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Abstract

Recent works have extended notions of feature importance to semantic concepts
that are inherently interpretable to the users interacting with a black-box predictive
model. Yet, precise statistical guarantees such as false positive rate and false
discovery rate control are needed to communicate findings transparently, and to
avoid unintended consequences in real-world scenarios. In this paper, we formalize
the global (i.e., over a population) and local (i.e., for a sample) statistical importance
of semantic concepts for the predictions of opaque models by means of conditional
independence, which allows for rigorous testing. We use recent ideas of sequential
kernelized independence testing to induce a rank of importance across concepts,
and we showcase the effectiveness and flexibility of our framework on synthetic
datasets as well as on image classification using several vision-language models.

1 Introduction

Providing guarantees on the decision-making processes of autonomous systems, often based on
complex black-box machine learning models, is paramount for their safe deployment. This need
motivates efforts towards responsible artificial intelligence, which broadly entails questions of
reliability, robustness, fairness, and interpretability. One popular approach to the latter is to use
post-hoc explanation methods to identify the features that contribute the most towards the predictions
of a model. Several alternatives have been proposed over the past few years, drawing from various
definitions of features (e.g., pixels—or groups thereof—for vision tasks [41], words for language
tasks [21], or nodes and edges for graphs [84]) and of importance (e.g, gradients for Grad-CAM
[57], Shapley values for SHAP [7, 15, 42, 70], or information-theoretic quantities [43]). While most
explanation methods highlight important features in the input space of the predictor, users may care
more about their meaning. For example, a radiologist may want to know whether a model considered
the size and spiculation of a lung nodule to quantify its malignancy, and not just its raw pixel values.

To decouple importance from input features, Kim et al. [34] showed how to learn the vector repre-
sentation of semantic concepts that are inherently interpretable to users (e.g., “stripes”, “sky”, or
“sand”) and how to study their gradient importance for model predictions. Recent vision-language
(VL) models that jointly learn an image and text encoder, such as CLIP [16, 52], have made these
representations—commonly referred to as concept activation vectors (CAVs)—more easily acces-
sible. With these models, obtaining the representation of a concept boils down to a forward pass
of the pretrained text encoder, which alleviates the need of a dataset comprising images annotated
with their concepts. Several recent works have defined semantic importance—both with CAVs and
VL models—by means of concept bottleneck models (e.g., CBM [36], PCBM [85], LaBo [83]),
information-theoretic quantities (e.g., V-IP [37]), sparse coding (e.g., CLIP-IP-OMP [13], SpLiCe
[6]), network dissection [2] (e.g., CLIP-DISSECT [47], TextSpan [26], INVIiTE [14]), or causal
inference (e.g., DiConStruct [44], Sani et al. [55]).

On the other hand, it is important to communicate findings of important features precisely and
transparently in order to avoid unintended consequences in downstream decision tasks. Going back
to the example of a radiologist diagnosing lung cancer, how should they interpret two concepts with
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different importance scores? Does their difference in importance carry any statistical meaning? To
start addressing similar questions [10, 71] introduced statistical tests for the local (i.e., on a sample)
conditional independence structure of a model’s predictions. Framing importance by means of
conditional independence allows for rigorous testing with false positive rate control. That is, for a
user-defined significance level 2 (0; 1), the probability of wrongly deeming a feature important
is no greater than , which directly conveys the uncertainty in an explanation. Yet these methods
consider features as coordinates in the input space, and it is unclear how to extend these ideas to
abstract, semantic concepts.

In this work, we formalize semantic importance at three distinct levels of statistical independence with
null hypotheses of increasing granularity: (i) marginally over a population (i.e., global importance),
(ii) conditionally over a population (i.e., global conditional importance), and (iii) for a sample
(i.e., local conditional importance).! Each of these notions will allow us to inquire the extent to
which the output of a model depends on specific concepts—both over a population and on specific
samples—and thus deem them important. To test for these notions of semantic importance, instead
of classical (or offline [58]) independence testing techniques [5, 10, 11, 28, 29, 69, 86], which are
based on p-values and informally follow the rule “reject if p ”, we propose to use principles of
testing by betting (or sequential testing) [59], which are based on e-values [76] and follow the “reject
whene 1= ”rule. As we will expand on, this choice is motivated by the fact that sequential tests
are data-efficient and adaptive to the hardness of the problem—which naturally induces a rank of
importance. We will couple principles of conditional randomization testing (CRT) [ 1] with recent
advances in sequential kernelized independence testing (SKIT) [51, 62], and introduce two novel
procedures to test for our definitions of semantic importance: the conditional randomization SKIT
(c-SKIT) to study global conditional importance, and—following the explanation randomization test
(XRT) framework [71]—the explanation randomization SKIT (X-SKIT) to study local conditional
importance. We will illustrate the validity of our proposed tests on synthetic datasets, and showcase
their flexibility on zero-shot image classification on real-world datasets across several and diverse VL
models.

1.1 Summary of Contributions and Related Works

In this paper, we will rigorously define notions of statistical importance of semantic concepts for
the predictions of black-box models via conditional independence—both globally over a population
and locally for individual samples. For any set of concepts, and for each level of independence, we
introduce novel sequential testing procedures that induce a rank of importance. Before presenting the
details of our methodology, we briefly expand on a few distinctive features of our work.

Explaining nonlinear predictors. Compared to recent methods based on concept bottleneck models
[36, 83, 84], our framework does not require training a surrogate linear classifier because we study
the semantic importance structure of any given, potentially nonlinear and randomized model. This
distinction is not minor—training concept bottleneck models results on explanations that pertain to
the surrogate (linear) model instead of the original (complex, nonlinear) predictor, and these simpler
surrogate models typically reduce performance [48, 85]. In contrast, we provide statistical guarantees
directly on the original predictor that would be deployed in the wild.

Flexible choice of concepts. Furthermore, our framework does not rely on the presence of a large
concept bank (but it can use one if it is available). Instead, we allow users to directly specify which
concepts they want to test. This feature is important in settings that involve diverse stakeholders.
In medicine, for example, there are physicians, patients, model developers, and members of the
regulatory agency tasked with auditing the model—each of whom might prefer different semantics
for their explanations. Current explanation methods cannot account for these differences off-the-self.

Local semantic explanations. Our framework entails explanations for specific (fixed) inputs,
whereas prior approaches that rely on the weights of a linear model only inform on global notions
of importance. Recently, Shukla et al. [64] and Pham et al. [50] set forth ideas of local semantic
importance by combining LIME [54] with T-CAV [34], and by leveraging prototypical part networks
[46], respectively. Our work differs in that it does not apply to images only, it considers formal notions
of statistical importance rather than heuristics of gradient importance, and it provides guarantees such
as Type I error and false discovery rate (FDR) control.

'We adopt the distinction between global and local importance as presented in [18].



Sequential kernelized testing. Motivated by the statistical properties of kernelized independence
tests [62], we will employ the maximum mean discrepancy (MMD) [29] as the test statistic in our
proposed procedures. The recent related work in Shaer et al. [58] introduces the sequential version of
the conditional randomization test (CRT) [1 1], dubbed e-CRT because of the use of e-values. Unlike
our work, Shaer et al. [58] employ residuals of a predictor as test statistic, they do so in the context of
global tests only, and unrelated to questions of semantic interpretability.

2 Background

In this section, we briefly introduce the necessary notation and general background. Throughout this
work, we will denote random variables with capital letters, and their realizations with lowercase. For
example, X  Px is a random variable sampled from Px, and X indicates an observation of X.

Problem setup. We consider k-fold classification problems such that (X;Y) Pxy is arandom
sample X 2 X with its one-hot label Y 2 f0; 1g%, and (X;y) denotes a particular observation. We
assume we are given a fixed predictive model, consisting of an encoder ¥ : X ¥ RY and a classifier
g : RY ¥ RKguch that h = f(X) is a d-dimensional representation of X, and Yo = g(h)w =
g(F(X))ke is the prediction of the model for a particular class kK’ (e.g., Yxo is the output, or score, for
class “dog”). Naturally, H; ¥ denote the random counterparts of h and §. Although our contributions
do not make any assumptions on the performance of the model, ¥ and g can be thought of as good
predictors, e.g. those that approximate the conditional expectation of Y given X.

via CAVs [34] or a VL model’s text encoder. Then, z = hc; hi is the projection of the embedding h
onto the concepts C, and, with appropriate normalization, zj 2 [ 1; 1] is the amount of concept C;
in h. Intuitively, CBMs project dense representations onto the subspace of interpretable semantic
concepts [36], and their performance strongly depends on the size of the dictionary [48]. For example,
it is common for m to be as large as the embedding size (e.g., d = 768 for CLIP:ViT-L/14). In this
work, instead, we let concepts be user-defined, allowing for cases where m d (e.g., m = 20). This
is by design as (i) the contributions of this paper apply to any set of concepts, and (ii) it has been
shown that humans can only gain valuable information if semantic explanations are succinct [53].
However, we remark that the construction of informative concept banks—especially for domain-
specific applications—is subject of ongoing complementary research [20, 48, 78, 80, 81].

Conditional randomization tests. Recall that two random variables A; B are conditionally indepen-
dent if, and only if, given a third random variable C, it holds that Pajg.c = Pajc (i.e., A??B j C).
That is, B does not provide any more information about A with C present. Candes et al. [11]
introduced the conditional randomization test (CRT), based on the observation that if A?B j C, then
the triplets (A; B; C) and (A; B; C) with B Pgjc, are exchangeable. That is, Pagc = P,gc and
one can essentially mask B without changing the joint distribution. Opposite to classical methods,
the CRT assumes the conditional distribution of the covariates is known (i.e., Pgjc), which lends
itself to settings with ample unlabeled data.

With this general background, we now present the main technical contributions of this paper.

3 Testing Semantic Importance via Betting

Our objective is to test the statistical importance of semantic concepts for the predictions of a fixed,
potentially nonlinear model, while inducing a rank of importance. Fig. 1 depicts the problem setup—a
fixed model, composed of the encoder T and classifier g, is probed via a set of concepts €. This figure
also illustrates the key difference with post-hoc concept bottleneck models (PCBMs) [85], in that we
do not train a sparse linear layer to approximate E[Y j Z]. Instead, we focus on characterizing the
dependence structure between ¥ and Z. Herein, we will drop the Yyo notation and simply write ¥ \4
because we always consider the output of the model for a particular class individually.

3.1 Formalizing Statistical Importance of Semantic Concepts

We start by defining global semantic importance as marginal dependence between ¥ and Zj,j 2[m].



Figure 1: Overview of the problem setup and our contribution.

De nition 1 (Global semantic importanceJor a concept 2 [m],
HS 92 Z 1)
is the global semantic independence null hypothesis.

RejectingH OG;J- means that we have observed enough evidence to believe the response of the model

depends on concepti.e. concept is globally important over the population. Note that b§ttand
Z; are xed functions of the same random variablei.e. ¢ = g(H) andZ; = hg;Hi. Then, itis
reasonable to wonder whether there is any pointin teﬁiﬁg at all—can we obtain two independent

random variables from the same one? For examplg, beta linear classi er such th& = hw; Hi,

w 2 RY. Intuition might suggest that tw; ¢ i = 0 then? ? Z;, i.e. if the classi er is orthogonal to

a concept, then the concept cannot be important. We show in the short lemma below (whose proof
is in Appendix C.1) that this is false, and that, arguably unsurprisingly, statistical independence is
different from orthogonality between vectors, which motivates the need for our testing procedures.

Lemma 1. Let¥ = hw;Hi,w2 R%. Ifd 3, thenHg; istrue §h w;gi =0.

