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Abstract

To generate data from trained diffusion models, most inference algorithms, such as
DDPM [17], DDIM [31], and other variants, rely on discretizing the reverse SDEs
or their equivalent ODEs. In this paper, we view such approaches as decomposing
the entire denoising diffusion process into several segments, each corresponding to
a reverse transition kernel (RTK) sampling subproblem. Specifically, DDPM uses a
Gaussian approximation for the RTK, resulting in low per-subproblem complexity
but requiring a large number of segments (i.e., subproblems), which is conjectured
to be inefficient. To address this, we develop a general RTK framework that enables
a more balanced subproblem decomposition, resulting in O(1) subproblems,
each with strongly log-concave targets. We then propose leveraging two fast
sampling algorithms, the Metropolis-Adjusted Langevin Algorithm (MALA) and
Underdamped Langevin Dynamics (ULD), for solving these strongly log-concave
subproblems. This gives rise to the RTK-MALA and RTK-ULD algorithms for
diffusion inference. In theory, we further develop the convergence guarantees
for RTK-MALA and RTK-ULD in total variation (TV) distance: RTK-ULD
can achieve e target error within O(d'/2¢~') under mild conditions, and RTK-
MALA enjoys a O(d?log(d/¢)) convergence rate under slightly stricter conditions.
These theoretical results surpass the state-of-the-art convergence rates for diffusion
inference and are well supported by numerical experiments.

1 Introduction

Generative models have become a core task in modern machine learning, where the neural networks
are employed to learn the underlying distribution from training examples and generate new data points.
Among various generative models, denoising diffusions have produced state-of-the-art performance in
many domains, including image and text generation [14, 2, 28, 29], text-to-speech synthesis [27], and
scientific tasks [34, 37, 5]. The fundamental idea involves incrementally adding noise and gradually
transform the data distribution to a prior distribution that is easier to sample from, e.g., Gaussian
distribution. Then, diffusion models parameterize and learn the score of the noised distributions to
progressively denoise samples from priors and recover the data distribution [36, 32].

Under this paradigm, generating data in denoising diffusion models involves solving a series of
sampling subproblems, i.e., generating samples from the distribution after one-step denoising. To
this end, DDPM [17], one of the most popular sampling methods in diffusion models, has been
developed for this purpose. DDPM uses the Gaussian transition with carefully designed mean and
covariance to approximate the solutions to these sampling subproblems. By sequentially stacking
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a series of Gaussian transitions, DDPM successfully generates high-quality samples that follow
the data distribution. The empirical success of DDPM has immediately triggered various follow-
up work [33, 25], aiming to accelerate the inference process and improve the generation quality.
Alongside rapid empirical research on diffusion models and DDPM-like sampling algorithms [19, 39],
theoretical studies have emerged to analyze the convergence and sampling error of DDPM. In
particular, [21, 24, 8, 7, 3, 9] have established polynomial convergence bounds, in terms of dimension
d and target sampling error ¢, for the generation process under various assumptions. Previous work
usually assume the score estimation error to construct the sampling analysis [8, 15, 3, 19]. A typical
bound under minimal data assumptions on the score of the data distribution is provided by [8, 3],
which establishes an @(de_Q) score estimation guarantees to sample from data distribution within
e-sampling error in the Total Variation (TV) distance.

In essence, the denoising diffusion process can be approached through various decompositions of
sampling subproblems, where the overall complexity depends on the number of these subproblems
multiplied by the complexity of solving each one. Within this framework, DDPM can be regarded
as a specific solver for the denoising diffusion process that heavily prioritizes the simplicity of
subproblems over their quantity. In particular, it adopts simple one-step Gaussian approximations
for the subproblems, with O(1) computation complexity, but needs to deal with a relatively large
number—approximately O(de~2)—of target subproblems to ensure the cumulative sampling error
is bounded by € in TV distance. This imbalance raises the question of whether the DDPM-like
approaches stand as the most efficient algorithm, considering the extensive potential subproblem
decompositions of the denoising diffusion process. We therefore aim to:

accelerate the inference of diffusion models via a more balanced subproblem
decomposition in the denoising process.

