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Abstract

Interest in bilevel optimization has grown in recent years, partially due to its appli-
cations to tackle challenging machine-learning problems. Several exciting recent
works have been centered around developing efficient gradient-based algorithms
that can solve bilevel optimization problems with provable guarantees. However,
the existing literature mainly focuses on bilevel problems either without constraints,
or featuring only simple constraints that do not couple variables across the upper
and lower-levels, excluding a range of complex applications. Our paper studies this
challenging but less explored scenario and develops a (fully) first-order algorithm,
which we term BLOCC, to tackle BiLevel Optimization problems with Coupled
Constraints. We establish rigorous convergence theory for the proposed algorithm
and demonstrate its effectiveness on two well-known real-world applications -
hyperparameter selection in support vector machine (SVM) and infrastructure
planning in transportation networks using the real data from the city of Seville.

1 Introduction

Bilevel optimization (BLO) approaches are pertinent in various machine learning problems, including
hyperparameter optimization [49, 24], meta-learning [22], and reinforcement learning [67, [63].
Moreover, the ability to handle BLO with constraints is particularly important, as these constraints
appear in applications such as pricing [[15]], transportation [50} (1], and kernelized SVM [30]. Although
there is extensive research on BLO problems without constraints or with uncoupled constraints
[31L 112} 139} 42} |62]], solutions for BLO problems with coupled constraints (CCs) remain limited;
see details in Table[I] However, it is of particular interest to investigate BLO with lower-level CCs.
Taking infrastructure planning in a transportation network as an example, the lower-level seeks to
optimize a utility constrained by the upper-level parameter, network configuration.

Motivated by this, we consider the coupled-constrained BLO problem in the following form

min f(z, g (2)) (1a)
st yg(z) = argyényi&)g(%y) with  Y(z) :={y €Y :¢°(z,y) <0} (1b)

where f : R% x R% — R is the upper-level objective, g : R% x R% — R is the lower-level
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objective which is strongly convex, g¢(z,y) : R% x R% — R defines the lower-level CCs, and
X C R% ) C R% are the domain of 2 and y that are easy to project, such as the Euclidean ball.

The challenge in solving (T) arises from the coupling of the upper and lower-level problems. Prior
work addressed this by starting with the unconstrained BLO problem, using implicit gradient descent
(IGD) methods [27, 311134} 112} [13] 140} 1611 143} [66] and penalty-based methods [45] 44} (61| 141} 42].
To solve BLO with CCs, AiPOD [71] and GAM [72] investigated the IGD method under different
constraint settings. However, AiPOD only considered equality constraints, and GAM lacked finite-
time convergence guarantees. Leveraging a penalty reformulation, [75] developed a Hessian-free
method with finite-time convergence. However, a key algorithm step in [75] is a joint projection of
the current iterate (x, y) onto the coupled constraint set. This projection, required at each iteration,
becomes particularly challenging when ¢¢(z, y) is not jointly convex and can be computationally
expensive for large-scale problems with a high number of variables (d, d,) or constraints (d..).

To this end, this paper aims to address the following question

Can we develop an efficient algorithm that bypasses joint projections on ¢g¢(z, y) and quickly solves
the BLO problem with coupled inequality constraints in (I)?

We address this question affirmatively, focusing on the setting where the lower-level objective, g(x, y),
is strongly convex in ¥, and the constraints g¢(z, i) are convex in y. To avoid implementing a joint
projection, we put forth a novel single-level primal-dual-assisted penalty reformulation that decouples
x and y. Specifically, with 1 € R denoting the Lagrange multiplier of (Ib), we propose solving

min Fy(@) = max min f(e,y) +qlg(@, 9~ v(@) + . 9yl (2a)
penalty term Lagrangian term
where v(z) := min g(z,y) (2b)
yeY(z)

where the penalty constant y controls the distance between y and y; () by penalizing g(z, y) to its
value function v(x), and the Lagrangian term penalizes the constraint violation of ¢¢(x, y).

However, recognizing the max-min subproblems involved in (2a)), it becomes computationally costly
to evaluate the penalty function F.,(x) and its gradient. To this end, we pose the following question

Can we develop efficient algorithms to solve the max-min subproblem and evaluate V F, (z)?

We answer this question by proving that this reformulation exhibits several favorable properties,
including smoothness. These properties are critical for designing gradient-based algorithms and
characterizing their performance. However, the presence of the CCs renders the calculation of the
gradient VF,, (x) more challenging than for its unconstrained counterpart [62]. Building upon this,
we design a primal-dual gradient method with rigorous convergence guarantees for the BLO with
general inequality CCs, and provide an improved result for the case of ¢g¢ being affine in y.

1.1 Main contributions
In a nutshell, our main contributions are outlined below.

C1) In Section 2} leveraging the Lagrangian duality theorem, we introduce the function F (z)
in (2a) as a penalty-based reformulation of (I), establish the continuity and smoothness of
F,(x), and develop a novel way to compute its gradient.

C2) In Section 3] we develop BLOCC, a fully first-order algorithm to tackle BLO problems
with CCs. With e being the target error for the generalized gradient norm square of F, (z),
we establish that the iteration complexity under the generic constraint g¢(z,y) in (ID) is

O(e=2?). We establish, for the first time, the linear convergence of a strongly convex-
concave max-min problem with linear interaction and a constrained maximization parameter,

reducing BLOCC’s complexity to O(e~'-) when the constraint g¢(, y) is affine in y.
C3) In Section[d] we apply our BLOCC algorithm to two real-world applications: SVM model

training and transportation network planning. By comparison with LV-HBA [75] and GAM
[72], we demonstrate the algorithm’s effectiveness and its robustness to large-scale problems.



LL constraint First Order | Complexity
BLOCC g°(x;y) Oconvexiny and LICQ holds; 3 o( *%;
Special caseg®(x;y) afnein y o( 5
LV-HBA g°(x;y) Oconvexinx vy 3 o( )
GAM g°(x;y) Oconvexinx yand LICQ holds 8 8
BVFSM g°(x;y) O satisfying other requirements 3 8
AiPOD °(x;y)= Ay b(x)=0 8 o( ™)

Table 1: Comparison of our work with LV-HBA7E], BVFSM [4€], AiPOD [71], and Gradient
Approximation method (GAM)12]. LL convergence is on metric the squared distancg ob its
optimal solution, and UL convergence is on squared (generalized) gradient norm.

1.2 Related works

BLO has a long history, dating back to the seminal work8pf [t has inspired a rich body of literature,
e.g., [76,168,[14,65]. The recent focus on BLO is centered on developing ef cient gradient-based
approaches with provable nite-time guarantees.

Methods for BLO without constraints. A cluster of BLO gradient-based approaches gravitates
around the implicit gradient descent (IGD) meth&d][ where the key idea is to approximate
the hypergradient by the implicit function theorem. The nite-time convergence of IGD was rst
established inl27] for unconstrained strongly-convex lower-level problems. Subsequent works
improved the convergence rates and/or relaxed the assumptions under various setti3ds3dee [
12,(13,/40,161,143,166,[73,135,[70]. Another cluster of works is based on iterative differentiation (ITD)
[49,123,53 [60], which estimates the hypergradient by differentiating the entire iterative algorithm
used to solve the lower-level problem with respect to the upper-level variables. The nite-time
guarantee was rst established 28] 47,133,16]. Viewing the lower-level problem as a constraint
such as in[[64], penalty-based methods have also emerged as a promising approach for BLO. Dated
back to [77], this line of works 5, 51, 44, 41, 62, 25, 48] reformulated the original BLO as the
single-level problems with various penalty terms and leveraged rst-order methods to solve them.

BLO with constraints. While substantial progress has been made for unconstrained BLO, the
analysis for constrained BLO is more limited. Upper-level constraints of the fo@nX were
considered in31, 12]. For the lower-level uncoupled constraint, SIGE9] considered the uncoupled
constraintAy  band achieved asymptotic convergend, p2] employed penalty reformulation

and considered both upper and lower uncoupled constraints. However, the literaBlr® avith

CCsis scarce. BVFSM46] conducted a penalty-based method to avoid the calculation of the Hessian,
as IGD methods do. However, only asymptotic convergence was achieved. GAM\estigated

the IGD method under inequality constraints while failing to provide nite-time convergence results
as well. AiPOD [r]] also applied IGD and successfully achieved nite-time convergence, but it
only considered equality constraints. LV-HBA&H] considered inequality constraints and constructed

a penalty-based reformulation. However, it employed a joint projectidix;gf) ontofX Y

g®(x;y) Ogwhich is computationally inef cient when there are many constraints or vgiéx y)

is not jointly convex. After our initial submission, we found a concurrent w@d posted on ArXiv,
which used Lagrange duality theory differently from ours, applying it to construct a new smoothed
penalty term. However, it does not quantify the relationship between the relaxation of this penalty
and the relaxation of lower-level optimality, and it does not guarantee lower-level feasibility. We
summarized prior works on BLO with lower-level CCs in Table 1.

2 Primal-dual Penalty-based Reformulation

In this section, our goal is to construct a primal-dual-assisted penalty reformulation for our BLOCC
problem. The technical challenge comes from nding a suitable penalty function for BLO with CCs.

2.1 The challenges in BLO with coupled constraints

Here, we will elaborate on the two technical challenges of BLO with CCs.

The rst challenge associated with the presence of CCs is the dif culty to nd the descent di-
rection forx, which involves nding the closed-form expression of the gradien(x). The ex-
pression without CCs;, v(x) = 1 xg(X;Y4(X)) provided in B2, 42, 41, 44], is not applicable.
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For example, wheg(x;y) = (y 2x)? andg®(x;y) = 3x ,

the optimal lower-level solution ig,(x) = 3 x and thusy(x) = x?

with r v(x) = 2x. However,r xg(x;y,(x)) = 4x 6 r v(x).

The closed form gradient for BLO witﬁ CCs should (88, which
considers a Lagrange term that will be illustrated later in this paper.
In Figure 1, we present the gradient/(x) without the Lagrange
multiplier in [62, 42, 41, 44] and ours with the Lagrange term. In
this example, the gradient without the Lagrange term leads to the

opposite direction to the true gradient. . )
. . . Figure 1: Calculation of
The second challengassociated with the presence of CCs is tfpev(x). The blue line is/(x),

dif culty of performing the joint projection. If we directly extendipe the yellow dashed line is
the penalty reformulation ir6R, 41], we could treat the coupling cgiculated by the formulation
constraint set (x) as a joint constraint(x;y) : g°(x;y)  0Og, given in [62, 41], while red
and employ a joint projection ofx;y) to ensure the feasibility.5shed line is derived by our
However, this can be computationally inef cient when the problegy occ. It can be seen that
is large-scale, i.e. the number of variables or constraints is Iafggfx) without the Lagrange
The detailed analysis of computational cost can be seen in Apperpﬁ%imier is very biased from
H. Moreover, wherg®(x; y) is complex, the projection may not havgne true gradient.

a closed form and may not even be well-de nedjifx; y) is not

jointly convex.

