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Abstract

We address the problem of optimizing over functions defined on node subsets
in a graph. The optimization of such functions is often a non-trivial task given
their combinatorial, black-box and expensive-to-evaluate nature. Although various
algorithms have been introduced in the literature, most are either task-specific or
computationally inefficient and only utilize information about the graph structure
without considering the characteristics of the function. To address these limita-
tions, we utilize Bayesian Optimization (BO), a sample-efficient black-box solver,
and propose a novel framework for combinatorial optimization on graphs. More
specifically, we map each k-node subset in the original graph to a node in a new
combinatorial graph and adopt a local modeling approach to efficiently traverse the
latter graph by progressively sampling its subgraphs using a recursive algorithm.
Extensive experiments under both synthetic and real-world setups demonstrate
the effectiveness of the proposed BO framework on various types of graphs and
optimization tasks, where its behavior is analyzed in detail with ablation studies.
The experiment code can be found at github.com/LeonResearch/GraphComBO.

1 Introduction

In the analysis and optimization of transportation, social, and epidemiological networks, one is
often interested in finding a node subset that leads to the maximization of a utility. For example,
incentivizing an initial set of users in a social network such that it leads to the maximum adoption of
certain products; protecting a set of key individuals in an epidemiological contact network such that
it maximally slows down the transmission of disease; identifying the most vulnerable junctions in a
power grid or a road network such that interventions can be made to improve the resilience of these
infrastructure networks.

The scenarios described above can be mathematically formulated as optimizing over a utility function
defined on node subsets in a graph, which is a non-trivial task for several reasons. First, most
conventional optimization algorithms are designed for continuous space and are hence not directly
applicable to functions defined on discrete domains such as graphs. Second, optimizing over a
k-node subset leads to a large search space even for moderate graphs, which are not even fully
observable in certain scenarios (e.g. offline social networks). Finally, the objective functions are
usually black-box and expensive to evaluate in many applications, such as the outcome of a diffusion
process on the network [56] or the output of a graph neural network [50], making sample-efficient
queries a necessary requirement.

Assuming the graph structure is fully available, the optimization task described above shares similari-
ties with those encountered in the literature on network-based diffusion. In that literature, greedy
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algorithms [28, 32, 7] have been widely used to select a subset of nodes that maximizes a utility func-
tion, for example in the context of influence maximization [48] or source identification [25]. However,
as the underlying functions often require calculating expectations over a large number of simulations
(e.g. the expected number of eventual infections from an epidemic process), such algorithms often
become extremely time-consuming as the evaluation time for each diffusion process increases [2].
To relieve the inefficiency in computation, proxy-based methods, such as PageRank [6], generalized
random walks [10], and DomiRank [17], are often used in practice to rank the importance of nodes.
However, such methods completely ignore the underlying function and require full knowledge of the
graph structure beforehand. Finally, most methods mentioned above are task-specific, and the one
designed for a specific diffusion process usually does not generalize well to another.

In this paper, we consider the challenging optimization setting for black-box functions on node
subsets, where the underlying graph structure is not fully observable and can only be incrementally
revealed by queries on the fly. To facilitate this setting, we propose a novel strategy to conduct the
search in a combinatorial graph space (termed “combo-graph”) in which each node corresponds to a
k-node subset in the original (unknown) graph. The original problem is thus turned into optimization
over a function on the combo-graph, where each node value is the utility of the corresponding subset.
Traditional graph-traversing methods, such as breadth-first search (BFS) or depth-first search (DFS),
may not work well in this case due to the exceedingly large search space and their lack of capability
to exploit the behavior of the underlying function. Bayesian optimization (BO), a sample-efficient
black-box solver for optimizing expensive functions via surrogate modeling of its behavior, presents
an appealing alternative.