In this work, we propose a novel framework called reverse transition kernel (RTK) to achieve
exactly that. Our approach considers a generalized subproblem decomposition of the denoising
process, where the difficulty of each sampling subproblem and the total number of subproblems are
determined by the step size parameter 7). Unlike DDPM, which requires setting 17 = €2, resulting in
approximately O(1/n) = O(1/€?) subproblems, our framework allows 7 to be feasible in a broader
range. Furthermore, we demonstrate that a more balanced subproblem decomposition can be attained
by carefully selecting n = ©(1) as a constant, resulting in approximately O(1) sampling subproblems,
with each target distribution being strongly log-concave. This nice property further enables us to
efficiently solve the sampling subproblems using well-established acceleration techniques, such as
Metropolis Hasting step and underdamped discretization, without encountering many subproblems.
Consequently, our proposed framework facilitates the design of provably faster algorithms than
DDPM for performing diffusion inference. Our contributions can be summarized as follows.

* We propose a flexible framework that enhances the efficiency of diffusion inference by balancing
the quantity and hardness of RTK sampling subproblems used to segment the entire denoising
diffusion process. Specifically, we demonstrate that with a carefully designed decomposition, the
number of sampling subproblems can be reduced to approximately O(1), while ensuring that all
RTK targets exhibit strong log-concavity. This capability allows us to seamlessly integrate a range
of well-established sampling acceleration techniques, thereby enabling highly efficient algorithms
for diffusion inference.

* Building upon the developed framework, we implement the RTK using the Metropolis-Adjusted
Langevin Algorithm (MALA), making it the first attempt to adapt this highly accurate sampler
for diffusion inference. Under slightly stricter assumptions on the estimation errors of the energy
difference and score function, we demonstrate that RTK-MALA can achieve linear convergence
with respect to the sampling error e, specifically O(log(1/¢)), which significantly outperforms the
@(1 /€?) convergence rate of DDPM [8, 3]. Additionally, we consider the practical diffusion model
where only the score function is accessible and develop a score-only RTK-MALA algorithm. We
further prove that the score-only RTK-MALA algorithm can achieve an error € with a complexity
of @(6_2/ (u=1) . 2%) where u can be an arbitrarily large constant, provided the energy function
satisfies the u-th order smoothness condition.

* We further implement Underdamped Langevin Dynamics (ULD) within the RTK framework. The
resulting RTK-ULD algorithm achieves a state-of-the-art complexity of O(d'/2¢~1) for both d



and ¢ dependence under some mild assumptions as [13]. Compared with the O(de~2) complexity
guarantee for DDPM, it improves the complexity with an O(d'/2¢~1) factor. This result also
matches the state-of-the-art convergence rate of the ODE-based methods [9], though those methods
require Lipschitz conditions for both the ground truth score function and the score neural network.

2 Preliminaries

In this section, we first introduce the notations used in subsequent sections. Then, we present
several distinct Markov processes to demonstrate the procedures for adding noise to existing data and
generating new data. Besides, we specify the assumptions required for the target distribution in our
algorithms and analysis.

Notations. We say a complexity 7.: R — R to be h(n) = O(n¥) or h(n) = O(n*) if the complexity
satisfies h(n) < ¢ - n* or h(n) < ¢ - n*[log(n)]*" for absolute contant ¢, k and k’. We use the
lowercase bold symbol X to denote a random vector, and the lowercase italicized bold symbol X
represents a fixed vector. The standard Euclidean norm is denoted by || - ||. The data distribution is
presented as p, o< exp(— f.). Besides, we define two Markov processes RY, i.e.,

Xe}iejom s Xien ke{0,1,....K}’ where  T'= K7.

In the above notations, 7" presents the mixing time required for the data distribution to converge
to specific priors, K denotes the iteration number of the generation process, and 7 signifies the
corresponding step size. Further details of the two processes are provided below.

Adding noise to data with the forward process. The first Markov process {X;} corresponds
to generating progressively noised data from p,. In most denoising diffusion models, {X;} is an
Ornstein—Uhlenbeck (OU) process shown as follows

dx; = —xdt +v/2dB; where Xg ~ p, o exp(—f.). )

If we denote underlying distribution of X; as p; o exp(—f;) meaning fo = f, the forward OU
process provides an analytic form of the transition kernel, i.e.,
2 53
/ — X — e~ (-Dx
X', X —d/2
peojp(X'|X) = po(X\X) o e cexpd £ @
pe(X)

2 1 — e—2(-1)

for any ¢’ > t, where Py, denotes the joint distribution of (X40, Xt ). According to the Fokker-Planck
equation, we know the stationary distribution for SDE. (1) is the standard Gaussian distribution.

