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Abstract

Interest in bilevel optimization has grown in recent years, partially due to its appli-
cations to tackle challenging machine-learning problems. Several exciting recent
works have been centered around developing efficient gradient-based algorithms
that can solve bilevel optimization problems with provable guarantees. However,
the existing literature mainly focuses on bilevel problems either without constraints,
or featuring only simple constraints that do not couple variables across the upper
and lower-levels, excluding a range of complex applications. Our paper studies this
challenging but less explored scenario and develops a (fully) first-order algorithm,
which we term BLOCC, to tackle BiLevel Optimization problems with Coupled
Constraints. We establish rigorous convergence theory for the proposed algorithm
and demonstrate its effectiveness on two well-known real-world applications -
hyperparameter selection in support vector machine (SVM) and infrastructure
planning in transportation networks using the real data from the city of Seville.

1 Introduction

Bilevel optimization (BLO) approaches are pertinent in various machine learning problems, including
hyperparameter optimization [49, 24], meta-learning [22], and reinforcement learning [67, 63].
Moreover, the ability to handle BLO with constraints is particularly important, as these constraints
appear in applications such as pricing [15], transportation [50, 1], and kernelized SVM [30]. Although
there is extensive research on BLO problems without constraints or with uncoupled constraints
[31, 12, 39, 42, 62], solutions for BLO problems with coupled constraints (CCs) remain limited;
see details in Table 1. However, it is of particular interest to investigate BLO with lower-level CCs.
Taking infrastructure planning in a transportation network as an example, the lower-level seeks to
optimize a utility constrained by the upper-level parameter, network configuration.

Motivated by this, we consider the coupled-constrained BLO problem in the following form

min
x∈X

f(x, y∗g(x)) (1a)

s.t. y∗g(x) := arg min
y∈Y(x)

g(x, y) with Y(x) := {y ∈ Y : gc(x, y) ≤ 0} (1b)

where f : Rdx × Rdy → R is the upper-level objective, g : Rdx × Rdy → R is the lower-level
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objective which is strongly convex, gc(x, y) : Rdx × Rdy → Rdc defines the lower-level CCs, and
X ⊆ Rdx ,Y ⊆ Rdy are the domain of x and y that are easy to project, such as the Euclidean ball.

The challenge in solving (1) arises from the coupling of the upper and lower-level problems. Prior
work addressed this by starting with the unconstrained BLO problem, using implicit gradient descent
(IGD) methods [27, 31, 34, 12, 13, 40, 61, 43, 66] and penalty-based methods [45, 44, 61, 41, 42].
To solve BLO with CCs, AiPOD [71] and GAM [72] investigated the IGD method under different
constraint settings. However, AiPOD only considered equality constraints, and GAM lacked finite-
time convergence guarantees. Leveraging a penalty reformulation, [75] developed a Hessian-free
method with finite-time convergence. However, a key algorithm step in [75] is a joint projection of
the current iterate (x, y) onto the coupled constraint set. This projection, required at each iteration,
becomes particularly challenging when gc(x, y) is not jointly convex and can be computationally
expensive for large-scale problems with a high number of variables (dx, dy) or constraints (dc).

To this end, this paper aims to address the following question

Can we develop an efficient algorithm that bypasses joint projections on gc(x, y) and quickly solves
the BLO problem with coupled inequality constraints in (1)?

We address this question affirmatively, focusing on the setting where the lower-level objective, g(x, y),
is strongly convex in y, and the constraints gc(x, y) are convex in y. To avoid implementing a joint
projection, we put forth a novel single-level primal-dual-assisted penalty reformulation that decouples
x and y. Specifically, with µ ∈ Rdc denoting the Lagrange multiplier of (1b), we propose solving

min
x∈X

Fγ(x) := max
µ∈Rdx

+

min
y∈Y

f(x, y) + γ(g(x, y)− v(x))| {z }
penalty term

+ ⟨µ, gc(x, y)⟩| {z }
Lagrangian term

(2a)

where v(x) := min
y∈Y(x)

g(x, y) (2b)

where the penalty constant γ controls the distance between y and y∗g(x) by penalizing g(x, y) to its
value function v(x), and the Lagrangian term penalizes the constraint violation of gc(x, y).

However, recognizing the max-min subproblems involved in (2a), it becomes computationally costly
to evaluate the penalty function Fγ(x) and its gradient. To this end, we pose the following question

Can we develop efficient algorithms to solve the max-min subproblem and evaluate ∇Fγ(x)?

We answer this question by proving that this reformulation exhibits several favorable properties,
including smoothness. These properties are critical for designing gradient-based algorithms and
characterizing their performance. However, the presence of the CCs renders the calculation of the
gradient ∇Fγ(x) more challenging than for its unconstrained counterpart [62]. Building upon this,
we design a primal-dual gradient method with rigorous convergence guarantees for the BLO with
general inequality CCs, and provide an improved result for the case of gc being affine in y.

1.1 Main contributions

In a nutshell, our main contributions are outlined below.

C1) In Section 2, leveraging the Lagrangian duality theorem, we introduce the function Fγ(x)
in (2a) as a penalty-based reformulation of (1), establish the continuity and smoothness of
Fγ(x), and develop a novel way to compute its gradient.

C2) In Section 3, we develop BLOCC, a fully first-order algorithm to tackle BLO problems
with CCs. With ϵ being the target error for the generalized gradient norm square of Fγ(x),
we establish that the iteration complexity under the generic constraint gc(x, y) in (1b) is
Õ(ϵ−2.5). We establish, for the first time, the linear convergence of a strongly convex-
concave max-min problem with linear interaction and a constrained maximization parameter,
reducing BLOCC’s complexity to Õ(ϵ−1.5) when the constraint gc(x, y) is affine in y.

C3) In Section 4, we apply our BLOCC algorithm to two real-world applications: SVM model
training and transportation network planning. By comparison with LV-HBA [75] and GAM
[72], we demonstrate the algorithm’s effectiveness and its robustness to large-scale problems.
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LL constraint First Order Complexity

BLOCC gc(x; y ) � 0 convex iny and LICQ holds; 3
~O(� � 2:5);

Special case:gc(x; y ) af�ne in y ~O(� � 1:5)
LV-HBA gc(x; y ) � 0 convex inx � y 3 O(� � 3)

GAM gc(x; y ) � 0 convex inx � y and LICQ holds 8 8
BVFSM gc(x; y ) � 0 satisfying other requirements 3 8
AiPOD gc(x; y ) = Ay � b(x) = 0 8 O(� � 1:5)

Table 1: Comparison of our work with LV-HBA [75], BVFSM [46], AiPOD [71], and Gradient
Approximation method (GAM) [72]. LL convergence is on metric the squared distance ofyt to its
optimal solution, and UL convergence is on squared (generalized) gradient norm.

1.2 Related works

BLO has a long history, dating back to the seminal work of [8]. It has inspired a rich body of literature,
e.g., [76, 68, 14, 65]. The recent focus on BLO is centered on developing ef�cient gradient-based
approaches with provable �nite-time guarantees.

Methods for BLO without constraints. A cluster of BLO gradient-based approaches gravitates
around the implicit gradient descent (IGD) method [55], where the key idea is to approximate
the hypergradient by the implicit function theorem. The �nite-time convergence of IGD was �rst
established in [27] for unconstrained strongly-convex lower-level problems. Subsequent works
improved the convergence rates and/or relaxed the assumptions under various settings; see [31, 34,
12, 13, 40, 61, 43, 66, 73, 35, 70]. Another cluster of works is based on iterative differentiation (ITD)
[49, 23, 53, 60], which estimates the hypergradient by differentiating the entire iterative algorithm
used to solve the lower-level problem with respect to the upper-level variables. The �nite-time
guarantee was �rst established in [28, 47, 33, 6]. Viewing the lower-level problem as a constraint
such as in [64], penalty-based methods have also emerged as a promising approach for BLO. Dated
back to [77], this line of works [45, 51, 44, 41, 62, 25, 48] reformulated the original BLO as the
single-level problems with various penalty terms and leveraged �rst-order methods to solve them.

BLO with constraints. While substantial progress has been made for unconstrained BLO, the
analysis for constrained BLO is more limited. Upper-level constraints of the formx 2 X were
considered in [31, 12]. For the lower-level uncoupled constraint, SIGD [39] considered the uncoupled
constraintAy � band achieved asymptotic convergence, [42, 62] employed penalty reformulation
and considered both upper and lower uncoupled constraints. However, the literature onBLO with
CCsis scarce. BVFSM [46] conducted a penalty-based method to avoid the calculation of the Hessian,
as IGD methods do. However, only asymptotic convergence was achieved. GAM [72] investigated
the IGD method under inequality constraints while failing to provide �nite-time convergence results
as well. AiPOD [71] also applied IGD and successfully achieved �nite-time convergence, but it
only considered equality constraints. LV-HBA [75] considered inequality constraints and constructed
a penalty-based reformulation. However, it employed a joint projection of(x; y) onto fX � Y :
gc(x; y) � 0g which is computationally inef�cient when there are many constraints or whengc(x; y)
is not jointly convex. After our initial submission, we found a concurrent work [74] posted on ArXiv,
which used Lagrange duality theory differently from ours, applying it to construct a new smoothed
penalty term. However, it does not quantify the relationship between the relaxation of this penalty
and the relaxation of lower-level optimality, and it does not guarantee lower-level feasibility. We
summarized prior works on BLO with lower-level CCs in Table 1.

2 Primal-dual Penalty-based Reformulation

In this section, our goal is to construct a primal-dual-assisted penalty reformulation for our BLOCC
problem. The technical challenge comes from �nding a suitable penalty function for BLO with CCs.

2.1 The challenges in BLO with coupled constraints

Here, we will elaborate on the two technical challenges of BLO with CCs.

The �rst challenge associated with the presence of CCs is the dif�culty to �nd the descent di-
rection forx, which involves �nding the closed-form expression of the gradientr v(x). The ex-
pression without CCs,r v(x) = r x g(x; y �

g (x)) provided in [62, 42, 41, 44], is not applicable.
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Figure 1: Calculation of
r v(x). The blue line isv(x),
the the yellow dashed line is
calculated by the formulation
given in [62, 41], while red
dashed line is derived by our
BLOCC. It can be seen that
r v(x) without the Lagrange
multiplier is very biased from
the true gradient.

For example, wheng(x; y) = ( y � 2x)2 andgc(x; y) = 3 x � y,
the optimal lower-level solution isy�

g (x) = 3 x and thus,v(x) = x2

with r v(x) = 2 x. However,r x g(x; y �
g (x)) = � 4x 6= r v(x).

The closed form gradient for BLO with CCs should be(8), which
considers a Lagrange term that will be illustrated later in this paper.
In Figure 1, we present the gradientr v(x) without the Lagrange
multiplier in [62, 42, 41, 44] and ours with the Lagrange term. In
this example, the gradient without the Lagrange term leads to the
opposite direction to the true gradient.

The second challengeassociated with the presence of CCs is the
dif�culty of performing the joint projection. If we directly extend
the penalty reformulation in [62, 41], we could treat the coupling
constraint setY(x) as a joint constraintf (x; y) : gc(x; y) � 0g,
and employ a joint projection of(x; y) to ensure the feasibility.
However, this can be computationally inef�cient when the problem
is large-scale, i.e. the number of variables or constraints is large.
The detailed analysis of computational cost can be seen in Appendix
H. Moreover, whengc(x; y) is complex, the projection may not have
a closed form and may not even be well-de�ned ifgc(x; y) is not
jointly convex.

2.2 The Lagrangian duality-based penalty reformulation

Before proceeding, we summarize the assumptions considered as follows.
Assumption 1(Lipschitz Continuity). Assume thatf , r f , r g, gc andr gc, and are respectivelyl f; 0,
l f; 1, lg;1, lgc ;0, andlgc ;1-Lipschitz jointly over(x; y) 2 X � Y , andg is lgx ;0-Lipschitz inx 2 X .
Assumption 2(Convexity iny). For any givenx 2 X , g(x; y) andgc(x; y) are � g-strongly convex
and convex iny 2 Y , respectively.
Assumption 3(Domain Feasibility). DomainX � Rdx andY � Rdy are non-empty, closed, and
convex. For any givenx 2 X , Y(x) := f y 2 Y : gc(x; y) � 0g is non-empty.
Assumption 4(Constraint Quali�cation). For any givenx 2 X , gc satis�es the Linear Independence
Constraint Quali�cation (LICQ) condition for everyyY in a neighborhood ofy�

g (x).

The Lipschitz continuity in Assumption 1 and the strong convexity ofg overy in Assumption 2 are
conventional [27, 31, 41, 71, 35, 13]. Moreover, we only requiregc(x; y) to be convex iny rather
than: i) jointly convex in(x; y) as in [75], or ii) linear as in [39, 71]. Assumption 3 pertains to the
convexity and closeness of the domain, which is also conventional, and Assumption 4 is a standard
constraint quali�cation condition.