Contributions. We propose a novel Bayesian optimization framework for optimizing black-box
functions defined on node subsets in a generic and potentially unknown graph. Our main contributions
are as follows. To the best of our knowledge, this is the first time BO has been applied to such
a challenging optimization setting. Our framework consists of constructing the aforementioned
combo-graph, and traversing this combo-graph by moving around a combo-subgraph sampled by
a recursive algorithm. Notably, the proposed framework is function-agnostic and applies to any
expensive combinatorial optimization problem on graphs. We validate the proposed framework on
various graphs with different underlying functions under both synthetic and real-world settings, and
demonstrate its superiority over a number of baselines. We further analyze its behavior with detailed
ablation studies. Overall, this work opens new paths of research for important optimization problems
in network-based settings with real-world implications.

2 Preliminaries

BO [38, 20] is a gradient-free optimization algorithm that aims to find the global optimal point x˚ of
a back-box function f : X Ñ R over the search space X , which, in the case of maximization, can be
written as x˚ � arg maxxPX fpxq. To efficiently search for the optimum of expensive-to-evaluate
functions, BO first builds a surrogate model based on existing observations to predict the function
values and their uncertainties over the search space X , then utilizes an acquisition function to decide
the next location for evaluation.

Surrogate model. One of the most common surrogates used in BO literature [44] is the Gaussian
Processes model: fpxq � GPpmpxq, kpx, x1qq, in which mpxq is the mean function (often set to a
constant 0 vector) and kpx, x1q is a pre-specified covariance function that measures the similarity
between data point pairs. With a training set Dt � tx1:t, y1:tu of t observations, the posterior
distribution of fpxt`1q for a new location xt`1 can be analytically computed from the Gaussian
conditioning rule, where the mean is given by µpxt`1|Dtq � kpxt`1,X1:tqK

´1
1:ty1:t with covariance

kpxt`1, x
1
t`1|Dtq � kpxt`1, x

1
t`1q�kpxt`1,X1:tqK

´1
1:tkpX1:t, x

1
t`1q. Note that the computational

cost for K´1
1:t is at Opt3q, which largely restricts the efficiency of GP when training on large datasets

and therefore often requires a local modeling approach.

Acquisition function. Based on the predictive posterior distribution, an acquisition function will
be applied to balance the exploration-exploitation trade-off via optimizing under uncertainty. For
example, the Expected Improvement [37, 26], defined as EI1:tpx

1q � E
�

rfpx1q � fpx˚
1:tqs

`
�

with
rαs` � maxpα, 0q and x˚

t � arg maxxiPx1:t
fpxiq, measures the expected improvement based on the

current best query. Then, the next query location is chosen as xt`1 � arg maxx1PX ztxiut
i�1

EI1:tpx
1q,
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Figure 1: Demonstration of how the proposed framework traverses the combinatorial graphĜ  k ¡

introduced in §3.1 with an exemplar original graphGof 6nodes and a subset size ofk � 2. At iteration
t , we �rst construct a local combo-subgraph~Gt � t ~Vt ; ~Et u of sizeQ=6 using Algorithm 1 (§3.1),
which is centred at combo-nodêv�

t � 1 from last iterationt-1 or initialization. Next, aGP surrogate is
�tted on ~Gt with queried combo-nodes inside~Gt being the training set. The next query location is
then selected as the combo-node that maximizes the acquisition functionv̂�

t � arg maxv̂P~Vt
� p̂vq. If

queried valuesf p̂v�
t q ¥ f p̂v�

t � 1q, the next combo-subgraph~Gt � 1 will be re-sampled at a new center
v̂�

t , or otherwise remain the same. Finally, we repeat the previous process to obtain a new query
location for the next iterationt+1 , and the search continues until stopping criteria are triggered.

and the resultt x t � 1; yt � 1u will be appended to the visited setDt . The algorithm will repeat
these steps until the stopping criteria are triggered at a certain iterationT, and we reportx �

T �
argmaxx i Px 1: T f px i qas the �nal result.