2.2 The Lagrangian duality-based penalty reformulation

Before proceeding, we summarize the assumptions considered as follows.

Assumption 1(Lipschitz Continuity) Assume thatt,r f,r g, g° andr g, and are respectivell. o,

It; 1, Ig:1, lge;0, @andlge;1-Lipschitz jointly over(x;y) 2 X Y , andgis g, .o-Lipschitzinx 2 X .
Assumption 2 (Convexity iny). For any giverx 2 X, g(x;y) andg®(x;y) are g-strongly convex
and convex iry 2 Y, respectively.

Assumption 3(Domain Feasibility) DomainX R% andY R% are non-empty, closed, and
convex. Forany giver 2 X ,Y(x):= fy2Y :g°(x;y) 0Ogis non-empty.

Assumption 4 (Constraint Quali cation) For any givenx 2 X , g°¢ satis es the Linear Independence
Constraint Quali cation (LICQ) condition for everyY in a neighborhood of (x).

The Lipschitz continuity in Assumption 1 and the strong convexityg ofery in Assumption 2 are
conventional 27, 31, 41, 71, 35, 13]. Moreover, we only requirg®(x;y) to be convex iry rather

than: i) jointly convex in(x; y) as in [79], or ii) linear as in B9, 71]. Assumption 3 pertains to the
convexity and closeness of the domain, which is also conventional, and Assumption 4 is a standard
constraint quali cation condition.

To build a penalty reformulation for BLO with lower-level CCs, the rst challenge is to nd a penalty
that regulategy  y,(x)k. In the following lemma, we show tha(x;y) Vv(x) is a good choice.

Lemma 1. Suppose that Assumptions 2-4 hold aiixl) is de ned as in(2b). Then, it holds that

cl) g(x;y)  v(x) 78ky Yg(x)k?, for some § > 0, forally 2 Y (x); and
c2) g(x;y) = v(x) ifand only ify = y,(x), forally 2'Y (x).

The technical challenge of proving this lemma lies in showing the quadratic growth property as in c1)
of Lemma 1. For BLO without the CCs, this naturally holds as the lower-level objegityg) is
strongly convex iry. For BLO with CCs, one needs to use the Lagrangian duality theorem. The full
proof of Lemma 1 is given in Appendix B.1, where the key challenge is to show the invariance of the
modulus of strong convexity in the Lagrangian reformulated lower-level objective.

With  denoting a penalty constant, we consider the following penalty reformulation:

(xy)2fx Ymigc(x;y) ogf xy)+ (gxy)  v(x) @)

where the penalty term con nes the squared Euclidean distanceyftoryg, (x). Furthermore, to
avoid projectingx;y) ontothefX Y :g°(x;y) Og, we propose the primal-dual-assisted penalty



reformulation, which was de ned i(2). The approximate equivalence of the reformulai{@pto the
original BLO problem (1) is established in the following theorem.

Theorem 1 (Equivalence) Suppose that is Lipschitz iny andr f is |;. 1-Lipschitz in(x;y) in
Assumption 1 hold, and Assumptions 2-4 hold. Then, solvingaipgroximation problem of1):

i f(x; 1ok K2 - 4
(x;y )2fX le:gco(;y) 0g (xy) s y yg(X) ; (4)

is equivalent to solve the primal-dual penalty reformulatiofdhwith = O( %%) and > 'f—;

The detailed proof is provided in Appendix B.2. By setting O( %°), we effectively state the
equivalence between the penalty reformulatiof@yand the approximated original problgd). We
can then decouple the joint minimization Gny) to a min-min problem o andg® constrained

y. For the inner minimization problem i we choose inawaythat ¢ Ir,1 > 0holds. This
ensures the objective {2a)being strongly convex ig, asl;. 1-smoothness ensures a lower bound
for negative curvature df(x;y). Furthermore, the convexity of (x;y) in y validates the strong
duality theorem in [59, 32], thereby enabling the max-min primal-dual reformulation in (2).

2.3 Smoothness of the penalty reformulation

To evaluatd= (x) de ned in (2a), we can nd the solution to the inner max-min problem:
( £ (X);¥r(x)) :=arg rr;a%x ;giYn[ (xy)+ (9(xy) {ZV(X))+ h;g °(x;y)i: (5)
=tLe (y 5X)

The uniqueness of- (x) and ¢ (x) is guaranteed under Assumptions 2 and 4 (see Lemma 5 in
Appendix A). Thereforel- (x) in (2a) can be evaluated using the unique optimal solutions by

F ()= Le( £ (X¥):¥e (X); x): (6)
Similarly, we can evaluate(x) = Lg( 4(X);Yq(X); X), where
( g(X);yg(x)) :=arg rgagd( m\ P(x;y)+ ?Z:g C(x;y)j: (1)
= Lg(y %)

The penalty reformulatioir (x) can hardly be convex, asv(x) may be concave, even when
g(x;y) = g(y) andg®(x;y) = A”y X; see Lemma 4.24 irbf)]. Instead, in the subsequent lemma,
we not only show that(x) is differentiable, but also provide a closed-form expressionfx).

Lemma 2 (Danskin-like theorem fov(x)). Suppose that Assumptions 1-4 hold, andlgt<c 1 be
a constant such tha ,(x)k < B g forall x 2 X . Then, it holds that
1.y4(x) and 4(x) de ned in(7) are L 4-Lipschitz for some nite constahty 0.
2.v(x) de ned in(2b)isly;1-smooth wherd,.;  (lg:1 + Bglge:1)(1+ Lg) + Ige:oLg @and
FV(X) = 19X Yg(X)) + h g(X);r xg° (X yg(X))i: 8

The assumption of the existence of the upper bound for the Lagrange multiplier is a consequence of
the LICQ condition §9, Theorem 1]. This assumption is mild and traditior&d][ Findingr v(x) is

crucial for the design of a gradient-based method to solwgox F (Xx). Leveraging Lemma 2, the
gradientr F (x) can be obtained by the next lemma.

Lemma 3(Danskin-like theorem foF (x)). Suppose that the conditions in Lemma 2 hold. Moreover,

assume that > 'f—gl and there exisBr <1 suchthak (x)k<B g; 8x 2 X . Then, it holds that

1.ye (x) and (x) de nedin(5) are L ¢ -Lipschitz for some constahiz 0.

2.F (x)islgi-smooth withg;,s (I, 1+ Tga+ Belge;))(A+ L)+ 11+ lfeolr, and
rEX)=rxfGye )+ (rxg(ye (X)) 1 v))+ h g (X)ir xg°(xye (X)is (9)

The proof of Lemmas 2 and 3 is provided in Appendix C. Similargd[the Danskin-like theorems
in Lemmas 2 and 3 rely on the Lipschitzness of the solutior{8)mand(7). Different from BLO
without CCs [62], the results here also hinge on the Lagrange multipligsg and ¢ (x).
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3 Main Results

We will rst introduce an algorithm tailored foBiL evel Optimization problems with inequality
Coupled Constraints, and present its convergence analysis. In Section 3.2, we will propose a
primal-dual solver for the inner max-min problems and characterize the overall convergence.

3.1 BLOCC algorithm

As F (x) features di_fferentiability and smoothnes;adgorithm 1 Meta algorithm: BLOCC
we can apply a projected gradient descent (PGD‘i— - — -
based method to solvmin,,x F (x). Atiteration 1 INputs: initial pointsxo, Yg:0, g:0, YF;0,

t, update TF;O; stepsize , ¢4, r, countersTyg,
Xir1 = Projx (Xe  9rx) (10) 5 fort = 0;1;:::;T do
with stepsize andggr; as an estimate of F (). 3: (ygTF{; ;gt) = MaxMin(Tg; T9)

In the previous section, we have obtained the closed:  (y[; [)= MaxMin(Te; T )
form expressions af v(x) in (8)andr F (x)in(9). s updatex.; via (10)

Evaluating the closed-form expression requires nd- . with g, in (13)
ing (Yg(x1); g(xt)) and(ye (x); ¢ (x0)), the solu- 6; end for

tions to the max-min problerag(;y ;x) in (7)and  7: outputs: (xT;yEFT)

Le (;y ;x) in (5) respectively. :

Givenx; 2 X, we can use some minmax optimization solvers Wighiterations on(7) and Tg

iterations on (5) to nd ang-solution(ygT;gt; ;gt) and an g -solution(ylft ; Ei) satisfying

k(Vghi gb) (g(x)i ()K= 0(g) KOZE: T5) (Ve ()i ¢ (x)K* = O(£) (11)
for target estimation accuracy; > 0. Such an effective minmax optimization solver will be
introduced in the following Section 3.2. In this wayy(x;) in (9) can be estimated as

Ot = 1 x00xiYgh) + h gt x0°(Xe; Ygh)i: (12)
Leveraginggy , the gradient F (x) can be estimated via (8) as
O = Fof (KGR + T xO(XGYER) G+ h T kg yER )i (13)

We summarize the oracle for ndinmin F (x) as in Algorithm 1, which we term BLOCC, an
algorithm designed for BiLevel Optimization with Coupled Constraints. Notably, our BLOCC
algorithm can be seamlessly integrated with 8axMin Solver (or min-max solver) that converges
to the optimal solutions of the max-min subproblems by achiedrig In the following, we present
the convergence result of it allowing estimation errgr ¢ > 0 from theMaxMin Solver.

Theorem 2. Suppose that the assumptions in Lemma 3 hold. Run Algorithm 1 with some effective
inner MaxMin solver to nd(y;f’t; ;gt) and(ylft ; li) respectivelyO( ¢) andO( ¢ )-optimal in
squared distance as if11). Set ﬁ with somdg. 1 de ned in Lemma 3. It then holds that

1 X! X1

1
- kG (Xt)k2 = ﬁ
t

= K(Xte1  X)k2=O(T '+ 2+ 2) (14)
t=0

=0

The proof is available in Appendix D.1. Using the projected grad@nt  (xi+1  X{) as the
convergence metric for constrained optimization problems is stan@2éfdilhe termO( 2 ¢ + 2 )

arises from estimation errors using spedviaxMin Solver. Although the inner oracle can be any
one that achieved 1), we value the computational effectiveness and therefore present a particular
ef cient solver Algorithm 2 in the following section.

