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Abstract

Autoregressively trained transformers have brought a profound revolution to the
world, especially with their in-context learning (ICL) ability to address downstream
tasks. Recently, several studies suggest that transformers learn a mesa-optimizer
during autoregressive (AR) pretraining to implement ICL. Namely, the forward
pass of the trained transformer is equivalent to optimizing an inner objective
function in-context. However, whether the practical non-convex training dynamics
will converge to the ideal mesa-optimizer is still unclear. Towards filling this
gap, we investigate the non-convex dynamics of a one-layer linear causal self-
attention model autoregressively trained by gradient flow, where the sequences are
generated by an AR process ;1 = Wx,. First, under a certain condition of data
distribution, we prove that an autoregressively trained transformer learns W by
implementing one step of gradient descent to minimize an ordinary least squares

(OLS) problem in-context. It then applies the learned W for next-token prediction,
thereby verifying the mesa-optimization hypothesis. Next, under the same data
conditions, we explore the capability limitations of the obtained mesa-optimizer.
We show that a stronger assumption related to the moments of data is the sufficient
and necessary condition that the learned mesa-optimizer recovers the distribution.
Besides, we conduct exploratory analyses beyond the first data condition and prove
that generally, the trained transformer will not perform vanilla gradient descent for
the OLS problem. Finally, our simulation results verify the theoretical results, and
the code is available at https://github.com/ML-GSAl/MesaOpt-AR-Transformer.

1 Introduction

Foundation models based on transformers [1] have revolutionized the AI community in lots of
fields, such as language modeling [2} 3 145 155 6], computer vision [[75 I8; |95 [10] and multi-modal
learning [115 12§ [135 [14; [15]]. The crux behind these large models is a very simple yet profound
strategy named autoregressive (AR) pretraining, which encourages transformers to predict the next
token when a context is given. In terms of the trained transformers, one of their most intriguing
properties is the in-context learning (ICL) ability [2], which allows them to adapt their computation
and perform downstream tasks based on the information (e.g. examples) provided in the context
without any updates to their parameters. However, the reason underlying the emergence of ICL ability
is still poorly understood.
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Recently, we are aware that some preliminary studiég17] have attempted to understand the ICL
ability from the AR training and connected its mechanisms to a popular hypothesis naesad
optimization[18], which suggests that transformers learn some algorithms during the AR pretraining.
In other words, the inference process of the trained transformers is equivalent to optimizing some
inner objective functions on the in-context data.

Concretely, the seminal worl§] constructs a theoretical example where a single linear causally-
masked self-attention layer with manually set parameters can predict the next token using one-
step gradient-descent learning for an ordinary least squares (OLS) problem over the historical
context. Moreover, they conduct numerous empirical studies to establish a close connection between
autoregressively trained transformers and gradient-based mesa-optimization algorithms. Built upon
the setting oflL6], recent work|L7] precisely characterizes the pretraining loss landscape of the one-
layer linear transformer trained on a simple rst-order AR process with a xed full-one initial token.

As a result, they nd that the optimally-trained transformer recovers the theoretical construction
in [16]. However, their results rely on imposing the diagonal structure on the parameter matrices of
the transformer and do not discuss whether the practical non-convex dynamics can converge to the
ideal global minima. Besides, it is still unclear about the impact of data distribution on the trained
transformer, which has been proven to be important in practice [19; 20; R1; 22] and theory [23].

In this paper, we take a further step toward understanding the mesa-optimization in autoregressively
trained transformers. Specially, without an explicit diagonal structure assumption, we analyze the
non-convex dynamics of a one-layer linear transformer trained by gradient ow on a controllable
rst-order AR process, and try to answer the following questions rigorously:

1. When do mesa-optimization algorithms emerge in autoregressively trained transformers?
2. What is the capability limitation of the mesa-optimizer if it does emerge?

Our rst main contribution is to characterize a suf cient condition (Assumpfior) 4.1) on the data
distribution for a mesa-optimizer to emerge in the autoregressively trained transformer, in Seg¢tion 4.1.
We note that any initial toker; whose coordinates;; are i.i.d. random variables with zero mean

and nite moments satisfy this condition, including normal distributhd04; 21 4). Under this
assumption, the non-convex dynamics will exactly converge to the theoretical construcitiéh in [
without any explicit structural assumption if], resulting in the trained transformer implementing

one step of gradient descent for the minimization of an OLS problem in-context.

Our second main contribution is to characterize the capability limitation of the obtained mesa-
optimizer under Assumptidn 4.1 in Sectjon]4.2. We characterize a stronger assumption (Assump-
tion[4.2) related to the moment of data distribution as the necessary and suf cient condition that the
mesa-optimizer recovers the true distribution (a.k.a. predict the next token correctly). Unfortunately,
we nd that the mesa-optimizer can not recover the data distribution when the initial token is sampled
from the standard normal distribution, which suggests that ICL by AR pretraif@d.l] is different

from ICL by few-shot learning pretrainin@¥; 25; [26; (27, [28; 29; 3C; 23] (see details in Sectidr 2), a

setup attracting attention from many theorists recently. We think ICL in the setting of AR pretraining
needs more attention from the theoretical community.

In Sectiorf 4.8, we further study the convergence of the training dynamics when Assuimpgtion 4.1 does
not hold anymore by adopting the setting[iiy]. In this case, as a complement @&f7], we prove that

under a similar but weaker structural assumption, training dynamics will converge to the theoretical
construction in[L6] and the trained transformer implements exact gradient-based mesa-optimization.
However, we prove that without any structural assumption, the trained transformer will not perform
vanilla gradient descent for the OLS problem in general. Finally, we conduct simulations to validate
our theoretical ndings in Sectidn 6.

2 Additional related work

2.1 Mesa-optimization in ICL for few-shot linear regression

In addition to AR pretraining, much more empiric@llf 25; 32; 33] and theoretical studie4;

26; 27, 28, 29; 34; 30] have given evidence to the mesa-optimization hypothesis when transformers
are trained to solve few-shot linear regression problem with the labeled training instances in the
context. On the experimental side, for example, the seminal empirical worldlhg4 considers



ICL for linear regression, where they nd the ICL performance of trained transformers is close to
the OLS. On the theoretical side, considering a one-layer linear transfo6e24] prove that the

global minima of the population training loss is equivalent to one step of preconditioned gradient
descent. Notably2[4] further proves that the training dynamics do converge to the global minima,
and the obtained mesa-optimizer solves the linear problem. For multi-layer attention models, recent
works suggest that they can perform ef cient high-order optimization algorithms such as Newton's
method B6; 37; 34]. Unfortunately, the pretraining goal of these studies is different from the AR
training. Therefore, it is still unclear whether these ndings can be transferred to transformers
autoregressively trained on sequential data.

2.2 Other explanations for ICL

In addition to the mesa-optimization hypothesis, there are other explanations for the emergence of
ICL. [38; 39; 40; 41] explain ICL as inference over an implicitly learned topic modé®][connects

ICL to multi-task learning and establishes generalization bounds using the algorithmic stability
technique.43] and [44] study the implicit bias of the next(last)-token classi cation loss when each
token is sampled from a nite vocabulary. Special§4] proves that self-attention with gradient
descent learns an automaton that generates the next token by hard retrieval and soft composition.
[45] explains ICL as kernel regression. These results are not directly comparable to ours because we
study the ICL of a one-layer linear transformer with AR pretraining on the rst-order AR process.

3 Problem setup

uppercase boldface letters to denote scalars, vectors, and matrices, respectively. Forag wextor
denote itg-th element as; . For a matrixA , we useA ., A ;x andA; to denote itk-th row, k-th
column and(i;] )-th element, respectively. For a vectofmatrixA ), we usea (A ) to denote its
conjugate transpose. Similarly, we sandA to denote their element-wise conjugate. We denote
then-dimensional identity matrix by, . We denote the one vector of sigéby 1,,. In addition, we
denote the zero vector of sireand the zero matrix of sizm n by 0, andO,, n, respectively. We

use and todenote the Kronecker product and the Hadamard product, respectively. Besides, we
denoteVec( ) the vectorization operator in column-wise order.

3.1 Data distribution

i ij =1;8i 2 [d]g and the initial data point, from a controllable distributioDy, to be speci ed
later, then the subsequent elements are generated according to thefule Wx  fort 2 [T 1].

onW is standard in the literature on learning problems involving matri¢&sl[7]. In addition, it

is a natural extension of the recent studies on ICL for linear probleép; 28; 29; 30], where

they focus ory = w” x = 17 diag(w)x. Furthermore, adopting this new data model is a necessary
approach to investigate AR pretraining because the regression dataset in the previous ICL theory is
not suitable since each tok&n does not have a relation with the context. In this paper, we mainly
investigate the impact of the initial distributi@, , on the convergence result of the AR pretraining.

