
Testing Semantic Importance via Betting

Jacopo Teneggi
Johns Hopkins University
jtenegg1@jhu.edu

Jeremias Sulam
Johns Hopkins University

jsulam1@jhu.edu

Abstract

Recent works have extended notions of feature importance to semantic concepts
that are inherently interpretable to the users interacting with a black-box predictive
model. Yet, precise statistical guarantees such as false positive rate and false
discovery rate control are needed to communicate findings transparently, and to
avoid unintended consequences in real-world scenarios. In this paper, we formalize
the global (i.e., over a population) and local (i.e., for a sample) statistical importance
of semantic concepts for the predictions of opaque models by means of conditional
independence, which allows for rigorous testing. We use recent ideas of sequential
kernelized independence testing to induce a rank of importance across concepts,
and we showcase the effectiveness and flexibility of our framework on synthetic
datasets as well as on image classification using several vision-language models.

1 Introduction

Providing guarantees on the decision-making processes of autonomous systems, often based on
complex black-box machine learning models, is paramount for their safe deployment. This need
motivates efforts towards responsible artificial intelligence, which broadly entails questions of
reliability, robustness, fairness, and interpretability. One popular approach to the latter is to use
post-hoc explanation methods to identify the features that contribute the most towards the predictions
of a model. Several alternatives have been proposed over the past few years, drawing from various
definitions of features (e.g., pixels—or groups thereof—for vision tasks [41], words for language
tasks [21], or nodes and edges for graphs [84]) and of importance (e.g, gradients for Grad-CAM
[57], Shapley values for SHAP [7, 15, 42, 70], or information-theoretic quantities [43]). While most
explanation methods highlight important features in the input space of the predictor, users may care
more about their meaning. For example, a radiologist may want to know whether a model considered
the size and spiculation of a lung nodule to quantify its malignancy, and not just its raw pixel values.

To decouple importance from input features, Kim et al. [34] showed how to learn the vector repre-
sentation of semantic concepts that are inherently interpretable to users (e.g., “stripes”, “sky”, or
“sand”) and how to study their gradient importance for model predictions. Recent vision-language
(VL) models that jointly learn an image and text encoder, such as CLIP [16, 52], have made these
representations—commonly referred to as concept activation vectors (CAVs)—more easily acces-
sible. With these models, obtaining the representation of a concept boils down to a forward pass
of the pretrained text encoder, which alleviates the need of a dataset comprising images annotated
with their concepts. Several recent works have defined semantic importance—both with CAVs and
VL models—by means of concept bottleneck models (e.g., CBM [36], PCBM [85], LaBo [83]),
information-theoretic quantities (e.g., V-IP [37]), sparse coding (e.g., CLIP-IP-OMP [13], SpLiCe
[6]), network dissection [2] (e.g., CLIP-DISSECT [47], TextSpan [26], INViTE [14]), or causal
inference (e.g., DiConStruct [44], Sani et al. [55]).

On the other hand, it is important to communicate findings of important features precisely and
transparently in order to avoid unintended consequences in downstream decision tasks. Going back
to the example of a radiologist diagnosing lung cancer, how should they interpret two concepts with
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different importance scores? Does their difference in importance carry any statistical meaning? To
start addressing similar questions [10, 71] introduced statistical tests for the local (i.e., on a sample)
conditional independence structure of a model’s predictions. Framing importance by means of
conditional independence allows for rigorous testing with false positive rate control. That is, for a
user-defined significance level � 2 (0; 1), the probability of wrongly deeming a feature important
is no greater than �, which directly conveys the uncertainty in an explanation. Yet these methods
consider features as coordinates in the input space, and it is unclear how to extend these ideas to
abstract, semantic concepts.

In this work, we formalize semantic importance at three distinct levels of statistical independence with
null hypotheses of increasing granularity: (i) marginally over a population (i.e., global importance),
(ii) conditionally over a population (i.e., global conditional importance), and (iii) for a sample
(i.e., local conditional importance).1 Each of these notions will allow us to inquire the extent to
which the output of a model depends on specific concepts—both over a population and on specific
samples—and thus deem them important. To test for these notions of semantic importance, instead
of classical (or offline [58]) independence testing techniques [5, 10, 11, 28, 29, 69, 86], which are
based on p-values and informally follow the rule “reject if p � �”, we propose to use principles of
testing by betting (or sequential testing) [59], which are based on e-values [76] and follow the “reject
when e � 1=�” rule. As we will expand on, this choice is motivated by the fact that sequential tests
are data-efficient and adaptive to the hardness of the problem—which naturally induces a rank of
importance. We will couple principles of conditional randomization testing (CRT) [11] with recent
advances in sequential kernelized independence testing (SKIT) [51, 62], and introduce two novel
procedures to test for our definitions of semantic importance: the conditional randomization SKIT
(C-SKIT) to study global conditional importance, and—following the explanation randomization test
(XRT) framework [71]—the explanation randomization SKIT (X-SKIT) to study local conditional
importance. We will illustrate the validity of our proposed tests on synthetic datasets, and showcase
their flexibility on zero-shot image classification on real-world datasets across several and diverse VL
models.

1.1 Summary of Contributions and Related Works

In this paper, we will rigorously define notions of statistical importance of semantic concepts for
the predictions of black-box models via conditional independence—both globally over a population
and locally for individual samples. For any set of concepts, and for each level of independence, we
introduce novel sequential testing procedures that induce a rank of importance. Before presenting the
details of our methodology, we briefly expand on a few distinctive features of our work.

Explaining nonlinear predictors. Compared to recent methods based on concept bottleneck models
[36, 83, 84], our framework does not require training a surrogate linear classifier because we study
the semantic importance structure of any given, potentially nonlinear and randomized model. This
distinction is not minor—training concept bottleneck models results on explanations that pertain to
the surrogate (linear) model instead of the original (complex, nonlinear) predictor, and these simpler
surrogate models typically reduce performance [48, 85]. In contrast, we provide statistical guarantees
directly on the original predictor that would be deployed in the wild.

Flexible choice of concepts. Furthermore, our framework does not rely on the presence of a large
concept bank (but it can use one if it is available). Instead, we allow users to directly specify which
concepts they want to test. This feature is important in settings that involve diverse stakeholders.
In medicine, for example, there are physicians, patients, model developers, and members of the
regulatory agency tasked with auditing the model—each of whom might prefer different semantics
for their explanations. Current explanation methods cannot account for these differences off-the-self.

Local semantic explanations. Our framework entails explanations for specific (fixed) inputs,
whereas prior approaches that rely on the weights of a linear model only inform on global notions
of importance. Recently, Shukla et al. [64] and Pham et al. [50] set forth ideas of local semantic
importance by combining LIME [54] with T-CAV [34], and by leveraging prototypical part networks
[46], respectively. Our work differs in that it does not apply to images only, it considers formal notions
of statistical importance rather than heuristics of gradient importance, and it provides guarantees such
as Type I error and false discovery rate (FDR) control.

1We adopt the distinction between global and local importance as presented in [18].
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Sequential kernelized testing. Motivated by the statistical properties of kernelized independence
tests [62], we will employ the maximum mean discrepancy (MMD) [29] as the test statistic in our
proposed procedures. The recent related work in Shaer et al. [58] introduces the sequential version of
the conditional randomization test (CRT) [11], dubbed e-CRT because of the use of e-values. Unlike
our work, Shaer et al. [58] employ residuals of a predictor as test statistic, they do so in the context of
global tests only, and unrelated to questions of semantic interpretability.

2 Background

In this section, we briefly introduce the necessary notation and general background. Throughout this
work, we will denote random variables with capital letters, and their realizations with lowercase. For
example, X � PX is a random variable sampled from PX , and x indicates an observation of X .

Problem setup. We consider k-fold classification problems such that (X;Y ) � PXY is a random
sample X 2 X with its one-hot label Y 2 f0; 1gk, and (x; y) denotes a particular observation. We
assume we are given a fixed predictive model, consisting of an encoder f : X ! Rd and a classifier
g : Rd ! Rk such that h = f(x) is a d-dimensional representation of x, and ŷk0 = g(h)k0 =
g(f(x))k0 is the prediction of the model for a particular class k0 (e.g., ŷk0 is the output, or score, for
class “dog”). Naturally, H; Ŷ denote the random counterparts of h and ŷ. Although our contributions
do not make any assumptions on the performance of the model, f and g can be thought of as good
predictors, e.g. those that approximate the conditional expectation of Y given X .

Concept bottleneck models (CBMs). Let c = [c1; : : : ; cm] 2 Rd�m be a dictionary of m concepts
such that 8j 2 [m] := f1; : : : ;mg, cj 2 Rd is the representation of the jth concept—either obtained
via CAVs [34] or a VL model’s text encoder. Then, z = hc; hi is the projection of the embedding h
onto the concepts c, and, with appropriate normalization, zj 2 [�1; 1] is the amount of concept cj
in h. Intuitively, CBMs project dense representations onto the subspace of interpretable semantic
concepts [36], and their performance strongly depends on the size of the dictionary [48]. For example,
it is common for m to be as large as the embedding size (e.g., d = 768 for CLIP:ViT-L/14). In this
work, instead, we let concepts be user-defined, allowing for cases where m� d (e.g., m = 20). This
is by design as (i) the contributions of this paper apply to any set of concepts, and (ii) it has been
shown that humans can only gain valuable information if semantic explanations are succinct [53].
However, we remark that the construction of informative concept banks—especially for domain-
specific applications—is subject of ongoing complementary research [20, 48, 78, 80, 81].

Conditional randomization tests. Recall that two random variables A;B are conditionally indepen-
dent if, and only if, given a third random variable C, it holds that PAjB;C = PAjC (i.e., A??B j C).
That is, B does not provide any more information about A with C present. Candes et al. [11]
introduced the conditional randomization test (CRT), based on the observation that if A??B j C, then
the triplets (A;B;C) and (A; eB;C) with eB � PBjC , are exchangeable. That is, PABC = PA eBC and
one can essentially mask B without changing the joint distribution. Opposite to classical methods,
the CRT assumes the conditional distribution of the covariates is known (i.e., PBjC), which lends
itself to settings with ample unlabeled data.

With this general background, we now present the main technical contributions of this paper.

3 Testing Semantic Importance via Betting

Our objective is to test the statistical importance of semantic concepts for the predictions of a fixed,
potentially nonlinear model, while inducing a rank of importance. Fig. 1 depicts the problem setup—a
fixed model, composed of the encoder f and classifier g, is probed via a set of concepts c. This figure
also illustrates the key difference with post-hoc concept bottleneck models (PCBMs) [85], in that we
do not train a sparse linear layer to approximate E[Y j Z]. Instead, we focus on characterizing the
dependence structure between Ŷ and Z. Herein, we will drop the ŷk0 notation and simply write ŷ; Ŷ
because we always consider the output of the model for a particular class individually.

