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Abstract

Outlier Features (OFs) are neurons whose activation magnitudes significantly
exceed the average over a neural network’s (NN) width. They are well known to
emerge during standard transformer training and have the undesirable effect of
hindering quantisation in afflicted models. Despite their practical importance, little
is known behind why OFs emerge during training, nor how one can minimise them.

Our work focuses on the above questions, first identifying several quantitative
metrics, such as the kurtosis over neuron activation norms, to measure OFs. With
these metrics, we study how architectural and optimisation choices influence OFs,
and provide practical insights to minimise OFs during training. As highlights, we
introduce a novel unnormalised transformer block, the Outlier Protected block, and
present a previously unknown benefit of non-diagonal preconditioning optimisers,
finding both approaches to significantly reduce OFs and improve quantisation with-
out compromising convergence speed, at scales of up to 7B parameters. Notably,
our combination of OP block and non-diagonal preconditioner (SOAP) achieves
14.87 weight-and-activation int8 perplexity (from 14.71 in standard precision), com-
pared to 63.4 int8 perplexity (from 16.00) with a default OF-prone combination of
Pre-Norm model and Adam, when quantising OPT-125m models post-training.

1 Introduction

Despite their widespread use, our understanding of deep neural networks (NNs) and their training dy-
namics is very much incomplete. This, in part, reflects the complexity of traversing high-dimensional
non-convex loss landscapes but is also symptomatic of the myriad design choices, such as NN
architecture and optimiser hyperparameters, that a practitioner must take before training. While
standard choices of architecture and optimiser exist, it is often unclear how these choices affect model
performance or the emergence of various empirically observed phenomena during NN training.

Outlier Features (OF) are one such training phenomenon. OFs are neurons whose activation magni-
tudes are significantly larger than average in the same layer, i.e. across NN width [1H3]]. They have
been widely observed in the popular transformer NN architecture [4H6], as we verify in Fig[I] and
are of practical interest because their existence hinders quantisation [3| [7H12]]. In particular, OFs
cause large dynamic ranges in activations across NN width, leading to high quantisation errors in low
precision matrix multiplications. As such, Outlier Feature Emergence (OFE) during training hinders
low-precision training and inference, and minimising OFE could yield significant efficiency gains.

In this paper, we tackle OFE from two related angles: by (1) proposing interventions to minimise
OFE without affecting model convergence or training stability, using insights motivated through (2)
enhancing our understanding of why OFs appear during training. We argue that it is important to first
understand why OFs appear during standard NN training dynamics in order to identify which design
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Figure 1: Outlier Features appear in open-source transforférdyring training, as measured by
our Kurtosis metric E({{1). Our work investigates the design choices that in uence their emergence.

choices in uence OFE, and how. Though progress has been g8, [14,10,[15], the mechanisms
behind OFE remain largely unknown.

Alongside the practical motivation of model quantisation, we believe understanding OFs, and their
causes during training, to be an interesting research question for several reasons. The emergence
of Outlier Features in standard transformer training regimes raises the question if OFs are simply
an artifact of certain design choices or a fundamental property of transformer training, essential
for best performance. Understanding (the causes of) OFE better helps us to better understand NN
training dynamics in general, and the roles played by different design choices. Moreover, we shed
light on the differences between models at initialisation compared to during, or after, training. While
NN initialisation is more commonly studied owing to analytic tractabillty430], understanding

trained NNs is arguably more important as they exhibit rich feature learning behe81i34], like

OFs, that arise during training. In the case of OFs, this has potentially wide-reaching implications,
including for NN interpretability, which often focuses on the roles of individual neufons [35].

Our contributions  Overall, we show that OFE can be mitigated relative to standard practices, and
highlight key design choices to do so. We start by introducing OFs, and in particular quantitative
metrics to measure OFs in §gc 2. In §ec 3, we study the role of normalisation layers for OFE, and
nd that existing hypotheses do not fully capture the OF phenomenon. We proceed to show that
removing normalisation through o@utlier Protectedransformer block minimises OFs, without

loss of convergence speed or training stability compared to standard transformer blockd.]In Sec 4, we
consolidate our ndings by identifying sighal propagation as an important object that can predict OFs
during training, and that choices that improve signal propagation during training also minimise OFE.
In Sed%, we consider optimisation hyperparameters, and highlight the importance of large diagonal
adaptive learning rates for OFE. Finally, in $¢c 6 we demonstrate the performance of our proposals
to minimise OFs both at larger scales, up to 7B parameters, and in terms of improved quantisation
performance. In the interests of space, in App|A.3 we discuss additional related work.

2 Problem Setting

Consider an activation matrix 2 R" ¢ obtained from some neural network layer, wherie the
number of batch inputs/sequence positions, disthe number of neurons across NN width. In a
typical NN layerpwe matrix multiphyX by a weight matrixw' 2 RY dto giveXxw 2 R" 9 with

(;j )" element: Eﬂ X .« Wy . This fundamental operation is central to NN computation and
can be seen as a sum ogkterms, one for each neuron.

Several works have established that if the magnitudes of the summXngsw ; gf_, have large
variations, then it becomes dif cult to compute their sum in low precision, thereby precluding potential
ef ciency gains from “vector-wise” quantised training or inference (though signi cant progress has
been made on the latteB,[36,[11]). These works have shown that (pre-)trained transfori@3iér [
models possess such a de ciency, which is attributed to the existeretlér Feature§OFs) whose
activations are much larger in magnitude compared to the dthet neurons.



Measuring OFs Existir}g works have measured OFs in architecture-speci ¢ waler using

activation scalegX k2 & nj dX ZJ [8]. We argue that measuring OFs should be independent
of architecture/activation scale: barring exploding/vanishing activation scales, the relative difference
in summands is what causes issues for vector-wise quantisation. We use two metrics to measure OFs:

1

1. Kurtosis of neuron activation RMS: Lets 2 RY, suchthas; = 3 "_; X2;j , be the

vector of root mean-squared activations across inpiitsen, letkurt(X ) be the ratio of the
fourth momenin, to the squared second momem over the empirical distribution of:

' 1)

Kurt(X) = -

We see thamin(Kurt(s)) = 1 when alls; are equal and no outlier features exist, and
max(Kurt(X)) = d, which is the limit whend 1 neurons have activation magnitudes
dominated by a single outlier feature.

2. Max-Median Ratio (across neurons): A metric for OFs more aligned with the original

motivation of studying variation in summand magnitudes. Speci cally, we compute:
!

e _maxiX o
MMR(X) = Aggregate medianjX j j (2)

or in words, the max neuron divided by the median absolute neuron, aggregated in some
permutation invariant way across inputs. We typically use the mean to aggregate over inputs,
but could also take e.g. median or max. MMR takes a minimum Vhluken all activations
are identical in magnitude, and is unbounded when a dominant outlier feature exists.

Variants ofKurt(X ) have previously been proposet¥] 3], but our formulation in Eq (1) aggregates
activations over inputs rst, which allows us to link OFs and signal propagation in Sec 4. Though
we focus our analysis oKurt(X), Figs 11, 13 and 17 show that both our OF metrics are highly
correlated. In this work, we measure OFs on the residual stream across different layers/blocks. For
example, for Pre-Norm or Post-Norm models thiXig, in the notation of App A.Z.

Experimental Setup Throughout this work, we train transformers on the next-token language
modelling task, and study OFs, on a range of datasets, including: 1) CodeP@ytainguini Books

[39], 3) BookCorpus40] and English Wikipedi&, and 4) FineWeb-Edufl]. Unless stated otherwise

our experimental results are conducted on CodeParrot, but importantly our conclusions regarding
OFs are consistent throughout across language modelling datasets. In App E.1, we also explore OFs
in image classi cation settings with other architectures like Vision Transformers [42] and MLPs.

In terms of architecture and optimiser, our default choices are the Pre-Norm transformer (App A.1) and
AdamW [43] respectively, which are known to be prone to OFs, e.g. Fig 1. Our default architecture
scale has widtld = 768 and6 layers, giving around 130M parameters, but we demonstrate our
ndings continue to hold at larger scales (up to 7B parameters) in Secs 3 and 6. In Secs 3 and 4
we examine alternatives to the Pre-Norm architecture and their effects on OFs, keeping AdamW as
optimiser, while from Sec 5 onwards we additionally consider modi cations to AdamW. Further
experimental details and results beyond the main paper can be found in Apps D and E respectively.

3 Normalisation Layers and Outlier Features

Several works have highlighted the architectural choiceayer Normalisatior(LN) [44] as a cause
of OFE [1, 7, 15]. LN belongs to a family of normalisation (Norm) layers commonly used in sequence
models, which normalise a representation vext@ RY across the width dimension independently

We do not centr& in's; for simplicity. Fig 15 shows centring makes no qualitative difference for Bayt(
4As MMR(X ) is invariant to normalisation layers like RMSNorm without trainable parame8&tsthere is
some redundancy here in where exactly we take OF measurements.
Shttps://huggingface.co/datasets/transformersbook/codeparrot-train .
Shttps://huggingface.co/datasets/google/wiki40b , using the same setup as [15].



for different sequence positions. In general, for a centring sca&r0; 1g, a Norm layer maps to:

X ¢ (X) _ e _ax
T + y (X)— ai:l Xi, (X)2 - ai:l (XI c (X))2 (3)

LN is whenc = 1, with a trainable scale and bias vectors initialised to alls andOs respectively.

Norm(x) =

Previous works have attributed OFE to the parameters of LN incurring outliers during training
[1, 7]. Itis therefore natural to ask if simpler Norms with different formulations of Eq (3) remove
OFE. In particularRoot Mean Square NormalisatigRMSNorm) 5] is a commonly used Norm
known to be as performant as LN in Transformer trainih B7]. Compared to LN, RMSNorm
xes the bias =0 and removes the centring by setting 0, which highlights that centring is not
a crucial operation in modern sequence modelling practices. One step further would be to remove
ainable parameters entirely by xing = 1, thus simply projecting to the hypersphere of norm
d. This is dubbe®imple RMSNoriflSRMSNorm) by Qin et al[38], who nd that SRMSNorm
has minimal performance degradation but is more computationally ef cient than LN and RMSNorm.

We compare these different Norms in Fig 2, where we see
that independent of Norm choice, all Pre-Norm transform-
ers incur OFE: the peak kurtosis during training across
Norms is over 4 orders of magnitude larger than initialisa-
tion. We also show OFE not only in Pre-Nordf 49] but

also Post-Norm37] blocks (more details on transformer
blocks in App A.1), highlighting OFE occurs independent
of where Norms are placed. In this experiment, the Pre-
SRMSNorm model has highest Kurtosis, despite its la

Kk
of trainable Norm weights Elgure 2:Kurtosis becomes large (i.e. OFE)

when training with different Norms at 130M
Having established that removing trainable weights #gale. We plot the residual stream entering
Norms still results in OFE, the next question we ask i8¢ 2nd of 6 blocks. Other layers in Fig 14.
how does removing standard Norms entirely in uence Outlier Feature emergence

Recovering training bene ts in unnormalised Transformers This is a challenging question to
answer, not least because comparing OFE in architectures that converge at different speeds may not
be a fair comparison: Norms are well known to be an important component in most NN architectures,
providing various bene ts for initialisation, convergence speed, and training stability. Thus, to answer
the above question, we must rst review different hypotheses for the bene ts of Norms in transformer
training dynamics in order to motivate a novel transformer block that matches the Pre-Norm block in
convergence speed, while eschewing standard Norm layers.

