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Abstract

We address the problem of optimizing over functions defined on node subsets
in a graph. The optimization of such functions is often a non-trivial task given
their combinatorial, black-box and expensive-to-evaluate nature. Although various
algorithms have been introduced in the literature, most are either task-specific or
computationally inefficient and only utilize information about the graph structure
without considering the characteristics of the function. To address these limita-
tions, we utilize Bayesian Optimization (BO), a sample-efficient black-box solver,
and propose a novel framework for combinatorial optimization on graphs. More
specifically, we map each k-node subset in the original graph to a node in a new
combinatorial graph and adopt a local modeling approach to efficiently traverse the
latter graph by progressively sampling its subgraphs using a recursive algorithm.
Extensive experiments under both synthetic and real-world setups demonstrate
the effectiveness of the proposed BO framework on various types of graphs and
optimization tasks, where its behavior is analyzed in detail with ablation studies.
The experiment code can be found at |github.com/LeonResearch/GraphComBO.

1 Introduction

In the analysis and optimization of transportation, social, and epidemiological networks, one is
often interested in finding a node subset that leads to the maximization of a utility. For example,
incentivizing an initial set of users in a social network such that it leads to the maximum adoption of
certain products; protecting a set of key individuals in an epidemiological contact network such that
it maximally slows down the transmission of disease; identifying the most vulnerable junctions in a
power grid or a road network such that interventions can be made to improve the resilience of these
infrastructure networks.

The scenarios described above can be mathematically formulated as optimizing over a utility function
defined on node subsets in a graph, which is a non-trivial task for several reasons. First, most
conventional optimization algorithms are designed for continuous space and are hence not directly
applicable to functions defined on discrete domains such as graphs. Second, optimizing over a
k-node subset leads to a large search space even for moderate graphs, which are not even fully
observable in certain scenarios (e.g. offline social networks). Finally, the objective functions are
usually black-box and expensive to evaluate in many applications, such as the outcome of a diffusion
process on the network [56] or the output of a graph neural network [50], making sample-efficient
queries a necessary requirement.

Assuming the graph structure is fully available, the optimization task described above shares similari-
ties with those encountered in the literature on network-based diffusion. In that literature, greedy
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algorithms [28] 132, [7]] have been widely used to select a subset of nodes that maximizes a utility func-
tion, for example in the context of influence maximization [48] or source identification [25]. However,
as the underlying functions often require calculating expectations over a large number of simulations
(e.g. the expected number of eventual infections from an epidemic process), such algorithms often
become extremely time-consuming as the evaluation time for each diffusion process increases [2]].
To relieve the inefficiency in computation, proxy-based methods, such as PageRank [6], generalized
random walks [10], and DomiRank [17]], are often used in practice to rank the importance of nodes.
However, such methods completely ignore the underlying function and require full knowledge of the
graph structure beforehand. Finally, most methods mentioned above are task-specific, and the one
designed for a specific diffusion process usually does not generalize well to another.

In this paper, we consider the challenging optimization setting for black-box functions on node
subsets, where the underlying graph structure is not fully observable and can only be incrementally
revealed by queries on the fly. To facilitate this setting, we propose a novel strategy to conduct the
search in a combinatorial graph space (termed “combo-graph”) in which each node corresponds to a
k-node subset in the original (unknown) graph. The original problem is thus turned into optimization
over a function on the combo-graph, where each node value is the utility of the corresponding subset.
Traditional graph-traversing methods, such as breadth-first search (BFS) or depth-first search (DFS),
may not work well in this case due to the exceedingly large search space and their lack of capability
to exploit the behavior of the underlying function. Bayesian optimization (BO), a sample-efficient
black-box solver for optimizing expensive functions via surrogate modeling of its behavior, presents
an appealing alternative.