3 BO of Functions over Node Subsets in Graphs

Settings and challenges. Following the notations in §2, we formally introduce the proposed
Bayesian optimization framework for black-box functions over node subsets in graphs, termed
GraphComBO. The goal of the problem is to �nd the global optimalk-node subsetS� of a black-box
functionf pSqover the search space of all possiblek-node subsets

� V
k

�
on a generic graphG � t V; Eu,

which, in the case of maximization, can be expressed asS� � arg maxSPpV
k qf pSq. Under noisy

settings, we may only observey � f pxq � � , with � � N p0; � 2
� qbeing the noise term. For simplicity,

we focus onundirectedandunweightedgraphs where the adjacency matrixA is symmetric and
contains binary elements. Asf is often expensive to evaluate in practice, we wish to optimize the
objective in a query-ef�cient manner within a limited number of evaluationsT, and report the best
con�guration among them as the �nal solution:S�

T � arg maxSi Pt Si uT
i � 1

f pSi q.

Despite BO's appeals in optimizing such functions, we observe the following challenges when
designing effective algorithms for combinatorial problems on graphs:

1. Structural combinatorial space. Unlike classical combinatorial optimization in the discrete
space, the combination of nodes (a node subset) inherits structural information from the underly-
ing graph, which needs to be properly encoded into the combinatorial search space. In addition,
an appropriate similarity measure between node-subset pairs is also required to capture such
inherent structural information when building the surrogate model.

2. Imperfect knowledge of graph structures. As the complete structure of real-world graphs
may be expensive or even impossible to acquire (e.g. a gradually evolving social network), any
prospectus optimization algorithm needs to handle the situation where the graph structure is only
revealed incrementally.

3. Local approach while combining distant nodes.As the massive size
� |V |

k

�
of the combinatorial

space often makes global optimization unattainable, an effective local modeling approach is
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needed to ef�ciently traverse the graph. However, as the optimal subset usually consists of nodes
that are far away from each other (e.g., the optimal locations of hospitals in a city network), it is
critical to maintain the �exibility of selecting distant nodes when considering a local context.

In the following sections, we will discuss how the proposed GraphComBO addresses these challenges,
where an overview of the framework can be found in Figure 1.

3.1 The Combinatorial Graph for Node Subsets

Inspired by the graph Cartesian product that projects multiple “subgraphs” into a combinatorial graph,
we introduce a combinatorial graph (denoted ascombo-graph) tailored for node subsets on a single
generic graph with an intuitive example demonstrated in Figure 2.

De�nition 3.1. The combinatorial operation fork-node subsets in an underlying graphG � p V; Eqis
given by:

Ĝ  k ¡ � l k
i � 1G; (1)

which leads to a combo-grapĥG  k ¡ � t V̂; Êu of size |V̂| �
� |V |

k

�
with each combo-node

v̂i � p vp1q
i ; vp2q

i ; :::; vpkq
i q P V̂ being ak-node subset from the underlying graphG without re-

placement. The combo-edgesÊ in the combo-graph are de�ned in the following way: assume
v̂1 � p vp1q

1 ; vp2q
1 ; :::; vpkq

1 qandv̂2 � p vp1q
2 ; vp2q

2 ; :::; vpkq
2 qare two arbitrary combo-nodes in the combo-

graphG  k ¡ , thenp̂v1; v̂2q PÊ iff Dj such that@i � j , vpi q
1 � vpi q

2 andpvpj q
1 ; vpj q

2 q PE.

Figure 2: Illustration of a combinatorial graph
Ĝ  2¡ constructed by the recursive combo-
subgraph sampling (Algorithm 1).

Intuitively, this means that in the combo-graph,
two combo-nodes are adjacent if and only if
they have exactly1 element (i.e. node from
the original graph) in difference and the two
different elements are neighbors in the original
graph. Note that ask shrinks to1, the combo-
graph reduces to the underlying graph.

Nevertheless, as the combo-graph size
� |V |

k

�
is

often too large in practice, building the surro-
gate and making predictions at a global scale is
usually unrealistic. A sensible alternative would
be adopting a commonly used local modeling approach [19] and then gradually moving around
the “window” guided by the surrogate predictions. Unlike classical continuous space, constructing
local regions on the combo-graph is not straightforward. Next, we will discuss two properties of the
proposed combo-graph, which enable us to practically employ local modeling by sampling subgraphs
for tractable optimization. Reads are also referred to §D for proofs of the following lemmas.

