10 91.74 90.00
HRA r =8 ; � = 1 0.66 90.52 95.87 70.71 90.71 94.12 87.00 92.59 91.54 89.13

(or, equivalently,supU r
kW U r � r U >

r kF ), is achieved whenU r consists of the top-r right singular
vectors ofW . In such a situation,U r is an orthogonal matrix, i.e.,U >

r U r = I r . When the
orthogonality is not held,kW U r � r U >

r kF is reduced, as illustrated in Figure 2. In other words,
when adapting the pre-trained model, enhancing the orthogonality ofU r imposes stronger regularity
on the adapter — it encourages the discrepancy between the target model and the original pre-trained
model while restricting the feasible domain of the adapter's parameter matrix.

Motivated by the above analysis, we can implement HRA with an orthogonality regularizer. Typically,
given a pre-trained modelM , we can adaptL weight matrices of the model based on a datasetD by
solving the following optimization problem:

minf U ( l )
r gL

l =1
Loss(D; f U ( l )

r gL
l =1 ) + �

X L

l =1
kI r � (U ( l )

r )> U ( l )
r k2

F ; (6)

whereU ( l )
r denotes the parameters of HRA for thel-th weight matrix. In equation 6, the �rst term

denotes the loss function, while the second term is the proposed regularizer that encourages the
orthogonality of allU ( l )

r 's, whose signi�cance is controlled by� > 0. Because it does not change
the forward step of HRA, this regularizer only increases the adaptation cost slightly.

As shown in Figure 1a, by controlling the strength of the orthogonality regularizer, we can achieve a
trade-off between the model capacity and regularity. When� = 0 , the feasible domain ofU r is the
set of column-normalized matrices, and accordingly, the model capacity is maximized. In contrast,
when� ! 1 , the feasible domain ofU r is the set of orthogonal matrices (i.e.,Od� r ), leading to
the strongest regularity. When� = 1 , we implement a strictly-orthogonal HRA based on Gram-
Schmidt (GS) orthogonalization. For each layer's HRA adapter, we initialize its parameter matrix as
Vr 2 Rd� r and applying Gram-Schmidt orthogonalization [2] to it, i.e., U r = GS(Vr ). As shown in
Figure 1a, in such a situation, the forward step of each adapter becomesz = W (I � 2U r U >

r )x , and
the computational complexity becomesO(d(r 2 + r + dout)) , where additionalO(dr2) operations
are used for Gram-Schmidt orthogonalization. According to Table 1, the complexity of this strictly-
orthogonal HRA is comparable to OFT [37] whenr = b.

4 Experiments

To demonstrate the effectiveness of HRA, we conduct comparative experiments for HRA and state-
of-the-art adaptation methods on three models oriented to different tasks, including DeBERTaV3-
base [15] for natural language understanding, LLaMA2-7B [46] for mathematical reasoning, and
Stable Diffusion [40] for conditional text-to-image generation. Typical results are shown below.
More results and implementation details are provided in the Appendix.

In each experiment, we set the number of HRs (i.e.,r ) to ensure that HRA has comparable or fewer
trainable parameters than existing adaptation methods (including LoRA, OFT, and their variants).
Setting� 2 (0; 1 ) leads to the proposed HRA method, and we demonstrate the robustness of HRA
to the� in a wide range. By default, we set� 2 [10� 5; 10� 3] in the experiments. Furthermore, to
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analyze the trade-off between model capacity and regularity, we consider two variants of HRA:i )
the HRA without the orthogonality regularization (� = 0 ) andii ) the strictly-orthogonal HRA using
GS orthogonalization (i.e.,� = 1 ). For convenience, we denoteHRA r ;� as the HRA learningr
Householder re�ections per layer with an orthogonality regularizer weighted by� .

4.1 Natural Language Understanding

Figure 3: The robustness of HRA (r = 8 ) to � on
MRPC.

We adapt DeBERTaV3-base [15] by different methods
and test the performance of the adapted models on the
General Language Understanding Evaluation (GLUE)
benchmark [50]. Following AdaLoRA [62] and
BOFT [34], we consider eight tasks of GLUE in this
experiment, including two single-sentence tasks, three
similarity and paraphrase tasks, and three inference
tasks. The experimental results in Figure 1b and
Table 2 show that using fewer trainable parameters,
HRA achieves the best or comparable results across
all datasets and thus leads to the best average perfor-
mance. These results demonstrate the ef�ciency and
effectiveness of HRA.