3.1 Formalizing Statistical Importance of Semantic Concepts

We start by defining global semantic importance as marginal dependence between Ŷ and Zj , j 2 [m].
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Figure 1: Overview of the problem setup and our contribution.

De�nition 1 (Global semantic importance). For a conceptj 2 [m],

H G
0;j : Ŷ ?? Z j (1)

is the global semantic independence null hypothesis.

RejectingH G
0;j means that we have observed enough evidence to believe the response of the model

depends on conceptj , i.e. conceptj is globally important over the population. Note that bothŶ and
Z j are �xed functions of the same random variableH , i.e. Ŷ = g(H ) andZ j = hcj ; H i . Then, it is
reasonable to wonder whether there is any point in testingH G

0;j at all—can we obtain two independent

random variables from the same one? For example, letg be a linear classi�er such that̂Y = hw; H i ,
w 2 Rd. Intuition might suggest that ifhw; cj i = 0 thenŶ?? Z j , i.e. if the classi�er is orthogonal to
a concept, then the concept cannot be important. We show in the short lemma below (whose proof
is in Appendix C.1) that this is false, and that, arguably unsurprisingly, statistical independence is
different from orthogonality between vectors, which motivates the need for our testing procedures.

Lemma 1. Let Ŷ = hw; H i , w 2 Rd. If d � 3, thenH G
0;j is true 6() h w; cj i = 0 .

The null hypothesisH G
0;j above precisely de�nes the global importance of a concept, but it ignores the

information contained in the rest of them, and concepts may be correlated. For example, predictions
for class “dog” may be independent of “stick” given “tail” and “paws”, although “stick” is marginally
important. To address this, and inspired by [11], we de�neglobal conditional semantic importance.

De�nition 2 (Global conditional semantic importance). For a conceptj 2 [m], let � j := [ m] n f j g
denote all but thej th concept. Then,

H GC
0;j : Ŷ ?? Z j j Z � j (2)

is the global conditional semantic independence null hypothesis.

Analogous to De�nition 1, rejectingH GC
0;j means that we have accumulated enough evidence to believe

the response of the model depends on conceptj even in the presence of the remaining concepts, i.e.
there is information about̂Y in conceptj that is missing from the rest.

We stress an important distinction between De�nition 2 and PCBMs: the latter approximateE[Y j Z ]
with a sparse linear layer, which isinherently interpretablebecause the regression coef�cients directly
inform on the global conditional independence structure of the predictions, i.e. ifŶ = h�; Z i ,
� 2 Rm then Ŷ?? Z j j Z � j () � j = 0 . In this work, however, we do not assume any
parametrization between the concepts and the labels because we want to provide guarantees on the
original, �xed classi�er g that acts directly on an embeddingh. From this conditional independence
perspective, PCBMs can be interpreted as a (parametric) test of true linear independence (i.e.,
H PCBM

0;j : Y?? Z j j Z � j ) between the concepts and the labels (note thatH PCBM
0;j has thetrue labelY

and not the prediction̂Y ), whereas we study the semantic structure of the predictions of a complex
model, which may have learned spurious, non-linear correlations of these concepts from data.

Akin to the CRT [11], we assume we can sample from the conditional distribution of the concepts,
i.e. PZ j jZ � j . Within the scope of this work,m is small (m � 20) and we will show how to
effectively approximate this distribution with nonparametric methods that do not require prohibitive
computational resources. This is an advantage of testinga fewsemantic concepts compared to input
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features, especially for imaging tasks where the number of pixels is large (& 105) and learning a
conditional generative model (e.g., a diffusion model [67]) may be expensive.

Finally, we de�ne the notion oflocal conditional semantic importance. That is, we are interested
in �nding the most important concepts for the prediction of the model locally on a particular input
x, i.e. ŷ = g(f (x)) . Recently, [10, 71] showed how to deploy ideas of conditional randomization
testing for local explanations of machine learning models. Brie�y, letB; C be random variables
and � (B; C ) a �xed, possibly randomized, real-valued predictor. For an observation(b; c), the

explanation randomization test (XRT) [71] null hypothesis is� (b; c) d= � ( eB; c), eB � PB jC = c. That
is, theobservedvalue ofB does not affect the distribution of the response given theobservedvalue
of C. We now generalize these ideas.
De�nition 3 (Local conditional semantic importance). For a �xed z 2 [� 1; 1]m and anyC � [m],
denoteŶC = g( eHC ) with eHC � PH jZ C = zC . Then, for a conceptj 2 [m] and a subsetS � [m]nf j g,

H LC
0;j;S : ŶS[f j g

d= ŶS (3)

is the local conditional semantic independence null hypothesis.

In words, rejectingH LC
0;j;S means that, given the observed concepts inS, conceptj =2 S affects

the distribution of the response of the model, hence it is important. For this test, we assume we
can sample from the conditional distribution of the embeddings given a subset of concepts (i.e.,
PH jZ C = zC ). This is equivalent to solving an inverse problem stochastically, sincez = hc; hi andc is
not invertible (c 2 Rd� m , m � d). Hence, there are several embeddingsh that could have generated
the observedzC . We will use nonparametric sampling ideas to achieve this, stressing that it suf�ces
to sample the embeddingsH and not an entire input imageX since the classi�erg directly acts
on h and the encoderf is deterministic. Finally, we remark thatH LC

0;j;S differs from the XRT null
hypothesis in that conditioning is performed in the space of semantic concepts instead of the input's.

With these precise notions of semantic importance, we now show how to test for each one of them
with principles of sequential kernelized independence testing (SKIT) [51].

3.2 Testing by Betting

A classical approach to hypothesis testing consists of formulating a null hypothesisH0, collecting
data, and then summarizing evidence by means of ap-value. Under the null, the probability of
observing a smallp-value is small. Thus, for a signi�cance level� 2 (0; 1), we can rejectH0 if
p � � . In this setting, all data is collected �rst, and then processed later (i.e., of�ine).

Alternatively, one can instantiate a game between a bettor and nature [59, 60]. At each turn of the
game, the bettor places a wager againstH0, and then nature reveals the truth. If the bettor wins,
they will increase their wealth, otherwise lose some. More formally, and as is commonly done
[51, 58, 62], we de�ne a wealth processf K t gt 2 N0 with K 0 = 1 andK t = K t � 1 � (1 + vt � t ) where
vt ; � t 2 [� 1; 1] are a betting fraction and the payoff of the bet, respectively. It is now easy to see that
whenvt � t � 0 (i.e., the bettor wins) the wealth increases, and the opposite otherwise. If the payoff
� t guarantees the game isfair, i.e. the bettor cannot accumulate wealth under the null, then we can
use the wealth process to rejectH0 with Type I error control (details in Appendix A). In particular,
for a signi�cance level� 2 (0; 1), we denote� := min f t � 1 : K t � 1=� g therejection timeof H0.

The choice of using sequential testing is motivated by two fundamental properties. First, sequential
tests areadaptiveto the hardness of the problem, sometimes provably [62, Proposition 3]. That is,
the harder it is to reject the null, the longer the test will take, and vice versa. This naturally induces a
rank of importance across concepts—if conceptcj rejects faster thancj 0, thencj is more important
(i.e., it is easier to reject the null hypothesis that the predictions do not depend oncj ). We stress that
this is not always possible by means ofp-values because they do not measure effect sizes: consider
two concepts that reject their respective nulls at the same signi�cance level; one cannot distinguish
which—if any—is more important. As we will show in our experiments, all tests used in this work
are adaptive in practice, but statistical guarantees on their rejection times are currently open questions,
and we consider them as future work. Second, sequential tests aresample-ef�cientbecause they only
analyze the data is needed to reject, which is especially important for conditional randomization
tests. In the of�ine scenario, we would have to resample the entire dataset several times (which is
expensive), but the sequential test would terminate in at most the size of the dataset [24].
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Algorithm 1 Level-� C-SKIT for conceptj

Input: Stream(Ŷ ( t ) ; Z ( t )
j ; Z ( t )

� j ) � PŶ Z j Z � j
.

1: K 0  1
2: Initialize ONS strategy (Algorithm A.1)
3: for t = 1 ; : : : do
4: Compute� t as in Eq. (4)
5: D ( t ) = ( Ŷ ( t ) ; Z ( t )

j ; Z ( t )
� j )

6: SampleeZ ( t )
j � PZ j jZ � j = Z ( t )

� j

7: eD ( t )  (Ŷ ( t ) ; eZ ( t )
j ; Z ( t )

� j )

8: � t  tanh( � t (D ( t ) ) � � t ( eD ( t ) ))
9: K t  K t � 1 � (1 + vt � t )

10: if K t � 1=� then
11: return t
12: end if
13: vt +1  ONS step
14: end for

Algorithm 2 Level-� X-SKIT for conceptj
Input: Observationz, subsetS � [m] n f j g.
1: K 0  1
2: Initialize ONS strategy (Algorithm A.1)
3: for t = 1 ; : : : do
4: Compute� t as in Eq. (5)
5: SampleeH ( t )

S[f j g � PH jZ S [f j g = zS [f j g

6: SampleeH ( t )
S � PH jZ S = zS

7: Ŷ ( t )
S[f j g  g( eH ( t )

S[f j g), Ŷ ( t )
S  g( eH ( t )

S )

8: � t  tanh( � t (Ŷ
( t )

S[f j g) � � t (Ŷ
( t )

S ))
9: K t  K t � 1 � (1 + vt � t )

10: if K t � 1=� then
11: return t
12: end if
13: vt +1  ONS step
14: end for

3.3 Testing Global Semantic Importance with SKIT

Podkopaev et al.[51] show how to design sequential kernelized tests of independence (i.e.,H0 :
A?? B ) by framing them as particular two-sample tests of the formH0 : P = eP, with P = PAB and
eP = PA � PB . Similarly to [58, 62], they propose to leverage a simple yet powerful observation
about thesymmetryof the data underH0 [51, Section 4]. We state here the main result we will use in
this paper (the proof is included in Appendix A.2).

Lemma 2 (See [51, 58, 62]). 8t � 1, let X � P and eX � eP, and let� t : X ! R be any �xed
real-valued function onX . Then,� t = tanh( � t (X ) � � t ( eX )) provides a fair game forH0 : P = eP.

That is, Lemma 2 prescribes how to construct valid payoffs for two-samples tests and, consequently,
tests of independence. We note that the choice oftanh provides� t 2 [� 1; 1], but any arbitrary
anti-symmetric function can be used (e.g.,sign). Furthermore, any �xed function� t is valid but, in
general, this function should have a positive value under the alternative in order for the bettor to
increase their wealth and the testing procedure to have good power.