Several works 50-55, 23, 27, 28, 30] have observed that the
initialisation bene ts of Pre-Norm architectures can be recovered
in unnormalised residual models using downweighted residual
branches, through a theory known as Signal Propagation (Signal
Prop) [L7, 18, 56]. Notably, Brock et al[53] achieve state of the

art performance on the ImageNet benchmark using unnormalised
convolutional architectures. However, it has been observed that
xing Signal Prop at initialisation is not suf cient to fully capture
the bene ts of Norms for training dynamics in unnormalised
transformers28, 30], which implies that Norms have training
bene ts speci ¢ to the self-attention based transformer model.

At the same time, Zhai et §b7] showEntropy Collapsewhere

the Stochastic attention matrix has rows with low entropy and

each sequence position attends to only one position instead of

many, to be a key transformer training instability (see Eq (1q})qure 3: The Outlier Protected
Entropy collapse occurs because large attention logits saturatertigsformer Block. We remove Pre-
softmax, and sever&ntropy RegulatioffEntReg) mechanismsNorms and replace them with an
have been proposed to control the attention logits and thus pre&ftopy Regulation mechanism to
entropy collapse. Existing entropy regulating methods inclupl@vent entropy collapse, as well as
QK-Norm [58, 59], tanhthresholding (Grok-1), Reparam%7] downscaling residuals with< 1.

and clamping the QK logits (DBRX). In standard Pre/Post-Norm attention blocks, a Norm layer
appears before Query and Key weights and implicitly regulates attention entropy, to an extent.



Figure 4: Our OP block mitigates OFE. We plot activation kurtosis of the residual stream across
layers. Experiments are at 1.2B scale on Languini Books using a max AdamW learning0#1@1of

with linear warmup for the rst 1.5% steps and linear decay thereafter. Notice the shared log-scaled
y-axis: activation kurtosis is consistently (up to 4 orders of magnitude) lower in OP block, particularly
in earlier layers. Also, peak kurtosis during training is always higher in Pre-LN. The OP model also
removes the nal LN before unembedding; the effect of the nal LN on OFE is shown in Fig 10.

Our key insight is to combine ideas from Signal Propagation and Entropy Collapse prevention to
remove Normalisation layers while keeping their training bene ts. This brings us t@atlrer
Protected(OP) Block, Fig 3, which replaces the Pre-Norm block by removing its normalisation layers

in both Attention and MLP sub—blocbs, and making three additional changes: 1) downweighting
residual branches with some= O(1="deptl) < 1to recover Signhal Prop bene ts of Pre-Norms

[51, 23, 27, 30], 2) adding an Entropy Regulation mechanism to prevent Entropy Collapse; we
mainly use QK-Norm as it is relatively simple and performed well in all of our settings, but present
experiments with tanh in App E.2, and 3) (optionally) scaling the inputs before the MLP nonlinearity
by a scalar to ensure the nonlinearity inputs are of order 1, as derived by Brock[&Bhlising
straightforward Signal Prop arguments. App B presents a mathematical description of the OP block.

In Tab 1, we show that our Outlier Protected block matches the standafBle 1: OP matches Pre-
Pre-LN block in terms of convergence speed at scales up to 1.2BLpigserformance at scales up
rameters when trained with next token prediction on the Languini boo&4..2B params, on Languini
dataset39] for nearly 4.5B token$.In App E.2, we ablate our OP blockBooks [39]’

and show that the lack of an entropy regulation mechanism withoedrams Block Eval PPL
normalisation layers causes training instabilities. This demonstrates gy~ pre-LN 19.1
preventing entropy collapse is nhecessary to match training stability and oP 18.9
convergence speed in unnormalised Transformers. 320M  Pre-LN 162

We note that independent of OFs, the OP block is interesting in its OP 16.2

own right because it shows that the initialisation-time Signal Prop an®s  Pre-LN 13.9

Entropy Collapse bene ts of Norms in Transformers can be disentangled, oP 13.9

and also reveals what was missing in previous methods that used Signal

Prop arguments to correct initialisation defects in simpli ed unnormalised Transfori2&r3(.
However, we now focus on the bene ts of the Outlier Protected block in reducing outlier features.

Removing Norms mitigates Outlier Features In Fig 2 we see that the Outlier Protected (OP)
block greatly reduces OFE compared to standard blocks. Fig 4 presents the corresponding plots in
our 1.2B parameter experiments using our kurtosis metric, for different layers. We draw several
consistent conclusions: 1) peak kurtosis across the course of training is consistently higher in Pre-LN,
sometimes by over 2 orders of magnitude, across different layers; 2) kurtosis across training is usually
higher in Pre-LN (up to 4 orders of magnitude here), especially at early training times and in earlier
layers; 3) OFE (measured via our metrics) does not need to be monotonic in training time. Together,
these ndings suggest that the OP block will lead to more quantisable models compared to standard
Pre-Norm, as we will show in Sec 6. Tab 4 ablates the effect of Norm positioning on OFE.

Nevertheless, we observe in Fig 4 that kurtosis still slightly increases in our OP blocks (to relatively
modest values, maximum around 20), usually monotonically throughout training. Moreover, the
guestion of why normalisation layers cause outlier features is still unanswered despite the clear
evidence that removing them mitigates OF prevalence. We investigate these questions next.

"We train for 4.2B tokens at 1.2B scale as this took 24 hours on 4 A100 80GB GPUs; we were unable to train
for longer due to compute constraints. Scales under 1B were trained on a single A5000 or RTX-2080Ti GPU,
taking around 2 days for 3.3B tokens (or equivalently, 50K steps at batch size 128 and sequence length 512).



Sec 3 key takeaways: normalisation layers and OFE.

» OFE still occurs for weight-less or uncentred Norms, & both Pre/Post-Norm (Figs 2, 14 and 17).

» The OP Block (Fig 3) matches Pre-LN training speed/stability (Tabs 1 and 3), without standard
Norms. It does so through an Entropy Regulation method to prevent attention entropy callapse.

» The OP Block greatly reduces OFE compared to standard blocks (Figs 2, 4 and 13).

4 Signal Propagation and Outlier Features

To better understand why OFs still appear (albeit greatly reduced) in the OP block, and why normali-
sation layers cause OFs, we examBignal Propagatiorbehaviour during training and its effect on
OFE. This will also clarify why modi cations that improve Signal Propagation reduce QBE Big-

nal Propagation7, 18, 56, 23, 25, 27, 28] studies thénput-wiseGram matrix ; = XX > 2 R" ",

and how | evolves in deep NNs for different layer featupés2 R" 9.

On the other hand, as we will see below, our kurtosis metric is related tedhare-wiseGram

matrix F E'x>x 2 RY 9, Recall our kurtoasp;sanormahseffl‘ fnoment ofX 2 R, normalised
by the square of the second momemt(X ) = == nj X5 2 = LkXkZ. Because kurtosis is
scale-invariant we can consider the setting thQQX) = 1 and the average squared activatiot is
without loss of generalit§.In this case, Tr |) = Tr( ¢) = nd by the cyclic trace property.

1Pa 1P 2 2_,Pa 1
Then, our kurtosis, Eq (1), isurt(X) = = =1 =1 X = d j_1( F)JJ , Which is
simply a second moment (or average squared value) of dragonal entries of the feature-wise Gram
matrix . At the same time, again by the cyclic property of the trace, we have:

Tr( F F):Tr§<X>XX>X):T>r((XX>XX>):Tr( 1) (4)
=) n2d Kurt(X)+ Flo= - (5)
i di6] ' S '

In words, Eq (4) tells us that the sum of squared elements-dé equal to the sum of squared
elements of |. On the left of Eq (5) we decompose Eq (4) into our feature-wise kurtosis (Eq (1), of
interest for OFE), plus the sum of squared off-diagonal elementsoéqual to the sum of squared
elements of | on the right. Hence, it is clear that Signal Propagation is relevant for OFE. Contrary to
most existing works in Signal Propagaton, Eq (5) is true throughout training, not only at initialisation.

In particular, we seg that the right-hand side of Eq (5) captures both the (normalised) activation

norms across inputs | 2 from the diagonal terms, and inner products between inputs
P ’

N6 | 2 in the off-diagonals. IX is the output of a Norm layer, the}w | becomes a
cosine similarity matrix with diagonals equal to 1. Deep NNs, and Transformers in particular, are well
known to be susceptible to a particular Signal Prop defect cediiekl collapsd 60, 25] where this
cosine similarity matri>gl1 | degenerates to the all ones matrix and all inputs look identical to a deep
layer. Noci et al[27] and He et al[28] demonstrate that, at least at initialisation, the off-diagonals of

| are positive and increase monotonically with depth in deep Transformers towards rank collapse,
even with Signal Prop inspired modi cations that ensure a non-degenerate deep limit exists.

Bad Signal Prop encourages OFE For OFE, the upshot of these observations is that poor Signal
Propagation (in terms of large off-diagonal values of close to rank collapse) will make the
right-hand side of Eq (5) large (the rank collapsed limit has RP&, compared tmd? when the

inputs are orthogonal and, is diagonal). In turn, this puts pressure on the LHS, which contains the
[:eature kurtosis, to be large, hence OFE. This argument is not fully rigorous because the off-diagonals

2 . . . .
ij aisj F i »whichcaptures correlations between different neuron features, could increase

on the LHS to allow the kurtosis to remain I&wlheoretically predicting this behaviour deep into
modern NN training is outside the scope of this work; we note that while it is possible to write down
training trajectories in feature learning regima@8,[34], most works interpreting feature learning in

8In all experiments concerntpg signal propagation (i.e. input-wise correlations or equivalently, the elements
of ), we rstscaleX downby m;(X) togivem,(X) =1 and makeX scale invariant.
®Indeed, Fig 33 shows the link between OFs and signal propagation depends on the diagonality of optimiser.




Figure 5: Adam-trained Pre-LN layers at 1.2B scale with extreme OFE (left) are those with bad Signal
Prop close to rank collapse during training (centre leRjight vs. left two plots) Downweighting
residual branches improves signal propagation during training and results in smaller OFs, particularly
in early layers. Respective plots for OP (with & without nal LN before unembedding) in Fig 10.

NNs focus only on a single gradient st&§if64]. Having said that, we formalise the intuition of bad
Signal Prop leading to larger feature kurtosis in the context of Gaussian features in Prop G.1.

In any case, we can empirically study the link between bad signal propagation and OFEs, which we
do in Figs 5 and 10 for Pre-LN & OP blocks trained with AdamW at 1.2B scale on Languini Books.
We plot both the layerwise evolution of the kurtosis on the left and the average off-diagonal entry of

L 1= iXX> (i.e. the average input-wise correlation) on the right, normalised sortpeX ) = 1.

As suggested by Eq (5), we see a strong association between kurtosis and Signal Propagation: the
layers with larger kurtosis tend to be the ones with larger input correlations, and vice versa. In
particular, in Fig 5, we see that the Pre-LN layer (2 in this case) with the most extreme OFE (kurtosis
peaking over 1000) is precisely the one with the worst Signal Propagation closest to rank collapse
(average input correlation peaking over 0.8) during training. Moreover, the trajectory of kurtosis
closely tracks the trajectory of input correlations throughout training, with their peaks appearing at
similar training steps, across layers. Fig 12 shows that the Adam-trained Pythia nidjels[very

close to rank collapse, which partially explains their large OFs in Fig 1.

