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Abstract

While significant progress has been made on Physics-Informed Neural Networks
(PINNS), a comprehensive comparison of these methods across a wide range of
Partial Differential Equations (PDEs) is still lacking. This study introduces PIN-
Nacle, a benchmarking tool designed to fill this gap. PINNacle provides a diverse
dataset, comprising over 20 distinct PDEs from various domains, including heat
conduction, fluid dynamics, biology, and electromagnetics. These PDEs encapsu-
late key challenges inherent to real-world problems, such as complex geometry,
multi-scale phenomena, nonlinearity, and high dimensionality. PINNacle also of-
fers a user-friendly toolbox, incorporating about 10 state-of-the-art PINN methods
for systematic evaluation and comparison. We have conducted extensive experi-
ments with these methods, offering insights into their strengths and weaknesses. In
addition to providing a standardized means of assessing performance, PINNacle
also offers an in-depth analysis to guide future research such as domain decompo-
sition methods and loss reweighting for handling multi-scale problems. To the best
of our knowledge, it is the largest benchmark with a diverse and comprehensive
evaluation that will undoubtedly foster further research in PINNs.

1 Introduction

Partial Differential Equations (PDESs) are of paramount importance in science and engineering, as
they often underpin our understanding of intricate physical systems such as fluid flow, heat transfer,
and stress distribution [37]]. The computational simulation of PDE systems has been a focal point
of research for an extensive period, leading to the development of numerical methods such as finite
difference [6]], finite element [45]], and finite volume methods [[14].

Recent advancements have led to the use of deep neural networks to solve forward and inverse
problems involving PDEs [44] |62] 11, 154]. Among these, Physics-Informed Neural Networks
(PINN5s) have emerged as a promising alternative to traditional numerical methods in solving such
problems [44] 25]]. PINNSs leverage the underlying physical laws and available data to effectively
handle various scientific and engineering applications. The growing interest in this field has spurred
the development of numerous PINN variants, each tailored to overcome specific challenges or to
enhance the performance of the original framework.
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Figure 1: Architecture of PINNacle. It contains a dataset covering more than 20 PDEs, a toolbox that
implements about 10 SOTA methods, and an evaluation module. These methods have a wide range of
application scenarios like uid mechanics, electromagnetism, heat conduction, geophysics, and so on.

While PINN methods have achieved remarkable progress, a comprehensive comparison of these
methods across diverse types of PDEs is currently lacking. Establishing such a benchmark is
crucial as it could enable researchers to more thoroughly understand existing methods and pinpoint
potential challenges. Despite the availability of several studies comparing sampling mé®jcated]
reweighting method<?], there has been no concerted effort to develop a rigorous benchmark using
challenging datasets from real-world problems. The sheer variety and inherent complexity of PDEs
make it dif cult to conduct a comprehensive analysis. Moreover, different mathematical properties
and application scenarios further complicate the task, requiring the benchmark to be adaptable and
exhaustive.

To resolve these challenges, we propose PINNacle, a comprehensive benchmark for evaluating and
understanding the performance of PINNs. As shown in Fig. 1, PINNacle consists of three major
components — a diverse dataset, a toolbox, and evaluation modules. The dataset comprises tasks
from over 20 different PDEs from various domains, including heat conduction, uid dynamics,
biology, and electromagnetics. Each task brings its own set of challenges, such as complex geometry,
multi-scale phenomena, nonlinearity, and high dimensionality, thus providing a rich testing ground
for PINNs. The toolbox incorporates more than 10 state-of-the-art (SOTA) PINN methods, enabling

a systematic comparison of different strategies, including loss reweighting, variational formulation,
adaptive activations, and domain decomposition. These methods can be exibly applied to the tasks
in the dataset, offering researchers a convenient way to evaluate the performance of PINNs which is
also user-friendly for secondary development. The evaluation modules provide a standardized means
of assessing the performance of different PINN methods across all tasks, ensuring consistency in
comparison and facilitating the identi cation of strengths and weaknesses in various methods.

PINNacle provides a robust, diverse, and comprehensive benchmark suite for PINNs, contributing
signi cantly to the eld's understanding and application. It represents a major step forward in the
evolution of PINNs which could foster more innovative research and development in this exciting
eld. Code and data are publicly availabletstps://github.com/i207M/PINNacle

In a nutshell, our contributions can be summarized as follows:

» We design a dataset encompassing over 20 challenging PDE problems. These problems
encapsulate several critical challenges faced by PINNSs, including handling complex geome-
tries, multi-scale phenomena, nonlinearity, and high-dimensional problems.

» We systematically evaluate more than 10 carefully selected representative variants of PINNs.
We conducted thorough experiments and ablation studies to evaluate their performance. To
the best of our knowledge, this is the largest benchmark comparing different PINN variants.



» We provide an in-depth analysis to guide future research. We show using loss reweighting
and domain decomposition methods could improve the performance on multi-scale and
complex geometry problems. Variational formulation achieves better performance on inverse
problems. However, few methods can adequately address nonlinear problems, indicating a
future direction for exploration and advancement.