Going back to the problem studied in this work, note that the global semantic importance null
hypothesisH G

0;j in De�nition 1 can be directly rewritten as a two-sample test, i.e.H G
0;j : Ŷ ?? Z j is

equivalent toH G
0;j : PŶ Z j

= PŶ � PZ j . We follow [51] and use the maximum mean discrepancy
(MMD) [ 29] to measure the distance between the joint and the product of marginals. In particular,
let R Ŷ ; R Z j be two reproducing kernel Hilbert spaces (RKHSs) on the domains ofŶ and Z j ,
respectively (recall that̂Y andZ j are univariate). Then,� SKIT

t is the plug-in estimate of thewitness
functionof MMD(PŶ Z j

; PŶ � PZ j ) at timet.2 We include the SKIT algorithm and technical details

on computing� SKIT
t andkSKIT

t in Appendix B.1.

Computational complexity of SKIT . Analogous to the original presentation in Shekhar and Ramdas
[62], the computational complexity of Algorithm B.1 isO(� 2), where� is the random rejection time.

We now move on to presenting two novel testing procedures: the conditional randomization SKIT
(C-SKIT) for H GC

0;j , and the explanation randomization SKIT (X-SKIT) for H LC
0;j;S .

3.4 Testing Global Conditional Semantic Importance withC-SKIT

Analogous to the discussion in the previous section, we rephrase the global conditional null hypothesis
H GC

0;j in De�nition 2 as a two sample testH GC
0;j : PŶ Z j Z � j

= PŶ eZ j Z � j
; eZ j � PZ j jZ � j . In contrast

with other kernel-based notions of distance between conditional distributions [49, 63, 66]—and akin
to the CRT [11]—we assume we can sample fromPZ j jZ � j , which allows us to directly estimate

2Recall that MMD(PAB ; PA � PB ) is the Hilbert-Schmidt Independence Criterion (HSIC) [28].
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MMD(PŶ Z j Z � j
; PŶ eZ j Z � j

) in our testing procedure (we will expand on how to sample from this

distribution shortly). LetR Ŷ ; R Z j ; R Z � j be three RKHSs on the domains ofŶ ; Zj ; andZ � j (i.e.,
R; R; Rm � 1, wherem is the number of concepts). Then, at timet, theC-SKIT payoff function is

� C-SKIT
t := �̂ ( t � 1)

Ŷ Z j Z � j
� �̂ ( t � 1)

Ŷ eZ j Z � j
; (4)

where�̂ ( t � 1)
Ŷ Z j Z � j

; �̂ ( t � 1)

Ŷ eZ j Z � j
are the mean embeddings of their respective distributions inR Ŷ 
 R Z j 


R Z � j , and
 is the tensor product (see Appendix B.2 for technical details). Algorithm 1 summarizes
the C-SKIT procedure, which provides Type I error control forH GC

0;j , as we brie�y state in the
following proposition (see Appendix C.2 for the proof).

Proposition 1. 8t � 1, let (Ŷ ; Zj ; Z � j ) � PŶ Z j Z � j
and(Ŷ ; eZ j ; Z � j ) � PŶ eZ j Z � j

, eZ j � PZ j jZ � j .

Then,� t := tanh( � C-SKIT
t (Ŷ ; Zj ; Z � j ) � � C-SKIT

t (Ŷ ; eZ j ; Z � j )) provides a fair game forH GC
0;j .

Computational complexity of C-SKIT . First note thatZ � j is an(m � 1)-dimensional vector (where
m is the number of concepts). So, at each step of the test, the evaluation of the kernel associated with
R Z � j requires an additional sum overO(m) terms. Furthermore,C-SKIT needs access to samples
from PZ jZ � j , and we conclude that the computational complexity of Algorithm 1 isO(Tn m� 2),
whereTn represents the cost of the sampler onn samples, and it depends on implementation. For
example, in the following, we will use non-parametric samplers withTn = O(n2). Other choices of
samplers, such as variational-autoencoders, may have constant cost (e.g., they are trained once and
only used for inference).

3.5 Testing Local Conditional Semantic Importance withX-SKIT

Attentive readers will have noticed that the local conditional semantic null hypothesisH LC
0;j;S in

De�nition 3 is already a two-sample test where the test statisticP is the distribution of the response of
the modelwith the observed amount of conceptj (i.e.,ŶS[f j g = g( eHS[f j g)), and the null distribution
eP without (i.e., ŶS = g( eHS )). Herein, we assume we can sample fromeHC � PH jZ C = zC for any
subsetC � [m], i.e. the conditional distribution of dense embeddings with speci�c concepts, which
we will address via nonparametric methods. Then, for an RKHSR Ŷ , theX-SKIT payoff function is

� X-SKIT
t := �̂ ( t � 1)

ŶS [f j g
� �̂ ( t � 1)

ŶS
(5)

with �̂ ( t � 1)
ŶS [f j g

; �̂ ( t � 1)
ŶS

mean embeddings of the distributions inR Ŷ . That is,� X-SKIT
t is the plug-in

estimate of the witness function ofMMD(ŶS[f j g; ŶS )—technical details are in Appendix B.3. Then,
theX-SKIT testing procedure, which is summarized in Algorithm 2, provides Type I error control for
H LC

0;j;S , as the following proposition summarizes (the proof is included in Appendix C.3).

Proposition 2. 8t � 1, � t := tanh( � X-SKIT
t (ŶS[f j g) � � X-SKIT

t (ŶS )) provides a fair game forH LC
0;j;S .

Computational complexity of X-SKIT . Note that Algorithm 2 assumes access to a sampler
PH jZ C = zC , so its computational complexity isO(Tn � 2), where, similarly to above,Tn is the cost
of the sampler. We brie�y remark that, for the nonparametric samplers used in this work,Tn = n2

(compared to�n 2 for C-SKIT) because we only need to estimate one conditional distribution.

So far, we have presented our tests forone concept at a time, but we are interested in testingm � 1
concepts. In this setting, it is well-known that multiple hypothesis testing requires appropriate
corrections to avoid in�ated signi�cance levels. We use a result of Wang and Ramdas[79] and devise
a greedy post-processor that guarantees false discovery rate control [3] (see Appendix A.4).

4 Results

First, we verify that our tests are valid and that they are adaptive to the hardness of their null
hypotheses on two synthetic experiments in Appendix D. Here, we showcase the �exibility and
effectiveness of our framework on zero-short image classi�cation across several VL models on three
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Table 1: Summary of results for each dataset. Metrics are reported as average across all VL models
used in the experiments. See main text for details about the models and the metrics used.

Method Original
model

Imagenette AwA2 CUB

Accuracy Rank agreement Accuracy Rank agreementf 1 Accuracy Rank agreement f 1

SKIT 3
98:99%

0.51
99:50%

0:50 0:65
89:52%

0.82 0.93
C-SKIT 3 0.54 0.46 0.57 - -
X-SKIT 3 0:59 - - - -

PCBM 7 95:85% 0.45 95:11% 0.36 0.53 - - -

(a) Global importance with SKIT. (b) Global conditional importance withC-SKIT.

Figure 2: Importance results with CLIP:ViT-L/14 on 2 classes in the AwA2 dataset. Concepts are
annotated with(p) if they are present in the class, or with(a) otherwise.

real-world datasets: Animal with Attributes 2 (AwA2) [82], CUB-200-2011 (CUB) [77], and the
Imagenette subset of ImageNet [22].3. We compare performance and transferability of the ranks of
importance provided by each method across 8 VL models (see Appendix E for details) and, for all
experiments,f is the image encoder of the model andg is the (linear) zero-shot classi�er constructed
by encoding“A photo of a<CLASS_NAME>” with the text encoder. Herein, we will always use RBF
kernels to compute payoffs, and we repeat each test 100 times on independent draws of� max samples
to estimate each concept'sexpected rejection timeandexpected rejection rateat a signi�cance level of
� = 0 :05with the FDR post-processor described in Appendix A.4. That is, a (normalized) rejection
time of 1 means failing to reject in� max steps. Finally, recall thatC-SKIT andX-SKIT need access
to PZ j jZ � j andPH jZ C = zC , and that these distributions are not known in general. Sincem is small,
we use nonparametric methods to estimate them (see Appendix E.1).

Table 1 summarizes the results of all experiments, which we now present and discuss individually.

4.1 AwA2 Dataset

Given the presence of global (i.e., class-level) annotations, we useSKIT andC-SKIT to test the
global (and global conditional) semantic importance structure of the predictions for the top-10 best
classi�ed animal categories across all models (we describe the dataset, the concepts used, and the
hyperparameters of the tests in Appendix E.2). We classify the top-10 concepts reported by each
method as important, and we compute thef 1 score with the ground-truth annotations. We brie�y
remark that this choice is informed by the fact that most concepts have rejection rates larger than
the signi�cance level of� . When comparing with PCBM—since we use different concepts for each
class—we train 100 independent linear models for each class, and we rank concepts based on their
average absolute weights (instead of signed ones) because the null hypotheses presented in this
work are two-sided, i.e. a concept is important both if it increases the prediction for a class or if it
decreases it. Table 1 shows that bothSKIT andC-SKIT outperform PCBM across all three metrics,
with SKIT providing the best average rank agreement across different models and importancef 1
score (0.50 and 0.65, respectively). The fact that ranks provided by our tests have higher average
agreement compared to PCBM suggests that VL models may share a similar semantic independence
structure notwithstanding their embedding size or training strategy, i.e. semantic importance may be
transferableacross models (all individual pairwise agreements are included in Fig. E.4).

Finally, Fig. 2 shows ranks of importance with CLIP:ViT-L/14 on 2 animal categories (see Figs. E.5
and E.6 for all classes). In general, concepts are globally important (rejection rates are greater than� ),

3Code to reproduce all experiments is available athttps://github.com/Sulam-Group/IBYDMT .
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Figure 3: Importance results withX-SKIT and CLIP:ViT-L/14 on 4 images in the CUB dataset.
Concepts with(p) are present in the image according to human annotations, and(a) otherwise.

and it is harder to reject the global conditional null hypothesis (rejection rates are lower and rejection
times larger), naturally re�ecting the fact that conditional independence is a stronger condition.