Given that Signal Propagation characteristics during training depict how a model creates structure
(through increasing or decreasing the inner product for different inputs) in its layer representations
to best learn the task at hand, our results suggest that OFs occur partly due to the inherent nature of
the task that the model is trained on, particularly in architectures that are less prone to OFs, such as
our OP block. In Transformers, this appears most apparent in the inputs to the nal unembedding
layer, which are linearly projected to the predictions: they tend to have similar kurtosis levels in both
OP and Pre-Norm blocks, and the most extreme OFE rarely occurs in the nal layers, (Figs 1, 4, 14
and 18). We hypothesise this is because extreme OFE in late layers would imply high kurtosis which
could imply representations close to rank collapse by Eq (5), from which it may be hard to learn
useful linear predictions with optimisers like Adam.

The correlation we identify between OFE and Signal Propagation also allows us to observe that
interventions that worsen Signal Propagatioming trainingcause increased OFE. Likewise, methods
improving Signal Propagation throughout training help to mitigate OFE. This can be seen in Fig 5 for
downscaled residualb(x) = x+ f (x) with some 1, which Wortsman et a[10] show improve
guantisation on vision-language models. We explore this link further in terms of normalisation layers
and other architectural choices inspired by Signal Prop in App C.

5 Optimisation Choices and Outlier Features

So far, we have focused on the impact of architecture for OFE. As a result, up until now all models
have been trained with AdamVM3J] optimiser, which is an adaptive diagonal preconditioner, with
default hyperparameters e.q. =0:9; , =0:999 =10 8. As OFE is a training phenomenon, it

is important to also consider the role of optimsation choices, which we now explore.

Learning Rate Perhaps unsurprisingly, we nd that using
smaller LRs leads to reduced OFE during training (Figs 6, 25
and 26), across different architectures. In these cases, slightly
reducing the maximum LR in our scheduler (e@001 !
0:0003in Fig 6) did not lead to a loss in convergence speed
(Fig 27), highlighting that one should use a smaller LR to avoid
OFs if convergence is not affected.

Figure 6: Smaller LRs lead to
7 smaller OFs across different blocks.



Adaptivity Having seen the importance of LR in OFE, we
now assess the impact of adaptive LRs through erpa-
rameter in Adam, where the Adam update isn (=(" v; + ),
is global LR, andn; andv; denote rst and second-moments
of each parameter's gradient, respectivelgampens adaptive
preconditioning, with larger reducing adaptivity for param-
eters with smallev;. In Figs 7, 29 and 9 and Tab 2 we show
that increasing also reduces OFE. Thus, one should incre .
to reduce OFE, if convergence is not impacted (like Fig 235)%2 rlﬁ ZéOLGrgfé-ﬁl(\jl&}[gnr;gLrjr?\i?s.

Non-Diagonal Preconditioners To push the question of adap-

tivity further we consider the effect of diagonal adaptivity and

OFE. First-order optimisers like AdamW3] or AdaFactor

[65] are the de-facto optimisers in deep learning, acting as

diagonal preconditioners where each parameter has its own

adaptive learning rate to scale its gradient. On the other hand,

popular second-order optimisers like K-FAC [66] or Shampoo

[67, 68] are non-diagonalpreconditioners acting on the full

gradient. Second-order optimisers are known to converge faster ) S
per-updatethan rst-order methods, but rst-order optimiserd-igure 8: Diagonal optimisation on
are much more widespread due to the additional overhead¥otited parameters reduces OFs.
non-diagonal preconditioning. We provide background on different NN optimisers in App A.2.

Recently, Vyas et a[69] established a precise connection between rst and second-order optimisers,
namely: Shampodd7] can be seen as running the diagonal AdaFa&Bbfinethod after rst rotating

into the eigenbasis of Shampoo's preconditioner, before rotating back. This insight disentangles two
effects of non-diagonal preconditioners: 1) transforming the parameter space in which one optimises
via a rotation, and 2) using a diagonal optimisation method in the rotated space. Vydée} al.

use this insight to propose the SOAP optimiser, which applies AdamW in the rotated parameter
space obtained from Shampoo's eigenbasis. SOAP is shown to converge slightly faster per step than
Shampoo, which itself converges faster per step than AdamW/AdaFactor (veri ed in Fig 32).

In Fig 8, we compare OFE in popular rst-order optimisers, 1) AdamW and 2) AdaFactor, to rotated
non-diagonally preconditioned alternatives, 3) SOAP and 4) AdaFactor in Shampoo's eigenbasis
(akin to Shampoo as shown by Vyas et[8D]), trained using 130M Pre-Norm transformers on
CodeParrot. We clearly see that rotating the parameter space in which one optimises, as done in
SOAP/Shampoo, mitigates OFEs. This effect is independent of the diagonal preconditioner used and
occurs even in spite of the Pre-Norm layers, which we know are susceptible to OFs, as i’ Jec 3.
further highlight the importance of diagonal adaptivity, in App E.1 we compare SGD to Adam on a
setting where SGD can match Adam's convergence speed: image classi cation with an MLP. There,
we again see that the non-adaptive SGD suffers less from OFs compared to the diagonal Adam.

Elhage et al[14] show a similar result as Fig 8 using random rotations, while QuaRbBpplies

random Hadamard rotations to remove OFs for post-training quantisation (PTQ) using computational
invariance. SpinQuan¥[] extends QuaRot using learnt rotations but again only considers inference
time, after OFs have emerged during training. Both QuaRot and SpinQuant incur additional overheads
to apply rotations in the forward pass at inference time. In contrast, non-diagonal preconditioners
optimise using “learnt” rotations that adapt during training, which leaves the forward pass intact
post training and enables the improvement in convergence speed per step that Shampoo/SOAP enjoy
relative to AdamW/AdaFactor (seen in Fig 32 and Tab 2). In sum, our results reveal an additional
appeal of second-order optimisers: not only are they faster to converge per step, but they also lead to
models that are not as prone to OFs and are thus easier to quantise, as we will see in Sec 6.

Breaking down kurtosis updates The ndings in this section point to the importance of large
diagonal adaptive LRs for OFE. This motivates us to break down the updates to kurtosis into terms of
different powers in the learning ratein App F. We nd that sub-leading order updates (in terms

of LR) are the key driver in increasing kurtosis, providing a consistent mechanism for OFE that
encapsulates our different observations concerning the roles of optimiser and architecture.

1%This, coupled with our ndings with the OP block in Sec 3, suggests that extreme OFs found in LLMs are
due to aninteractionof the architectural choice of Norm layers and the optimiser choice of diagonal adaptive
preconditioners. Note we use Pre-SRMSNorm in Fig 8, which doesn't have trainable Norm parameters.



Sec 5 key takeaways: Optimisation Choices and OFE.

« Large diagonal adaptive LRs can lead to Outlier Features during training (Figs 6, 25, 26 and 8).
» Reducing AdamW adaptivity via increasettyperparameter reduces OFs (Figs 7, 29 and 37).

» The non-diagonal preconditioning of second-order optimisers greatly minimises OFE (Fig 8
and Tab 2), even with OF-prone architectures like Pre-Norm.

6 Additional Experiments

We conclude our study with additional experiments regarding scaling and quantisation properties of
our suggestions to minimise OFs. Further experimental details can be found in App D.

Figure 9: Loss (left two plots) and kurtosis (right two plots) curves for different models trained with
AdamW. Our conclusions on OFs continue to hold when scaling both token count and model scale.

Scale Up until now, we have studied OFE and how we can minimise it at scales up to 1.2B
parameters and 5B tokens. We now consider scaling both model size and training length in terms of
loss performance and OFE. We compare scaling the OP and Pre-Norm blocks keeping AdamW as
optimiser; it would be interesting to considering scaling experiments using second-order optimisers
(in distributed settings e.g68, 71]) in future work. The dataset is FineWeb-EdLi]. We warmup

the LR for 5% of training steps to a maximum val@e001and0:0003for 1.2B and 7B respectively),
before cosine decay. Due to computational cost, very little hyperparameter tuning was performed
with these experiments and all default hyperparameters were optimised for the Pre-Norm baseline.

So far we have studied OFE in training token counts that are relatively small compared to the
“compute-optimal” Chinchilla reciperP)]. In Fig 9 ( rst & third subplots), we scale the number of
training tokens at 1.2B parameter scale to around 90B, which is beyond the Chinchilla prescription.
We see that the OP block is indeed able to closely match Pre-Norm loss at longer token counts, but
still bene ts from signi cantly reduced OFs (at least an order of magnitude lower kurtosis throughout
training) despite the aggressive AdamW LR and long training horizon.

In Fig 9 (second and fourth subplots), we additionally scale the model size to 7B parameters, a scale
that has previously been hypothesised to be a sharp cutoff above which “systematic” OFs &nerge [
Due to cost, we only train for 6B tokens, which is more than enough for extreme OFs to emerge (over
600 kurtosis averaged across residual layers) with Pre-Norm layers. On the other hand, the OP block
has peak kurtosis under 10 and yet still matches Pre-Norm loss performance at 7B scale. Although
increasing AdamWw from 10 8 to 10 5 also reduces peak kurtosis to under 10 with the OF-prone
Pre-Norm model, it leads to a signi cant decrease in convergence speed in this setting.

Quantisation Returning to our original motivation, we investigate the effect of our suggested
architectural and optimisation choices to minimise OFs in terms of quantisation. In Tab 2, we take the
OPT-125m §] setting of Bondarenko et gl15], training models using AdamW in standard mixed
FP16/FP32 precision on BookCorpus+Wikipedia for around 12B tokens. Post training, we quantise
(PTQ) to int8 weight-and-activations, using the same quantisation recii®las\Je report standard
deviation over 3 seeds for PTQ, as random subsets of data are used to estimate the quantiser range.

Tab 2 compares both the standard precision perplexity (FP16/32) and also 8-bit quantised perplexity
(WB8AB8) across architecture and optimiser choices. We additionally present our kurtosis metric, Eq (1),
calculated after training and averaged across layers. We compare 3 different transformer blocks: a)
standard Pre-LN, b) the Gated Attention block proposed by Bondarenkd&ktio reduce OFs,

and c) our OP block, as well 5 different optimisation setups that are added one after another: 1) the
default hyperparameters dff], 2) removing dropout regularisation, 3) increasing the maximum
LRfrom4 10 4! 10 3, 4)increasing AdamwW from10 8! 10 °, and 5) changing Adamw

to SOAP optimiser (keeping= 10 2). Optimiser choices 2) and 3) were designed to improve
standard precision performance, albeit potentially at the detriment of quantisation performance due to
increased OFs. Optimiser choices 4) and 5) were chosen to reduce OFs, from our ndings in Sec 5.



Table 2: Average kurtosis across layers, plus standard precision (FP16/32) and quantised int8 (W8AS8)
perplexity of various 125m OPT model6][trained on BookCorpus+Wikipedidl}]. Kurtosis
strongly correlates with int8 error across settings, and the best int8 setup combines our architectural
(OP) and optimiser (SOAP) suggestions, with only 1.2 kurtosis and 0.16 perplexity increase.