To build a penalty reformulation for BLO with lower-level CCs, the �rst challenge is to �nd a penalty
that regulatesky � y�

g (x)k. In the following lemma, we show thatg(x; y) � v(x) is a good choice.

Lemma 1. Suppose that Assumptions 2-4 hold andv(x) is de�ned as in(2b). Then, it holds that

c1) g(x; y) � v(x) �
� 0

g

2 ky � y�
g (x)k2, for some� 0

g > 0, for all y 2 Y (x); and

c2) g(x; y) = v(x) if and only ify = y�
g (x), for all y 2 Y (x).

The technical challenge of proving this lemma lies in showing the quadratic growth property as in c1)
of Lemma 1. For BLO without the CCs, this naturally holds as the lower-level objectiveg(x; y) is
strongly convex iny. For BLO with CCs, one needs to use the Lagrangian duality theorem. The full
proof of Lemma 1 is given in Appendix B.1, where the key challenge is to show the invariance of the
modulus of strong convexity in the Lagrangian reformulated lower-level objective.

With 
 denoting a penalty constant, we consider the following penalty reformulation:

min
(x;y )2fX �Y :gc (x;y ) � 0g

f (x; y) + 
 (g(x; y) � v(x)) (3)

where the penalty term con�nes the squared Euclidean distance fromy to y�
g (x). Furthermore, to

avoid projecting(x; y) onto thefX � Y : gc(x; y) � 0g, we propose the primal-dual-assisted penalty
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reformulation, which was de�ned in(2). The approximate equivalence of the reformulation(2) to the
original BLO problem (1) is established in the following theorem.
Theorem 1(Equivalence). Suppose thatf is Lipschitz iny and r f is l f; 1-Lipschitz in(x; y) in
Assumption 1 hold, and Assumptions 2-4 hold. Then, solving the� -approximation problem of(1):

min
(x;y )2fX �Y :gc (x;y ) � 0g

f (x; y) s.t. ky � y�
g (x)k2 � �; (4)

is equivalent to solve the primal-dual penalty reformulation in(2) with 
 = O(� � 0:5) and
 > l f; 1

� g
.

The detailed proof is provided in Appendix B.2. By setting
 = O(� � 0:5), we effectively state the
equivalence between the penalty reformulation in(3) and the approximated original problem(4). We
can then decouple the joint minimization on(x; y) to a min-min problem onx andgc constrained
y. For the inner minimization problem iny, we choose
 in a way that
� g � l f; 1 > 0 holds. This
ensures the objective in(2a)being strongly convex iny, asl f; 1-smoothness ensures a lower bound
for negative curvature off (x; y). Furthermore, the convexity ofgc(x; y) in y validates the strong
duality theorem in [59, 32], thereby enabling the max-min primal-dual reformulation in (2).

2.3 Smoothness of the penalty reformulation

To evaluateF
 (x) de�ned in (2a), we can �nd the solution to the inner max-min problem:

(� �
F (x); y�

F (x)) := arg max
� 2 Rdx

+

min
y2Y

f (x; y) + 
 (g(x; y) � v(x)) + h�; g c(x; y)i
| {z }

=: L F ( �;y ;x )

: (5)

The uniqueness ofy�
F (x) and� �

F (x) is guaranteed under Assumptions 2 and 4 (see Lemma 5 in
Appendix A). Therefore,F
 (x) in (2a) can be evaluated using the unique optimal solutions by

F
 (x) = L F (� �
F (x); y�

F (x); x): (6)

Similarly, we can evaluatev(x) = L g(� �
g(x); y�

g (x); x), where

(� �
g(x); y�

g (x)) := arg max
� 2 Rd x

+

min
y2Y

g(x; y) + h�; g c(x; y)i
| {z }

=: L g ( �;y ;x )

: (7)

The penalty reformulationF
 (x) can hardly be convex, as� v(x) may be concave, even when
g(x; y) = g(y) andgc(x; y) = A> y � x; see Lemma 4.24 in [59]. Instead, in the subsequent lemma,
we not only show thatv(x) is differentiable, but also provide a closed-form expression ofr v(x).
Lemma 2 (Danskin-like theorem forv(x)). Suppose that Assumptions 1–4 hold, and letBg < 1 be
a constant such thatk� �

g(x)k < B g for all x 2 X . Then, it holds that

1. y�
g (x) and� �

g(x) de�ned in(7) areL g-Lipschitz for some �nite constantL g � 0.

2. v(x) de�ned in(2b) is lv;1-smooth wherelv;1 � (lg;1 + Bg lgc ;1)(1 + L g) + lgc ;0L g and

r v(x) = r x g(x; y �
g (x)) + h� �

g(x); r x gc(x; y �
g (x)) i : (8)

The assumption of the existence of the upper bound for the Lagrange multiplier is a consequence of
the LICQ condition [69, Theorem 1]. This assumption is mild and traditional [75]. Findingr v(x) is
crucial for the design of a gradient-based method to solveminx 2X F
 (x). Leveraging Lemma 2, the
gradientr F
 (x) can be obtained by the next lemma.
Lemma 3(Danskin-like theorem forF
 (x)). Suppose that the conditions in Lemma 2 hold. Moreover,
assume that
 > l f; 1

� g
, and there existBF < 1 such thatk� �

F (x)k<B F ; 8x 2 X . Then, it holds that

1. y�
F (x) and� �

F (x) de�ned in(5) areL F -Lipschitz for some constantL F � 0.

2. F
 (x) is lF; 1-smooth withlF; 1 � (l f; 1 + 
l g;1 + BF lgc ;1)(1 + L F ) + 
l v;1 + l f c ;0L F , and

r F
 (x) = r x f (x; y �
F (x)) + 
 (r x g(x; y �

F (x)) � r v(x)) + h� �
F (x); r x gc(x; y �

F (x)) i : (9)

The proof of Lemmas 2 and 3 is provided in Appendix C. Similar to [62], the Danskin-like theorems
in Lemmas 2 and 3 rely on the Lipschitzness of the solutions in(5) and(7). Different from BLO
without CCs [62], the results here also hinge on the Lagrange multipliers� �

g(x) and� �
F (x).
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3 Main Results

We will �rst introduce an algorithm tailored forBiLevel Optimization problems with inequality
CoupledConstraints, and present its convergence analysis. In Section 3.2, we will propose a
primal-dual solver for the inner max-min problems and characterize the overall convergence.

3.1 BLOCC algorithm

Algorithm 1 Meta algorithm: BLOCC

1: inputs: initial pointsx0, yg;0, � g;0, yF; 0,
� F; 0; stepsize� , � g, � F ; countersTg,
TF .

2: for t = 0 ; 1; : : : ; T do
3: (yTg

g;t ; � Tg
g;t ) = MaxMin(Tg; Tg

y )
4: (yTF

F;t ; � TF
F;t ) = MaxMin(TF ; TF

y )
5: updatex t +1 via (10)

. with gF;t in (13)
6: end for
7: outputs: (xT ; yTF

F;T )

As F
 (x) features differentiability and smoothness,
we can apply a projected gradient descent (PGD)-
based method to solveminx 2X F
 (x). At iteration
t, update

x t +1 = Proj X (x t � �g F;t ) (10)
with stepsize� andgF;t as an estimate ofr F
 (x t ).

In the previous section, we have obtained the closed-
form expressions ofr v(x) in (8) andr F
 (x) in (9).
Evaluating the closed-form expression requires �nd-
ing (y�

g (x t ); � �
g(x t )) and(y�

F (x t ); � �
F (x t )) , the solu-

tions to the max-min problemL g(�; y ; x) in (7) and
L F (�; y ; x) in (5) respectively.

Given x t 2 X , we can use some minmax optimization solvers withTg iterations on(7) andTF

iterations on (5) to �nd an� g-solution(yTg
g;t ; � Tg

g;t ) and an� F -solution(yTF
F;t ; � TF

F;t ) satisfying

k(yTg
g;t ; � Tg

g;t ) � (y�
g (x t ); � �

g(x t ))k2 = O(� g); k(yTF
F;t ; � TF

F;t ) � (y�
F (x t ); � �

F (x t ))k2 = O(� F ) (11)

for target estimation accuracy� g; � F > 0. Such an effective minmax optimization solver will be
introduced in the following Section 3.2. In this way,r v(x t ) in (9) can be estimated as

gv;t = r x g(x t ; yTg
g;t ) + h� Tg

g;t ; r x gc(x t ; yTg
g;t )i : (12)

Leveraginggv;t , the gradientr F
 (x) can be estimated via (8) as

gF;t = r x f (x t ; yTF
F;t ) + 


�
r x g(x t ; yTF

F;t ) � gv;t

�
+ h� TF

F ; r x gc(x; yTF
F;t )i : (13)

We summarize the oracle for �ndingmin F
 (x) as in Algorithm 1, which we term BLOCC, an
algorithm designed for BiLevel Optimization with Coupled Constraints. Notably, our BLOCC
algorithm can be seamlessly integrated with anyMaxMin Solver (or min-max solver) that converges
to the optimal solutions of the max-min subproblems by achieving(11). In the following, we present
the convergence result of it allowing estimation error� g; � F > 0 from theMaxMin Solver.
Theorem 2. Suppose that the assumptions in Lemma 3 hold. Run Algorithm 1 with some effective
innerMaxMin solver to �nd(yTg

g;t ; � Tg
g;t ) and(yTF

F;t ; � TF
F;t ) respectivelyO(� g) andO(� F )-optimal in

squared distance as in(11). Set� � 1
l F; 1

with somelF; 1 de�ned in Lemma 3. It then holds that

1
T

T � 1X

t =0

kG� (x t )k2 :=
1

T � 2

T � 1X

t =0

k(x t +1 � x t )k2 = O(
T � 1 + 
 2� F + 
 2� g): (14)

The proof is available in Appendix D.1. Using the projected gradientG� = � � 1(x t +1 � x t ) as the
convergence metric for constrained optimization problems is standard [26]. The termO(
 2� F + 
 2� g)
arises from estimation errors using speci�cMaxMin Solver. Although the inner oracle can be any
one that achieves(11), we value the computational effectiveness and therefore present a particular
ef�cient solver Algorithm 2 in the following section.

3.2 MaxMin Solver for the BLO with inequality CCs

In this section, we specify theMaxMin solver in Algorithm 1. By viewingL g(�; y ; x) in (7) and
L F (�; y ; x) in (5) asL(�; y ) for �xed given x 2 X , we consider the following max-min problem

max
� 2 Rd c

+

min
y2Y

L(�; y ) (15)

6



Algorithm 2 Subroutine onMaxMin(T; Ty )

1: inputs: initial points y0, � 0; stepsizes� 1; � 2;
countersT; Ty . Blue part is the version with

acceleration; andred part is without.
2: for t = 0 ; : : : ; T � 1 do
3: update� t + 1

2
via (17) or � t + 1

2
= � t

4: for ty = 0 ; : : : ; Ty � 1 do
5: updateyt;t y +1 via (18) . setyt; 0 = yt
6: end for
7: update� t +1 via (19) . setyt +1 = yt;T y

8: end for
9: outputs: (yT ; � T )

which is concave (linear) in� and strongly
convex iny. We can evaluate the dual function
of L (�; y ) de�ned below by �ndingy�

� (� ).

D (� ) := min
y2Y

L(�; y ) = L(�; y �
� (� )) (16)

where y�
� (� ) := arg min

y2Y
L(�; y ):

According to Danskin's theorem, we have
r D(� ) = r � L(�; y �

� (� )) . Taking either
L g(�; y ; x) or L F (�; y ; x) as L(�; y ) for
givenx 2 X , D(� ) de�ned as(16) exhibits
favorable properties namely smoothness and
concavity, with details illustrated in Lemma
10 in Appendix D.2. We can, therefore, ap-
ply accelerated gradient methods designed for
smooth and convex functions such as [52, 4].

At each iterationt, we �rst perform a momentum-based update step to update� t + 1
2

as

� t + 1
2

= � t +
t � 1
t + 2

(� t � � t � 1); with � � 1 = � 0: (17)

To evaluater D(� t + 1
2
) = r � L(� t + 1

2
; y�

� (� t + 1
2
), with an arbitrary small target accuracy� > 0, we

can runTy = O(ln
�
� � 1

�
) PGD steps onL(� t + 1

2
; y) in y via

yt;t y +1 = Proj Y

�
yt;t y � � 1r y L(� t + 1

2
; yt;t y )

�
: (18)

De�ning the output afterTy iterations asyt +1 , since strongly convexity ofL (�; �) ensures that PGD
converges linearly [9, Theorem 3.10], it implies thatkyt +1 � y�

� (� t + 1
2
)k = O(� ). We can conduct

� t +1 = Proj Rd c
+

(� t + 1
2

+ � 2r � L(� t + 1
2
; yt +1 )) : (19)

We summarize this oracle in Algorithm 2 based on an accelerated method [52]. When we skip the
momentum update, i.e. setting� t + 1

2
= � t , it is a simple PGD method onD(� ).