Lemma 3.2. In the proposed combo-graph, at most` elements in the subset will be changed between
any two combo-nodes that are`-hop away.

This implies that when considering an`-hop ego-subgraph centered at an arbitrary combo-nodev̂ on
the combo-graph, we are effectively exploring the`-hop neighbors of elements in̂v in the original
graph. Since such operation requires no prior knowledge of the other part of the original graph, we
are then able to gradually reveal its structure by moving around the focal combo-node, and hence
handling the situation of optimizing over node subsets on an incomplete or even unknown graph.

Lemma 3.3. The degree of combo-nodev̂i increases linearly withk and is maximized by the subset
of nodes with topk degrees:degp̂vi q �

° k
j � 1 |N pvpj q

i qztvpj 1q
i uk

j 1� j |.

Therefore, the size of the above ego-subgraph only needs to increase linearly withk to cover the �rst
hop combo-neighbors. These two properties together make the construction of local combo-subgraphs
feasible, and we introduce a sampling algorithm in the next section that recursively �nds combo-nodes
and combo-edges for a combo-subgraph (denoted as~G) given a focal combo-node.

Recursive combo-subgraph sampling. As illustrated in Algorithm 1 and Figure 2, our goal is to
construct an ego-subgraph~Gof sizeQ from the underlying graphG, centered at a given combo-node
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v̂� with maximum hop̀ max . The algorithm initializes~G � t ~V; ~Eu with only v̂� and then loop
through neighbors of each element nodev P v̂� . If a neighborN i pvqof v is not inv̂� (i.e. ensuring
no repetition in the subset), a new combo-nodev̂1 will be created by substitutingN i pvqwith v in
v̂� , and a combo-edge will be accordingly created by connectingv̂1 to v̂� . As a result, after �nding
the combo-neighbors of̂v� at hop` � 1, ~G becomes a star-network at centerv̂� . We will then
repeat the above procedures (i.e. star-sampling) for every newly found combo-node to �nd their
combo-neighbors at hop̀� 1 (which meanwhile also �nds the edges among combo-nodes within
the previous hop̀), until the subgraph size limitQ or the maximum hop̀max is reached.

Algorithm 1 Recursive combo-subgraph sampling
Input : Original (unknown) graphG; The focal
combo-nodêv� ; Combo-subgraph sizeQ; Max
neighbor hop̀ max .
Initialize : An combo-subgraph~G � t ~V; ~Eu with
~V � t v̂� u ~E � H ; Starting hop̀ Ð 1; Set of
newly found combo-nodes~Vnew Ð t v̂� u.
De�ne: Recursive_Sampler (G; ~G; ~Vnew ; Q; `)
1: for v̂ in ~Vnew do
2: for v in v̂ do
3: Reveal the neighborsN pvqof v in G.
4: for v1 in N pvq X v̂ parallelly do
5: Generate a new combo-node by

CONCATprv1; v̂zv]) and then create a
combo-edge by connecting it tôv.

6: end for
7: Updatet ~V; ~Eu in ~G.
8: end for
9: if | ~V| ¡ Q or ` ¡ `max then

10: Randomly drop the extra combo-nodes.
11: return The combo-subgraph~Gof sizeQ.
12: end if
13: end for
14: Update~Vnew Ð ~Vz~Vnew ; ` Ð ` � 1
15: return Recursive_Sampler (G; ~G; ~Vnew ; Q; `)

By constructing the combo-graph and sampling
subgraphs from it, we can ef�ciently traverse
the combinatorial space by progressively mov-
ing around the combo-subgraph center while
preserving diversi�ed combinations of distant
nodes under a local modeling approach, which
will be discussed in the following section.

