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Abstract

The Transformer architecture is widely applied in sequence modeling applications,
yet the theoretical understanding of its working principles remains limited. In
this work, we investigate the approximation rate results for the Transformer ar-
chitectures on general sequence to sequence target relationships. We begin by
establishing a representation theorem for the target space and introduce a novel
notion of complexity measures to construct approximation spaces. These measures
encapsulate both pairwise and pointwise interactions among input tokens. Based on
this framework, we derive an explicit Jackson-type approximation rate estimate for
the Transformer. This rate sheds light on the underlying structural characteristics
of the Transformer, thereby delineating the types of sequential relationships they
excel in approximating. Notably, our findings on approximation rates facilitate a
concrete comparison between the Transformer and traditional sequence modeling
approaches, such as recurrent neural networks.

1 Introduction

The Transformer architecture, as introduced by Vaswani et al. [30]] has become immensely popular
in the field of sequence modeling. Variants such as BERT [8]] and GPT [6] have achieved excel-
lent performance, becoming the default choices for natural language processing (NLP) problems.
Concurrently, Dosovitskiy et al. [11] successfully applied the Transformer to image classification
problems by flattening the image into a sequence of patches. Despite its success across various fields
of practical application, many theoretical questions remain unanswered. Among these, we focus on
two essential questions in this work: firstly, the approximation rate of the Transformer on sequence
modeling; secondly, the comparative advantages and disadvantages of the Transformer with recurrent
neural networks (RNNs) on different temporal structures.

The concept of Jackson-type approximation rates is derived from the Jackson Theorem for poly-
nomials [[15], and is further elaborated in the work of DeVore [9] for addressing general forward
approximation problems. To illustrate this, consider classic polynomial approximation. It involves
defining an appropriate approximation space, accompanied by specific complexity measures, precisely
the Sobolev space. According to the Jackson theorem, a function with a small Sobolev norm can be
efficiently approximated by a polynomial. We aim to establish similar approximation rate results for
the Transformer. This identifies the type of targets that the Transformer can efficiently learn. We
examine general non-linear sequence-to-sequence target relationships, extending the linear target
form explored in previous studies of the approximation results for linear RNNs and linear temporal
convolution networks [24}[16]]. We introduce a novel notion of complexity, establishing a concrete
target space from which approximation rates can be deduced. This enables us to identify the types
of sequential relationships that Transformer can approximate efficiently. Based on our theoretical
analysis, we identify concrete classes of temporal structures where the Transformer outperforms

*CNRS@CREATE LTD, 1 Create Way, #08-01 CREATE Tower, Singapore 138602
"Department of Mathematics, Institute for Functional Intelligent Materials, National University of Singapore

38th Conference on Neural Information Processing Systems (NeurIPS 2024).



the RNNs and vice versa. Our main contributions are summarized as follows: 1. We develop
Jackson-type approximation rate results for single-layer Transformer networks with one attention
head. Our analysis reveals that the approximation capacity is governed by a low-rank structure
within the pairwise coupling of the target’s temporal features. Empirical validation confirms that the
findings observed under theoretical settings also hold true in practical applications. 2. We conduct
a comparative analysis between the Transformer and RNNs, aiming to identify specific types of
temporal structures where one model excels or underperforms compared to the other.

2 Related work

We first review the approximation results of Transformer networks. The universal approximation
property (UAP) of the Transformer architecture is first proved in Yun et al. [33]], which is further
extended to Transformers with sparse attention matrices [34]. The above universal results are
developed for a deep Transformer structure. In contrast, Kajitsuka & Sato [17] applying a similar
technique to prove one layer Transformers can achieve UAP by increasing the width. Additionally,
Kratsios et al. [[19], Edelman et al. [12], Luo et al. [25] considers the UAP of the Transformer in
various different settings. Giannou et al. [13]] considers a special setting regarding expressiveness,
demonstrating that Transformers can represent any computer program. Beyond the UAP results, there
have been developments in specific approximation rate results. Gurevych et al. [[14] demonstrated the
rate of the misclassification probability by considering the approximation of hierarchical composition
functions, which are composed of sparse functions. This rate takes into account both the level of
composition and the smoothness of the component functions. Bai et al. [[1]] and Wang & E [31]] explore
target relationships with certain special structures. Additionally, Takakura & Suzuki [29] developed
approximation rates for a function space consisting of infinite-length sequence-to-sequence functions,
which is characterized by the smoothness of the functions. Our approximation rate result steps further
by considering temporal structures, shedding light on how the Transformer model handles temporal
relationships. Apart from the approximation results, numerous intrinsic properties of the Transformer
have been investigated. Dong et al. [10]] and Bhojanapalli et al. [4] considers the rank structure of
the attention matrices. Levine et al. [20] examine the correlation between the dependency of input
variables and the depth of the model. The Transformer is a very flexible architecture, such that a
special configuration of parameters can emulate other architectures. For example, Cordonnier et al.
[7], Li et al. [21] showed that attention layers under certain assumptions can perform convolution
operations. However, not all emulations are valid explanations of the working principles of the
Transformer. In this context, definitions of complexity measures and the resulting Jackson-type
approximation rate estimates provide more insight into the inner workings of the architecture. This is
the focus of the current work.

3 Sequence modeling as an approximation problem

We first motivate the theoretical settings of Jackson-type approximation rate results by considering
classic polynomial approximation. Then, we formulate the Transformer as an instance of such an
approximation problem.