Architecture Optimiser Hyperparameters Kurtosis FP16#32 (W8AS8 (#)
Pre-LN Default from [15] 25.6 16.00 63.40:1

Dropout Regularisation 46.7 15.53 105:9-0

+BigLR(4 10 % 10 %) 614 15.40 59.010:7

+Big Adam (10 8 10 %) 43.6 15.19 216.257:5

+ Non-diag Precond (SOAP) 5.1 14.80 16.43>
Gated Attention [15] Default from [15] 45 15.63 16.R209
Dropout Regularisation 28.8 15.08 180709

+BigLR(4 10 %1 10 %) 288 14.99 17.040.00

+Big Adam (10 ® 10 %) 16.0 14.78 15.540.01

+ Non-diag Precond (SOAP) 16.7 14.65 15.64:1

OP (ours) Default from [15] 3.6 15.64 16.0d:01

Dropout Regularisation 7.1 15.15 15. 7303

+BigLR(4 10 % 10 %) 12.0 14.96 15.600:01

+Big Adam (10 8 10 %) 6.0 14.89 15.620:02

+ Non-diag Precond (SOAP) 1.2 14.71 14.87 o.01

As seen in Tab 2, our ndings throughout the rest of our paper are validated. Firstly, our kurtosis
metric to measure OFs is indeed highly correlated withntisation erroy which we de ne as the
increase in perplexity from FP16/FP32 to W8AS8. For example, the Pre-LN model without SOAP
has consistently high kurtosis (over 25), and also consistently poor performance at W8AS8 (over 45
guantisation error across all AdamW optimiser settings). Secondly, our OP block has consistently low
kurtosis (below 12) compared to the other models, and this directly translates to low quantisation error
(below 0.73 across all optimiser settings). This low kurtosis/quantisation error with OP block holds
true even for aggressive optimiser choices, like large diagonal adaptive LRs, that improve standard
precision perplexity but also increase kurtosis. Moreover, the baseline Gated Attention mddg! of [
struggles with OFs when dropout is removed and a large learning rate is used, leading to increased
guantisation error (2-4 perplexity increase), but increasing Adanad/suggested in Sec 5 reduces
kurtosis (29 to 16) and quantisation error to 0.76, whilst also improving FP16/32 perplexity.

Finally, changing AdamW to SOAP optimiser either dramatically reduces kurtosis (in the case of
Pre-LN and OP) or matches the kurtosis reduction of increasing Ad&on Gated Attention), while

also improving mixed precision performance for all modéIFhis leads to the only non-catastrophic
WB8AS8 perplexity (16.43) with Pre-LN, and the best overall W8A8 model when combining SOAP
optimiser with our OP architecture (14.87 perplexity, with only 0.16 degradation from standard
precision). This result highlights the combination of our architectural and optimiser suggestions for
minimising OFs as a promising approach to training fast-converging and easily quantisable models.

7 Discussion

The goal of this work was to better understand the emergence of Outlier Features during standard
NN training, and propose architectural and optimisation interventions that minimise their prevalence.
On the architectural side, we have shown that Normalisation layers can have unwanted effects
on OFs during training. Removing standard Norms through our Outlier Protected transformer
block minimises OFs during training without loss of convergence speed or training stability. On
the optimisation side, we highlight that large diagonal adaptive learning rates are crucial for OFs,
and non-diagonal preconditioners offer an appealing combination of reduced OFs and improved
convergence speed. We demonstrate our methods to minimise OFs are effective at scales of up to 7B
parameters, and also directly translate to improved post-training quantisation performance. Overall,
our results reveal the complex interactions between architecture and optimiser that lead to the OFs
widely observed in LLMs. In future work, it would be interesting to consider applying our methods

to minimise OFs for post-training quantisation performance at larger scales, and also low-precision
training.

e keep the batch size 196 & context length 512 sama%ddr fair comparison. It is likely the FP16/FP32
gains of non-diagonal preconditioners e.g. SOAP would increase with higher token counts per step [73].
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A Additional Background Knowledge

A.1 Mathematical Description of Transformer Blocks

A Transformer architecture [37] is formed by sequentially composing Transformer blocks. The two
most popular Transformer blocks are Pre-Norm and Post-Norm. The Pre-Norm Transformer block
[48, 49] is nowadays more widespread than the original Post-Norm b®dkdue to advantageous
depth-scaling properties [74, 51].

For an input sequence representation 2 RT 9, with T tokens and dimensioth, the outputX ¢
of aPre-Norm Transformer block is:

Xou= X + MLP(Normy(X)); whereX = Xin+ MHA(Normy(Xin)): (6)

On the other hand, theost-Norm Transformer block can be expressed as:
Xou= Normp(R + MLP(R)); whereX = Normy(Xin + MHA(Xn)): @)

Here, “MHA" stands for Multi-Head Attention (detailed below), and “Norm” denotes a normalisation
layer like LayerNorm 44] or RMSNorm B5]. In words, we see that the Pre-Norm transformer block
consists of two sequential sub-blocks (one attention and one MLP), with normalisation layers and
residual connections for both sub-blocks. Crucially the Norm layers in Pre-Norm blocks are placed
within the residual branch, whereas in Post-Norm blocks the Norm layers are placed after the residual
connection.

When we say “Pre-LN” we mean that the block is Pre-Norm and the Norm is LayerNgfrrahd
likewise “Post-RMSNorm” would mean that the block is Post-Norm and the Norm is RMSNorm, and
so onin Fig 2. There is no notion of “Pre” or “Post” with our OP block because there is no difference
between Pre-Norm and Post-Norm if one removes the Norms.

In our work, the MLP architecture is single hidden-layer with hidden dimension tHdt(as in 37]),
and acts on each token in the sequence independently.
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The MHA sub-block uses softmax self-attention to share information between tokens. For a given
input sequenc , the softmax self-attention mechanism computes:

Attn(X) = A(X)XW V; whereA(X) = Softmax ptljs(X)+ M (8)
k

wheres(X) = XW Qw K ” X arethe pre-softmax attention scores/logits, Whe; W K 2 RY d
andwV 2 RY 9 are trainable query, key and value parameters respectively.

The attention matrid (X) 2 RT T allows different tokens to “attend” to each other, with mask
M 2 RT T determining which tokens any given token is allowed to “attend” to. For causal auto-
regressive transformers like GPW,;; = 0ifi j and 1 else, which prevents a token from
obtaining information from future tokens.

The Multi-Head Attention name arises due to the fact that in practice it is typical to apply self-attention
onH different “heads” withd, = dy = Hi before concatenating the heads, as follows:

MHA(X) = ConcatAttn;(X);:::; Attng (X) WP; (9)
wherew P 2 RY 9 denotes a trainable matrix that combines different attention heads via a projection.

A.2 Background on NN optimisers

In this subsection we provide additional background on different deep learning optimisers to accom-
pany Sec 5 for completeness.

Consider a weight matriv 2 R' " with scalar loss functioh (W), and corresponding gradient
G=r wL 2 R' ". Wedenote as ascalar learning rate ands a scalar “damping” hyperparameter
that prevents numerical instabilities. We outline the three families of optimisers that we explore at
various points in our work, in terms of their effect on outlier features: 1) SGD (with momentum), 2)
diagonal preconditioners, and 3) non-diagonal preconditioners.

SGD with Momentum keeps an (exponential) moving average of gradiéntM 2 R' ', and
updatesV as:
W W M:

Diagonal preconditioners like Adam [75] are arguably the most popular deep learning optimiser
family due to their combination of improved convergence on modern architectures like transformers,
compared to SGD, and computational ef ciency, compared to non-diagonal preconditioners.

Adam works by maintaining not only an exponential moving average of gradvértsR' ", like
SGD, but also an element-wise second moment of grad@&ntsz, vV 2 R' .

Then, the Adam update rule is:
M
W W P
V +
where all operations (e.g. division or square root) are element-wise. This element-wise nature leads
us to describe Adam atiagonal(as it can easily be written out with matrix multiplication using
diagonal matrices). Note that one can view the elemenks\:/q# as per parameter adaptive learning

rates, compared to SGD which just has a global shared.LR

AdamW [43] is a popular variant of Adam that decouples weight decay. AdaFa@%big another
variant of Adam, which replacéé by a rank-1 approximation/°2 R' ", in the interests of memory.
Despite the reduced rank W%, AdaFactor is similarly diagonal like Adam in the sense that there is a
unique element o¥ °for each element oV, and all operations are element-wise.

Non-diagonal preconditioners obtain their update rule by instead applying a full non-diagonal
(inverse) matrix preconditiond® 2 R" ' to the (attened) rst order momentit (M) 2 R" to
give update P lat(M).

Due to the exorbitant cost of storing, updating, inverting, and applyinglr matrices, a popular
approach introduced by Martens and Grofg&] is to use a kronecker factored preconditioner
P=L R,whereL 2 R" "andR 2 R" ' to give update rule (with dampening):
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W W L+ 1) MR+ 1)1

In Shampoo §7], L is a moving average d6G> andR is a moving average d&~ G, although
different choices of exponents (e.g1=4 or 1=2) are more common besidesl. For example, the
Shampoo update rulew W (L+ 1)) ¥M(R+ 1,) 2 forexponent 1=2.

As we discuss in Sec 5, Vyas et f9] identify a connection between Shampoo with exponeht2
and AdaFactor, and this insight gives rise to the SOAP optimiser. We refer the reader to Vyas et al.
[69] for additional background on different NN optimisers and their connections.

A.3 Additional Related Work

Understanding Outlier Features Kovaleva et al[1], Timkey and van SchijndgR] rst identi ed

Outlier Features in trained Transformers and demonstrated that OFs are critical for representational
quality and performance. Puccetti et [dl3] highlight the importance of token frequendgg] for

OFs in transformers trained on language data, which is related to the representation degeneration
phenomenon of Gao et ¥ 7], and certain “vertical” structures appearing in attention matrices during
training. Bondarenko et gJ15] term this vertical structure “no-op” behaviour, where uninformative
tokens are given high attention weights, and show that modifying attention to encourage no-op
behaviour can mitigate OFs. Dettmers eff&].show that the effect of OFs is more pronounced at
larger parameter scales, and Wortsman €tL8l] suggest that OFs are related to increasing activation
scales during training, motivating their use of downweighted residuals. Kovalevd Bt &ei et al.

[7] attribute OFs to the trainable parameters in Layer Normalisation. Nrusimhg E2Jathow that

OFs occur early in training, and are stronger in residual stream layers. Sufi’&] demonstrate

the existence of “massive activations” and show they act as bias terms in transformers. Darcet et al.
[79] show that outlier tokens with large activation norms lead to non-smooth attention maps in vision
transformers, and propose additional “register” tokens in order to concentrate the outliers and yield
smoother attention maps. Allen-Zhu and[80], He and Ozay81] study a theoretical framework
where sparse activations naturally appear and grow with gradient descent, owing to certain “lucky”
neurons being correlated with useful features at initialisation, in order to study ensembling and
knowledge distillation in two-layer convolutional NNs.

Outlier Features and Quantisation Wei et al.[7], Bondarenko et a[3] identi ed Outlier Features

as an issue for quantised NNs. Most work in this area has focused on (weight) quantisation of already
trained transformers[ 36, 11], for ef ciency gains at inference time. Dettmers et[&@]} keep outlier
features in full precision to avoid their quantisation errors, while Xiao §B86l.propose to migrate

the quantisation dif culty of outlier features to their corresponding weights using some scaling
factors. Chee et 8]82] introduce the idea of “incoherence processing”, where pre-trained weights are
rotated with random orthogonal matrices to remove outliers, which is provably and empirically shown
to make quantisation easier with their method QulP. Tseng E3jlextend QulP to use random
Hadamard matrices (among other changes), which are more ef cient and have better theoretical
properties than random orthogonal matrices. Ashkboos Etllcombine incoherence processing

with “computational invariance” to rotate the feature vectors in addition to pre-trained weights whilst
preserving the forward pass, thereby removing OFs in the rotated features and achieving state of the
art performance in weight-and-activation quantisation at inference time.