4.2 CUB Dataset

This dataset (differently from AwA2) provides per-image annotations of semantic attributes. So, we
useX-SKIT to test the semantic importance structure of VL models locally on particular images
and validate its performance against such annotations (we include details about this experiment and
extended results in Appendix E.3). The purpose of this experiment is to validate the performance of
X-SKIT, hence we use the ground-truth binary semantic annotations as an oracle instead of predicting
the presence of concepts. In practical scenarios where ground-truth is not available, one could—as
done by previous works [12]—use LLMs to answer binary questions (e.g., “Does this bird have an
orange bill? Yes/No”). Furthermore, note that for each conceptj 2 [m] there are exponentially
many tests with null hypothesisH LC

0;j;S —one for each subsetS � [m] n f j g—which are intractable
to compute. Thus, we report average results over 100 tests with random subsets with �xed sizes.

Fig. 3 depicts prototypical results with CLIP:ViT-L/14 (Fig. E.9 includes results for all models
on the same images). After runningX-SKIT, we classify concepts as important by thresholding
their rejection rates at level� —which is a statistically-valid way of selecting important concepts.
Results are included in Table 1, and we conclude thatX-SKIT provides ranks of importance that are
well-aligned both across models (0:82 rank agreement) and with ground-truth annotations (f 1 score
of 0:93). We remark thatX-SKIT is the �rst method to provide local semantic explanations, hence
why we cannot compare with alternatives.

4.3 Imagenette Dataset

Lastly, we use bothSKIT, C-SKIT, andX-SKIT on the Imagenette subset of ImageNet [22]—which
does not provide ground-truth semantic annotations to evaluate performance with. So, we use SpLiCe
[6] to select which concepts to test (see Appendix E.4 for details), but we stress that any user-de�ned
set of concepts would be valid—a unique feature of our proposed framework.

Figs. 4a and 4b showSKIT and C-SKIT results with CLIP:ViT-L/14 on 2 classes in the dataset
(Fig. E.11 includes all classes). We use SpLiCe to encode the entire dataset and test the top-20
concepts. Analogous to the experiment on AwA2, we can see that rejection rates are lower for
C-SKIT (i.e., conditional dependence) compared toSKIT (i.e., marginal dependence). We evaluate
rank agreement across all models and compare with PCBM in Table 1. These results con�rm that not
only are the ranks produced by our tests more transferable across models (rank agreement of0:51 for
SKIT, 0:54or C-SKIT, 0:59 for X-SKIT, and0:45 for PCBM), but also they retain the performance
of the original classi�er (98:99%for our methods vs95:55%for PCBM). We refer interested readers
to Fig. E.12 for all pairwise comparisons. Furthermore, we qualitatively study the stability of our tests
as a function of� max in Fig. E.13. This is important because� max represents the sample complexity
of the tests. Our �ndings indicate that important concepts tend to exhibit greater stability in their
ranks compared to less important ones, with SKIT showing overall more stability thanC-SKIT.

To conclude, Fig. 4c showsX-SKIT results with CLIP:ViT-L/14 on three random images from the
dataset (see Figs. E.15 and E.16 for all models and more images). We use SpLiCe to encode each
image and obtain its top-10 concepts, and then add the bottom-4 according to PCBM, for a total of 14
attributes per image. The choice of combining concepts both from SpLiCe and PCBM will highlight
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(a) Global importance with SKIT. (b) Global conditional importance withC-SKIT.

(c) Local importance withX-SKIT. The bottom-4 concepts according to PCBM are annotated with(*) .

Figure 4: Results with CLIP:ViT-L/14 on Imagenette.

the differences between these methods and our notion of local statistical importance, as we will
shortly expand on. Recall that we use nonparametric samplers to approximatePH jZ C = zC , so the cost
of using image-speci�c concepts boils down to projecting the feature embeddings with a different
matrix c, which is negligible compared to running the tests. We note that parametric generative
models—such as variational autoencoders or diffusion models—would have required retraining for
each set of concepts, which is expensive. Overall, we �nd that ranks are well-aligned across models
(0.71 rank agreement, see Table 1). We can appreciate how the bottom-4 concepts from PCBM,
which are annotated with an asterisk, are not always last, i.e. a concept may be locally important
even if it is not globally important. For example, concept “�shing” may not be globally important
for class “English springer”, but it is locally important for an image of a dog in water. Conversely, a
concept having a high weight according to SpLiCe does not imply it will be statistically important for
the predictions of the model, and these distinctions are important in order to communicate �ndings
transparently.

5 Conclusions

There exist an increasing interest in explaining modern, unintelligible predictors and, in particular,
doing so with inherently interpretable concepts that convey speci�c meaning to users. This work
is the �rst to formalize precise statistical notions of semantic importance in terms of global (i.e.,
over a population) and local (i.e., on a sample) conditional hypothesis testing. We propose novel,
valid tests for each notion of importance while providing a rank of importance by deploying ideas of
sequential testing. Importantly, by approaching importance via conditional independence (and by
developing appropriate valid tests), we are able to provide Type I error and FDR control, a feature
that is unique to our framework compared to existing alternatives. Furthermore, our tests allow to
explain the original—potentially nonlinear—classi�er that would be used in the wild, as opposed to
training surrogate linear models as has been the standard so far.

Naturally, our work has limitations. First and foremost, the procedures introduced in this work
require access to samplers, and there might be settings were learning these models is hard; we used
nonparametric estimators in our experiments, but modern generative models could be employed, too.
Second, kernel-based tests rely on the assumption that the kernels used are characteristic for the
space of distributions considered. Although these assumptions are usually satis�ed inRd for RBF
kernels, there may exist data modalities where this is not true (e.g., discrete data, graphs), which
would compromise the power of the test. Finally, although we grant full �exibility to users to specify
the concepts they care about, there is no guarantee that these are well-represented in the feature space
of the model, nor that they are the most informative ones for a speci�c task. All these points are a
matter of ongoing and future work.
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A Testing by Betting

In this appendix, we include additional background information on testing by betting that was omitted
from the main text for the sake of conciseness of presentation. Recall that the wealth process
f K t gt 2 N0 with N0 := N [ f 0g is de�ned as

K 0 = 1 and K t = K t � 1 � (1 + vt � t ) (6)

wherevt 2 [� 1; 1] is the betting fraction and� t 2 [� 1; 1] the payoff of the bet.

A.1 Test Martingales

We start by introducing the de�nition of atest martingale(see, for example, Shaer et al. [58]).

De�nition A.1 (Test martingale). A nonnegative stochastic processf St gt 2 N0 is a test martingale if
S0 = 1 and, under a null hypothesisH0, it is a supermartingale, i.e.

EH 0 [St j F t � 1] � St � 1; (7)

whereF t � 1 is the �ltration (i.e., the smallest� -algebra) of all previous observations.

In the following, we will use Ville's inequality, which we include for the sake of completeness.

Lemma A.1 (Ville's inequality [75]). If the stochastic processf St gt 2 N0 is a nonnegative super-
martingale,

P[9t � 0 : St � � ] � E[S0]=�; 8� > 0: (8)

With this, we state a condition under which we can use the wealth process to reject a null hypothesis
H0 with Type I error control.

Lemma A.2 (See Shaer et al. [58], Shekhar and Ramdas [62]). If

EH 0 [� t j F t � 1] = 0 ; (9)

whereF t � 1 denotes the �ltration (i.e., the smallest� -algebra) of all previous observations, then the
wealth processf K t gt 2 N0 describes a fair game and

PH 0 [9t � 1 : K t � 1=� ] � �: (10)

Proof. It suf�ces to show that ifEH 0 [� t j F t � 1] = 0 , then the wealth processf K t gt 2 N0 is a test
martingale:

1. K 0 = 1 by de�nition, and

2. It is immediate to see that the wealth process is nonnegative becausevt � t 2 [� 1; 1] and the
bettor never risks more than their current wealth, i.e. they will never go into debt. Finally,

3. If EH 0 [� t j F t � 1] = 0 , then

EH 0 [K t j F t � 1] = EH 0 [K t � 1 � (1 + vt � t ) j F t � 1] (11)
= K t � 1 � EH 0 [1 + vt � t j F t � 1] (K t � 1 j F t � 1 is constant) (12)
� K t � 1 � (1 + EH 0 [� t j F t � 1]) (vt � 1) (13)
= K t � 1; (14)

and the wealth process is a supermartingale under the null.

Then, by Ville's inequality, we conclude that for any signi�cance level� 2 (0; 1)

PH 0 [9t � 1 : K t � 1=� ] � � E[K 0] = � (15)

which is the statement of the lemma.
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A.2 Symmetry-based Two-sample Sequential Testing

In this section, we show how to leverage symmetry to construct valid sequential tests for a two-sample
null hypothesis of the form

H0 : P = eP : (16)

Lemma A.3 (See [51, 58, 62]). 8t � 1, let X � P and eX � eP be two random variables sampled
from P and eP, respectively. IfP = eP, it holds that for any �xed function� t : X ! R

� t (X ) � � t ( eX ) d= � t ( eX ) � � t (X ); (17)

that is
p0(� t (X ) � � t ( eX )) = p0(� t ( eX ) � � t (X )) ; (18)

wherep0 is the probability density function induced byH0.

Proof. The proof is straightforward. IfP = eP, thenX and eX are exchangeable by assumption.

Proof of Lemma 2

Recall the lemma states that for any �xed function� t : X ! R, the payoff

� t = tanh( � t (X ) � � t ( eX )) (19)

provides a fair game (i.e., it satis�es Lemma A.2) for a two-sample test with null hypothesis
H0 : P = eP. We use Lemma A.3 above to prove a stronger result that implies the desired claim.

Lemma A.4 (See [51, 58, 62]). For anyt � 1, and any �xed anti-symmetric function� : R ! R, it
holds that

EH 0 [� (� t (X ) � � t ( eX )) j F t � 1] = 0 : (20)

Proof. We can see that

EH 0 [� (� t (X ) � � t ( eX )) j F t � 1] = EH 0 [� (� t (X ) � � t ( eX ))] (� t ; � are �xed) (21)

=
Z

R
� (u)p0(u) du (change of variables) (22)

=
Z

R+

(� (u) + � (� u))p0(u) du (by Lemma A.3) (23)

=
Z

R+

(� (u) � � (u))p0(u) du (� is anti-symmetric) (24)

= 0 ; (25)

which concludes the proof.

Proof of Lemma 2.Note thattanh is an anti-symmetric function, so Lemma A.4 holds. Then,
Lemma A.2 implies that� t = tanh( � t (X ) � � t ( eX )) provides a test martingale forH0 : P = eP.

A.3 Betting Strategies

So far, we have discussed how to construct valid test martingales in terms of the payoff� t . Then, it
remains to de�ne a strategy to choose the betting fractionvt . In general, any method that picksvt
beforedata is revealed maintains validity of the test, and we brie�y summarize a few alternatives.