Motivation of Jackson-type Approximation Rates Consider two normed vector spaces, X and Y,
designated as the input and output spaces, respectively. We define the target space C Y as a set of
mappings from )%to Y that we aim to approximate with simpler functions. The hypothesis space is
denotedby H= H where H(™ represents a sequence of hypothesis spaces. Here, m denotes
the complexity or the approximation budget of these spaces. Hypothesis space H encompasses the
candidate functions used to approximate targets in C. Let be a constant, we introduce a complexity
measure, denoted as C( ) : C ¥ R, based on the structure of H. The complexity measure is used to
construct an approximation space C( ) := fH 2 C : C( )(H) < A.g, which is usually dense in C.
Then for any H 2 CC ), the Jackson-type approximation rate is expressed as follows:

inf H A  ECOMH);m): 1)
AcHm

Here, the error bound E( ; m) decreases to zero as m approaches infinity, and the rate of decay is
usually called the approximation rate. In this context, C( )(H) quantifies the complexity of a target



H when approximated using H. A smaller value indicates that the target H can be more efficiently
approximated with candidates from H. Consequently, the complexity measure discerns the types of
targets that can be efficiently approximated within the given hypothesis space. Notably, different
hypothesis spaces typically give rise to different complexity measures and approximation spaces.
These variations characterize the approximation capabilities of the hypothesis spaces themselves.

Defining an appropriate approximation space C¢ ) is essential. Without specific structures, the general
target space C does not provide any rate results. Opting for an approximation space with defined
structures allows for the derivation of approximation rates. Moreover, the property that C ) is dense
in C ensures that the restriction to C( ) is not overly limiting, preserving the necessary expressiveness
of the space. To illustrate these concepts, we consider polynomial approximation over the interval
[0;1]. In this case we set X = [0;1] and Y = R. The target space C = C([0; 1]) is the set of
continuous functions defined on [0; 1]. The hypothesis space comprises all polynomials, expressed as

follows: C D

H= [H(m): L IQ()(): akx":ak2R

meN meN k=0

According to the Jackson theorem for [[15], the Sobolev norm serves as an appropriate complexity
measure, defined as C( )(H) = max,=1... kHMk_,. Let C{ ) be the approximation space contain-
ing targets with finite complexity measures. Consequently, for H 2 C( ), we have the following
approximate rate:

inf kH Kk —C(H): 2)

AcHm m

Here, ¢ is a constant depending only on . This theorem implies that smooth functions with
small Sobolev norms can be efficiently approximated by polynomials. Developing Jackson-type
approximation rates for various sequence modeling hypothesis spaces is crucial for understanding
their differences. Jackson-type results for RNNs, CNNs, and encoder-decoder hypothesis spaces have
been established in Li et al. [24], Jiang et al. [16], Li et al. [23], where complexity measures such
as decaying memory and sparsity were found to influence the approximation rates. In Section .1}
we identify appropriate complexity measures regarding the Transformer and develop corresponding
approximation rates. This enables us to discern the essential structures that facilitate efficient
approximation using the Transformer. Furthermore, it allows us to understand how and when the
Transformer architecture differs from traditional sequence modeling architecture RNNs, which we
will discuss in Section[6l

Formulation of Sequence Modeling as Approximation Problems In sequence modeling, we
seek to learn relationships between two sequences X and y. Mathematically, we consider an input
sequence space

X = x:x(s)2[0;1]% foralls2[ ] : 3)

Here,[ ]:=f1;:::; gand denotes the maximum length of the input, and we focus on the finite
setting, where < Z. Corresponding to each input X 2 X is an output sequence Yy belonging to

Y =fy:y(s) 2R; foralls 2 [ ]g: @)

We use H := fHg,_, to denote the mapping between X and y, such that y(t) = H¢(X) for each
t 2 [ ]. Define C(X;Y) to denote the space of continuous mappings between the input and output
space. We may regard each Hy : [0;1]9% ¥ Rasa -variable function, where each variable is a
vector in [0; 1]9. Next, we define the Transformer hypothesis space.

The Transformer Hypothesis Space. We consider the following Transformer block retaining most
of the important components.
1
X -
A = F [(Woh®) "W AOIE) Wy fics) 5)

s=1
where A =f xandF :R™ ¥ R; f:RY ¥ R" are two feed-forward networks. The parameter
matrices have dimension Wq; Wk 2 R™*" W, 2 R™ *" The softmax function is denoted as

,such that [ (t; )](s) = %. We focus on a simplified architecture: a single-layer



Transformer with one head. In this work, layer normalization and residual connections are not
taken into account. While this constitutes a simpli ed setting intended for theoretical analysis, it's
worth noting that the phenomena observed under the theoretical settings also hold true in practical
applications, as we have demonstrated in Se€iion 5. The approximation budget of the Transformer

depends on several components. WeRi§8~ ) to denote the class of feed-forward networks used in
the Transformer with budgehgr , which is usually determined by the number of neurons and layers.
Letm = (n;mp; my; mee ) denote the overall approximation budget. We H$&) to denote the
Transformer with complexityn. Then, we de ne the Transformer hypothesis space by
[ n 0
H= HM; HM = ¥ : ¥ satis es Equation (5) witm : ©6)

m

4 Approximation results

Following the motivation of approximation problems for sequence modeling as discussed in Section 3,
this section discusses the approximation rate results for the Transformer. Firstly, we introduce the
notion of the permutation equivariance property of the Transformer and discuss the role of position
encodings in eliminating it. Next, we de ne the target space and present the corresponding repre-
sentation theorem. We then establish the complexity measures necessary to form the approximation
space. Our main result Theorem 4.2 presents the approximation rate results.