3.2 MaxMin Solver for the BLO with inequality CCs

In this section, we specify thelaxMin solver in Algorithm 1. By viewind_g4( ;y ;X) in (7) and
Le(;y;x)in(5)asL(;y ) for xed givenx 2 X , we consider the following max-min problem

r?gx min L(sy) (15)



which is concave (linear) in and strongly Algorithm 2 Subroutine oMaxMin(T; T,)
convex iny. We can evaluate the dual function y

of L(;y ) de ned below by ndingy ( ). 1: inputs: initial pointsyp, o; stepsizesi; 2;
=i ‘v = . countersT; Ty. Blue part is the version with
DC)=minLGy)=LGy () (16) Y

acceleration; an red part is without.

where 'y ( )::argr?z@ LGy ): 2:fort=0;:::;T 1do

According to Danskin's theorem, we have3: update ., 1 via (17) or ¢, 1= ¢
rD() = r LGy (). Taking either 4 fort,=0;:::;T, 1do

Lg(;y;x) or Le(;y;x) asL(;y) for s updateytt w1 via (18) . setyio = Vi
givenx 2 X, D( ) de ned as(16) exhibits  6; end for

favorable properties namely smoothness and:  update ;1 via (19) . setyis1 = yer,

concavity, with details illustrated in Lemma g: end for

10 in Appendix D.2. We can, therefore, ap-9: outputs: (yr; 1)
ply accelerated gradient methods designed fer

smooth and convex functions such as [52, 4].

At each iteratiort, we rst perform a momentum-based update step to updatezg as
_ t 1
A
To evaluate D ( H%) =r L( 1Y (. %), with an arbitrary small target accuracy 0, we
canrunTy = O(In ! ) PGD steps o ( ¢, %;y) iny via

(¢t t1); with 1= o (17)

Yet,+1 = Projy Ve, 1r yL( t+%;yt;ty) : (18)

De ning the output aftefTy iterations ag/+1 , since strongly convexity df (; ) ensures that PGD
converges linearly [9, Theorem 3.10], itimplies thgit.a Y ( (. 1)k = O(). We can conduct

t+1 = Proj Rfc( e+ of L( t+ 1) Y+l ): (19)
We summarize this oracle in Algorithm 2 based on an accelerated meé&iBo\hen we skip the
momentum update, i.e. setting, 15 4 itis a simple PGD method db ( ).

However, for a convex function D ( ), the standard results only provide convergence of the function

value, i.e.max , oo D( ) D( t) 4% 0. To establish the convergencel»of;@’t g(xt)k and

k l; r (xt)k, we de ne the dual functions associated with inner problems (7) and (5) as
Dg( ):r;gQ Lo(;y:x) and Deg( )=r5gg Le(Gy 5x) (20)

and make the following curvature assumption near the optimum.

Assumption 5. There existy; ¢ > 0andC ;C . > 0such that

hr Dg( )+ 1 Dg( 4(x)); o) C k g(OK% 8 2B( 4(x); ¢);  (2la)
hr De( )+ 1 De( £ (X)); F()i C Lk FOOK% 8 2B( p(X); £): (21b)
Itis worth noting thatir Dg( )+ 1 Dg( 4(X)); ¢(x)i Oholds forall due to concavity

and in a neighborhood of the optimal, the equallty only happens at the optimal due to the uniqueness
¢(X). The same argument appliese¢ due to the concavity of the dual functions. Therefore,

Assumptlon 5 essentially asserts a positive lower bound on the curvature of the left-hand side term,

which is mild as it only applies to the neighborhood of the optirgex) and ¢ (x). Itis also weaker

than the local strong concavity or global restricted secant inequality (RSI) conditions.

By choosing Algorithm 2 with acceleration as tMaxMin solver, we provide the convergence
analysis of Algorithm 1 next, the proof of which can be found in Appendix D.2.

Theorem 3. Suppose that Assumptions 1-5 and the conditions in Theorem 2 hoId>Léftg—1,
g CTQ g and p C2 . If we choose Algorithm 2 with acceleration as the inner loop and

input Ty = O( ¢”%);Te = O((%°), andT¢ = O(n ' );Ty = O(n ') with proper
constant stepS|zes in Remark 3, then the |terates generated by the Algorlthm 1(sajisfy

k(¥ghi ¢f) (Yg(x)i x)K2= O( ) K(yi: 1) (Ve (x0); ¢ (x0)K? = O(F):




Theorem 3 concludes tf@( 0:5) complexity for achieving 4-optimal solutions for the constrained
concave-strongly-convex problemax 2R minyoy L(;y ), and so as forg . For solving an -
approximation problem of BLO de ned ifd), we solvemin,ox F (x)with = O( %) according
to Theorem 1. In this way, to achieve [.,*kG (x)k? = O(T *+ 2+ 2 ) by
(14), we needy; ¢ = O( ), i.e. complexityd( *) for theMaxMin solver in Algorithm 2, and
T=0( 1)= 0O( %) forthe number of iteration in BLOCC (Algorithm 1). Therefore, the
overall complexity iO( 2%), whereO omits theln terms.

3.3 Special case of the MaxMin Solverg®(x;y) being af nein yandY = R%

In this section, we investigate a special case of BLO with CCs where Assumption 5 automatically
holds. Speci cally, we focus on the case whefds af ne iny andY = R% | i.e.

g°(xy) = gi(x)7y  g5(x): (22)
In this case, xingx, takingLg4(;y ;x)in(7)andLg(;y ;x) asL(;y ), (16) gives
Dg( )= min ~hgi(x); i+Hhygi(x) i +g(xy) and (23a)
y y
De( )= yrgerLy hgs(x); i+ hygi(x) i+ fqy)+ (g(xy) v(X): (23Db)

Whengg (x) is of full column rank, botiD4( ) andDg ( ) are strongly concave according to Lemma
13 in Appendix so that Assumption 5 holds globally. Moreover, when applying PGDIg( )
and D¢ ( ), strongly convexity guarantees linear convergence (Theorem 3.8).iTherefore,
even without acceleration, Algorithm 2 wifly suf ciently large performs PGD on D( ) and it
converges linearly up to inner loop accuracy. Moreover, PG ny ) in y also converges linearly.
This motivates us to implement a single-loop versidp £ 1) of Algorithm 2.

When bothy and are unconstrained, the analysis has been establishdd]inHowever, as

is constrained t&R% in the Lagrangian formulation for inequality constraints, the convergence
analysis in 9] is not applicable, and the extension is nontrivial due to the non-differentiability
of the projection. We address this technical challenge by tre®&fngs an inequality constraint

and reformulating it as an unconstrained problem using Lagrange duality theory. This approach
demonstrates that a single-lo®p = 1 update in Algorithm 2, without acceleration, achieves linear
convergence for the max-min problem (15). The detailed proof is provided in Appendix D.3.

Thus, by selecting the single-loop versioly, (= 1) of Algorithm 2 without acceleration as the
MaxMin solver in Algorithm 1, we establish the following theorem with proof available in Appendix
D.3.

Theorem 4(Inner linear convergencelConsider BLO withy = R% andg®(x;y) de ned in(22).
Suppose Assumptions 1-4 and the conditions in Theorem 2 hold. Suppose XoP atiy there
exist constantsy, andSmax such that0 < s nmin min (9§ (X)) max (O5(X))  Smax < 1.

Let > "—gl If we choose Algorithm 2 without acceleration as the inner loop and ifigut

O(n 1) T = O(In Fl ), andTy = TyF =1 with proper constant stepsizes in Remark 4, then
the iterates generated by Algorithm 1 satighy):

K(Ygd: o) (g(x0)i ¢(x)K2=0(q) Kyih: 15) (Ve (X)) r(x)K2= O(f):

Theorem 4 establishes, for the rst time, the linear convergence of a strongly convex-concave max-

min problem with a constrained maximization parameter. Similar to the previous analysis, we choose
= O( 99) to solve the equivaler(Ra)to -approximation problem of BL@4). To achieve

17 T 'KG (x()k? ,the number of iteration in BLOCT = O( )= O( %) by (14). As

the inneMaxMin solver convergences linearly, the overall complexit@is 1°) whereO omits

theln terms. We summarized the overall iteration complexity of our BLOCC algorithm in different

settings in Table 1.

4 Numerical Experiments

This section reports the results of numerical experiments for three different problems: a toy example
used to validate our method, an SVM training application, and a network design problem in both



synthetic and real-world transportation scenarios. We provide sensitivity analysis and insights for
hyper-parameter choices in Appendix G.1. In the two real-world experiments, we compare the
proposed algorithm with two baselines, LV-HBAH and GAM [72]. The code is available at
https://github.com/Liuyuan999/PenalBasedLagrangianBilevel.

4.1 Toy example

Consider the BLO problem with an inequality coupled con-
straintY(x) .= fy2Y :y x 0Og, given by

e Yo ()2 1
————+ ZIn (4x  2)%+1
2+cos(6x) 2 (4x )

with yg(x) 2 arg min g(x;y) =(y 2x)2: (24)
y2Y (x)

n foc _
onin, (X yg(x))

Problem (24) satis es all assumptions for Theorem 2 and

Theorem 4. The lower-level problem is strongly convex and

Yg(X) = x. Therefore, the BLO problem with inequality con-

straint in(24) reduces tamin,, o.3 f (X; ¥)jy=x. In Figure 2,

we plot the dashed line as the intersected line of the surf&igure 2: 3-D plot of the upper-
f (x;y) and the plané (x;y4(x)), and the red points as thdevel objectivef (x;y) of the toy
converged points by running BLOCC with= 5 and with example, with the liné (x; y)jy= x
200 different initialization values. It can be seen that BLOCghown in dashed red and the con-
consistently nds the local minima, verifying the effectivenesgergence points marked as red dots.

4.2 Hyperparameter optimization for SVM

We test the performance of our algorithm
BLOCCwith = 12 when trainingalinear —Metnods ] diabetes | _fourclass
SVM model on the diabeteg@] and four- ~ BLOCC [ 0:7/67 0:039 | 0:761 0:014
class dataset29]. The model is trained (Ours) (16'772695 8.‘83%3 ) (1(5972428 8.‘3&’3 )
via the BLO formulation(1) with inequal- ~ LV-HBA || 5:999 11378 | (2:404 0795)
ity CCs; see the details in Appendix E. GAM 0721 0.047 0715 0.056
We compared performance with two base- (8:752 4:736) | (13:481 0:970)
lines, LV-HBA [75] and GAM [72], as they . -
are the only existing algorithms addresdable 2: Numerical results on the training outcome
ing coupled constraints and experimentallgf our BLOCC in comparison with LV-HBAT3] and

evaluated on SVM problems in their respe&AM [72]. The rst row represents accuracy mean
tive papers. standard deviation, and the second row between brack-

, ets represents the running time until the upper-level
Table 2 shows that the model trained bejective's update is smaller than T

our BLOCC algorithm outperforms that of

GAM [72] signi cantly and is of a similar level as that of LV-HBA7p]. We present some of the
performance plots for the diabetes dataset as in Figure 3. Looking into the test accuracy (left), our
algorithm achieves more than 0.76 accuracy in the rst 2 iterations, which is signi cantly better than
the other ones. For the upper-level objective (middle), in the rst few iterations, the loss decreases
signi cantly under all algorithms, in which our BLOCC achieves the lowest results. Moreover, in
Figure 3 (right), the lower-level optimum for LV-HBA was not attained until the very end. This
indicates that the decrease of upper loss between 0-40 iterations in the middle gure may be due to
the suboptimality of lower-level variables. For our BLOCC and GAM, the lower-level minimum is
attained as lower-level objectige  0in this case.