The null hypothesi#i & above precisely de nes the global importance of a concept, but it ignores the
information contained in the rest of them, and concepts may be correlated. For example, predictions
for class “dog” may be independent of “stick” given “tail” and “paws”, although “stick” is marginally
important. To address this, and inspired by [11], we deghagbal conditional semantic importance

De nition 2 (Global conditional semantic importancejor a concept 2 [m],let j :=[m]nfjg
denote all but th¢" concept. Then,

HSC: 92 2ZjzZ | )
is the global conditional semantic independence null hypothesis.

Analogous to De nition 1, rejecting-lgjc means that we have accumulated enough evidence to believe
the response of the model depends on concepen in the presence of the remaining concepts, i.e.
there is information abouft in concepi that is missing from the rest.

We stress an important distinction between De nition 2 and PCBMs: the latter approxfatpZ |
with a sparse linear layer, whichiisherently interpretabléecause the regression coef cients directly
inform on the global conditional independence structure of the predictions, i®.=fh;Z i,

2 R"then¥2 2 jZ; i = 0. In this work, however, we do not assume any
parametrization between the concepts and the labels because we want to provide guarantees on the
original, xed classi er g that acts directly on an embeddihg From this conditional independence
perspective, PCBMs can be interpreted as a (parametric) test of true linear independence (i.e.,
HESBM Y2 Z; j Z ) between the concepts and the labels (notektff®™ has thetrue label Y

and not the predictioff ), whereas we study the semantic structure of the predictions of a complex
model, which may have learned spurious, non-linear correlations of these concepts from data.

Akin to the CRT [L1], we assume we can sample from the conditional distribution of the concepts,
i.e. Pz jz ,. Within the scope of this workyn is small (n 20) and we will show how to
effectively approximate this distribution with nonparametric methods that do not require prohibitive
computational resources. This is an advantage of teatfievsemantic concepts compared to input



features, especially for imaging tasks where the number of pixels is l&rd€X) and learning a
conditional generative model (e.g., a diffusion model [67]) may be expensive.

Finally, we de ne the notion ofocal conditional semantic importanc@hat is, we are interested

in nding the most important concepts for the prediction of the model locally on a particular input
X, i.e. ¢ = g(f (x)). Recently, [0, 71] showed how to deploy ideas of conditional randomization
testing for local explanations of machine learning models. Brie yBe€ be random variables
and (B;C) a xed, possibly randomized, real-valued predictor. For an observgbpg, the

explanation randomization test (XRTj)1] null hypothesis is (b; ¢ 4 (8¢c),B Pgjc=c. That
is, theobservedralue of B does not affect the distribution of the response giverotteervedralue
of C. We now generalize these ideas.

De nition 3 (Local conditional semantic importancejora xedz 2 [ 1;1]" and anyC [m],
denote¥c = g(Kc) with B¢ Phjzc=2c - Then, foraconcegt2 [m]and asubsed [m]nfjg,

d
HeSs @ s jg= ¥s 3)
is the local conditional semantic independence null hypothesis.

In words, rejecting—|(')-;jc;S means that, given the observed conceptS,imonceptj 2 S affects
the distribution of the response of the model, hence it is important. For this test, we assume we
can sample from the conditional distribution of the embeddings given a subset of concepts (i.e.,
Phijzc =z )- This is equivalent to solving an inverse problem stochastically, sirredc; hi andcis

notinvertible €2 RY ™, m  d). Hence, there are several embeddihgbat could have generated

the observedc . We will use nonparametric sampling ideas to achieve this, stressing that it suf ces
to sample the embeddings and not an entire input imagé since the classi eg directly acts

on h and the encoddr is deterministic. Finally, we remark thhlt(%;%s differs from the XRT null
hypothesis in that conditioning is performed in the space of semantic concepts instead of the input's.

With these precise notions of semantic importance, we now show how to test for each one of them
with principles of sequential kernelized independence testing (SKIT) [51].

3.2 Testing by Betting

A classical approach to hypothesis testing consists of formulating a null hypothgsisllecting
data, and then summarizing evidence by meansm¥alue. Under the null, the probability of
observing a smalb-value is small. Thus, for a signi cance level2 (0; 1), we can rejecH if

p . In this setting, all data is collected rst, and then processed later (i.e., of ine).

Alternatively, one can instantiate a game between a bettor and nag&]. At each turn of the
game, the bettor places a wager agatthgt and then nature reveals the truth. If the bettor wins,
they will increase their wealth, otherwise lose some. More formally, and as is commonly done
, 58, 67, we de ne a wealth procedXgion, With Kg =1 andK; = Ky 1 (1+ v; ) where
Ve; ¢ 2 [ 1;1] are a betting fraction and the payoff of the bet, respectively. It is now easy to see that
whenv; { 0 (i.e., the bettor wins) the wealth increases, and the opposite otherwise. If the payoff
t+ guarantees the gamefar, i.e. the bettor cannot accumulate wealth under the null, then we can
use the wealth process to rejéts with Type | error control (details in Appendix A). In particular,
for a signi cance level 2 (0;1), we denote =minft 1:K; 1= gtherejection timeof Hy.

The choice of using sequential testing is motivated by two fundamental properties. First, sequential
tests aredaptiveto the hardness of the problem, sometimes provéiityRProposition 3]. That is,

the harder it is to reject the null, the longer the test will take, and vice versa. This naturally induces a
rank of importance across concepts—if conagpiejects faster thaq o, theng; is more important

(i.e., itis easier to reject the null hypothesis that the predictions do not depesjl de stress that

this is not always possible by meangmfalues because they do not measure effect sizes: consider
two concepts that reject their respective nulls at the same signi cance level; one cannot distinguish
which—if any—is more important. As we will show in our experiments, all tests used in this work
are adaptive in practice, but statistical guarantees on their rejection times are currently open questions,
and we consider them as future work. Second, sequential testarape-ef cientbbecause they only
analyze the data is needed to reject, which is especially important for conditional randomization
tests. In the of ine scenario, we would have to resample the entire dataset several times (which is
expensive), but the sequential test would terminate in at most the size of the dataset [24].



Algorithm 1 Level- c¢-SKIT for concepf Algorithm 2 Level- x-SKIT for concepi

. t). 7 (). (1) Input: Observatiorg, subseS [m]nfjg.
Input: Stream(¥®;z{";z)) Poz,z - p [m]nfjg
LKy 1 1Ko 1 _

2: Initialize ONS strategy (Algorithm A.1) 2: Initialize ONS strategy (Algorithm A.1)

3:fort=1;::: do 3:fort=1;:1:do
. Compute  as in Eq. (4) : Compute ; asin Eq. (5)
DM = (W“;zj(‘);z“j))

4
(t)
5: Sar‘nplel‘qs[f ig PHJZS[f ig=Zs[f jg
. (t)
6:  Sample®, P,z j=2®
7
8

4
5

t
6: Sample®Y  Pujz.-a.
7
8

95({2 ig g(ﬁg& jg)’QS(t) g(lffét))

. ¢ tanh( (D®) (BW)) c ¢ tanh( t(‘QS(Ef) ig) (94))
9: Kt Kt 1 (1+ Vi t) 9: Ky Kt 1 (1+Vt t)

C10) (Q(t);gj(t);z(tj))

10: if Ky 1= then 10. if Ky 1= then
11: return t 11: return t

12: endif 12: endif

13:  Vin ONS step 13: Vi1 ONS step
14: end for 14: end for

3.3 Testing Global Semantic Importance with SKIT

Podkopaev et a[51] show how to design sequential kernelized tests of independenceH.e.,
A? B) by framing them as particular two-sample tests of the fetg: P = B, withP = Pag and

B =P, Pg. Similarlyto [58, 67], they propose to leverage a simple yet powerful observation
about thesymmetryof the data undel ¢ [51, Section 4]. We state here the main result we will use in
this paper (the proof is included in Appendix A.2).

Lemma 2 (See p1,58,67). 8 1, letX Pand¥ PB,andlet,:X ! Rbeany xed
real-valued function oiX . Then,  =tanh( {(X) {(®)) provides a fair game foHo : P = PB.

That is, Lemma 2 prescribes how to construct valid payoffs for two-samples tests and, consequently,
tests of independence. We note that the choicewali provides ; 2 [ 1;1], but any arbitrary
anti-symmetric function can be used (esign). Furthermore, any xed function; is valid but, in
general, this function should have a positive value under the alternative in order for the bettor to
increase their wealth and the testing procedure to have good power.

Going back to the problem studied in this work, note that the global semantic importance null
hypothesiH OG;j in De nition 1 can be directly rewritten as a two-sample test, H(gj : 92 Zjis
equivalent tcH OG;j : P?zj = Py Pz . We follow [51] and use the maximum mean discrepancy
(MMD) [ 29 to measure the distance between the joint and the product of marginals. In particular,
let Ry;Rz, be two reproducing kernel Hilbert spaces (RKHSs) on the domairts ahd Zj,
respectively (recall thaf andz; are univariate). Then ST is the plug-in estimate of theitness
functionof MMD (Py , ; Py Pz;) at timet.? We include the SKIT algorithm and technical details

on computing 7X'T andkSX'T in Appendix B.1.

Computational complexity of SKIT . Analogous to the original presentation in Shekhar and Ramdas
[62], the computational complexity of Algorithm B.1@&( 2), where is the random rejection time.

We now move on to presenting two novel testing procedures: the conditional randomization SKIT
(c-SKIT) for Hg, and the explanation randomization SKi-GKIT) for HgSs .

3.4 Testing Global Conditional Semantic Importance withc-SKIT

Analogous to the discussion in the previous section, we rephrase the global conditional null hypothesis

H " in De nition 2 as a two sample te$t §” : Pozz = Pogz Z  Pgzjz ,-Incontrast
with other kernel-based notions of distance between conditional distributiénsd, 66]—and akin

to the CRT [L1]—we assume we can sample frd?, ;z ,, which allows us to directly estimate

Recall that MMOPag ;Pa  Pg) is the Hilbert-Schmidt Independence Criterion (HSIC) [28].



MMD(PQZ]_ z Py 27 ) in our testing procedure (we will expand on how to sample from this
distribution shortly). LeR¢ ;Rz, ;Rz ; be three RKHSs on the domains®fz; andz ; (i.e.,
R;R;R™ ! wherem is the number of concepts). Then, at tim¢he c-SKIT payoff function is

C-SKIT ._ A (t 1) At 1)
t T ¥zz v2z ;' )

where"gZ 1)2 5 "ggl)z ~ are the mean embeddings of their respective distributioRsinR 7,
J ] J ]

Rz ,,and isthe tensor product (see Appendix B.2 for technical details). Algorithm 1 summarizes

the c-SKIT procedure, which provides Type | error control Id[?JC as we brie y state in the

following proposition (see Appendix C.2 for the proof).

Proposition 1. 8t 1, let(¥;2;Z ;) Poz,z | and(¢;2;Z ) Pozs B  Pziz -
Then,  :=tanh( &SKT(¥;2;Z j)  ¢SKT(Y;2;Z ;) provides a fair game foH $C.

Computational complexity of c-SKIT . First note thaZ ; isan(m 1)-dimensional vector (where

m is the number of concepts). So, at each step of the test, the evaluation of the kernel associated with
Rz , requires an additional sum ov&(m) terms. Furthermores-SKIT needs access to samples

from Pz;z ,, and we conclude that the computational complexity of Algorithm @, m 2),

whereT, represents the cost of the samplemosamples, and it depends on implementation. For
example, in the following, we will use non-parametric samplers Wjth= O(n?). Other choices of
samplers, such as variational-autoencoders, may have constant cost (e.g., they are trained once and
only used for inference).