Contributions. We propose a novel Bayesian optimization framework for optimizing black-box
functions defined on node subsets in a generic and potentially unknown graph. Our main contributions
are as follows. To the best of our knowledge, this is the first time BO has been applied to such
a challenging optimization setting. Our framework consists of constructing the aforementioned
combo-graph, and traversing this combo-graph by moving around a combo-subgraph sampled by
a recursive algorithm. Notably, the proposed framework is function-agnostic and applies to any
expensive combinatorial optimization problem on graphs. We validate the proposed framework on
various graphs with different underlying functions under both synthetic and real-world settings, and
demonstrate its superiority over a number of baselines. We further analyze its behavior with detailed
ablation studies. Overall, this work opens new paths of research for important optimization problems
in network-based settings with real-world implications.

2 Preliminaries

BO [38}120] is a gradient-free optimization algorithm that aims to find the global optimal point x* of
a back-box function f : X R over the search space X, which, in the case of maximization, can be
written as ©*  arg MaxXxex fpxq. To efficiently search for the optimum of expensive-to-evaluate
functions, BO first builds a surrogate model based on existing observations to predict the function
values and their uncertainties over the search space X, then utilizes an acquisition function to decide
the next location for evaluation.

Surrogate model. One of the most common surrogates used in BO literature [44] is the Gaussian
Processes model: fprq GPpmpzq, kpz, 2'qq, in which mpzxq is the mean function (often set to a
constant O vector) and kpx, z'q is a pre-specified covariance function that measures the similarity
between data point pairs. With a training set Dy tX1:t, Y1:tU of ¢ observations, the posterior
distribution of fpz41( for a new location 41 can be analytically computed from the Gaussian
conditioning rule, where the mean is given by pprer1|Deq  Kpzeya, Xl;th;%yl;t with covariance
kpregp1, v1|Ded kPres1, Te10  Kpoeya, X1:40K 1 kpX ¢, ¢, 10. Note that the computational
cost for Kl_:% is at Opt3q, which largely restricts the efficiency of GP when training on large datasets
and therefore often requires a local modeling approach.

Acquisition function. Based on the predictive posterior distribution, an acquisition function will
be applied to balance the exploration-exploitation trade-off via optimizing under uncertainty. For
example, the Expected Improvement (37, 26]], defined as El;+pz’q  E rfpz’q  fpaf.gst with
ras™ maxpa,0qand x¥  arg maxy,ex,., SPTig, measures the expected improvement based on the
current best query. Then, the next query location is chosen as z¢+1  arg MaXuiex\ (x;}t , Ely.¢p2'q,



Figure 1: Demonstration of how the proposed framework traverses the combinatoriat3yfédph
introduced in §3.1 with an exemplar original graplbf 6 nodes and a subset sizeof 2. Atiteration

t, we rst construct a local combo-subgrafh t V;; Euof sizeQ=6 using Algorithm 1 (83.1),
which is centred at combo-nodg , from last iteratiort-1 or initialization. Next, aGP surrogate is

tted on G with queried combo-nodes insi@& being the training set. The next query location is
then selected as the combo-node that maximizes the acquisition fulictiorarg max,py,  ptq If

queried value$ pt, g ¥ f o ;g the next combo-subgrafh i will be re-sampled at a new center
¢, , or otherwise remain the same. Finally, we repeat the previous process to obtain a new query
location for the next iteratiot+1, and the search continues until stopping criteria are triggered.

and the resultx; 1;y: 1u will be appended to the visited sB;. The algorithm will repeat
these steps until the stopping criteria are triggered at a certain itefafiand we repork
argmaxy, px,.; T X;qas the nal result.