3.2 Graph Gaussian Processes Surrogate

After constructing the combo-subgraph, we can
build a surrogate model for the expensive under-
lying function on this local region with graph
Gaussian Processes (GP). Speci�cally, we
consider the normalized graph Laplacian~L :
~L � I � ~D � 1{2 ~A ~D � 1{2 for a combo-subgraph
~G, where ~A is the adjacency matrix and~D is
the degree matrix. Then, the eigendecomposi-
tion of the graph Laplacian matrix is given by
~L � U�U J , in which � � diagp� 1; � � � ; � n q
are the eigenvalues sorted in ascending order
and U � r u 1; � � � ; u n s are their correspond-
ing eigenvectors. Now leti; j P t1; � � � ; nu be
two indices of combo-nodes on~G, the covari-
ance function (orkernel) kp̂vi ; v̂j qbetween an
arbitrary combo-node pair̂vi andv̂j can be for-
mulated in the form of a regularization function
r p� pq[46] de�ned on the eigenvaluest � pun

p� 1:

kp̂vi ; v̂j q �
n¸

p� 1

r � 1p� pqu pri su prj s; (2)

whereu pri sandu prj sare thei -th andj -th elements in thep-th eigenvectoru p, andr p� pqis some
scalar-valued function for regularization. We refer readers to Appendix §E for discussion on a
collection of commonly used kernels on graphs under the form of Equation (2).

3.3 Bayesian Optimization on the Combo-graph

With the structural combinatorial space and techniques to sample and build surrogate models on the
combo-subgraphs, we now introduce the proposed GraphComBO framework in detail. For simplicity,
we consider maximization in the following paragraphs, where the overall structure can be found in
Figure 1 with key procedures summarized in Algorithm 2 and complexity discussed in Appendix §C.

Combo-subgraphs as trust regions. As discussed earlier, performing global modeling directly for
combinatorial problems is usually impractical. Thus, inspired by thetrust regionmethod popularly
used in continuous numerical optimization [8], reinforcement learning [43] and BO under other
settings [19, 51], we take a local modeling approach on the combo-graph during the BO search.
Starting with a random location (i.e. a combo-nodev̂0) or a reasonable guess from domain knowledge,
a combo-subgraph~G0 will be constructed at center̂v0 by Algorithm 1. We will then move around
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this combo-subgraph~Gt at each iterationt on the combo-graph by changing its focal combo-node
guided by the surrogate model and acquisition function, which will be explained shortly.

Algorithm 2 BO for node-subsets on graphs
Input : Original (unknown) graphG � t V; Eu; un-
derlying functionf de�ned on k- node subsets
S P

� |V |
k

�
; combo-subgraph sizeQ; # failures

thresholdfailtol ; # queriesT.
Objective: FindS�

T � arg maxSi Pt Si uT
i � 1

f pSi q.
Initialize : Set initial training setD0 Ð H
and queried setO0 Ð H ; Set restart sta-
tus restart Ð True; Set counter of non-
improvement toleranceF Ð 0. Use initial
start_location v̂0 if applicable, and specify the
restart_method for restart .
1: for t � 1; � � � ; T do
2: if restart then
3: Re-initialize the starting location

v̂t using restart_method and
start_location ; Query v̂t and
reset the training setDt Ð pv̂t ; yt q; Set
restart Ð False .

4: end if
5: Sample a combo-subgraph~Gt � t ~Vt ; ~Et u

with | ~Vt | � Q centered at thebest train-
ing combo-nodêv�

t � 1 from Dt � 1rv̂susing
Algorithm 1 in §3.1.

6: Fit theGP surrogate de�ned in §3.2 on~Gt
by maximum likelihood, with the queried
combo-nodes inside~Gt being the training
set (i.e.Dt rv̂s � ~Vt X Ot � 1rv̂s).

7: Optimize the acquisition function� ; Select
v̂t � arg maxv̂P~Vt

� p̂vqfrom ~Gt as the next
query; Obtain the function valueyt at v̂t .

8: Update query setOt Ð Ot � 1 Y pv̂t ; yt q
and training setDt Ð Dt � 1 Y pv̂t ; yt q;
Select the best training combo-nodev̂�

t �
arg maxv̂PD t rv̂s f p̂vq.