In terms of quantised training, Bondarenko ef&ak] show that encouraging “no-op” behaviour can
mitigate OFs and enable low-precision training, while Wortsman ¢t@].employ downweighted
residuals (among other techniques) for quantised CLIP training. We discuss how our ndings relate
and extend these insights in the main text. Hu efga] propose outlier-ef cient Hop eld Layers as

an alternative to traditional attention mechanisms to improve post-training quantisation. Nrusimha
et al.[12] propose to regularise the kurtosis of the outputs of a linear layer for low-precision training,
which the authors argue prevents migrating quantisation dif culty to the weights. We employ kurtosis
to measure OFs, but focus on the kurtosis of the inputs to a linear layer.

Normalisation Layers Normalisation Layers have been near ever-present in NNs since their
introduction [85, 44], owing to their training bene ts. Many works since have considered removing
Normalisation layers, by nding alternative mechanisms that keep their bene ts. De and [Bijith
identify a bene cial implicit effect of Normalisation layers in Pre-Norm Eq (6) architectures is to
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downweight residual branches, and that explicit recreating this effect enables training deep NNs
without Normalisation. Hayou et gR23] show this theoretic%lly using Signal Propagation theory,
and propose downweighting residuals with a scale fao(@= depth to do so, which Noci et al.

[27] corroborate in the transformer setting. Martens ef2dl], Zhang et al[86] demonstrate how to
remove residual connections alongside normalisation layers in convolutional NNs using “transformed”
activations, which He et aJ28] extend to the Transformer architecture by making attention more
identity-like (see also “shaped” attention, Noci et[@B]). Brock et al[53], Smith et al[87] propose
NFNets, and achieve state of the art performance on the ImageNet benchmark in an unnormalised
residual convolution architecture, highlighting that Normalisation layers are not necessary for best
performance in convolutional models. NFNets employ downweighted residual branches to x Signal
Propagation at initialisation, among other techniques including adaptive gradient clipping. However,
He et al.[28], He and Hofmanii30] nd that removing Normalisation Layers, even with Signal
Propagation modi cations like downweighting residuals, leads to a loss of performance in simpli ed
Transformer blocks, implying that transformer training has different instabilities to convolutional
models, and Normalisation layers have other training bene ts in transformers.

Entropy Collapse and QK-Norm Zhai et al.[57] identify entropy collapse as a key training
instability in transformers, where attention logits grow large during training. This causes the rows of
the post-softmax attention matrix to become one-hot vectors and the attention weights are non-zero
on only a single sequence position.

Mathematically, given a stochastic attention magi@X) 2 RT T (in the notation of Eq (8)), we
can compute the entrogy (A ), averaged over sequence locations, as:

X
HAY = 37 As log(As); (10

s;t=1

and de neEntropy Collapséo be the situation wherd (A ) tends to 0 during training. This occurs
when the rowsA s.. become one-hot vectors and tokeanly attends to one other token, for allWe
treatO0 log(0) to be 0.

To remedy entropy collapse, it is important to control the logits entering softmax from growing too
large, and Zhai et a[57] propose Reparam which regularises the spectrum of Query-Key weights
in order to do so.

As an alternativeQuery-Key Normalisatiof88], where the Queries and Keys are hormalised using
e.g. LayerNorm or RMSNorm after the Query/Key weight matrix has seen growing popularity,
particularly in ViT-22B [59] where it was crucial for stable training.

Mathematically, instead of standard attention log{t&) = XW Q(XW X)> (following the notation
of Eq (8)), QK-Norm rst normalises the queries and keys acrosslfhdimension:

s(X) = Norm(XW Q)Norm(Xw X)>; (12)

and is most commonly used as an addition on top of the Pre-Norm block Eq (6) (without removing
other normalisation layers like in our OP block).

Other “entropy regulating” mechanisms include tanh thresholding (Grok-1) and clamping attention
logits (DBRX). The training stability bene ts of controlling attention entropy through QK-Norm
were shown at smaller scales in Wortsman efldl], who argue that the quadratic dependence in

the attention logits (on the queries and keys), causes large attention logits to appear during training,
hence entropy collapse. This is as opposed to convolutional/MLP models which depend linearly
on their inputs. Tian et a[89] propose joint MLP/Attention dynamics to predict attention entropy
during training. We note that the “vertical” or “no-op” attention structures discussed in previous OF
works [13, 15] have collapsed attention entropy, and can be thus be seen as undesirable from the
perspective of other existing works.

Signal Propagation Signal Propagation studies how different inputs evolve through a deep NN,
and how their feature representation magnitudes and cosine similarities evolve with depth. Our work
focuses on forward signal propagation (which studies the forward-pass activations), as opposed to
backward signal propagation (which studies the backward-pass activation derivatives), in line with
the study of Outlier Features.
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For an input activation matriX 2 R" 9 of n inputs and widthd, mapped to an activation matrix

X, 2 R" 9 atlayerl, signal propagation theory studies the evolution of the input-wise Gram matrix
l'= XX} 2 R" ™ forincreasing depthis This is a key object in an NN, as it tracks the “geometric

information” that is conveyed in a deep layer, through inner products between different inputs. The

diagonal elements of! indicate the activation norms, and the off-diagonal elements indicates how

similar a deep layer views two inputs to be.

At initialisation, | can be tracked through its largdimits [20, 19, 21]. By studying |, one can see
several issues that will af ict badly designed NNK3[ 56, 90, 60, 25|, that affect either the diagonal
elements, the off-diagonal elements or both at large depths. For example, the diagonal elemgents of
could blow up, which indicates exploding activation norms. For transformers, a particular degeneracy,
known as rank collapsé(], can appear where the off-diagonals dfbecome positive and large,

and | becomes proportional to the all ones matrix if activation norms are constant. Rank collapse is
also possible in MLPs/CNNs Schoenholz et{aB], Hayou et al[56], Xiao et al.[91], Martens et al.

[25], and is equivalent to the over-smoothing phenomenon in graph 8isNlartens et al[25]

argue that rank collapse will lead to vanishing gradients, which Noci &l show speci cally for

query and key parameters in transformers. As a result, when we refer to bad signal propagation, we
mean that the off-diagonals of; are IQ{ge and positive, close to rank collapse. This can be either

B
through the RMS of input correlations,ﬁ "e I > as we show in the appendix, or
the meanﬁ "o X . as we show in Figs 5 and 10.

By applying Signal Propagation theory at initialisation, it is possible to design modi cations to
NN architectures and initialisations that correct potential degeneracies and/or yield simpler and/or
more scalable architecture®3 23, 25, 86, 27, 28, 30]. But the vast majority of existing works in

the literature do not theoretically study training beyond initialisation, and those that do are usually
restricted to the NTK34] regime PR3, 25|, which precludes feature learning, and OFs. Lou et al.
[95] suggest that the feature alignme®8] phenomenon during training is correlated to the rate at
which signal propagation converges to its limit in a deep NN. Even at initialization, the distribution
of the neurons becomes more heavy-tailed with depth fhus making outliers more likely. Noci

et al.[24] gives a precise description of the kurtosis for ReLU networks, showing that it grows
exponentially with depth. Together with the results presented in this work, there is empirical and
theoretical evidence that depth has the double effect of increasing both the correlations and making
large activations more likely, which we observe to be detrimental to outliers. However, the theoretical
treatment of the emergence of outliers during training is still an open question.

B Mathematical description of OP block

For completeness, in Egs (12) and (13) we present a mathematical description of the OP block (Fig 3),
based on the notation in App A.1. Recall the OP block replaces the Pre-Norm block by removing its
normalisation layers in both Attention and MLP sub-blocks, arbd making three additional changes:
1) downweighting residual branches with somgp; atn = O(1= depth < 1to recover Signal

Prop bene ts of Pre-Normsfl, 23, 27, 30], 2) adding an Entropy Regulation mechanism to prevent
Entropy Collapse e.g. QK-Norm or tanh-softcapping, and 3) (optionally) scaling the inputs before
the MLP nonlinearity by a scalarny_p to ensure the nonlinearity inputs are of order 1, following
Brock et al. [53].

Mathematically, this can be expressed as:

Xo= R+ wmpMLP( mpR); whereR = Xin+  agnMHA(Xin): (12)

With QK-Norm as entropy regulation mechanisdHA is multihead attention using QK-Norm in
the attention heads:

Attn(X) = A(X)XW V: whereA(X) = Softmax pt:Norm(XW QNorm(XW K)> + M
k
(13)
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Figure 10: OP layers at 1.2B scale with worse Signal Propagation (i.e. higher input correlations)
during training (centre left) have higher feature kurtosis (leRjght vs. left two plots) Introducing

a nal LN before unembedding causes larger input correlations and feature kurtosis in later layers,
even with the OP blockN\B: y-axes values here are signi cantly smaller than Fig 5 with Pre-LN.

C Modi cations That Affect Signal Prop During Training Affect OFE

In this section we continue our discussion of the connection between Signal Propagation and OFE in
Sec 4, towards the practical implication that methods designed to improve Signal Propagation also
improve OFE as a result.

To the best of our knowledge, in the Signal Propagation literature, most works have focused on
characterising and improving Signal Propagatimitialisation due to analytic convenience. At
initialisation, only the architecture plays a role and not the optimiser. In particular, a practical focus of
such works is to design architectural modi cations that allow non-degenerate deep limits for models
whose input cosine similarities can be well approximated by their large-width limits at initialisation
[98, 93, 23, 25, 28, 30]. Those considering training dynamics often reside in the kernel reddje [

and are thus not compatible with feature learnidg B3] which is necessary for OFE and Signal
Prop dynamics during training. Our results connecting Signal Prop and OFE highlight the importance
to the community of understanding Signal Prop dynamics during training in feature learning regimes,
beyond initialisation. We note Tian et 489] predict attention entropy dynamics through joint
MLP/Attention. In any case, we empirically study the impact of initialisation-inspired Signal Prop
architectural modi cations in terms of OFE during training.

Downweighted residuals Of initialisation-inspired Signal Prop modi cations, the most prevalent

is downweighting residual brancheé&) = x + f (x) with some 1[51, 23, 27].12 In Fig 5,

we see that downweighting residuals (with a trainable scalaitialised t00:1) improves Signal
Propagation in a 24-block 1.2B Pre-LN model, not only at initialisation but délsng training,
thereby reducing OFE (peak kurtosis is an order of magnitude lower). Having said that, Pre-LN
with downscaled residuals still leads to higher kurtosis across layers than our OP block in Fig 10.
Downscaling Pre-LN residuals leads to a small loss in performance of 0.2 perplexity. We show the
corresponding results at 130M scale in Figs 19 to 21. Our results are consistent with previous work
by Wortsman et al[10] who observe that downweighted residuals help for low precision training in
CLIP models, motivated as a way to prevent OFs arising through increasing activationkXdates

during training. Given that standard models have Norm layers that are scale invariant (as are our OFE
and Signal Prop metrics), we complement this argument by highlighting that the feature learning
process of OFE is not only associated with increasing activation scales but also worsening Signal
Propagation during training. Figs 16 and 48 show Xk does not always correlate with OFs.