In this experiment, the HRA without the regularization
(i.e., � = 0 ) and that using weak regularization (i.e.,
� = 10 � 5) achieves comparable adaptation results,
while imposing strong regularity by strict orthogonal-
ity (i.e., � = 1 ) harms the model performance. This interesting phenomenon implies that the
adaptation tasks in GLUE are challenging enough to apply the adapter with suf�cient capacity.
Figure 3 shows the performance of HRA on MRPC when� 2 [10� 7; 10� 3]. We can �nd that HRA
achieves relatively stable performance when� changes in a wide range.

4.2 Mathematical Reasoning of LLM

Figure 4: The robustness of HRA (r = 8 ) to � in
mathematical reasoning tasks.

We adapt LLaMA2-7B [46] on the MetaMathQA
dataset [56] by different adaptation methods and test
the adaptation performance on the GSM8K [7] and
MATH [ 56] validation sets. Following LoRA [20],
each method only adapts the query and value projec-
tion matrices of LLaMA2-7B. The results in Figure 1c
show that HRA outperforms its competitors on both
GSM8K and MATH when we setr = 32 and make
it have the same number of trainable parameters as
BOFT [34]. Furthermore, the HRA withr = 16 uti-
lizes only half the trainable parameters of BOFT yet
still surpasses its performance, which demonstrates
the ef�ciency of HRA. In addition, the HRA with the
orthogonality regularization achieves a trade-off be-
tween model capacity and regularity. In Figure 4, we
test the robustness of HRA to� , demonstrating that
the performance of the HRA withr = 8 is stable when� 2 [10� 5; 10� 3]. For the HRA using more
HRs (e.g.,r = 16 and32), we set� = 10 � 4 based on this robustness test result, balancing the
performance on GSM8K and MATH. As shown in Table 1c, the best performance is achieved when
r = 32 and� = 10 � 4.

Besides, to verify whether HRA can better retain pre-training knowledge, we �ne-tune LLaMA-2
7B on the MATHQA dataset by LoRA and HRA, respectively, and check the degradation of model
performance on classic NLP tasks, including typical language tasks in ARC [55], HellaSwag [58],
MMLU [ 17], Winogrande [42], and a coding task in HumanEval [6]. Ideally, after adaptation,
we hope that the model can still maintain its high performance in the NLP tasks. The results in
Table 3 show that compared to LoRA, HRA retains more of the original model's knowledge, whose
performance degradation is less severe than LoRA's. In the HumanEval task, its performance is even
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Table 3: The results (%) of LLaMA2-7B on classic natural language processing tasks after �ne-tuned on
MATHQA by LoRA and HRA, respectively.

Method ARC HellaSwag MMLU Winogrande HumanEvalOverall Impact

LLaMA2-7B 49.74 58.90 45.92 74.11 12.80 —

Fine-tuned by LoRA 48.81 56.89 40.60 71.27 11.59 -6.03%
Fine-tuned by HRA 49.57 57.72 41.20 73.32 13.41 -1.79%

Table 4: Results of various methods on subject-driven generation and controllable generation. For each evaluation
metric, the best result is shown inbold, and the second best result is shown inunderline. For HRA and its
variants, we setr = 7 and8 for subjective-driven generation and controllable generation, respectively.

Method #Param Subject-driven generation #Param Controllable generation

(M) DINO^ CLIP-I^ CLIP-T^ LPIPŜ (M) C2I S2I L2F
IoU^ F1̂ mIoU^ mAcĉ aAcĉ Error_

Real Images - 0.764 0.890 - 0.562 - - - - - - -

DreamBooth 859.52 0.614 0.778 0.239 0.737859.52 0.049 0.093 7.72 14.40 33.61 146.19
ControlNet - - - - - 361.30 0.189 0.317 20.88 30.91 61.42 7.61
T2I-Adapter - - - - - 77.00 0.078 0.143 16.38 26.31 51.63 23.75
LoRA 0.8 0.613 0.765 0.237 0.744 1.25 0.168 0.286 22.98 35.52 58.03 7.68
COFTb=4 23.3 0.630 0.783 0.235 0.744 26.40 0.195 0.325 26.92 40.08 62.96 6.92
OFT b=4 23.3 0.632 0.785 0.237 0.746 26.40 0.193 0.323 27.06 40.09 62.42 7.07
BOFT m =4

r =8 - - - - - 20.76 - - 28.83 41.24 67.74 5.67

HRA r =7 ;8 � =0 0.69 0.670 0.803 0.238 0.758 0.89 0.213 0.350 29.45 42.0266.83 5.56
HRA r =7 ;8 � =10 � 3 0.69 0.661 0.799 0.255 0.760 0.89 0.205 0.339 29.27 40.89 67.86 5.46
HRA r =7 ;8 � = 1 0.69 0.651 0.794 0.274 0.778 0.89 0.201 0.334 28.15 40.22 64.95 11.11

better than that of the original model (which we think is because the MATHQA dataset contains many
samples relevant to logic and reasoning tasks and thus is useful in the HumanEval task).