2 Related Work

2.1 Benchmarks and datasets in scienti ¢ machine learning

The growing trend of Al in scienti ¢ research has stimulated the development of various benchmarks
and datasets, which differ greatly in data formats, sizes, and governing principles. For ing8dhce, [
presents a benchmark for comparing neural operators, vAel] benchmarks methods for learning
latent Newtonian mechanics. Furthermore, domain-speci ¢ datasets and benchmarks exist in uid
mechanics [20], climate science [42, 5], quantum chemistry [1], and biology [4].

Beyond these domain-speci ¢ datasets and benchmarks, physics-informed machine learning has
received considerable attentidt] 9] since the advent of Physics-Informed Neural Networks (PINNS)
[44]. These methods successfully incorporate physical laws into model training, demonstrating
immense potential across a variety of scienti c and engineering domains. Various papers have
compared different components within the PINN framework; for instarid® gnd [60] investigate

the sampling methods of collocation points in PINNs, a2jccbmpare reweighting techniques for
different loss components. PDEBen&2and PDEArenal7] design multiple tasks to compare
different methods in scienti ¢ machine learning such as PINNs, FNO, and U-Net. Nevertheless, a
comprehensive comparison of various PINN approaches remains absent in the literature.

2.2 Softwares and Toolboxes

A plethora of software solutions have been developed for solving PDEs with neural networks. These
include SimNet 19], NeuralPDE #3], TorchDiffEq [8], and PyDEns29]. More recently, DeepXDE

[34] has been introduced as a fundamental library for implementing PINNs across different backends.
However, there remains a void for a toolbox that provides a uni ed implementation for advanced PINN
variants. Our PINNacle lIs this gap by offering a exible interface that facilitates the implementation
and evaluation of diverse PINN variants. We furnish clear and concise code for researchers to execute
benchmarks across all problems and methods.

2.3 Variants of Physics-informed neural networks

The PINNs have received much attention due to their remarkable performance in solving both forward
and inverse PDE problems. However, vanilla PINNs have many limitations. Researchers have
proposed numerous PINN variants to address challenges associated with high-dimensionality, non-
linearity, multi-scale issues, and complex geometrlds 9, 25, 30]. Broadly speaking, these variants

can be categorized into: loss reweighting/resampl8 $8, 53, 60, 40|, innovative optimizers

[61], novel loss functions such as variational formulatio®® P6, 27, 28] or regularization terms

[63, 50], and novel architectures like domain decompositidh B1, 38, 24] and adaptive activations

[23, 22). These variants have enhanced PINN's performance across various problems. Here we
select representative methods from each category and conduct a comprehensive analysis using our
benchmark dataset to evaluate these variants.

3 PINNacle: A Hierarchical Benchmark for PINNs

In this section, we rst introduce the preliminaries of PINNs. Then we introduce the details of
datasets (tasks), PINN methods, the toolbox framework, and the evaluation metrics.

3.1 Preliminaries of Physics-informed Neural Networks

Physics-informed neural networks are neural network-based methods for solving PDEs as well as
inverse problems of PDEs, which have received much attention recently. Speci cally, let's consider a



general Partial Differential Equation (PDE) system de ned qmwhich can be represented as:
F (u(x); x) 0; x2 ; )
B(u(x); x) 0; x2@: (2)
whereF is a differential operator anB is the boundary/initial condition. PINN uses a neural network

u (x) with parameters to approximatei(x). The objective of PINN is to minimize the following
loss function:
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wherew; wy; Wy are weights. The rst two terms enforce the PDE constraintfsml;;;N . and
boundary conditions ofix;g:..n ,. The last term is data loss, which is optional when there is data
available. However, PINNs have several inherent drawbacks. First, PINNs optimize a mixture of
imbalance loss terms which might hinder its convergence as illustrat&d]in $econd, nonlinear or

stiff PDEs might lead to unstable optimizatids8]. Third, the vanilla MLPs might have dif culty

in representing multi-scale or high-dimensional functions. For examplg shows that vanilla

PINNs only work for a small parameter range, even in a simple convection problem. To resolve these
challenges, numerous variants of PINNs are proposed. However, a comprehensive comparison of
these methods is lacking, and thus it is imperative to develop a benchmark.

3.2 Datasets

To effectively compare PINN variants, we've curated a set of PDE problems (datasets) representing
a wide range of challenges. We chose PDEs from diverse domains, re ecting their importance in
science and engineering. Our dataset includes 22 unique cases, with further details in Appendix B.

« TheBurgers' Equation, fundamental to uid mechanics, considering both one and two-
dimensional problems.

» ThePoisson's Equation widely used in math and physics, with four different cases.

» TheHeat Equation, a time-dependent PDE that describes diffusion or heat conduction,
demonstrated in four unique cases.

» TheNavier-Stokes Equation describing the motion of viscous uid substances, showcased
in three scenarios: a lid-driven ow (NS2d-C), a geometrically complex backward step ow
(NS2d-CG), and a time-dependent problem (NS2d-LT).

» TheWave Equation, modeling wave behavior, exhibited in three cases.

» Chaotic PDEs featuring two popular examples: the Gray-Scott (GS) and Kuramoto-
Sivashinsky (KS) equations.