3.2 Model details

Linear causal self-attention layer. Before introducing the speci ed transformer module we will
analyze in this paper, we rst recall the de nition of the standard causally-masked self-attention
layer [1], whose parametersincludes a query matri¥y Q 2 R de g key matrixw/ K 2 Rd de
avalue matritW vV 2 R% 9 a projection matrixV P 2 R% 9 and a normalization facto > 0.
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fi(E; )= ec+ WPWVE, softmax 2 C;

where thesoftmax operator is applied to each column of the input matrix. Similar to recent theoretical
works on ICL with few-shot pretrainingl; 25; 16; 17; 26; 27; 28; 29, we consider the linear
attention module in this work, which modi es the standard causal self-attention by dropping the
softmax operator. Reparameterizity K° = WK W Q andwP¥Y = WPW YV, we have =

(W KQ W PV and the output can be rewritten as:

EtWKQet_
t

Though it is called linear attention, we note that the oufpQE;; ) is non-linear w.r.t. the input
tokensE; due to the existence of th& E, . In terms of the normalization factor, like existing
works [24; 26], we take itto be 1 because each elementBn E, is a Hermitian inner product of
two vectors of sizé.

ft(Et; )= et+WPVEt

Embeddings. We adopt the natural embedding strategy used in recent studies on AR leding [

17]. Given a sequencB; = (X 1;:::;X¢), thei-th token is de ned ag; = (0} ;x] ;x7 ;)” 2 C%,
thus the corresponding embedding ma%ipwan be formally wriiten as:
04 Og Oqg
Ec=(enine)= @y xp xg A2cHt,
Xo X1 Xt 1

wherexy = 04 as a complement. This embedding strategy is a natural extension of the existing
theoretical works about ICL for linear regressi@9] 24; 25; 26; 28; 29]. The main difference is that

the latter only focus on predicting the last query token while we need to predict each historical token.
We note that practical transformers do learn similar token construction in the rst softmax attention

layer (e.g., see Fig. 4B in [16]).

Next-token prediction. Receiving the promp®P; = (x1;:::;X¢), the network’s prediction for the
next elemenk.; will be the rst d coordinates of the outpdit (E; ), aligning with the setup
adopted in [16; 17]. Namely, we have

W(Et; )=[ft(Et; )1a 2 c:
Henceforth, we will omit the dependence Bp and , and usédp, if it is not ambiguous. Since only

the rst d rows are extracted from the output by the attention layer, the prediptiarst depends on
some parts oV PV andW K@ . Concretely, we denote that

0 1

WEY WEY WEY W Wi wie
WPV = @i wEY wEVA WK = Bw e wie wiek:

why wh o why wike wke wke

wherew PV ;WijKQ 2 RY dforalli;j 2 [3]. Then thep, can be written as
|

EYEY  wp? wp

o= WL wWhY K K er: 1)
t W32Q W33Q '

Therefore, we only need to analyze the selected parameters in Eqg. 1 during the training dynamics.
The derivation of Eq. 1 can be found in Appendix A.1.

3.3 Training procedure

Loss function. To train the transformer model over the next-token prediction task, we focus on
minimizing the following population loss:

X1 X1 1 2
L()=  Ld)=  Bqw 5K Xl ; 2)
t=2 t=2 2



where the expectation is taken with respect to the start poirdnd the transition matrixV .
Henceforth, we will suppress the subscripts of the expectation for simplicity. The population loss is
a standard objective in the optimization studi24 7], and this objective has been used in recent
works on AR modeling16; 17]. The summation starts from= 2 because we do not have any
information to predick , given onlyx .

Initialization strategy. We adopt the following diagonal initialization strategy, and similar settings
have been used in recent works on ICL for linear problem [24; 30; 17].

Assumption 3.1(Diagonal initialization) At the initial time = 0, we assume that

0 1
Od ¢ Od g Og 4 04 ¢ olg Og 4

WK (@)= @y ¢ 0g ¢ 04 dA;WPV(0)= @y g 04 ¢ Og oA ;
Od ¢ ald Og g Od d Od g Og 4

where the red submatrices are related to thend changed during the training process.

The most related papet 7] considers a stronger diagonal structure than ours, and it only investigates
the loss landscape. Our results deepened the understanding of AR transformers by considering
practical training dynamics. We think this assumption might be inevitable for a tractable analysis
and leave theory for standard (Gaussian) initialization to future work. In Section 6, we also conduct
experiments under standard initialization, which further supports the rationality of Assumption 3.1.

Optimization algorithm. We utilize the gradient ow to minimize the learning objective in Eq. 2,
which is equivalent to the gradient descent with in nitesimal step size and governed by the ordinary
differential equation (ODE}- = r L( ).

4 Main results

In this section, we present the main theoretical results of this paper. First, in Section 4.1, we prove that
whenDy, satis es some certain condition (Assumption 4.1), the trained transformer implements one
step of gradient descent for the minimization of an OLS problem, which validates the rationality of the
mesa-optimization hypothesitg]. Next, in Section 4.2, we further explore the capability limitation

of the obtained mesa-optimizer under Assumption 4.1, where we characterize a stronger assumption
(Assumption 4.2) as the necessary and suf cient condition that the mesa-optimizer recovers the true
distribution. Finally, we go beyond Assumption 4.1, where the exploratory analysis proves that the
trained transformer will generally not perform vanilla gradient descent for the OLS problem.

4.1 Trained transformer is a mesa-optimizer

In this subsection, we show that under a certain assumpti@y pf the trained one-layer linear
transformer will converge to the mesa-optimizeg;[17]. Namely, it will perform one step of gradient
descent for the minimization of an OLS problem about the received prompt. The suf cient condition
of the distributionDy, can be summarized as follows.

Assumption 4.1(Suf cient condition for the emergence of mesa-optimizéffe assume that the
distribution Dy, of the initial tokenx; 2 RY satis es Ex.p xl[xlilx’lf2 x;i“n] = 0 for any

subsefiq;:::;in jn 5 4gof[d], andry;:::r, 2 N. In addition, we assume that = E[x‘l‘j],
2= E[x§]and 3= 4; E[xjjxi,]are nite constant for any 2 [d].

Finding Assumption 4.1 is non-trivial since we need to derive the training dynamics rst. The key
intuition of this assumption is to keep the gradient of the non-diagonal eIemeW§§9f andw LV

as zero, thus they can keep diagonal structure during the training. We note that any random vectors
X 1 whose coordinates;; are i.i.d. random variables with zero mean and nite moments of order

2, 4, and 6 satisfy this assumption. For example, it includes the normal distriduiiog 21 4),

which is a common setting in the learning theory el¥] 48; 49; 50; 51]. Under this assumption,

the nal xed point found by the gradient ow can be characterized as the following theorem.

Theorem 4.1(Convergence of the gradient ow, proof in Section £onsider the gradient ow
of the one-layer linear transformer (see Eq. 1) over the population AR pretraining loss (see Eq. 2).



Suppose the initialization satis es Assumption 3.1, and the initial token's distribOtjqrsatis es
Assumption 4.1, then the gradient ow converges to

A
W 552 WszQA _ 04 g Oggqg . _
@ ~ alg 04 g ' 1p2V 1%\/ = 84 044

Though different initializatiorfag; by) lead to differen{a;®), the solutions' producé® satis es

_ 4 .
aB= " P

T 2 t=2 t 1

As far as we know, Theorem 4.1 is the rst theoretical result for the training dynamics and the mesa-
optimization hypothesis of autoregressive transformers. The technical challenge compared to existing
ICL theory for regressionZ4] mainly has two parts. First, our data model breaks the independence
between data at different times, which causes dif culty in decomposing and estimating the gradient
terms. Second, we modify the embedding strategy (more dimensions), scale the attention model
(much more parameters), and change the loss function (more terms) to perform the full AR pertaining.
All these parts are not well studied in the literature and make the gradients more complicated.

Theorem 4.1 is also a non-trivial extension of recent wai,[which characterizes the global minima

of the AR modeling loss when imposing the diagonal structure on all parameter matrices during the
training and xingx; asly. In comparison, Theorem 4.1 does not depend on the special structure,
and further investigates when the mesa-optimizer emerges in practical non-convex optimization.

We highlight that the limiting solution found by the gradient ow shares the same structure with
the careful construction intp], though the pretraining loss is non-convex. Therefore, our result
theoretically validates the rationality of the mesa-optimization hypoth#&6jsr the AR pretraining
setting, which can be formally presented as the following corollary.

Corollary 4.1 (Trained transformer as a mesa-optimizer, proof in Appendix.A/&} suppose that the
same precondition of Theorem 4.1 holds. When predictingtth#) -th token, the trained transformer

ongainsW by implementing one step of gradient descent for the OLS problgra (W) =
1
2

itzll kxis1  Wx k2, starting from the initialization’V- = 04 ¢ with a step size;%.

4.2 Capability limitation of the mesa-optimizer

Built upon the ndings in Theorem 4.1, a simple calculation (details in Appendix A.3) shows that the
prediction of the obtained mesa-optimizer given a new test prompt of I&Rgik

XTe 3

It is natural to ask the question: where is the capability limitation of the obtained mesa-optimizer, and
what data distribution can the trained transformer learn? Therefore, in this subsection, we study under
what assumption of the initial token's distributi@ry, , the one step of gradient descent performed

by the trained transformer can exactly recover the underlying data distribution. First, leveraging the
result from Eq. 3, we present a negative result, which proves that rid alkatis es Assumption 4.1

can be recovered by the trained linear transformer.