9: UpdateF Ð F � 1 if v̂�
t � v̂�

t � 1; Set
restart Ð True if failtol � F or all
combo-nodes in~Gt are queried.

10: end for
11: return v̂�

T � arg maxv̂PO T rv̂s f p̂vq.

In particular, we introduce a hyperparameterQ
that caps the combo-subgraph size to control the
computational cost for the surrogateGP, and
then use the queried combo-node inside~Gt as
the training setDt to �t the model (i.e. update
the hyperparameters in its kernel). The acqui-
sition function� p̂vqis then applied on the rest
of unvisited combo-nodes in~Gt , and we select
the combo-nodêvt � arg maxv̂P~Vt

� p̂vqas the
next location to query the underlying function.
Here, any commonly used kernel and acquisi-
tion function are compatible with our setting,
and we adopt the populardiffusionkernel [40]
with Expected Improvementacquisition [26] in
our experiments.

After querying the next location, we re-select the
best-queried combo-nodêv�

t in our training set
Dt rv̂sby choosinĝv�

t � arg maxv̂PD t rv̂s f p̂vq,
and compare it to the previous best location
v̂�

t � 1. If the best-queried value improves (i.e.
f p̂v�

t q ¡ f p̂v�
t � 1q), the combo-subgraph in the

next iteration~Gt � 1 will be resampled at this new
locationv̂�

t with Algorithm 1, or otherwise re-
mains the same as~Gt . The search algorithm then
continues until a querying budgetT is reached,
and we report the best-queried combo-node as
the �nal resultv̂�

T � arg maxv̂Pv̂1: T f p̂vq.

Balancing exploration and exploitation.
Similar to the continuous domain, the
exploration-exploitation trade-off is also a
fundamental concern when using BO on the
proposed combo-graph, and we introduce
two additional techniques to strike a balance
between these two matters.

1. failtol that controls the tolerance of “fail-
ures” by counting continuous non-improvement
steps. Once reached, the algorithm will restart
at a new location usingrestart_method .

2. restart_method that either restarts at a ran-
dom combo-node, the best-visited combo-node,
or the initial starting location if speci�ed.

In addition, the combo-subgraph sizeQ, which can be viewed as the “volume” of the trust region
under graph setting, also controls the step size of exploration. These strategies together can cohesively
assist GraphComBO in adapting to various tasks. For example, a smallfailtol will encourage
exploration in the combinatorial space whenrestart_method is set to a random combo-node,
which is useful when optimizing an underlying function with low graph signal smoothness [15]. By
contrast, when increasingfailtol and settingrestart_method to the best-queried combo-node,
the algorithm will exploit more around the local optimal and is hence more suitable for smoother
functions. §K further provides an ablation study on these hyperparameters.

Impact of the underlying function f and the subset sizek. It is natural to expect that the
interaction between the underlying functionf and graph structure, which relates to signal smoothness
over the combo-graph, will exert a signi�cant in�uence on the search performance. Speci�cally, the
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Figure 3: Results for synthetic problems on BA, WS, SBM and 2D-Grid networks withk �
r4; 8; 16; 32s, whereRegret indicates the difference between ground truth and the best query so far.

optimization is expected to be challenging either whenf is less correlated to the graph structure even
if the latter is informative (e.g. random noise on a BA network [4] as an extreme case), or whenf
is correlated to the graph structure but the latter is non-informative (e.g. eigenvector centrality on
a Bernoulli random graph [18]). In the meantime, as the subset sizek increases, exploration will
become more expensive when using a combo-subgraph of �xed sizeQ or �xed number of hops̀ max.
Recall that inLemma 3.2where we state that at most` elements will be changed between two
combo-nodes that are`-hops away, it implies that more queries are required to exhaust all possible
modi�cations of the elements in the subset when its sizek increases. Empirical �ndings from our
experiments in §4 further corroborate these hypotheses, where we also provide detailed discussions
on model behavior in §G and kernel performance under different levels of signal smoothness in §F.