Constant betting fraction. Naturally, a �xed betting fractionvt = v is valid. However, this strategy
may be prone toovershooting, i.e. the wealth may go to zero almost surely under the alternative, and
severely impact the power of the test [51, Example 2].

Mixture method [ 17, 58]. A possible way to overcome the limitations of setting a �xed betting
fraction is to average across a distribution, i.e.

K t =
Z

V
K (v)

t p(v) dv; (26)

17



whereK (v)
t is the wealth with constant betting fractionvt = v, andp(v) is a prior over the choice

of fractions (e.g., uniform over[� 1; 1]). This choice is valid, and motivated by the intuition that
the mixture martingale will be driven by the term that achieves the optimal betting fraction [58,
Theorem 1].

Online Newton step (ONS) [19]. Alternatively, one can frame choosing the betting fraction as an
online optimization problem that �nds the optimalvt in terms of the regret of the strategy. We refer
interested readers to [19, 58, 62] for a theoretical analysis of this strategy and simply state here the
wealth's growth rate. Algorithm A.1 summarizes this strategy.
Lemma A.5 (See Shekhar and Ramdas[62]). For any sequencef vt 2 [� 1; 1] : t � 1g, it holds that

logK t �
1
8t

 
tX

t 0=1

vt 0

! 2

� log t: (27)

Algorithm A.1 ONS Betting Strategy
Input: Sequence of payoffsf � t gt � 1

1: a0  1
2: v1  0
3: for t � 1 do
4: zt  � t =(1 + vt � t )
5: at  at � 1 + z2

t
6: vt +1  max(0; min(1; at + 2=(2 � log(3)) � zt =at ))
7: end for

A.4 Controlling False Discovery Rate

Finally, we brie�y present one way to provide false discovery rate (FDR) control when testing multiple
hypotheses with sequential tests. Givenm null hypothesesH (1)

0 ; : : : ; H (m )
0 , denotee(1) ; : : : ; e(m )

their respectivee-values [60, 76] and letE : [0; 1 ]m ! 2[m ] be ane-testing procedure such that
eS = E(e(1) ; : : : ; e(m ) ) is the set of rejected null hypotheses. Then, FDR is the expected proportion
of false discoveries to the number of total �ndings, i.e.

FDR := E

"
j eS \ S0j

j eSj

#

; (28)

whereS0 := f j 2 [m] : H ( j )
0 is trueg is the set of true null hypotheses (i.e., the ones that should not

be rejected). Following [8, 79], we say thatE is self-consistent at level� if every rejectede-value
satis�ese( j ) � m=� j eSj, and we now state the lemma we use to construct our FDR post-processor in
Algorithm A.2.
Lemma A.6 (See Wang and Ramdas[79]). Any self-consistente-testing procedure at level� controls
FDR at level� for arbitrary con�gurations ofe-values.

Algorithm A.2 Level-� greedy FDR post-processor.

Input: Wealth processesf K (1)
t g; : : : ; f K (m )

t g, t 2 N0.

1: eS  ;
2: for s = 1 ; : : : ; m do
3: j 0; � 0  arg min

j 2 [m ]n eS; � 2 [0;1 ]

� s.t. K ( j )
� � m=�s

4: if � 0 = 1 then
5: return eS
6: end if
7: eS  eS [ f j 0g
8: end for
9: return eS
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Recall that the optional stopping theorem implies that for a test martingalef K t gt 2 N0 , the wealthK t
is ane-value for anyt � 1. Then, intuitively, Algorithm A.2 transforms ane-testing procedureE
into a self-consistent one by greedily rejecting concepts as soon as they cross the adjusted threshold
m=� j eSj. Note that we do not know the number of rejectionsa priori, and thatm=� j eSj is a decreasing
function of j eSj. Hence, the adjusted threshold for the �rst concept will bem=� (which matches
the common Bonferroni correction [9]), m=2� for the second one, thenm=3� , and so on and so
forth. The procedure stops when no more concepts reach the threshold, and concepts are sorted
by their adjusted rejection times. We remark that Algorithm A.2 runs inO(m) time, and that it
does not change the individual testing procedures—which is important because concepts are tested
concurrently in practice.

B Technical Details on Payoff Functions

In this appendix, we include technical details on how to compute the payoff functions of all tests
presented in this paper. We start with a brief overview of the maximum mean discrepancy (MMD)
[29], and we refer interested readers to [1, 4, 61, 68] for rigorous introductions to the theory of
reproducing kernel Hilbert spaces (RKHSs) and their applications to probability and statistics.

De�nition B.1 (Mean embedding (see Gretton et al.[29])). Let P be a probability distribution onX
andR an RKHS on the same domain. The mean embedding ofP in R is the element� P 2 R with

8� 2 R ; EP [� (X )] = h� P ; � i R : (29)

Furthermore, givenX (1) ; : : : ; X (n ) sampled i.i.d. fromP, the plug-in estimatê� (n )
P is

�̂ (n )
P :=

1
n

nX

i =1

' (X ( i ) ); (30)

where' is the canonical feature map, i.e.' (X ) = k(X; �), andk is the kernel associated withR.

We now de�ne the MMD between two probability distributionsP; Q and show that it can be rewritten
in terms of their mean embeddings.

De�nition B.2 (Integral probability metric (see Müller[45])). Let P; Q be two probability distribu-
tions overX . Furthermore, denoteG = f g : X ! Rg a hypothesis class of real-valued functions
overX . Then,

DG(P; Q) := sup
g2G

jEP [g(X )] � EQ [g(X )]j (31)

is the distance betweenP andQ induced byG, and the functiong� that achieves the supremum is
calledwitness function.

The MMD is de�ned asDB(R ) (P; Q), whereB(R) is the unit ball ofR , i.e.

B(R) := f � 2 R : k� kR � 1g: (32)

De�nition B.3 (Maximum mean discrepancy (see Gretton et al.[29])). ForP; Q de�ned as above,
let R be an RKHS on their domain. Then,

MMD(P; Q) := sup
� 2B (R )

EP [� (X )] � EQ [� (X )]: (33)

We note that we drop the absolute value because if� 2 B(R), then� � 2 B(R) also. From the
de�nition of mean embedding, it follows that

MMD(P; Q) = sup
� 2B (R )

h� P ; � i R � h � Q ; � i R (34)

= sup
� 2B (R )

h� P � � Q ; � i (35)

= k� P � � Q kR ; (36)

and its witness function satis�es
� � / � P � � Q : (37)
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Algorithm B.1 Level-� SKIT for the global importance of conceptj

Input: Stream(Ŷ ( t ) ; Z ( t )
j ) � PŶ Z j

.

1: K 0  1
2: Initialize ONS strategy as in Algorithm A.1.
3: for t = 1 ; : : : do
4: Compute� t as in Eq. (47)
5: ObserveD (2 t � 1) = ( Ŷ (2 t � 1) ; Z (2 t � 1)

j ) and D (2 t ) = ( Ŷ (2 t ) ; Z (2 t )
j )

6: eD (2 t � 1)  (Ŷ (2 t � 1) ; Z (2 t )
j ) and eD (2 t )  (Ŷ (2 t ) ; Z (2 t � 1)

j )
7: Compute� t as in Eq. (48)
8: K t  K t � 1 � (1 + vt � t )
9: if K t � 1=� then

10: return t
11: end if
12: vt +1  ONS step
13: end for

B.1 Computing � SKIT
t and � SKIT

t

Recall that� SKIT
t is the estimate of the witness function of MMD(PŶ Z j

; PŶ � PZ j ) at timet, i.e.

� SKIT
t = �̂ (2( t � 1))

Ŷ Z j
� �̂ (2( t � 1))

Ŷ

 �̂ (2( t � 1))

Z j
; (38)

where

�̂ (2( t � 1))
Ŷ Z j

=
1

2(t � 1)

2( t � 1)X

t 0=0

(' Ŷ (Ŷ ( t 0) ) 
 ' Z j (Z ( t 0)
j )) ; (39)

�̂ (2( t � 1))
Ŷ

=
1

t � 1

2( t � 1)X

t 0=0

' Ŷ (Ŷ ( t 0) ); �̂ (2( t � 1))
Z j

=
1

t � 1

2( t � 1)X

t 0=0

' Z j (Z ( t 0)
j ); (40)

and' Ŷ ; ' Z j are the canonical feature maps associated withR Ŷ andR Z j , respectively. We remark
that� SKIT

t is an operator, and, for a sample(ŷ; zj ), its value� SKIT
t (ŷ; zj ) can be computed as

� SKIT
t (ŷ; zj ) = ( �̂ (2( t � 1))

Ŷ Z j
� �̂ (2( t � 1))

Ŷ

 �̂ (2( t � 1))

Z j
)( ŷ; zj ) (41)

= �̂ (2( t � 1))
Ŷ Z j

(ŷ; zj ) � (�̂ (2( t � 1))
Ŷ


 �̂ (2( t � 1))
Z j

)( ŷ; zj ) (42)

with

�̂ (2( t � 1))
Ŷ Z j

(ŷ; zj ) =
1

2(t � 1)

2( t � 1)X

t 0=0

kŶ (Ŷ ( t 0) ; ŷ)kZ j (Z ( t 0)
j ; zj ) (43)

(�̂ (2( t � 1))
Ŷ


 �̂ (2( t � 1))
Z j

)( ŷ; zj ) =
1

2(t � 1)

2

4
2( t � 1)X

t 0=0

kŶ (Ŷ ( t 0) ; ŷ) �
2( t � 1)X

t 0=0

kZ j (Z ( t 0)
j ; zj )

3

5 ; (44)

wherekŶ ; kZ j are the kernels associated withR Ŷ andR Z j , respectively.

Furthermore, note that, in practice, we only have access to samples from the test distributionPŶ Z j

(i.e., the joint) and we swap elements of two consecutive samples to simulate data from the null
distributionPŶ � PZ j . More formally, let

D (2 t ) = ( Ŷ (2 t ) ; Z (2 t )
j ) � PŶ Z j

; D (2 t � 1) = ( Ŷ (2 t � 1) ; Z (2 t � 1)
j ) � PŶ Z j

(45)

such that

eD (2 t ) = ( Ŷ (2 t ) ; Z (2 t � 1)
j ); eD (2 t � 1) = ( Ŷ (2 t � 1) ; Z (2 t )

j ): (46)
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Then,
� SKIT

t := �̂ (2( t � 1))
Ŷ Z j

� �̂ (2( t � 1))
Ŷ


 �̂ (2( t � 1))
Z j

(47)

where�̂ Ŷ Z j
; �̂ Ŷ ; �̂ Zj are themean embeddingsof PŶ Z j

; PŶ ; PZ j in R Ŷ 
 R Z j , R Ŷ , andR Z j ,

respectively, and
 is the tensor product as in Gretton et al.[29]. We remark that� SKIT
t is a real-valued

operator, i.e.� SKIT
t : R � R ! R, and that we use data up tot � 1 to compute� t in order to maintain

validity of the test, i.e.� t is �xed conditionally on previous observations.