Denoising generation with a reverse SDE. Various theoretical works [21, 24, 8, 7, 3] based on
DDPM [17] consider the generation process of diffusion models as the reverse process of SDE. (1)
denoted as {X;}. According to the Doob’s h-Transform, the reverse SDE, i.e., {X;™ }, follows from

dX; = (X" + 2V Inpr_y(x{")) dt + v2dBy, ©)

whose underlying distribution p;~ satisfies pr_; = p; . Similar to the definition of transition kernel
shown in Eq. (2), we define pjs,(X'|X) = pjo , (X', X)/p;~ (X) for any ¢’ > ¢ > 0 and name it as
reverse transition kernel (RTK).

To implement SDE. (3), diffusion models approximate the score function V In p; with a parameterized
neural network model, denoted by S ;, where denotes the network parameters. Then, SDE. (3) can
be practically implemented by

dX; = (X¢ + 2S¢, 71—k (Xky)) dt + V2dB, for te [kn, (k+1)n) “)
with a standard Gaussian initialization, X ~ N'(0, 1). Eq. (4) has the following closed solution
P
Xetrtyy = €1 Xy —2(1 —€")So. 7y (Xey) +  €*1—1-& and &~ N(O, 1), 5)

which is exactly the DDPM algorithm.



DDPM approximately samples the reverse transition kernel DDPM can also be viewed as an
approximated sampler for RTK, i.ept,ojt(x(ix) for somet®> t . In particular, the update of DDPM

at the iteratiork applies the Gaussian-type transition, i.e.,
Pk+1) jk (IX)=N ex 2(1 e)st « (x); (e 1)1 : (6)

to approximate the distributiopy, ;) ;, (jx) [17]. Speci cally, by the chain rule of KL divergence,
the gap between the data distributipnand the generated distributipn satis es

1 h i
KL pr p KL Xo po + Ex e KL Prey jk (JX) Py jx (JX) 3 (7
k=0
whereK = T= is the total number of iterations. For DDPM, to guarantee a small sampling error,
we need to use a small step sizeo ensure tha, 1) j Is suf ciently close tOP(41) ik . Then,

the required iteration numbeks = T= will be large and dominate the computational complexity.
In Chen et al[8, 10], it was shown that one needs to set O( 2) to achieve sampling error in
TV distance (assuming no score estimation error) and the total complekity=isO(1= 2).

Intuition for General Reverse Transition Kernel. As previously mentioned, DDPM approximately
solves RTK sampling subproblems using a small step siz&hile this allows for ef cient one-step
implementation, it necessitates a large number of RTK sampling problems. This naturally creates a
trade-off between the quantity of RTK sampling problems and the complexity of solving them. To
address this, one can consider a larger step siméhich results in a relatively more challenging RTK
sampling targep gy i and a reduced number of sampling probleiis{ T= ). By examining a

general choice for the step sizethe generation process of diffusion models can be depicted through

a comprehensive framework of reverse transition kernels, which will be explored in depth in the
following section. This framework enables the design of various decompositions for RTK sampling
problems and algorithms to solve them, resulting in an extensive family of generation algorithms for
diffusion models (that encompasses DDPM). Consequently, this also offers the potential to develop
faster algorithms with lower computational complexities, e.g., applying fast sampling algorithms for
sampling the RTK, i.ep(k+1) ik with a reasonably large.

General Assumptions.Similar to the analysis of DDPMg] 7], we make the following assumptions
on the data distributiop that will be utilized in the theory.

[Al] Forallt O, the score Inp; isL-Lipschitz. hoi

[A2] The second moment of the target distributnis upper bounded, i.eE, k k? = m3.

AssumptionfA1l] is standard one in diffusion literature and has been used in many prior wiprks [

10, 21, 9]. Moreover, we do not require the isoperimetric conditions, e.g., the establishment of the
log-Sobolev inequality and the Poincaré inequality for the data distribpti@s R1], and the convex
conditions for the energy functidn as f]. Therefore, our assumptions cover a wide range of highly
non-log-concave data distributions. We emphasize that Assumjgtignrmay be relaxed only to
assume the target distribution is smooth rather than the entire OU process, based on the technique in
[7] (see rough calculations in their Lemmas 12 and 14). We do not include this additional relaxation
in this paper to clarify our analysis. Assumptipk?] is one of the weakest assumptions being
adopted for the analysis of posterior sampling.

3 General Framework of Reverse Transition Kernel

This section introduces the general framework of Reverse Transition Kernel (RTK). As mentioned in
the previous section, the framework is built upon the general setup of segmentation: each segment
has length ; within each segment, we generate samples according to the RTK target distributions.
Then, the entire generation process in diffusion models can be considered as the combination of a
series of sampling subproblems. In particular, the inference process via RTK is displayed in Alg. 1.