Proposition 4.1 (AR process with normal distributed initial token can not be learned, proof in
Appendix A.4) LetDy, be the multivariate normal distributioN (Og; 2l 4) with any 2> 0, then

the "simple" AR process can not be recovered by the trained transformer even in the ideal case with
long training context. Formally, when the training sequence lefigths large enough, for any test
context lengtil, and dimension 2 [d], the prediction from the trained transformer satis es

(re )i 1

1V =
(WXTte )j

EX1;W [ 5

Therefore, the predictiolr,, will not converges to the true next tok@hx . .



Proposition 4.1 suggests that ICL by AR pretrainid®;[17] is different from ICL by few-shot
pretraining [24; 25; 26; 27; 28; 29; 30; 23], which attracts much more attention from the theoretical
community. In the latter setting, recent workZl] 26] proves that one step of gradient descent
implemented by the trained transformer can in-context learn the linear regression problem with input
sampled fromN (O4; 21 4). However, in the AR learning setting, the trained linear transformer fails.

This negative result shows that one-step GD learned by the AR transformer can not recover the
distribution, but this can be solved by more complex models. Even for more complexaita (

not diagonal), 16] has empirically veri ed that multi-layer linear attention can perform multi-step
gradient descent to learn the data distribution. Therefore, to address the issue, future works are
suggested to study more complex architecture such as softmax att@tfiom{ilti-head attentiong2;

53; 54], deeper attention layers%; 16|, transformer block%6; 57; 58], and so on. Future theory
considering more complex AR transformers can adopt the same data model and token embeddings in
this paper, and try to use a similar proof technique to derive the training dynamics.

Proposition 4.1 implies that if we want the trained transformer to recover the data distribution by
performing one step of gradient descent, a stronger conditiby pfs needed. Under Assumption 4.1,

the following suf cient and necessary condition related to the momebX,ofis derived from Eq. 3

by letting¥r,, converges t&V x 1., when context lengtfiy, andTe are large enough.

Assumption 4.2P(Condition for success of mesa-optimizeBased on Assumption 4.1, we further
T e 1 .
suppose that: %XTte I x7, foranyx; andW , whenT is large enough.

Assumption 4.2 is strong and shows the poor capability of the trained one-layer linear transformer
because common distribution (e.g. Gaussian distribution, Gamma distribution, Poisson distribution,
etc) always fails to satisfy this condition. Besides, it is a suf cient and necessary condition for the
mesa-optimizer to succeed when the distribuilgn has satis ed Assumption 4.1, thus can not be
improved in this case. We construct the following example that satis es Assumption 4.2.
Example4.1 (sparse vectar)lf the random vectok ; 2 RY is uniformly sampled from the candidate

set of size2d f (c;0;:::;0)>; (0;c;:::;0)”; (0;:::;0;¢)” g for any xed c 2 R, then the
distributionDy, satis es Assumption 4.2. The derivation can be found in Appendix A.5.

For completeness, we formally summarize the following distribution learning guarantee for the
trained transformer under Assumption 3.1 and 4.1.

Theorem 4.2(Trained transformer succeed to learn the distribution satis es Assumption 4.2, proof
in Appendix A.6) Suppose that Assumption 3.1 and 4.1 holds, then Assumption 4.2 is the suf cient
and necessary condition for the trained transformer to learn the AR process. Formally, when the
training sequence lengfh, and test context lengthe are large enough, the prediction from the
trained transformer satis es

Pro ! Wxr,; Tp;Te! +1:

4.3 Go beyond the Assumption 4.1

The behavior of the gradient ow under Assumption 4.1 has been clearly understood in Theorem 4.1.
The follow-up natural question is what solution will be found by the gradient ow when Assump-
tion 4.1 does not hold. In this subsection, we conduct exploratory analyses by adopting the setting
in [17], where the initial tokernx ; is xed as1y.

First, sharing the similar but weaker assumptionldf[we imposew 3K2Q andW [V to stay diagonal
during training by masking the non-diagonal gradients, then the trained transformer will perform one
step of gradient descent, as suggested by [17]. Formally, it can be written as follows.

Theorem 4.3(Trained transformer as mesa-optimizer with non-diagonal gradient masking, proof in
Appendix A.7) Suppose the initialization satis es Assumption 3.1, the initial token is xetjas

and we clip non-diagonal gradients WgKZQ andW 5V during the training, then the gradient ow
of the one-layer linear transformer over the population AR loss converges to the same structure as
the result in Theorem 4.1, with
3 .
1+ Ly
Therefore, the obtained transformer performs one step of gradient descent in this case.

ab=




Theorem 4.3 can be seen as a complement and an extension of Propositioh/Rfiorh the
perspective of optimization. We note tha7] assumes all the parameter matrices to be diagonal and
only analyzes the global minima without considering the practical non-convex optimization process.

Next, we adopt some exploratory analyses for the gradient ow without additional non-diagonal
gradient masking. The convergence result of the gradient ow can be asserted as the following
proposition. The key intuition of its proof is that when the parameters matrices share the same
structure as the result in Theorem 4.1, the non-zero gradients of the non-diagonal eleméﬁg of
andW £V will occur. In addition, we note the result does not depend on Assumption 3.1.

Proposition 4.2 (Trained transformer does not perform on step of gradient descent, proof in Ap-
pendix A.8) The limiting point found by the gradient does not share the same structure as that in
Theorem 4.1, thus the trainedﬁransformer will not implement one step of vanilla gradient descent for

minimizing the OLS probledh | kxi+1  Wx; k2.

To fully solve the problem and nd the limiting point of the gradient ow in this case (or more
generally, any case beyond Assumption 3.1 and 4.1), one can not enjoy the diagonal structure of
W42 andW £V anymore. Whei £° andW £,V are general dense matrices, computation of the
gradient will be much more dif cult than that in Proposition 4.2. Therefore, we leave the general
rigorous result of convergence without Assumption 3.1 and 4.1 for future work.

We are aware that recent theoretical studies on ICL for linear regression have faced a similar
problem. P4; 26; 23] nd that when the input's distribution does not satisfy Assumption 4.1 (e.g.,

N (0q; ) ), the trained transformer will implement one step of preconditioned gradient descent on
for some inner objective function. We conjecture similar results will hold in the case of in-context
AR learning. We will empirically verify this conjecture when is a full one vector, in Section 6.

5 Proof skeleton

In this section, we outline the proof ideas of Theorem 4.1, which is one of the core ndings of this
paper, and also a theoretical base of the more complex proofs of Theorem 4.3 and Proposition 4.2.
The full proof of this Theorem is placed in Appendix A.2.

The rst key step is to observe that each coordinate of predighjofEqg. 1) can be written as the
output of a quadratic function, which will greatly simplify the follow-up gradient operation.

Lemma 5.1 (Simpli cation of f; , proof in Appendix A.2.1) Each element of the network's
predictiony; (j 2 [d]) can be expressed as the following.
X X X X>
by =B e EfEC Vec(A)=Vec” (A) ef L1 E¢ Bj;
t t

where theA andB; are de ned as | |
WA wke '
A= a; i ayy = % 2
W32Q WSSQ

witha; 2 R?9 andbj;bj, 2 RY.

Next, We calculate the gradient for the parameter matrices of the linear transformer and present the
dynamical system result, which is the most complex part in the proof of Theorem 4.1.

Lemma 5.2(dynamical system of gradient ow under Assumption 4.1, proof in Appendix A.2.2)
Suppose that Assumption 4.1 holds, then the dynamical process of the parameters in the diagonal of

W2 andW Y satis es 2

d X1t q
—a= ab24(T 2) 2+ _ 35 + uT 2) 1,
d Lt 1

2 3
d ) o
—b= a?A(T 2) ,+ —— S+ aT 2)
d Lt 1

while the gradients for all other parameters were kept at zero during the training process.



Similar ODEs have occurred in existing studies, such as the deep linear netd@riaad recent
ICL for linear regressiond4]. Notably, these dynamics are the same as those of gradient ow on a
non-convex objective function with clear global minima, which is summarized as the following.

Lemma 5.3(Surrogate objecti[ge function, proof in Appendix A.2.Juppose that Assumption 4.1

holds and denotéT  2) ,+ [_,'; sand(T 2) 1 byc; andc,, respectively. Then, the

dynamics in Lemma 5.2 are the same as those of gradient ow on the following objective function:
Ya;b) = i(c ciab)?;
s - 201 2 1 ’
whose global minimums satisfip = c,=¢.

Furthermore, We show that although the objecti{e b) is non-convex, the Polyak- ojasiewicz (PL)
inequality [60; 61] holds, which implies that gradient ow converges to the global minimum.

Lemma 5.4(Global convergence of gradient ow, proof in Appendix A.2.8uppose that Assump-
tion 4.1 holds, the{a; b) is a non-convex function and satis es the PL inequality as follows.

@ 2 @ ?
@ae(a;b) + @g(a;b) 2c;(a® + b)) Hajh) min §a; ) -

Therefore, the gradient ow in Lemma 5.2 converges to the global minimdfapt).