Following Lemma 2, we conclude

� SKIT
t := tanh

�
� SKIT

t (D (2 t � 1) ) + � SKIT
t (D (2 t ) ) � � SKIT

t ( eD (2 t � 1) ) � � SKIT
t ( eD (2 t ) )

�
(48)

and Algorithm B.1 summarizes the SKIT procedure for the global semantic importance null hypothesis
H G

0;j in De�nition 1.

B.2 Computing � C-SKIT
t and � C-SKIT

t

Recall that� C-SKIT
t is the estimate of the witness function ofMMD(PŶ Z j Z � j

; PŶ eZ j Z � j
) with eZ j �

PZ j jZ � j at timet, i.e.

� C-SKIT
t = �̂ ( t � 1)

Ŷ Z j Z � j
� �̂ ( t � 1)

Ŷ eZ j Z � j
; (49)

where

�̂ ( t � 1)
Ŷ Z j Z � j

=
1

t � 1

t � 1X

t 0=0

�
' Ŷ (Ŷ ( t 0) ) 
 ' Z j (Z ( t 0)

j ) 
 ' Z � j (Z ( t 0)
� j )

�
(50)

�̂ ( t � 1)

Ŷ eZ j Z � j
=

1
t � 1

t � 1X

t 0=0

�
' Ŷ (Ŷ ( t 0) ) 
 ' Z j ( eZ ( t 0)

j ) 
 ' Z � j (Z ( t 0)
� j )

�
(51)

and' Ŷ ; ' Z j ; ' Z � j are the canonical feature maps associated with their respective RKHSs. We
remark that� C-SKIT

t is de�ned as an operator, and, for a triplet(ŷ; zj ; z� j ) its value can be computed
as

� C-SKIT
t (ŷ; zj ; z� j ) = ( �̂ ( t � 1)

Ŷ Z j Z � j
� �̂ ( t � 1)

Ŷ eZ j Z � j
)( ŷ; zj ; z� j ) (52)

= �̂ ( t � 1)
Ŷ Z j Z � j

(ŷ; zj ; z� j ) � �̂ ( t � 1)

Ŷ eZ j Z � j
(ŷ; zj ; z� j ) (53)

with

�̂ ( t � 1)
Ŷ Z j Z � j

(ŷ; zj ; z� j ) =
1

t � 1

t � 1X

t 0=0

kŶ (Ŷ ( t 0) ; y)kZ j (Z ( t 0)
j ; zj )kZ � j (Z ( t 0)

� j ; z� j ) (54)

�̂ ( t � 1)

Ŷ eZ j Z � j
(ŷ; zj ; z� j ) =

1
t � 1

t � 1X

t 0=0

kŶ (Ŷ ( t 0) ; y)kZ j ( eZ ( t 0)
j ; zj )kZ � j (Z ( t 0)

� j ; z� j ) (55)

wherekŶ ; kZ j ; kZ � j are the kernels associated withR Ŷ ; R Z j ; andR Z � j , respectively.

Following Lemma 2, we conclude

� C-SKIT
t := tanh( � C-SKIT

t (Ŷ ; Zj ; Z � j ) � � C-SKIT
t (Ŷ ; eZ j ; Z � j )) : (56)

B.3 Computing � X-SKIT
t and � X-SKIT

t

Recall that, for a particular samplez, a conceptj 2 [m], and a subsetS � [m] n f j g that does not
containj , � X-SKIT

t is the estimate—at timet—of the witness function ofMMD(ŶS[f j g; ŶS ) with
ŶC = g( eHC ); eHC � PH jZ C = zC , i.e.

� X-SKIT
t = �̂ ( t � 1)

ŶS [f j g
� �̂ ( t � 1)

ŶS
; (57)
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where

�̂ ( t � 1)
ŶS [f j g

=
1

t � 1

t � 1X

t 0=0

' Ŷ (Ŷ ( t 0)
S[f j g); �̂ ( t � 1)

ŶS
=

1
t � 1

t � 1X

t 0=0

' Ŷ (Ŷ ( t 0)
S ); (58)

and' Ŷ is the canonical feature map ofR Ŷ . Then, for a prediction̂y, the value of� X-SKIT
t is

� X-SKIT
t (ŷ) = ( �̂ ( t � 1)

ŶS [f j g
� �̂ ( t � 1)

ŶS
)( ŷ) (59)

= �̂ ( t � 1)
ŶS [f j g

(ŷ) � �̂ ( t � 1)
ŶS

(ŷ) (60)

=
1

t � 1

"
t � 1X

t 0=0

kŶ (Ŷ ( t 0)
S[f j g; ŷ) �

t � 1X

t 0=0

kŶ (Ŷ ( t 0)
S ; ŷ)

#

; (61)

wherekŶ is the kernel associated withR Ŷ .

To conclude, applying Lemma 2 implies

� X-SKIT
t := tanh( � X-SKIT

t (ŶS[f j g) � � X-SKIT
t (ŶS )) : (62)

C Proofs

In this appendix, we include the proofs of the results presented in this paper.

C.1 Proof of Lemma 1

Recall thatc 2 Rd� m is a dictionary ofm concepts such thatcj , j 2 [m] is the vector representation
of thej th concept. Then,Z = hc; H i is the vector where—after appropriate normalization—Z j 2
[� 1; 1] represents the amount of conceptj in h.

We want to show that if̂Y = hw; H i , w 2 Rd, andd � 3, then

Ŷ?? Z j 6() h w; cj i = 0 : (63)

That is,w being orthogonal tocj does not provide any information about the statistical dependence
betweenŶ andZ j , and vice versa.

Proof. Herein, for the sake of simplicity, we will drop thecj notation and consider a single concept
c. Furthermore, we will assume that all vectors are normalized, i.e.kwk = khk = kck = 1 . Note
that the Eq. (63) above can directly be rewritten as

hw; H i??h c; H i 6() h w; ci = 0 : (64)

( 6(= ) We show there exist random vectorsH such thathw; ci = 0 buthw; H i 6?? hc; H i .

Let H � U (Sd), i.e. H = [ H1; : : : ; Hd] is sampled uniformly over the sphere ind
dimensions. It is easy to see that8j 2 [d], H j = hej ; H i , whereej is thej th element of

the standard basis. Furthermore, it holds thatH j =
q

1 �
P

j 06= j H 2
j 0 by de�nition. We

conclude that8(j; j 0), let w = ej andc = ej 0, thenhw; ci = 0 buthw; H i 6?? hc; H i . That
is, the fact thatej andej 0 are orthogonal does not mean that their respective projections of
H are statistically independent.

( 6=) ) We show how to construct a random vectorH such thathw; H i??h c; H i buthw; ci 6= 0 .

DenoteH � := f h 2 Sd : hc; hi = �; � 6= 0g the linear subspace of unit vectors inRd

with the same nonzero inner product withc. Each vectorh 2 H � can be decomposed into a
parallel and an orthogonal component toc, i.e. 8h 2 H � , h = hc + h? = �c + h? , where
the last equality follows by de�nition ofH � .
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ConsiderH � andH � � , it follows that forw; h+ 2 H � andh� 2 H � �

hw; h+ i = hw; h� i () h �c + w? ; �c + h+
? i = h�c + w? ; � �c + h�

? i (65)

() � 2 + hw? ; h+
? i = � � 2 + hw? ; h�

? i (66)

() h w? ; h+
? � h�

? i = � 2� 2 (67)

() h w? ; � i = � 2� 2: (� := h+
? � h�

? ) (68)

DenoteS = f (h+ ; h� ) : hw? ; � i = � 2� 2g the set of pairs of vector that satisfy Eq. (68),
and note that for each pair(h+ ; h� ) there exists a value� such thathw; h+ i = hw; h� i = � .
Then, sampling fromS is equivalent to sampling from the set of pairs of vectors inH � and
H � � that attain the same correlation withw.

Note that whend = 2 , h+
? ; h�

? 2 f� w? g by construction, hence� 2 f 0; � 2w? g and
hw? ; � i 2 f 0; � 2(1 � � 2)g. Then,S = ; because there are no pairs of vectors such that
hw? ; � i = � 2� 2. Ford � 3, S is nonempty as long as� �

p
1=2.

Then, we can constructH as follows:

– Sample the component parallel toc, i.e. H c � U (� �c ),

– Sample the component orthogonal toc, i.e. (H +
? ; H �

? ) � U (S),

and note that by doing so, we have sampledhc; H i andhw; H i independently. Finally

H =
�

H c + H +
? if H c = �c

H c + H �
? if H c = � �c

(69)

hashw; H i??h c; H i by construction, but, sincew 2 H � , hw; ci = � 6= 0 .

This concludes the proof of the lemma.

C.2 Proof of Proposition 1

Recall that Proposition 1 states that the payoff function

� C-SKIT
t = tanh( � C-SKIT

t (Ŷ ; Zj ; Z � j ) � � C-SKIT
t (Ŷ ; eZ j ; Z � j )) (70)

provides a fair game for the global conditional semantic importance null hypothesisH GC
0;j in De�ni-

tion 2. That is, the wealth process provides Type I error control.

Proof. Note thatH GC
0;j can be directly rewritten as

H GC
0;j : PŶ Z j Z � j

= PŶ eZ j Z � j
(71)

where eZ j � PZ j jZ � j . Then, under the null, the triplets(Ŷ ; Zj ; Z � j ) and(Ŷ ; eZ j ; Z � j ) are exchange-
able by assumption, and the result follows from Lemma 2.

C.3 Proof of Proposition 2

Recall that Proposition 2 claims that a wealth process with

� X-SKIT
t = tanh( � X-SKIT

t (ŶS[f j g) � � X-SKIT
t (ŶS )) (72)

can be used to reject the local conditional semantic importanceH LC
0;j;S in De�nition 3 with Type I

error control, i.e. the game is fair.

Proof. It is easy to see thatH LC
0;j;S is already written as a two-sample test. Then, under this null,

ŶS[f j g andŶS are exchangeable by assumption, and Lemma 2 implies the statement of the proposi-
tion.

23



Z1 Z2 Z3

Y

Figure D.1: Pictorial representation of the data-generating process for the synthetic dataset.

D Synthetic Experiments

In this section, we showcase the main properties of our tests on two synthetic datasets.

D.1 Gaussian Data

We start by illustrating all sequential tests presented in this work are valid, and that they adapt to the
hardness of the problem, i.e. the weaker the dependence structure, the longer their rejection times.
We devise a synthetic dataset with a nonlinear response such that all distributions are known and we
can sample from the exact conditional distribution.