The implementation of RTK framework.  We begin with a new Markov proce$§®x k=0 :1:-k

satisfyingk = T, where the number of segmeiits segment length, and length of the entire
processT correspond to the de nition in Section 2. Consider the Markov prof#gsg as the



Algorithm 1 INFERENCE WITHREVERSETRANSITION KERNEL (RTK)

1: Input: Initial particle®o sampled from the standard Gaussian distribution, Iteration nukaber
Step size , required convergence accuragy

2: fork=0toK 1do

3: Draw sampl&® (;+1y with MCMCs fromp+1) jk (jR« ) which approximates the ground-
truth reverse transition kernel, i.e.,

!
KR z e K )

21 e ?2) ®)

Pk+1) jk (zjR« )1 exp( 9(z)) =exp fik « 1 (2)

4: return Rk .

generation process of diffusion models with underlying distributighs g, we requirgd = N (0;1)
andpy p . which is similar to the Markov process, g. In order to make the underlying
distribution of output particles close to the data distribution, we can gengrateith Alg. 1, which

is equivalent to the following steps:
« Initialize ® ¢ with an easy-to-sample distribution, e.§.(0; 1), which is close tgk .
* Update particles by drawing samples fré@.1) jk (j&k ), which satis es

P+ jk (1Rk ) Prsyy jk (1R )

Under these conditions, ik (z) pk « (z),thenwe have
D E

Pik+1) (2)= P+ jk (2 )ik () P+ jk (Z1)iPc () = P+ (2)

foranyk 2 f 0;1;:::;K g. This means we can implement the generation of diffusion models by
solving a series of sampling subproblems with target distribumg) ik (jR« ).

The close form of reverse transition kernels. To implement Alg. 1, the most critical problem is
determining the analytic form of RTK[Ojt(x(ix) forandt® t Owhich is shown in the following
lemma whose proof is deferred to Appendix B.

Lemma 3.1. Suppose a Markov procefs; g with SDE. 1, then for ani’ > t , we have
0 1

x0 x e (t° 1)
2(1 e 2" 0)

Br yr (XX = Py(xix9 [ exp® fi(x)

The rst critical property shown in this Lemma is that RTio is a perturbation ofy with al
regularization. This means if the scoremf i.e.,r f, can be well-estimated, the score of RTK,
i.e.,r logpjio can also be approximated with high accuracy. Moreover, in the diffusion model,
r fy = r logp is exactly the score function at timewhich is approximated by the score network
functions ; (x), then

e 2(t° Uy e (t° )y 0 e 2(t° Dy e (t° t)XO-
1 e 2(t° 1) S;l (X)+ 1 e 2(t0 1) y

r o logpeo(xjx% = 1 f(x) +

which can be directly calculated with a single querysof (x). The second critical property of
RTK is that we can control the spectral information of its score by tuning the gap betf\areat .
Speci cally, considering the target distribution, i.e « 1) jk ) forthek-th transition, the
Hessian matrix of its energy function satis es

2
1 e?

According to AssumptiofAl], the Hessiam 2f(K k1 (X)=1 2 log Pk « 1) canbe lower
bounded by LI, which implies that RTKp« « 1) j(k k) Will be L-strongly log-concave and
3L -smooth when the step size is set 1=2 log(1 + 1=2L). This further implies that the targets

r o 2logpik k 1k k) =T Fw ok 1y (X)+



of all subsampling problems in Alg. 1 will be strongly log-concave, which can be sampled very
ef ciently by various posterior sampling algorithms.

Suf cient conditions for the convergence. According to Pinsker's inequality and E€), we can
obtain the following lemma that establishes the general error decomposition for Alg. 1.

Lemma 3.2. For Alg 1, wa have

TV ;p)  (L+L2)d+kr f (0)k* exp( K )
Vv

g 1% 1 h i

+5 - Er oo KL B+ jk (JR) Py jx (JR)

2 k=0

foranyK 2 N. and 2 R..

It is worth noting that the choice of represents a trade-off between the number of subproblems
divided throughout the entire process and the dif culty of solving these subproblems. By considering
the choice = 1=2 log(1+1=2L), we can observe two points: (1) the sampling subproblemsin Alg. 1
tend to be simple, as all RTK targets, presented in Lemma 3.1, can be provably strongly log-concave;
(2) the total number of subproblemsds= T= = O(1), which is not large. Conversely, when
considering a larger that satis es log(1 + 1=L), the RTK target will no longer be guaranteed

to be log-concave, resulting in high computational complexity, potentially even exponerdial in
when solving the corresponding sampling subproblems. On the other hand, if a much smaller step
size = o(1) is considered, the target distribution of the sampling subproblems can be easily solved,
even with a one-step Gaussian transition. However, this will increase the total number of sampling
subproblems, potentially leading to higher computational complexity.