» High Dimensional PDEs including the high-dimensional Poisson equation (PNd) and the
high-dimensional diffusion or heat equation (HNd).

« Inverse Problems focusing on the reconstruction of the coef cient eld from noisy data
for the Poisson equation (PInv) and the diffusion equation (Hinv).

It is important to note that we have chosen PDEs encompassing a wide range of mathematical
properties. This ensures that the benchmarks do not favor a speci c type of PDE. The selected PDE
problems introduce several core challenges, which include:

» Complex Geometry Many PDE problems involve complex or irregular geometry, such as
heat conduction or wave propagation around obstacles. These complexities pose signi cant
challenges for PINNSs in terms of accurate boundary behavior representation.

» Multi-Scale Phenomena Multi-scale phenomena, where the solution varies signi cantly
over different scales, are prevalent in situations such as turbulent uid ow. Achieving a
balanced representation across all scales is a challenge for PINNs in multi-scale scenarios.

» Nonlinear Behavior: Many PDEs exhibit nonlinear or even chaotic behavior, where mi-
nor variations in initial conditions can lead to substantial divergence in outcomes. The
optimization of PINNs becomes intriguing on nonlinear PDEs.



 High Dimensionality: High-dimensional PDE problems, frequently encountered in quantum
mechanics, present signi cant challenges for PINNs due to the “curse of dimensionality”.
This term refers to the increase in computational complexity with the addition of each
dimension, accompanied by statistical issues like data sparsity in high-dimensional space.

These challenges are selected due to their frequent occurrence in numerous real-world applications.
As such, a method's performance in addressing these challenges serves as a reliable indicator of
its overall practical utility. Table 1 presents a detailed overview of the dataset, the PDEs, and
the challenges associated with these problems. We generate data using FEM solver provided by
COMSOL 6.0 [39] for problems with complex geometry and spectral method provided by Chebfun
[12] for chaotic problems. More details can be found in Appendix B.
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Table 1. Overview of our datasets along with their challenges. We chose 22 cases in total to evaluate
the methods of PINNs. The left picture shows the visualization of cases with these four challenges,
i.e., complex geometry, multi-scale, nonlinearity, and high dimension.

3.3 Methods and Toolbox

After conducting an extensive literature review, we present an overview of diverse PINNs approaches
for comparison. Then we present the high-level structure of our PINNacle.

3.3.1 Methods

As mentioned above, variants of PINNs are mainly based on loss functions, architecture, and
optimizer [L8]. The modi cations to loss functions can be divided into reweighting existing losses
and developing novel loss functions like regularization and variational formulation. Variants of
architectures include using domain decomposition and adaptive activations.

The methods discussed are directly correlated with the challenges highlighted in Table 1. For example,
domain decomposition methods are particularly effective for problems involving complex geometries
and multi-scale phenomena. Meanwhile, loss reweighting strategies are adept at addressing imbal-
ances in problems with multiple losses. We have chosen variants from these categories based on their
signi cant contributions to the eld.

Here, we list the primary categories and representative methods as summarized in Table 2:

* Loss reweighting/Resampling (2 4): PINNs are trained with a mixed loss of PDE residuals,
boundary conditions, and available data losses shown in Eq 3. Various me#ip8s, |2,
35, 47] propose different strategies to adjust these weightsv, andwy at different epochs
or resample collocation pointx.g andf x,g in Eq 3, which indirectly adjust the weights
[60, 40]. We choose three famous examples, i.e., reweighting using gradient norms (PINN-
LRA) [57], using neural tangent kernel (PINN-NTK39], and residual-based resampling
(RAR)[34, 60].

» Novel optimizer (5): To handle the problem of multi-scale objectives, some new optimizers
[32, 61] are proposed. We chose MultiAdam, which is resistant to domain scale changes.

* Novel loss functions (6 7): Some works introduce novel loss functions like variational
formulation |9, 28, 27] and regularization terms to improve training. We choose hp-VPINN
[27] and gPINN [63, 50], which are representative examples from these two categories.



Complex Geometry  Multi-scale  Nonlinearity  High dim
Vanilla PINN*
Reweighting/Resampliftg * P P
Novel Optimizef P
Novel Loss Functiorts ©
Novel Architecturé ° P P

D
Table 2: Overview of methods in our PINNacle. denotes the method is potentially designed to
solve or show empirical improvements for problems encountering the challenge and vice versa.

» Novel activation architectures (8 10): Some works propose various network architectures,
such as using CNN and LSTN64, 15, 46], custom activation function®p, 23], and domain
decomposition?1, 48, 24, 38]. Among adaptive activations for PINNs, we choose LAAF
[22] and GAAF [23]. Domain decomposition is a method that divides the whole domain
into multiple subdomains and trains subnetworks on these subdomains. It is helpful for
solving multi-scale problems, but multiple subnetworks increase the dif culty of training.
XPINNs, cPINNs, and FBPINN®fL, 24, 38] are three representative examples. We choose
FBPINNSs which is the state-of-the-art domain decomposition that applies domain-speci ¢
normalization to stabilize training.