4.3 Controllable Text-to-Image Diffusion Models

Following OFT [37] and BOFT [34], we evaluate HRA on adapting pre-trained Stable Diffu-
sion (SD) [40] for subject-driven generation and controllable generation, respectively. For a fair
comparison, we employ experimental procedures and evaluation metrics as the same as OFT [37]:

• Subject-driven generation. Given several images of a speci�c subject and a textual prompt,
subject-driven generation aims to generate images of the same subject in a context aligning with
the prompt. Taking SD as the backbone model, we evaluate the generation performance of different
model adaptation methods, including DreamBooth [41], LoRA [20], OFT and its variant COFT [37],
and our HRA. Following DreamBooth [41], we train and evaluate on generating 25 subjects, each
of which corresponds to 30 prompts.

• Controllable generation. Controllable generation aims to generate images aligning with a textual
prompt and additional control signals (such as facial landmark annotations, canny edges, and
segmentation maps). We conduct experiments on three challenging controllable generation tasks:
Canny edge to image (C2I) on the COCO dataset [32], landmark to face (L2F) on the CelebA-HQ
dataset [23, 52], and segmentation map to image (S2I) on the ADE20K dataset [64]. In this
experiment, we use DreamBooth [41], ControlNet [61], T2I-Adapter [36], LoRA [20], OFT and its
variant COFT [37], and BOFT [34] as baselines.

Table 4 shows the quantitative experimental results. In the subject-driven generation task, we evaluate
three crucial aspects of generated images: subject �delity (DINO [3], CLIP-I [38]), textual prompt
�delity (CLIP-T [ 38]), and sample diversity (LPIPS [63]). It can be observed that HRA achieves
remarkable improvement across almost all metrics. In addition, we �nd that without the orthogonality
(� = 0 ), HRA achieves the highest subject �delity while sacri�cing textual prompt �delity and sample
diversity to some extent, while the strictly-orthogonal HRA (� = 1 ) shows opposite tendencies.
Applying the orthogonality regularization with� = 10 � 3 makes HRA balance the performance in all
the metrics. Similarly, in the three controllable generation tasks, HRA demonstrates stronger and more
precise control compared to the baselines. However, in these tasks, the strictly-orthogonal HRA leads
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a [V] clock on top of green grass with sun�owers around it

a red [V] clock

a [V] teapot on top of a purple rug in a forest

a [V] teapot �oating on top of water

a [V] vase in the snow

a [V] vase with a wheat �eld in the background

Original Images LoRA OFT HRA7;0 HRA7;10 � 3 HRA7;1

Figure 5: Qualitative results on subject-driven generation.

to suboptimal performance. It means that these tasks require our adapter to have suf�cient capacity,
but the strict orthogonality constrains its capacity too much. In both tasks, HRA demonstrates the
smallest number of trainable parameters among the compared methods. Figures 5 and 6 provide
typical qualitative results, demonstrating that the images generated based on HRA have good visual
effects and well-aligned semantics.

5 Conclusion

In this study, we have proposed a simple but effective Householder re�ection adaptation method and
have demonstrated its usefulness in various adaptation tasks. The proposed HRA method bridges the
gap between low-rank and orthogonal adaptation strategies. It simpli�es the implementation of OFT
while inheriting its theoretical guarantees on the retention of pre-training knowledge. In addition,
we show that controlling the orthogonality of the Householder re�ections can achieve the trade-off
between HRA's model capacity and its regularity. In the future, we would like to improve HRA for
practical applications, including accelerating its computation, reducing its memory cost, exploring
other regularizers for parameter matrices, and adjusting the weights of the regularizers automatically.
We also plan to test HRA on adapting more advanced LLMs, e.g., LLaMA3 and Grok-1.
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Ref. Img Control LoRA OFT HRA8;0 HRA8;10 � 5 HRA8;1

Prompt: A baseball game being played.