3.5 Testing Local Conditional Semantic Importance withx-SKIT

Attentive readers will have noticed that the local conditional semantic null hypoﬂd%ﬁ'@ in
De nition 3 is already a two-sample test where the test statitis the distribution of the response of
the modelwith the observed amount of concgi.e.,¥si 4 = 9(¥syr j4)), and the null distribution

B without(i.e.,¥s = g(¥s)). Herein, we assume we can sample i@ Py jz.=,. for any
subselC [m], i.e. the conditional distribution of dense embeddings with speci c concepts, which
we will address via nonparametric methods. Then, for an RRYS thex-SKIT payoff function is

X-SKIT . A (t 1) At 1)
! C Vsiio Vs ©)

with A& Y ;"g Y mean embeddings of the distributionsRry . That is, KT is the plug-in
SIf jg s

estimate of the witness function MMD(?SU igs ¥s)—technical details are in Appendix B.3. Then,
the x-SKIT testing procedure, which is summarized in Algorithm 2, provides Type | error control for
H(%;J-C;S , as the following proposition summarizes (the proof is included in Appendix C.3).

Proposition 2. 8t 1, ¢ =tanh( SKT(¥gy ;)  SKT(¥s)) provides a fair game foH §Cs .

Computational complexity of x-SKIT. Note that Algorithm 2 assumes access to a sampler
Phjzc = zc » SO its computational complexity (T, 2), where, similarly to abovel,, is the cost

of the sampler. We brie y remark that, for the nonparametric samplers used in this Tyork,n?
(compared ton 2 for c-SKIT) because we only need to estimate one conditional distribution.

So far, we have presented our testsdoe concept at a timdut we are interested in testing 1
concepts. In this setting, it is well-known that multiple hypothesis testing requires appropriate
corrections to avoid in ated signi cance levels. We use a result of Wang and Rafméhand devise

a greedy post-processor that guarantees false discovery rate control [3] (see Appendix A.4).

4 Results

First, we verify that our tests are valid and that they are adaptive to the hardness of their null
hypotheses on two synthetic experiments in Appendix D. Here, we showcase the exibility and
effectiveness of our framework on zero-short image classi cation across several VL models on three



Table 1: Summary of results for each dataset. Metrics are reported as average across all VL models
used in the experiments. See main text for details about the models and the metrics used.

Method Original Imagenette AWA2 CuB
etho

model  Accuracy Rank agreement Accuracy Rank agreemerf;  Accuracy Rank agreement f;
SKIT 3 0.51 0:50 0:65 0.82 0.93
c-SKIT 3 98:99% 0.54 99:50% 0.46 0.57 89:52% - -
X-SKIT 3 0:59 - -
PCBM 7 95:85% 0.45 95:11% 0.36 0.53

(a) Global importance with SKIT. (b) Global conditional importance with-SKIT.

Figure 2: Importance results with CLIP:ViT-L/14 on 2 classes in the AwA2 dataset. Concepts are
annotated with{p) if they are present in the class, or wg) otherwise.

real-world datasets: Animal with Attributes 2 (AwA2}4], CUB-200-2011 (CUB) 7], and the
Imagenette subset of ImageN&?].2. We compare performance and transferability of the ranks of
importance provided by each method across 8 VL models (see Appendix E for details) and, for all
experimentsf is the image encoder of the model api the (linear) zero-shot classi er constructed
by encodind'A photo of a<CLASS_NAMERith the text encoder. Herein, we will always use RBF
kernels to compute payoffs, and we repeat each test 100 times on independent drd®ssafmples
to estimate each concepégpected rejection timendexpected rejection ratat a signi cance level of

= 0:05with the FDR post-processor described in Appendix A.4. That is, a (normalized) rejection
time of 1 means failing to reject in™® steps. Finally, recall that-SKIT andx-SKIT need access
toPz,jz , andPyjz. =, , and that these distributions are not known in general. Smeesmall,
we use nonparametric methods to estimate them (see Appendix E.1).

Table 1 summarizes the results of all experiments, which we now present and discuss individually.

4.1 AwA?2 Dataset

Given the presence of global (i.e., class-level) annotations, w&KEBE and c-SKIT to test the

global (and global conditional) semantic importance structure of the predictions for the top-10 best
classi ed animal categories across all models (we describe the dataset, the concepts used, and the
hyperparameters of the tests in Appendix E.2). We classify the top-10 concepts reported by each
method as important, and we compute thescore with the ground-truth annotations. We brie y
remark that this choice is informed by the fact that most concepts have rejection rates larger than
the signi cance level of . When comparing with PCBM—since we use different concepts for each
class—we train 100 independent linear models for each class, and we rank concepts based on their
average absolute weights (instead of signed ones) because the null hypotheses presented in this
work are two-sided, i.e. a concept is important both if it increases the prediction for a class or if it
decreases it. Table 1 shows that b8&IT andc-SKIT outperform PCBM across all three metrics,

with SKIT providing the best average rank agreement across different models and impéitance
score (0.50 and 0.65, respectively). The fact that ranks provided by our tests have higher average
agreement compared to PCBM suggests that VL models may share a similar semantic independence
structure notwithstanding their embedding size or training strategy, i.e. semantic importance may be
transferableacross models (all individual pairwise agreements are included in Fig. E.4).

Finally, Fig. 2 shows ranks of importance with CLIP:ViT-L/14 on 2 animal categories (see Figs. E.5
and E.6 for all classes). In general, concepts are globally important (rejection rates are greatgr than

3Code to reproduce all experiments is availabletgis:/github.com/Sulam-Group/IBYDMT



Figure 3: Importance results with-SKIT and CLIP:ViT-L/14 on 4 images in the CUB dataset.
Concepts wit(p) are present in the image according to human annotationgaaotherwise.

and it is harder to reject the global conditional null hypothesis (rejection rates are lower and rejection
times larger), naturally re ecting the fact that conditional independence is a stronger condition.

4.2 CUB Dataset

This dataset (differently from AwA2) provides per-image annotations of semantic attributes. So, we
usex-SKIT to test the semantic importance structure of VL models locally on particular images
and validate its performance against such annotations (we include details about this experiment and
extended results in Appendix E.3). The purpose of this experiment is to validate the performance of
x-SKIT, hence we use the ground-truth binary semantic annotations as an oracle instead of predicting
the presence of concepts. In practical scenarios where ground-truth is not available, one could—as
done by previous works! P]—use LLMs to answer binary questions (e.g., “Does this bird have an
orange bill? Yes/No”). Furthermore, note that for each congept[m] there are exponentially

many tests with null hypothesl‘sl;(g;jc;S —one for each subs& [m] nfj g—which are intractable

to compute. Thus, we report average results over 100 tests with random subsets with »x&d size

Fig. 3 depicts prototypical results with CLIP:ViT-L/14 (Fig. E.9 includes results for all models
on the same images). After runningSKIT, we classify concepts as important by thresholding
their rejection rates at level—which is a statistically-valid way of selecting important concepts.
Results are included in Table 1, and we conclude xh&KIT provides ranks of importance that are
well-aligned both across model&82 rank agreement) and with ground-truth annotatidnssg¢ore

of 0:93). We remark thak-SKIT is the rst method to provide local semantic explanations, hence
why we cannot compare with alternatives.

4.3 Imagenette Dataset

Lastly, we use botlsKIT, c-SKIT, andx-SKIT on the Imagenette subset of ImageN&i]{—which

does not provide ground-truth semantic annotations to evaluate performance with. So, we use SpLiCe
[6] to select which concepts to test (see Appendix E.4 for details), but we stress that any user-de ned
set of concepts would be valid—a unique feature of our proposed framework.

Figs. 4a and 4b sho8KIT and c-SKIT results with CLIP:ViT-L/14 on 2 classes in the dataset
(Fig. E.11 includes all classes). We use SpLiCe to encode the entire dataset and test the top-20
concepts. Analogous to the experiment on AwWA2, we can see that rejection rates are lower for
C-SKIT (i.e., conditional dependence) compare@iT (i.e., marginal dependence). We evaluate
rank agreement across all models and compare with PCBM in Table 1. These results con rm that not
only are the ranks produced by our tests more transferable across models (rank agre€rbéaribof

SKIT, 0:54 or c-SKIT, 0:59for x-SKIT, and0:45 for PCBM), but also they retain the performance

of the original classi er 8:99%for our methods v95:55%for PCBM). We refer interested readers

to Fig. E.12 for all pairwise comparisons. Furthermore, we qualitatively study the stability of our tests
as a function of ™ in Fig. E.13. This is important becausB®* represents the sample complexity

of the tests. Our ndings indicate that important concepts tend to exhibit greater stability in their
ranks compared to less important ones, with SKIT showing overall more stabilitycH&AT.

To conclude, Fig. 4c shows-SKIT results with CLIP:ViT-L/14 on three random images from the
dataset (see Figs. E.15 and E.16 for all models and more images). We use SpLiCe to encode each
image and obtain its top-10 concepts, and then add the bottom-4 according to PCBM, for a total of 14
attributes per image. The choice of combining concepts both from SpLiCe and PCBM will highlight



(a) Global importance with SKIT. (b) Global conditional importance witb-SKIT.

(c) Local importance withx-SKIT. The bottom-4 concepts according to PCBM are annotated(®ith
Figure 4: Results with CLIP:ViT-L/14 on Imagenette.

the differences between these methods and our notion of local statistical importance, as we will
shortly expand on. Recall that we use nonparametric samplers to approfimate- . , so the cost

of using image-speci ¢ concepts boils down to projecting the feature embeddings with a different
matrix ¢, which is negligible compared to running the tests. We note that parametric generative
models—such as variational autoencoders or diffusion models—would have required retraining for
each set of concepts, which is expensive. Overall, we nd that ranks are well-aligned across models
(0.71 rank agreement, see Table 1). We can appreciate how the bottom-4 concepts from PCBM,
which are annotated with an asterisk, are not always last, i.e. a concept may be locally important
even if it is not globally important. For example, concept “ shing” may not be globally important
for class “English springer”, but it is locally important for an image of a dog in water. Conversely, a
concept having a high weight according to SpLiCe does not imply it will be statistically important for
the predictions of the model, and these distinctions are important in order to communicate ndings
transparently.

5 Conclusions

There exist an increasing interest in explaining modern, unintelligible predictors and, in particular,
doing so with inherently interpretable concepts that convey speci ¢ meaning to users. This work
is the rst to formalize precise statistical notions of semantic importance in terms of global (i.e.,
over a population) and local (i.e., on a sample) conditional hypothesis testing. We propose novel,
valid tests for each notion of importance while providing a rank of importance by deploying ideas of
sequential testing. Importantly, by approaching importance via conditional independence (and by
developing appropriate valid tests), we are able to provide Type | error and FDR control, a feature
that is unique to our framework compared to existing alternatives. Furthermore, our tests allow to
explain the original—potentially nonlinear—classi er that would be used in the wild, as opposed to
training surrogate linear models as has been the standard so far.

Naturally, our work has limitations. First and foremost, the procedures introduced in this work
require access to samplers, and there might be settings were learning these models is hard; we used
nonparametric estimators in our experiments, but modern generative models could be employed, too.
Second, kernel-based tests rely on the assumption that the kernels used are characteristic for the
space of distributions considered. Although these assumptions are usually satiR&&inRBF

kernels, there may exist data modalities where this is not true (e.qg., discrete data, graphs), which
would compromise the power of the test. Finally, although we grant full exibility to users to specify

the concepts they care about, there is no guarantee that these are well-represented in the feature space
of the model, nor that they are the most informative ones for a speci ¢ task. All these points are a
matter of ongoing and future work.

10



Acknowledgments

We sincerely thank Zhenzhen Wang and the anonymous NeurlPS reviewers for useful conversations
that strengthened the presentation of our experimental results. This research was supported by NSF
CAREER Award CCF 2239787.