3.3.2 Structure of Toolbox

We provide a user-friendly and concise toolbox for implementing, training, and evaluating diverse
PINN variants. Speci cally, our codebase is based on DeepXDE and provides a series of encapsulated
classes and functions to facilitate high-level training and custom PDEs. These utilities allow for a
standardized and streamlined approach to the implementation of various PINN variants and PDEs.
Moreover, we provided many auxiliary functions, including computing different metrics, visualizing
predictions, and recording results.

Despite the uni ed implementation of diverse PINNs, we also design an adaptive multi-GPU parallel
training framework to enhance the ef ciency of systematic evaluations of PINN methods. It addresses
the parallelization phase of training on multiple tasks, effectively balancing the computational loads
of multiple GPUs. It allows for the execution of larger and more complex tasks. In a nutshell, we
provide an example code for training and evaluating PINNs on two Poisson equations using our
PINNacle framework in Appendix D.

3.4 Evaluation

To comprehensively analyze the discrepancy between the PINN solutions and the true solutions,
we adopt multiple metrics to evaluate the performance of the PINN variants. Generally, we choose
several metrics that are commonly used in literature that apply to all methods and problems. We
suppose that = (i), is the prediction angt®= (y9).; tois ground truth, where is the number

of testing examples. Speci cally, we usg relative error L2RE), and™; relative error L1RE)

which are two most commonéy used metrics to measure the global quality of the solution,
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We also compute max error (MERR in short), mean square error (MSE), and Fourier error (fMSE) for
a detailed analysis of the prediction. These three metrics are computed as follows:

B
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i=1
whereF denotes Fourier transform gf and Kmin , Kmax are chosen similar to PDEBench?].
Besides, for time-dependent problems, investigating the quality of the solution with time is important.
Therefore we compute the L2RE error varying with time in Appendix E.2.

We assess the performance of PINNs against the reference from numerical solvers. Experimental
results utilizing the , relative error (L2RE) metric are incorporated within the main text, while a
more exhaustive set of results, based on the aforementioned metrics, is available in the Appendix E.1.



L2RE Name Vanilla ‘ Loss Reweighting/Sampling | Optimizer Loss functions Architecture
- PINN PINN-W‘ LBFGS ‘ LRA NTK RAR MultiAdam | gPINN VPINN LAAF GAAF  FBPINN
1d-C | 1.45E-2 2.63E-2 1.33E-2 2.61E-2 1.84E-2 3.32E-2 4.85E-2 2.16E-1 3.47E 1.43E-2 5.20E-2 2.32E-1

Burgers
¢ 2d-C | 3.24E-1 2.70E-1 4.65E-1 2.60E-1 275E-1 3.45E-1 3.33E-1 3.27E-1 6.38E-1 2.77E-1 2.95E-1 -
2d-C | 6.94E-1 3.49E-2 NaN 1.17E-7 1.23E-2 6.99E-1  2.63E-2 6.87E-1 4.91E-1 7.68E-1 6.04E-1 4.49E-2
Poisson 2d-CG | 6.36E-1 6.08E-2 2.96E-1 4.34E- 1.43E-2 6.48E-1 2.76E-1 7.92E-1 2.86E-1 4.80E-1 8.71F 2.90E-2

3d-CG | 5.60E-1 3.74E-1 7.05E-1 1.02E-1 9.47E-1 5.76E-1 3.63E-1 4.85E-1 7.38E-1 5.79E-1 5.02E-1 7.39E-1

2d-MS | 6.30E-1 7.60E-1 1.45E+0 7.94E-1 7.48E-1 6.44F 5.90E-1 6.16E-1 9.72E-1 5.93E-1 9.31E-1 1.04E+0
Heat 2d-vC| 1.01E+0 2.35E-1 2.32E-1 2.12E-1 2.14E-1 9.66E-1 4.75E-1 2.12E+0 9.40E-1 6.42E-1 8.49E-1 9.52E-1

2d-MS | 6.21E-2 2.42E-1 1.73E-2 8.79E-2 4.40E-2 7.49E-2 2.18E-1 1.13E-1 9.30E-1 7.40E-2 9.85E-1 8.20E-2

2d-CG | 3.64E-2 1.45E-1 8.57E-1 1.25E-1 1.16E 2.72E-2 7.12E-2 9.38E-2 - | 239E-2 4.61E-1 9.16E-2
2d-LT | 9.99E-1 9.99E-1 1.00E+0 9.99E-1 1.00E+0 9.99E-1 1.00E+0 1.00E+0 1.00E+0 9.99E-1 9.99E-1 1.01E+0
NS 2d-C | 4.70E-2 1.45E-1 2.14E-1 NaN 1.98E-1 4.69E-1 7.27E-1 7.70E-2 292 3.60E-2 3.79E-2 8.45E-2