Prompt: A plate with a slice of orange on it.

Prompt: A sheep crossing a dirt road.

Prompt: A man smiling for the camera.

Prompt: A young boy smiling for the camera.

Prompt: A man with sunglasses on.

Prompt: A brick building.

Prompt: A tree stump.

Prompt: A building with a car parked in front of it.

Figure 6: Comparisons for various adaptation methods on controllable generation, in which the control signals
include Canny edges, face landmarks, and semantic segmentation results of reference images.
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A The Impacts of Orthogonality

Given a weight matrixW 2 Rdout� d, we assume thatdout � d. Denote the SVD ofW asQ� V > ,
where� = diag(� 1; :::; � d), � 1 � � 2 � ::: � � d, andV = [ v1; :::; vd] is the right singular matrix.

Whenr = 1 , we have

kW � W H (1) k2
F = 4kW u 1u >

1 k2
F = 4 tr(u >

1 V � 2V u 1); for u 1 2 Sd� 1: (7)

Obviously, whenu 1 = v1, the distance betweenW andW H (1) is maximized.

Applying mathematical induction, we assume thatkW � W H ( r ) kF is maximized whenU r =
Vr = [ v1; :::; vr ] for r < d .

Then, in the case ofr + 1 , for u 2 Sd� 1, we have

kW � W H ( r +1) k2
F = kW � W H ( r ) (I � 2uu > )k2

F = 4kW V r V >
r � W uu > k2

F ; (8)

where the equations are based on the facts thati ) HR and the chain of HRs are unitary matrices and
ii ) the Frobenius norm is unitary-invariant.

Note that,V = [ v1; :::; vd] = [ Vr ; Vd� r ] works as an orthonormal basis ofRd, so we haveu =
V � = Vr � r + Vd� r � d� r , where� = [ � r ; � d� r ] 2 Sd� 1. Accordingly, we rewrite equation 8 as

kW � W H ( r +1) k2
F

=4kW V r V >
r � W uu > k2

F

=4k� V > Vr V >
r � � V > uu > k2

F

=4 tr([Vr ; 0d� (d� r ) ]�
2[Vr ; 0d� (d� r ) ]

> ) � 8tr([Vr ; 0d� (d� r ) ]�
2V > uu > ) + 4 tr(u > V � 2V > u)

=4
X r

i =1
� 2

i + 4 tr(� > � 2� ) � 8tr(� >
r � 2

r � r )

=4
X r

i =1
� 2

i + 4 tr(� >
d� r � 2

d� r � d� r ) � 4tr(� >
r � 2

r � r );

where� = diag(� r ; � d� r ). Obviously, when� r = 0r and� d� r = [1 ; 0; ::; 0]> 2 Rd� r , the dis-
tance betweenW andW H ( r +1) is maximized. In such a situation,u = V � = vr +1 , corresponds
to the(r + 1) -th right singular vector, andU t +1 = Vt +1 accordingly.

B Implementation Details

B.1 Natural Language Understanding

Following BOFT [34], we use the same batch size (i.e.,32 for each task), maximum sequence length,
and tune the learning rate, number of training epochs, warm-up steps, as well as� in the HRA
method. Additionally, the dropout rate is consistently set to 1E-01. We adapt every linear layer in
DeBERTaV3-base and freeze the pre-trained weights for all tasks. Both training and testing are
conducted on 7 NVIDIA GeForce RTX 3090 GPUs. Detailed hyperparameter setups are presented in
Table 5.

Table 5: The hyperparameters for DeBERTaV3-base on tasks included in the GLUE benchmark.

Method Dataset MNLI SST-2 CoLA QQP QNLI RTE MRPC STS-B

HRAr =8 ;� =0

Epochs 8 10 34 12 12 11 60 39
Learning Rate 1E-02 3E-03 9E-03 8E-03 1E-02 5E-03 6E-03 5E-03
Warm Up Steps 1000 500 100 1000 500 50 50 50
Max Seq. Len. 256 128 64 320 512 320 320 128

HRAr =8 ;� =10 � 6

Epochs 5 8 12 11 6 44 35 30
Learning Rate 2E-03 2E-03 2E-03 2E-03 2E-03 1E-03 1E-03 9E-04
Warm Up Steps 1000 500 100 1000 500 50 50 50
Max Seq. Len. 256 128 64 320 512 320 320 128
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B.2 Mathematical Reasoning