Finally, Theorem 4.1 can be proved by directly applying the above lemmas.

6 Simulation results

In this section, we conduct simulations to verify and generalize our theoretical results. In terms
of the train set, we generate Kk8equences witfiy = 100 andd = 5. In addition, we generate
another test set with kOsequences of the same shape. We train for 200 epochs with vanilla gradient
descent, with different diagonal initialization (dp; by) by (0:1; 0:1), (0:5; 1:5), (2; 2). The detailed

con gurations (e.g., step size) and results of different experiments can be found in Appendix B.

Initial token sampled from N (04; 2l 4). We conduct simulations with = 0:5; 1; 2 respectively.
With any initialization of(a; by), simulations show thatbconvergesto ;= , =1=5 2, andr, 1
converges tx t,, =5 in expectation, which veri es Theorem 4.1 and Proposition 4.1, respectively. In
the main paper, we present the convergence results with :5 in Fig. 1a and 1b. We also verify
our theory in the small-context scenarid@g (= 5), which is placed in Fig. 4 in Appendix B.3.

Initial token sampled from Example 4.1. We conduct simulations with scate= 0:5; 1; 2 respec-
tively. With any initialization of(ag; by), simulations show thatb converges to 1= » = 1= (see
details in Appendix A.5), anfbr, 1 converges to the truthr,, , which veri es Theorem 4.1 and
Theorem 4.2, respectively. In the main paper, we present the results with5 in Fig. 1c and 1d.

Initial token xed as 14. We conduct experiment witk; = 14.The results Fig. 7 in Appendix B.5

show thatw 3K2Q andW [V converge to dense matrices with strong diagonals, and other matrices
converge td)g 4, which means that the trained transformer performs somewhat preconditioned
gradient descent. The detailed derivation is placed in Appendix B.5.

Go beyond the diagonal initialization. Finally, in order to extend our theory, we repeat experiments
under Gaussian initialization with different variaricg, = 0:001; 0:01; 0:1). The results of Gaussian

start points and sparse start points (Example 4.1) can be found in Fig. 5 of Appendix B.3 and Fig. 6

of Appendix B.4, respectively. As a result, though the convergence results of parameters are not the
same as those under diagonal initialization, they keep the same diagonal structure, which can be
understood as GD with adaptive learning rate in different dimensions. In addition, the test results
(ratio or MSE loss) under the standard Gaussian initialization are the same as those under diagonal
initialization, which further veri es the capability limitation of the trained transformers. To sum up,
these experimental results demonstrate that our theoretical results have a certain representativeness,
which further supports the rationality of the diagonal initialization.



(a) Gaussian with = 0:5, dynamics ofab. (b) Gaussian with = 0:5, ratio of§or,, 1=X7, -

(c) Example 4.1 witle = 0:5, dynamics ofab.  (d) Example 4.1 wittc = 0:5, kfor, 1 Xt k3.

Figure 1: Simulations results on Gaussian and Example 4.1 show that the convergainsatisf es Theorem 4.1.
In addition, the trained transformer can recover the sequence with the initial token from Example 4.1, but fails to
recover the Gaussian initial token, which veri es Theorem 4.2 and Proposition 4.1, respectively.

7 Conclusion and Discussion

In this paper, we towards understanding the the mechanisms underlying the ICL by analyzing the
mesa-optimization hypothesis. To achieve this goal, we investigate the non-convex dynamics of a
one-layer linear transformer autoregressively trained by gradient ow on a controllable AR process.
First, we nd a suf cient condition (Assumption 4.1) for the emergence of mesa-optimizer. Second,
we explore the capability of the mesa-optimizer, where we nd a suf cient and necessary condition
(Assumption 4.2) that the trained transformer recovers the true distribution. Third, we analyze the
case where Assumption 4.1 does not hold, and nd that the trained transformer will not perform
vanilla gradient descent in general. Finally, our simulation results verify the theoretical results.

Limitations and social impact. First, our theory only focuses on the one-layer linear transformer,
thus whether the results hold when more complex models are adopted is still unclear. We believe
that our analysis can give insight to those cases. Second, the general case where Assumption 3.1
and 4.1 does not hold is not fully addressed in this paper due to technical dif culties. Future work can
consider that setting based on our theoretical and empirical ndings. Finally, this is mainly theoretical
work and we do not see a direct social impact of our theory.
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Appendix A Proofs

A.1 Proofofeq. (1)

Proof. We rst calculate the output by causal linear attention layer as the following:
fe(Ee; )

1
= e+ ~WPVEE,WHKQg
‘ 0 1

1 Xt
e+ —WPV@ ge AWK?g
t i=1

e+ — WPVe WKR>g g
Uiz
00 09 R 11
1 X WhY WL WY W2 Wl Wi
=g+ — @wkhky wkY wiVAe %Eq)wz’j‘? Wa? W & e.§ e
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0 1 % L, 10 11y o1
d Xt WL X+ Wi X 1 d
:@xtA+i %@ A %W2K2Q>xi+W3K2 7 Xi 1£§@xtA;
Xt 1 Uiz W7 X + Wa 7 X 1 Xt 1

where s are the elements that will not contribute to the gml A further simple computation shows
that

1 X
Po=0a+ —  (WHXi+ WEYxi 1)(W, " xi + W27 xi 1) Xq
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which completes the proof. O

A.2 Proof of Theorem 4.1
A.2.1 Proof of Lemma 5.1

For the reader's convenience, we restate the lemma as the following.
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Lemma A.1. Each element of the network’s predictifpy (j 2 [d]) can be expressed as the
following.

E{ES rE

b =B e tt Vec(A) =Vec” (A) ef Bj;
where theA andB; are de ned as | |
wkQ ke b 1 W RV>
A= ai .. ayxy = 22 23 B = i - 12 ,
WusQ W3gQ : b2 W1P3\;1(>

witha; 2 R2d andbjl;bjz 2 RY.

Proof. Based on the result in Eq. 1, we can write
EXYEY Wi W,R

.= WRY WwEkV o 23 ex
28 12 13 . WSKZQ W3K3Q t
EXEF
=By a; i ax €
t
Xd EXEX
— q(;iBj> t t a;
i=1 t
Xd EXEX
= ei(;i tl’ BJ> t t ai
i=1
)@d EXEX
= ei(;i tl’ aiBj> t ¢
i=1 t
)@d EXEX
= tr aiBf q(l ! tt
i
20 1 3
alBl?
— EXE EXE
_trE% : § e{(;l ttt e%(;Zd ttt z
EXEF
= tr Vec(A)B e t tt
EXE¥ EXEY
=tr B e~ ——' Vec(A) =B e —1— Vec(A)
t I t
EiXEX> ?Ex>
=tr Vec (A) € ! t‘ B; =Vec”(A) ef ! tt Bj;
which nishes the proof. O

A.2.2 Proof of Lemma 5.2

For the reader's convenience, we restate the lemma as the following.
Lemma A.2. Suppose that Assumption 4.1 holds, then the dynamical process of the parameters in

the diagonal ofV 52 andW [V 2satis es s
1

d Xt
qas afd(T  2) ,+ t735+b(T 2) 1

t=2 1
2 3
d X1 g
gb= a2 (T 2) o+ 1 P+aT 2) g
t=2
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while the gradients for all other parameters were kept at zero during the training process.

Proof. The population los& ( ) ir%Eq. 2 can be rewrittean as

X1 Xt 1 ) X 1)d 1 )
L()= Le( )= E4§ By Xe1g O = E > B Xeer
t=2 L =2 j=1 t=2 j=1
X 1)d 1
= E 5 Bty 2Re Xpq By + Xep g X
t=2 j=1
-5( 1)@ 1 l
= E éja[;j |8 Re X1 wi éxt+1 § Xt+1
t=2 j=1
Then, we can calculate the derivatived @f ) with respect td; andVec(A) as
S|
re,Le( )= Eér Bl 1 B Re Xyl
j=1
1
=E o BB B T o8 Re Xe My
1 h i
= éE r ij[;j W Erg Re Xy | S
and
X
rVec(A)I-t( ): E Er Vec(A)tq;j bt;j r Vec(A)Re Xi+1 8] h:j
j=1
1@ h i
=5 E T ovec(a)ltj E T veca)Re Xpag By
j=1 i=1
Step one: calculateE 1 g, Re X, ;¥f; . Basedonlemmas.1, we have
EXEY
B =B e~ ——— Vec(A):
t
Then, theE r 5, Re x.,; ;8  canbe derived as the following.
" #
> x> E{E{
Erg,Re Xpy il =E g Re X,,,;B] € ——— Vec(A)
t
" #
EXEY
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" #
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= E Re Xy € L=t Vec(A)
!
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I
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t
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where the penultimate equality uses the property of KroneckeMandperatorVec(AXB ) =

(B> A)Vec(X ), we refer Section 10.2 in [62] for details.