Therefore, we will consider the setup= 1=2 log(1+1=2L) in the remaining part of this paper. Now,
the remaining task, which will be discussed in the next section, would be designing and analyzing the
sampling algorithms for implementing all iterations of Alg. 1, i.e., solving the subproblems of RTK.

4 Implementation of RTK inner loops

In this section, we outline the implementation of Step 3 in the RTK algorithm, which aims to
solve the sampling subproblems with strong log-concave targets) &,y ;x (J%« )/ exp( 9).

Speci cally, we employ two MCMC algorithms, i.e., the Metropolis-adjusted Langevin algorithm
(MALA) and underdamped Langevin dynamics (ULD). For each algorithm, we will rst introduce the
detailed implementation, combined with some explanation about notations and settings to describe
the inner sampling process. After that, we will provide general convergence results and discuss them
in several theoretical or practical settings. Besides, we will also compare our complexity results with
the previous ones when achieving the convergence of TV distance to show that the RTK framework
indeed obtains a better complexity by balancing the number and complexity of sampling subproblems.

RTK-MALA.  Alg. 2 presents a solution employing MALA for the inner loop. When it is used
to solve thek-th sampling subproblem of Alg. X is equal toRx de ned in Section 3 and
used to initialize particles iterating in Alg. 2. In Alg. 2, we consider the protesgs., whose
underlying distribution is denoted &ssgS., . Although we expect s to be close to the target
distributionp(k+1) ik (jx0), in real practice, the output particleg can only approximately follow
Pk+1) jk (jxo) due to inevitable errors. Therefore, these errors should be explained in order to

conduct a meaningful complexity analysis of the implementable algorithm. Speci cally, Alg. 2
introduces two intrinsic errors:

[E1] Estimation error of the score function: we assume a score estimator, e.g., a well-trained
diffusion model,s , which can approximate the score function with agye error, i.e.,
ks (z) r logpi(z)k  score forallz 2 RY andt 2 [0; T].

[E2] Estimation error of the energy function difference: we assume an energy difference
estimator r which can approximate energy difference with agergy error, i.e.,
jiri(z%z)+log p:(z9 logpi(z)j]  energy forallz;z%2 RY.

Under these settings, we provide a general convergence theorem for Alg. 2. To clearly convey the
convergence properties, we only show an informal version.



Algorithm 2 MALA/P ROJECTEDMALA FORRTK INFERENCE

1: Input: Returned particle of the previous iteratirg, current iteration numbek, inner iteration
numbers, inner step size, required convergence accuragy
2: Draw the initial particlezg from

!
o(dz) , kxo e zk®
4z /| exp Lkzk 20 e2)
3:fors=0toS 1do
4: Draw a samples from the Gaussian distributiad (z s (zs);2 1);
5: if zs41 62 Bzs;r)\B (0;R) then
6: Zs+1 = Zs; . This condition step is only activated for Projected MALA.
7 continue;
8 Calculate the accept rate as
(a(z‘s (zs S (2s)):Zs) |
kzs Zs+ S (zo)k® kzs Z+ s (2)K

=min  Lexp rg(zs;zs)+ 2 ;

9: Update the particles.; = Zs with probabilitya, otherwisezs,1 = zs.
10: return zs;

Theorem 4.1(Informal version of Theorem C.17)Jnder AssumptiofA1l]-{A2], for Alg. 1, we
choose ) )
+ + +
2L2L 1 and K =4L log 1+ L9)d 2kr f (0)k
and implement Step 3 of Alg. 1 with Alg. 2. Suppose the $Edie energy{E2] estimation errors
and the inner step sizesatisfy

—}Io
_2 g

score = O(d 1:2); energy — O( 1:2); and =oL? (d+ m%"' ZZ) ! ;
and the hyperparameters, i.&,andr, are chosen properly. We have
2 s Ld1=2 score 4 oy L energy )

V(P ip) O()+exp O(L(d+m3) 1 +0 s

where is the Cheeger constant of a truncated inner target distribuéiop( 9(z))1[z 2 B(0; R)]
andZ denotes the maximgl norm of particles appearing in outer loops (Alg. 1).