Permutation Equivariance and Position Encodings Our objective is to approximate a target
relationshipH where eaclH belongs toC(X;Y). It is important to note that without speci c
modi cations, the Transformer inherently cannot approximate such targets due to its permutation
equivariance properties. This property implies that permuting the temporal indices of the input
sequence results in a corresponding permutation of the output sequence. More pregsely, if
denotes a hijection oh ] representing a permutation ofobjects, a sequence of functioHs is
considered permutation equivariant if for all bijectignand inputx 2 X , the conditiorH (x p) =

H (x) pholds. The Transformef within the hypothesis spadt is indeed permutation equivariant
(refer to Appendix A for details). Directly applying the Transformer, therefore, yields permutation
equivariant hypotheses, which are inadequate for approximating general sequential relationships
that lack this symmetry. In practical applications, incorporating position encodings is a widely
adopted approach to counteract permutation equivarid@@eVarious methods exist for embedding
positional information. The simplest approach is xed encoding, which involves maping

to a higher-dimensional space and then offsetting edthby distinct distances. Formally, with

A2 RY dwhered® dand aconstant or trainabt) 2 RY’, position encodings can be expressed

asx(t) 7! Ax(t)+ e(t). For general purposes, it's suf cient for the encoded input spéée to
satisfy the following condition:

XE) = x:x(s)21® RY wherel V;10) are disjoint, compadi;j 2[]: (7)

no two input sequences are temporal permutations of each other. De ne thesetl s to be the

range of the inputs. Moving forward, we assume that position encoding has been applied, allowing us
to considetX (E) as the input space. Consequently, we de ne the target space@eb€ (X (F);Y),

which denotes the space of continuous mappings betXéehandy .

4.1 Jackson-type approximation rate

To derive the Jackson-type approximation rate, it is necessary rst to de ne the complexity measures
to form an approximation space so that approximation rates can be obtained. We begin with the
following representation theorem for the target space.

Representation of the target spac€ Given that the Transformer inherently captures both pair-
wise and pointwise relations among input tokens through attention and feed-forward components,
respectively, we are motivated to establish the following representation theorem for the target space
C. This theorem demonstrates that every target can be exactly expressed in terms of pairwise and
pointwise relations.



Theorem 4.1(Representation of the target spac€pnsiderd-dimensional, length input space
X (B) with position encoding added. Then, for aHy 2 C(X(E):Y), there exists continuous

functionsF 2 C([0;1]";R),f 2 C(I ;[0;1]")and 2 C(I | ;R) suchthatforallt 2 [ Jwe
have !
X
Hi(x)= F [ (x(@®); xS (x(8)) ®)
s=1

wheren =2 d +1 and is the softmax function. The proof is presented in Appendix A.2.

We refer to as the temporal coupling component dnédndf as the element-wise components.
It's important to note that the functions, f , and may not be uniquely determined. In Appendix
B.1, we explore certain invariant properties associated with Equation 8. Additionally, we provide
illustrative examples in Appendix B.1 where the target explicitly conforms to Equation 8. Leveraging
this representation theorem, we de ne the following complexity measures for t&tdge(s.

Temporal Coupling Component Now, we discuss the complexity measures associated with
the temporal coupling term(u;v) that is central to understanding the attention mechanism in
the Transformer. We employ the proper orthogonal decomposition (P8@) flecompose the
temporal coupling of . This approach can be viewed as an extension of matrix singular value
gecomposition (SVD) to functions of two variables. We have the following decomposit{anv) =
ﬁ:l k k(u) «(v);where \; g are orthonormal bases fbf(l ), and the singular values, 0

are arranged in descending order. The bagesnd ¢ are of optimal choices, ensuring thgu; v)
satis es:

. 2 X 2

inf Kk (u;v)  ANu;v)k; = e )

rank™) r K= r+1

analogous to the Eckart-Young theorem for matrices, with the rank de ned as the number of terms in
the POD decomposition. This implies that the approximation qualityofv) can be measured by
the decay rate of its singular values. This motivates our following de nition of complexity measure

regarding . Let > 1=2be a constant, arid ,( )g be singular values of under POD. We de ne
the complexity measure éf by
n o
cg)(H):inf inf c: () ¢ ;s 1 ; (10)

where the rstin mum is taken over alr; f;  such that Equation (8) holds. In particul@ég)(H ) <
1 ifit has a representation in the form (8) witthaving fast decaying singular values.

Element-wise Component Now, we introduce the complexity measure for approximating the
element-wise componenks andf . Let F(M#) pe a hypothesis space comprising feed-forward
neural networks with a budget of ¢ , representing parameters such as width or depth. We assume
the existence of> 0 such that:

()
it ¢ S (), (11)
fl2F (MeF) MerF

Here,Crr represents a complexity measurd oforresponding to its approximation By(™# )| It is
essential to emphasize that we are assuming the existence of pre-existing approximation rate results
for the feed-forward component. For instance, in BafginF (™) is considered to be one-layer
neural networks with sigmoidal activation, wheng  corresponds to the width of the network. By

adopting this result, we have= 1=2 andC,(:F) (f) is a moment of the Fourier transform fof For
shallow ReLU networks commonly used in Transformers, Klusowski & Bajt8hdemonstrate

=1=2 + 1=n, wheren is the input dimension of the neural network. We maintain the generality
of Equation (11). This enables us to substitute any other relevant estimates from the mentioned
references. This exibility allows for a broader application of the complexity measure in different
scenarios and settings. Next, we proceed to de ne the complexity meastite 20 . This measure
considers all the components that need to be approximated using the feed-forward network.

Ci(Hik=inf  CLF)+ (M) + CiP(ik) (12)



whereCéF)( k)= P :(:1 (CéF)( i)+ CéF)( i)) considers the approximation of the approximation

of the POD bases; and ; for the target function . Notably, this complexity measure is dependent

on a parametek, which determines the number of bases we want to consider in the approximation of
. Finally, we de ne a complexity measure considering the norm of the target.

Co(H) = |anf Ke kf k; (supk ik, +k ik; );1 (13)
5 i
whereK ¢ is the Lipschitz constant &f and ;; ; are POD bases of.