EXEX . e -
For =——, we can simplify it as
ExEx 1 X
et = 27 erer
t Uizt
_ 1 XiX; XiXj 1
tl_ XI lX| Xi 1X| 1
= I
Py Pia '
-1 P, ist X% V\{:t iz1 XiXi
t i=1 XiX; W i=1 XiXi

Based on the diagonal property\&f , we can simplify the<;x; as the following.

xixj =(W" ) (W' x) =M; b;

where we de neb= x;x,andM; = ' 1 i 1 Therefore, we have
|
P P !
EXEX _ 1 M Bboow M b
- Pt 1 . b t 1 . b
‘ ¢ Limy bw Lim,

Then, leveraging the sparse property*\afwe can derivéz@Aetx as follows.

ECE Aef =
t t P |
:3 ngt:illMi l?Xt :

o (M B

Therefore, for any 2 [d], we have

EXEX a X*
Lot peX =2 (M B x
t [ vtz 0
Xl
a . .
= - I I ' 1 XuXa | ! é 'Xuxg @
i=1
X1xd
a .
=20 T
Uz v
1
_ EX x Pty 2
= | r 11 X7y
Uizt r=1
Similarly, for anyl 2 [2d] [d], we have
EXEY a X .
LB pey =2 L
t ! Uizt r=1
To sum up, for any 2 [2d], we have
P, 1Py . )
E'g(EtX AeX —_ %P i=1 P r=1 : E |X1|X%r; | 2 [d]!
= P :
t b A a2 [2d]

[d]:

(4)



Next, we calculate th& Xij E‘xEt‘X Aef . Foranyl 2 [d], we have

n # 2 3
t E{E{ t a XX ti 2
E i Xij Ae%( = E4 i X1 — i r IX1|X1r5
t | ti=1 r=1
1
_ EX x El 60t iEX. 2 1.
= [ 1 ¢ JEXyXuxy]:
Uizl r=1

We discuss them in the following categories,

1. 16 j. Inthis caseE[xy; x11x2,]1=0 by Assumption 4.1, thus
" #

EXEX a XX .
E | 'Xy Lt Aef = — E[;']}'0=0:
t ! Li=1 r=1
2.1=j;r =j.Because;sareiid. anE[ ;] = (k=0),we have
n #
t EYEL X a X tioti 2
E | 'Xy Ae =— B[ j IEXyxqxy]
t | tr=1
a
= —(t DED]
Similarly, for anyl 2 [2d] [d], we have
" #
EXEY
E jtxlj ‘tt Aef =0
[
Therefore, for any 2 [2d], we have
" #
EXEY 2t 1DE[x$ 1=7;
Uyl t t X = t 1j b !
E i X1 ) Aej o 16
and thel-th element o r g, Re X,y ;8 is
!
EXEY
E s Re Xuq b = Re E jtxlj (———Aey)
[ t |
_ A DEX{L 1=
I | 6 j:
h i
Step two: calculateE r g, 3, f; . Based onLemma 5.1, we have
7>(Ex>
B =Vec™(A) &f ——'— Bj;
h i
then we can simplify th& r g 13, ¥; as follows.
h i
Ers b
2 I 3
E7XEX> TEX>
= E4r g, Vec (A) ef L=t B} Vec (A) ef t—t_ B;5
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7XEX> EXEX>
=ErgB] € L —t _Vec(A) Vec (A)ef L=t B,
t t
" L L #
EXE)(> XEX>
= E ¢ L~ Vec(A) Vec (A)ef L=t B,
t
X X o EXEX
+E e~ =L Vec(A) Vec (A)ef L=t B,
" #
EXE¥ — EEF¥
= E 2Re e —L—' Vec(A) Vec (A)e} t=t_ B,
t t
|
X X - XEX ’
=2Re E €~ L=t Vec(A) VecC (A)ef L=t B,
t
We furthfr derive that 3
EXE¥ — E}EF¥
E§ef> —t =t Vec(A) Vec (A)ef ‘-t B,é
‘ I {z— }
2C
o EXEX EX X
= E Vec (A)ef L=t B; e~ —1—-Vec(A)
n t t
L #
XEX> EXEX
=E B € t tt Vec(A) ef” L~ _Vec(A)
" #
7XEX> X £ X
= E B Vec(—! t‘ Ael) Vec(— tt Ae¥)
" L #
XEX> o EXEX
= E B] ———Ael ——-Aef
t t
2 | 3
)@d Eix x> EXEX
=E4 By ——'1-A€f L—t _Aefrd
k=1 t K t
2 | 3
EXE}X” EXEY .
= E4b L~ A€f Lt _Aefd (sparsity ofB )
t i t
For any and 2 [2d], recall tha%
P P oo
EXEX ,ox = Spicipren |1 Xuxg; | 2 [d];
Aey = aPoaPa 1 2. :
t [ & =l r=1 | d r Xul dXip;, 12 [2d] [d];
and for anyj 2 [d], we haveI |
ﬁEx> 7' EXEX ' axl)@ o
oAl = SlAey == ISR E
t i t i Uizt r=1
For anyl 2 [d], w2ith careful computing, we have
|
= X >
E4b ¢ Aer E{E( Ael 5
t . t |
i
_aszleXd >@ i1 02 ip t t i 2 2 1.
= E[j I ro ]E[lexilxlrlxlrzl-

i]_:l i2=1 r1:l I’2:l
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We discuss it in the following categories,

1. 1 & j. Inthis caseE[xy Xi X%, x2,,]1= 0 by Assumption 4.1, thus it becom@s

2. 1=jiri1=r,=j.Itbecomes
a2p X1 X1 o . a?h X+ X1 a’b
— E[ ;" ¢ ‘ Jt IZ]E[X?j]: — E[X?j]: —(t 1)2E[X?j]5
t i1=1 i2=1 t i1=1 i2=1 t
3. 1l=jri=rp,=r6j.Itbecomes
a2p X1t X1X o a2p X X
— E[ ,!2 o lz]E[Xi‘ lelr]: — E[Xij lelr]
toii=1i,=1 rej Ui=ipr6j
a2b X
= @t 1) EKXjxil
t

réj

4. |b: j;rlg)s ro. InthiscaseE[ | '* 2 1t ' 2] = E[ 2 " b U [ 1] =0, thusit
ecomes.

Similarly, for anyl 2 [2d] [d], we have
2

! 3
EXEX> __ EXEX
E4b t t Aei( t t Ae%( 5 - 0
t i t |
To sum up, we have
2 | 3
EXEX>
gap ELEC Aef ECEL Aef 5
t . t |
( 2bh 2 16 P 2 4 i .
= T DEKGIT D e B 1=
O otherwise
h i
which implies that thé-th element of}E r g, By s
" ! ( th 2E[x§ P 2 4 ! :
1e _ ot 1PERGIH(t 1) g EXExE ] 1=
ST Bj iz’l;j h;j = t . |
2 | 0 otherwise

Step three: calculater g, L{( ) andr g, L( ). Based on steps one and two, thia element of
r s, Lt( ) can be derived as follows.

h [

1
r B, Le( )lZEEfBjY&;jh;j | Erg Re Xy
( ,h p i !
- aﬁftb (t DPEX§I+(t 1) 6 EXEx3] 2 DEXYL 1=j;

o; otherwise

Furthermore, thé-th elementof g, L( ) is

K 1
re,L( )= re,Le( )
t=2 .
< P:a azbh 2F[y6 P 2 4 ! a 4 :
- =2 7 (t DExy1+(t 1) g Elxgxy] (6 DEXG] 5 1=0
0; otherwise
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Sp,, 0N i
_ =2 @DENX§]+ r 6 EDjxE ] aEx§] 5 1=
: 0; _ otherwise
( 2 h 6 Pr 1 P 2 4 ! 4 ;
&b (T 2EX§]+ L'els e EXExL]  aT 2EKX{L 1=
-0 otherwise
h P |
@b (T 2) 2+ Lt s alT 2) 4 I=j
0; otherwise
where the last equality is from Assumption 4.1.
. P4
Step four: calculate E 1 veca)Re Xiiq 1 and izt E T vec(a)RE Xiyq 8
Based on Lemma 5.1, we have
?Ex>
B =Vec” (A) ef L=t B;:
t
Then, theE 1 vec(a)RE Xiiq B can be derived as the following.
2 1 3
4 > X ?Ego 5
E I vec(a)RE Xis1j B = B vea)RE Xpyq 5 VEC (A) € Bj
2 1 3
> «  EXEY”
= E41 veqa)VeC (A) Re Xypj € t B; S
2 1 3
?EX>
= E4Re Xy, € L—t_B; 5
t
0 =n #1
?EX>
= Re@E x,,,; €} t-t_B; A
t
0 =n #1
t EtX Etx> x>\ A
= Re@E | 'xy Vec( Bjel”) A:

In terms of

ETEL

t

Bjer”, based on the sparsity Bf and Eq. 4, we can derive that

EXEX> EXEX> EXEX
Lol Bjel” = (— =) bel” = (=) el
P P >
=b " M b w it:llMi bj:ei(>3
Then, for anys; r 2 [2d], we have
8 P,
CF Spim g d P hapasan s20dir2(d),