Normalisation layers On the other hand, for Norms, the difference between OP and standard
blocks with Norms in Figs 5, 10 and 18 respectively is already clear evidence that standard Norm
placements can lead to worse Signal Propagation (and OFE) during training. To the best of our
knowledge, this observation has not been made previously. To test this further, we reintroduce the
nal LN right after the nal OP block (just before the unembedding layer) into an OP model, with no
Pre-Norms, in Fig 10. We see that the nal LN causes some layers to see increases in both kurtosis
and input correlations, and these layers correspmadiselyto the nal few blocks immediately
preceding the LN. On the other hand, earlier layers further away from the nal LN are largely
unchanged in terms of both Signal Propagation and OFE during training. The model with a nal LN
performed slightly worse (0.1 perplexity difference).

2Typically, the theory indicates that= O(pdl?pth) enables a well-behaved in nite-depth limit.
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Several works have discussed the effect of Norms on Signal Propagation theory at initialisation. The
Deep Kernel Shapin@?p] framework is compatible with LN (and also RMSNorm) layers, but makes
other modi cations (in weight initialisation and activation functions) that mean LN has no effect at
initialisation in the wide limit. Other works show centred Norms in fact improve Signal Propagation
at initialisation in MLPs by correcting imbalances in input activation norms to implesmetry

[99, 100 but consider non-standard architectures that are not residual and have Norm immediately
following nonlinear activations, whereas standard Norms take the residual stream as input. Our work
shows that initialisation and training can have very different Signal Prop behaviours.

Other Signal Prop modi cations In Figs 22 and 24, we consider the effect of other initialisation-
inspired Signal Propagation modi cations in terms of OFE. In particular, we consider “transforming”
activations to be more linea2}, 86, 26], and “shaping” attention to be more identity-likeg-30].
Although not predicted by initialisation theory, we nd that these modi cations mostly also reduce
OFE and improve Signal Prop during training as well as initialisation. The latter nding is related to
the work of Bondarenko et gl15] who show that “no-op” heads that place large attention weights on
shareduninformative tokens encourage OFs: large attention weights on shared tokens also worsen
signal propagatiof® compared to identity-dominated attention, which can be seen as a “no-op” that
instead encourages a token to attend to itself.

App C key takeaways: Signal Propagation and OFE.

Signal Propagation is fundamentally connected to OFE: worse Signal Prop generally implies
higher kurtosis and vice versa, throughout training (Eq (5), Prop G.1, and Figs 5, 10 and 18).

The OP block's mild OFs can be traced to increasing input correlations while training (Fig 10).
Choices that improve Signal Prop during training (e.g. scaled residuals) also reduce OFs|(Fig 5).
» Removing standard Norms can improve Signal Prop, & OFE, during training (Figs 5 and 10).

D Additional Experimental Details

CodeParrot As discussed, all of our experiments at 130M scale (6 layers, width 768 transformers)
are on next token prediction with the CodeParrot dataset, with 50K vocabulary size. We use a similar
setup to He and Hofmar{80], and have updated their codebase to include the OP Bfodle train

with AdamW optimiser 43] and weight decay 0.1, 1; 2) =(0:9;0:999),and =1e 8unless
otherwise stated, and clip the maximum gradient norm to 1. We do not tie embeddings, and remove
the nal layer norm before unembedding layer. When we plot metrics (kurtosis, signal propagation,
MMR etc) we plot the residual stream entering the attention sub-block (plots for the residual stream
before the MLP sub-block are qualitatively the same). The only exception is the last layer, which
is the input to the unembeddings. When we downweight residuals we=s€t3 in both attention

and MLP sub-blocks unless otherwise stated. We do not train residual scaliblygess otherwise
stated, we train with sequence length 128 and batch size 32 for 80K steps, with linear warmup to
maximum learning ratée 3, for 5% of the steps, before linear decay. We keep the standard
parameter initialisations td (0; std= 0:02) but upweight the input embeddings by a factor of 50

in order to make the average squared input 1 at initialisation, similar to considerations made by the
Gemma modelJ01. We use ReLU activations and do not scale inputs with aa.f. Fig 3, because

ReLU is 1-homogeneous.

Languini  For Languini B9] our 100M, 320M, and 1.2B model sizes follow the “small” (depth 12,
width 768), “medium” (depth 24, width 1024), and “XL" (depth 24, width 2048) model sizes provided

by the authors, respectively. Our setup follows the authors in terms of codebase and tokeniser. We
train with sequence length 512 and batch size 128, again with a maximum learning tate 8f

unless otherwise stated. This learning rate was the largest stable and best performing choice on a
logarithmic grid. We train with AdamW, using weight decay of 0.1 and clip the maximum gradient
norm to 0.5. We use linear warmup and linear decay after 1000 steps. We additionally use RoPE
[10Z], with GeLU nonlinearities in the MLPs. We use the same method as Brock [E34lto

3Consider the extreme case when all attention weights are placed onto a single token (say the rst one): all
attention outputs will be equal to the rst token's value representation so all token-wise cosine similarities are 1.
Yhttps://github.com/bobby-he/simplified_transformers
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calculate to scale inputs to the GeLU. When we downweight residuals, we initialis® :1 and

allow them to be trainable. When we plot layer-wise metrics like kurtosis, we plot the outputs of the
Pre-Normalisation layer (if there is one), otherwise, we treat the Normalisation layer as the identity
and plot the residual stream going into the attention sub-block. We use tied embeddings. We also
keep the standard parameter initialisationslt®; std= 0:02) but upweight the input embeddings

by a factor of 50 in order to make the average squared input 1 at initialisation.

CIFAR-10 For our MLP experiments on CIFAR-10, we train using batch size 2048 for 200 epochs.
As described in Sec 5, the model has 6 Pre-Norm layers with width 1024, giving 15M parameters.
We zero initialise the last layer, and additionally downweight the output layerveigth akin to

P [33], to encourage feature learning. We train with MSE loss and use LR 3 for SGD and 3e-3
for Adam. We use standard betas and epsilon for Adam and we do not use weight decay. We warm
up the LR for 200 steps before cosine decay. We additionally found that it was important to whiten
the inputs in order to observe OFE in the residual stream. We note that transformer embeddings
are independently initialised, which can be thought of as implicitly whitening the embeddings for
different tokens. Whitened inputs correspond to signal propagation with zero input correlations. This
again suggests that signal propagation (and properties of the data) are important for OFs, but we leave
further understanding of this to future work. We use PCA to whiten inputs.

Non-diagonal preconditioners For our non-diagonal preconditioning experiments, we take the
implementation provided by SOABY|.1> We keep the default hyperparameteys= 0:95;, , =

0:95 and preconditioning frequency to 10, as suggested by the authors. As in our other experiments,
we use weight deca:1. It is likely that further hyperparameter tuning would further improve our
results with non-diagonal preconditioners.

For our implementation of “AdaFactor in Shampoo's eigenbasis” (showrbBlytp be akin to
Shampoo§7]), we do not rotate the input embedding dimension, which has (vocabulary) size 50k in
our CodeParrot setup, but continue to store rank-1 moving averages for the squared gradient in that
dimension, which are applied to the unprojected parameters in that dimension, as in AdaFactor. For
both AdaFactor and its rotated counterpart, we do not use the parameter-norm dependent learning
rate schedule proposed 34, instead keeping the same update rulel®¥3[104, 69] which keeps
AdaFactor closest to a rank-1 approximation of Adam.

For Fig 8, we set a larger batch size of 4096 in order to demonstrate more clearly the convergence
speed per step bene ts of SOAP/Shampdg|[as seen in Fig 32. We additionally use the Warmup-
Stable-Decay (WSD) scheduletr(5, 106 with LR=0:001 (we found this also to be the maximal
trainable LR for SOAP/Shampoo in our setting), 5% warmup and 20% decay steps. WSD maintains
a higher LR for longer and increases kurtosis in OF-prone settings like Adam/AdaFactor as a result,
as expected from e.g. Fig 6.

FineWeb-Edu Our longer 1.2B and 7B experiments (Fig 9) using FineWed-EBdlere con-
ducted on a fork of nanotrolf. The model architectures are based off LLaM][but we use single
hidden layer GeLU MLPs instead of SwiGLU, as SwiGLU MLPs are themselves a source of OFs
[107]. Our 7B model has hidden width 4096 and 32 layers, and our 1.2B model has hidden width
2048 and 24 layers.

For our 6B token 7B model runs, we train for 20K steps with global batch size 72 (node batch size
6 on 12 nodes of 4GH200 GPUs, with tensor parallelism) and context length 4096. This gives
72 4096 20000 6B tokens. For our 90B token 1B model runs, we train for 50K steps with
global batch size 440 (device batch size 5 on 22 nodes @&H200 GPUs) and context length 4096

to give440 4096 50000 = 9(B tokens. We add LayerScalgq] to implement the downweighted
residuals in OP block, with trainable residual gain vectors initialised to 0.1 and 0.05 for our 1.2B
and 8B experiments respectively. We use RMSNorm for the QK-Norm in the OP block. Like in our
Languini experiments, we upweight the input embeddings by a factor of 50 in order to make the
average squared input 1 at initialisation.

Quantisation As discussed, our quantisation experimental setup closely follows Bondarenko et al.
[15] for fair comparison, training OPT model8][on BookCorpus and English Wikipedia before post

Bhttps://github.com/nikhilvyas/SOAP/tree/main
8https://github.com/huggingface/nanotron

26



training quantisation. We also use their excellent codeba$be hyperparameters that we change
are outlined in Tab 2. Other hyperparameter are set as defaul(s ¢;g») = (0 :9; 0:95), 0:1 weight
decay, or ReLU activation function, as in Zhang et al. [6].

In Tab 2, as one reads down the rows for a given architecture, the optimisation hyperparameters
are changed one after another on top of each other. The only exception is SOAP, where we keep
AdamW's =10 & (recall SOAP is just Adam in the eigenbasis of Shampoo's preconditioner, so

is still used). The model architecture is OF6[ ind have 125m parameters with width 768 and
12 layers. We initialise the trainable scalar residual gains to 0.2 in the OP block and use LN for the
QK-Norm. Like [15], we use symmetric quantisation for the weights and asymmetric quantisation
for the activations to int8, but also do not quantisation the nal unembedding layer. We refer the
reader to Bondarenko et al. [15] for more details on the quantisation procedure.

E Additional Experiments

In this section, we include all additional experiments not included in the main paper.

Figure 11: Max Median Ratio metric for Pythia, equivalent to Fig 1. We take the mean to aggregate
over inputs

Figure 12: Signal Prop for Pythia, equivalent to Fig 1.

Figure 13: Average MMR metric comparing Pre-LN and OP blocks at 1.2B scale on the Languini
Books dataset [39], equivalent to Fig 4.

Yhttps://github.com/qualcomm-ai-research/outlier-free-transformers
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Figure 14: Kurtosis dynamics in different layers using different Norms and Norm locations on
CodeParrot at 130M scale. Equivalent of Fig 2 but for the remaining layers. Fig 2 corresponds to the
2nd block.

Figure 15: Equivalent of Fig 14 but wittentred activations(centred along the width dimension).
Notice there is no qualitative difference to kurtosis dynamics when centring activations.
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Figure 16: Equivalent of Fig 14 but for activation sckbkkg trajectories through training. We see

that activation scales do not correlate as well with OFs (Fig 14) as signal propagation (Fig 18). For
example, Post-LN has smaller activation scales than the OP block in all blocks besides the rst one,
but much worse kurtosis in Fig 14.