It should be noted that the choice othoice ensures the strong log-concavity of target distribution
exp( 9(z)), which means its Cheeger constant is dls®\lthough the Cheeger constanin the
second term of Eq. 9 corresponding to truncatep( g(z))psriuld also be nedr intuitively, current

techniques can only provide a loose lower bound &én L=d)-level (proven in Corollary C.8).
While in both cases above, the Cheeger constant is independent \@timbining this fact with
an -independent choice of inner step sizeshe second term of Eq. 9 will converge linearly with
respect to. As for the diameteEZ of particles used to upper boundthough it may be unbounded in
the standard implementation of Alg. 2, Lemma C.18 can upper bound itQvith3=2(d + m3) 1!
under the projected version of Alg. 2.

Additionally, to require the nal sampling error to satistw (b« ;p ) O( ), Eq. 9 shows that

the score and energy difference estimation errors shouledependent and suf ciently small, where
score COrresponding to the training loss can be well-controlled. However, obtaining a highly accurate

energy difference estimation (requiring a smaflergy ) is hard with only diffusion models. To

solve this problem, we can introduce a neural network energy estimator simi&8] to [construct

r(z%z;t), which induces the following complexity describing the calls of the score estimation.

Corollary 4.2 (Informal version of Corollary C.19)Suppose the estimation errors of score and
energy difference satisfy

score W and energy L2 (d1:2 + my+ Z);



Algorithm 3 ULD FORRTK INFERENCE

1: Input: Returned particle of the previous iteratirg, current iteration numbek, inner iteration
numbers, inner step size, velocity diffusion coef cient , required convergence accuragy

2: Initialize the particle and velocity pair, i.§2y; o) with a Gaussian type product measure, i.e.,
N(0;&¢ 1) N (0;1);

3: fort=stoS 1do

4: Draw noise sample pafrZ; ¥) from a Gaussian type distribution.

5: 201 =25+ 11 e )0 o 1 e )s(29)+ 2
6: Vi1 =€ ¥ 1 e )s(2)+ {

7: return zs;

If we implement Alg. 1 with the projected version of Alg. 2 with the same hyperparameter settings as
Theorem 4.1, ithasV (b« ;p) O()withanO(L* 2 d+ m3 72 log(d=)) complexity.

Considering the loose bound for botrandZ, the complexity will be at mosD(L5(d + m3)©)
which is the rst linear convergence w.r.tresult for the diffusion inference process.

Score-only RTK-MALA. However, the parametric energy function may not always exist in real
practice. We consider a more practical case where only the score estimation is accessible. In this
case, we will make use of estimated score functions to approximate the energy difference, leading to
the score-only RTK-MALA algorithm. In particular, recall that the energy difference function takes
the following form:

kxo z° e k2+|o (2) kxo z e k2_
21 e?) 9Pk k1 21 e?)

Since the quadratic term can be obtained exactly, we only need to estimate the energy difference.
Thenletf (z) = logpik « 1) (z) and denotéa(t) = f ((z° z) t+ z),the energy difference
9(z% g(z) can be reformulated as

X h(0) (e . dD(E) .
_ o and h'(t) = @

i=1

9(z9 o(z)= logpk « 1y (zZ9+

h(l) h(0)=

where we perform the standard Taylor expansion at the pairfd. Then, we only need the derives

of hi(0), which can be estimated using only the score function. For instancéH{¢) can be
estimated with score estimations:

D) =rf@(z® z) t+z) 2° z2) AW =s(z° 2) t+2z) 2° 2):

Moreover, regarding the high—order derivatives, we can recursively perform the approximation:
A+ ) = (A t) n@(0))= t. Consider performing the approximation up ueorder
derivatives, we can get the approximation of the energy difference:
X R (0)

it

r k1 (2%2) =
i=1

Then, the following corollary states the complexity of the score-only RTK-MALA algorithm.
Corollary 4.3. Suppose the estimation errors of the score satisgse = (Ld?¥™?), and the
log-likelihood function ofy has a bounded-order derivative, e.g.,r (Wf (z) L, we have a non-

parametric estimation for log-likelihood to make we ha%e(bx ;p ) O( ) with a complexity
shown as follows

o L4 3 d+m§ 223 2=(u 1) ou

This result implies that if the energy function is in nite-order Lipschitz, we can nearly achieve any
polynomial order convergence w.r.twith the non-parametric energy difference estimation.