4.3 Transportation network design problem

BLO is particularly relevant in transportation, where network planning must consider different time
horizons and actors. Those problems are large-scale with a large number of upper- and lower-level
variables and CCs, challenging the use of traditional BLO techniques, which involve expensive
calculations of second order information. As a result, our nal experiment considers a network design
problem, where we act as an operator whose pro t is modeled as the upper-level objective that is
determined by the passengers' behavior, modeled in the lower-level. We considered three networks:



Figure 3: Test accuracy (left), upper Ids&; y) (middle), and lower losg(x;y) (right) for the SVM
on the diabetes dataset. The experiments are executed for 50 different random train-validation-test
splits, with the bold line representing the mean, and the shaded regions being the standard deviation.

NN=3,NV=48 NN=9, NV =2,262 NN =26, NV = 49,216
NC=24,NZ=126 | NC=678,NZ=16,222 NC = 13,336, NZ = 129,256

Methods Runtime (s)] UL utility | Runtime (s) UL utility | Runtime (s) UL utility

LV-HBA 3:51e2 153 / / / !
BLOCC (Ours)- =2 2:02¢e1 1.07 7:27€2 8.09 6:82e4 98.40
BLOCC (Ours)- =3 2:00el 1.69 8:50e2 10.37 6:42e4 111.39
BLOCC (Ours)- =4 2:0lel 1.71 8:68e2 11.04 6:70e4 138.78

Table 3: Results of the transportation experiment, both in terms of running time (Runtime) and
convergenced upper-level objective value (UL utility, larger there better), with stepsiZe6e 4.

We use "/" for algorithms that cannot converge within 24 hours of execution. NN (Number of Nodes)
is the number of stations in the network. Analogously, NV (Number of Variables), NC (Number of
Constraints), and NNZ (Number of non-zero elements) are the number of optimization variables,
constraints, and non-zero elements of the constraints matrix, respectively.

two synthetic networks of 3 and 9 nodes, respectively, and a real-world network of 26 nodes in the
city of Seville, Spain. Further details about the formulation and the experiment can be found in
Appendix F.

In this experiment, we only compare our BLOCC with LV-HBAH] as the sole baseline, which is the

only existing algorithm that addresses both coupled inequgfity;y) 0 and domain constraints

Y. GAM [72] and BVFSM H|6] cannot handle lower-level domain constraints as they rely on the
hypergradient of lower-level and require LL stationarity in an unconstrained space. From Table 3, we
can see that LV-HBA failed to work ef ciently, especially for large networks. This is mainly because
the increased constraints render the projection step impracticable. Our BLOCC, in contrast, is much
faster, and it successfully converges even with large real-world networks. We provided computational
complexity analysis in Appendix H and we can conclude that our BLOCC is robust to large-scale
problems.

5 Conclusions and Future Work

This paper proposed a novel primal-dual-assisted penalty reformulation for BLO problems with
coupled lower-level constraints, and developed a hew rst-order method BLOCC to solve the resultant
problem. The non-asymptotic convergence rate of our algoriti®(is %°°), tightening toO( 1)

when the lower-level constraints are af neyrwithout any other constraints. Our method achieves

the best-known convergence rate and is projection-free, making it more favorable for large-scale, high-
dimensional, constrained BLO problems. Experiments on SVM model training and transportation
network planning showcased the effectiveness of our algorithm.
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A Preliminaries

This section will provide some preliminaries for our subsequent analysis.

De nition 5. For a convex functioi : R% | R whose domaini® RY%, the Legendre conjugate
ofh :Q ! Risdenedas:

h (q):= sup fhd’ai  h(d)g= inf fh o%qi + h(c)g;
q°2Q q°2Q
8q2Q :=fq2 R% : supthq®qi h(qd)g< 1g:
0°2Q

Remark 1. Whenh is strongly convex ifR%, it is lower bounded and therefo@ = R% .

Lemma 4. Supposér : R% | Risl, 1-smooth and ,-strongly convex and its doma@  R% is
convex, closed and non-empty.

1. If Q = RY%, the gradient mappings h andr h are inverse of each otherp]); and
h :R% ! Ris---smooth and---strongly convex (Proposition 2.6 [3]).
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2. 1fQ R%, h is +-smooth ([36]) and and convex (Theorem 4.43 [32]).

Lemma5. Suppos&® RY% is convex, closed and non-emgty, R% ! R is strongly convex on
Q,h¢:R% 1 R% isconvex orQ andd, is nite,andfq2 Q : h°(g) Ogis non-empty.

1. The problemmings q20 :he(q) og N(0) has a unique feasible solution.

2. When linear independence constraint quali cation (LICQ) condition hold$fdg), the
Lagrange multiplier for the problemingys 420 :he(q) og N(0), i-€. solution to the problem
max , pac MiNg2q h(q) + h;h €(q)i is unique [69].

Lemma 6 (Lemma 3.1in@]). Suppos® R% is convex, closed, and nonempty. For apy2 R%
and anyg, 2 Q, it follows that
tProjg(cn) ;iProjo(q) @i O (25)

In this way, takey = g g for anygs 2 Q, and denoteg® = Proj o(@ g) asaprojected
gradient update in directiog with stepsize , we have,

. . 1 . . .
ho;e® i “hy®  oigg®  gis 8k 2Q: (26)

Lemma 7 (Theorem 3.109]). Suppose a differentiable functidnis I.;-smooth and 1, -strongly

convex. Consider the constrained problarimg,q h(g) whereQ is non-empty, closed and convex.

Projected Gradient Descent with - converges linearly to the unique = arg min q20 h(0):

Ih 1

kProjo(a  rh(g) ak (1 )?kq gk (1 =2kq gk 892Q: (27)

B Analysis of the Penalty-Based Lagrangian Reformulation

B.1 Proof of Lemma 1

According to Lemma 5, for any xed, there exists a uniquey(x). Therefore, according to Lagrange
duality theorem, for any xedk, the primal problem

H . C . H . - ~C . H
;nzlYng(x,y) st g°(xy) O , ;gg]g(x,ywhg(x),g(x,y)l-

Asg(x;y)is g-strongly convex iry andg®(x; y) is convexiny, we knowg(x; y)+ h 4(x); g°(X; y)i

is g-strongly convex iry, where the modulus g is independent ok. Therefore, according to
Appendix F and G in37], and Theorem 3.3 inl8], the quadratic growth in statement 1 can be
concluded.

As g(x;y) is strongly convex iry, andY (x) is a non-empty, closed and convex set under assumption
3, there exists a unique solutigg(x) such thag(x;y4(x)) = v(x) by Lemma 5. In this way, if
y 6 y,4(x) andy 2'Y (x), we haveg(x;y) > v (x). This completes the proof of statement 2.

B.2 Proof of Theorem 1

We know from Lemma 1 thag(x;y) v(x) —*ky yg(x)k2 andg(x;y) = v(x) if and only if
Y = Y4(X). This is squared-distance bound follows De nition 1 82]. Under Lipschitzness of
f (x;y) with respect tgy, nding the solutions to the-approximate problem i(4) is equivalent to
nding the solutions to its penalty reformulation

foay)+ (9(xy)  v(x) (28)

min
(xy)2fxy :g°(xy) Og
with = O( 99) following Theorems 1 and 2 in [62].
Moreover, jointly nding solution for(x;y) in (28) is in equivalence to nding solutions in
min min f(x;y)+ (g(x;y) Vv(x)): (29)

X2X y2Y (x)
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The proof of this equivalence is as follows. Supp@sgVyo) 2 fX Y :g°(x;y) 0Ogbeinga
solution to (28). Suppose for amy2 X , yg (X) 2 argminyoy () F (X y) +  (9(Xy)  v(X)). We
know that for any 2 X ,y 2 Y (x), it follows that

f(xo;yo) + (9(X0:¥0) V(x0)) FOXGYe(X)+ (I(XYe (X)) V(X))
foay)+ (g(xy)  v(x):

This means any solution to (28) is a solution to (29). On the other hand, supp@sk , yg (Xo) 2
Y (Xo) is a solution to (29). We know that for affy;y) 2fX Y :g°(x;y) Og,

f(Xo;¥r (X0)) + (9(X0;¥r (X0))  V(X0)) fOXyr(X)+ (9(Xye(X)) V(X))
fOay)+ (a(xy)  v(x)):
This means any solution to (29) is a solution to (28).

Besides, we know (x;y) is Iy, 1-smooth,g(x;y) is 4-strongly convex iry. By the de nitions of
strongly convexity and smoothness, we know for xedor anyy;;y, 2'Y,

fOGy)+ (O(xyn) v(x)) f(xy2)+ (9(xy2) V(X))
=f(x;y1) fxy2)+ (9(xy1)  9(Xy2)

g .
hr yf(X;y2)iy1 Yol %kyl y2k? +  hryg(X;y2)iyr  Yai + 7gky1 yok?

. I
=hryf (y2)+ T yg(%y2);ya yzl+g#“ky1 yok?: (30)

This proves that (x;y)+ (9(x;y) Vv(x))is( ¢ I, 1)-strongly convexiry. Moreover, according
to Assumption 2, the constraigt(x; y) is convex iny, andminy,y ) f (X;y) +  (9(X;y) V(X))
is equivalent to its equivalehiagrangian Dual Forn59]

max minf (x;y)+ (g(x;y) Vv(xX))+ h;g°(x;y)i: (31)

d
2RYc y2yY

Therefore, (28) can be recovered to (2a) and this completes the proof.

C Analysis of the Differentiability of Value Functions

Lemma 8 (Theorem 2.16 in32]). Supposé(x;y) is strongly convex ity 2 Y and is Lipschitz with
respect toax 2 X , h®(x;y) is convex iny and is Lipschitz with respect to, and bothY andfy 2 Y :

h(x;y)  Og are non-empty, closed, and convex. For the prolbbeimy ¢ yov -he(xy) og N(X;Y),

the unique solutiory,, (x) and unique Lagrange multiplier,, (x), de ned as

(Yh(X); (X)) :=arg max minh(x;y)+ h;h °(x;y)i; (32)
2RIx y2Y

is Lipschitz inx. In other words, there exist,  Othat, for allx1;x, 2 X,
K(Yn(X1); n(X1))  (Yn(X2); n(x2))k Lpkxp x2k

Before proving Lemmas 2 and 3, we would like to introduce a more general form.