2d-CG | 1.19E-1 3.26E-1 NaN 3.32E-1 2.93E-1 3.34E-1 4.31E-1 1.54E-1 9.94BPR4E-2 1.74E-1 8.27E+0

2d-LT | 9.96E-1 1.00E+0 9.70E-1 1.00E+0 9.99E-1 1.00E+0 1.00E+0 9.95E-1 1.73E+0 9.98E-1 9.99E-1 1.00E+0
Wave 1d-C | 5.88E-1 2.85E-1 NaN 3.61E-7 9.79E-2 5.39E-1 1.21E-1 5.56E-1 8.39E-1 454E-1 6.77E-1 5.91E-1

2d-CG | 1.84E+0 1.66E+0 1.33E+0 1.48E+0 2.16E+0 1.15E+0 1.09E+0 8.1« 799E-1 8.19E-1 7.94E-1 1.06E+0

2d-MS | 1.34E+0 1.02E+0 1.37E+0 1.02E+0 1.04E+0 1.35E+0 1.01E+0 1.02E+0 9.82E-1 1.06E+0 1.06E+0 1.03E+0
Chaotic GS | 3.19E-1 1.58E-1 NaN 9.37E-2 2.16E-1 9.46E 9.37E-2 2.48E-1 1.16E+0 9.47E-2 9.46E 7.99E-2

KS 1.01E+0 9.86E-1 NaN 9.57E-1 9.64E-1 1.01E+0 9.61E-1 9.94E-1 9.72E-1 1.01E+0 1.00E+0 1.02E+0
Highdim  PNd | 3.04E-3 258E-3 4.67E-4 4.58E-4 4.64E-3 3.59E-3 3.98E-3 5.05E-3 - 4.14E-3  7.75E-3 -

HNd | 3.61E-1 4.59E-1 1.19E-4 3.94E-1 3.97E-1 3.57E-1 3.02E-1 3.17E-1 - 5.22E-1 5.21E-1 -
Inverse Pinv | 9.42E-2 1.66E-1 NaN 1.54E-1 1.93E-1 9.35E-2 1.30E- 8.03E-2 2.45E-2 1.30E-1 2.54E-1 8.44E-1

Hinv | 1.57E+0 5.26E-2 NaN = 5.09E-2 7.52E-2 1.52E+0 8.04E-2 4.84E+0 4.56E-1 5.59E-1 2.12E-1 9.27E-1

Table 3: Mean L2RE of different PINN variants on PINNacle. Best results are highligh blue

and second-places lightblue. We do not bold any result if errors of all methods are ali@@%a
“NaN" means the method does not converge and “—" means the method is not suitable for the problem.

4 Experiments

4.1 Main Results

We now present experimental results. Except for the ablation study in Sec 4.3 and Appendix E.2,
we use a learning rate of 0.001 and train all models with 20,000 epochs. We repeat all experiments
three times and record the mean and std. We run all experiments on a Linux server with 20 Intel(R)
Xeon(R) Silver 4210 CPUs @ 2.20GHz and eight NVIDIA GeForce RTX 2080 Ti each with 12
GB GPU memory. All experiments in Table E.1 require a total about 776 GPU hours, which can be
completed in about 4 days on our cluster. Table 3 presents the main results for all methods on our
tasks and shows their averagerelative errors (with standard deviation results available in Appendix
E.1).

PINN. We use PINN-w to denote training PINNs with larger boundary weights. The vanilla PINNs
struggle to accurately solve complex physics systems, indicating substantial room for improvement.
Using an’; relative error (L2RE) 0fl0%as a threshold for a successful solution, we nd that vanilla
PINN only solves 10 out of 22 tasks, most of which involve simpler equations (e45% on
Burgers-1d-C). They encounter signi cant dif culties when faced with physics systems characterized
by complex geometries, multi-scale phenomena, nonlinearity, and longer time spans. This shows
that directly optimizing an average of the PDE losses and initial/boundary condition losses leads to
critical issues such as loss imbalance, suboptimal convergence, and limited expressiveness.

PINN variants. PINN variants offer approaches to addressing some of these challenges to varying
degrees. Methods involving loss reweighting and resampling have shown improved performance in
some cases involving complex geometries and multi-scale phenomend.:@386,0n Poisson-2d-

CG). This is due to the con guration of loss weights and sampled collocation points, which adaptively
place more weight on more challenging domains during the training process. However, these methods
still struggle with Wave equations, Navier-Stokes equations, and other cases with higher dimensions
or longer time spans. MultiAdam, a representative of novel optimizers, solves several simple cases
and the chaotic GS equatio®87%), but does not signi cantly outperform other methods. The new
loss term of variational form demonstrates signi cant superiority in solving inverse probems (
1:19%on Hinv for vPINN), but no clear improvement in tting error over standard PINN in forward
cases. Changes in architecture can enhance expressiveness and exibility for cases with complex



L2RE Name | Vanilla Loss Reweighting/Sampling | Optimizer Loss functions Architecture

- - PINN LRA NTK RAR MultiAdam | gPINN VPINN LAAF GAAF  FBPINN
Burgers-P 2d-C | 4.74E-01 4.36E-01 4.13E-01 4.71E-01 4.93E-01 4.91E-01 2.82E+0 4.37E- 4.34E-01
Poisson-P 2d-C| 2.24E-01 7.07E-02 1.66E-02 2.33E-01 8.24E-02 4.03E-01 5.51E-1 1.84E-01 2.97E 2.87E-2
Heat-P 2d-MS| 1.73E-01 1.23E-01 1.50E-01 1.53E-01 4.00E-01 4.59E-01 5.12| 6.27E-02 1.89E-01 2.46E-1