Approximation Rates Combining the complexity measures Equations (10) and (13) and Equa-
tion (12) discussed above, we de ne the approximation spaces, which consists of targets that have
nite complexity measures:

Ci ) =fH 2C:Co(H)+ C{'(H)+ C{(H:k < 1:k 1g (14)

One can understand this as an analog of the classical Sobolev spaces for polynomial approximation
but adapted to the Transformer hypothesis space. Not€that is also dense in general continuous
target spac€ (X (F); Y) whenn suf ciently large (See Appendix A.2). We are now ready to present
the main result of this paper.
Theorem 4.2(Jackson-type approximation rates for the Transform€gnsider sequences with
a xed length . Suppose the targét 2 C(: ) has a representation in the form Equati¢8)
with F 2 C([0; 1]“0; R) andf 2 C(I ;][0; 1]”0). Let the hidden dimension of the Transformer be
n=2 my+ my,withm, n% Then, we have:
Z x
inf Hi(x) Hi(x) dx  2Co(H)
HaHm

|
Cio(H), COHimn) (o

mp2 1

Mee

wherem = (n;mp;my;mg) is the approximation budget, arﬁo;ci )Cé ) are complexity
measures ofl de ned in(13), (10) and(12), respectively. The proof is presented in Appendix A.3.

Here, my, denotes the hidden dimension of the attention mechanism, essentially the size of the
qguery and key vectors, whilagr represents the complexity measure of the pointwise feed-forward
network employed in the Transformer. We rst consider how the attention mechaxigit); x(s))

approximates the temporal coupling termBy setting[Wqlx = and[Wk Jk = &+m,+1, we
can write ™ into A(x(t); x(s)) = ( Wof (x(1)))” Wk f(x(s)) = 1 "« (x(1)) "k (x(s)); where
"™ 111 Rfork 2 [mp]are components df and are represented by the feed-forward

network. This suggests that the approximation by " is a low-rank approximation as discussed

in Equation (9). When we increasey,, the rst term in the error rate that considers the POD
decomposition decreases since there are more basis functions included. However, in scenarios where
Mee remains unchanged, the second term in the error bound will increase. It is important to highlight
that this error increment pertains only to the error bound, not to the best approximation error, which
does not necessarily become worse when increasing the approximation budgemyVimeneases,

there are more basis functions that need to be approximated by the feed-forward components; thus,

the error bound convergeswhenbath ! 1 andmg :mh+l I'1 . InAppendix B.2, we provide
a synthetic example to illustrate the above discussion.

The complexity measur@;( ) accounts for the quality of approximation using feed-forward networks.
On the other handZ( ) is the most interesting part, which concerns the internal structure of the
attention mechanism. It tells us that if a target can be written in {@&mwith (u; v), then it can

be ef ciently approximated with smaih,, if (u;v) has fast decaying singular values. This decay
condition can be understood as effectively a low-rank conditiofupm) 7! (u;v), analogous to

the familiar concept for low-rank approximations of matrices. These observations provide important
insights into the structure, bias, and limitations of the Transformer.

5 Numerical Demonstrations

In this section, we present numerical examples to demonstrate our approximation rate results. We
begin with synthetic examples, where we can specify the singular value decay patterns, thus validating



the Jackson-type approximation rates in Theorem 4.2. Then, we turn to a practical example involving
a Vision Transformer (ViT) model applied to the CIFAR10 dataset, where we do not have direct
access to the singular values. We will discuss methods to estimate the singular value decaying pattern.

5.1 Practical Example

We next analyze a practical example, focusing on the Vision Transformer (ViT) model with the
CIFAR10 dataset. In this scenario, we do have direct access to the temporal couplingofeima

target relationship. However, we demonstrate that as we train a sequence of models with increasing
attention dimensiomy,, the singular values of converges, implying the decaying pattern ofOur

rst step is to estimate the rank é¢ffrom sampled data. Subsequently, we examine the singular value
decay pattern, and the error changes when altering the attention heat,size

(a) Estimated singular values(b) Singular values for different (c) Training Errors
Mp

Figure 1: (a) is the estimated singular value of the attention matrix over a set of inputg for64.
The violin plot shows the distribution of each singular value. (b) plots the estimated singular values
for models with differenty,. (c) plots the training error againsty .

Estimate the Rank of* Given a trained model, it is hard to directly compute the rank(afv).
Instead, we examine the attention matfi{x) 2 R where[MX)]ts =  (X(t);x(s)). This is
essentially a sample fro By analyzing the rank of these sampled matrices, we can estimate the
rank of 2. According to Braurf5], the singular values of the matri(x) exhibit the same decay
pattern as those df(u;v). Consequently, we can approximate the singular value¥wgfv) by
averaging the singular values 6fx) across various inputs. In Figure 1(a), we numerically estimate
the singular values of in the ViT-B_16 model [L1]. We observe that the singular values tend to be
more concentrated, suggesting that we can effectively estimate the ra&fik ) by evaluating it at
sampled inputs.

We next estimate the singular value decaying pattern of the temporal coupling teitime target.

In Figure 1(b), we analyze the singular values of #fer ViT models with varying values ahy,.

We estimate the singular values by averaging over a set of inputs. We observenthairaseases

and reaches a suf ciently large value, the decaying pattern of the singular values starts to converge.
As an example, Figure 1(b) plots the estimated singular values for the rst head of the last layer for
models with differeny,. This convergence suggests that the rank of the attention matrix becomes
representative of the actual rank ofn the target. Consequently, it suggests the presence of a
low-rank structure in real-world datasets. In Figure 1(c), we plot the training error as an estimation of
the approximation error. The plot reveals that the error decreaseg axreases, following a power

law decaying patter® 1=m22’ . This indicates that the target indeed exhibits a low-rank structure,
and the pattern of error decay aligns with our approximation rate presented in Theorem 4.2. This
illustrates that while our theorem is formulated based on a simpli ed scenario, the phenomenon of
low rank is also observable in real-world datasets and models.