References

[1] Nachman Aronszajn. Theory of reproducing kern@isnsactions of the American mathemati-
cal society 68(3):337—404, 1950.

[2] David Bau, Bolei Zhou, Aditya Khosla, Aude Oliva, and Antonio Torralba. Network dissec-
tion: Quantifying interpretability of deep visual representation®roceedings of the IEEE
conference on computer vision and pattern recognjtimages 6541-6549, 2017.

[3] Yoav Benjamini and Yosef Hochberg. Controlling the false discovery rate: a practical and
powerful approach to multiple testingJournal of the Royal statistical society: series B
(Methodological) 57(1):289-300, 1995.

[4] Alain Berlinet and Christine Thomas-AgnaReproducing kernel Hilbert spaces in probability
and statistics Springer Science & Business Media, 2011.

[5] Thomas B Berrett, Yi Wang, Rina Foygel Barber, and Richard J Samworth. The conditional
permutation test for independence while controlling for confoundéosirnal of the Royal
Statistical Society Series B: Statistical Methodold®(1):175-197, 2020.

[6] Usha Bhalla, Alex Oesterling, Suraj Srinivas, Flavio P Calmon, and Himabindu Lakkaraju. In-
terpreting clip with sparse linear concept embeddings (spla&)iv preprint arXiv:2402.10376
2024.

[7] Beepul Bharti, Paul Yi, and Jeremias Sulam. Suf cient and necessary explanations (and what
lies in between)arXiv preprint arXiv:2409.2042,72024.

[8] Gilles Blanchard and Etienne Roquain. Two simple suf cient conditions for fdr control.
Electronic Journal of Statistic®:963-992, 2008.

[9] Carlo Bonferroni. Teoria statistica delle classi e calcolo delle probabHishblicazioni del R
istituto superiore di scienze economiche e commericiali di re8z8-62, 1936.

[10] Collin Burns, Jesse Thomason, and Wesley Tansey. Interpreting black box models via hypothesis
testing. InProceedings of the 2020 ACM-IMS on foundations of data science confepayms
47-57, 2020.

[11] Emmanuel Candes, Yingying Fan, Lucas Janson, and Jinchi Lv. Panning for gold: model-
x'knockoffs for high dimensional controlled variable selectidournal of the Royal Statistical
Society Series B: Statistical Methodolo§®(3):551-577, 2018.

[12] Aditya Chattopadhyay, Kwan Ho Ryan Chan, and Rene Vidal. Bootstrapping variational
information pursuit with large language and vision models for interpretable image classi cation.
In The Twelfth International Conference on Learning Representatips.

[13] Aditya Chattopadhyay, Ryan Pilgrim, and Rene Vidal. Information maximization perspective of
orthogonal matching pursuit with applications to explainablédivances in Neural Information
Processing System36, 2024.

[14] Haozhe Chen, Junfeng Yang, Carl Vondrick, and Chengzhi Mao. Invite: Interpret and control
vision-language models with text explanations.The Twelfth International Conference on
Learning Representation2024.

[15] Jianbo Chen, Le Song, Martin J Wainwright, and Michael | Jordan. L-shapley and c-shapley:
Ef cient model interpretation for structured datarXiv preprint arXiv:1808.02612018.

11



[16] Mehdi Cherti, Romain Beaumont, Ross Wightman, Mitchell Wortsman, Gabriel Ilharco, Cade
Gordon, Christoph Schuhmann, Ludwig Schmidt, and Jenia Jitsev. Reproducible scaling laws
for contrastive language-image learning. Rroceedings of the IEEE/CVF Conference on
Computer Vision and Pattern Recognitjgrages 2818-2829, 2023.

[17] Thomas M Cover. Universal portfoliodathematical nancel1(1):1-29, 1991.

[18] lan Covert, Scott M Lundberg, and Su-In Lee. Understanding global feature contributions
with additive importance measuresdvances in Neural Information Processing Syste3fis
17212-17223, 2020.

[19] Ashok Cutkosky and Francesco Orabona. Black-box reductions for parameter-free online
learning in banach spaces. Qonference On Learning Thegnyages 1493-1529. PMLR, 2018.

[20] Roxana Daneshjou, Mert Yuksekgonul, Zhuo Ran Cai, Roberto Novoa, and James Y Zou.
Skincon: A skin disease dataset densely annotated by domain experts for ne-grained debugging
and analysisAdvances in Neural Information Processing Syste38s18157-18167, 2022.

[21] Marina Danilevsky, Kun Qian, Ranit Aharonov, Yannis Katsis, Ban Kawas, and Prithvirgj
Sen. A survey of the state of explainable ai for natural language processiXy. preprint
arXiv:2010.007112020.

[22] Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-
scale hierarchical image database2009 IEEE conference on computer vision and pattern
recognition pages 248-255. leee, 2009.

[23] Christiane FellbaumWordNet: An electronic lexical databas®lIT press, 1998.

[24] Lasse Fischer and Aaditya Ramdas. Sequential permutation testing by batiigpreprint
arXiv:2401.073652024.

[25] Kenji Fukumizu, Arthur Gretton, Xiaohai Sun, and Bernhard Schélkopf. Kernel measures of
conditional dependencédvances in neural information processing syste2fis 2007.

[26] Yossi Gandelsman, Alexei A Efros, and Jacob Steinhardt. Interpreting clip's image representa-
tion via text-based decompositioarXiv preprint arXiv:2310.059162023.

[27] Damien Garreau, Wittawat Jitkrittum, and Motonobu Kanagawa. Large sample analysis of the
median heuristicarXiv preprint arXiv:1707.07262017.

[28] Arthur Gretton, Kenji Fukumizu, Choon Teo, Le Song, Bernhard Schélkopf, and Alex Smola.
A kernel statistical test of independendavances in neural information processing systems
20, 2007.

[29] Arthur Gretton, Karsten M Borgwardt, Malte J Rasch, Bernhard Scholkopf, and Alexander
Smola. A kernel two-sample testhe Journal of Machine Learning Researd3(1):723-773,
2012.

[30] Kaiming He, Xiangyu Zhang, Shaoging Ren, and Jian Sun. Deep residual learning for image
recognition. InProceedings of the IEEE conference on computer vision and pattern recognition
pages 770-778, 2016.

[31] Gabriel llharco, Mitchell Wortsman, Ross Wightman, Cade Gordon, Nicholas Carlini, Rohan
Taori, Achal Dave, Vaishaal Shankar, Hongseok Namkoong, John Miller, Hannaneh Hajishirzi,
Ali Farhadi, and Ludwig Schmidt. Openclip, July 2021. URiips://doi.org/10.5281/
zenodo.5143773. If you use this software, please cite it as below.

[32] Chao Jia, Yinfei Yang, Ye Xia, Yi-Ting Chen, Zarana Parekh, Hieu Pham, Quoc Le, Yun-Hsuan
Sung, Zhen Li, and Tom Duerig. Scaling up visual and vision-language representation learning
with noisy text supervision. linternational conference on machine learnjpgges 4904-4916.
PMLR, 2021.

[33] Maurice G Kendall. A new measure of rank correlati@ometrikg 30(1-2):81-93, 1938.

12



[34] Been Kim, Martin Wattenberg, Justin Gilmer, Carrie Cai, James Wexler, Fernanda Viegas, et al.
Interpretability beyond feature attribution: Quantitative testing with concept activation vectors
(tcav). InInternational conference on machine learnjpgges 2668-2677. PMLR, 2018.

[35] Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimiza&ioXiv preprint
arXiv:1412.69802014.

[36] Pang Wei Koh, Thao Nguyen, Yew Siang Tang, Stephen Mussmann, Emma Pierson, Been Kim,
and Percy Liang. Concept bottleneck modelslniternational conference on machine learnjng
pages 5338-5348. PMLR, 2020.

[37] Stefan Kolek, Aditya Chattopadhyay, Kwan Ho Ryan Chan, Hector Andrade-Loarca, Gitta
Kutyniok, and René Vidal. Learning interpretable queries for explainable image classi cation
with information pursuitarXiv preprint arXiv:2312.11548023.

[38] Yann LeCun, Léon Bottou, Yoshua Bengio, and Patrick Haffner. Gradient-based learning
applied to document recognitioRroceedings of the IEEB6(11):2278-2324, 1998.

[39] Junnan Li, Dongxu Li, Caiming Xiong, and Steven Hoi. Blip: Bootstrapping language-
image pre-training for uni ed vision-language understanding and generatidnteimational
conference on machine learningages 12888-12900. PMLR, 2022.

[40] Tsung-YiLin, Michael Maire, Serge Belongie, James Hays, Pietro Perona, Deva Ramanan, Piotr
Dollar, and C Lawrence Zitnick. Microsoft coco: Common objects in contex€dmputer
Vision—ECCV 2014: 13th European Conference, Zurich, Switzerland, September 6-12, 2014,
Proceedings, Part V 13ages 740-755. Springer, 2014.

[41] Pantelis Linardatos, Vasilis Papastefanopoulos, and Sotiris Kotsiantis. Explainable ai: A review
of machine learning interpretability methodsntropy, 23(1):18, 2020.

[42] Scott M Lundberg and Su-In Lee. A unied approach to interpreting model predictions.
Advances in neural information processing systesfis 2017.

[43] Jan Macdonald, Stephan Waldchen, Sascha Hauch, and Gitta Kutyniok. A rate-distortion
framework for explaining neural network decisiomsXiv preprint arXiv:1905.110922019.

[44] Ricardo Moreira, Jacopo Bono, Mario Cardoso, Pedro Saleiro, Mério AT Figueiredo, and Pedro
Bizarro. Diconstruct: Causal concept-based explanations through black-box distilkation.
preprint arXiv:2401.085342024.

[45] Alfred Miiller. Integral probability metrics and their generating classes of functiddgances
in applied probability 29(2):429-443, 1997.

[46] Meike Nauta, Ron Van Bree, and Christin Seifert. Neural prototype trees for interpretable
ne-grained image recognition. IRroceedings of the IEEE/CVF conference on computer vision
and pattern recognitionpages 14933-14943, 2021.

[47] Tuomas Oikarinen and Tsui-Wei Weng. Clip-dissect: Automatic description of neuron repre-
sentations in deep vision networlkaXiv preprint arXiv:2204.109652022.

[48] Tuomas Oikarinen, Subhro Das, Lam M Nguyen, and Tsui-Wei Weng. Label-free concept
bottleneck modelsarXiv preprint arXiv:2304.061292023.

[49] Junhyung Park and Krikamol Muandet. A measure-theoretic approach to kernel conditional
mean embedding#dvances in neural information processing syste3s21247—21259, 2020.

[50] Thang M Pham, Peijie Chen, Tin Nguyen, Seunghyun Yoon, Trung Bui, and Anh Totti Nguyen.
Peeb: Part-based image classi ers with an explainable and editable language bottheXack.
preprint arXiv:2403.0529,72024.

[51] Aleksandr Podkopaev, Patrick Bldbaum, Shiva Kasiviswanathan, and Aaditya Ramdas. Sequen-
tial kernelized independence testing.libernational Conference on Machine Learnjmages
27957-27993. PMLR, 2023.

13



[52] Alec Radford, Jong Wook Kim, Chris Hallacy, Aditya Ramesh, Gabriel Goh, Sandhini Agarwal,
Girish Sastry, Amanda Askell, Pamela Mishkin, Jack Clark, et al. Learning transferable visual
models from natural language supervisionlriternational conference on machine learnjng
pages 8748-8763. PMLR, 2021.