NS-P 2d-C | 3.89E-01 B 4.52E-01 3.91E-01 9.33E-01  7.19E- 3.76E-1 3.63E-01 4.85E-01 3.99E-1
Wave-P 1d-C | 5.22E-01 3.44E-01 2.69E-01 5.05E-01 6.89E-01 7.66E-01 3.58E-1 4.03E-01 9.00E-01 1.15E+0
Highdim-P  HNd | 7.66E-03 6.53E-03 9.04E-03 8.07E-0 2.22E-03 7.87E-03 - 6.97E-03 1.94E-01

Table 4: Results of different PINN variants on parametric PDEs. We report average L2RE on all
examples within a class of PDE. Veld the best results across all methods.

geometries and multi-scale systems. For example, FBPINN achieves the smallest error on the chaotic
GS equation{:99%), while LAAF delivers the best tting result on Heat-2d-C@:39%).

Discussion.For challenges related to complex geometries and multi-scale phenomena, some methods
can mitigate these issues by implementing mechanisms like loss reweighting, novel optimizers, and
better capacity through adaptive activation. This holds true for the 2D cases of Heat and Poisson
equations, which are classic linear equations. However, when systems have higher dimensions
(Poisson3d-CG) or longer time spans (Heat2d-LT), all methods fail to solve, highlighting the dif cul-
ties associated with complex geometries and multi-scale systems.

In contrast, nonlinear, long-time PDEs like 2D Burgers, NS, and KS pose challenges for most
methods. These equations are sensitive to initial conditions, resulting in complicated solution
spaces and more local minima for PINNE]. The Wave equation, featuring a second-order time
derivative and periodic behavior, is particularly hard for PINNs, which often become unstable and
may violate conservation law&4, 55]. Although all methods perform well on Poisson-Nd, only
PINN with LBFGS solves Heat-Nd, indicating the potential of a second-order optimizer for solving
high dimensional PDES[53].

4.2 Parameterized PDE Experiments

To investigate whether PINNs could handle a class of PDEs, we design this experiment to solve
the same PDEs with different parameters. We choose 6 PDEs, i.e., Burgers2d-C, Poisson2d-C,
Heat2d-MS, NS-C, Waveld-C, and Heat-Nd (HNd), with each case containing ve parameterized
examples. Details of the parametrized PDEs are shown in Appendix B. Here we report the average
L2RE metric on these parameterized PDEs for every case, and results are shown in the following
Table 4. First, we see that compared with the corresponding cases in Table E.1, the mean L2RE of
parameterized PDEs is usually higher. We suggest that this is because there are some dif cult cases
under certain parameters for these PDEs with very high errors. Secondly, we nd that PINN-NTK
works well on parameterized PDE tasks which achieve three best results among all six experiments.
We speculate that solving PDEs with different parameters requires different weights for loss terms,
and PINN-NTK is a powerful method for automatically balancing these weights.

4.3 Hyperparameter Analysis

The performance of PINNs is strongly affected by hyperparameters, with each variant introducing its
own unique set. The results are shown in Figure 2. We focus on a set of problems, i.e., Burgersld,
GS, Heat2d-CG, and Poisson2d-C. Detailed results and additional ndings are in Appendix E.2.

Batch size and training epochsFigure 19 presents the effects of varying batch sizes and training
epochs. Larger batch sizes generally yield better outcomes due to more accurate gradient estimations,
though saturation is observed beyond a batch size of 2048 for the GS and Poisson2d-C problems.
Similarly, increasing the number of training epochs reduces the L2RE, indicating an improvement in
model accuracy. However, this bene t plateaus around 20k to 80k epochs, where further increases in
epochs do not signi cantly reduce the error.

Learning Rates. The performance of standard PINNs under various learning rates and learning rate

schedules is shown in Figure 3. We observe that the in uence of the learning rate on performance is
intricate, with optimal learning rates varying across problems. Furthermore, PINN training tends to

be unstable. High learning rates, suchas?, often lead to error spikes, while low learning rates,



Figure 2: Performance of vanilla PINNs under different batch sizes (number of collocation points),
which is shown in the left gure; and number of training epochs, which is shown in the right gure.

Figure 3: Convergence curve of PINNs with different learning rate schedules on Burgersld, Heat2d-
CG, and Poisson2d-C.

like 10 ®, result in slow convergence. Our ndings suggest that a moderate learning rate, such as
10 2 or10 4, or a step decay learning rate schedule, tends to yield more stable performance.

5 Limitations

First, real-world problems are often more complex, with giant geometric domains or chaotic behaviors.
Good performance on PINNacle does not guarantee it solves practical problems. We could explore
larger-scale PINN training methods or ef cient domain decomposition metfipdSecond, the

issues of safety in the PINN methods pose potential roadblocks. Developing theoretical convergence
for PINN like stability and convergence analysis [13] could help resolve these limitations.