6 Comparison with RNN

Based on the approximation results in Theorem 4.2, this section presents a comparison between the
Transformer and RNN. Our comparison centers on how each model is affected by the alterations in
the temporal structures of sequential relationships. We primarily investigate two distinct temporal



structures: temporal ordering and temporal mixing, as they have varying impacts on the performance
of each architecture. Our approach involves manipulating the temporal structures within the sequential
relationships and evaluating how each architecture is affected by these changes. Proof are presented
in Appendix D.2 and Appendix D.3.

6.1 Temporal Ordering Structure

We rst analyze how the Transformer and RNN handle the change in temporal ordering of the
sequential relationship. Empirically, it is observed that in certain contexts, the ordering of inputs
does not signi cantly impact the relationships. For instance, in NLP applications, altering the word
order in a sentence often does not drastically change its meaning. Similarly, in the ViT model, the
arrangement of image patches typically does not substantially affect the outcome. However, in
speci ¢ applications such as time series analysis, temporal ordering plays a crucial role, as the target
relationships are governed by the ordering of the sequence. To alter the temporal order &f target
we apply a xed permutatiop and de ne the new target a%;(x p) = H(x). This permutes the

input but keeps the output unchanged, resulting in a change to the temporal ordering.

We start by considering the RNN, which is affected by the change in terlyporal ordering. As demon-

strated in Li et al[22], a linear RNN is represented by the fotfq(x) = pPsC eVsux(t ).

When we employ it to approximate linear targets representddly) = . (s)x(t s), the

complexity measures of the RNGknn(H ) is determined by both decay speed and magnitude of
(s). We useCznn to denote the approximation space for the RNN. (See Appendix D.1). We next

show that the RNN is affected by the change in temporal ordering.

Proposition 6.1. LetH 2 Cgnvandp be a xed permutation, such that there existsvith p(t% >t ©,
Supposét is de ned byH{(x p) = H¢(x). ThenH 2 Crnne

This proposition shows that the altered tarfeno longer belongs to the approximation space for
RNN. This lies in the fact that RNN can only handle causal targets, whéyeloes not depend on
future inputs. However, the permuted targeis no longer causal, making the RNN incapable of
learning such relationships. We next show that the Transformer, in contrast, remains unaffected by
changes in temporal ordering.

Proposition 6.2. LetH 2 C(: ) andpbe a xed permutation. Suppost is de ned by (x p) =

H{(x). ThenH have same complexity measures vidthfor the complexity measuré€; C;; C,
de ned in Equation(13),(10) and (12).

This proposition shows that the altered tarfetmaintains the same complexity measures as the
original target. This observation implies that the Transformer's approximation capability is not
affected by alterations in temporal ordering. This point is further substantiated by our testing of
the Transformer on real-world datasets, as illustrated in Table 1. We consider the ViT model on the
CIFAR10 dataset and the base Transformer struc86iedn the WMT2014 English-German dataset.

To alter the temporal ordering of the target relationship, we x a permutation of indices denoted as
p and apply it to all inputs while keeping the output unchanged. The experimental results provide
evidence that the performance of the Transformer is unaffected by the temporal ordering of the target
relationships.

CIFAR10 (Acc) ENG-DE BLUE)
Original 0:98 2685
Altered 0:96 2591

Table 1: Numerical results of the Transformer on original and altered targets. The altered target is
constructed by permuting the entire input dataset while keeping the output unchanged.

6.2 Temporal Mixing Structure

In this section, we explore how mixing elements from different time indices can affect the performance
of the Transformer and RNN. Temporal mixing refers to the idea of blending information from various
time indices, often through operations like convolution, which can alter the temporal structure. To
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illustrate, consider a linear relationship represented @) = . (s)x(t s). Now, imagine
we apply a weighted sum of the input sequercasing ) lter to get an altered input. We

denote this operation as = X, where(  x)[t] = 'Szé (s)x(t + s). This mixes the
information in the seqgence from different time indices. In this case, we de ne the altered target as
Hi(x)= Hi( x)= ~As)x(t s), where~= is the altered kernel (See Appendix D.3).

This scenario often arises in signal processing and data analysis. For example, when dealing with a
noisy input signak , one capproach is to apply a moving average lter to smooth it out. This ltering
process involves mixing information from different time indices, which can signi cantly affect the
behavior of target relationships. In the following sections, we will explore how such temporal mixing
affects the temporal structures in sequential relationships. We begin by examining the linear RNN.

Proposition 6.3. LetH 2 Crnnassociated with representationsuch thaj (s)j e * for some
> 0. Let bealengtd lter suchthatk k; 1. SupposéT is de ned byH(x) = H¢(  x).

Then we have botGrnn(H ) andCrnn(H') , whereCgnn is the complexity measure of the
RNN (See EquatiofY5)).

This proposition shows that under temporal mixingith certain conditions, the complexity measure

of the altered targdf# does not worsen. As a result, the performance of the RNN is unaffected in such
cases. However, performance of the Transformer can be impacted by temporal mixing in the target
relationship. Considad 2 C(: ) and an altered targét;(x) = H;(  x). This alteration can

affect the complexity measures fbr, f"and~in H . In Appendix D.3, we present an example where

the rank of~increases compared toleading to a performance drop in the Transformer. Numerical
results in Table 1 also indicate that temporal mixing in uences the Transformer's approximation
capability. Preprocessing the input to mitigate this temporal mixing could potentially enhance
performance, we leave this as a future direction. The following numerical examples demonstrate the
above discussions. We conduct numerical experiments to subgtantiate the discussions above. These
experiments focus on a linear target relationship de neHgx) = e Sx(t s). To manipulate

the temporal ordering, we apply permute the funcgof. Additionally, for introducing temporal

mixing, the input is convolved with a randomly generated lIter. Both the RNN and the Transformer
are employed to learn these targets. Detailed experimental settings are discussed in the Appendix C.
The results are presented in Table 2. The bold font indicates a performance drop in the architecture
under the corresponding modi cation of temporal structures. It is observed that the performance of
the Transformer remains unaffected by changes in the temporal ordering structure; however, it is
impacted by temporal mixing. In contrast, the RNN exhibits opposite behaviors. This highlights
that neither architecture consistently outperforms the other, as they each adapt to different types of
temporal structures.