FEX g g o s | fot XaXus axug s2[2d) [dlr 2 [d)
Co L8 S d ! paxasxar o s2[dir 2 [2d) [dy
DT UL Ay gxay i S2[2d] [l 2 [2d]

[d]:



Next, we calculat& . 'xy; EfE” Bjef> .Foranys2 [2d] [d];r 2 [d], we have

2 13 2 3
4 t EYEY” x> 5 ab X1 itldot 1,2 5
E j X1j Bjet = BE%— j s dr lexl;s dX1r
sr ti=
b X1 it 10 t1 2 .
= L E[j " s g r TJEXyXys aXarl:
i=1

We discuss it in the following categories,

1.s d#6 r.Inthis caseE[x%j X1:s dX1r] = 0 by Assumption 4.1, thus it becom@s

2.s d=r=j.Itbecomes

bX1E[it1it1]E[X2X X]_ b)(:I.E[i’[litl]E[X4]
*t i s dr 1jl:sdlr—*t j j j 1j
i=1 i=1
bX* b
= —  EKfl= —(t DEXYI
tiog t
3.s d=r6j.InthiscaseE[ | ' { ! 1=E[| "'} }]=0,thusitbecomes.
Similarly, for any othes; r, we can calculate that
2 3
7XEX>
E4 ;' ———Bjef> 5=0
t Sr
To sum up, we have
2 3 (
£4 EtXEt”B.eX) 5. ot DLEXL s=d+jr =i
J =t 0; otherwise
t 1

thus the(s; r)-th element oE r A Re X, I is

(
L DEXL] s=d+jir =j;
Er aRe X B b[;i = Ot( JEL l]] Othel'WiS]e J
sr !
(
2t 1)y s=d+jir=j;
0; otherwise

. P4
Finally, we can calculate ;_; E r aRe X, ;1 as

(
Xd b ( . —
- t 1) 1 S d - r!
E R i = t .
- " ARe Xe B o 0; otherwise
h i p h i
Step ve: calculate E 1 vec(a)t; 1y and J-d:l E T vec(a)ltj B; . Based on Lemma 5.1,

we have
X X

EXE
By =B e~ —L— Vec(A);
t
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h

then we can simplify th& 1 vec(a)la; 1 as follows

h i
E T vec(a) B B ;
EXES EXE}
= E I vega) By €& L It Vec(A) B ef” —1— Vec(A)
— EJEY EXE?
= E I veo(a)VEC(A)” €F ‘—L-B; B € L=t Vec(A)
— E}XEY EXE?
= E €f ‘=L B; By e~ —t— Vec(A)
" t t
o o #
XEX> EXEX>
+E e — tt Bj B ef ! tt Vec(A)
2 1 3
EixEx> EixEx>
= E42Re ef —'"—1-Bj B e —“—'— Vec(A) °
t t
0 =« #1
EiXEX> 7><Ex>
= 2Re@E ¢ ‘=L _B; B € L=t Vec(A) A:
t
We furtEer derive that
?Ex> 7XEX>
EE@ ‘—L_B; B ¢f L~ Vec(A)
t I {z- }
. 2C 4
7XEX> 7XEX>
=E B e L=t Vec(A) ef L=t B
t t
" o #
EXEX EXEX>
= E Vec(A)” € L=t B, ef L=t B
t t
" L #
EXEX XEX>
= E Vec(A)” Vec(——'-Bef ) Vec(———Bjel”)
2 3
Xd ExEx EiXEX>
=E4 Ay L Bjel Vec(———Bef”)>
kil =1 t K
2 3
)@d EXEX 7xEx>
= g4 a —t—L_Bje! Vec(———B;el*)5: (sparsity ofA)
k= d+1 kik d t
Recall that for ang; r 2 [éd], we have
=] .
| E Lo e b xaxasxas s2 [dlr 2 [d)
EVE g or = Upoiet | osaf XyXus axas  s2[d (dir 2 (d)
't B i L ExyXasxey o S2[dir2[2d] [d)
Sr . .
) % 7:11 ]I é :j $ 2Xmle;s dXur oy S2[2d] [d];r 2 [2d]

EfES

L aX —
Bje =
kk d
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1ty 2 _ i w2
k dX1y X1k o = n i ok dXXTk ds

With careful cgmputing, forang 2 [2d] [d];r 2 [d], we have

Xd EXEX EXEX>
E4 a ——1-Bjef L= _Bjef” O
k=d+1 t kk d t o
d o x1x1
a? X tlis t 1yere? o2
= 7 E[ 2 Ll d s :12 rCJEXG XLk aX1s aXarl:

U ok=d+1 i1=1 ip=1
We discuss it in the following categories,

1.s d6 r.Inthis caseE[xﬁj X2, ¢X1s aX1r] =0 by Assumption 4.1, thus it becom@s

2.s d=r=k d=j.Itbecomes
ap Xt X1 ar?
— E[ PIEIX3]1= —(t 1)°EXY]:
t i1=1 i2=1 t
3.s d=r=k d6j.Itbecomes
ap Xtx+ oo a Xt
— E[ 2 " 1 CIEXxi 1= —  E[* " REXE xdy]
t i1=1i2=1 t i1=1

V3
a—tz(t 1)E[x%j X1, I:

4, Sh d—bre kgd Inthese case[ 2 ' |0 4 & ¢ L Y=E[2 " 4 !T2]=0
thus it become

Similarly, for anyzothes; r, we can calculate that

3
Xd EXEX> '
E4 a S Bjef EfEC” Bjef> 5=0:
k=d+1 t kk d t o
To sum up, we have
2 1 3
)@d EXEX ?Ex> ’
E4 a ——LBjef Lt _B;ef* 5
k=d t kk d t o
8
$ At 1EXGL  s=d+nr=j;
3 ab? At DEXEx$] s=d+nréj;
0, otherwise
h i
which implies that thé€s; r)-th element of%E rafyhy is
8
L h i3 B PERGL s=denr=j;
—Er b[p[ = ab? 1EX2 x4 T =d+rr6ij
oo TAR R Ty 7(t JE[X3 x5, ] s rnréj;
-0 otherwise
8
3 Bt 12 o s=d+rr=j;
=5 % al? Bt DEXEx}] s=d+rréj;
: O, otherwise
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Based on these results, we can derive

; (
L EhrAja[.-pt.-l = %(t 172 2+(t 1) 3; s d=m
21‘=1 P 0; otherwise

Step six: calculater vec(a)Lt( ) andr veca)L( ). Based on steps four and ve, tife; r)-th
element off A L{( ) can be derived as follows.

1@ h i
raLle( s = 2 Er Ab[;j bt:j EraRe Xt+1 y’t;i
j=1 j=1
_oB @ 12,4t D 2 1) 4os d=v
0; otherwise

Furthermore, thés; r)-th elementof o L( )is

X 1
r AL( )Sf = r ALI( )sr
t=2
Cp., a2 , )
= =2 oz (U D7+ (t )3 S(t 1)1 s d=r
0 otherwise
2p h i
= tT=zlab2 2+ﬁ3 bi:; s d=m,
0; _ otherwise
h i

P
a? (T 2) 2+ L'y s BT 21 s d=r
0; otherwise

Step seven: summarize the result by induction. From the gradient of o L( ) andr g, L( ),

we observe that non-zero gradients only emerge in the diagomig@? andW Y, and they are
same. Therefore, the parameter matrices keep the same structure as the initial time. Thus we can
summarize the dynamic system as the following.

2 3
d g
—a= abf4(T 2) ,+ PP+ NT 2 g
d b1
2 3
d Xt
—b= aHT 2) ,+ —— d+aT 2) 1
d NP S
which completes the proof. O

A.2.3 Proof of Lemma 5.3
For the reader's convenience, we restate the lemma as the following.

P
Lemma A.3. Suppose that Assumption 4.1 holds and de(ibte2) ,+ th21 ﬁ sand(T 2) 3

by c; andc;,, respectively. Then, the dynamics in Lemma 5.2 are the same as those of gradient ow
on the following objective function:

o 1 2.
a;b = 201(02 ciab)?;

whose global minimums satislip = c,=¢.
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Proof. Basic calculus shows that

- d
@@f(aibF 2712(02 caf( ab= be cah= a

1
@@g(a;b)= 2—(:12(c2 cgab)( cia)= a(c, cab= dib:

Therefore, the dynamics in Lemma 5.2 are the same as those of gradient §a;di), whose global
minimums satisfyab= c,=¢.

A.2.4 Proof of Lemma 5.4

For the reader's convenience, we restate the lemma as the following.

Lemma A.4. Suppose that Assumption 4.1 holds, tBgn b) is a non-convex function and satis es
the PL inequality as follows.

@oory oy @’

. e .. 2 . ; . .
@:(a, b + @g(a, b 2c,(a? + b¥) Ha;b min Yayb) :
Therefore, the gradient ow in Lemma 5.2 converges to the global minimdfapt).

Proof. First, we prove thaf{a; b) is non-convex. The Hessian matrix &f; b) can be derived as
follows.