6 Conclusion

In this work, we introduced PINNacle, a comprehensive benchmark offering a user-friendly toolbox
that encompasses over 20 PDE problems and 10 PINN methods with extensive experiments and
ablation studies. Looking forward, we plan to expand the benchmark by integrating additional state-of-
the-art methods and incorporating more practical problem scenarios. Our analysis of the experimental
results yields several key insights. First, domain decomposition is bene cial for addressing problems
characterized by complex geometries, and PINN-NTK is a strong method for balancing loss weights
as experiments show. Second, selecting appropriate hyperparameters is crucial to the performance
of PINNs. However, the best hyperparameters usually vary with PDEs. Third, we identify high-
dimensional and nonlinear problems as a pressing challenge. The overall performance of PINNs
is not yet on par with traditional numerical method$][ Fourth, there are only a few attempts
exploring of PINNs' loss landscap8&(]. Finally, integrating the strengths of neural networks with
numerical methods like preconditioning, weak formulation, and multigrid may present a promising
avenue toward overcoming the challenges[36].
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A Overview of Appendices

We provide supplementary details about problems and experiments for the main text in the Appendix.
In Appendix B, we provide mathematical descriptions and visualization for all PDEs in this paper.
In Appendix C, we list the detailed hyperparameters and training/testing settings. In Appendix D,
we provide a high-level overview of the codebase of the toolbox. In Appendix E, the results for the
main experiments, i.e., the performance of L2RE, L1RE, MSE, and runtime for all methods on all
PDEs are displayed. In Appendix F, we show the visualization results for several methods on some
problems.

B Details of PDEs and Methods

Here provide details of PDE tasks used for evaluating different variants of PINNs. Detwtee the
function to solve and;t to be spatial and temporal variables.

B.1 De nitions for PDEs in main experiments

1. One-dimensional Burgers Equation (Burgersld)
The Burgers 1D equation is given by

Ut + Ulx = Uxx: (6)
The domain is de ned as
(xt)2 =[ L1 [01] (1)
The initial and boundary conditions are
u(x;0) = sin x; (8)
u( ;t)=u(1;t) = 0: 9
The parameter is
= O—Ol (20)
2. 2D Coupled Burgers equation (Burgers 2d)
The 2D Coupled Burgers equation is given by
ug+u ru u=0; (12)
u©yy;t) = u(Lyy;t); u(x0t)= u(xLt); 12)
fx;yg2 [OL]; t2[0;T]; 13)

Figure 4: Reference solution of Burgers1d using FEM solver.
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Figure 5: Reference solution of Burgers2d at timestep® ; 0:2; 0:4; 1:0 using FEM solver.

The domain is de ned as

(cy;t)2 =[0 ;L [0;1]; (14)
The initial conditions are given by
X X
w(xy) = ajj sin(2 (ix + jy))+ by cos(2 (ix + jy)); (15)
i= Lj= L
u(xy; 0) =2w(xy)+ c (16)
wherea; b;c N (0;1). The parameters are

L=4; T=1; =0:001 a7

3. Poisson 2D Classic (Poisson2d-C)
The Poisson 2D equation is given by

u=0: (18)
The domain is a rectangle minus four circles rec NR; where ¢ = [ 0:5;0:5) is the
rectangle andR; denotes four circle areas:

Ri = f(xy):(x 03)72%+(y 032 01 (19)
R, = f(xy):(x+0:3%+(y 032 0:1%g; (20)
Ry = f(xy):(x 0:3)?+(y+0:3)2 0:1%g; (21)
Rs = f(xy):(x+0:3%+(y+0:3% 0:1%g: (22)
The boundary condition is
u=0;x2 @R, (23)
U=1;X2 @ rec: (24)
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Figure 6: Reference solution of Poisson2d-CG by FEM solver.

4. Poisson-Boltzmann (Helmholtz) 2D Irregular Geometry (Poisson2d-CG)
The Poisson-Boltzmann (Helmholtz) 2D equation is given by
u+ k2u=f(xy): (25)

The functionf (x) is de ned as
!

X
f(x)= A 24+ x2 sin( 1 x1)sin( 2 X 2): (26)

The domaini§ 1; 1 and the boundary conditions are

u=0:2, X2 @ rec; (27)
u=1; x2 @ cicle (28)
Parameter references are

1=1; 2,=4; k=8; A=10: (29)

The domain i 1; 1] with several circles removed. The circlegie = [ f‘:l R; are
R: = f(xy):(x 05)2+(y 05?2 02% (30)
R, = f(xy):(x 042+ (y+0:4)> 04%g (31)
Ry = f(xy):(x+0:22%+(y+0:7)2 0:1%g (32)
Rs = f(xy):(x+0:6)>+(y 05)> 0:3%g (33)

5. Poisson 3D Complex Geometry with Two Domains (Poisson3d-CG)
The Poisson 3D equation with two domains is given by
i u+ kfu=f(xy;z); i=1;2 (34)
The functionf (x;y; z) is de ned as
exp(sinmy X +sinmyy +sinmsz )(X2 F2e 22 1)

X2+ y2+2z2+1 (35)
+ Az sin(my x )sin(my, y )sin(msz z ):

f(xy;z)=A,

= 1; k=ky; x2 q;

The coef cients are de ned as
= 2, k=kz; x2 2
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Figure 7: Reference solution of Poisson3d-CG by FEM solver. The top row displays the solution
at 5 YZ planes withx = 0; 0:25; 0:5; 0:75; 1:0. The medium row displays it at XZ planes wigh=
0:0; 0:25; 0:5; 0:75; 1:.0. The bottom row displays it at XY planes with= 0:0; 0:25; 0:5; 0:75; 1:0.