RTK-ULD. Alg. 3 presents a solution employing ULD for the inner loop, which can accelerate the
convergence of the inner loop due to the better discretization of the ULD algorithm. When it is used



Results Algorithm Assumptions Complexity

Chenetal. [8] DDPM (SDE-based) [A1],[A2],[E1] o(L%d ?)
Chenetal.[9] DPOM (ODE-based)  [A1],[A2],[E1], ands smoothness o(L3d ?)
Chenetal.[9] DPUM (ODE-based)  [A1],[A2],[E1], ands smoothness o(L2d¥™? 1)
Li et al. [24] ODE-based sampler [E1] and estimation error of energy Hessian ~ O(d® 1)
Corollary 4.2 RTK-MALA [A1],[A2],[E1], and[E2] O(L*d? log(d=))
Theorem 4.4 RTK-ULD (ours) [A1],[A2],[E1] o(L?d¥™? 1)

Table 1:Comparison with prior works for RTK-based methods. The complexity denotes the number of calls

for the score estimation to achieW&y/ (‘px ;p) O( ). dand mean the dimension and error tolerance.

Compared with the state-of-the-art result, RTK-ULD achieves the best dependence fdinoth Though

RTK-MALA requires slightly stricter assumptions and worse dimension dependence, a linear convergence w.r.t.
makes it suit high-accuracy sampling tasks.

to solve thek-th sampling subproblem of Alg. ¥, is equal takx de ned in Section 3 and used to
initialize particles iterating in Alg. 2. Besides, the underlying distribution of noise sample pair is
" #!

(Y N 0_3 21 e ++2 1 e? L1 2 +e?
s ' 11 2 +e? 1 e?

In Alg. 3, we consider the proce$$2s;¢s)gS-, whose underlying distribution is denoted as
f7sgS., . We expect the-marginal distribution of*s to be close to the target distribution presented
in Eg. 8. Then, the complexity of RTK-ULD to achieve the convergence of TV distance is provided
as follows, and the detailed proof is deferred to Theorem D.6. Besides, we compare our theoretical
results with the previous in Table 1.

Theorem 4.4. Under Assumptiong\1]-{A2] and[E1], for Alg. 1, we choose
=1=2 log[(2L +1)=2L] and K =4L log[((1+ L?)d+ kr f (0)k®)? 2]

and implement Step 3 of Alg. 1 with projected Alg. 3. For kthié run of Alg. 3, we require
Gaussian-type initialization and high-accurate score estimation, i.e.,

%= N(xoi® 1) N (01) and o = O(=" L):
If we set the hyperparameters of inner loops as follows. the step size and the iteration number as
L(d+ m2 + kxok?) 1=
2

=~ d L ¥ Jog

[
L(d+ m2+ kxok?)

2

s=~ ¥ og
It can achievelV (px ;p ). withanO L2d¥2? 1 gradient complexity.

5 Conclusion and Limitation

This paper presents an analysis of a modi ed version of diffusion models. Instead of focusing on the
discretization of the reverse SDE, we propose a general RTK framework that can produce a large class
of algorithms for diffusion inference, which is formulated as solving a sequence of RTK sampling
subproblems. Given this framework, we develop two algorithms called RTK-MALA and RTK-ULD,
which leverage MALA and ULD to solve the RTK sampling subproblems. We develop theoretical
guarantees for these two algorithms under certain conditions on the score estimation, and demonstrate
their faster convergence rate than prior works. Numerical experiments support our theory.

We would also like to point out several limitations and future work. One potential limitation of
this work is the lack of large-scale experiments. The main focus of this paper is the theoretical



understanding and rigorous analysis of the diffusion process. Implementing large-scale experiments
requires GPU resources and practitioner support, which can be an interesting direction for future
work. Besides, though we provided a score-only RTK-MALA algorithm,@{&= ) convergence

rate can only be achieved by the RTK-MALA algorithm (Alg. 2). However, this faster algorithm
requires a direct approximation of the energy difference, which is not accessible in the existing
pretrained diffusion model. Developing practical energy difference approximation algorithms and
incorporating them with Alg. 2 for diffusion inference are also very interesting future directions.
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A Numerical Experiments

In this section, we conduct experiments when the target distribptias a Mixture of Gaussian
(MoG) and compare RTK-based methods with traditional DDPM. Speci cally, we are considering a
forward process from an MoG distribution to a normal distribution in the following

1 X
dx; = éxtdt+dBt and xo N(k; 21);

k=1

whereK is the number of Gaussian componentg,and ,f are the means and variances of the
Gaussian components, respectively. The solution of the SDE follows

P
Xi = Xoe 2'+ 1 et where N (0;1):

Sincexg and are both sampled from Gaussian distributions, their linear combinatiafso forms
a Gaussian distribution, i.e.,