Relation to previous BO methods with graph settings. While BO has been combined with
graph-related settings to �nd the optimalgraph structuressuch as in the literature of NAS [27, 40, 42]
and graph adversarial attacks [50], it remains largely under-explored for optimizing functions de�ned
on thenodesor node subsetsin the graph. Although one recent workBayesOptG[52] considered
such novel setups, it only considered functions de�ned on a single node, which can be viewed as a
special case in our setting whenk � 1. The construction of the “combo-graph” in our approach shares
similarity with the construction of the combinatorial graph inCOMBO[40]; however, the problems
being addressed there do not arise in a natural graph setting, and we present a more detailed discussion
of the related work in Appendix §A, together with an additional experiment for comparison in §H.

4 Experiments

Setups. We conduct comprehensive experiments on four synthetic problems and �ve real-world
tasks to validate our proposed framework, where readers are also referred to the appendix for
discussions on: §B detailed experimental settings with task descriptions and visualizations; §E
validation of common kernels on graphs under our settings; §G a thorough analysis of GraphComBO's
underlying behavior; and §K ablation studies on the hyper-parameters. We closely follow the standard
setups in BO literature [3, 19, 23]. Speci�cally, we query 300 times and repeat 20 times with different
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Figure 4: Results for �attening the curve, patient-zero tracing and in�uence maximization.

random seeds for each task, in which the mean and standard error of the cumulative optima are
reported for all methods. For simplicity, we use a diffusion kernel [40] with automatic relevance
determination and adoptExpected Improvement[26] as the acquisition function to investigate subset
sizes ofk � r 4; 8; 16; 32s, where we also �xQ � 4; 000andfailtol � 30across all experiments.
In addition, we also initialize the algorithm with10queries using simple random walks whenk ¥ 16.

Baselines. As the proposed framework is a �rst-of-its-kind BO method for optimizing expensive
and black-box functions of node subsets on generic graphs, we consider three graph-traversing
algorithms that operate on the original graph:Random, k-Random Walkandk-Local Search; and three
algorithms on the proposed combo-graph:BFS, DFSandLocal Searchas the baseline methods, with
their details described in Appendix §B. Notably, the local search method, which randomly queries a
neighbor of the best-queried combo-node at each iteration, can be viewed as a BO method that uses a
“random” surrogate model, and hence serves as a good indicator for GraphComBO's behavior.

Synthetic problems on random graphs. We �rst validate the proposed framework on four ubiq-
uitous random graph types with commonly used analytical underlying functions. Concretely, we
consider Barabási-Albert (BA) [4], Watts-Strogatz (WS) [54], stochastic block model (SBM) [22] and
2D-grid networks, where their corresponding “base” underlying functions are eigenvector centrality,
degree centrality, PageRank [6], and Ackley function [1], respectively. We then take the average over
node values inside a subset to obtain the �nal underlying function, which, given the analytical setting,
enables us to compute the difference (Regret ) between the queried-best value and ground truth. The
search results are presented in Figure 3, where we also explained the problem settings in detail in
Appendix §B.1 and summarized the graph statistics in Table 1.

Real-world optimization tasks. After validation under synthetic settings, we carry out �ve real-
world experiments on epidemic contact networks, social networks, transportation networks, and
molecule graphs, where their results are presented in Figure 4 and Figure 5. The statistics of the
underlying functions and graphs are summarized in Table 1, where the detailed setting for each
scenario is explained and visualized in §B.2-B.6. Speci�cally, we consider the following tasks:

• Flattening the curve in epidemics (§B.2). We adopt the widely-used SIR simulations [29] on
a real-world contact network with a goal of protectingk nodes in the network, such that the
expected time of reaching50%population infection will be maximally delayed.

• Identifying patient-zero in communities (§B.3). We apply SIR on an SBM network to simulate
a disease contagion across multiple communities, where the goal is to identifyk individuals with
the earliest infection time, given the complete transmission network not known a priori.
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