2€4- ) — Clb2 2cab o
r“qah) = 2c;ab o -5

Its determinant;a®t?  (2ciab  )* =(c; ciabh)(3ciab ;) < Owhenab < 52 orab > .
Thus,¥a; b) is non-convex.
Besides, the PL inequality holds because

@g.py -y @’
@:(a;b) + @E(a;b) = KP(c, ciab)?+ a’(c, ciab)?

=(a’+ K)(c; cab?

=2cy(a® + P) %(cz ciab)?
1
=2¢(a’+ ) Yayb rgubn Ya; b

2c,(a? + b¥) Ha;b I”len ¥a; b

A.3 Proof of Corollary 4.1

For the reader's convenience, we restate the corollary as the following.

Corollary A.1. We suppose that the same precondition of Theorem 4.1 holds. When predicting the
t-th token, the trained transforlﬁer implements one step of gradient descent for the minimization of

the OLS problenh o 5 (W) = % itzll kxis1  WxK?, starting from the initializatioclW = 0q4 ¢
with a step size®®,.

Proof. The proof is stem from the theoretical constructionlifi[ First, we simplify the prediction

¥ as follows.

EYEX  wy? wg
CooWg W

= Wh Wi
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g
-
ke
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S
-
X

Then, we connect it to the one step of gradient descent for the OLS prdbieg(W ) =

t 1
% i=1 kXi+1 WXikz.

aﬁr 1X1!
t 1 W

a® X1
t 1.,
a® X!
t 1i=1

a® X1
= ——  Xis1 X!
t 1.,

Thus, the proof is completed. O

kXi+1 WXik2
i=1

=W Xi+1  Wxi)( x;)

=0 (Xivx  OXi)( X;)

A.4  Proof of Proposition 4.1

For the reader's convenience, we restate the proposition as the following.

Proposition A.1. Let Dy, be the multivariate normal distributioN (Oq; 214) with any 2 > 0,

then the "simple" AR process can not be recovered by the trained transformer even in the ideal case
with long training context. Formally, when the training sequence lefigthis large enough, for any

test context lengtfi and dimension 2 [d], the prediction from the trained transformer satis es

(Br.)i L 1
(Wxr, )" 5

Therefore, the predictiolr,, will not converges to the true next tok@hx . .

EX1;W [

Proof. First, built upon the results in Theorem 4.1, whign is large enough, we have

eB= & p 2o Ekgl_3t 1

P! =i = -
3 tr .
2ty o i 2 EDG] 15 5

Second, by directly calculating, we have
(Wxr,)j =(WTexq); = ,'T‘e X1 ;

and -
8 X X

- i
Te 1 i=1 k=1

i 2 .
le Xlk'
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Therefore, we have

T 1
Ex,w [M]: Ex,w [679 X e boTe e ix2
1’ (WXTte )J v Tte 1 i=1 k=1 ]
T 1
_ a® X 21— 2.
EXl[Tte 1 le] - Qﬁ .
i=1
SinceeB < 1, and converges tgt; whenT is large enough, the proof is completed. O

A.5 Derivation of Example 4.1

Proof. We rst prove that the example satis es Assumption 4.1. Because only one element of
sampled from Example 4.1 will be non-zero, we h&ye p " [xlilxrlf2 xrli"n] = Exp [0]=0

for any subsetiq;:::;ip jn  4gof[d], andry;:::r, 2 N. In addition, for any 2 [d], we can
derive that
1 d 1 ct
— 49 4 =2 .
1= EblE g o g 0= g
1 d 1 c®
= 61= = 8 =
2_>E<[Xl’] i ¢ g 9T g

w
1

E[x%j x$1=0:
réj

Second, we prove that it satis es Assumption 4.2 as follows. Without loss of general, we assume that
the rst coordinate o ; isc.

P Te 1
1 ;1 XiX _ 1. P Te Loqe.... >
ST 1 T CZo||ag(c2,o,...,0)( 1e 1c;0;:::50)
=( 1° '¢0;:::;0) = X7,
The proofis nished. O

A.6 Proof of Theorem 4.2

For the reader's convenience, we restate the theorem as the following.

Theorem A.1. Suppose that Assumption 4.1 holds, then Assumption 4.2 is the suf cient and necessary
condition for the trained transformer to learn the AR process. Formally, when the training sequence
lengthT;, and test context length. are large enough, the prediction from the trained transformer
satis es

Yr. ! WX, TypiTe! +1:
Proof. First, built upon the results in Theorem 4.1, whign is large enough, we have

1
aB= p =
+ 3 Ttr 1 1 2
2T T, 2 t=2 t 1

Second, whefy is large enough, by Assumption 4.2

P
1 ;r—tel 1XiXi
— T XTe ! X7
2 Tte 1
Therefore, we have
| |
P 1 Lxix; P 1 Lxix;
— i=1 i i=1 i
Pr. =W aﬁﬁ XTe b1y W S Te 1 (e P1e WX
e e
which nishes the proof. O
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A.7 Proof of Theorem 4.3

For the reader's convenience, we restate the theorem as the following.

Theorem A.2. Suppose the initialization satis es Assumption 3.1, the initial token is xet;aand

we clip non-diagonal gradients <W3K2Q andW £V during the training, then the gradient ow of
the one-layer linear transformer over the population AR loss converges to the same structure as the
result in Theorem 4.1, with

O

aP= = :
d 1t T T 1
1+ 81

T t=2 t 1

Therefore, the obtained transformer performs one step of gradient descent in this case.

The proof is similar to the proof of Theorem 4.1 in Appendix A.2. But the calculating for the gradients
is more dif cult than that of Theorem 4.1. Similarly, we rst present and prove the following lemmas.
Lemma A.5 (dynamical system of gradient ow)Under the same assumption as in Theorem 4.3,
the dynamical process of the parameters in the diagon!ni‘l/éQ andW [V satis es

2 3

'5(1
Ea= ald(T 2)+ u5+b(T 2);
d Lt
2 3
;(1
d£b= at(T 2)+ %5+a(T 2);
t=2

while the gradients for all other parameters were kept at zero during the training process.

Proof. Recall that in Appendix A.2.2, we have already known that the populatiorLlpskin Eq. 2
can be rewritten as
X1 X 1)d 1 1
L()= Le( )= E ém;j B Re Xy By + EXHl i Xt+1;
t=2 t=2 j=1
Besides, the derivatives bk ( ) with respect to/ec(A) andB; are

h i
1
r BJLt( ): EE r ij[;j h] Er BJRe Xt+l;jh;j ;

and
1@ h i X
I vec(a)Lbt( )= > E T ovec(a)itj B E 1 vec(a)RE Xiyq By
j=1 i=1
Step one: calculateE r g, Re X,y 8 . Similarly to the step one in Appendix A.2.2, the

E rg;Re Xuy 8 canbe derived as the following.

XEX
ErgRe Xui 3y =Re E Xupy € L tt Vec(A)
!
— t EtXE'E( X H
=Re E Vec(itAet) (use generating process)
!
EXE¥

=Re E ;' (—F—Aey)

t
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We note that for any 2 [2d], based on the sparsity 8f, we have

( P, .Py _
E?Eg( A X _ %P i=1 P r=1 i It' I; I 2 [d]'
et - a t 1 d i1t . | 2 [Zd] [d]
t I . i=1 r=1 | dr s )
which implies that
" #
EXEX i(t 1) I - J
t t t X - 1 ]
E i 7t Aej OE 16 j:
and thel-th element oE r g, Re X,y ;8 is
a1 1); I1=j;
Er BiRe Xt+l;jb[;j = ot( ) |6}

h [

Steprt]wo: calculaiteE re, ; w; . Similarlytothe step twoin Appendix A.2.2, we can simplify

theE r g, b[;j B; as follows.

h | EXEX o XEX
Erg f® =2Re E e %Vec(A) Vec (A)ef —+—' B;
0 - | 31
EXEX> X £ X
- oReBE4D ELEC agr  ELEC pexsf.
i t
For anyj 2 [d] andl 2 [2d], we can calculate that
|
—_ * 1
E{‘E{OAQ :EXXd it
T
t i L=t r=1
and recall that (
P: 1Py .
EtXEtX A X j— %P}:l Pr:l : E I; |2[d]1
et - a t 1 d i1t . |2 2d d
t I Toi=l r=1 1 dr 1 (2d] [d]:
With careful computing, we have
2 3 8 2
|
EXEX> . EXEX B (t P+(d It 1);
E4b ———Aef L—L_Aef 5= a’bit  1):
t t g 2 ( )1
t ) t | ! .
j . 0;
h i
which implies that thé-th element of%E e b is
8 2
L h i 2 Pe(d Dt ;1=
— 2 .
el = 2t D; 12[d j;
: 0; otherwise

(sparsity ofB )

I =j;
12[d j;
otherwise

Step three: calculater g, L{( ) andr g, L( ). Based on steps one and two, thia element of

r s, L¢( ) can be derived as follows.
1 h i
re,Le( )i = EE r ij[;j W | Erg Re Xy |8
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N\

Pt 1P+(d 1t 1) At 1) 1=
3 Lt 1), l2d j;
: 0; otherwise

Furthermore, thé-th elementof g, L( ) is

'5(1
re L( )= re,Le( )
g=2
3 UL SR 1Pe(d D D At D I=);
e R 2@ j; ©
: 0, otherwise