3 BO of Functions over Node Subsets in Graphs

Settings and challenges. Following the notations in 82, we formally introduce the proposed
Bayesian optimization framework for black-box functions over node subsets in graphs, termed
GraphComBQ The goal of the problem is to nd the global optimainode subse$ of a black-box
functionf pSqover the search space of all possiklaode subsets\k’ onagenericgrap8 t V;Euy,

which, in the case of maximization, can be expressefl as arg maxspnzqf pSg Under noisy

settings, we may only obserye fxq , with N p; 2qgbeing the noise term. For simplicity,
we focus onundirectedand unweightedgraphs where the adjacency matfixis symmetric and
contains binary elements. Asis often expensive to evaluate in practice, we wish to optimize the
objective in a query-ef cient manner within a limited number of evaluatibnand report the best
con guration among them as the nal solutioS;  argmaxs, ps, | f P5ia

Despite BO's appeals in optimizing such functions, we observe the following challenges when
designing effective algorithms for combinatorial problems on graphs:

1. Structural combinatorial space. Unlike classical combinatorial optimization in the discrete
space, the combination of nodes (a node subset) inherits structural information from the underly-
ing graph, which needs to be properly encoded into the combinatorial search space. In addition,
an appropriate similarity measure between node-subset pairs is also required to capture such
inherent structural information when building the surrogate model.

2. Imperfect knowledge of graph structures. As the complete structure of real-world graphs
may be expensive or even impossible to acquire (e.g. a gradually evolving social network), any
prospectus optimization algorithm needs to handle the situation where the graph structure is only
revealed incrementally.

3. Local approach while combining distant nodes As the massive size'}f' of the combinatorial
space often makes global optimization unattainable, an effective local modeling approach is



needed to ef ciently traverse the graph. However, as the optimal subset usually consists of nodes
that are far away from each other (e.g., the optimal locations of hospitals in a city network), it is
critical to maintain the exibility of selecting distant nodes when considering a local context.

In the following sections, we will discuss how the proposed GraphComBO addresses these challenges,
where an overview of the framework can be found in Figure 1.

3.1 The Combinatorial Graph for Node Subsets

Inspired by the graph Cartesian product that projects multiple “subgraphs” into a combinatorial graph,
we introduce a combinatorial graph (denoteadasbo-graph tailored for node subsets on a single
generic graph with an intuitive example demonstrated in Figure 2.

De nition 3.1. The combinatorial operation fé&e-node subsets in an underlying graph p V; Eqis
given by:
Gk 1k G (1)

which leads to a combo-grapB kit ¥;Eu of size |V| VI with each combo-node
O p vV v g PO being ak-node subset from the underlying gra@hwithout re-

|
placement. The combo-edgEsin the combo-graph are de ned in the following way: assume

0 p VI yKSgande, p VB v v 9gare two arbitrary combo-nodes in the combo-

graphG i , thenpdy;0,q PEiff Dj suchthat@ j,vP® v&%andp®% v % PE.

Intuitively, this means that in the combo-graph,
two combo-nodes are adjacent if and only if
they have exacthyl element (i.e. node from
the original graph) in difference and the two
different elements are neighbors in the original
graph. Note that ak shrinks tol, the combo-
graph reduces to the underlying graph.

- iYe i
Nevertheless, as the combo-graph si¢é is Figure 2: lllustration of a combinatorial graph
often too large in practice, building the surroa =,

gate and making predictions at a global scale§s _ _constructed Dby the recursive combo-
usually unrealistic. A sensible alternative woulduPgraph sampling (Algorithm 1).

be adopting a commonly used local modeling approd&hdnd then gradually moving around

the “window” guided by the surrogate predictions. Unlike classical continuous space, constructing
local regions on the combo-graph is not straightforward. Next, we will discuss two properties of the
proposed combo-graph, which enable us to practically employ local modeling by sampling subgraphs
for tractable optimization. Reads are also referred to 8D for proofs of the following lemmas.

Lemma 3.2. In the proposed combo-graph, at mostlements in the subset will be changed between
any two combo-nodes that arehop away.