Figure 17: Equivalent of Fig 14 but for the MMR metric (aggregated using maximum over the batch).
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Figure 18: Equivalent of Fig 14 but for Signal Propagation (in terms of RMS of input correlations).

Figure 19: Downweighted residual scaling$x) = x + f (x) with < 1, reduce OFs at 130M
scale on CodeParrot. All models are Pre-LN. We downweight both the MLP and Attention residuals.
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Figure 20: Residual scalings improve Signal Prop at 130M scale. Equivalent to Fig 19.

Figure 21: Residual scalings reduce activation scales at 130M scale. Equivalent to Fig 19.
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Figure 22: Increasing LeakyReLU slope so that the nonlinearity is more linear mostly improves
kurtosis during training, as one might expect from Signal Prop initialisation th&6y2p]. Here our
notation isLeakyReLUX) = maxx; sx) for slopes < 1. The exception is when the slope is 0, i.e.
ReLU, the kurtosis is actually better during training, but this is re ected in the signal propagation
during training too (Fig 23). We hypothesise this is because zero neurons get no gradient with ReLU,
and this behaves fundamentally differently to a non-zero LeakyRelLU slope. The plots show the
average over 5 seeds, and we plot the rst 20K steps (of 80K). The models are Pre-LN and we
downweight the attention residual branch with a facter 0:2 to reduce kurtosis contributions from

the attention sub-block, but do not downweight the MLP residual. Note we do not use a log-scaled
y-axis to make the differences between LeakyRelLU slopes clearer. Experiment is at 130M scale on
CodeParrot.

Figure 23: Effect of different LeakyReLU slopes on signal propagation during training, equivalent
to Fig 22. Surprisingly, ReLU (i.e. slope 0) has the best signal propagation (lowest input-wise
correlations) during training in this setting, even though it has the worst signal prop at initialisation in
later layers, compared to all other LeakyReLU variants. This initialisation effect was predicted by
Zhang et al[86], but our ndings regarding training were previously unknown and require further
research.
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Figure 24: Reducing in Value-Skiplnit 28], which replaces Attention matri& I+ A and
makes attention more identity-like also reduces OFs. We do not trainvalue-Skiplnit and x

= 1. The models are Pre-LN and we downweight the MLP residual branch with a fagttuor
reduce kurtosis contributions from the MLP sub-block, but do not downweight the attention residual.
Each curve is an average over 5 seeds and we plot only the rst 20K steps (of 80K). Experiment is at
130M scale on CodeParrot.

Figure 25: Smaller LR (max value from001! 0:0006 reduces OFE in a Pre-LN model at 1.2B
scale on Languinid9]. Models are slightly different from the Pre-LN model in Fig 4 as we do not
upweight the input embeddings as described in App D. Still, we do also observe large increases in
kurtosis during training, and that a smaller LR reduces this. In this experiment, reducing the max LR
to 0.0006 did not impact convergence speed.
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Figure 26: Smaller LRs means reduced OFs, for different Norms and Norm locations. Equivalent of
Fig 6, but with all layers. Experiment is on CodeParrot at 130M scale.

Figure 27: Convergence speed for the runs in Figs 6 and 26 comparing the effect of reduced LRs.

Figure 28: Train loss plot with different Adam epsilon, equivalent to Fig 29. There is not a noticeable
difference in convergence speed far 3e 4 in this experiment.
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Figure 29: Kurtosis plot with different Adam epsilons on CodeParrot at 130M scale. Each curve is an
average over 3 seeds. We see that increasirgqm 1le 6to3e 4 monotonically decreases OFE.
At values of smaller tharle 6 there is less of a difference in OFE between differevalues.

Figure 30: Signal Prop plot with different Adam epsilon. Equivalent of Fig 29.
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Figure 31: Kurtosis evolution in all 6 layers of a Pre-SRMSNorm transformer trained on CodeParrot
with different optimisers. Equivalent to Fig 8.

Figure 32: CodeParrot training loss curves for experiments comparing diagonal and non-diagonal
preconditioners. Equivalent to the runs found in Fig 8.
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Figure 33: RMS of input-wise correlation (i.e. signal propagation, or equivalently the RHS of Eq (5))
trajectories in all 6 layers of a Pre-SRMSNorm transformer trained on CodeParrot with different
optimisers. These optimisers are the diagonal Adam and AdaFactor, and their non-diagonal rotated
versions (SOAP and something close to Shampoo,&9),[like in Sec 5. Notice that the connection
between signal propagation and kurtosis we identify in Sec 4 is not apparent with non-diagonal
preconditioners. In other words, the non-diagonal rotated versions of Adam/AdaFactor have higher
input-wise correlations than diagonal Adam/AdaFactor, despite having better kurtosis properties (seen
in Fig 31). This observation is explained by Fig 34, which looks at the corresponding feature-wise
correlations. These training runs are equivalent to the runs found in Fig 8.

Figure 34: RMS of feature-wise correlation trajectories, equivalent to Fig 33. Or more explic-
itly, i diej F |2] in the notation of Eq (5). Notice that for non-diagonal preconditioners
(SOAP/Shampoo), the curves in Fig 34 closely track the signal propagation trajectories in Fig 33
(and both are relatively high), meaning that their difference (the kurtosis in Eq (5)) is small. On the
other hand, for diagonal preconditioners (Adam/AdaFactor), the trajectories in Fig 33 are noticeably
higher than in Fig 34, and this difference is precisely the increased kurtosis. As discussed in Sec 4,
theoretically predicting these feature learning behvaiours (dependent on the choices of architecture
and optimiser) during training is beyond the scope of current tools in deep learning theory.
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E.1 Image Classi cation Experiments

E.1.1 Adamvs. SGD

In Sec 5, we saw that the diagonality of the preconditioning in Adam and AdaFactor was important for
the emergence of outlier features. To test this further, we consider the effect of replacing Adam with
SGD on OFE. SGD does not precondition gradients or, equivalently, SGD preconditions gradient with
the identity matrix. In comparison to optimisers like SOAP or Shampoo that diagonally precondition

in a rotated parameter space, SGD can also be thought to optimise in a rotated parameter space (for
every possible rotation), precisely because it preconditions with the identity matrix.

As transformers are dif cult to train (fast) with SGD, we consider OFs in a much simpler architecture
and task: an MLP on CIFAR-10 image classi cation. Like with Shampoo and SOAP (Fig 8), in
Fig 35 we see that SGD is not as susceptible to OFs as Adam, even with OF-prone architecture
choices, like Normalisation layers. In fact, in this experiment SGD kurtosis actiedieasesluring

training with Pre-Norm. Fig 36 shows that SGD matches Adam convergence speed in this setting.
The model is a 6-layer Pre-Norm residual MLP of width 1024; we remove Pre-Norms for normless
models. This also highlights that OFs are not speci c¢ to the Transformer model.

Figure 35: OFs of SGD vs Adam in an MLP on CIFAR-10. Although normalisation layers lead to
higher kurtosis for a given optimiser, Adam always has higher OFs than SGD.

Figure 36: Train accuracy plot with SGD vs Adam of MLP on CIFAR-10, corresponding to Fig 35.
Adam is the default value ofe 8.
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We note that the levels of kurtosis reached by AdamW in CIFAR-10 image classi cation MLP settings
do not reach the same heights (peaking around 40 in individual layers in Fig 35) as in our transformer
language modelling setting®.Having said that, we also show in this subsection that many of our
ndings concerning OFs (in terms of kurtosis) carry through to the image classi cation setting,
including: the effect of Adam (Figs 37 and 38) and the correlation between signal propagation and
kurtosis for Adam and SGD optimisers (Fig 39).

E.1.2 Vision Transformer Experiments

To assess whether the difference in architecture between our language modelling and image clas-
si cation experiments explains this observed difference in peak kurtosis, we consider the Vision
Transformer (VIiT) 2], which is largely the same Pre-LN transformer architecture as in our lan-
guage modelling experiments. Instead of processing sequences of tokens like its language modelling
counterpart, ViTs turn an image into a sequence of patches, and alternate self-attention and MLP
sub-blocks (as in App A.1) to process patches.

We consider the ViT-B model, which has 12 blocks and width 768 giving 86M parameters, which

is around the same parameter scale as our 130M CodeParrot experiments and also Pythia-160M in
Fig 11° We train on ImageNet-1K using the codel@sind default hyperparameters of DelllOf],

but only train for 150 epochs (instead of 300) and do not use distillation in the interests of compute
time and because in this experiment we are not interested in state of the art results but rather the OF
properties of ViTs. We use AdamW optimiser with a max LR of 3.75e-4 (maximum stable LR on a
logarithmically spaced grid) with a batch size of 384 (data parallel across 6 RTX2080-Tis), and warm
up the LR for 5 epochs before cosine decay.

We compare 3 different ViT transformer blocks: Pre-LN, Pre-LN with LayerS&ie([ayerScale is

a variant of Skiplnit 51] that downweights the residual branches with a vector of trainable gains), and
our OP block (using LayerScale to downweight residual branches). We use the default initialisation
for residual branch downweighting factors in LayerScaleleof 4. QK-Norm is implemented with

LN for the OP block.

In Fig 40, we see that Pre-LN ViT-Bs do still suffer from higher peak kurtosis values (around 20
averaged across layers) compared to the OP block (around 4.5 averaged across layers), but the Pre-LN
kurtosis decreases sharply as training progresses, unlike in language modelling settings, and actually
ends up being lower than the OP block at the end of training. In addition, the kurtosis values on this
ViT image classi cation task are again far lower than transformer language modelling counterparts at
similar parameter scales (e.g. Fig 1 or Fig 14). Adding LayerSé&&ler¢duces Pre-LN kurtosis (to

even below that of the OP block in terms of peak value), as expected from our ndings in Sec 4. In
Fig 41, we see that all three blocks have similar test accuracy performance, with the OP block having
a slight advantage of 0.2%.

From these preliminary experiments with ViTs we conclude that, despite similarities, there are
gualitative differences between OFs (measured via kurtosis) in image classi cation and language
modelling tasks that are not explained through the choice of architecture (or indeed the choice of
AdamW optimiser). We leave a more in-depth study to future work. It remains to be seen if OFs will
be a barrier to quantising ViTs at scale, as it has been the case for LLMs, though our ndings showing
reduced kurtosis (both after and peak during training) suggest this may not be the case. We note
Darcet et al[79] identify artifacts in the attention maps of ViTs, which may potentially be related to
OFs.

18This difference is not necessarily explained by scale, as our MLP residual stream width of 1024 is actually
wider than our 130M transformer width of 768, which is the scale that produced the much higher kurtosis values
in, for example, Figs 2 and 14.

9This is actually deeper than our default 6 layer transformer in our 130M CodeParrot experiments, and shares
the same width. The parameter difference with language is that a signi cant fraction of parameters in language
modelling are in the embedding layer.

https://github.com/facebookresearch/deit
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Figure 37: Kurtosis plot with different Adamwith an MLP on CIFAR-10. The model uses Pre-Norm
structure with SRMSNorm normalisation. Like in Fig 29, we see that largemerally leads to
smaller OFs.

Figure 38: Train accuracy plot with different Adanof MLP on CIFAR-10, equivalent to Fig 37. In
this experiment, milder values of2 f 1e 5;1e 6g converge fastest.
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Figure 39: Effect of SGD vs Adam on Signal Prop, for models plotted in Fig 35.