Lemma 9. Supposer andfy 2 Y : h®(x;y) Ogare both non-empty, closed and convef; y)
is jointly smooth in(x;y) and is strongly convex ip, h®(x;y) is convex iny, and bothh(x;y) and
he(x; y) are Lipschitz with respect to. Then we have

Vh(x) =min h(x;y) st h®xy) O
y2Y

is differentiable with its gradient as

r Va(X) = 1 xh(Xyp(x)) + h (x); h°(x; y, (X))i; (33)

where(y,, (x); (X)) de ned in(32)are unique.
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Proof. We prove this using Theorem 4.24 in [7].

i) As h(x;y) being strongly convex iy, Condition 1 in Theorem 4.24 irv] is satis ed and the
solution sets are of singleton val(g, (x); |, (x)) according to Lemma 5.

ii) Moreover, the smoothness bfx; y) guarantees Robinson's constraint quali cati@, which
implies the directional regularity condition (De nition 4.8 iid]) for any directiond (Theorem 4.9.
(i) in [7]). This guarantees Condition 2 in Theorem 4.24 in [7] can be satis ed for all directions

iii) Additionally, under the Lipschitzness di(x; y) andh®(x; y) with respect t, y,, (X); ,(x) are
Lipschitz according to Lemma 8. This implies condition 3 in Theorem 4.24 in [7] holds.

In this way, all conditions in Theorem 4.24 ii|[hold and it gives the gradient as (83) for unique
(Yh(x); n(x)). This completes the proof. O

C.1 Proof of Lemma 2

Proof. The problemminyoy g(x;y) s.t.g(x;y) 0 ts in the setting of Lemma 9 by taking
h(x;y) = g(x;y) andh®(x;y) = g°(x;y). Therefore the derivativE8) can be obtained accordingly.
Moreover, for anyy; x, 2 X,

kr v(x1) r v(x)k
=Kr o g(x1; Yo (X)) + h g (xa); 1 @ (X1 Vg (Xa))i 1 x9(X2; Yg(X2))
h o g(X2);1 x9°(X2; Vg (x2)) ik

(a)
Kr x9(X1;Yg(X1)) 1 x9(X2;Yg(X2))k
+Kh g(X1);1 x0°(X1;Yg(X))i h o g(X1);1 xg°(X2; Yg(X2)) ik
+kh g(x1)i1 x@°(X2;yg(X2))i h - g(X2);r xg°(X2; yg(%2)) ik

(b)
(Ig;1 + Bglge;1)(kxa  xak+ kyg(X1)  Yg(X2)K) + lge;0k g(X1)  g(x2)k

(c)
((Ig;1 + Bglge;1)(1 + Lg) + lgeiobg)kXs  XoK;

where(a) follows triangle inequality(b) leverage on the Lipschitznessrmof, g° andr g in x, and
the upper bound fok 4 (x)k; and(c) uses the Lipschitzness gf(x) and 4(x) from Lemma 8. As

the bound is loose due to the use of triangle inequality, we can conclude(#)ds |,.1-smooth

C.2 Proof of Lemma 3

By assumptionf (x;y) is It; 1-smooth and)(x; y) is ¢-strongly convex iry. We knowf (x;y) +
(a(x;y) v(x))is( g lf,1)-strongly convex when> 'f—gl as discussed i(80). Moreover,
constraintg®(x;y) is convex iny by Assumption 2. In this way, the problem

;nziYn fGy)+ (a(xy) v(x)) stg(xy) O
features strong convexity according to Chapter 4 in [59] and it equals to

F (x)= max minf(xy)+ (g(xy) Vv(x)+ h;g (xy)i:
2R%e y2Y

Considering the smoothness\fx) as presented in Lemma 2, all assumptions in Lemma 9 are
satis ed. Therefore the derivative (9) can be obtained. In addition, foxany, 2 X ,

kr F(x1) r F(x2)k
=kr xf (X ye (X)) + (F x9(X1iYe (X2)) T V(X2))+ h g (X1)ir x9°(Xas Ve (X1))i
roxfxaiye(x2))  (rx9(X2;¥e (X2)) 1 V(X2)) h g (X2);r xg°(X2; Y (X2))iK

U P xuye () T ey (K KE @00 YE (K1) T x0(Xaiye (x2))K
+ kr v(xg) rov(x2)k+ kh £ (X1)ir x@°(X1Ye (X)) h o g (X1);1 xQ°(X2; Vi (X2)) ik
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+ kh g (X2);1 x@°(X2; YE (X2))1 h £ (X2)i1 xQ°(X2; Ye (X2)) ik
(b)

(If; 1+ | g1t Be |gc;1)(kX1 Xok + kyF (Xl) Ye (Xz)k) + | V;lkX]_ Xok
+lgeok p(X1) g (X2)K

()
(I 1+ Tga+ Brlge;))(+ L)+ Ty + leeobp)kxs  x2k;
where(a) follows triangle inequality(b) leverage on the Lipschitznessmof , r g, g° andr ¢ in x,
and the upper bound fdr - (x)k; and(c) uses the Lipschitzness gf (x) and  (x) from Lemma

8. As the bound is loose due to the use of triangle equality, we can conclude(thiais |- 1-smooth
Wher6||:;1 (If; 1+ | g1t Br |gC;1)(l + LF) + | vitt |fc;0|_|: .

D Convergence Analysis of the Main Result
D.1 Proof of Theorem 2
De ne the bias ternb(x;) of the gradient F (x;) as
b(xt) ==r F (Xt) Or:
= I XY (X)) + 0 1 xOGYE (X)) 1 xO(Xe Yg(X)) + g(Xe)i T Q5 (Xes Yg (Xt)

+h e (X)) x 9 (Xt Y (Xt))i

E
Fxf(RGYEE)+ P xO(XGYRY) T xOXGYgd) +  ghiT x0°(Xe; Ygl)

+h £ @ (Xe; YER )i
In this way, we have

(a)
kb(x¢)k kr xf(xt;ylft) rxf (Xe; Ye (Xt))K

+ KOG YER) TG YE (x))KH KT ) G(XYgd) T xO(Xe Vg (xO))K
D E
+ o g(x)ir xGo(XesYg (%e)) o(X0)iT G (Xe;ygl)
D T E DT T E
+ g (G0 (Xti Yg) oo G (Xt:Ygl)
+kh 1@ YERT N (x5t <@ (X Vg ik
+kh (x0T <G XGYEDT N R (X5 <00 (Xe Ve (X)) ik

(b) Tr T Tg
It akye; Ve (Xx)k+  lgakyeh Ve (Xok+ lgakygt  Yg(Xo)k

tlgok gf  gOOK+ Bylgakygd  Yg(xok
+ g0k 15 F (XK + Belgeakyrh v (xo)k
i1+ 1ga+ Belg oyl ve Ok ok [y ¢ (xo)k
+ (ga* Bolgn)kygh  Yo(xk+ Igeiok gf  g(xk
where(a) uses triangle inequality(b) relies on the Lipschitzness off, r g, g%, andr ¢°¢ in

X, the upper bounds fdt ¢ (x)k andk 4(x)k, and Cauchy-Schwartz inequality, agg) is by
rearrangement.
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Furthermore, according to Young's inequality, it follows that

2
Ko(x)k? 2 (I1+ lg1+ Belge,o)kygy Ve k+ lgeok £f e K

2
+2 2 (Iga+ Bglgei)kygd  Yo(xK+ lgeok g8 g(x0k
=O( 2F+ 2y
According to Lemma 3F (X) islg.1-smooth inX . In this way, by the smoothness, we have
S =
F(Xts1) F(X¢)+ hr F(X¢);Xes1  X¢i + %kxm x¢k?

1 .
FOx)+ MoreiXes Xt + kX xek? + (X)) Xeer Xei;  (34)

where the second inequality is by - andr F(x¢) = gr, + b(X).

Ir 1

The projection guarantees that; andx; are inX. Following Lemma 6, we know that
. 1
hgres X Xel SkXpar Xk
Plugging this back to (34), it follows
1 .
F(Xt+1) F(Xt) ?kxt+l Xek? + Ho(X(); Xgs1 Xl
1 2 2 1 2
F(Xt) ?kxt+1 th + kb(Xt)k + IkXH.j_ th
=F (X¢) 4ikxt+1 xk? +  kb(x;)k?;

where the second inequality is from Young's inequality. Telescoping therefore gives

1 X1

1 ;( 2 4 4 2
= kG (x)k® —(F(xo) F(xr)+ =  Kkb(x)k
T t=0 T T t=0
=0( T H+O(%e+ ?y)
=O(T '+ 2¢+ 2
where last equality comes from= O( ')as - andlgs (1 + g1+ Belge)(l+

Le)+ ly.a+ lge.obLg = O( ). This completes the broof.

D.2 Proof of Theorem 3

To restate, we are viewingg( ;y ;x) in (7) andLg (;y ;x) in (5) respectively as (;y ) and
considering the following max-min problem

max minL(;y):
nax (;y)

In (16), we de ned the minimization part as

DC)=minL(iy)= LGy () where y ():=argmin L(}y ):

To evaluateD () for Lg(;y ;x)in(7)andLg (;y ;%) in(5)asL(;y ), we de ne the following
mappings for xedx 2 X :

Yig ( ):=argryzig Lg(5y i%); (35)
ye ()=argmin Le(;y ;x): (36)
y2Yy
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In this way, forLq(;y ;x) in (7) andLr (;y ;X) in (5) respectively as. (;y ), D( ) de nedin
(16) equals td4( ) andDe ( ) respectively, where

Dyl ):”QQQ Lg(5y iX) = Lg(5y 4 ( )ix); (37)
Dr ( )=ry;g Le(Gysx)= Le(iy & ( )iX): (38)
In the following lemma, we show th& ( ) exhibits concavity and smoothness, which are favorable

properties for conducting gradient-based algorithm.

Lemma 10(Smoothness and ConcavityBf( )). Suppose all the assumptions in Theorem 3 hold.
For xed x 2 X, the following holds

1
g It

1.y,4()in(35)andy. ( )in(36)are respectivelyig and -Lipschitz to .

2. Dg( ) in (37)is concave and&gﬂ—smooth, ande () in (38)is concave and%-
smooth. '

Proof. To restate,

Lo(;y ix)=a(xy)+ h;g S(xy)i;
LGy x)=f(xy)+ (a(xy) v(x)+ h;g°(xy)i:

Under Assumption 1 and 2, for xed and given , Ly4(;y ;X) is g-strongly convex andly;1 +
k klge;1)-smoothiny, andLg (;y ;X)is( ¢ I 1)-strongly convex andly, 1+ | g1+ Kk Klge:1)-
smooth iny. Therefore, we know ., ( ) in (35)andy.. ( ) in (36) are respectivelyég and

L ___Lipschitz to by directly quoting Theorem F.10 ii]] or Theorem 4.47 in32]. This

g If; 1
proves the rst part of the Lemma.