This implies that when considering arhop ego-subgraph centered at an arbitrary combo-fiade

the combo-graph, we are effectively exploring tHeop neighbors of elements ¥nin the original

graph. Since such operation requires no prior knowledge of the other part of the original graph, we
are then able to gradually reveal its structure by moving around the focal combo-node, and hence
handling the situation of optimizing over node subsets on an incomplete or even unknown graph.

Lemma 3.3. The degree of combo-nogteincreases linearly wittk and is maximized by the subset
: ‘1
of nodes with tojk degreesdeg?; q ]k 1IN gz ).

Therefore, the size of the above ego-subgraph only needs to increase linealytavitbver the rst
hop combo-neighbors. These two properties together make the construction of local combo-subgraphs
feasible, and we introduce a sampling algorithm in the next section that recursively nds combo-nodes

and combo-edges for a combo-subgraph (denot&j gszen a focal combo-node.

Recursive combo-subgraph sampling. As illustrated in Algorithm 1 and Figure 2, our goal is to
construct an ego-subgra@of sizeQ from the underlying grapks, centered at a given combo-node



¢ with maximum hop max . The algorithm initializess t V; Euwith only ¢ and then loop
through neighbors of each element nade ¢ . If a neighboN; pvqof v is notin¢ (i.e. ensuring

no repetition in the subset), a new combo-nodwill be created by substitutiny; prqwith v in

¢ , and a combo-edge will be accordingly created by conneéfihg® . As a result, after nding

the combo-neighbors df at hop™ 1, Gbecomes a star-network at center We will then
repeat the above procedures (i.e. star-sampling) for every newly found combo-node to nd their
combo-neighbors at hop 1 (which meanwhile also nds the edges among combo-nodes within
the previous hop), until the subgraph size lim® or the maximum hopnax is reached.

By constructing the combo-graph and sampling
subgraphs from it, we can ef ciently traversélgorithm 1 Recursive combo-subgraph sampling
the combinatorial space by progressively moyaput: Original (unknown) graplG; The focal
ing around the combo-subgraph center whilssmbo-node? ; Combo-subgraph siz@; Max
preserving diversi ed combinations of distanheighbor hop ma -

nodes under a local modeling approach, whigjtialize : An combo-subgrapts t ¥; Euwith
will be discussed in the following section. ¥ t ¢ UuE H ; Starting hop B 1; Set of

) newly found combo-nodeé&., Bt ¢ u
3.2 Graph Gaussian Processes Surrogate De ne: Recursive_Sampler (G, G, Voew ; Q:°)
- — ] ] new » ]

After constructing the combo-subgraph, we cant 0 ¢ in Vhew do
build a surrogate model for the expensive unde®:  for vin ¢ do

lying function on this local region with graph 3 Revea_ll the neighboits prqof v in G.
éat?ssian Processe&R). Sgeci cally, gwep 4 for vtin N prg X ¢ parallelly do

consider the normalized graph Laplacian ggr&leé%%l_ 3zvr]1)egndc?rr12?10_c?gg?e gy
C | D *AD *Zforacombo-subgraph combo-edge by connecting it fo

G, whereA is the adjacency matrix arld is  g. end for

the degree matrix. Then, the eigendecomposy- Updatet V; Euin G.

tion of the graph Laplacian matrix is given by g.  end for

C  UU 7, inwhich diagp 1;  ; n@ 9 if|V]j Qor’ i “max then

are the eigenvalues sorted in ascending ordgy: Randomly drop the extra combo-nodes.
andU r uji; upsare their correspond-q. return The combo-subgrap of sizeQ.
ing eigenvectors. Now letj P tl;, ;nube 12. endif

two indices of combo-nodes dg, the covari- 13: end for
ance function (okerne) kpd; ; ¢ gbetween an 14: UpdateV,ey B V2V ; D~ 1

arbitrary_combo—node pak andvj can be fo_r- 15: return Recursive_Sampler (G; G, Vew : Q; )
mulated in the form of a regularization function

rp pd[46] de ned on the eigenvaluds puf ;:

n
kpvi; 0~ 1 p pQuprisupris )
p 1

whereurisandu,rj sare the -th andj -th elements in the-th eigenvectou,, andrp pqis some
scalar-valued function for regularization. We refer readers to Appendix §E for discussion on a
collection of commonly used kernels on graphs under the form of Equation (2).