[53] Vikram V Ramaswamy, Sunnie SY Kim, Ruth Fong, and Olga Russakovsky. Overlooked factors
in concept-based explanations: Dataset choice, concept learnability, and human capability. In
Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogpetias
10932-10941, 2023.

[54] Marco Tulio Ribeiro, Sameer Singh, and Carlos Guestrin. " why should i trust you?" explaining
the predictions of any classi er. IRroceedings of the 22nd ACM SIGKDD international
conference on knowledge discovery and data minpages 1135-1144, 2016.

[55] Numair Sani, Daniel Malinsky, and llya Shpitser. Explaining the behavior of black-box
prediction algorithms with causal learningrXiv preprint arXiv:2006.024822020.

[56] David W Scott.Multivariate density estimation: theory, practice, and visualizatidohn Wiley
& Sons, 2015.

[57] Ramprasaath R Selvaraju, Michael Cogswell, Abhishek Das, Ramakrishna Vedantam, Devi
Parikh, and Dhruv Batra. Grad-cam: Visual explanations from deep networks via gradient-based
localization. InProceedings of the IEEE international conference on computer vipages
618-626, 2017.

[58] Shalev Shaer, Gal Maman, and Yaniv Romano. Model-x sequential testing for conditional
independence via testing by betting.lhternational Conference on Arti cial Intelligence and
Statistics pages 2054-2086. PMLR, 2023.

[59] Glenn Shafer. Testing by betting: A strategy for statistical and scienti c communication.
Journal of the Royal Statistical Society Series A: Statistics in Sodi8#(2):407-431, 2021.

[60] Glenn Shafer and Vladimir VovkGame-theoretic foundations for probability and nance
volume 455. John Wiley & Sons, 2019.

[61] John Shawe-Taylor and Nello Cristianir{ernel methods for pattern analysi€ambridge
university press, 2004.

[62] Shubhanshu Shekhar and Aaditya Ramdas. Nonparametric two-sample testing by tefihg.
Transactions on Information Theqr2023.

[63] Tianhong Sheng and Bharath K Sriperumbudur. On distance and kernel measures of conditional
dependencelournal of Machine Learning Resear®¥(7):1-16, 2023.

[64] Pushkar Shukla, Sushil Bharati, and Matthew Turk. Cavli-using image associations to produce
local concept-based explanations.Hroceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognitippages 3749-3754, 2023.

[65] Amanpreet Singh, Ronghang Hu, Vedanuj Goswami, Guillaume Couairon, Wojciech Galuba,
Marcus Rohrbach, and Douwe Kiela. Flava: A foundational language and vision alignment
model. InProceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogni-
tion, pages 15638-15650, 2022.

[66] Le Song, Jonathan Huang, Alex Smola, and Kenji Fukumizu. Hilbert space embeddings of
conditional distributions with applications to dynamical system®risceedings of the 26th
Annual International Conference on Machine Learnipgges 961-968, 2009.

[67] Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and
Ben Poole. Score-based generative modeling through stochastic differential equations.
preprint arXiv:2011.134562020.

[68] Bharath K Sriperumbudur, Arthur Gretton, Kenji Fukumizu, Bernhard Schélkopf, and Gert RG
Lanckriet. Hilbert space embeddings and metrics on probability meastuhesJournal of
Machine Learning Researchh1:1517-1561, 2010.

14



[69] Wesley Tansey, Victor Veitch, Haoran Zhang, Raul Rabadan, and David M Blei. The holdout
randomization test for feature selection in black box mod#sirnal of Computational and
Graphical Statistics31(1):151-162, 2022.

[70] Jacopo Teneggi, Alexandre Luster, and Jeremias Sulam. Fast hierarchical games for image
explanationslEEE Transactions on Pattern Analysis and Machine Intelliged&¢4):4494—
4503, 2022.

[71] Jacopo Teneggi, Beepul Bharti, Yaniv Romano, and Jeremias Sulam. Shap-xrt: The shapley
value meets conditional independence testifrgnsactions on Machine Learning Research
2023.

[72] Isabella Verdinelli and Larry Wasserman. Feature importance: A closer look at shapley values
and loco.arXiv preprint arXiv:2303.059812023.

[73] Isabella Verdinelli and Larry Wasserman. Decorrelated variable importdoaenal of Machine
Learning Researct25(7):1-27, 2024.

[74] Sebastiano Vigna. A weighted correlation index for rankings with tie®rtrceedings of the
24th international conference on World Wide \Wphages 1166-1176, 2015.

[75] Jean Ville.Etude critique de la notion de collectiGauthier-Villars Paris, 1939.

[76] Vladimir Vovk and Ruodu Wang. E-values: Calibration, combination and applicatidmes.
Annals of Statistics49(3):1736-1754, 2021.

[77] Catherine Wah, Steve Branson, Peter Welinder, Pietro Perona, and Serge Belongie. The
caltech-ucsd birds-200-2011 dataset. 2011.

[78] Benyou Wang, Qiangian Xie, Jiahuan Pei, Zhihong Chen, Prayag Tiwari, Zhao Li, and Jie Fu.
Pre-trained language models in biomedical domain: A systematic sufelyl Computing
Surveys56(3):1-52, 2023.

[79] Ruodu Wang and Aaditya Ramdas. False discovery rate control with e-vdtuesal of the
Royal Statistical Society Series B: Statistical Methodol&4y3):822-852, 2022.

[80] zifeng Wang, Zhenbang Wu, Dinesh Agarwal, and Jimeng Sun. Medclip: Contrastive learning
from unpaired medical images and teatXiv preprint arXiv:2210.101632022.

[81] Shirley Wu, Mert Yuksekgonul, Linjun Zhang, and James Zou. Discover and cure: Concept-
aware mitigation of spurious correlation. limernational Conference on Machine Learnjng
pages 37765-37786. PMLR, 2023.

[82] Yonggin Xian, Christoph H Lampert, Bernt Schiele, and Zeynep Akata. Zero-shot learning—a
comprehensive evaluation of the good, the bad and the UBKE transactions on pattern
analysis and machine intelligenc&l1(9):2251-2265, 2018.

[83] Yue Yang, Artemis Panagopoulou, Shenghao Zhou, Daniel Jin, Chris Callison-Burch, and Mark
Yatskar. Language in a bottle: Language model guided concept bottlenecks for interpretable
image classi cation. IrProceedings of the IEEE/CVF Conference on Computer Vision and
Pattern Recognitionpages 19187-19197, 2023.

[84] Hao Yuan, Haiyang Yu, Shurui Gui, and Shuiwang Ji. Explainability in graph neural networks:
A taxonomic surveylEEE transactions on pattern analysis and machine intelliged6¢5):
5782-5799, 2022.

[85] Mert Yuksekgonul, Maggie Wang, and James Zou. Post-hoc concept bottleneck naoXéls.
preprint arXiv:2205.154802022.

[86] Kun Zhang, Jonas Peters, Dominik Janzing, and Bernhard Schdélkopf. Kernel-based conditional
independence test and application in causal discoaeKiv preprint arXiv;1202.37752012.

15



A Testing by Betting

In this appendix, we include additional background information on testing by betting that was omitted
from the main text for the sake of conciseness of presentation. Recall that the wealth process
fKtGi2n, With Ng .= N[f Ogis de ned as

Kog=1 and Ki= K¢ 1 (1+ Vi t) (6)
wherev; 2 [ 1, 1]is the betting fraction and; 2 [ 1;1]the payoff of the bet.

A.1 Test Martingales

We start by introducing the de nition of test martingalgsee, for example, Shaer et al. [58]).

De nition A.1 (Test martingale) A nonnegative stochastic procdsS; g2 n, IS a test martingale if
So = 1 and, under a null hypothedi$y, it is a supermartingale, i.e.

Evo[StiFt 1] St 1 (1)
whereF; ; isthe ltration (i.e., the smallest-algebra) of all previous observations.

In the following, we will use Ville's inequality, which we include for the sake of completeness.

Lemma A.1 (Ville's inequality [75]). If the stochastic procedsS; g2 n, IS @ Nonnegative super-
martingale,

POt 0: S ] E[So]=; 8 > O (8)

With this, we state a condition under which we can use the wealth process to reject a null hypothesis
Ho with Type I error control.

Lemma A.2 (See Shaer et al. [58], Shekhar and Ramdas [Af])
Enol tJFt 1]1=0; 9)

whereF; ; denotes the ltration (i.e., the smallestalgebra) of all previous observations, then the
wealth proces$K gi2n, describes a fair game and

Puolot 1: K¢ 1=] (10)

Proof. It suf ces to show that ifEq,[ + j Ft 1] = 0, then the wealth proce$& g2 N, IS a test
martingale:

1. Ko =1 by de nition, and

2. Itis immediate to see that the wealth process is nonnegative begays2 [ 1;1]and the
bettor never risks more than their current wealth, i.e. they will never go into debt. Finally,

3. If EHo[ tht 1]:O,then

Ero[Kt jFt 1]1= ExolKe 1 (L+ v ¢)jF¢ 4] (11)
= Kt 1 EH0[1+ Vi tht 1] (Kt 1th 1iSC0nStant) (12)

Ki 1 (1+Eno[ tjFe 1)) (") (13)

= K¢ 15 (14)

and the wealth process is a supermartingale under the null.

Then, by Ville's inequality, we conclude that for any signi cance leve? (0; 1)
Puo,Ot 1:K; 1=] E[Ko] = (15)

which is the statement of the lemma. O
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A.2 Symmetry-based Two-sample Sequential Testing

In this section, we show how to leverage symmetry to construct valid sequential tests for a two-sample
null hypothesis of the form

Ho: P = I (16)
LemmaA.3(See p1,58,67). 8 1,letX P andX¥ P betworandom variables sampled
fromP andP, respectively. [P = B, it holds that for any xed function; : X ! R
(X)) R E R (X); (17)
that is
Po( ¢(X) (X)) = po( (X)) (X)), (18)

wherepy is the probability density function induced bly.

Proof. The proof is straightforward. P = B, thenX andX are exchangeable by assumptiofi]

Proof of Lemma 2
Recall the lemma states that for any xed function: X ! R, the payoff

¢ =tanh( (X) (X)) (19)
provides a fair game (i.e., it satis es Lemma A.2) for a two-sample test with null hypothesis
Ho: P = B. We use Lemma A.3 above to prove a stronger result that implies the desired claim.

Lemma A.4 (See p1, 58,67]). Foranyt 1, and any xed anti-symmetric function: R! R, it
holds that

Enol («(X) (X)) jFt 11=0: (20)

Proof. We can see that

Enol (¢(X)  t(R)jFe 1]= Brol (1(X) 109)] (t; are xed) (21)
= (Wpo(u) du (change of variables) (22)
ZR
= ((uW+ ( u)po(u)du (byLemmaA.3) (23)
ZR+

( (u)  (u)po(u) du ( is anti-symmetric) (24)
R+

= O; (25)
which concludes the proof. O

Proof of Lemma 2 Note thattanh is an anti-symmetric function, so Lemma A.4 holds. Then,
Lemma A.2 implies that, =tanh( {(X) {(X®)) provides atest martingale féto : P = B. [

A.3 Betting Strategies

So far, we have discussed how to construct valid test martingales in terms of the payidien, it
remains to de ne a strategy to choose the betting fractjorin general, any method that picks
beforedata is revealed maintains validity of the test, and we brie y summarize a few alternatives.

Constant betting fraction. Naturally, a xed betting fractiorv; = v is valid. However, this strategy
may be prone tovershootingi.e. the wealth may go to zero almost surely under the alternative, and
severely impact the power of the test [51, Example 2].