For the second part, the concavity@§( ) andDg ( ) can be directly obtained by Lemma 2.58 in
[59]asLy(;y ;x) andLg(;y ;x) are both convex iy.

Moreover, following Theorem 4.24 in [7], we have
ng( ):r Lg(;y;g( ))= gC(X;Y;g( )),
rDe()=r Le(Gy &£ ()= gy e ()):

As g°(x;y) is lge.o-Lipschitz by Assumption 1, for anys; 2 2 REC:
kr Dg( 1) 1 Dg( 2k=kg®(xy g (1)) g%y 4 ( 2)K

ok (1) Vo (2 %y k(@)
and similarly,
ki De( 1) 1 Dr( Dk=ka(xy s (1)) &6y ¢ ( 2k
ok () Ve (Dk —S0ky ok (40)
We can conclude thdd¢( ) andDg( ) are respec:tively’ﬂ“—g‘0 and%—smooth. O

In Algorithm 2, we are implementing an accelerated projected gradient descer or) where
the gradient bias is controlled @y,. Following [16], the following lemma presents the convergence
analysis of the accelerated method on smooth and convex functions.

Lemma 11 (Section 5 and 6 in1[6]). Supposé ( ) is concave andp. 1-smooth. Consider the

constrained problermax ,.o. D( ). Atiterationt =0;:::;T 1, perform accelerated projected
gradient update with stepsize - and initial value o= 1:
t 1
t+1 = tF t+72( t t 1) (41a)
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t+1 =Proj REC( t+ 1 +t O+ %) (41b)
whereg, 1 is an 1:5_approximate ta@ D( . 1) satisfyingkg, 1 1 D( 1)k = O 15) fora

given accuracy > 0. DenoteD =max ,qac D( ), performingT = O( 05) jterations leads to
D D(r1)=0():
Remark 2. The domain for 2 RE’rc can be replaced by any closed, convex, hon-empty domain.

In this way, we are ready to proceed to fireof of Theorem 3.
proof of Theorem 3Algorithm 2 solveg7) and(5) by takingLy4(;y ;x) andLg (;y ;X) respec-
tively asL (;y ) and run respectively iteratiofis equalsTy and T

We begin our proof with analysis di@). The accelerated version of Algorithm 2 solves this by taking
Lg(y :x)in (7) with xed x 2 X asL(;y ).

Fixing ., 1, steps 4-6 aréy -step projected gradient descenyinAs Ly ( ;y ;X) is (lg;1 + lge:1)-
smooth and 4-strongly convex iry, taking the inner loop stepsize as g;1 W ensures
linear convergence according to Lemma 7. Choodipg: O(In ( *°) * )= O(n ' )leadsto

kyr Yo (e 1)k= O(5%)
for target accuracyy > Owherey ., ( ) is de ned in (35).
In step 7, we update with a projected gradient descent step which takes ( ., %;yﬁl) =
0°(X; Yi+1 ) as an estimate of Dg( . %) = g°(X;y¥ .4 ). The estimation bias is bounded by

ki L( e 2i¥1) 1 Dg( e Dk =kg® (Xyta) 96Xy i ( 1r2))K
Igc;Ok)IHl Yig ( t+ %)k: O( 3:5):

By Lemma 11, we can conclude the complexitydig , °°) for conducting the accelerated version
of Algorithm 2 onL g( ;y ;x) in(7) asL( ;y ) to achieve

Dg( ¢(X)) Dg( 1,)= OC(y): (42)

Similarly, the complexity of the accelerated version of Algorithm 2 for (3p{s. o) lie.,
De( ¢(x)) De( 1:)=OC(k): (43)

In the following, we are going to show thé42) and (43) and respectively suf cient to bound
K 1, g(X)kandk T, r (X)k considering Assumption 5 is satis ed.

AsDgy( ) andDg ( ) are both concave inand 2 R% is equivalentto 0, the problems
max Dg( ) and max Dg( )
2RIc 2RYc

are respectively equivalent to the unconstrained problems

>
g

>

max Dg( ) := Dg( )+ and max De( ):= De( )+ ¢
2Rdc 2 Rdc

with the Lagrange multipliersg;  being non-negative and nite in all dimension, i@. < 1,
0 r < 1 according to Lagrange duality Theorem. Moreover, it is well known (Chapter 4 in
[59]) that the Largrangian terms respectively equal zero when the problems attain the optimals. i.e.

g ¢(¥)=0 and ¢ (x)=0: (44)

Moreoever, the rst-order stationary condition requireBlg( 4(x)) = r Dg( 4(X))+ ¢=0 and
rDe( g (x))= r De( (x))+ ¢ =0 and therefore

rDg( g(X)= ¢ and rDe( ((X)= ¢ (45)
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In this way, forall 2 B( 4(x); ¢)\ R¥.

Z,
Dg( g(x)) Dg( )= hrDg( + (4(x) ) 4x) id

Z,

= Ehng( X)) Dol + (g(x) ) ( ¢(x))id
hr Dg( 4(x)); g(X)i

@ 1Cgk SO A hr Do 400 (i
0
c

@79 JOKR+h g (i

©C
zgk d(OKZ;

where(a) useg(21a)in Assumption 5 and the fact thatthe 4(x) 2 B( 4(x); ¢)\ RY implies
+ (g(x) ) 2B( 4(X); g¢)\ RY%: (b) solves the integral and useg= 1 Dyg( 4(x))in
(45); and(c) follows from the fact thah; ,(x)i =0 in(44)and; 4 O.

Analogously, forall 2B( (x); g)\ R, it follows that

Cry F (X)K?:

De( £(x) Dr() =5

In this way, for arbitrary 4 < CTQ 4, the complexity of Algorithm 2 to solve (7) &( °°), i.e.,
k1, (XK =0(qg);
andkyr,  Yg(0K* K yr,  Yo( i)k + ko1, g(0)K
(1= g+ Dk 1,  OOKE = O( o)

At each iteratiort in Algorithm 1,x = X¢, and the outpugyr,; 7,) is chosen asy;?t; ;?t).

Similarly, to solve(5), for arbitrary ¢ < CTQ g» applying Algorithm 2 with complexityD( F°’5) to
achieve (43) can achieve

ke r(OK=0(F);
andkyr.  Ye(OK* Kk yre Ve ( 1)K+ k 1o f (0K
(1= +Dk 1. (K =0(F):
At each iteratiort in Algorithm 1,x = x;, and the outputyr, ; T, ) is chosen agyz%; £f).
This completes the proof. O

Remark 3. Under the same assumptions as in Theorem 3, we cam chgese (lg;1 + lge;1) 1
92 |ng0 as stepsizes for running the accelerated version of Algorithm 2 to ¢é)yvend

1 It;
F1 (gt Tgr+lgen) b ko2 #D“astheonesfo(S).

D.3 Proof of Theorem 4

In this section, we consider
g°(xy) = gi(x)7y  g5(x) (46)
being af ne iny, andY = R% .

Therefore, for a xedx, taking eithelLg(;y ;x) in (7)orLe(;y ;x)in(5)asL(;y) tsintoa
special case dftrongly-convex-concave saddle point problémihe following form:

max min L(;y)= hi( )+ Yy A + hy(y) (47)
2R%e y2RYY
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wherehy( ) is smooth and linear (concave) inandh,(y) is smooth and strongly convex in
y. Specically, forLg(;y ;x) asL(;y ), hi( ) = hg5(x); i is O-smooth and linear (concave),
A = gi(x), andha(y) = 9(x;y) islg;1-smooth and 4-strongly convex.

In this context, performing PGD oh( ;y ) ony is equivalent to a gradient descent step since
Y = R%. The following lemma summarizes the errorkyf vy ( )k wherey ( ) is de ned in
(16) and the update of;+1 andy;+; is the non-accelerated version of Algorithm 2 with= 1.

Lemma 12(Update ofky; r h,( A )k). Consider the problertd7) whereA is of full column
rank andh,(y) is n,-strongly convex ant. ;-smoothy ( ) de ned in(16) satis es

y()=rhy( A) (48)

whereh,(y) is the conjugate function df;(y) by De nition 5. At iterationt, :;y; are known, and
conductyi+1 = Vi 1r yL( t; %), a gradient descent step far( ;y) iny. This gives

Kyix1 r hy( A )k (1 1 n,=2)kye r hy( A )k (49)

when ; ﬁ Additionally, given another.; , we know

max (A)
h;

Kyter r ho(C A i)k (1 1 n,=2)kye 1 hy( A )k+ K t+1 ki (50)

Proof. Recall the de nitiony ( ) = argminy L(;y ) following (16). The rst-order stationary
optimality condition requires that for any given it holds

ryLy )= A +rhy(y)=0 , r hy)= A:
As the mapping h, andr h, are the inverse of each other according to Lemma 4, for any
y =rhy( A):

At iterationt, conducting a gradient descent stepldn¢;y) givesyi+1 = Vi 1r yL( ©;w). As
L( t;y)is n,-strongly convex anth,.1-smooth iny, following Lemma 7, take;  —2—, we have

Ty’

kyiss1  hy( A )k (1 1 n,=2)kyr 1 hy( A Dk

Following triangle inequality, we also have
Kyter 1 hy(C A te1)kK
Kyier r hy( A k+krhy( Ay r hy( A )k
max (A)
h2

(I 1 n=2kyr 1 o hy( A k+ K t+1 tk (51)

where the second term comes from the smoothness of the conjugate function (see Lemmal4).

In (50), the update behavior &fy; r h,( A )k depends ok (41 +k. Therefore, we are
interested in the the update behaviokof., tkwhere (11 =Projra.( ¢+ r L( t;Yt+1))
as in the non-accelerated version of Algorithm 2 viith= 1. Before proceeding, we would like to
look into the properties dD ( ) de ned in (16) under the setting (47):

DC)=min hy( )+ fy;A T+ ha(y) (52)

whereh1( ) is smooth and linear (concave) inh;(y) is smooth and strongly convex yn andA is
of full rank in column. The next lemma shows thf ) features strong concavity and smoothness.