1X( t.p 24t t .
Xe N( e 25(ke " +1 e’) I):
k=1
Then, we have
" #
1 X 1 1 1, x¢ e
r = — r ~(p— e (—
PO g T a0y e O pl e o))
R 1, x¢ et
BT A~ e
_1X - (x (xe e &Y,
_Ki_lpl( t) i2et+1 et'
We can also calculate the scorexqf i.e.,
!
K xi e 2!
A s
r logp(x;) = Y= p
Y p(xd) 1=K {5 pi(xo)

We consider a MoG consisting of 12 Gaussian distributions, each with 10 dimensions, as shown
in Fig. 2 (f). The means of the 12 Gaussian distributions are uniformly distributed along the
circumference of a circle with a radius of one in the rst and second dimensions, while the remaining
dimensions are centered at the origin. Each component of the mixture has an equal probability and a
variance of 0.007 across all dimensions.

We evaluate Alg. 1 with unadjust Langevin algorithm (ULA), which leads to RTK-ULA, Alg 2, 3
implementations, and DDPM under the same Number of Function Evaluations (NFE). Speci cally,
while DDPM modelsx across a sequence otimesteps spanning from 0 T in increments of

X[0;0:27;0:4T:0:6T;0:87],» and we distribute the NFE uniformly to these timesteps for MCMC. The
experiments are taken on a single NVIDIA GeForce RTX 4090 GPU. We evaluate the sampling
quality using marginal accuracy, i.e.,

xd
Marginal Accuracyp;p)=1 0.5 % TV pi);
i=1
wherep; (x) is the empirical marginal distribution of theth dimension obtained from the sampled

data,p; (x) is the true marginal distribution of thieth dimension, andl is the total number of
dimensions.
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Figure 1: (a) Mariginal accuracy of the sampled MoG by different algorithms along NFE. (b-f) The
histograms along a certain direction of sampled MoG by different algorithms. The plots labeled by
"ULA, "ULD', "MALA, "MALA_ES' correspond to RTK-ULA, RTK-ULD, RTK-MALA, score-

only RTK-MALA, respectively. The histogram is oriented along the second dimension when the rst
dimension is constrained within (0.75, 1.25).

Fig. 1 (a) shows the marginal accuracies of our RTK sampling algorithms and DDPM along NFE. We
observe that all algorithms using RTK converge quickly. Among all RTK algorithms, RTK-MALA
achieves the highest marginal accuracy. Score-only RTK-MALA is worse than RTK-MALA since
the estimated energy contains errors, yet it is still slightly better than RTK-ULD. Along all RTK
algorithms, RTK-ULA demonstrates the lowest performance in terms of marginal accuracy, but it
still outperforms DDPM with a large margin especially when NFE is small.

Fig. 1 (b-f) shows the histograms of sampled MoG by DDPM and RTK-based methods. We observe
that DDPM cannot reconstruct the local structure of MoG. ULA can roughly reconstruct the MoG
structure, but it is still weak in complex regions, speci cally around the peaks and valleys. In contrast,
RTK-ULD, score-only RTK-MALA, and RTK-MALA can reconstruct more ne-grained structures

in complex regions.

Fig. 2 (a-e) shows the clusters sampled by DDPM and RTK-based methods. We observe that DDPM
fails to accurately reconstruct the ground truth distribution. In contrast, all methods based on RTK can
generate distributions that closely approximate the ground truth. Additionally, RTK-MALA shows
superior performance in accurately reconstructing the distribution in regions of low probability.

We perform other experiments on various MoG settings.Figure 3 and 4 shows the experiments on a
spiral-shaped and chessboard-shaped MoG as the ground truth distribution, respectively. In these
experiments, we also compared Annealed Langevin Dynamics (ALD) [] with our RTK-based method.
In these gures, we observe that compared to DDPM and ALD, our RTK-based methods achieve
signi cantly better marginal accuracy when NFE is small. Besides, we nd that our RTK-based
methods have a much better estimation on low-probability region. Furthermore, in Figure 5, we
evaluated the methods using the Wasserstein Distance metric, which corresponds to Fréchet Inception
Distance. Our results indicate that our RTK-based methods have a lower Wasserstein Distance
compared to DDPM and ALD, especially when NFE is small.

Furthermore, we conducted experiments on the MNIST dataset, as shown in Figure 6. We rst trained
a score model following the typical variance-preserving noise schedule and then compared different
sampling methods using the Fréchet Inception Distance (FID) evaluation criterion. Figure 6 (a)
shows that compared with DDPM, our RTK-based methods achieve better FID scores than DDPM,
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