Temporal Ordering Temporal Mixing
RNN Trans. RNN Trans.

Original 1:02e 7 218 5 102 7 2:18e 5

Altered 3:57e 2 25le 5 158 7 2:39e 4
Table 2: The table presents the MSE values for both RNN and the Transformer under different
alterations of temporal structures.

7 Conclusion

In this paper, we have developed Jackson-type approximation rates for the Transformer in a simpli ed
setting. An important outcome of our work is the identi cation of complexity measures and approx-
imation space de ned in Equation (14). This, in turn, enables us to derive explicit Jackson-type
approximation rate results in Theorem 4.2. Our rate results suggest that the Transformer performs
well when the temporal coupling of the target exhibits a low-rank pattern. The experiments presented
in Section 5 showcase the existence of low-rank patterns in real-world applications. Furthermore,
the comparisons with RNNs underscore the speci ¢ temporal structures that each model handles
ef ciently. Future research directions involve extending the analysis to multi-headed attention and
deeper Transformers. Additionally, we aim to investigate the potential bene ts of removing temporal
mixing in the input to enhance the performance of the Transformer.
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A Proof of Theorems

A.1 Permutation Equivariance of the Hypothesis Spacéi

Letp:[ ]! [ ]be apermutation. Let's consider &h 2 H with permuted inputs:
|

y !
Hix p=F [(Wof(x(p(1)) > Wi F'OI(R(S) Wy F(x(p(s)) (15)

s=1

Since the permutation of indexdoes not affect the sum, we have
|

« !

=F [(Wof (x(p(t)))) > Wi FOI(s) Wy (x(s)) ; (16)
s=1

= B (X): (17)

This shows that the Transformer hypothddiss permutation equivariant.

A.2 Density of the Target SpaceC

In this section, we show that the target sp&rde ned in Equation (8) is dense in the general
continuous target spad®@(X (¥);Y). This ensures that the space de ned is general enough to
approximate arbitrary continuous targets.

To begin with, we rstintroduce the following representation theorem for multivariate functions.

Theorem A.1(Kolmogorov Representation TheorenjP6] Letl;:::;1 be compact dimen-
sional metric spaces. Then there are continuous fu@ctiqgs Is! [0;1] and continuous function
0q :[0; 1! R, such that any continuous functibr: = 1; ! R can be represented as
|
xd X '
f(X1;:00x )= Oq gs(Xs) (18)
g=0 s=1

This theorem states that anyvariable functions can be decomposed into superpositions of one
variable function.

Now, we discuss how the pointwise functions on a sequence can apply different mappings on different
time indices.

Proposition A.2. Suppose we havevariables in disjoint domains, wherg 21 ;; ;x 21 and
I1;:::;1 are all disjoint. We consider the following vector-valued function

f(xg;irnx )=(fo(xa); i f (x)); (29)

S
wherefs 115! Rfors2 [ ]. We can indeed de ne a pointwise functign 15! R torepresent
f . Since alll 5 are disjoint, we can de ne a piecewise functignwhereg(xs) = fs(xs) holds for all
s2[1]

This proposition demonstrates that for a sequence inpaith appropriate positional encodings,
wherex (i) andx(j ) belong to disjoint sets, a pointwise function can represent distinct mappings for
these elements. We are now ready to present the following theorem.

Theorem A.3. Considerd-dimensional, length input spaceX (E) with position encoding
added. Then, for and 2 C(X(B);Y), there exists continuous functiofs 2 C([0;1]";R),

f2C@;[0;1")Y)and 2 C(I | ;R) suchthatforalt 2 [ ]we have
|
X !
Hi(x)= F [ (x(@);x(ONI(s)f (x(s)) (20)
s=1

wheren =2 d +1 and is the softmax function.
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Proof. Based on the representation for continuous function Theorem A.1, we can decdrpose

!
d

X
Hix)= o as(Xs) (21)
g=0 s=1

where E,s) s [0;1] andgét) :[0; 1! R are continuous functions. We next constrict and
to makeH satisfy this form. F('rstly, sinceg are disjoint we can de ne proper piecewise function
2 —

such that [ (x(t); )](x(s)) = e :é 2 which simpli es Equation (8) to
T

|

1 X '
Hix)=F —— T+ 1) - (22)

s=1
Next, based on Proposition A.2, we let the pointwise funcfionl ! [0; 1]" to apply different
mappings for eack(s), such that

fix(s) 7! AO;S(XS); N A2 ds (Xs):bs 5 (23)

wherehs 2 [0; 1] are different constants. We then have that

f(x(1)) + f(x(s)) = ot (Xt) + . 0s(Xs);iits Toar (Xe) + ) 2ds (Xs) by + . bs
s=1 5= s= s=

(24)

Here,b performs as a shifting to make the range of Equation (24) disjoint for différefgain,
based on Proposition A.2, we can de Reto have individual mappings for differentWe rst de ne
Fi1:[0; +1]"! [O; ]" tobe

N N P
Fiou(t) 70 ua(t) 0:t (Xt); it Uz g+1 (1) 2 dit (Xt);Un(t) b ; (25)

s=1
whereu; denotes thé-th dimension ofu. Next, de neF, : [0; |"! Rtobe
Kd
Faiu®) 70 gl (ug(t)) : (26)
g=0
Finally, letF (u) = F, F1(( +1)u). Substitute into Equation (22) we get that

!
d

X
He(x) = gét) q;s(xs) : (27)

q=0 s=1

O

This theorem shows that the target sp&ds, in fact, a representation of the general continuous target
spaceC(X (B);Y). In particular, sincé is a compact metric space, the complexity measures of each

componengés) and s used in the construction &f have nite complexity measureSy; C; and
C,. This implies that the approximation spacé ) is also dense.