Mixture method [ 17, 58]. A possible way to overcome the limitations of setting a xed betting
fraction is to average across a distribution, i.e.
Z

Ki=  KYpv) dv; (26)
\Y
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whereK t(") is the wealth with constant betting fractisn= v, andp(v) is a prior over the choice
of fractions (e.g., uniform ovdr 1;1]). This choice is valid, and motivated by the intuition that
the mixture martingale will be driven by the term that achieves the optimal betting fractipn [
Theorem 1].

Online Newton step (ONS) 19]. Alternatively, one can frame choosing the betting fraction as an
online optimization problem that nds the optimal in terms of the regret of the strategy. We refer
interested readers tag, 58, 6] for a theoretical analysis of this strategy and simply state here the
wealth's growth rate. Algorithm A.1 summarizes this strategy.

Lemma A.5 (See Shekhar and Ramdé&g]). For any sequencev; 2 [ 1;1]:t 1g, it holds that
I
TR

logK & Vio logt: (27)
t0=1

Algorithm A.1 ONS Betting Strategy
Input: Sequence of payoffs (g; 1

1: ag 1

2. V1 0

3:fort 1do

4. Zt t:(l + Vi t)

5 & @ 1+22

6:  Vis1 max(0; min(1;a; +2=2 1og(3)) z=&))
7: end for

A.4 Controlling False Discovery Rate

Finally, we brie y present one way to provide false discovery rate (FDR) control when testing multiple

of false discoveries to the number of total ndings, i.e.

j$\ Soj
iSi

FDR:= E ; (28)

whereSy = fj 2 [m]: Hé‘) is trueg is the set of true null hypotheses (i.e., the ones that should not
be rejected). Followingd, 79], we say that is self-consistent at level if every rejectece-value

satis esell)  m= j$§j, and we now state the lemma we use to construct our FDR post-processor in
Algorithm A.2.

Lemma A.6 (See Wang and Ramdp&?]). Any self-consisterg-testing procedure at level controls
FDR at level for arbitrary con gurations ofe-values.

Algorithm A.2 Level- greedy FDR post-processor.

1. § ;
2:fors=1;:::;mdo
3 je o arg min st. KW m=s
j2[mInS; 2[0;1 ]
if 9= 1 then
return §
end if
§ S[fj%
: end for
return §

o0 R
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Recall that the optional stopping theorem implies that for a test martifig@ale: 2 n, , the wealthK
is ane-value for anyt 1. Then, intuitively, Algorithm A.2 transforms astesting procedur&
into a self-consistent one by greedily rejecting concepts as soon as they cross the adjusted threshold

m= j§j. Note that we do not know the number of rejectiangriori, and thaim= j$j is a decreasing

function ofj§j. Hence, the adjusted threshold for the rst concept willlbe (which matches

the common Bonferroni correctiol]), m=2 for the second one, then=3 , and so on and so

forth. The procedure stops when no more concepts reach the threshold, and concepts are sorted
by their adjusted rejection times. We remark that Algorithm A.2 run®{m) time, and that it

does not change the individual testing procedures—which is important because concepts are tested
concurrently in practice.

B Technical Details on Payoff Functions

In this appendix, we include technical details on how to compute the payoff functions of all tests
presented in this paper. We start with a brief overview of the maximum mean discrepancy (MMD)
[29], and we refer interested readers 19 {, 61, 68 for rigorous introductions to the theory of
reproducing kernel Hilbert spaces (RKHSs) and their applications to probability and statistics.

De nition B.1 (Mean embedding (see Gretton et[@P])). Let P be a probability distribution oiX
andR an RKHS on the same domain. The mean embeddifyiofR is the elementp 2 R with

8 2R, Ep[ (X)]=hp; ir: (29)
Furthermore, giveiX @ ;:::; X (") sampled i.i.d. fronP, the plug-in estimate(" is
1 X )
= 2T (xO); (30)

i=1
where' is the canonical feature map, i'e(X) = k(X; ), andk is the kernel associated witR.

We now de ne the MMD between two probability distributioRs Q and show that it can be rewritten
in terms of their mean embeddings.

De nition B.2 (Integral probability metric (see Mullg#5])). Let P; Q be two probability distribu-
tions overX . Furthermore, denot@ = fg: X ! Rg a hypothesis class of real-valued functions

overX. Then,
Ds(P;Q) = Sggg JEr[9(X)]  Eqlg(X)I] (31)

is the distance betwedh andQ induced byG, and the functiorg that achieves the supremum is
calledwitness function

The MMD is de ned asDg(r)(P; Q), whereB(R) is the unit ball ofR, i.e.
B(R)=f 2R : k kg 1g (32)

De nition B.3 (Maximum mean discrepancy (see Gretton efzi])). ForP; Q de ned as above,
let R be an RKHS on their domain. Then,

MMD (P; Q) = ZQJEDR) Ep[ (X)]  Eol (X)I: (33)

We note that we drop the absolute value because2ifB(R), then 2 B(R) also. From the
de nition of mean embedding, it follows that

MMD(P;Q): sup h P, iR h Qs iR (34)
2B (R)
= sup hp Q; | (35)
2B (R)
=k p  qkgr; (36)
and its witness function satis es
I p Q- (37)
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Algorithm B.1 Level- SKIT for the global importance of concept
. .= (1)
Input: Stream(¥();Z[") Py, .

1 KO 1
2: Initialize ONS strategy as in Algorithm A.1.
3:fort=1;::: do

4: Compute ( asin Eq. (47)

5:  ObserveD@ 1) = (¢@t l);Zj(2t Yy and D@ :(Q(Zt);zj@‘))
6 [[©B@t D (9(2t 1);Zj(2t)) and ©B@YD (9(2t);zj(2t l))

7:  Compute  asin Eq. (48)

8 Ky Kia1 (T+wvy)

9. ifKy 1= then

10: return t

11: endif

120 Vin ONS step

13: end for

B.1 Computing $KT and SKIT

Recall that 7" is the estimate of the witness function of MNIBy , ;Py Pz, ) attimet, i.e.

2(t 1 2(t 1 2(t 1)) .
ISKIT =N (Q(ZJ ) /\(9( )) A(Zj( ))’ (38)
where
26 1)
sty 1 CL0y 2Oy 39
in Z(t 1) om0 ( ?( ) Zj ( i ))1 ( )
26 1) 2% 1)
et 1) _ 1 . ). @t 1) _ . (9.
N E e ¢ (P S ARG 2,(Z") (40)
10=0 t0=0
and' ¢ ;' z, are the canonical feature maps associated RighandR z, , respectively. We remark
that SX'T is an operator, and, for a sami§fe z; ), its value $X'7(¢;z) can be computed as
. — 2 1 2 1 2 1 .
RO R G A SR () (41)
2 1 . 2 1 2 1 .
=roy Dma) o8 Y A giz) (42)
with
2 1)
@t 1) gopy o L 9. (1%,
"9z, 9:7)= M D ke (¥ 9)kz, (25 2)) (43)
2-° 3
1 2 1) . 2% 1) o
2 2 oy - . . .
CF Y AN = gt k@O ke @25 @9
t0=0 t0=0

whereky ; kz, are the kernels associated wRfy andRz, , respectively.

Furthermore, note that, in practice, we only have access to samples from the test distﬁl@%ion

(i.e., the joint) and we swap elements of two consecutive samples to simulate data from the null
distributionPy Pz, . More formally, let

.= (2 . = 7@ 1
D(Zt) — (9(21)72J( t)) PQZJ : D(Zt 1) - (‘Q(Zt l)]zj( t )) P?ZJ (45)

such that
By = (9(2t);zj(2t 1)); @t 1 = (9(2t 1);Zj(2t)): (46)
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Then,
SKIT .— A (2(t 1)) ARt 1) AlR(t 1)
t 9z ¢ Z; (47)

where”y, ;"¢ ; "z are themean embeddingsf Py, Py Pz inRy R z;, Ry, andRz,

respectively, and is the tensor product as in Gretton et[ab]. We remark that X' is a real-valued
operator,i.e. ?T: R R! R, and that we use data upto 1to compute  in order to maintain
validity of the test, i.e. ; is xed conditionally on previous observations.

Following Lemma 2, we conclude
tSKIT ‘= tanh tSKIT(D(Z’( l))+ tSKIT(D(ZI)) tSKIT(@(Z’( l)) tSKIT(@(ZI)) (48)

and Algorithm B.1 summarizes the SKIT procedure for the global semantic importance null hypothesis
HG; in De nition 1.

B.2 Computing £SKIT and ¢-SKIT

Recall that ST is the estimate of the witness functionMD (Py, , Pgg , ) with B
PijZ i attimet, i.e.

C-SKIT _ At 1) (t 1 .
t _A9zjz j A?zjz P’ (49)
where

X1

(t 1) _ 1 , 0 , (t9 , 9

PR SRS BT B D (50)
t9=0

At D) 1 Xt Oy o ey ("

b, T ) @) 2 e (51)
10=0

and' ;' z,;' z , are the canonical feature maps associated with their respective RKHSs. We

remark that 5K is de ned as an operator, and, for a trip{§t z;; z ;) its value can be computed
as

SSKT(:z52 () =(" (Qtzil; j "(;2]1; 3752 ) (52)
:A(Qtz,l; J(9; 7,z ) A(Qtzjl; j(S};zj;z i) (53)
with
A D e oy 1 X (t%. (t9., .,

22,2 j(9’-21-2 )= ﬁm—o ke (P y)kz, (Zy iz)kz (27752 ) (54)

1
Moz 87z g k(PO Ez)k 205z ) 69)

10=0

whereky ; kz; ;kz | are the kernels associated Wity ; Rz, ; andRz  , respectively.
Following Lemma 2, we conclude

ST =tanh( FSNT(¢:2:Z ) FSNT(YEZ ) (56)

B.3 Computing {SKIT and XSKIT

Recall that, for a particular samptea concept 2 [m], and a subseéd [m] n fj g that does not
containj, ST is the estimate—at time—of the witness function oMMD (Ysr j 4; ¥s) with
‘QC = g(ﬁc), ch PHng:ZC s i.e.

X-SKIT _ A (t 1) At D).
t ?S[f i 95 ’ (57)
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where

1 1

X X
Aty - 1 IS Aty 1 0Oy, 58
Ysiig  t 1t0:0 o SIf Jg)’ ?s t 1t0:0 ¢ (Ys ) (58)

and' 4 is the canonical feature map Bf, . Then, for a predictio, the value of KT is

T =g, e D) (59)
=0, ® ) , (60)
1 X! o K1 .
=1 kg9 ke (98759) (61)
t0=0 t0=0

wherek, is the kernel associated witRy, .
To conclude, applying Lemma 2 implies

FSKT = tanh( STy ) FSKT(9s)): (62)

C Proofs

In this appendix, we include the proofs of the results presented in this paper.

C.1 Proof of Lemma 1

Recall thatt 2 RY ™ is a dictionary ofm concepts such that,j 2 [m] is the vector representation

of thej " concept. ThenZ = hc; Hi is the vector where—after appropriate normalizatiofy—2
[ 1;1]represents the amount of concgph h.

We want to show that if = hw;Hi,w 2 RY, andd 3, then
¥2 2z 6h w;gi=0: (63)

That is,w being orthogonal tg; does not provide any information about the statistical dependence
between? andz;, and vice versa.

Proof. Herein, for the sake of simplicity, we will drop tlee notation and consider a single concept
c. Furthermore, we will assume that all vectors are normalizedki&.= khk = kck = 1. Note
that the Eqg. (63) above can directly be rewritten as

hw;Hi?h c;Hi 6h w;c =0: (64)

( &= ) We show there exist random vectdtssuch thatw;ci = 0 buthw;Hi 62 hc; Hi.
LetH U (%), i.e. H = [Hy;:::;Hq] is sampled uniformly over the sphere dn
dimensions. Itis easy to see tt&t 2 [d], H; = he»,C"H i, whereg is thej ™" element of
the standard basis. Furthermore, it holds that= 1 ios HJo by de nition. We

conclude tha8(j;j 9, letw = g andc = g, thenhw;ci = 0 buthw;Hi 62 hc; Hi. That
is, the fact thag, andejo are orthogonal does not mean that their respective projections of
H are statistically independent.