Lemma 13 (Smoothness and strongly concavityldf )). Supposén; is concave andk,,.1-smooth,
h, is n,-strongly convex anth,.1-smooth, andh is full column rank. The () in (52) satis es

D()= hi() h( A);

2 2
and isT:i_(lA)—strongly concave an@p,.1 + %(A))—smooth with respect to.
2 2
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Proof. Following De nition 5, we have
D()= hi() hy( A)

L__strongly convex ane%-smooth according to Lemma 4.
2

Ihyi1

whereh,(y) is

Forall 1; »,
D(1) ( D(2)=hy( A1) hy( A2)+ hi( 1) hi( 2)
h 7@@13( :22); A 1+ A 2i + lZIhz;lkA 1 A 2k2

+hrhy(2); 1 ol
2. = .
hrD( ) o+ BTt e

where the rstinequality follows the strong convexity lof(y) and the fact that h,( ) is convex as
h; (y) is concave. and the second inequality follows the chain rule to formulBté ,). Therefore,

2 2
D()is ﬂniff”—strongly convex, an®( ) is TL"*@-strongly concave.
2 2
2
MoreoverD () is(ln,:1 + %(A))—smooth as
2

D(1) D(2)= hy( A1) ( h( A2) hi( 1)+ ha( 2)

h,( A . 1=
n @B A (Agie K AL (AR
FhEMC) il + K, K
Ih1;1+ lznax (A)
hr D( 2); 1 2+ %k 1 ok

The rstinequality holds a#,(y) andhi( ) are smooth. The second follows the chain rule.
Note max (A) min (A) > 0asA is full column rank. This completes the proof. O

Knowing D ( ) has such favorable properties, we next analyze the upd&te af t+k, where
f tgis the sequence generated in the non-accelerated version of Algorithm PywAth .

Lemma 14 (Update ofk (41 tk). Consider the problem it47) whereh; is concave and
In,:1-smoothhy is p,-strongly convex anth,.;-smooth, and\ is full column rank. Running the
non-accelerated version of Algorithm 2with =1 and 1 Iy, ! gives

2
lk t+1 tk o lhn t _max () K k
2 hz
+ max(A)L 1 n,=2)ky: r hy( A )k+ Kk k (53)
where the constant satis es0 < 1 and =argmax ,pic D( )withD( ) denedin(52)

Proof. According to Lemma 13,
D()=min  hi()+y A +h(y)= ha() hy( A)
y2R%

2 2
is T:i_(f)-strongly concave anfp, .1 + %(A))—smooth with respect to. Moreover, the problem
2 2
max , ¢ D( ) is equivalent to the unconstrained problem with the Lagrange multiplier

max D( ):=D( )+ ~
2 Rdc

where unique is non-negative and nite in all dimension, i.6. < 1 ,asD( ) is strongly
convex and 2 R% is equivalentto 0 satisfying the LICQ condition (Lemma 5). In this way,

ro()=rD()+ =171 hy()+Arhy( A)+ : (54)
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We can see thdd () is smooth and strongly concave with the same moduliB(@g. The rst-order
stationary condition requires

rD( )=r1 hy( )+ A rhy( A )+ =0: (55)

In this way,
1 1 . S
*Zk t+1 tk= *szTOJRgc e+ 2(r hi( )+ A7 Y1) tk

(a) S
k r hi( )+ A7y K

=k r hi( )+ A rhy( A+ +A w1 A rhy( Ay K
(b)
ki D( )k+ max(A)kysr 1 hy( A Dk+ k k

(©)
ke D(¢) r D( )k+ max(A)1 1 h=2)ky: 1 hy( A k+k k

(d) 2
|h1;1 + max (A)
h2

Inequality(a) comes from the non-expansiveness (1-Lipschitzness) of the projection opefbtion,
follows triangle inequality and us€54), (c) useg(55)and(49)in Lemma 12, andd) comes from

the smoothness @ ( ), which is of the same modulus BY ). This completes the proof. [

Kt K+ max(A)1 1 n,=2)kyr 1 hy( A pk+k k

In (53), the update behavior &f .1 1k depends ok k. We further look into the update
of k ¢ k and summarize in the following lemma the bound of the update pf k.

Lemma 15 (Update ofk ¢ k). Consider the problem if47) whereh; is concave andh, .1-
smooth,h; is p,-strongly convex andk,.;-smooth, andA is full column rank. Conduct the
non-accelerated version of Algorithm 2 with = 1, gives

2
(A
Ko k1 g;z(l) Ki o k+ 2 naA@ 1 m=2ky 1 hy( A K
2,
(56)
2 1
when 1 Ip,:1 Yand , lh,:1 + %(A) .Here =argmin ... D( ) whereD( )is

de ned in(52).

Proof. De ne an auxiliary update as
~t+1 = Proj gac ( ¢+ 2r D( 1)) = Proj Rie t+ 2(r hi( )+ A7rhy( A ) @ (57)

This is a projected gradient descent on strongly conveX ). As R% is closed and convex,
1

following Lemma 7, for , lh,1 + @ , where .1 + w is the modulus for

2 2

smoothness dD ( ) by Lemma 13, we have

2.
kr k1 ,-mn @)

2h,1

As the real update isi+1 = Proj ge. ( ¢+ 2(r hi( )+ A”y;) , by the non-expansiveness

(1-Lipschitzness) of projection operation, we have

K~t+1 1K K 2A7(Yer 1 hyC A )k 2 max(Adkyss T hy( A )k
By triangle inequality and (49), we have

r2nin (A)
K t+1 K 1 2ﬁ K ¢ K+ 2 max(A)kys1 1 hy(C A )k
r%ﬂn (A) . .
1 2 K ¢ K+ 2 max(A)A 1 n,=2)kyr 1 hy( A Dk (58)
This completes the proof. O
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We are ready to proceed with the convergence analysis for the single-loop algorithm (Algorithm 2)
without acceleration an@l, = 1, on the problemg$47), which is a general form t¢7) and(5). In this
way, Theorem 4 follows directly from the following theorem.

Theorem 6. Supposd.( ;y ) is in the form of(47) whereA is full column rank,h; is concave
andlp,.1-smoothh; is p,-strongly convex anth,.;-smooth satisfyint,,.1 = O(1), In,.1;1 ,
0o(1), and'hf:l = 0O(1). Conduct the non-accelerated version of Algorithm 2 Wigh= 1. For
2
4|h2:1 max (A)
ho rgnin (A)

, the algorithm yields output 1;yt) such that

2 1
(Ih,1+ %ZA)) ,when ; = O(+%-) 1-and

Ihy;t Iho;1

arbitrary small positive
2=0()

R S
Iyt Zax (A)= n,

k 1 k< :; and kyr yk®<

with complexityT = O(In 1 ). Here,( ;y ) =argmax ,gd. miny,gey L(;Y ).

Proof. For some positive constant 0, denote
Pii= ki k+ ky, r hy,( A pk (59)
Plugging (50) in Lemma 12, (53) in Lemma 14, and (56) in Lemma 15 to (59), we know
Pis1 = K 41 K+ Kkyter 1 ho( A i)k
1, min (A) K

K+ 2 max(A)(1 1 h,=2)Kyr 1 hy( A pk

2,1
+(1 1 h,=2)ky; r hy( A k+ %(A) 5
2
(Ihya + rzna);(A))k t k+ max(A)(2 1 h,=2)ky: r hy( A k+k k
2
=1, gi:z(;’jh 1 maxth) 2(Inyia + %aXhEA)) ke ok
b0 1M 1+ 2 ma(A)+ %h(A) 2 Kyt hy( A Dk+ mf(A) Kk
2 2

To construcPi+; (1 C)P; + maxf(A) ok k for some constafi<c < 1,itis sufcientto nd
2

: ,hl‘l; » ——2% . and > Osuchthat
2 (Inysa+ 7’“5"?2 )
8
<o< 1 Zn (A) + 1 _max (A) (I, 1 + o (A)) 1 Zn (A) <1
22,0 hp 2\l ho 274l ,n

. 2
F0< (@ 10 1+ (A 2B, @ =) g =)< L

This can be obtained when

8
Mhyi1 max (A) snax A
2 hhzzl AT (|h1;1+ 4hi ))
1 h

S 2 Ty (60)
) 2 max (A)+ male
Conditions in(60) can be satis ed when > 0 is sufciently small such that = 1!
Ahyin max (A ;ax A = = = i
%(|h1;1+ (B )= 0Ly and o= O(% 1= O( 1) Inthis way,

P (1 QP+ O( )
wherec > Qs of the ordelO( ). Iteration gives

Po (1 9'Po+ O( 1) (61)
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NoticeO( ') < O(1) andPo = O( *)as = 1. Inthis way, there existy = O(In 1)
suchthatforalt>T 1, (1 ©)'Pg= O(1) andO( hzl) O (2). Accordingly, we can achieve
Pt = O(); 8t>Tjy:

Moreover, a®; = 1k k+ky: r hy( A ok,
K k P¢=0(); 8t>Ty: (62)
1

Furthermore, choose = O(;2-) satisfying 12—, fort>T 4,
2

|h2;1

kye 1 hy( A Dk @ 1 h,=2)" Tkyr, 1 hy( A 1)k+ O():

This is an iteration outcome usir§§0) in Lemma 12(62), and the fact that; n,=2 = O(
O(1). In this way, for anothef, = O(In ! ) steps, we have

kyt 1 hy( A k= 0();
and ky: yk kyi r hy(t A k+krhy,( Ay)r hy( A )k

hp \ —
|h2;1) -

2
Ky r hy At)k+L(A)kt k
h;

=0 + hzl =0();, 8t>Ty+ Ta

We can see that the algorithm converges linearly with compl&{f{,. + T,) = O(n 1 ). In
this way, obtaining

kyy yk*=0() and k 1 kK =0();
requires complexityr = O(In (pU 1)=0(n 1). This completes the proof. O

Remark 4. Under the same assumptions as in Theorem 4, we cam chgese (Ig:1) *, g1
S 9(2Smax g+ SZax 1) 1 g:2 as stepsizes for running the single-loop version of Algorithm 2 to

solve(7),and k2. (In1+ lg1) % r2 (g 161)? F@Smax( g lr1)+Shax D) ' F2
as the ones fo(5).

E Applications to Hyperparameter Optimization for SVM

In this section, we provide additional details about the SVM model training experiment for the linear
SVM model, including the problem formulation and analysis of the results.

E.1 Problem formulation

SVMs train a machine learning model by nding the optimal hyperplane that separates data points
of different classes with the maximum margin Misclassi cation is not tolerated for hard-margin
SVMs. In contrast, some samples are allowed to be misclassi ed for soft-margin SVMs. Speci cally,
one rst introduces variables, which measure the violation associated with the classi cation of
samplei, and then augments the original SVM objective with the norm,ofhich is a vector
collecting the values of; for all the samples in the training set.

BLO can be applied to the hyperparameter selection task of SVM. For example, it can be used to
choose the value of the regularization parameters during soft-margin linear SVM training. Let us
consider a classi cation problem and de g, = f(zy ;i )g{Ef‘ as the training set, withy -

being the input feature vector for samplandly ; being its associated binary label. Similarly, let

Dval := f(Zval:; I\,{,ﬂ;)g’izlvaIJ be the validation set. For a linear classi cation problem, the parameters
of the SVM arew, a vector of coef cients with the same sizezs;, and the intercep.