However, for a convex function� D (� ), the standard results only provide convergence of the function

value, i.e.max� 2 Rd c
+

D(� ) � D (� t )
t !1�! 0. To establish the convergence ofk� Tg

g;t � � �
g(x t )k and

k� TF
F;t � � �

F (x t )k, we de�ne the dual functions associated with inner problems (7) and (5) as

Dg(� ) = min
y2Y

L g(�; y ; x) and DF (� ) = min
y2Y

L F (�; y ; x) (20)

and make the following curvature assumption near the optimum.
Assumption 5. There exist� g; � F > 0 andC� g ; C� F > 0 such that

h�r Dg(� ) + r Dg(� �
g(x)) ; � � � �

g(x)i � C� g k� � � �
g(x)k2; 8� 2 B(� �

g(x); � g); (21a)

h�r DF (� ) + r DF (� �
F (x)) ; � � � �

F (x)i � C� F k� � � �
F (x)k2; 8� 2 B(� �

F (x); � F ): (21b)

It is worth noting thath�r Dg(� ) + r Dg(� �
g(x)) ; � � � �

g(x)i � 0 holds for all� due to concavity
and in a neighborhood of the optimal, the equality only happens at the optimal due to the uniqueness
of � �

g(x). The same argument applies toDF due to the concavity of the dual functions. Therefore,
Assumption 5 essentially asserts a positive lower bound on the curvature of the left-hand side term,
which is mild as it only applies to the neighborhood of the optima� �

g(x) and� �
F (x). It is also weaker

than the local strong concavity or global restricted secant inequality (RSI) conditions.

By choosing Algorithm 2 with acceleration as theMaxMin solver, we provide the convergence
analysis of Algorithm 1 next, the proof of which can be found in Appendix D.2.

Theorem 3. Suppose that Assumptions 1–5 and the conditions in Theorem 2 hold. Let
 > l f; 1

� g
,

� g �
C � g

2 � g and� F �
C � F

2 � F . If we choose Algorithm 2 with acceleration as the inner loop and
input Tg = O(� � 0:5

g ); TF = O(� � 0:5
F ), and Tg

y = O(ln
�
� � 1

g

�
); TF

y = O(ln
�
� � 1

F

�
) with proper

constant stepsizes in Remark 3, then the iterates generated by the Algorithm 1 satisfy(11):

k(yTg
g;t ; � Tg

g;t ) � (y�
g (x t ); � �

g(x t ))k2 = O(� g); k(yTF
F;t ; � TF

F;t ) � (y�
F (x t ); � �

F (x t ))k2 = O(� F ):
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Theorem 3 concludes theO(� � 0:5
g ) complexity for achieving� g-optimal solutions for the constrained

concave-strongly-convex problemmax� 2 Rd x
+

miny2Y L(�; y ), and so as for� F . For solving an� -

approximation problem of BLO de�ned in(4), we solveminx 2X F
 (x) with 
 = O(� � 0:5) according
to Theorem 1. In this way, to achieve1T

P T � 1
t =0 kG� (x t )k2 = O(
T � 1 + 
 2� F + 
 2� g) � � by

(14), we need� g; � F = O(� 2), i.e. complexity ~O(� � 1) for theMaxMin solver in Algorithm 2, and
T = O(
� � 1) = O(� � 1:5) for the number of iteration in BLOCC (Algorithm 1). Therefore, the
overall complexity is~O(� � 2:5), where ~O omits theln terms.

3.3 Special case of the MaxMin Solver:gc(x; y) being af�ne in y and Y = Rdy

In this section, we investigate a special case of BLO with CCs where Assumption 5 automatically
holds. Speci�cally, we focus on the case wheregc is af�ne in y andY = Rdy , i.e.

gc(x; y) = gc
1(x)> y � gc

2(x): (22)
In this case, �xingx, takingL g(�; y ; x) in (7) andL F (�; y ; x) asL(�; y ), (16) gives

Dg(� ) = min
y2 Rd y

�h gc
2(x); � i + hy; gc

1(x)� i + g(x; y) and (23a)

DF (� ) = min
y2 Rd y

�h gc
2(x); � i + hy; gc

1(x)� i + f (x; y) + 
 (g(x; y) � v(x)) : (23b)

Whengc
1(x) is of full column rank, bothDg(� ) andDF (� ) are strongly concave according to Lemma

13 in Appendix so that Assumption 5 holds globally. Moreover, when applying PGD on� Dg(� )
and� DF (� ), strongly convexity guarantees linear convergence (Theorem 3.10 in [9]). Therefore,
even without acceleration, Algorithm 2 withTy suf�ciently large performs PGD on� D(� ) and it
converges linearly up to inner loop accuracy. Moreover, PGD onL(�; y ) in y also converges linearly.
This motivates us to implement a single-loop version (Ty = 1 ) of Algorithm 2.

When bothy and� are unconstrained, the analysis has been established in [19]. However, as�
is constrained toRdc

+ in the Lagrangian formulation for inequality constraints, the convergence
analysis in [19] is not applicable, and the extension is nontrivial due to the non-differentiability
of the projection. We address this technical challenge by treatingRdc

+ as an inequality constraint
and reformulating it as an unconstrained problem using Lagrange duality theory. This approach
demonstrates that a single-loopTy = 1 update in Algorithm 2, without acceleration, achieves linear
convergence for the max-min problem (15). The detailed proof is provided in Appendix D.3.

Thus, by selecting the single-loop version (Ty = 1 ) of Algorithm 2 without acceleration as the
MaxMin solver in Algorithm 1, we establish the following theorem with proof available in Appendix
D.3.
Theorem 4(Inner linear convergence). Consider BLO withY = Rdy andgc(x; y) de�ned in(22).
Suppose Assumptions 1–4 and the conditions in Theorem 2 hold. Suppose for anyx 2 X , there
exist constantssmin andsmax such that0 < s min � � min (gc

1(x)) � � max (gc
1(x)) � smax < 1 .

Let 
 > l f; 1

� g
. If we choose Algorithm 2 without acceleration as the inner loop and inputTg =

O(ln
�
� � 1

g

�
); TF = O(ln

�
� � 1

F

�
), andTg

y = TF
y = 1 with proper constant stepsizes in Remark 4, then

the iterates generated by Algorithm 1 satisfy(11):

k(yTg
g;t ; � Tg

g;t ) � (y�
g (x t ); � �

g(x t ))k2 = O(� g); k(yTF
F;t ; � TF

F;t ) � (y�
F (x t ); � �

F (x t ))k2 = O(� F ):

Theorem 4 establishes, for the �rst time, the linear convergence of a strongly convex-concave max-
min problem with a constrained maximization parameter. Similar to the previous analysis, we choose

 = O(� � 0:5) to solve the equivalent(2a) to � -approximation problem of BLO(4). To achieve
1
T

P T � 1
t =0 kG� (x t )k2 � � , the number of iteration in BLOCCT = O(
� � 1) = O(� � 1:5) by (14). As

the innerMaxMin solver convergences linearly, the overall complexity is~O(� � 1:5) where ~O omits
theln terms. We summarized the overall iteration complexity of our BLOCC algorithm in different
settings in Table 1.

4 Numerical Experiments

This section reports the results of numerical experiments for three different problems: a toy example
used to validate our method, an SVM training application, and a network design problem in both
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synthetic and real-world transportation scenarios. We provide sensitivity analysis and insights for
hyper-parameter choices in Appendix G.1. In the two real-world experiments, we compare the
proposed algorithm with two baselines, LV-HBA [75] and GAM [72]. The code is available at
https://github.com/Liuyuan999/PenaltyBasedLagrangianBilevel.

4.1 Toy example

Figure 2: 3-D plot of the upper-
level objectivef (x; y) of the toy
example, with the linef (x; y)jy= x
shown in dashed red and the con-
vergence points marked as red dots.

Consider the BLO problem with an inequality coupled con-
straintY(x) := f y 2 Y : y � x � 0g, given by

min
x 2 [0;3]

f (x; y �
g (x)) =

e� y �
g (x )+2

2 + cos(6x)
+

1
2

ln
�
(4x � 2)2 + 1

�

with y�
g (x) 2 arg min

y2Y (x )
g(x; y) = ( y � 2x)2: (24)

Problem(24) satis�es all assumptions for Theorem 2 and
Theorem 4. The lower-level problem is strongly convex and
y�

g (x) = x. Therefore, the BLO problem with inequality con-
straint in(24) reduces tominx 2 [0;3] f (x; y)jy= x . In Figure 2,
we plot the dashed line as the intersected line of the surface
f (x; y) and the planef (x; y �

g (x)) , and the red points as the
converged points by running BLOCC with
 = 5 and with
200 different initialization values. It can be seen that BLOCC
consistently �nds the local minima, verifying the effectiveness.

4.2 Hyperparameter optimization for SVM

Methods diabetes fourclass
BLOCC 0:767 � 0:039 0:761 � 0:014
(Ours) (1:729 � 0:529) (1:922 � 0:108)

LV-HBA 0:765� 0:039 0:748� 0:060
(2:899� 1:378) (2:404� 0:795)

GAM 0:721� 0:047 0:715� 0:056
(8:752� 4:736) (13:481� 0:970)

Table 2: Numerical results on the training outcome
of our BLOCC in comparison with LV-HBA [75] and
GAM [72]. The �rst row represents accuracy mean�
standard deviation, and the second row between brack-
ets represents the running time until the upper-level
objective's update is smaller than 1e� 5.

We test the performance of our algorithm
BLOCC with
 = 12 when training a linear
SVM model on the diabetes [20] and four-
class datasets [29]. The model is trained
via the BLO formulation(1) with inequal-
ity CCs; see the details in Appendix E.
We compared performance with two base-
lines, LV-HBA [75] and GAM [72], as they
are the only existing algorithms address-
ing coupled constraints and experimentally
evaluated on SVM problems in their respec-
tive papers.

Table 2 shows that the model trained by
our BLOCC algorithm outperforms that of
GAM [72] signi�cantly and is of a similar level as that of LV-HBA [75]. We present some of the
performance plots for the diabetes dataset as in Figure 3. Looking into the test accuracy (left), our
algorithm achieves more than 0.76 accuracy in the �rst 2 iterations, which is signi�cantly better than
the other ones. For the upper-level objective (middle), in the �rst few iterations, the loss decreases
signi�cantly under all algorithms, in which our BLOCC achieves the lowest results. Moreover, in
Figure 3 (right), the lower-level optimum for LV-HBA was not attained until the very end. This
indicates that the decrease of upper loss between 0-40 iterations in the middle �gure may be due to
the suboptimality of lower-level variables. For our BLOCC and GAM, the lower-level minimum is
attained as lower-level objectiveg � 0 in this case.

4.3 Transportation network design problem

BLO is particularly relevant in transportation, where network planning must consider different time
horizons and actors. Those problems are large-scale with a large number of upper- and lower-level
variables and CCs, challenging the use of traditional BLO techniques, which involve expensive
calculations of second order information. As a result, our �nal experiment considers a network design
problem, where we act as an operator whose pro�t is modeled as the upper-level objective that is
determined by the passengers' behavior, modeled in the lower-level. We considered three networks:
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Figure 3: Test accuracy (left), upper lossf (x; y) (middle), and lower lossg(x; y) (right) for the SVM
on the diabetes dataset. The experiments are executed for 50 different random train-validation-test
splits, with the bold line representing the mean, and the shaded regions being the standard deviation.

NN = 3, NV = 48 NN = 9, NV = 2,262 NN = 26, NV = 49,216
NC = 24, NZ = 126 NC = 678, NZ = 6,222 NC = 13,336, NZ = 129,256

Methods Runtime (s) UL utility Runtime (s) UL utility Runtime (s) UL utility
LV-HBA 3:51e2 1.53 / / / /

BLOCC (Ours)-
 = 2 2:02e1 1.07 7:27e2 8.09 6:82e4 98.40
BLOCC (Ours)-
 = 3 2:00e1 1.69 8:50e2 10.37 6:42e4 111.39
BLOCC (Ours)-
 = 4 2:01e1 1.71 8:68e2 11.04 6:70e4 138.78

Table 3: Results of the transportation experiment, both in terms of running time (Runtime) and
convergenced upper-level objective value (UL utility, larger there better), with stepsize� = 1 :6e� 4.
We use ”/” for algorithms that cannot converge within 24 hours of execution. NN (Number of Nodes)
is the number of stations in the network. Analogously, NV (Number of Variables), NC (Number of
Constraints), and NNZ (Number of non-zero elements) are the number of optimization variables,
constraints, and non-zero elements of the constraints matrix, respectively.

two synthetic networks of 3 and 9 nodes, respectively, and a real-world network of 26 nodes in the
city of Seville, Spain. Further details about the formulation and the experiment can be found in
Appendix F.