Following BOFT [34], we �ne-tune the LLaMA2-7B model on the �rst generated 512 tokens, which
is suf�cient for these two tasks. In all experiments, we use the cosine learning scheduler. We �x the
training epoch and the warm-up ratio as 2 and 0.005, respectively. We follow the evaluation tools
in MetaMathQA [56], where they use the Alpaca [45] prompt and evaluate the model in zero-shot.
The generation temperature is set as 0 for both tasks. In our proposed method, the learning rate of
HRA� =0 is set to 1E-05, HRA� =10 � 4 is set to 3E-05, and HRA� = 1 is set to 1E-03. Both training
and testing are conducted on 8 NVIDIA L20 GPUs.

B.3 Subject-driven Generation

Following OFT [37], we use the same AdamW optimizer with a weight decay of 1E-02 and �ne-tune
the linear layers includingW q, W k , W v , andW o in the UNet model. The learning rate is set to
7E-06, with a batch size of 1, and the number of training steps is approximately 2000 steps. Both
training and testing are conducted on 7 NVIDIA GeForce RTX 3090 GPUs.

B.4 Controllable Generation

Our data processing procedure and architecture design are consistent with OFT [37]. In addition to
injecting trainable HRA weights into the stable diffusion model, we employ a lightweight neural
network [16] to encode the control signals. We �ne-tune the model for 11 epochs for C2I and 20
epochs for L2F and S2I. The learning rate is set to 3E-05 with a batch size of 8 for all three tasks.
Both training and testing are conducted on 8 NVIDIA RTX A6000 GPUs.

B.5 Analysis of Computational Cost and Robustness

To compare the computational ef�ciency, we adapt LLaMA2-7B on the MetaMathQA dataset by
HRA and other baselines and test their training time and GPU memory costs. For a fair comparison,
we conduct all the experiments on 8 NVIDIA RTX A6000 GPUs and apply the same batch size and
almost the same number of trainable parameters across all the models. The results in Table 6 show
that HRA's peak memory usage is comparable to that of baselines, while its training time is less.
These results demonstrate HRA's superiority in computational ef�ciency and adaptation performance.

Table 6: The comparison for various models on their computational ef�ciency.

Method Param. RatioTraining time (hours) Peak memory usage (GB)

LoRA 0.12% 45 279
OFT 0.13% 53 282
HRA 0.12% 30 287

To analyze the impact of orthogonality, we conduct mathematical reasoning experiments with different
values of� . The results in Table 7 show that a) the performance of HRA is relatively stable concerning
the change of� , b) in the wide range of� , HRA is superior to the baselines, c) even if ignoring
the regularizer(� = 0 ), our method still outperforms the baselines. These results demonstrate the
effectiveness and robustness of implementing orthogonal adaptation based on Householder re�ections.
In the future, we will consider further analyzing the impacts of� in theory.

Table 7: Results (%) of HRA with other values of� for mathematical reasoning.

Method Param. RatioGSM8K MATH

LoRAr =32 0.25% 50.2 7.8
OFTb=16 0.13% 50.1 8.4
HRAr =32 ;� = 1 0.12% 52.8 9.2
HRAr =32 ;� =1 e� 1 0.12% 53.6 8.3
HRAr =32 ;� =1 e� 4 0.12% 56.3 9.3
HRAr =32 ;� =1 e� 8 0.12% 53.6 8.6
HRAr =32 ;� =0 0.12% 55.8 9.0
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C More Experimental Results

C.1 Subject-driven Generation

a [V] backpack with a city in the background

a [V] backpack with a blue house in the background

a [V] stuffed animal on the beach

a [V] stuffed animal on top of a wooden �oor

a [V] cat wearing a red hat

a [V] cat wearing pink glasses

a [V] dog wearing a santa hat

a [V] dog wearing a rainbow scarf

Original Images LoRA OFT HRA7;0 HRA7;10 � 3 HRA7;1

Figure 7: More qualitative results on subject-driven generation.
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a [V] sneaker with a tree and autumn leaves in the background

a [V] sneaker on top of a dirt road

a [V] toy on top of pink fabric

a [V] toy on top of a white rug

a [V] backpack on a cobblestone street

a [V] backpack with the Eiffel Tower in the background

a [V] cat on top of a wooden �oor

a [V] cat with a city in the background

Original Images LoRA OFT HRA7;0 HRA7;10 � 3 HRA7;1

Figure 8: More qualitative results on subject-driven generation.
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