In short, we are interested in the following constrained BLO problem

X
min Lp,, (w;b)= exp 1 la zZyw +b + %kckz (63a)

(Zval ;I\ml )2D val
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withw ;b ; =argmin Lowie (63b)
w;b; 2

St lyi(zggw+b) 1§ 8i2f1:::;jDyjg (63c)
i G 8i2f1;:::;jD¢jg: (63d)
The rst term of upper-level objectivés3a)is a validation loss, evaluated on the validation3gy ,
the second is a regulation term on the upper-level variglitee lower-level problem is designed to
train the parameters of the hyperplane on the trainin@pgetwith the soft margin violation; being
upper bounded by the hyperparamegefcf. (63d), which are the CCs]. The lower-level objective
(63b)focuses on maximizing the margin by minimizikgyk? while allowing for violations to the
separating hyperplane, which are regulated by the hyperparamétiee BLO formulation aims to

adjust the hyperparameteusing the validation loss (upper-level objective), ensuring that the model
parameters (lower-level variables) are optimal for the training dataset.

E.2 Experiment details

In this section, we present detailed experimental results for the training of the SVM model in
(63) using our BLOCC algorithm. We compare our algorithm to two baselines, LV-HEpdnd

GAM [72], both designed for BLO problems with inequality CCs. We use 12 and = 0:01

for running our BLOCC and we apply = 0:01, ; = 0:1, , = 0:1, = 0:001for LV-HBA

and = 0:05 = 0:005for GAM respectively. The hyper-parameters for LV-HBA and GAM

are the ones used in the SVM experiments in their paper. The GAM algorithm often encounters
issues with matrix inversion, as the matrix required for the GAM algorithm to solve the problem
in (63) can be singular, preventing it from nding a solution. Consequently, only BLOCC and
LV-HBA solve the problem irn(63), while GAM uses a different formulation as introduced 1]

We compare the algorithms based on validation loss (the rst term in the upper-level objective) and
classi cation accuracy. These metrics are computed for both validation and test datasets. We evaluate
the algorithms on two datasets: diabetes [20] and fourclass [29].

The detailed results are shown in Figure 4 and 5. Ten realizations of the problem are run, each with
different training and validation sets. The plots show both the mean (line) and standard deviation
(shaded region). The results reveal that our algorithm converges faster in terms of accuracy and
loss, achieving a lower loss value than the alternatives for both datasets, in validation and test sets.
Furthermore, in terms of accuracy, we observe that for the diabetes dataset, our algorithm reaches a
higher accuracy value faster than the alternatives in both validation and test sets.

(a) Test accuracy. (b) Validation loss. (c) Lower-level objective.

Figure 4: Plots for diabetes dataset

(a) Test accuracy. (b) Validation loss. (c) Lower-level objective.
Figure 5: Plots for fourclass dataset
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F Applications to Transportation Network Planning

This section applies the proposed BLOCC algorithm to a transportation network design problem,
comparing it with the baselines from [72] and [75].

F.1 Problem formulation

In transportation network planning, the planning operator is to construct a new transportation network
(upper level) connecting a collection of statidiisand the passengers will decide whether to use the
new network (lower-level), considering the options given by the new network and existing alternatives
(constraints). The goal is to design a network that maximizes the operator's bene t, knowing the
passengers will make rational choices depending on the given design.

The operator considers building a new network on a collection of lkhk$S S . For any link

(i;j ) 2 A connecting stations2 S toj 2 S, the operator needs to design the capacgity If the

link's capacity is set to zero, then the link is not constructed. The larger the capacity, the larger the
number of travelers, thus the larger the revenue while the higher the constructiap cost

The passengers are in demand to travel in the netiors S . For every origin-destination pair
(0; d), the traf c demandw®® and the traf ¢ time on the existing rout&%, is known. We assume

that there is onlypneexisting network. The proportion of passengers choosing the new negffbrk

andyﬁ’d the fraction of passengers using liikj ) to travel fromo to d will be determined following
passengers' rational choice, modeled by logit choice mdgjdl]] that will be explained later. If
yi‘j’d = 0, then the link does not belong to the route that passengers follow to travebftooh

In a) of Figure 6, the statio8 are presented as the dots, and lidkare as the dashed lines (input
topology); b) of Figure 6 shows a heatmap for the demand matrix for @adh 2 K (input to the
design); c) is an example of the constructed network connecting some of the stations (output of the
design); and d) illustrates the number of passengers using the constructed network (design output).

To summarize, in this experiment, we assume that

Al) Only one existing alternative network exists;

A2) Passengers decide whether to use our network rationally, which is modeled by the logit
choice model considering a utility depends on travel attributes (travel time) [5, 11]; and,

A3) The demand per market, the trip prices, and the travel times per link are known to operators.
We summarize the optimization variables as follows

* Xj 2 R+, the capacity constructed for the ligkj ) 2 A. The number of capacity variables
iS jAj . The link is not constructed i =0.

« y°d 2 [0; 1], the fraction (proportion) of passengers from maxket) 2 K choosing the
new network for their travel. The number of ow variablegk§. Since we consider only
one competitorl  y°® represents the fraction of incumbent network passengey&’ k 0,
then the passengers of marketd) do not use the new network.

. yi‘j’d 2 [0; 1], the fraction of passengers from marketd) 2 K that, when choosing the new
network to travel frono to d, use the link(i;j ) 2 A in their route to the destination. The
number of link ow variables igAjjKj . With this de nition, it holds thalyfj’d y°d: and, if
yﬁ’d =0, then link(i;j ) does not belong to the route when traveling froto d.

To simplify the notation and to make it consistent with the notations used in the paper, we denote
* x = fXj Og(ij 2o represents the upper-level variables to be optimized.

e X = RLAj represents the domain »f
ey= fyo";fyi‘j’dgg(i;j y2A Os(0;d)2k represents the lower-level variables to be optimized

eY=["1 "PM [u1 "JAIK  where" is a small positive number set by the designer
of the network, represents the domairnyof

31



Figure 6: Example of a transportation network design. (a) represents the set of skations
f1,2;3,4,5;6;7,8,9g and the set of link&s S S , where the number of links j&j =30 (15
segments with two orientations each) and the value on each edge represents the travel time. (b)
represents the demand/°®g between al(o; d) pairs, whergKj =9 8 = 72 values are provided

(those in the off-diagonal elements of the heatmap). (c) represents the constructed network, where,
to facilitate visualization, we have assumed that the capacity is symmetric and used the width of
the edge to represent the capacity of every link. (d) repre$ertts/®d g (0:d)2Kg » the number of
passengers served by the constructed network.

Besides the optimization variables, our objective and constraints include the following parameters

« W%, the total estimated demand (number of passengers) for the nfarkit K .

« m°d, the revenue obtained by the operator from a passenger in the rtare® K .
* G , the construction cost per passenger associated witlgilink 2 A .

* tj , the travel time for link(i;j ) 2 A.

» t39 , travel time on the alternative network for passengers in the méoke} 2 K .

» 11 < 0, the coef cient associated with the travel time in passengers' utility function.

In transportation network design, a bilevel formulation is essential due to the interaction between
two players with different levels of in uence: the operator, who constructs the network, and the
passengers, who choose their routes based on the network's characteristics. The operator's goal is
to maximize their bene t by minimizing construction costs and maximizing attracted demand, with
link capacity as the optimization variable. Conversely, passengers aim to maximize their trip utility,
determining the proportion of demand using each link. This dual optimization requires that passenger
choices comply with link capacity constraints set by the operator, coupling the variables at both
levels. This necessitates a bilevel optimization approach, speci cally using BLOCC, to address the
interdependent decisions and constraints effectively.
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Now, we are ready to introduce the objective formulations of our BLO problem. For the upper level,
the network operator aims to maximize pro ts and minimize costs, and therefore, its interest is
|

X X '
min  (X; y,(x)) := m°y°? (x) G Xij (64)
X
(0;d)2K (5 )2A
o0t I e
prot cost

wherey®? (x) are optimal lower-level passenger ows associated with the network dgsign

For the lower-level, we model the passenger's behavior by nding the ow variables that maximize
utility and minimizes ow entropy cost.

X X
min g(x; y) = well ety yie + Wl g (1Y) (65)
y ‘o;d)ZK (iij )2A (0;d)2K

{z }

passengers utility

X X
+ Wodyod(ln yod 1)+ Wod(l yod)(ln 1 yod 1)
io;d)ZK (o;cf{)ZK
z }

ow entropy cost

The passengers' utility considers the time cost of choosing the new network and the existing network.
The users set the ow variablgsso that the transportation network yielding a higher utility is
preferred. Here, the probability of chosing new network is modeled by a logistic (softmax) model.
However, setting the objective as a simple linear utility maximization would lead to an all-or-nothing
policy, which is not the behavior observed in practice. Hence, the second term is brought to consider.
The approach considered here is to formulate an objective given by the Legendre transform (cf.
De nition 5) of the softmax sharing (se&4, 57, 56] for additional details). Intuitively, this means

that rather than imposing the softmax sharing a fortiori, we formulatnaexproblem whose KKT
conditions lead to the softmax sharing. Using the fact that the Legendre transform of an exponential
€ is the negative entropy functigr{in(y) 1), the lower-level objective is traditional as in [57].

Having introduced the optimization variables, parameters, and objective functions, we next formulate
our BLO problem, where we also incorporate the network constraints:

X
min modycd 4+ Gj Xij (66a)
8(0;d)2K 8(i;j )2A
(0;d) X (i) X
st.(y*? 1y )= argmin wolr it yod woll 12 (1 y*!)  (66b)
(0:d)2K (ij )2A X (0:d)2K
+ Wodyod(ln yod 1)+ WOd(l yod)(ln 1 yOd 1)
(0;d)2K (0;d)2K
X X <y ifi=o
s.t. y9 yl= ydifi=d 8i; (0;d) 2S K  (66¢)
81‘1')((i;i )2A 8j(jii )2A "0 otherwise
wodyed 8(i;j) 2 A (66d)

8(0;d)2K

where(66¢)are the ow-conservation constrain{®6d)are the capacity constraints that involve both
upper and lower-level variables, coupling the optimization and motivating the use of BLOCC. Note
that, for networks witn stations (nodes): i) the number of CCs is approximatélyand ii) each of

the constraints involves approximateiy variables. Hence, even for a moderate-size network (say
30-50 nodes), we may have thousands of CCs involving millions of variables.

Experiment roadmap. To provide numerical results illustrating the behavior of our algorithm, we
solve the optimization in (66) for three scenarios:

S1) The design of a 3-node simple synthetic network;
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