In this experiment, we only compare our BLOCC with LV-HBA [75] as the sole baseline, which is the
only existing algorithm that addresses both coupled inequalitygc(x; y) � 0 and domain constraints
Y. GAM [72] and BVFSM [46] cannot handle lower-level domain constraints as they rely on the
hypergradient of lower-level and require LL stationarity in an unconstrained space. From Table 3, we
can see that LV-HBA failed to work ef�ciently, especially for large networks. This is mainly because
the increased constraints render the projection step impracticable. Our BLOCC, in contrast, is much
faster, and it successfully converges even with large real-world networks. We provided computational
complexity analysis in Appendix H and we can conclude that our BLOCC is robust to large-scale
problems.

5 Conclusions and Future Work

This paper proposed a novel primal-dual-assisted penalty reformulation for BLO problems with
coupled lower-level constraints, and developed a new �rst-order method BLOCC to solve the resultant
problem. The non-asymptotic convergence rate of our algorithm is~O(� � 2:5), tightening to ~O(� � 1:5)
when the lower-level constraints are af�ne iny without any other constraints. Our method achieves
the best-known convergence rate and is projection-free, making it more favorable for large-scale, high-
dimensional, constrained BLO problems. Experiments on SVM model training and transportation
network planning showcased the effectiveness of our algorithm.
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A Preliminaries

This section will provide some preliminaries for our subsequent analysis.

De�nition 5. For a convex functionh : Rdq ! R whose domain isQ � Rdq , the Legendre conjugate
of h� : Q� ! R is de�ned as:

h� (q) := sup
q02Q

fhq0; qi � h(q0)g = � inf
q02Q

f�h q0; qi + h(q0)g;

8q 2 Q � := f q 2 Rdq : sup
q02Q

fhq0; qi � h(q0)g < 1g :

Remark 1. Whenh is strongly convex inRdq , it is lower bounded and thereforeQ� = Rdy .

Lemma 4. Supposeh : Rdy ! R is lh; 1-smooth and� h -strongly convex and its domainQ � Rdq is
convex, closed and non-empty.

1. If Q = Rdq , the gradient mappingsr h and r h� are inverse of each other ([58]); and
h� : Rdq ! R is 1

� h
-smooth and 1

l h; 1
-strongly convex (Proposition 2.6 [3]).
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2. If Q � Rdq , h� is 1
� h

-smooth ([36]) and and convex (Theorem 4.43 [32]).

Lemma 5. SupposeQ � Rdq is convex, closed and non-empty,h : Rdq ! R is strongly convex on
Q, hc : Rdq ! Rdc is convex onQ anddc is �nite, and f q 2 Q : hc(q) � 0g is non-empty.

1. The problemminq2f q2Q :h c (q) � 0g h(q) has a unique feasible solution.

2. When linear independence constraint quali�cation (LICQ) condition holds forhc(q), the
Lagrange multiplier for the problemminq2f q2Q :h c (q) � 0g h(q), i.e. solution to the problem
max� 2 Rd c

+
minq2Q h(q) + h�; h c(q)i is unique [69].

Lemma 6(Lemma 3.1 in [9]). SupposeQ � Rdq is convex, closed, and nonempty. For anyq1 2 Rdq

and anyq2 2 Q , it follows that

hProjQ (q1) � q2; ProjQ (q1) � q1i � 0: (25)

In this way, takeq1 = q3 � �g for anyq3 2 Q , and denoteq�;g
3 = Proj Q (q3 � �g ) as a projected

gradient update in directiong with stepsize� , we have,

hg; q�;g
3 � q2i � �

1
�

hq�;g
3 � q2; q�;g

3 � q3i ; 8q2; q3 2 Q : (26)

Lemma 7(Theorem 3.10 [9]). Suppose a differentiable functionh is lh; 1-smooth and� h2 -strongly
convex. Consider the constrained problemminq2Q h(q) whereQ is non-empty, closed and convex.
Projected Gradient Descent with� � 1

l h; 1
converges linearly to the uniqueq� = arg min q2Q h(q):

k ProjQ (q � � r h(q)) � q� k � (1 � �� )1=2kq � q� k � (1 � ��= 2)kq � q� k; 8q 2 Q : (27)

B Analysis of the Penalty-Based Lagrangian Reformulation

B.1 Proof of Lemma 1

According to Lemma 5, for any �xedx, there exists a unique� �
g(x). Therefore, according to Lagrange

duality theorem, for any �xedx, the primal problem

min
y2Y

g(x; y) s.t. gc(x; y) � 0 , min
y2Y

g(x; y) + h� �
g(x); gc(x; y)i :

As g(x; y) is � g-strongly convex iny andgc(x; y) is convex iny, we knowg(x; y)+ h� �
g(x); gc(x; y)i

is � g-strongly convex iny, where the modulus� g is independent ofx. Therefore, according to
Appendix F and G in [37], and Theorem 3.3 in [18], the quadratic growth in statement 1 can be
concluded.

As g(x; y) is strongly convex iny, andY(x) is a non-empty, closed and convex set under assumption
3, there exists a unique solutiony�

g (x) such thatg(x; y �
g (x)) = v(x) by Lemma 5. In this way, if

y 6= y�
g (x) andy 2 Y (x), we haveg(x; y) > v (x). This completes the proof of statement 2.

B.2 Proof of Theorem 1

We know from Lemma 1 thatg(x; y) � v(x) � � g

2 ky � y�
g (x)k2 andg(x; y) = v(x) if and only if

y = y�
g (x). This is squared-distance bound follows De�nition 1 in [62]. Under Lipschitzness of

f (x; y) with respect toy, �nding the solutions to the� -approximate problem in(4) is equivalent to
�nding the solutions to its penalty reformulation

min
(x;y )2fX �Y :gc (x;y ) � 0g

f (x; y) + 
 (g(x; y) � v(x)) (28)

with 
 = O(� � 0:5) following Theorems 1 and 2 in [62].

Moreover, jointly �nding solution for(x; y) in (28) is in equivalence to �nding solutions in

min
x 2X

min
y2Y (x )

f (x; y) + 
 (g(x; y) � v(x)) : (29)
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The proof of this equivalence is as follows. Suppose(x0; y0) 2 fX � Y : gc(x; y) � 0g being a
solution to (28). Suppose for anyx 2 X , y�

F (x) 2 arg miny2Y (x ) f (x; y) + 
 (g(x; y) � v(x)) . We
know that for anyx 2 X , y 2 Y (x), it follows that

f (x0; y0) + 
 (g(x0; y0) � v(x0)) � f (x; y �
F (x)) + 
 (g(x; y �

F (x)) � v(x))
� f (x; y) + 
 (g(x; y) � v(x)) :

This means any solution to (28) is a solution to (29). On the other hand, supposex0 2 X , y�
F (x0) 2

Y(x0) is a solution to (29). We know that for any(x; y) 2 fX � Y : gc(x; y) � 0g,

f (x0; y�
F (x0)) + 
 (g(x0; y�

F (x0)) � v(x0)) � f (x; y �
F (x)) + 
 (g(x; y �

F (x)) � v(x))
� f (x; y) + 
 (g(x; y) � v(x)) :

This means any solution to (29) is a solution to (28).

Besides, we knowf (x; y) is l f; 1-smooth,g(x; y) is � g-strongly convex iny. By the de�nitions of
strongly convexity and smoothness, we know for �xedx, for anyy1; y2 2 Y ,

f (x; y1) + 
 (g(x; y1) � v(x)) � f (x; y2) + 
 (g(x; y2) � v(x))
= f (x; y1) � f (x; y2) + 
 (g(x; y1) � g(x; y2))

�hr y f (x; y2); y1 � y2i �
l f; 1

2
ky1 � y2k2 + 
 hr y g(x; y2); y1 � y2i + 


� g

2
ky1 � y2k2

= hr y f (x; y2) + 
 r y g(x; y2); y1 � y2i +

� g � l f; 1

2
ky1 � y2k2: (30)

This proves thatf (x; y)+ 
 (g(x; y) � v(x)) is (
� g � l f; 1)-strongly convex iny. Moreover, according
to Assumption 2, the constraintgc(x; y) is convex iny, andminy2Y (x ) f (x; y) + 
 (g(x; y) � v(x))
is equivalent to its equivalentLagrangian Dual Form[59]

max
� 2 Rd c

+

min
y2Y

f (x; y) + 
 (g(x; y) � v(x)) + h�; g c(x; y)i : (31)

Therefore, (28) can be recovered to (2a) and this completes the proof.

C Analysis of the Differentiability of Value Functions

Lemma 8 (Theorem 2.16 in [32]). Supposeh(x; y) is strongly convex iny 2 Y and is Lipschitz with
respect tox 2 X , hc(x; y) is convex iny and is Lipschitz with respect tox, and bothY andf y 2 Y :
hc(x; y) � 0g are non-empty, closed, and convex. For the problemminy2f y2Y :h c (x;y ) � 0g h(x; y),
the unique solutiony�

h (x) and unique Lagrange multiplier� �
h (x), de�ned as

(y�
h (x); � �

h (x)) := arg max
� 2 Rd x

+

min
y2Y

h(x; y) + h�; h c(x; y)i ; (32)

is Lipschitz inx. In other words, there existL h � 0 that, for all x1; x2 2 X ,

k(y�
h (x1); � �

h (x1)) � (y�
h (x2); � �

h (x2))k � L h kx1 � x2k:

Before proving Lemmas 2 and 3, we would like to introduce a more general form.

Lemma 9. SupposeY andf y 2 Y : hc(x; y) � 0g are both non-empty, closed and convex,h(x; y)
is jointly smooth in(x; y) and is strongly convex iny, hc(x; y) is convex iny, and bothh(x; y) and
hc(x; y) are Lipschitz with respect tox. Then we have

vh (x) = min
y2Y

h(x; y) s.t. hc(x; y) � 0

is differentiable with its gradient as

r vh (x) = r x h(x; y �
h (x)) + h� �

h (x); hc(x; y �
h (x)) i ; (33)

where(y�
h (x); � �

h (x)) de�ned in(32)are unique.
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Proof. We prove this using Theorem 4.24 in [7].

i) As h(x; y) being strongly convex iny, Condition 1 in Theorem 4.24 in [7] is satis�ed and the
solution sets are of singleton value(y�

h (x); � �
h (x)) according to Lemma 5.

ii) Moreover, the smoothness ofh(x; y) guarantees Robinson's constraint quali�cation [2], which
implies the directional regularity condition (De�nition 4.8 in [7]) for any directiond (Theorem 4.9.
(ii) in [7]). This guarantees Condition 2 in Theorem 4.24 in [7] can be satis�ed for all directionsd.

iii) Additionally, under the Lipschitzness ofh(x; y) andhc(x; y) with respect tox, y�
h (x); � �

h (x) are
Lipschitz according to Lemma 8. This implies condition 3 in Theorem 4.24 in [7] holds.

In this way, all conditions in Theorem 4.24 in [7] hold and it gives the gradient as in(33) for unique
(y�

h (x); � �
h (x)) . This completes the proof.

C.1 Proof of Lemma 2

Proof. The problemminy2Y g(x; y) s.t. gc(x; y) � 0 �ts in the setting of Lemma 9 by taking
h(x; y) = g(x; y) andhc(x; y) = gc(x; y). Therefore the derivative(8) can be obtained accordingly.
Moreover, for anyx1; x2 2 X ,

kr v(x1) � r v(x2)k
= kr x g(x1; y�

g (x1)) + h� �
g(x1); r x gc(x1; y�

g (x1)) i � r x g(x2; y�
g (x2))

� h � �
g(x2); r x gc(x2; y�

g (x2)) ik
(a)
� kr x g(x1; y�

g (x1)) � r x g(x2; y�
g (x2))k

+ kh� �
g(x1); r x gc(x1; y�

g (x1)) i � h � �
g(x1); r x gc(x2; y�

g (x2)) ik

+ kh� �
g(x1); r x gc(x2; y�

g (x2)) i � h � �
g(x2); r x gc(x2; y�

g (x2)) ik
(b)
� (lg;1 + Bg lgc ;1)(kx1 � x2k + ky�

g (x1) � y�
g (x2)k) + lgc ;0k� �

g(x1) � � �
g(x2)k

(c)
� (( lg;1 + Bg lgc ;1)(1 + L g) + lgc ;0L g)kx1 � x2k;

where(a) follows triangle inequality;(b) leverage on the Lipschitzness ofr g, gc andr gc in x, and
the upper bound fork� �

g(x)k; and(c) uses the Lipschitzness ofy�
g (x) and� �

g(x) from Lemma 8. As
the bound is loose due to the use of triangle inequality, we can conclude thatv(x) is lv;1-smooth
wherelv;1 � ((1 + Bg)(1 + L g)lgc ;1 + lgc ;0L g).