If we clip the non-diagonal gradient &% [V , we have

P
T T P (O R C I RS G VR
| o otherwise
( " Pt :
a’b (T 2) + t=2 ?71 a(T 2), | = j,
0; otherwise
P4 .
Step four: calculateE 1 vec(a)Re Xpq By and ;o E T oveca)Re Xpugjlt; . Sim-

ilarly to the step four in Appendix A.2.2, the 1 vec(a)Re Xy4q B can be derived as the

following.
0 - #1
EXEY”
E I vec(a)RE Xiyq 1 = Re@E Xt+1 er t Bj A
0 - 41
7XEX>
= Re@E | ' Vec(———Bjef”) A

For anys;r 2 [2d], we have
8
B b P LY s2dir 2 [d];
EX L Pl ; s2[2d] [df;r 2 [d];
3 2Cp T30 G s2dir22d [d)
st e W) b % s2fad [dir2[2d [d]

EXEY” & x>
. Bje =

which implies that
2 13

FEX 2(t 1 s=d+jir =],
B4 0 = —=-Bjef” 5= oy s6d+jr =j;
t st 0 otherwise
and the(s; r)-th element oE r 5o Re X, i B is
8
2 2t 1) s=d+jir=j;
E 1 aRe Xiuj B = 2 s6d+jr =
S0 otherwise
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. P4
Finally, we can calculate j=1 E T ARe X B; as

8
xd 2 bt 1) s d=rAg2Wg?;
EraRe X B =, & s d6rAg 2WE?;
1= S0 otherwise
h i h i

P
Step ve: calculateE r HQC(A)m.j i and J.dzl E I vec(a)ltj B . Similarly to the step ve
; i ;

in Appendix A.2.2, theE 1 vec(a)t; W is simpli ed as follows.

, 0 #1
" ! ETEX o o> EYEX
E T vec(a)By By =2Re@E gf t B B € t Vec(A) A
0 2 31
)gd EXEX 7xEx>
= 2RelgE4 a =L Bjef Vec(——! B,—etx>)5g:
k= d+1 t kik d t
Foranyk 2 [2d] [d], we can calculate that
EXEX b X1 - bxl .
— B = —( Y IR Pk
kk d t i -

3 (s -8 )Y s2dhr 2[d)
trie s2[2d] [d];r 2 [d];
2

?E@OB_ep = t i1 2,
o HCpiz v 8 ) r e s2dir2[d [dy

t

2C 0L sy s2d [dir2[d [
With careful computing, we have
2 3
Xd EXE x> '
E4 a E{ES Bjel Shish Bje> 5
lé d+1 t kk d t or

1
—

ot 1) s=d+rréj
(1), s=d+jir 6]

(12, s=d+jir = j;
1), s&d+jir=j

a? remains inW .52 ;
0;t otherwise
h i
which implies that thé-th element of%E raf is
8

ﬁ(t 1); s6d+jr =j;
%(t 1); s=d+rr 6j;
%(t 1); s=d+jr 6]
o remains inW A5 ;

t

0; otherwise

L h i

g (12, s=d+jir = j;
EErAy‘l;jbﬁj zg
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Based on these results, wegean derive

¢ h i 3 Bt DPH(d Dt ;s d=rAg 2WER
5 Eramyyy =5 a ot 1)+d 2; s d6rAg 2WKR;
j=1 T otherwise

Step six: calculater vec(a)Lt( ) andr veca)L( ). Based on steps four and ve, tife; r)-th
element off A L{( ) can be derived as follows.

1@ h i
raLe( Jsr = > Eraly; b EraRe Xy by
8]:1 j=1
Eﬂjﬁ(t 12+(d 1t 1) B 1 s d=rnAg 2WES;
=3 %2@ n+d 2 2 s dernAg 2WKR:
-0 otherwise
Furthermore, thés; r)-th elementof A L( )is
~)'(l
raLl( )s = ralie( s
8 t=2
P
3 Lt t, 12+(d 1)t 1) %(t 1) ; s d=rAg 2WE2;
_ pt
=5 ]21 & ot +d 2 b s derAg2whe; 6

0; otherwise

If we clip the non-diagonal gradient &% 552 , we have

'§( 1
ral( s = ralie( s
t=2
P
_ Lt abz (t 12+(d 1t 1) 2@t 1); s d=rAg 2w,
0; otherwise
( h Pt ! K
a? (T 2)+ [L'&L oT 2 s d=rAg 2W52;
0; otherwise

Step seven: summarize the result by induction. From the gradient of A L( ) andr g, L( ),

we observe that non-zero gradients only emerge in the diagomg@?f andW £V, and they are
same. Therefore, the parameter matrices keep the same structure as the initial time. Thus we can
summarize the dynamic system a%the following.

3
X 1
Qo a4 2+ L ls.pr 2
d o b1
2 3
5(1
dib: at(T 2)+ %5+a(T 2);
t=2

which completes the proof.

O
P
Lemma A.6. Suppose that the precondtions of Theorem 4.3 hold, and déhote2) + [T:21 ?—i

andT 2byc; andc,, respectively. Then, the dynamics are the same as those of gradient ow on
the following objective function:

1
b - b2.
Ha; b —ch(cZ ciab)’;

whose global minimums satislip = c,=¢.

35



Table 1: Step size in different simulations.

X1 =c stepsize
0.5 0.001
Gaussian 1 0.0001
2 0.000002
0.5 0.03
Example 4.1 1 0.001
2 0.0001
14 - 0.0005
Proof. The proof is the same as that of Lemma 5.3 in Appendix A.2.3. O

Using the results from the above lemmas and Lemma 5.4, we can conclude Theorem 4.3.

A.8 Proof of Proposition 4.2

For the reader's convenience, we restate the proposition as the following.

Proposition A.2. The limiting point found by the gradient does not share the same structure as that
in Theorem |4,1, thus the trained transformer will not implement one step of gradient descent for

minimizing2 | 'kxia Wxik2.

Proof. From Eq. 6 and Eq. 5, we know that when the parameters matrices share the same structure as

the result in Theorem 4.1, the non-zero gradients of the non-diagonal elem#tt§bfandw "
will occur, which implies the result. O

Appendix B Experimental details and additional results

B.1 GPU and random seed

The random seed in the experiments is xed as 1. All experiments are done on a single GeForce RTX
3090 GPU in one hour.

B.2 Step size in simulations

The step size of the gradient descent in different simulations is summarized in Table 1.

B.3 Additional results for Gaussian initial token

In practice, we estimate the ratio of two vectors by calculating the mean of the element-wise divide
between two vectors. The results for= 1;2 andT = 100 with diagonal initialization are
presented in Figure 2. The results for= 1 andT = 5 (small-context scenarios) with diagonal
initialization are presented in Figure 4. The results fer 1 andT = 100 with Gaussian initialization

( w =0:001 0:01; 0:1) are presented in Figure 5.

B.4 Additional results for Sparse initial token (Example 4.1)
The results foc = 1;2 andT = 100 with diagonal initialization are presented in Figure 3. The

results forc = 1;2 andT = 100 with Gaussian initialization ¢, = 0:001; 0:01; 0:1) are presented
in Figure 6.
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(a) Gaussian with = 1, dynamics ofab. (b) Gaussian with =1, ratio ofr, 1=XT1 -

(c) Gaussian with = 2, dynamics ofab. (d) Gaussian with = 2, ratio ofr,, 17X, -

Figure 2: Simulations results in Gaussian initial token with 1 ; 2. The results show that the convergence of
absatis es Theorem 4.1. In addition, the trained transformer can not recover the Gaussian initial token, which
veri es Proposition 4.1.

B.5 Additional results for full-one initial token

W KQ andw PV with different diagonal initializations are presented in Figure 7. From the results,
we know that the gradient descent converges to

0 1
A A
@V Wola_ Oda Oda . o py PV o= Wo Ox -
\//\VKQ \//\VKQ - W; 04 4 ° 12 13 - 2 dd .
32 33

whereW ; andW , are some dense matrices. Similarly to the proof of Corollary 4.1 in Appendix 4.1,
we have

- WPV WPV ex
P 12 13 t wke wke
EXE 0 0
= W 0 t t d d d d X
2 d d . Wl Od d €t
X Og ¢ O
= - W 0 exex d d d d X
o e TR W 0 g
1 X .
= *t WZXi Xi 1W]_ Od d et

WoxiX; (WiX¢:

which can be seen as a somewhat preconditioned gradient descent on the OLS problem.
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(a) Example 4.1 witle = 1, dynamics ob.  (b) Example 4.1 witt = 1, kfpr, 1 X1, K3.

(c) Example 4.1 witre = 2, dynamics oib.  (d) Example 4.1 witt =2, kipr, 1 X1, K3.

Figure 3: Simulations results on Example 4.1. Results show that the convergeairsatis es Theorem 4.1.
In addition, the trained transformer can recover the sequence with the initial token from Example 4.1, which
veri es Theorem 4.2.
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