The data-generating process we consider is de�ned as

Z1 � N (� 1; � 2
1) � 1 = 1 ; � 1 = 1 (73)

Z2 � N (� 2; � 2
2) � 2 = � 1; � 2 = 1 (74)

Z3 j Z1 � N (Z1; � 2
3) � 3 = 1 (75)

and
Y j Z � S(� 1Z1 + � 2Z2Z3 + � 3Z3) + �; (76)

whereS is the sigmoid function,� � N (0; � 2
0); � 0 = 0 :01 is independent Gaussian noise, and� i ,

i = 1 ; 2; 3 are coef�cients that will allow us to test different conditions. Then, it follows that

g(z) = E[Y j Z = z] = S(� 1z1 + � 2z2z3 + � 3z3) (77)

and

Z1 j Z3 � N

 
� 2

1

� 2
1 + � 2

3
Z3 +

� 2
3

� 2
1 + � 2

3
� 1;

�
1
� 2

1
+

1
� 2

3

� � 1
!

: (78)

Fig. D.1 depicts the data-generating process. We remark that, for this experiment, we assume there
exists a known parametric relation between the responseY and theconceptsZ . This is only to verify
our tests retrieve the ground-truth structure, and our contributions do not rely on this assumption.
With this data-generating process, it holds that:

1. If � 2 = 0 thenY?? Z2,

2. If � 1 = 0 thenY?? Z1 j Z � 1, and

3. For an observationZ = z, if z3 = 0 theng( eZ f 2;3g) d= g( eZ3) with eZC � PZ jZ C = zC .

We test each condition with SKIT,C-SKIT, andX-SKIT, respectively. We use both a linear and
RBF kernel with bandwidth set to the median pairwise distance between all previous observations
(commonly referred to as themedian heuristic[27]). For each test, we estimate therejection rate(i.e.,
how often a test rejects), and theexpected rejection time(i.e., how many steps of the test it takes to
reject) over 100 draws of� max = 1000 samples, and with a signi�cance level� = 0 :05. We remark
that a normalized rejection time of 1 means failing to reject in� max steps.

D.1.1 Global Importance with SKIT

First, we test that
� 2 = 0 = ) Y?? Z2 (79)
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(a) (b)

Figure D.2: Global importance results forH0 : Y?? Z2 with SKIT. (a) Marginal distributions ofY
andZ2 for � 2 = 1 and0, respectively. The red dashed line is the linear regression between the two
variables, and, as expected, the slope is� 0 for � 2 = 0 . (b) Mean rejection rate and mean rejection
time for SKIT with a linear and RBF kernel, as a function of� 2.

(a) (b)

Figure D.3: Global conditional importance results forH0 : Y?? Z1 j Z � 1 with C-SKIT. (a)
eZ1 � PZ 1 jZ � 1 is independent ofY for Z � 1 = [ � 1; 3]. As expected, the slope of the linear regression
betweenY and eZ1 is � 0. (b) Mean rejection rate and mean rejection time forC-SKIT with a linear
and RBF kernel, as a function of� 1.

with the symmetry-based SKIT in Algorithm B.1. Fig. D.2a shows samples from the joint distribution
PY Z 2 for � 2 = 1 and� 2 = 0 . As expected, when� 2 = 0 , the slope of the linear regression (red
dashed line) is� 0 becauseY andZ2 are independent. Fig. D.2b reports average rejection rate and
average rejection time as a function of� 2. As � 2 increases, the strength of the dependency between
Y andZ2 increases, and the rejection time decreases—this adaptive behavior is characteristic of
sequential tests.

We can verify that the rejection rate is below the signi�cance level� = 0 :05 when� 2 = 0 , and
that the SKIT procedure provides Type I error control. Finally, we note that both kernels perform
similarly for this test, with the linear kernel generally rejecting less than the RBF one, and with longer
rejection times.

D.1.2 Global Conditional Importance with C-SKIT

Then, we test that
� 1 = 0 = ) Y?? Z1 j Z � 1 (80)

with C-SKIT (Algorithm 1). We remark that we can sample from the exact conditional distribution
PZ 1 jZ � 1 = PZ 1 jZ f 2 ; 3g

becauseZ2 is independent ofZ1 by construction, and the conditionalPZ 1 jZ 3

can be computed analytically as shown in Eq. (78). We verify the conditional distribution behaves as
expected in Fig. D.3a. By construction,eZ1 is sampled without looking atY , hence it is independent,
and the slope of the linear regression (red dashed line) is� 0. Fig. D.3b shows mean rejection rate
and time as a function of� 1. First and foremost, we can see that in this case the linear kernel always
fails to reject—independently of the value of� 1. This behavior highlights an important aspect of all
kernel-based tests, that is the kernel needs to becharacteristicin order for the mean embedding to
be an injective function [25, 68]. If this condition is not satis�ed, different probability distributions
could share the same mean embedding in the RKHS, and it may not be possible to disambiguate them
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(a) (b)

Figure D.4: Local conditional importance results forH0 : g( eZ f 2;3g) d= g( eZ3) with X-SKIT. (a)
Shows that, as expected, the test and null distributions overlap whenz3 = 0 .

at all. Consequently, the test will not be consistent, and increasing� max will not increase power. For
the RBF kernel—which satis�es the characteristic property for probability distributions onRd—the
test is valid (i.e., it provides Type I error control for� 1 = 0 ), and it is adaptive to the strength of the
conditional dependence structure—as� 1 increases, the rejection time decreases.

D.1.3 Local Conditional Importance with X-SKIT

Finally, we test that for a �xedz,

z3 = 0 = ) g( eZ f 2;3g) d= g( eZ3); eZC � PZ jZ C = zC ; 8C � [m]: (81)

with X-SKIT (Algorithm 2). That is—because of the multiplicative termz2z3 in g—the observed
value ofz2 does not change the distribution of the response of the model whenz3 = 0 . Fig. D.4a
shows the test (i.e.,g( eZ f 2;3g)) and null (i.e.,g( eZ3)) distributions for different values ofz3 when
z2 = 1 . As expected, we can see that whenz3 = 0 , the two distributions overlap, whereas when
z3 = 0 :5, the test distribution is slightly shifted to the right. Fig. D.4b shows results ofX-SKIT with
both a linear and RBF kernel as a function ofz3. We use both positive and negative values ofz3 to
show thatX-SKIT has a two-sided alternative, i.e. it rejects both when the test distribution is to the
right and to the left of the null. We can see that both the linear and RBF kernel provide Type I error
control whenz3 = 0 , and that their rejection times adapt to the hardness of the problem.

Now that we have illustrated all tests in arguably the simplest setting, we move onto a synthetic
dataset where the response is learned by means of a neural network.

D.2 Counting MNIST Digits

In this section, we test the semantic importance structure of a neural network trained to count numbers
in synthetic images assembled by placing digits from the MNIST dataset [38] in a 4� 4 grid. Fig. D.5
depicts the data-generating process, which satis�es:

• Blue zeros, orange threes, blue twos, and purple sevens are sampled independently with

Zblue zeros� U (f 0; 1; 2g) + � Z orange threes� U (f 0; 1; 2g) + � (82)
Zblue twos � U (f 1; 2g) + � Z purple sevens� U (f 1; 2g) + � (83)

• Green �ves are sampled conditionally on blue zeros with

Zgreen �ves j Zblue zeros� Cat

0

@f 1; 2; 3g;

8
<

:

[3=4; 1=8; 1=8] if Nblue zeros= 0
[1=8; 3=4; 1=8] if Nblue zeros= 1
[1=8; 1=8; 3=4] if Nblue zeros= 2

1

A + �: (84)

That is, the number of blue zeros changes the probability distribution of green �ves over
1,2,3.
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blue zeros orange threes green �ves

red threes blue twos purple sevens

Figure D.5: Pictorial representation of the data-generating process for the counting dataset.

• Red threes are sampled conditionally on both orange threes and green �ves with

Z red threesj Zorange threes; Zgreen �ves � 2 + Bernoulli(p) + �; (85)

p =
�

� if Norange threesNgreen �ves � 3
1 � � otherwise

; � = 0 :9: (86)

That is, the product of the number of orange threes and green �ves changes the distribution
of red threes over 1,2.

Finally, we remark thatN denotes the nearest integer toZ , and� is independent uniform noise (i.e.,
� � U (� 0:5; 0:5)) to make the distribution of the concepts continuous. To summarize, in order to
generate images, we �rst sample the conceptsZ according to the distribution above, round their
values to their respective nearest integersN , and �nally randomly place digits from the MNIST
dataset in a4 � 4 grid according to their number. Note that this data-generating process adds color to
the original black and white MNIST digits, and that color matters for the counting task since orange
threes and red threes have different distributions.

We remark that, with the data generating process above, we can sample from the true conditional
distribution of the digits, and, consequently, of images. We omit details on the conditional distribution
for the sake of presentation.4 We stress that this setting differs slightly from the general one presented
in this paper, where we consider both an encoderf and a classi�erg such that̂y = g(f (x)) , and we
sample from the conditional distribution of the dense embeddingsH given any subset of concepts
(i.e.,PH jZ C ). The scope of this experiment is to showcase the effectiveness of our tests when the
response is parametrized by a complex, nonlinear, learned predictor, hence we train a neural network
such that̂y = f (x) and directly sample from the conditional distribution of images given any subset
of digits (i.e.,PX jZ C ).

We sample a training dataset of 50,000 images and train a ResNet18 [30] to predict the number of all
digits for 6 epochs with batch size of 64 and Adam optimizer [35] with learning rate equal to10� 4,
weight decay of10� 5, and a scheduler that halves the learning rate every other epoch (recall that the
model needs to learn to disambiguate red and orange threes, so color matters). To evaluate the model,
we round predictions to the nearest integer and compute accuracy on a held-out set of 10,000 images
from the same distribution (we use the original train and test splits of the MNIST dataset to guarantee
no digits showed during training are included in test images), and the model achieves an accuracy
greater than99%.

Herein, we study the semantic importance structure of thepredictednumber of red threes with respect
to thepredictednumber of other digits. Note that the ground-truth distribution satis�es the following
conditions:

1. Red threes are independent of blue twos and purple sevens, i.e.

Z red threes?? Zblue twos and Z red threes?? Zpurple sevens: (87)
4All code necessary to reproduce experiments is available on GitHub.
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Figure D.6: Distribution of ground-truth data and density estimation of the predictions of the trained
model for the validation data in the counting digits experiments.