C.2 Proof of Lemma 3

By assumption,f (x; y) is l f; 1-smooth andg(x; y) is � g-strongly convex iny. We knowf (x; y) +

 (g(x; y) � v(x)) is (
� g � l f; 1)-strongly convex when
 > l f; 1

� g
as discussed in(30). Moreover,

constraintgc(x; y) is convex iny by Assumption 2. In this way, the problem

min
y2Y

f (x; y) + 
 (g(x; y) � v(x)) s.t.gc(x; y) � 0

features strong convexity according to Chapter 4 in [59] and it equals to

F
 (x) = max
� 2 Rd c

+

min
y2Y

f (x; y) + 
 (g(x; y) � v(x)) + h�; g c(x; y)i :

Considering the smoothness ofv(x) as presented in Lemma 2, all assumptions in Lemma 9 are
satis�ed. Therefore the derivative (9) can be obtained. In addition, for anyx1; x2 2 X ,

kr F (x1) � r F (x2)k
= kr x f (x1; y�

F (x1)) + 
 (r x g(x1; y�
F (x1)) � r v(x1)) + h� �

F (x1); r x gc(x1; y�
F (x1)) i

� r x f (x2; y�
F (x2)) � 
 (r x g(x2; y�

F (x2)) � r v(x2)) � h � �
F (x2); r x gc(x2; y�

F (x2)) ik
(a)
� kr x f (x1; y�

F (x1)) � r x f (x2; y�
F (x2))k + 
 kr x g(x1; y�

F (x1)) � r x g(x2; y�
F (x2))k

+ 
 kr v(x1) � r v(x2)k + kh� �
F (x1); r x gc(x1; y�

F (x1)) i � h � �
F (x1); r x gc(x2; y�

F (x2)) ik
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+ kh� �
F (x1); r x gc(x2; y�

F (x2)) i � h � �
F (x2); r x gc(x2; y�

F (x2)) ik
(b)
� (l f; 1 + 
l g;1 + BF lgc ;1)(kx1 � x2k + ky�

F (x1) � y�
F (x2)k) + 
l v;1kx1 � x2k

+ lgc ;0k� �
F (x1) � � �

F (x2)k
(c)
� (( l f; 1 + 
l g;1 + BF lgc ;1)(1 + L F ) + 
l v;1 + l f c ;0L F )kx1 � x2k;

where(a) follows triangle inequality;(b) leverage on the Lipschitzness ofr f , r g, gc andr gc in x,
and the upper bound fork� �

F (x)k; and(c) uses the Lipschitzness ofy�
F (x) and� �

F (x) from Lemma
8. As the bound is loose due to the use of triangle equality, we can conclude thatF (x) is lF; 1-smooth
wherelF; 1 � (l f; 1 + 
l g;1 + BF lgc ;1)(1 + L F ) + 
l v;1 + l f c ;0L F .

D Convergence Analysis of the Main Result

D.1 Proof of Theorem 2

De�ne the bias termb(x t ) of the gradientr F
 (x t ) as

b(x t ) := r F
 (x t ) � gF;t

=
�

r x f (x t ; y�
F (x t )) + 


�
r x g(x; y �

F (x t )) �
�
r x g(x t ; y�

g (x t )) +


� �

g(x t ); r x gc(x t ; y�
g (x t ))

� ��

+ h� �
F (x t ); r x gc(x t ; y�

F (x t )) i
�

�
�

r x f (x t ; yTF
F;t ) + 


�
r x g(x t ; yTF

F;t ) �
�

r x g(x t ; yTg
g;t ) +

D
� Tg

g;t ; r x gc(x t ; yTg
g;t )

E��

+ h� TF
F ; r x gc(x t ; yTF

F;t )i
�

:

In this way, we have

kb(x t )k
(a)
� kr x f (x t ; yTF

F;t ) � r x f (x t ; y�
F (x t ))k

+ 

�

kr x g(x t ; yTF
F;t ) � r x g(x t ; y�

F (x t ))k + kr x g(x t ; yTg
g;t ) � r x g(x t ; y�

g (x t ))k

+








� �

g(x t ); r x gc(x t ; y�
g (x t ))

�
�

D
� �

g(x t ); r x gc(x t ; yTg
g;t )

E






+






D

� �
g(x t ); r x gc(x t ; yTg

g;t )
E

�
D

� Tg
g;t ; r x gc(x t ; yTg

g;t )
E







�

+ kh� TF
F ; r x gc(x t ; yTF

F;t )i � h � �
F (x t ); r x gc(x t ; yTF

F;t )ik

+ kh� �
F (x t ); r x gc(x t ; yTF

F;t )i � h � �
F (x t ); r x gc(x t ; y�

F (x t )) ik

(b)
� l f; 1kyTF

F;t � y�
F (x t )k + 


�
lg;1kyTF

F;t � y�
F (x t )k + lg;1kyTg

g;t � y�
g (x t )k

+ lgc ;0k� Tg
g;t � � �

g(x t )k + Bg lgc ;1kyTg
g;t � y�

g (x t )k
�

+ lgc ;0k� TF
F;t � � �

F (x t )k + BF lgc ;1kyTF
F;t � y�

F (x t )k

(c)
=( l f; 1 + 
l g;1 + BF lgc ;0)kyTF

F;t � y�
F (x t )k + lgc ;0k� TF

F;t � � �
F (x t )k

+ 

�

(lg;1 + Bg lgc ;1)kyTg
g;t � y�

g (x t )k + lgc ;0k� Tg
g;t � � �

g(x t )k
�

;

where(a) uses triangle inequality,(b) relies on the Lipschitzness ofr f , r g, gc, andr gc in
x, the upper bounds fork� �

F (x)k andk� �
g(x)k, and Cauchy-Schwartz inequality, and(c) is by

rearrangement.
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Furthermore, according to Young's inequality, it follows that

kb(x t )k2 � 2
�

(l f; 1 + 
l g;1 + BF lgc ;0)kyTF
F;t � y�

F;t k + lgc ;0k� TF
F;t � � �

F;t k
� 2

+ 2 
 2
�

(lg;1 + Bg lgc ;1)kyTg
g;t � y�

g (x t )k + lgc ;0k� Tg
g;t � � �

g(x t )k
� 2

= O(
 2� F + 
 2� g):

According to Lemma 3,F
 (x) is lF; 1-smooth inX . In this way, by the smoothness, we have

F (x t +1 ) � F (x t ) + hr F (x t ); x t +1 � x t i +
lF; 1

2
kx t +1 � x t k2

� F (x t ) + hgF;t ; x t +1 � x t i +
1
2�

kx t +1 � x t k2 + hb(x t ); x t +1 � x t i ; (34)

where the second inequality is by� � 1
l F; 1

andr F (x t ) = gF t + b(x t ).

The projection guarantees thatx t +1 andx t are inX . Following Lemma 6, we know that

hgF;t ; x t +1 � x t i � �
1
�

kx t +1 � x t k2:

Plugging this back to (34), it follows

F (x t +1 ) � F (x t ) �
1
2�

kx t +1 � x t k2 + hb(x t ); x t +1 � x t i

� F (x t ) �
1
2�

kx t +1 � x t k2 + � kb(x t )k2 +
1
4�

kx t +1 � x t k2

= F (x t ) �
1
4�

kx t +1 � x t k2 + � kb(x t )k2;

where the second inequality is from Young's inequality. Telescoping therefore gives

1
T

T � 1X

t =0

kG� (x t )k2 �
4

�T
(F (x0) � F (xT )) +

4
T

T � 1X

t =0

kb(x t )k2

= O(� � 1T � 1) + O(
 2� F + 
 2� g)

= O(
T � 1 + 
 2� F + 
 2� g)

where last equality comes from� = O(
 � 1) as� � 1
l F; 1

andlF; 1 � (l f; 1 + 
l g;1 + BF lgc ;1)(1 +
L F ) + 
l v;1 + l f c ;0L F = O(
 ). This completes the proof.

D.2 Proof of Theorem 3

To restate, we are viewingL g(�; y ; x) in (7) andL F (�; y ; x) in (5) respectively asL(�; y ) and
considering the following max-min problem

max
� 2 Rd c

+

min
y2Y

L(�; y ):

In (16), we de�ned the minimization part as

D(� ) := min
y2Y

L(�; y ) = L(�; y �
� (� )) where y�

� (� ) := arg min
y2Y

L(�; y ):

To evaluateD(� ) for L g(�; y ; x) in (7) andL F (�; y ; x) in (5) asL(�; y ), we de�ne the following
mappings for �xedx 2 X :

y�
�;g (� ) := arg min

y2Y
L g(�; y ; x); (35)

y�
�;F (� ) := arg min

y2Y
L F (�; y ; x): (36)
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In this way, forL g(�; y ; x) in (7) andL F (�; y ; x) in (5) respectively asL(�; y ), D (� ) de�ned in
(16) equals toDg(� ) andDF (� ) respectively, where

Dg(� ) = min
y2Y

L g(�; y ; x) = L g(�; y �
�;g (� ); x); (37)

DF (� ) = min
y2Y

L F (�; y ; x) = L F (�; y �
�;F (� ); x): (38)

In the following lemma, we show thatD(� ) exhibits concavity and smoothness, which are favorable
properties for conducting gradient-based algorithm.

Lemma 10(Smoothness and Concavity ofD (� )). Suppose all the assumptions in Theorem 3 hold.
For �xed x 2 X , the following holds

1. y�
�;g (� ) in (35)andy�

�;F (� ) in (36)are respectively1
� g

and 1

� g � l f; 1

-Lipschitz to� .

2. Dg(� ) in (37) is concave andl g c ; 0

� g
-smooth, andDF (� ) in (38) is concave and l g c ; 0


� g � l f; 1
-

smooth.

Proof. To restate,

L g(�; y ; x) = g(x; y) + h�; g c(x; y)i ;
L F (�; y ; x) = f (x; y) + 
 (g(x; y) � v(x)) + h�; g c(x; y)i :

Under Assumption 1 and 2, for �xedx and given� , L g(�; y ; x) is � g-strongly convex and(lg;1 +
k� klgc ;1)-smooth iny, andL F (�; y ; x) is (
� g � l f; 1)-strongly convex and(l f; 1 + 
l g;1 + k� klgc ;1)-
smooth iny. Therefore, we knowy�

�;g (� ) in (35) andy�
�;F (� ) in (36) are respectively1

� g
and

1

� g � l f; 1

-Lipschitz to� by directly quoting Theorem F.10 in [17] or Theorem 4.47 in [32]. This
proves the �rst part of the Lemma.

For the second part, the concavity ofDg(� ) andDF (� ) can be directly obtained by Lemma 2.58 in
[59] asL g(�; y ; x) andL g(�; y ; x) are both convex iny.

Moreover, following Theorem 4.24 in [7], we have

r Dg(� ) = r � L g(�; y �
�;g (� )) = gc(x; y �

�;g (� )) ;

r DF (� ) = r � L F (�; y �
�;F (� )) = gc(x; y �

�;F (� )) :

As gc(x; y) is lgc ;0-Lipschitz by Assumption 1, for any� 1; � 2 2 Rdc
+ :

kr Dg(� 1) � r Dg(� 2)k = kgc(x; y �
�;g (� 1)) � gc(x; y �

�;g (� 2))k

� lgc ;0ky�
�;g (� 1) � y�

�;g (� 2)k �
lgc ;0

� g
k� 1 � � 2k; (39)

and similarly,

kr DF (� 1) � r DF (� 2)k = kgc(x; y �
�;F (� 1)) � gc(x; y �

�;F (� 2))k

� lgc ;0ky�
�;F (� 1) � y�

�;F (� 2)k �
lgc ;0


� g � l f; 1
k� 1 � � 2k: (40)

We can conclude thatDg(� ) andDF (� ) are respectivelyl g c ; 0

� g
and l g c ; 0


� g � l f; 1
-smooth.

In Algorithm 2, we are implementing an accelerated projected gradient descent on� D (� ) where
the gradient bias is controlled byTy . Following [16], the following lemma presents the convergence
analysis of the accelerated method on smooth and convex functions.