The boundary condition is
Qu_

@n 0; x2@: (36)

The domains and other parameters are de ned as follows:
1 = [0;1] [01] [0;05=[ Ly Ri; (37)
» = [0;1] [0;1] [051=[i, R;: (38)

The circular region&; are

Ry = f(xy;z):(x 04)2+(y 03)2%+(z 06)> 02%g (39)
Ri = f(xy;z):(x 06)2+(y 07)2%+(z 06)° 0:2°g (40)
Ry = f(xy;z):(x 02)2+(y 08)02+(z 072 01%g (41)
Ri = f(xy;z):(x 06)2+(y 022%+(z 03?2 0:1° (42)
(43)

Other parameters are
mi=1;m,=10;m3=5; 1=1; ,=1;k; =8;k, =10;A1 =20;A, =100: (44)

6. 2D Poisson equation with many subdomains (Poisson2d-MS)
The PDE and boundary condition is given by

ro(a(x)ru) = f(x;y);xin (45)
%&u = 0;x2@: (46)

Here the domaini¢x;y) 2 =[ 10;10F. We divide the whole domain into many small squares,
anda(x) is a piecewise linear function in each square. We storeafk in a le in practical
implementation.
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Figure 8: Reference solution of Poisson2d-MS by FEM solver.

Figure 9: Reference solution of Heat2d-VC by FEM solver at timedtep8; 0:5; 2:0; 3:5.

7. 2D Heat with Varying Coef cients (Heat2d-VC)
The 2D heat equation with a varying source is given by

%Lt‘ Fo@o)r u) = f(x:t): (47)
Thedomainis T =[0;1F [0;5]. The functiona(x) is chosen similarly to Darcy ow but with
an exponential GRF. The functidr{x;t) is de ned as

f(x;t) = Asin(my x )sin(m, y )sin(mz t): (48)

with A =200;m; =1;m, =5;m3 = 1. The initial and boundary conditions are
u(x;y;0) = 0;x2 (49)
uix;y;t) = 0;x2 @ : (50)

8. 2D Heat Multi-Scale (Heat2d-MS)
The 2D heat multi-scale equation is given by
@u 1 1 ]
@t oot 2Mw =0 &
with domain T =[0;1]* [0;5].
The initial and boundary conditions are

u(x;y; 0) sin(20 x )sin(y); x2 ; (52)
ulx;y;t) = 0; x2@: (53)
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Figure 10: Reference solution of Heat2d-MS by FEM solver.

Figure 11: reference solution of Heat2d-CG by FEM solver at timestep3:5; 2:0; 2; 5; 3:0.

9. 2D Heat Complex GeometryHeat Exchanger, Heat2d-CG)
The 2D heat equation for a complex geometry is given by
Qu
@t
The domainisdenedas T=( 88 [ 1212]n[;iR;) [0;3]
The boundary condition is

u=0:

n ( cru=g qu
Here we choose = 1. The positions of large circles are
(4 3); (4 9; (0:0; (0; 6); r=1
with g =5 andqg = 1. The positions of small circles are
( 32, 6); ( 320); r=04
with g =1 andq= 1. For the rectangular boundary conditiogs; 0:1andgq=1.

10. 2D Heat Long Time (Heat2d-LT)
The governing PDE is

%l:= 0:001 u+5sin(ku?) 1+2sin tz sin(my x )sin(m, y )
with domain T =[0;1] [0;100]m; =4, m, =2, andk = 1.

The initial and boundary conditions are given by

u(x;y; 0)
u(x;y;t)

sin(4 x )sin(3y );x 2
0; x2@:

11. 2D NS lid-driven ow (NS2d-C).
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Figure 12: reference solution of Heat2d-LT by FEM solver at timestep8 ; 20; 50; 80; 100.

Figure 13: Reference solution of NS2d-Ld by FEM solver.

The PDE is given by

1
+ — X 2 1
uru+rp Re 0;x (61)
r u = 0;x2 (62)
The domainis = [0 ; 1], the top boundary is 1, the left, right and bottom boundary is.

The boundary conditions are

u(x) = @x@ x)0;x2 (63)
u(x) = (0;05x2 » (64)
p = 0;x=(0;0): (65)

The Reynolds number Re 100.
12. 2D Back Step Flow (NS-CG)
The equations and boundary conditions are given by

uru+r — u = 0;
p Fie 0 66
r u = 0: (67)

S
The domainisdenedas=[0 ;4] [0;2]n([0;2] [1;2] R;) (excluding the top-left quarter).
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