A.3 Proof of Jackson-type approximation rate Theorem 4.2

Now, we present the proof of the Jackson-type approximation rates.
Lemma A.4. The following inequality will be used to prove the theorem.

ab ab j ajjb B+ jbja 4 (28)
j ajjb Bi+jbja 4 +ja 4&jb B (29)
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Proof. Proof of Theorem 4.2 Since there are various components in the model, we will consider each
of them separately. Firstly let's consider the approximatiok of

Let
hi(x) = * ( (x(®);x(s)F (x(s)) (30)

and S
fie(x) = § (M) x9N F(x(8)) (31)

we have S
F(hy F®R) = F(hy F@H)+ FR) F(@h) (32)
Ke h i+ F(H) B : (33)

Let's consider F (i) F(f) rst. Sincel is a compact domain arflis continuous, its range

fi(1) is a compact set. For ati2 fi(l ) we have F(fi(x))  F(fi(x)) k F Fk.i g, This
implies that
Z X Z
Fhu(x)) Fh(x)) dx x F F (34)

LT (R(1))
t

= klj F F oy (35)

P
wherejlj denotes the volume df. Recall thatﬁt(x) = 5 (M) xS (x(s)), we may
assume the parametersfofs bounded such thél(x(s))  [0; 1]. By the property of Softmax we
havefi(l )  [0; 1], thus,

ji F F F F . (36)

L' (0:1]

Next, let's consider the rst term of (32),

X
h A ( (XX (Xs) (A% xs)) F(Xs) (37)

i (xoxs)  (Cexs)i+ (Mxexs)j foof (38)

S
Since Softmax is Lipschitz continuous and bounded bye have that

X X
ifii AN+ fof: (39)

S S

The second term is an approximation with neural networks
Z X
f(xs) fixs)dx 2§ f (40)

ts

Now we remain to derive a bound fpr  %j. Let ~be amy, term truncation of POD expansion of
then

o=l s (41)

j s R (42)
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The rst term is the error estimates using POD, which says that
Z
X i i2 2 2
j (xixs)  ~Axexs)iTdx = kMK
t;s

b3
2 2.

i=mp+1

The second term is again approximation with neural works, which we have

th N N Kh . - N . . . N AN N .
i i Jill i Bl Y it i i]
i=1 i=1
Thus, combining all the inequalities above, we have that
Z x
He(x)  Hi(x) dx
t
b3 X
K supjfj 2 P+oosupjij o0 Coesupaio N+
i=mp+1 i=1

+ 2 F F + 2¢f 1

By substituting the complexity measuretéf to R.H.S., we have that
|
() () |
C, '(H C,’'(H
R:H:S: 2C0(H) 12( 1) + 2 ( ) (mh) +1
Mp Mee

This completes the proof.

B Extra discussions

B.1 Numerical Examples of the Target Form Equation (8)

In this section, we provide numerical examples that follow the target form Equation (8):
|

X !
He(x)= F [ (@ xOI()F (x(s))

s=1

(43)

(44)

(45)

(46)

(47)
(48)

(49)

This form, in fact, is not a unique representation; in other wordstHfer= H , we may not have
Fi1=F,;f;=f,and 1 = ,. However, we have the following propositions that characterize the

invariant properties of the target form.

Proposition B.1. Supposéd 1 andH , are in the form of Equatiof8), then the following properties

hold.
1. IfH 1(x) = H 2(x) holds for allx, thenF; f;=F, fo.

2. Suppose is hard-max function. For non constaHt;;H », 2 C if H 1(x) = H »(x) holds
for all x, thenargmax 1(x(t);x(s))] = argmax [ »(x(t);x(s))] if the argmax is unique

x(s) X(s)
andF; f1;F, f, areinjections.

3. Suppose is softmax function. For non constaty; H ,, if H 1(x) = H 2(x) holds for
all x and 1; » are unbounded, thearg max 1(x(t);x(s))] = argmax[ 2(x(t);x(s))]

x(s) x(s)
if the argmax is unique andl; f1;F, f, are injections.
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Proof. By considering a constant input sequemce ( x;:::;X),we getF; fi(X)= F, f2(x)
for all x.

Supposerg max[ 1(x(t);x(s))] = ¢ andargmax| 2(Xx(t);X(s))] = ¢, thenH 1(x) = H 2(x)
impliesF1  1(c1) = F2  2(cp). By the injection assumption, we hagg= c,, which implies the
argmax are equal.

When the normalization is softmax, sincés unbounded, we consider a sequence of inputs g
such that the (x(V (t); x()(s)) goes to in nity, which became the same as the previous hard-max
case. O

Although these properties need to satisfy certain conditions to be theoretically correct, we empirically
found they generally hold true in real applications.

Next, we demonstrate these concepts through numerical examples by utilizing the Transformer model
to learn different targets. We consider the following simpli ed version of a single layer Transformer

Rux)= F Wyfi(x)  [(Wof(x))” Wk f(x)] : (50)

Here,x 2 RY s the inputF; f* are two nonlinear mappings applied column-wise, anslthe
softmax function applied column-wise to the matrix.

Nearest point to a set In this example, we consider two sets of poibts RY andv R as
inputs. For each point; 2 U, we aim to determine the nearest point from\éetMore speci cally,
we de ne an input sequence2 X R in the formx(t) = (ug;v) 2 R?Y, whereu; andv;
are twod-dimensional points belonging to point détandV, respectively. The output is de ned as

y(t) =argmin ju(t) vj: (51)
v2Vv
This can be rewritten as
X
y(t) = nliout)  vOills)v(s); (52)
s=1
(53)
where  : R | R isthe hard-max function. Note this equation conforms with the form in

Equation (8) withF f begin identity and (u;v) = ju vj. For the numerical example, we consider
U;V  R? and each havé points, and train a Transformer model to learn this target and examine
the learned model.