Lemma 11(Section 5 and 6 in [16]). SupposeD(� ) is concave andlD; 1-smooth. Consider the
constrained problemmax� 2 Rd c

+
D(� ). At iterationt = 0 ; : : : ; T � 1, perform accelerated projected

gradient update with stepsize� � 1
l D; 1

and initial value� 0 = � � 1:

� t + 1
2

= � t +
t � 1
t + 2

(� t � � t � 1) (41a)
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� t +1 = Proj Rd c
+

(� t + 1
2

+ �g t + 1
2
) (41b)

wheregt + 1
2

is an� 1:5-approximate tor D(� t + 1
2
) satisfyingkgt + 1

2
� r D (� t + 1

2
)k = O(� 1:5), for a

given accuracy� > 0. DenoteD � = max � 2 Rd c
+

D(� ), performingT = O(� � 0:5) iterations leads to

D � � D (� T ) = O(� ):

Remark 2. The domain for� 2 Rdc
+ can be replaced by any closed, convex, non-empty domain.

In this way, we are ready to proceed to theproof of Theorem 3.

proof of Theorem 3.Algorithm 2 solves(7) and(5) by takingL g(�; y ; x) andL F (�; y ; x) respec-
tively asL(�; y ) and run respectively iterationsT equalsTg andTF

We begin our proof with analysis on(7). The accelerated version of Algorithm 2 solves this by taking
L g(�; y ; x) in (7) with �xed x 2 X asL(�; y ).

Fixing � t + 1
2
, steps 4-6 areTy -step projected gradient descent iny. As L g(�; y ; x) is (lg;1 + lgc ;1)-

smooth and� g-strongly convex iny, taking the inner loop stepsize� 1 as� g;1 � 1
l g; 1 + l g c ; 1

ensures

linear convergence according to Lemma 7. ChoosingTy = O(ln
�
(� 1:5) � 1

�
) = O(ln

�
� � 1

g

�
) leads to

kyt +1 � y�
�;g (� t + 1

2
)k = O(� 1:5

g )

for target accuracy� g > 0 wherey�
�;g (� ) is de�ned in (35).

In step 7, we update� with a projected gradient descent step which takesr � L(� t + 1
2
; yt +1 ) =

gc(x; y t +1 ) as an estimate ofr Dg(� t + 1
2
) = gc(x; y �

�;g ). The estimation bias is bounded by

kr � L(� t + 1
2
; yt +1 ) � r Dg(� t + 1

2
)k = kgc(x; y t +1 ) � gc(x; y �

�;g (� t + 1
2
))k

� lgc ;0kyt +1 � y�
�;g (� t + 1

2
)k = O(� 1:5

g ):

By Lemma 11, we can conclude the complexity is~O(� � 0:5
g ) for conducting the accelerated version

of Algorithm 2 onL g(�; y ; x) in (7) asL(�; y ) to achieve

Dg(� �
g(x)) � Dg(� Tg ) = O(� g): (42)

Similarly, the complexity of the accelerated version of Algorithm 2 for (5) is~O(� � 0:5
F ) , i.e.,

DF (� �
F (x)) � DF (� TF ) = O(� F ): (43)

In the following, we are going to show that(42) and (43) and respectively suf�cient to bound
k� Tg � � �

g(x)k andk� TF � � �
F (x)k considering Assumption 5 is satis�ed.

As Dg(� ) andDF (� ) are both concave in� and� 2 Rdc
+ is equivalent to� � 0, the problems

max
� 2 Rd c

+

Dg(� ) and max
� 2 Rd c

+

DF (� )

are respectively equivalent to the unconstrained problems

max
� 2 Rd c

~Dg(� ) := Dg(� ) + � >
g � and max

� 2 Rd c

~DF (� ) := DF (� ) + � >
F �

with the Lagrange multipliers� g; � F being non-negative and �nite in all dimension, i.e.0 � � g < 1 ,
0 � � F < 1 according to Lagrange duality Theorem. Moreover, it is well known (Chapter 4 in
[59]) that the Largrangian terms respectively equal zero when the problems attain the optimals. i.e.

� >
g � �

g(x) = 0 and � >
F � �

F (x) = 0 : (44)

Moreoever, the �rst-order stationary condition requiresr ~Dg(� �
g(x)) = r Dg(� �

g(x)) + � g = 0 and
r ~DF (� �

F (x)) = r DF (� �
F (x)) + � F = 0 and therefore

r Dg(� �
g(x)) = � � g and r DF (� �

F (x)) = � � F : (45)
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In this way, for all� 2 B(� �
g(x); � g) \ Rdc

+ .

Dg(� �
g(x)) � Dg(� ) =

Z 1

� =0
hr Dg(� + � (� �

g(x) � � )) ; � �
g(x) � � i d�

=
Z 1

� =0

1
�

hr Dg(� �
g(x)) � Dg(� + � (� �

g(x) � � )) ; � (� � � �
g(x)) i d�

� hr Dg(� �
g(x)) ; � � � �

g(x)i
(a)
�

Z 1

0
C� g k� � � �

g(x)k2�d� � hr Dg(� �
g(x)) ; � � � �

g(x)i

(b)
=

C� g

2
k� � � �

g(x)k2 + h� g; � � � �
g(x)i

(c)
�

C� g

2
k� � � �

g(x)k2;

where(a) uses(21a)in Assumption 5 and the fact that the�; � �
g(x) 2 B(� �

g(x); � g) \ Rdc
+ implies

� + � (� �
g(x) � � ) 2 B(� �

g(x); � g) \ Rdc
+ ; (b) solves the integral and uses� g = �r Dg(� �

g(x)) in
(45); and(c) follows from the fact thath�; � �

g(x)i = 0 in (44) and�; � g � 0.

Analogously, for all� 2 B(� �
F (x); � F ) \ Rdc

+ , it follows that

DF (� �
F (x)) � DF (� ) �

C� F

2
k� � � �

F (x)k2:

In this way, for arbitrary� g <
C � g

2 � g, the complexity of Algorithm 2 to solve (7) is~O(� � 0:5
F ), i.e.,

k� Tg � � �
g(x)k2 = O(� g);

andkyTg � y�
g (x)k2 �k yTg � y�

g (� Tg ; x)k2 + k� Tg � � �
g(x)k2

� (1=� g + 1) k� Tg � � �
g(x)k2 = O(� g):

At each iterationt in Algorithm 1,x = x t , and the output(yTg ; � Tg ) is chosen as(yTg
g;t ; � Tg

g;t ).

Similarly, to solve(5), for arbitrary� g <
C � g

2 � g, applying Algorithm 2 with complexity~O(� � 0:5
F ) to

achieve (43) can achieve

k� TF � � �
F (x)k2 = O(� F );

andkyTF � y�
F (x)k2 �k yTF � y�

F (� TF ; x)k2 + k� TF � � �
F (x)k2

� (1=� F + 1) k� TF � � �
F (x)k2 = O(� F ):

At each iterationt in Algorithm 1,x = x t , and the output(yTF ; � TF ) is chosen as(yTF
F;t ; � TF

F;t ).

This completes the proof.

Remark 3. Under the same assumptions as in Theorem 3, we cam choose� g;1 � (lg;1 + lgc ;1) � 1,
� g;2 � � g

l g c ; 0
as stepsizes for running the accelerated version of Algorithm 2 to solve(7), and

� F; 1 � (l f; 1 + 
l g;1 + lgc ;1) � 1, � F; 2 � 
� g � l f; 1

l g c ; 0
as the ones for(5).

D.3 Proof of Theorem 4

In this section, we consider

gc(x; y) = gc
1(x)> y � gc

2(x) (46)

being af�ne iny, andY = Rdy .

Therefore, for a �xedx, taking eitherL g(�; y ; x) in (7) or L F (�; y ; x) in (5) asL(�; y ) �ts into a
special case ofstrongly-convex-concave saddle point problemsin the following form:

max
� 2 Rd c

+

min
y2 Rd y

L(�; y ) = � h1(� ) + y> A� + h2(y) (47)
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whereh1(� ) is smooth and linear (concave) in� and h2(y) is smooth and strongly convex in
y. Speci�cally, for L g(�; y ; x) asL(�; y ), h1(� ) = hgc

2(x); � i is 0-smooth and linear (concave),
A = gc

1(x), andh2(y) = g(x; y) is lg;1-smooth and� g-strongly convex.

In this context, performing PGD onL(�; y ) on y is equivalent to a gradient descent step since
Y = Rdy . The following lemma summarizes the error ofkyt � y�

� (� t )k wherey�
� (� ) is de�ned in

(16) and the update of� t +1 andyt +1 is the non-accelerated version of Algorithm 2 withTy = 1 .

Lemma 12(Update ofkyt � r h�
2(� A� t )k). Consider the problem(47)whereA is of full column

rank andh2(y) is � h2 -strongly convex andl f; 1-smooth.y�
� (� ) de�ned in(16)satis�es

y�
� (� ) = r h�

2(� A� ) (48)

whereh�
2(y) is the conjugate function ofh2(y) by De�nition 5. At iterationt, � t ; yt are known, and

conductyt +1 = yt � � 1r y L(� t ; yt ), a gradient descent step forL (� t ; y) in y. This gives

kyt +1 � r h�
2(� A� t )k � (1 � � 1� h2 =2)kyt � r h�

2(� A� t )k (49)

when� 1 � 1
l h 2 ; 1

. Additionally, given another� t +1 , we know

kyt +1 � r h�
2(� A� t +1 )k � (1 � � 1� h2 =2)kyt � r h�

2(� A� t )k +
� max (A)

� h2

k� t +1 � � t k: (50)

Proof. Recall the de�nitiony�
� (� ) = arg min y L(�; y ) following (16). The �rst-order stationary

optimality condition requires that for any given� , it holds

r y L(�; y �
� ) = A� + r h2(y�

� ) = 0 , r h2(y�
� ) = � A�:

As the mappingr h2 andr h�
2 are the inverse of each other according to Lemma 4, for any� :

y�
� = r h�

2(� A� ):

At iterationt, conducting a gradient descent step onL(� t ; y) givesyt +1 = yt � � 1r y L(� t ; yt ). As
L(� t ; y) is � h2 -strongly convex andlh2 ;1-smooth iny, following Lemma 7, take� 1 � 1

l h 2 ; 1
, we have

kyt +1 � r h�
2(� A� t )k � (1 � � 1� h2 =2)kyt � r h�

2(� A� t )k:

Following triangle inequality, we also have

kyt +1 � r h�
2(� A� t +1 )k

�k yt +1 � r h�
2(� A� t )k + kr h�

2(� A� t ) � r h�
2(� A� t +1 )k

� (1 � � 1� h2 =2)kyt � r h�
2(� A� t )k +

� max (A)
� h2

k� t +1 � � t k (51)

where the second term comes from the smoothness of the conjugate function (see Lemma 4).

In (50), the update behavior ofkyt � r h�
2(� A� t )k depends onk� t +1 � � t k. Therefore, we are

interested in the the update behavior ofk� t +1 � � t k where� t +1 = Proj Rd c (� t + � r � L(� t ; yt +1 ))
as in the non-accelerated version of Algorithm 2 withTy = 1 . Before proceeding, we would like to
look into the properties ofD(� ) de�ned in (16) under the setting (47):

D (� ) = min
y

� h1(� ) + hy; A� i + h2(y) (52)

whereh1(� ) is smooth and linear (concave) in� , h2(y) is smooth and strongly convex iny, andA is
of full rank in column. The next lemma shows thatD(� ) features strong concavity and smoothness.

Lemma 13(Smoothness and strongly concavity ofD (� )). Supposeh1 is concave andlh1 ;1-smooth,
h2 is � h2 -strongly convex andlh2 ;1-smooth, andA is full column rank. ThenD(� ) in (52)satis�es

D(� ) = � h1(� ) � h�
2(� A� );

and is � 2
min (A )
l h 2 ; 1

-strongly concave and(lh1 ;1 + � 2
max (A )
� h 2

)-smooth with respect to� .
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Proof. Following De�nition 5, we have

D(� ) = � h1(� ) � h�
2(� A� )

whereh�
2(y) is 1

l h 2 ; 1
-strongly convex and 1

� h 2
-smooth according to Lemma 4.

For all � 1; � 2,

� D (� 1) � (� D (� 2)) = h�
2(� A� 1) � h�

2(� A� 2) + h1(� 1) � h1(� 2)

�h
@h�2(� A� 2)

@� A� 2
; � A� 1 + A� 2i +

1=lh2 ;1

2
kA� 1 � A� 2k2

+ hr h1(� 2); � 1 � � 2ii

�hr D (� 2); � 1 � � 2i +
� 2

min (A)=lh2 ;1

2
k� 1 � � 2k2:

where the �rst inequality follows the strong convexity ofh�
2(y) and the fact that� h1(� ) is convex as

h1(y) is concave. and the second inequality follows the chain rule to formulater D(� 2). Therefore,

� D (� ) is � 2
min (A )
l h 2 ; 1

-strongly convex, andD(� ) is � 2
min (A )
l h 2 ; 1

-strongly concave.