(=6 ) We show how to construct a random vedtbrsuch thatw; Hi?h c¢;Hi buthw;ci & 0.

DenoteH = fh2 S: hc;hi = ; 6 0gthe linear subspace of unit vectorsRf
with the same nonzero inner product withEach vectoh 2 H can be decomposed into a
parallel and an orthogonal componentta.e.8h2H ,h= h.+ h, = ¢ + h,, where
the last equality follows by de nition oH .
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ConsiderH andH , it follows that forw;h* 2H andh 2H
hwv;h i=hwv;h i 0 h c+w,;c+hji=hc+w,; c+h,i (65)

0 2+ hwohii= 2+ hws;h,i (66)

0 h wy;hi h,i= 22 (67)

0h w; i= 22 ( =hy h,) (68)
DenoteS = f(h*;h ): hw,; i = 2 2gthe set of pairs of vector that satisfy Eq. (68),

and note that for each pdin* ; h ) there exists a value such thahw; h*i = hw;h i =
Then, sampling fron® is equivalent to sampling from the set of pairs of vectorslinand
H that attain the same correlation with

Note that wherd = 2, h;h, 2 f ws, g by construction, hence 2 f0; 2w, gand
hw,; i2f0; 2(1 2)g. Then,S = ; because there %rcaﬂ) pairs of vectors such that
hw,; i= 22 Ford 3,Sisnonemptyaslongas 1=2.

Then, we can construét as follows:

— Sample the component paralleldgg.e.H. U ( c),
— Sample the component orthogonaktd.e. (H; ;H,) U (S),

and note that by doing so, we have sampgieddi andhw; Hi independently. Finally

He+ HY ifHe= ¢

H= e+ H, ifHe= (69)
hashw; Hi?h c;Hi by construction, but, sino@ 2H ,hw;ci = 60.
This concludes the proof of the lemma. O
C.2 Proof of Proposition 1
Recall that Proposition 1 states that the payoff function
FSKT=tanh( FKT(9:Z:Z 5)  FNT(YEZ ) (70)

provides a fair game for the global conditional semantic importance null hypoth%ﬁs'n De ni-
tion 2. That is, the wealth process provides Type | error control.

Proof. Note thatH §° can be directly rewritten as
GC . —
Hoj I392,-2 P P?zaz i (71)

where® Pz iz . Then, under the null, the triple(¥ ; Z;;Z ;) and(¥ ;2;Z ) are exchange-
able by assumption, and the result follows from Lemma 2. O

C.3 Proof of Proposition 2
Recall that Proposition 2 claims that a wealth process with
(ST = tanh( SKT(Fsp jg)  1SKT(9s) (72)

can be used to reject the local conditional semantic importblr@{%g in De nition 3 with Type |
error control, i.e. the game is fair.

Proof. It is easy to see that 5-]03 is already written as a two-sample test. Then, under this null,

95[f ig andYs are exchangeable by assumption, and Lemma 2 implies the statement of the proposi-
tion. O
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Figure D.1: Pictorial representation of the data-generating process for the synthetic dataset.

D Synthetic Experiments
In this section, we showcase the main properties of our tests on two synthetic datasets.

D.1 Gaussian Data

We start by illustrating all sequential tests presented in this work are valid, and that they adapt to the
hardness of the problem, i.e. the weaker the dependence structure, the longer their rejection times.
We devise a synthetic dataset with a nonlinear response such that all distributions are known and we
can sample from the exact conditional distribution.

The data-generating process we consider is de ned as

Z1 N (1; 2 1=1; 1=1 (73)
Z; N (2, %) 2= 1, ,=1 (74)
Z3jZ1 N (Z1; %) 3=1 (75)
and
YJZ S(1Z1+ 2Z2Z3+ 3Z3)+ ; (76)

whereS is the sigmoid function, N (0; 3); o = 0:01is independent Gaussian noise, and
i =1;2; 3are coef cients that will allow us to test different conditions. Then, it follows that

g(Z) = E[Y j Z= Z] = S( 127 + 22573 + 323) (77)
and I
2 2
1 3

2 21;
it 3

le23 N 2Z3+

3

(78)

l—‘l\)‘ =
+
wnl P

2
1+

Fig. D.1 depicts the data-generating process. We remark that, for this experiment, we assume there
exists a known parametric relation between the resp¥nared theconcept<Z . This is only to verify

our tests retrieve the ground-truth structure, and our contributions do not rely on this assumption.
With this data-generating process, it holds that:

1. If ,=0thenY? Z,,
2. If 1=0thenY? 2Z,jZ ,,and

3. For an observatiodi = z, if zz = 0 theng(Z; .34) 4 9(Bs) withZBc  Pzjzc -4 -

We test each condition with SKIT-SKIT, andx-SKIT, respectively. We use both a linear and
RBF kernel with bandwidth set to the median pairwise distance between all previous observations
(commonly referred to as theedian heuristi¢27]). For each test, we estimate tregection rate(i.e.,

how often a test rejects), and thepected rejection tim@e., how many steps of the test it takes to
reject) over 100 draws of"™® = 1000 samples, and with a signi cance level= 0:05. We remark

that a normalized rejection time of 1 means failing to reject™®* steps.

D.1.1 Global Importance with SKIT

First, we test that
2=0=) Y?2Z, (79)
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(a) (b)

Figure D.2: Global importance results fdp : Y ? Z, with SKIT. (a) Marginal distributions of

andZ, for , =1 andO, respectively. The red dashed line is the linear regression between the two
variables, and, as expected, the slope Bfor , = 0. (b) Mean rejection rate and mean rejection
time for SKIT with a linear and RBF kernel, as a function of

@) (b)
Figure D.3: Global conditional importance results fé5 : Y? Z; j Z 1 with c-SKIT. (a)
B, P2,z ,isindependentof forZ ; =[ 1;3]. Asexpected, the slope of the linear regression

betweenY andZ; is 0. (b) Mean rejection rate and mean rejection timedeBKIT with a linear
and RBF kernel, as a function of.

with the symmetry-based SKIT in Algorithm B.1. Fig. D.2a shows samples from the joint distribution
Pyz, for =1 and , = 0. As expected, when, = 0, the slope of the linear regression (red
dashed line) is 0because andZ, are independent. Fig. D.2b reports average rejection rate and
average rejection time as a function of. As , increases, the strength of the dependency between

Y andZ; increases, and the rejection time decreases—this adaptive behavior is characteristic of
sequential tests.

We can verify that the rejection rate is below the signi cance level 0:05when , = 0, and

that the SKIT procedure provides Type | error control. Finally, we note that both kernels perform
similarly for this test, with the linear kernel generally rejecting less than the RBF one, and with longer
rejection times.

D.1.2 Global Conditional Importance with c-SKIT

Then, we test that
1=O =) Y"leZl (80)

with c-SKIT (Algorithm 1). We remark that we can sample from the exact conditional distribution
Pzijz 1+ = Pz4jz, 54, becaus&; is independent of ; by construction, and the conditiond , ;-

can be computed analytically as shown in Eq. (78). We verify the conditional distribution behaves as
expected in Fig. D.3a. By constructiaB; is sampled without looking at , hence it is independent,

and the slope of the linear regression (red dashed line)dsFig. D.3b shows mean rejection rate

and time as a function of;. First and foremost, we can see that in this case the linear kernel always
fails to reject—independently of the value of. This behavior highlights an important aspect of all
kernel-based tests, that is the kernel needs hbeacteristicin order for the mean embedding to

be an injective function45, 68]. If this condition is not satis ed, different probability distributions

could share the same mean embedding in the RKHS, and it may not be possible to disambiguate them
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(@ (b)

Figure D.4: Local conditional importance results f§ : g(% ,.39) d g(23) with x-SKIT. (a)
Shows that, as expected, the test and null distributions overlap zghe® .

at all. Consequently, the test will not be consistent, and increasifg will not increase power. For
the RBF kernel—which satis es the characteristic property for probability distributiori@%enthe
test is valid (i.e., it provides Type | error control foyf = 0), and it is adaptive to the strength of the
conditional dependence structure—asincreases, the rejection time decreases.

D.1.3 Local Conditional Importance with x-SKIT

Finally, we test that for a xed,

23=0 =) o(Boag) S 9(B3); Bc  Pzjzo-s.; 8C [ml: (81)

with x-SKIT (Algorithm 2). That is—because of the multiplicative teraz; in g—the observed
value ofz, does not change the distribution of the response of the model sghe®. Fig. D.4a

shows the test (i.eg(Z;.34)) and null (i.e.,g(23)) distributions for different values af; when

z, = 1. As expected, we can see that wimr= 0, the two distributions overlap, whereas when

z3 = 0:5, the test distribution is slightly shifted to the right. Fig. D.4b shows results-8KIT with

both a linear and RBF kernel as a functioregf We use both positive and negative valuegfo

show thatx-SKIT has a two-sided alternative, i.e. it rejects both when the test distribution is to the
right and to the left of the null. We can see that both the linear and RBF kernel provide Type | error
control whenzz = 0, and that their rejection times adapt to the hardness of the problem.

Now that we have illustrated all tests in arguably the simplest setting, we move onto a synthetic
dataset where the response is learned by means of a neural network.

D.2 Counting MNIST Digits

In this section, we test the semantic importance structure of a neural network trained to count numbers
in synthetic images assembled by placing digits from the MNIST datasginfa4 4 grid. Fig. D.5
depicts the data-generating process, which satis es:

« Blue zeros, orange threes, blue twos, and purple sevens are sampled independently with

Zpjye zeros U (f 01, 29) + z orange threes u (f 0;1, 29) + (82)
Zblue twos U (f l; 29) + VA purple sevens u (f 1; 29) + (83)

» Green ves are sampled conditionally on blue zeros with

0 1

8 .

< [374,1=8;1=8] if Npiue zeros= 0

Zgreen ves] Zblue zeros Cat@¥ 1;2;3g;, [178;3=4;1-8] if Npiuezeros= 1 A+ (84)
[1=8; 1=8;3=4] if Npiye zeros= 2

That is, the number of blue zeros changes the probability distribution of green ves over
1,2,3.
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T

blue zeros orange threes green ves

red threes blue twos purple sevens

|

Figure D.5: Pictorial representation of the data-generating process for the counting dataset.

* Red threes are sampled conditionally on both orange threes and green ves with

Zred threesj Zorange three'szgreen ves 2+ Bernoulli(p) + (85)
if Norange thred green ves 3

= . ;o =09 86

P 1 otherwise (86)

That is, the product of the number of orange threes and green ves changes the distribution
of red threes over 1,2.

Finally, we remark thalN denotes the nearest integeizpand is independent uniform noise (i.e.,

U ( 0:5;0:5)) to make the distribution of the concepts continuous. To summarize, in order to
generate images, we rst sample the conceptaccording to the distribution above, round their
values to their respective nearest integérsand nally randomly place digits from the MNIST
datasetin & 4 grid according to their number. Note that this data-generating process adds color to
the original black and white MNIST digits, and that color matters for the counting task since orange
threes and red threes have different distributions.