(a) Attention matrix (b) Graph recovered by the model ~ (c) Scatter plot of* f"

Figure 2: For Figures (a) and (b) we examine a particular instance of thexngigure (a) plots the
attention matriXA, while Figure (b) illustrates the learned relationships, with green points and red
points representing points from gétandV, respectively. Figure (c) is the scatter plotFof f (x)

for randomly generated inpuxs

In Figure 2(a), we plot the attention matxof a particular instance of the inpyt For Figure 2(b),
we visualize the point sdt; V based on their coordinates and establish connections according
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to the values iM\. Speci cally, two pointsu; andv; are connected based on the valuehgf.

This visualization reveals exactly that each green point itsistlinked to the nearest point M,
demonstrating the model's ability to recover the target relationship accurately. Furthermore, for the
target form Equation (52 f in this case is an identity function. As shown in Figure 2f), f*

is also found to learn an identity function. This observation is in accordance with Proposition B.1,
despite the theoretical assumptions that may not fully apply.

Weighted average by weight In this scenario, we are given sequences of point masses as inputs.
Our objective is to compute the center of gravity for each sequence. These point mass&'are in
space, each with a mass2 R.

Consider a sequence containingoints. We extend this to a sequence af 1 points by adding an
extra poinXpreq 2 X at the beginning of the sequence, serving as a prediction token. Consequently,
the input sequence is represented as:

X
X=(Xped . 3 ) (54)

The corresponding output sequence is formulated as:
y = (0xjixal;oajx ), (55)

wherexXpred IS mapped tx, and the other points remain unchanged.denotes the Euclidean norm.
The center of gravitx is de ned by the equation:

X M
X = P xq: (56)
s=1 so Ms

We may consider several sequence segments of point masses, denotd¢d &g, which may vary
in length. These sequences are concatenated to form an input segueBogespondingly, the
outputy concatenateg, toy .

As an example, consider the following input-output pair:

_ . X1 . X2 . Xz | . X4 . Xp
X = (Xpred: m; ' m, ' ms y Xpreds ms ' ms ): (57)
P3 mx P5  mex |
y = PSR gxafiixadiixael; PR jxalixs) (58)
g0=1 IMls0 s0=4 Ills0

In this example, the output sequencéncludes the norm of the computed centers of gravity for each
concatenated segment of the input sequenaehere each segment is separated by the prediction
tokenxpreq. This can be formula8ted as target form Equation (8) such that

3 P om -
SmSQX(S) X(t) = Xpred
y(ty= _ S2'x s ; (59)

.§ 1s=¢ X(S) otherwise
s=1
wherel x denotes the index of the sequence segment correspondiggdol he weighted output here
depends on the prediction token, such that it only takes the weighted average within the corresponding
sequence. For numerical illustration, we consider inpof length 10, containing sequence segments
of length at least 2. We apply the single-layer Transformer model to learn this target.

In Figure 3, we analyze an inpytcomprising two sequence segmert,andx ,, with lengths of

3 and 5, respectively. In this scenand) andx(5) are prediction tokens. The attention matrix
behaves as expected: the outpy(f3) andy(5) are in uenced predominantly by the points within

their respective sequences, and the values are approximately the normalized weight. Furthermore,
since the remaining outputs are the same as the inputs, the attention matrix values for these elements
are con ned to the diagonal, which means that the output at that point is only determined by itself.

Furthermore, in Figure 3(c) we observe tkat f* can successfully recovér f in the target which
is a norm of theR? vector.
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(a) Attention matrix (b) Graph recovered by the model (c) Contour plot ot

Figure 3: Figure (a) plots the attention matfixwhile Figure (b) is the illustration of the learned
relationship. In this instance, there are two sequenceandx ,, each connected to their respective
predictions. The color of the connecting lines represents the corresponding vafuesigure (c)
presents the contour plot 8f f (x), generated for a set of random inputs

Weighted average by selection The previous calculated the weighted average by specifying the
weight of each point. Now, we consider another way to calculate a weighted average where we
specify a subset of points we are going to take the average. Suppose we have a kagtbnce

of RY vectorsv 2 RY . We also have a sequence of vect®rd [ ]  consisting of sequences

of indices. We stack ands to form the input sequence2 R(4*X)  This extends the qSA task
proposed in Sanford et al. [27].

The outputy(t) is de ned as X

Vs (60)

s2s(t)

-

y(t) =

This can be written in the target form Equation (8) such hatf is identity. Depending on the
frequency ofs appears in the index vecte(t), we have that
n 41 - 0
x@ix(s) 2 0555l (61)
As an example, we have the following input-output pairs.

vV = |(V1;V2I;V3); |

1 1 3
s= 1; 2 ; 3 :
2 3 3 (62)

1
y=3 2v1+ Vo, Vi + Vo + v3; 3vg -

In our numerical experiments, we set 8,d = 2, andk = 3. This con guration implies that both
the input and output sequences have a leng®) ahd the outpuy(t) is computed as the average
of three inputs, as indices designatedsift). For this particular setting we have2 f 0; %; %; 1g.
Again, we use a single-layer transformer model to learn this target.

In Figure 4 we examine a particular input, where

4! 4! 1! 5! 0! 0! 2! 2!
5:4:1:5:3:6 ;23 : (63)

5 4 7 5 7 7 2 4

In Figure 4(a), we observe that the attention matrix accurately reconstruzssdemonstrated in
Equation (61). Figure 4(b) illustrates the graph representation of this input-output correlation based
on the matrixA. In this graph, an outputand an inpuj are connected by the value Af; . The

gure highlights the model's capability to recover the relationship: Ouigdd; y(3); y(6) each rely

on a singular input value, outpyf0); y(2) are calculated as the average of two values, and output
y(4);y(5);y(7) each represent an average over three values.

S
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