MoreoverD(� ) is (lh1 ;1 + � 2
max (A )
� h 2

)-smooth as

D(� 1) � D (� 2) = � h�
2(� A� 1) � (� h�

2(� A� 2)) � h1(� 1) + h1(� 2)

�h
@� h�

2(� A� 2)
@� A� 2

; � A� 1 � (� A� 2)i +
1=� h2

2
k � A� 1 � (� A� 2)k2

+ h�r h1(� 2); � 1 � � 2ii +
lh1 ;1

2
k� 1 � � 2k2

�hr D (� 2); � 1 � � 2i +
lh1 ;1 + � 2

max (A )
� h 2

2
k� 1 � � 2k2:

The �rst inequality holds ash�
2(y) andh1(� ) are smooth. The second follows the chain rule.

Note� max (A) � � min (A) > 0 asA is full column rank. This completes the proof.

Knowing D(� ) has such favorable properties, we next analyze the update ofk� t +1 � � t k, where
f � t g is the sequence generated in the non-accelerated version of Algorithm 2 withTy = 1 .
Lemma 14 (Update ofk� t +1 � � t k). Consider the problem in(47) whereh1 is concave and
lh1 ;1-smooth,h2 is � h2 -strongly convex andlh2 ;1-smooth, andA is full column rank. Running the
non-accelerated version of Algorithm 2 withTy = 1 and� 1 � lh2 ;1

� 1 gives

1
� 2

k� t +1 � � t k �
�

lh1 ;1 +
� 2

max (A)
� h2

�
k� t � � � k

+ � max (A)(1 � � 1� h2 =2)kyt � r h�
2(� A� t )k + k� k (53)

where the constant� satis�es0 � � < 1 and� � = arg max � 2 Rd c
+

D(� ) with D(� ) de�ned in(52).

Proof. According to Lemma 13,

D(� ) = min
y2 Rd y

� h1(� ) + y> A� + h2(y) = � h1(� ) � h�
2(� A� )

is � 2
min (A )
l h 2 ; 1

-strongly concave and(lh1 ;1 + � 2
max (A )
� h 2

)-smooth with respect to� . Moreover, the problem

max� 2 Rd c
+

D(� ) is equivalent to the unconstrained problem with the Lagrange multiplier

max
� 2 Rd c

~D(� ) := D(� ) + � > �

where unique� is non-negative and �nite in all dimension, i.e.0 � � < 1 , asD(� ) is strongly
convex and� 2 Rdc

+ is equivalent to� � 0 satisfying the LICQ condition (Lemma 5). In this way,

r ~D(� ) = r D(� ) + � = �r h1(� ) + A> r h�
2(� A� ) + �: (54)
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We can see that~D(� ) is smooth and strongly concave with the same modulus asD(� ). The �rst-order
stationary condition requires

r ~D(� � ) = �r h1(� � ) + A> r h�
2(� A� � ) + � = 0 : (55)

In this way,
1
� 2

k� t +1 � � t k =
1
� 2

k ProjRd c
+

�
� t + � 2(�r h1(� t ) + A> yt +1 )

�
� � t k

(a)
� k � r h1(� t ) + A> yt +1 k

= k � r h1(� t ) + A> r h�
2(� A� t ) + � + A> yt +1 � A> r h�

2(� A� t ) � � k
(b)
�kr ~D(� t )k + � max (A)kyt +1 � r h�

2(� A� t )k + k� k
(c)
�kr ~D(� t ) � r ~D(� � )k + � max (A)(1 � � 1� h2 =2)kyt � r h�

2(� A� t )k + k� k
(d)
�

�
lh1 ;1 +

� 2
max (A)
� h2

�
k� t � � � k + � max (A)(1 � � 1� h2 =2)kyt � r h�

2(� A� t )k + k� k

Inequality(a) comes from the non-expansiveness (1-Lipschitzness) of the projection operation,(b)
follows triangle inequality and uses(54), (c) uses(55)and(49) in Lemma 12, and(d) comes from
the smoothness of~D(� ), which is of the same modulus asD(� ). This completes the proof.

In (53), the update behavior ofk� t +1 � � t k depends onk� t � � � k. We further look into the update
of k� t � � � k and summarize in the following lemma the bound of the update ofk� t � � � k.
Lemma 15(Update ofk� t � � � k). Consider the problem in(47) whereh1 is concave andlh1 ;1-
smooth,h2 is � h2 -strongly convex andlh2 ;1-smooth, andA is full column rank. Conduct the
non-accelerated version of Algorithm 2 withTy = 1 , gives

k� t +1 � � � k �
�

1 � � 2
� 2

min (A)
2lh2 ;1

�
k� t � � � k + � 2� max (A)(1 � � 1� h2 =2)kyt � r h�

2(� A� t )k:

(56)

when� 1 � lh2 ;1
� 1 and� 2 �

�
lh1 ;1 + � 2

max (A )
� h 2

� � 1
. Here� � = arg min � 2 Rd c

+
D(� ) whereD(� ) is

de�ned in(52).

Proof. De�ne an auxiliary update as

~� t +1 := Proj Rd c
+

(� t + � 2r D (� t )) = Proj Rd c
+

�
� t + � 2(�r h1(� t ) + A> r h�

2(� A� t ))
�

: (57)

This is a projected gradient descent on strongly convex� D (� ). As Rdc
+ is closed and convex,

following Lemma 7, for� 2 �
�

lh1 ;1 + � 2
max (A )
� h 2

� � 1
, where

�
lh1 ;1 + � 2

max (A )
� h 2

�
is the modulus for

smoothness ofD(� ) by Lemma 13, we have

k~� t +1 � � � k �
�

1 � � 2
� 2

min (A)
2lh2 ;1

�
k� t � � � k:

As the real update is� t +1 = Proj Rd c
+

�
(� t + � 2(�r h1(� t ) + A> yt )

�
, by the non-expansiveness

(1-Lipschitzness) of projection operation, we have

k~� t +1 � � t +1 k �k � 2A> (yt +1 � r h�
2(� A� t ))k � � 2� max (A)kyt +1 � r h�

2(� A� t )k

By triangle inequality and (49), we have

k� t +1 � � � k �
�

1 � � 2
� 2

min (A)
2lh2 ;1

�
k� t � � � k + � 2� max (A)kyt +1 � r h�

2(� A� t )k

�
�

1 � � 2
� 2

min (A)
2lh2 ;1

�
k� t � � � k + � 2� max (A)(1 � � 1� h2 =2)kyt � r h�

2(� A� t )k: (58)

This completes the proof.
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We are ready to proceed with the convergence analysis for the single-loop algorithm (Algorithm 2)
without acceleration andTy = 1 , on the problems(47), which is a general form to(7) and(5). In this
way, Theorem 4 follows directly from the following theorem.

Theorem 6. SupposeL(�; y ) is in the form of(47) whereA is full column rank,h1 is concave
andlh1 ;1-smooth,h2 is � h2 -strongly convex andlh2 ;1-smooth satisfyinglh1 ;1 = O(1), lh2 ;1; l � 2 �
O(1), and l h 2 ; 1

� h 2
= O(1). Conduct the non-accelerated version of Algorithm 2 withTy = 1 . For

arbitrary small positive� �
�

4l h 2 ; 1 � max (A )
� h 2 � 2

min (A ) (lh1 ;1 + � 2
max (A )
� h 2

)
� � 1

, when� 1 = O( 1
l h 2 ; 1

) � 1
l h 2 ; 1

and

� 2 = O(� ) � 1
l h 1 ; 1 + � 2

max (A )=� h 2
, the algorithm yields output(� T ; yT ) such that

k� T � � � k2 < �; and kyT � y� k2 < �

with complexityT = O(ln
�
� � 1

�
). Here,(� � ; y� ) = arg max � 2 Rd c miny2 Rd y L(�; y ).

Proof. For some positive constant� > 0, denote

Pt := � k� t � � � k + kyt � r h�
2(� A� t )k: (59)

Plugging (50) in Lemma 12 , (53) in Lemma 14, and (56) in Lemma 15 to (59), we know

Pt +1 = � k� t +1 � � � k + kyt +1 � r h�
2(� A� t +1 )k

� �
��

1 � � 2
� 2

min (A)
2lh2 ;1

�
k� t � � � k + � 2� max (A)(1 � � 1� h2 =2)kyt � r h�

2(� A� t )k
�

+ (1 � � 1� h2 =2)kyt � r h�
2(� A� t )k +

� max (A)
� h2

� 2

�
�

(lh1 ;1 +
� 2

max (A)
� h2

)k� t � � � k + � max (A)(1 � � 1� h2 =2)kyt � r h�
2(� A� t )k + k� k

�

=
�

1 � � 2
� 2

min (A)
2lh2 ;1

+
1
�

� max (A)
� h2

� 2(lh1 ;1 +
� 2

max (A)
� h2

)
�

� k� t � � � k

+ (1 � � 1� h2 =2)
�

1 + �� 2� max (A) +
� 2

max (A)
� h2

� 2

�
kyt � r h�

2(� A� t )k +
� max (A)

� h2

� 2k� k:

To constructPt +1 � (1 � c)Pt + � max (A )
� h 2

� 2k� k for some constant0 < c < 1, it is suf�cient to �nd

� 1 � 1
l h 2 ; 1

; � 2 � 1

( l h 1 ; 1 +
� 2

max ( A )
� h 2

)
, and� > 0 such that

8
<

:

0 <
�

1 � � 2
� 2

min (A )
2l h 2 ; 1

+ 1
�

� max (A )
� h 2

� 2(lh1 ;1 + � 2
max (A )
� h 2

)
�

� 1 � � 2
� 2

min (A )
4l h 2 ; 1

< 1

0 < (1 � � 1� h2 =2)
�

1 + �� 2� max (A) + � 2
max (A )
� h 2

� 2

�
� (1 � � 1� h2 =2)(1 + � 1� h2 =2) < 1

This can be obtained when
8
><

>:

� � 4l h 2 ; 1 � max (A )
� h 2 � 2

min (A ) (lh1 ;1 + � 2
max (A )
� h 2

)

� 2 � � 1 � h 2

2
�

�� max (A )+
� 2

max ( A )
� h 2

� (60)

Conditions in(60) can be satis�ed when� > 0 is suf�ciently small such that� = � � 1 �
4l h 2 ; 1 � max (A )

� h 2 � 2
min (A ) (lh1 ;1 + � 2

max (A )
� h 2

), � 1 = O( 1
l h 2 ; 1

) and� 2 = O( � h 2
l h 2 ; 1

� � 1) = O(� � 1). In this way,

Pt +1 � (1 � c)Pt + O(� � 1
h2

� )

wherec > 0 is of the orderO(� ). Iteration gives

Pt � (1 � c)t P0 + O(� � 1
h2

): (61)
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NoticeO(� � 1
h2

) < O(1) andP0 = O(� � 1) as� = � � 1. In this way, there existT1 = O(ln
�
� � 1

�
)

such that for allt > T 1, (1 � c)t P0 = O(1) andO(� � 1
h2

) � O (1). Accordingly, we can achieve

Pt = O(1); 8t > T 1:

Moreover, asPt = � � 1k� t � � � k + kyt � r h�
2(� A� t )k,

k� t � � � k � �P t = O(� ); 8t > T 1: (62)

Furthermore, choose� 1 = O( 1
l h 2 ; 1

) satisfying� 1 � 1
l h 2 ; 1

, for t > T 1,

kyt � r h�
2(� A� t )k � (1 � � 1� h2 =2)t � T1 kyT1 � r h�

2(� A� T1 )k + O(� ):

This is an iteration outcome using(50) in Lemma 12,(62), and the fact that� 1� h2 =2 = O( � h 2
l h 2 ; 1

) =

O(1). In this way, for anotherT2 = O(ln
�
� � 1

�
) steps, we have

kyt � r h�
2(� A� t )k = O(� );

and kyt � y� k � k yt � r h�
2(� A� t )k + kr h�

2(� A� t ) � r h�
2(� A� � )k

� k yt � r h�
2(� A� t )k +

� 2
max (A)
� h2

k� t � � � k

= O
�
� + � � 1

h2
�
�

= O (� ) ; 8t > T 1 + T2:

We can see that the algorithm converges linearly with complexityO(T1 + T2) = O(ln
�
� � 1

�
). In

this way, obtaining

kyT � y� k2 = O(� ) and k� T � � � k2 = O(� );

requires complexityT = O(ln
�
(
p

� ) � 1
�
) = O(ln

�
� � 1

�
). This completes the proof.

Remark 4. Under the same assumptions as in Theorem 4, we cam choose� g;2 . (lg;1) � 1, � g;1 �
� 2

g � g(2smax � g + s2
max � � 1) � 1� g;2 as stepsizes for running the single-loop version of Algorithm 2 to

solve(7), and� F; 2 . (l f; 1 + 
l g;1) � 1, � F; 2 � (
� g � l f; 1)2� F (2smax (
� g � l f; 1)+ s2
max � � 1) � 1� F; 2

as the ones for(5).