2. Red threes are independent of blue zeros conditionally on green �ves, i.e.

Z red threes?? Zblue zerosj Zgreen �ves: (88)

3. If—in a speci�c image—there are no orange threes, then red threes are independent of green
�ves, i.e.

Z red threesj(Ngreen �ves = ngreen �ves; Norange threes= 0) d= Z red threesjNorange threes= 0 : (89)

D.2.1 Global Importance with SKIT

We start by testing whether the predictions of the model satisfy the ground-truth condition

Z red threes?? Zblue twos and Z red threes?? Zpurple sevens (90)

with SKIT (Algorithm B.1). We remark that at inference, we round predictions to the nearest integer
and add independent uniform noise� � U (� 0:5; 0:5) to make the distribution of the response of
the model continuous. Fig. D.6 shows the ground-truth distribution of red threes as a function of
other digits in the held-out set, and the kernel density estimation of the predictions of the model. As
expected, we can see that the ground-truth distribution is marginally dependent on blue zeros, orange
threes, and green �ves, but it is independent of blue twos and purple sevens.

We repeat all tests 100 times with both linear and RBF kernels with bandwidth set to the median of
the pairwise distances of previous observations. We perform tests on independent draws of data of
size� max 2 f 100; 200; 400; 800; 1600g from the validation set, and study the rank of importance as
a function of� max , i.e. the amount of data available to test. Fig. D.7 includes mean rejection rate and
mean rejection time for each digit, and the rank of importance of digits as a function of� max . We can
see that—as expected—both linear and RBF kernels successfully control Type I error for “blue twos”
and “purple sevens”, and this con�rms that the distribution of the predictions of the model agrees
with the underlying ground-truth data-generating process. Furthermore, we can see that the rank of
importance is stable across different values of� max , with purple sevens and blue twos consistently
ranked last.

D.2.2 Global Conditional Importance with C-SKIT

Then, we test whether the predictions of the model satisfy the ground-truth conditional independence
condition

Z red threes?? Zblue zerosj Zgreen �ves (91)

with C-SKIT. Analogous to above, we repeat all tests 100 times with linear and RBF kernels, and
Fig. D.8 includes results for� max 2 f 100; 200; 400; 800; 1600g. Here—similarly to the synthetic
experiment presented in Appendix D.1—we can see that the linear kernel almost always fails to reject,
i.e. the mean rejection rates for all digits are close to 0. As discussed earlier, this behavior is due to
the fact that the linear kernel is not characteristic for the distributions. On the other hand, the RBF is,
and, as expected, it is consistent and it provides Type I error control for the null hypothesis that red
threes are independent of blue zeros conditionally on all other digits, which is true. Furthermore, we
can see that the rank of importance is less stable compared to the one in Fig. D.2, and in particular,
� max = 100 seems not to be suf�cient to retrieve the correct ground-truth structure (i.e., blue twos
are ranked before green �ves). This highlights how the amount of data available for testing may affect
results and �ndings.
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(a) Linear kernel. (b) RBF kernel.

Figure D.7: Global semantic importance results for the predicted number of red threes with linear and
RBF kernels. In each sub�gure, the leftmost panel shows mean rejection rate and mean rejection time
over 100 tests with� = 0 :05 and� max = 800. The rightmost panel shows the rank of importance of
digits for the prediction of red threes as a function of� max .

(a) Linear kernel. (b) RBF kernel.

Figure D.8: Global conditional semantic importance results for the predicted number of red threes
with linear and RBF kernels. In each sub�gure, the leftmost panel shows mean rejection rate and
mean rejection time over 100 tests with� = 0 :05and� max = 800. The rightmost panel shows the
rank of importance of digits for the prediction of red threes as a function of� max .

D.2.3 Local Conditional Importance with X-SKIT

Finally, we test whether the predictions of the model satisfy the ground-truth condition that, for a
particular image, if there are no orange threes (i.e.,norange threes= 0 ) then red threes are independent
of the observed green �ves (i.e.,ngreen �ves), i.e.

Z red threesj(Ngreen �ves = ngreen �ves; Norange threes= 0) d= Z red threesjNorange threes= 0 : (92)

We remark that, in the equation above, conditioning is written in terms of the integernorange threes=
0 because of its intuitive meaning, and that this is equivalent to conditioning onzorange threes2
(� 0:5; 0:5). Similarly, we could replacengreen �ves with zgreen �ves, and, in practice, we run tests
conditioning on the observed conceptsz, and not their integer valuesn.

We useX-SKIT (Algorithm 2) with a linear and RBF kernel with bandwidth set to the median of
the pairwise distances of previous observations. We repeat all tests 100 times on individual images
with 0, 1, and 2 orange threes, signi�cance level� = 0 :05, and� max = 400. Fig. D.9 shows results
grouped by number of orange threes. As expected, we see that whennorange threesis grater than 0, the
number of green �ves is important for the predictions of the model (i.e., rejection rate is close to 1,
with short rejection rate), whereas when there are no orange threes in the image, both the linear and
RBF kernel control Type I error. We qualitatively compared our �ndings with pixel-level explanations
with Grad-CAM [57], and we can see that they only highlight red threes because that is the digit we
are explaining the prediction of. That is, pixel-level explanations cannot convey the full spectrum of
semantic importance for the predictions of a model—which can be misleading to users. For example,
in this case, a user may not understand when the predictions of a model depend on the number of
green �ves, because they are never highlighted by pixel-level saliency maps. In real-world scenarios,
digits may be replaced by sensitive attributes that cannot be inferred by the raw value of pixels. For
example, a saliency map highlighting a face does not convey which attributes were used by the model,
such as skin color, biological sex, or gender. It is immediate to see how being able to investigate the
dependencies of the predictions of a model with respects to these attributes (which our de�nitions
provide) is paramount for their safe deployment.
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(a) Results fornorange threes= 2 . (b) Results fornorange threes= 1 .

(c) Results fornorange threes= 0 .

Figure D.9: Local conditional importance ofNgreen �ves conditionally onNorange threes. Each row
contains the input image, the Grad-CAM explanation for the prediction of the model, andX-SKIT
results for 100 repetitions of the test with� max = 400, with a linear and RBF kernel. Note that
X-SKIT �nds the observed number of green �ves important whenever the number of orange threes is
greater than zero, whereas Grad-CAM does not.

With these results on synthetic datasets, we now showcase the �exibility of our proposed tests on
zero-shot image classi�cation with several and diverse vision-language (VL) models.

E Experimental Details

In this appendix, we include further details about the real-world experiments that were omitted from
the main text for the sake of presentation. All experiments were run on a private server with one 24
GB NVIDIA RTX A5000 GPU and 96 CPU cores with 500 GB of RAM memory.

List of VL models used in the experiments. We use 8 different VL models, both CLIP- and
non-CLIP-based: CLIP:RN50,ViT-B/32,ViT-L/14 [52], OpenClip:ViT-B-32,ViT-L-14 [31], FLAVA
[65], ALIGN [32], and BLIP [39].

Evaluating rank agreement.We use a weighted version of Kendall's tau [33] introduced by Vigna
[74] which assigns higher penalties to swaps between elements with higher ranks. This choice re�ects
the fact that concepts with higher importance should be more stable across different models. We
brie�y remark that this notion of rank agreement is bounded in[� 1; 1] (� 1 indicates reverse order,
and1 perfect alignment) but not symmetric.

Evaluating importance agreement.We threshold rejection rates at level� to classify concepts into
important and not important ones. Then, importance agreement is the accuracy between pairs of
binarized vectors.

E.1 Estimating Conditional Distributions from Data

Here, we introduce nonparametric methods to estimate the conditional distributions necessary to
run ourC-SKIT andX-SKIT tests. Throughout this section, we will assume access to a training set
f (h( i ) ; z( i ) )gn

i =1 of n tuples of dense embeddingsh 2 Rd with their semanticsz 2 [� 1; 1]m .

E.1.1 EstimatingPZ j jZ � j for C-SKIT

Here, we describe how to sample from the conditional distribution of a conceptZ j given the rest,
Z � j , i.e. eZ j � PZ j jZ � j , which is necessary to run ourC-SKIT test. In particular, for a concept
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Figure E.1: Example marginal and estimated conditional distributionsp(zj ) and~p(zj jz� j ) for two
class-speci�c concepts on three images from the Imagenette dataset. Distributions are shown as a
function of the effective number of points in the weighted KDE (i.e.,neff).

j 2 [m], and an observationz 2 [� 1; 1]m , we de�ne the unnormalized conditional distribution

~p(zj j z� j ) =
nX

i =1

wi �

 
z( i )

j � zj

� scott

!

(93)

by means of weighted kernel density estimation (KDE), where� is the standard normal probability
density function,� scott is Scott's factor [56], and

wi = �

 
z( i )

� j � z� j

�

!

; � > 0 (94)

are the weights. That is, the furtherz( i )
� j is from z� j , the lower its weight in the KDE. As for all

kernel-based methods, the bandwidth� is important for the practical performance of the model. For
our experiments, we choose� adaptively such that the effective number of points in the KDE (i.e.
neff = (

P n
i =1 wi )2=

P n
i =1 w2

i ) is the same across concepts. This choice is motivated by the fact
that different concepts have different distributions, and we want to guarantee the same number of
points are used to estimate their conditional distributions. Furthermore, we note thatneff controls the
strength of the conditioning—the largerneff, the slower the decay of the weights, and the weaker the
conditioning. That is, in the limit, the weights become uniform, the conditional distribution tends
to the marginal~p(zj ), and all tests presented become of decorrelated semantic importance [72, 73].
With this, samplingeZ j � PZ j jZ � j = z� j boils down to �rst samplingi 0 according to the weights

w = [ wi ; : : : ; wn ], and then samplingeZ j from the Gaussian distribution centered atz( i 0)
j .

Fig. E.1 shows the marginal (i.e.,p(zj )) and estimated conditional distributions (i.e.,~p(zj jz� j )) of
two class-speci�c concepts as a function of effective number of pointsneff for three images in the
Imagenette dataset. We can see how asneff increases, the estimated conditional distribution becomes
closer to the marginal, and that the conditional distributions of class-speci�c concepts tend to be
skewed to higher values compared to their marginals. This behavior suggests that images from a
speci�c class have higher values of concepts that are related to the class. We useneff = 2000 for all
tests across all real-world experiments.

E.1.2 EstimatingPH jZ C = zC for X-SKIT

Here, we describe how to sample from the conditional distribution of dense embeddingsH con-
ditionally on any subset of conceptsC � [m] of a particular semantic vectorz 2 [� 1; 1]m , i.e.
eHC � PH jZ C = zC , which is necessary to run ourX-SKIT test. We show how to achieve this by
coupling the nonparametric sampler introduced above with ideas of nearest neighbors. This choice is
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