We remark that, with the data generating process above, we can sample from the true conditional
distribution of the digits, and, consequently, of images. We omit details on the conditional distribution
for the sake of presentatidriwe stress that this setting differs slightly from the general one presented

in this paper, where we consider both an encddand a classi ey such thay = g(f (x)), and we

sample from the conditional distribution of the dense embeddihgs/en any subset of concepts
(i.e.,Pujz. ). The scope of this experiment is to showcase the effectiveness of our tests when the
response is parametrized by a complex, nonlinear, learned predictor, hence we train a neural network
such tha = f (x) and directly sample from the conditional distribution of images given any subset

of digits (i.e.,Pxjz. ).

We sample a training dataset of 50,000 images and train a ResNg]18 predict the number of all

digits for 6 epochs with batch size of 64 and Adam optimiz&g fvith learning rate equal ta0 4,

weight decay ofl0 °, and a scheduler that halves the learning rate every other epoch (recall that the
model needs to learn to disambiguate red and orange threes, so color matters). To evaluate the model,
we round predictions to the nearest integer and compute accuracy on a held-out set of 10,000 images
from the same distribution (we use the original train and test splits of the MNIST dataset to guarantee
no digits showed during training are included in test images), and the model achieves an accuracy
greater tha®9%

Herein, we study the semantic importance structure optadictednumber of red threes with respect
to thepredictednumber of other digits. Note that the ground-truth distribution satis es the following
conditions:

1. Red threes are independent of blue twos and purple sevens, i.e.

Zred three? Zplue twos and Zred three? Zpurple sevens (87)
“All code necessary to reproduce experiments is available on GitHub.
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Figure D.6: Distribution of ground-truth data and density estimation of the predictions of the trained
model for the validation data in the counting digits experiments.

2. Red threes are independent of blue zeros conditionally on green ves, i.e.
Zred three? Zblue zerosj Zgreen ves (88)

3. If—in a speci c image—there are no orange threes, then red threes are independent of green
ves, i.e.

; . — d ; -0-
Zred threek(Ngreen ves = ngreen ves Norange threes™ 0) - Zred threeLN orange threes™ 0: (89)

D.2.1 Global Importance with SKIT

We start by testing whether the predictions of the model satisfy the ground-truth condition

Zred three? Zpjue twos and Zred three? VA purple sevens (90)

with SKIT (Algorithm B.1). We remark that at inference, we round predictions to the nearest integer
and add independent uniform noise U ( 0:5; 0:5) to make the distribution of the response of

the model continuous. Fig. D.6 shows the ground-truth distribution of red threes as a function of
other digits in the held-out set, and the kernel density estimation of the predictions of the model. As
expected, we can see that the ground-truth distribution is marginally dependent on blue zeros, orange
threes, and green ves, but it is independent of blue twos and purple sevens.

We repeat all tests 100 times with both linear and RBF kernels with bandwidth set to the median of
the pairwise distances of previous observations. We perform tests on independent draws of data of
size M 2 {100,200 400 800, 1600y from the validation set, and study the rank of importance as

a function of ™ i.e. the amount of data available to test. Fig. D.7 includes mean rejection rate and
mean rejection time for each digit, and the rank of importance of digits as a functid#of We can

see that—as expected—both linear and RBF kernels successfully control Type | error for “blue twos”
and “purple sevens”, and this con rms that the distribution of the predictions of the model agrees
with the underlying ground-truth data-generating process. Furthermore, we can see that the rank of
importance is stable across different values® , with purple sevens and blue twos consistently
ranked last.

D.2.2 Global Conditional Importance with c-SKIT

Then, we test whether the predictions of the model satisfy the ground-truth conditional independence
condition

Zred three? Zblue zerosj Zgreen ves (91)

with c-SKIT. Analogous to above, we repeat all tests 100 times with linear and RBF kernels, and
Fig. D.8 includes results for™* 2 f 100, 200, 400, 800, 1600y. Here—similarly to the synthetic
experiment presented in Appendix D.1—we can see that the linear kernel almost always fails to reject,
i.e. the mean rejection rates for all digits are close to 0. As discussed earlier, this behavior is due to
the fact that the linear kernel is not characteristic for the distributions. On the other hand, the RBF is,
and, as expected, it is consistent and it provides Type | error control for the null hypothesis that red
threes are independent of blue zeros conditionally on all other digits, which is true. Furthermore, we
can see that the rank of importance is less stable compared to the one in Fig. D.2, and in particular,

max = 100 seems not to be suf cient to retrieve the correct ground-truth structure (i.e., blue twos
are ranked before green ves). This highlights how the amount of data available for testing may affect
results and ndings.
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(a) Linear kernel. (b) RBF kernel.

Figure D.7: Global semantic importance results for the predicted number of red threes with linear and
RBF kernels. In each sub gure, the leftmost panel shows mean rejection rate and mean rejection time
over 100 tests with = 0:05and ™ =800. The rightmost panel shows the rank of importance of
digits for the prediction of red threes as a function &/ .

(a) Linear kernel. (b) RBF kernel.

Figure D.8: Global conditional semantic importance results for the predicted number of red threes
with linear and RBF kernels. In each sub gure, the leftmost panel shows mean rejection rate and
mean rejection time over 100 tests with=- 0:05and ™# = 800. The rightmost panel shows the
rank of importance of digits for the prediction of red threes as a functiof'&f.

D.2.3 Local Conditional Importance with x-SKIT

Finally, we test whether the predictions of the model satisfy the ground-truth condition that, for a
particular image, if there are no orange threes (§ange threes= 0) then red threes are independent
of the observed green ves (i.@1green vey), I-€.

; . — d ; -0N-
Zred threek(N green ves = ngreen ves Norange threes™ 0) - Zred threekN orange threes— 0: (92)

We remark that, in the equation above, conditioning is written in terms of the intgggge threes

0 because of its intuitive meaning, and that this is equivalent to conditioningy&Hae threes2

( 0:5;0:5). Similarly, we could replac@green ves With Zgreen ves @nd, in practice, we run tests
conditioning on the observed conceptsand not their integer values

We usex-SKIT (Algorithm 2) with a linear and RBF kernel with bandwidth set to the median of

the pairwise distances of previous observations. We repeat all tests 100 times on individual images
with 0, 1, and 2 orange threes, signi cance levet 0:05, and ™ = 400. Fig. D.9 shows results
grouped by number of orange threes. As expected, we see thatnyhg) treedS grater than 0, the
number of green ves is important for the predictions of the model (i.e., rejection rate is close to 1,
with short rejection rate), whereas when there are no orange threes in the image, both the linear and
RBF kernel control Type | error. We qualitatively compared our ndings with pixel-level explanations
with Grad-CAM [57], and we can see that they only highlight red threes because that is the digit we
are explaining the prediction of. That is, pixel-level explanations cannot convey the full spectrum of
semantic importance for the predictions of a model—which can be misleading to users. For example,
in this case, a user may not understand when the predictions of a model depend on the number of
green ves, because they are never highlighted by pixel-level saliency maps. In real-world scenarios,
digits may be replaced by sensitive attributes that cannot be inferred by the raw value of pixels. For
example, a saliency map highlighting a face does not convey which attributes were used by the model,
such as skin color, biological sex, or gender. It is immediate to see how being able to investigate the
dependencies of the predictions of a model with respects to these attributes (which our de nitions
provide) is paramount for their safe deployment.
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(a) RESu|tS fOﬂ orange [hrees: 2 . (b) Results fOIn orange threes: 1 .

(C) ReSultS fOIn orange threes— 0 .

Figure D.9: Local conditional importance dfgreen ves cOnditionally onN grange threes EaCh row
contains the input image, the Grad-CAM explanation for the prediction of the modek-&kdT
results for 100 repetitions of the test witA?* = 400, with a linear and RBF kernel. Note that
xX-SKIT nds the observed number of green ves important whenever the number of orange threes is
greater than zero, whereas Grad-CAM does not.

With these results on synthetic datasets, we now showcase the exibility of our proposed tests on
zero-shot image classi cation with several and diverse vision-language (VL) models.

E Experimental Details

In this appendix, we include further details about the real-world experiments that were omitted from
the main text for the sake of presentation. All experiments were run on a private server with one 24
GB NVIDIA RTX A5000 GPU and 96 CPU cores with 500 GB of RAM memory.

List of VL models used in the experiments. We use 8 different VL models, both CLIP- and
non-CLIP-based: CLIP:RN50,ViT-B/32,ViT-L/14 [52], OpenClip:ViT-B-32,ViT-L-14 [31], FLAVA
[65], ALIGN [32], and BLIP [39].

Evaluating rank agreement. We use a weighted version of Kendall's taig] introduced by Vigna

[74] which assigns higher penalties to swaps between elements with higher ranks. This choice re ects
the fact that concepts with higher importance should be more stable across different models. We
brie y remark that this notion of rank agreement is boundefl ify; 1] (1 indicates reverse order,

and1 perfect alignment) but not symmetric.

Evaluating importance agreement.We threshold rejection rates at leveto classify concepts into
important and not important ones. Then, importance agreement is the accuracy between pairs of
binarized vectors.

E.1 Estimating Conditional Distributions from Data
Here, we introduce nonparametric methods to estimate the conditional distributions necessary to

run ourc-SKIT andX-SKIT tests. Throughout this section, we will assume access to a training set
f(h(®;z()gL, of n tuples of dense embedding2 RY with their semanticz 2 [ 1;1]".

E.1.1 EstimatingPz;z , for c-SKIT

Here, we describe how to sample from the conditional distribution of a codgegiven the rest,
Z,ie B Pz,iz ;, Which is necessary to run oarSKIT test. In particular, for a concept
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Figure E.1: Example marginal and estimated conditional distribupny9 andp(z;jz ;) for two
class-speci c concepts on three images from the Imagenette dataset. Distributions are shown as a
function of the effective number of points in the weighted KDE (ings).

j 2 [m], and an observation2 [ 1;1]", we de ne the unnormalized conditional distribution
|
X Z(i) Z; .
pzjz )= w —
i=1 scott

(93)

by means of weighted kernel density estimation (KDE), wheigthe standard normal probability
density function, scottis Scott's factor [56], and
, !
z('j) Z
w; = — ; >0 (94)

are the weights. That is, the furthgt) is fromz i, the lower its weight in the KDE. As for all
kernel-based methods, the bandwidt#ss important for the practical performance of the model. For

our exppriments, we chooseadaptively such that the effective number of points in the KDE (i.e.
Netr = (o, wi)?= ., w?) is the same across concepts. This choice is motivated by the fact
that different concepts have different distributions, and we want to guarantee the same number of
points are used to estimate their conditional distributions. Furthermore, we note¢hantrols the
strength of the conditioning—the largegs, the slower the decay of the weights, and the weaker the
conditioning. That is, in the limit, the weights become uniform, the conditional distribution tends
to the marginap(z; ), and all tests presented become of decorrelated semantic importance][

With this, sampling®; Pz,iz ;=2 , boils down to rst sampling © according to the weights

Fig. E.1 shows the marginal (i.g(z; )) and estimated conditional distributions (i(zjjz j)) of

two class-speci ¢ concepts as a function of effective number of paoigtdor three images in the
Imagenette dataset. We can see howg&sncreases, the estimated conditional distribution becomes
closer to the marginal, and that the conditional distributions of class-speci ¢ concepts tend to be
skewed to higher values compared to their marginals. This behavior suggests that images from a
speci c class have higher values of concepts that are related to the class. Wig as2000 for all

tests across all real-world experiments.

E.1.2 EstimatingPyjz . =,. for x-SKIT

Here, we describe how to sample from the conditional distribution of dense embedétiogs-
ditionally on any subset of conceps [m] of a particular semantic vectar2 [ 1;1]", i.e.

Kc Phjzc = zc » Which is necessary to run ourSKIT test. We show how to achieve this by
coupling the nonparametric sampler introduced above with ideas of nearest neighbors. This choice is
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