E Applications to Hyperparameter Optimization for SVM

In this section, we provide additional details about the SVM model training experiment for the linear
SVM model, including the problem formulation and analysis of the results.

E.1 Problem formulation

SVMs train a machine learning model by �nding the optimal hyperplane that separates data points
of different classes with the maximum marginw. Misclassi�cation is not tolerated for hard-margin
SVMs. In contrast, some samples are allowed to be misclassi�ed for soft-margin SVMs. Speci�cally,
one �rst introduces variables� i , which measure the violation associated with the classi�cation of
samplei , and then augments the original SVM objective with the norm of� , which is a vector
collecting the values of� i for all the samples in the training set.

BLO can be applied to the hyperparameter selection task of SVM. For example, it can be used to
choose the value of the regularization parameters during soft-margin linear SVM training. Let us
consider a classi�cation problem and de�neDtr := f (ztr ;i ; l tr ;i )g

jD tr j
i =1 as the training set, withztr ;i

being the input feature vector for samplei andl tr ;i being its associated binary label. Similarly, let
Dval := f (zval ; ; lval ;)g

jD val j
i =1 be the validation set. For a linear classi�cation problem, the parameters

of the SVM arew, a vector of coef�cients with the same size asztr ;i , and the interceptb.

In short, we are interested in the following constrained BLO problem

min
c

L D val (w� ; b� ) =
X

(zval ;l val )2D val

exp
�
1 � lval

�
z>

val w
� + b� ��

+
1
2

kck2 (63a)
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with w� ; b� ; � � = arg min
w;b;�

1
2

kwk2 (63b)

s.t. l tr ;i (z>
tr ;i w + b) � 1 � � i 8 i 2 f 1; : : : ; jD tr jg (63c)

� i � ci 8 i 2 f 1; : : : ; jD tr jg: (63d)

The �rst term of upper-level objective(63a)is a validation loss, evaluated on the validation setDval ,
the second is a regulation term on the upper-level variablec; the lower-level problem is designed to
train the parameters of the hyperplane on the training setDtr , with the soft margin violation� i being
upper bounded by the hyperparameterci [cf. (63d), which are the CCs]. The lower-level objective
(63b)focuses on maximizing the margin by minimizingkwk2 while allowing for violations� to the
separating hyperplane, which are regulated by the hyperparameterc. The BLO formulation aims to
adjust the hyperparameterc using the validation loss (upper-level objective), ensuring that the model
parameters (lower-level variables) are optimal for the training dataset.

E.2 Experiment details

In this section, we present detailed experimental results for the training of the SVM model in
(63) using our BLOCC algorithm. We compare our algorithm to two baselines, LV-HBA [75] and
GAM [72], both designed for BLO problems with inequality CCs. We use
 = 12 and� = 0 :01
for running our BLOCC and we apply� = 0 :01, 
 1 = 0 :1, 
 2 = 0 :1, � = 0 :001 for LV-HBA
and� = 0 :05, � = 0 :005 for GAM respectively. The hyper-parameters for LV-HBA and GAM
are the ones used in the SVM experiments in their paper. The GAM algorithm often encounters
issues with matrix inversion, as the matrix required for the GAM algorithm to solve the problem
in (63) can be singular, preventing it from �nding a solution. Consequently, only BLOCC and
LV-HBA solve the problem in(63), while GAM uses a different formulation as introduced in [72].
We compare the algorithms based on validation loss (the �rst term in the upper-level objective) and
classi�cation accuracy. These metrics are computed for both validation and test datasets. We evaluate
the algorithms on two datasets: diabetes [20] and fourclass [29].

The detailed results are shown in Figure 4 and 5. Ten realizations of the problem are run, each with
different training and validation sets. The plots show both the mean (line) and standard deviation
(shaded region). The results reveal that our algorithm converges faster in terms of accuracy and
loss, achieving a lower loss value than the alternatives for both datasets, in validation and test sets.
Furthermore, in terms of accuracy, we observe that for the diabetes dataset, our algorithm reaches a
higher accuracy value faster than the alternatives in both validation and test sets.

(a) Test accuracy. (b) Validation loss. (c) Lower-level objective.

Figure 4: Plots for diabetes dataset

(a) Test accuracy. (b) Validation loss. (c) Lower-level objective.

Figure 5: Plots for fourclass dataset
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F Applications to Transportation Network Planning

This section applies the proposed BLOCC algorithm to a transportation network design problem,
comparing it with the baselines from [72] and [75].

F.1 Problem formulation

In transportation network planning, the planning operator is to construct a new transportation network
(upper level) connecting a collection of stationsS, and the passengers will decide whether to use the
new network (lower-level), considering the options given by the new network and existing alternatives
(constraints). The goal is to design a network that maximizes the operator's bene�t, knowing the
passengers will make rational choices depending on the given design.

The operator considers building a new network on a collection of linksA � S � S . For any link
(i; j ) 2 A connecting stationsi 2 S to j 2 S, the operator needs to design the capacityx ij . If the
link's capacity is set to zero, then the link is not constructed. The larger the capacity, the larger the
number of travelers, thus the larger the revenue while the higher the construction costcij .

The passengers are in demand to travel in the networkK � S � S . For every origin-destination pair
(o; d), the traf�c demandwod and the traf�c time on the existing routetod

ext is known. We assume
that there is onlyoneexisting network. The proportion of passengers choosing the new networkyod

andyod
ij the fraction of passengers using link(i; j ) to travel fromo to d will be determined following

passengers' rational choice, modeled by logit choice model [5, 11] that will be explained later. If
yod

ij = 0 , then the link does not belong to the route that passengers follow to travel fromo to d.

In a) of Figure 6, the stationS are presented as the dots, and linksA are as the dashed lines (input
topology); b) of Figure 6 shows a heatmap for the demand matrix for each(o; d) 2 K (input to the
design); c) is an example of the constructed network connecting some of the stations (output of the
design); and d) illustrates the number of passengers using the constructed network (design output).

To summarize, in this experiment, we assume that

A1) Only one existing alternative network exists;

A2) Passengers decide whether to use our network rationally, which is modeled by the logit
choice model considering a utility depends on travel attributes (travel time) [5, 11]; and,

A3) The demand per market, the trip prices, and the travel times per link are known to operators.

We summarize the optimization variables as follows

• x ij 2 R+ , the capacity constructed for the link(i; j ) 2 A . The number of capacity variables
is jAj . The link is not constructed ifx ij = 0 .

• yod 2 [0; 1], the fraction (proportion) of passengers from market(o; d) 2 K choosing the
new network for their travel. The number of �ow variables isjKj . Since we consider only
one competitor,1� yod represents the fraction of incumbent network passengers. Ifyod = 0 ,
then the passengers of market(o; d) do not use the new network.

• yod
ij 2 [0; 1], the fraction of passengers from market(o; d) 2 K that, when choosing the new

network to travel fromo to d, use the link(i; j ) 2 A in their route to the destination. The
number of link �ow variables isjAjjKj . With this de�nition, it holds thatyod

ij � yod ; and, if
yod

ij = 0 , then link(i; j ) does not belong to the route when traveling fromo to d.

To simplify the notation and to make it consistent with the notations used in the paper, we denote

• x = f x ij g8( i;j )2A represents the upper-level variables to be optimized.

• X = RjAj
+ represents the domain ofx.

• y = f yod; f yod
ij g8( i;j )2A g8(o;d)2K represents the lower-level variables to be optimized

• Y = [ "; 1 � " ]jKj � ["; 1 � " ]jAjjKj , where" is a small positive number set by the designer
of the network, represents the domain ofy.
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Figure 6: Example of a transportation network design. (a) represents the set of stationsS =
f 1; 2; 3; 4; 5; 6; 7; 8; 9g and the set of linksA � S � S , where the number of links isjAj = 30 (15
segments with two orientations each) and the value on each edge represents the travel time. (b)
represents the demandf wodg between all(o; d) pairs, wherejKj = 9 � 8 = 72 values are provided
(those in the off-diagonal elements of the heatmap). (c) represents the constructed network, where,
to facilitate visualization, we have assumed that the capacity is symmetric and used the width of
the edge to represent the capacity of every link. (d) representsf wodyodgf8 (o;d)2Kg , the number of
passengers served by the constructed network.

Besides the optimization variables, our objective and constraints include the following parameters

• wod, the total estimated demand (number of passengers) for the market(o; d) 2 K .

• mod, the revenue obtained by the operator from a passenger in the market(o; d) 2 K .

• cij , the construction cost per passenger associated with link(i; j ) 2 A .

• t ij , the travel time for link(i; j ) 2 A .

• tod
ext , travel time on the alternative network for passengers in the market(o; d) 2 K .

• ! t < 0, the coef�cient associated with the travel time in passengers' utility function.

In transportation network design, a bilevel formulation is essential due to the interaction between
two players with different levels of in�uence: the operator, who constructs the network, and the
passengers, who choose their routes based on the network's characteristics. The operator's goal is
to maximize their bene�t by minimizing construction costs and maximizing attracted demand, with
link capacity as the optimization variable. Conversely, passengers aim to maximize their trip utility,
determining the proportion of demand using each link. This dual optimization requires that passenger
choices comply with link capacity constraints set by the operator, coupling the variables at both
levels. This necessitates a bilevel optimization approach, speci�cally using BLOCC, to address the
interdependent decisions and constraints effectively.
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Now, we are ready to introduce the objective formulations of our BLO problem. For the upper level,
the network operator aims to maximize pro�ts and minimize costs, and therefore, its interest is

min
x 2X

f (x; y �
g (x)) := �

 
X

8(o;d)2K

modyod� (x)

| {z }
pro�t

�
X

8( i;j )2A

cij x ij

| {z }
cost

!

; (64)

whereyod� (x) are optimal lower-level passenger �ows associated with the network designx.

For the lower-level, we model the passenger's behavior by �nding the �ow variables that maximize
utility and minimizes �ow entropy cost.

min
y2Y

g(x; y) := �

 
X

(o;d)2K

X

( i;j )2A

wod! t t ij yod
ij +

X

(o;d)2K

wod! t tod
ext (1 � yod)

| {z }
passengers utility

(65)

+
X

(o;d)2K

wodyod(ln
�
yod �

� 1) +
X

(o;d)2K

wod(1 � yod)(ln
�
1 � yod �

� 1)

| {z }

ow entropy cost

!

:

The passengers' utility considers the time cost of choosing the new network and the existing network.
The users set the �ow variablesy so that the transportation network yielding a higher utility is
preferred. Here, the probability of chosing new network is modeled by a logistic (softmax) model.
However, setting the objective as a simple linear utility maximization would lead to an all-or-nothing
policy, which is not the behavior observed in practice. Hence, the second term is brought to consider.
The approach considered here is to formulate an objective given by the Legendre transform (cf.
De�nition 5) of the softmax sharing (see [54, 57, 56] for additional details). Intuitively, this means
that rather than imposing the softmax sharing a fortiori, we formulate aconvexproblem whose KKT
conditions lead to the softmax sharing. Using the fact that the Legendre transform of an exponential
ey is the negative entropy functiony(ln( y) � 1), the lower-level objective is traditional as in [57].

Having introduced the optimization variables, parameters, and objective functions, we next formulate
our BLO problem, where we also incorporate the network constraints:

min
x 2X

�
X

8(o;d)2K

modyod� +
X

8( i;j )2A

cij x ij (66a)

s.t.(yod� ; yod�
ij ) = arg min

y2Y
�

X

(o;d)2K

X

( i;j )2A

wod! t t ij yod
ij �

X

(o;d)2K

wod! t tod
ext (1 � yod) (66b)

+
X

(o;d)2K

wodyod(ln
�
yod �

� 1) +
X

(o;d)2K

wod(1 � yod)(ln
�
1 � yod �

� 1)

s.t.
X

8j j ( i;j )2A

yod
ij �

X

8j j ( j;i )2A

yod
ji =

8
<

:

yod if i = o
� yod if i = d
0 otherwise

8i; (o; d) 2 S � K (66c)

X

8(o;d)2K

wodyod
ij � x ij 8(i; j ) 2 A (66d)

where(66c)are the �ow-conservation constraints,(66d)are the capacity constraints that involve both
upper and lower-level variables, coupling the optimization and motivating the use of BLOCC. Note
that, for networks withn stations (nodes): i) the number of CCs is approximatelyn2; and ii) each of
the constraints involves approximatelyn2 variables. Hence, even for a moderate-size network (say
30-50 nodes), we may have thousands of CCs involving millions of variables.

Experiment roadmap. To provide numerical results illustrating the behavior of our algorithm, we
solve the optimization in (66) for three scenarios:

S1) The design of a 3-node simple synthetic network;
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