Figure 40: Average Kurtosis trajectories of ViTs trained on ImageNet-1K. Y-axis is average kurtosis
across the 12 residual stream layers.
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Figure 41: Test accuracies of ViTs trained on ImageNet-1K. The nal test accuracies are 79.5% for
OP, 79.3% for Pre-LN + LayerScale, and 78.7% for Pre-LN.
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E.2 Ablating the components of the OP block

In Tabs 3 and 4 and Fig 42 we ablate the components of our OP block. Tab 3 assesses the impact of
not having an EntReg mechanism on training stability and convergence speed on the Languini dataset
[39] at 320M scale. Fig 42 con rms the loss of EntReg causes entropy collapse on CodeParrot at
130M scale, which is shown to lead to unstable training in Fig 43. In these experiments, we also try
the tanh thresholding as an alternative EntReg mechanism to QK-Norm. Tab 4 goes from Pre-LN to
OP one step at a time, assessing the impact of different norms and downweighted residuals, in terms
of OFE.

Table 3: Ablating the convergence and training bene ts of the OP block. The asterisk * denotes that
training failed without Flash AttentiorLP9, which centres pre-softmax logits based on their max
value and is therefore more stable. This highlights the training instability of not having some entropy
regulating (EntReg) mechanism, where smaller LRs are required for stability. At a smaller (but stable)
LR, the naive unnormalised model without EntReg converges much slower (17.4 vs 16.2 ppl) in
this example. Even with larger LR, the EntReg mechanism in the OP block improves convergence
(16.6 vs 16.2 ppl for QK-RMSNorm) compared to the naive unnormalised model. Tanh thresholding
(from Grok-1) also works as an example of an alternative EntReg mechanism to QK-Norm. Because
Pre-Norms appear before Query/Key weights, they already provide an implicit EntReg mechanism.
As aresult, adding EntReg to Pre-Norm models results in only minor changes to convergence speed
in this experiment (though ViT-22B shows in other settings Pre-Norm alone is not ensgjyh [
Models are 320M parameters, trained also for 3.3B tokens on Languini [39] as in Tab 1.

Model MLP/Attn Pre-Norm  EntReg  Scaled Residual LR  Eval PPL
Pre-LN LN None Implicit le-3 16.2
Pre-RMSNorm RMS None Implicit le-3 16.3
Pre-LN+QK-Norm LN QK-RMS Implicit le-3 16.0
Pre-LN+Tanh LN Tanh Implicit le-3 16.2
Naive unnormalised None None Yes 3e-4 17.4
Naive unnormalised None None Yes le-3 16.6*
OP (QK-Norm) None QK-RMS Yes le-3 16.2
OP (Tanh) None Tanh Yes le-3 16.4

Figure 42: No EntReg leads to entropy collapse without Pre-Norms, which means training fails (as
seen in Fig 43).
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Figure 43: Entropy collapse leads to failed training. Experiment is at 130M scale on CodeParrot.
OP with tanh does not fail but does converge slower in this setting; compared to Tab 3, we use
learnt positional encodings in the input embedding layer, not RoPE, which may account for this
difference. We tuned a few values of theax_attn _val hyperparameter with tanh thresholding:
f (x) = max_attn _val tanh(x=max_attn_val), which is set by default to 30 in Grok-1, but they

did not close the convergence speed loss.

Figure 44: OP with Tanh still has reduced peak OFs compared to Pre-LN. This plot corresponds to
the models shown in Fig 42.
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Figure 45: Signal Prop plot with OP Tanh. This plot corresponds to the models shown in Fig 43.

Table 4: Going from Pre-Norm to OP step by step. We remove or add Norms one by one, with
different Norm locations depicted in Fig 47. All models trained well (at similar speeds), as they
all have some form of entropy regulation (either explicit or implicit) and downweighted residuals.
We present the peak Kurtosis (Eq (1)), Signal Propagation (RMS of input-wise correlations), and
activation RMS kX kg ) over the training run, with mean and standard deviation over three seeds. We
present results where activatiodsare the input to the second transformer block. We see that that
preventing attention entropy collapse through QK-Norm helps reduce OFs (which we see coincides
with improved signal propagation). On the other hand, peak activation RMS does not correlate well
as a metric with peak kurtosis, across the different models. In addition, the 2 best models in terms of
OFs (our OP and also the third last row, which has no Pre-V or Pre-MLP Norms) are 1-homogeneous
(at least at initialisation), which implies that the fact that Pre-V or Pre-MLP Norms make the residual
stream scale independent is detrimental for OFE. This is corroborated by Fig 46, which plots the
trajectories for the three models (1. Post-QK+Pre-V, 2. QK Norms only and 3. OP) that achieved
peak kurtosis lower than 10. Fig 46 shows that the non-homogeneity (due to a Pre-V Norm) leads to
a large initial increase in kurtosis and signal propagation in this setting, like we consistently see with

Pre-Norm blocks e.g. Fig 5. Models are 130M scale on CodeParrot.

Model Norm Scaled Resid Homog.? ActRMS Signal Prop Kurtosis
Post-QK  Pre-QK  Pre-V  Pre-MLP

Pre-RMS None RMS RMS RMS Implicit No 545 13 0:72 903 1318 212
Scaled Resids None RMS RMS RMS Yes No 3:97 g.09 0:47 0.04 464 140
All Norms RMS RMS RMS RMS Yes No 3:92 .07 0:24 o.05 127 102
Attn Norms only RMS RMS RMS None Yes No 4:38 ¢.07 0:29 0.04 118 g3
Post-QK+Pre-V RMS None RMS None Yes No 4:40 ¢.06 0:27 o.01 6:4 1.3
QK Norms only RMS RMS None None Yes Yes 4:32 o.06 0:15 o.01 2:5 (.03
Pre-QK only None RMS None None Yes Yes 4:38 .01 0:37 005 64:0 495
OP (ours) RMS None None None Yes Yes 4:46 q.09 0:17 o.01 4:3 149
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Figure 46: Training trajectories of kurtosis, signal propagation and activation scales for the three best
con gurations in Tab 4. The setting with Pre-V Norm (which is not 1-homogeneous) sees a large
initial increase in all metrics, with kurtosis and input correlations peaking within 10K steps before

reducing during training.

Figure 47: A transformer block with many different Norm layers depicted, to help parse the ablations
we consider in Tab 4. Note we break down the standard attention Pre-Norm into Pre-QK Norm and
Pre-V Norm because removal of Pre-V Norm makes the attention sub-block homogenedusJi.e.

is homogeneous ff(kx) = kf (x) for some scalak > 0), hence acts differently to Pre-QK Norm,
which acts as an implicit regulator for attention entropy.
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F Orders of Activation Updates for Kurtosis

To better appreciate the effect of different optimiser hyperparameters on OFs, we now consider how
the updates that arise during training to a representation mét@xR" 9 can lead to increasing
kurtosis (and OFs). In general, a training step (e.g. with a gradient/Adam update on trainable
parameters earlier in the forward pass ti@nwill lead to an updatX X + X,

Recall thatKurt(é) is an de ned through comparing the fountt, (X ) and seconan,(X) moments
of neuronRMS & "_, X2 for differentj. As such, it is natural to ask how updatiAg
X + X updates these moment statistics. We rst study the second moment wpdate

RSP RS R
wEm X+ X)) m(X)=5 S (x+ %3 S 2 X3 (14)
d . n_ i d _n _
j=1 =1 j=1 =1
-1 Up-q + Uoo ;  With (15)
- nd 2;1 2;2 >
xd o
Uz & 2% Xy 1 uze o (% )% (16)
j=1 =1 j=1 =1
Likewise for the fourth moment updatg:
1 xd 1 X 2 1 xd 1 X 2
wWEmyx+ X)) mx)= 3 2 x+ 3 20 2T X an
d. n _ ] d. n
j=1 =1 j=1 =1
1 .
= nZd Ug:q + Ugp + Ugz + Ugg ;  With (18)
def )0 X 2 def>@ ><1 X 2y 2 X X
ji=1; =1 j=1; =1
defxd X X X 32. defxd X X \27 X y\2.
Ugz = 4X i ( i )5y Uga = ( i )<( i )7 (20)
j=1; =1 j=1; =1

Above, we have broken down tip¥ moment update, into (up; )i, whereu,, denotes the contri-
bution tou,, that is ordett in X . The reason for this is that, typically, a learning rate parameter
is used such X is linear in , and saup, is orderl in .?! Usually, is chosen to be small such
that * is small element-wise relative %. Note that the quadratic update terms, are always
positive?? whereas the linear terms, ; are not necessarily positive, so we might expect quadratic
terms to drive any increase in tp# momentm,,.

In Fig 48, we plot the cumulative sum of thegg,; ) terms, for our OP block, a default Pre-LN block,
and also three modi cations that reduce OFs in Pre-LN (increasing Adam epsilorlé&on8 to

le 4, reducing maximum LR fromde 3to3e 4, and using a non-diagonal preconditioner e.g.
SOAP [69]) trained on CodeParrot at 130M scale. We see indeed that the cumulatigeiadratic
term dominates the updatetig and drives the increase in, in the default Pre-LN model. Rducing
LR, increasing Adam, and using SOAP, reduce this term, which also reduces the growth in fourth
moment and kurtosis. For the choice of LR this is intuitive: in the small LR 0 limit the linear

rst order termuy.1 will dominate and the effect of quadratig., can be ignored. The impact of
sub-leading order terms likey., in OFE is related to the discretisation drift between discrete-time
gradient descent and continuous-time gradient d&(. Fig 49 plots the non-cumulative version of
Fig 48.

On the other hand, in Fig 48 the OP block has a relatively large cumulative increase fgotmat
is matched by a decreaseun; and a large increase up, which means the kurtosis (which is the

2For example, if we hav&X = HW for a previous layeH that is xed (e.g. embedding layer in a
transformer). Then we usually update weigits+ "W linearlyin ,andso * = H W isalso linearin .
For other layers we need to consider the changd¢ o, but this will also be linear in to leading order.
p 22Ttgis is straightforward to see fou,.». For us» the second summand can be factorised as

i X % which is positive.
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ratio m,=m3) does not increase as much as Pre-LN. Fig 50 showsithatiominates the cubigy. 3
and quartias.4 update terms to the fourth moment, so we can focus on studyingWe plot the
moment updates for the input to the second attention block (out of six).

The models presented in Figs 48 to 50 were trained using Adam or SOAP without momentum, akin

to RMSProp 111]: we set 1 =0 and , = 0:95in Adam?® The reason for this was to separate

out the contribution of individual training steps on the kurtosis updates. If instead we re-introduce

momentum with ; = 0:9, then the different update steps become mixed and the leading order

us;1 dominates the updates to the kurtosis for the Pre-LN model, as seen in Fig 51. The choice of
2 = 0:95 highlights that OFs are not speci c to the standard choice,of 0:999in AdamW.

ZRecall SOAP §9 is just Adam in a rotated basis (obtained via Shampoo), and still uses hyperparam-
eters
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Figure 48: Cumulative metrics to track kurtosis updates. Models were trained without momentum.
We see that the quadratig., term dominates updates to the fourth moment.
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Figure 49: Non-cumulative metrics to track kurtosis updates. Models were trained without momen-
tum.
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Figure 50: Sub-leading order terms are dominatedpy.
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