3.3 Bayesian Optimization on the Combo-graph

With the structural combinatorial space and techniques to sample and build surrogate models on the
combo-subgraphs, we now introduce the proposed GraphComBO framework in detail. For simplicity,
we consider maximization in the following paragraphs, where the overall structure can be found in
Figure 1 with key procedures summarized in Algorithm 2 and complexity discussed in Appendix §C.

Combo-subgraphs as trust regions. As discussed earlier, performing global modeling directly for
combinatorial problems is usually impractical. Thus, inspired bytriingt regionmethod popularly

used in continuous numerical optimizatidsj,[reinforcement learningdl3] and BO under other
settings 19, 51], we take a local modeling approach on the combo-graph during the BO search.
Starting with a random location (i.e. a combo-ndgeor a reasonable guess from domain knowledge,

a combo-subgrap@, will be constructed at cent@y by Algorithm 1. We will then move around



this combo-subgrap@; at each iteratioh on the combo-graph by changing its focal combo-node
guided by the surrogate model and acquisition function, which will be explained shortly.

In particular, we introduce a hyperparameger

that caps the combo-subgraph size to control thdgorithm 2 BO for node-subsets on graphs

Computational COS.t for the Surrogf;@:), and |nput: Origina| (unknown) grapm t V, EU, un-
then use the queried combo-node ins@eas derlying functionf de ned onk- node subsets
the training seD; to tthe model (i.e. update g p I\k/I : combo-subgraph siz®; # failures

the hyperparameters in its kernel). The acayiresholdailtol
sition function peqis then applied on the reStObjective: Find S,

; # queriesT .
arg maxs, ps; uf

 fSia

of unvisited combo-nodes i&, and we select |nitialize: Set initial training setDg B H

the combo-node;

. argmax,py, Prgasthe gng queried seDy B H ; Set restart sta-
next location to query the underlying function,s restart

b True; Set counter of non-

Here, any commonly used kernel and acquigprovement toleranc& D 0. Use initial

tion function are compatible with our settingsiart |ocation

and we adopt the populdiffusionkernel 30|
with Expected Improvemeatquisition R6] in

(o if applicable, and specify the

restart_method for restart

: 1. fort 1, ;Tdo
our experiments. 2: if restart then
After querying the next location, we re-select the3: Re-initialize the starting location
best-queried combo-nodg in our training set % using restart_method and
D:risby choosingt,  arg maxepp, resf P¥G start_location ; Query ¥ and

and compare it to the previous best location
%, ;. If the best-queried value improves (i.e.
fprqi fpd .0, the combo-subgraph in the 4:

next iterationG 1 will be resampled at this new S
location®;, with Algorithm 1, or otherwise re-

mains the same &% . The search algorithm then
continues until a querying budgeétis reached,
and we report the best-queried combo-node &
the nal result¢;  arg maxepe,., f g

Balancing exploration and exploitation.
Similar to the continuous domain, the7:
exploration-exploitation trade-off is also a
fundamental concern when using BO on the
proposed combo-graph, and we introduces.
two additional techniques to strike a balance
between these two matters.

1. failtol  that controls the tolerance of “fail-
ures” by counting continuous non-improvement9:
steps. Once reached, the algorithm will restart
at a new location usingestart_method .

reset the training sé; B p®;;y; g Set

restart B False.
end if
Sample a combo-subgrah t V;;Eu
with |[V;|  Q centered at théest train-

ing combo-node, , from D, (r¢susing
Algorithm 1 in 83.1.

Fit the GP surrogate de ned in §3.2 o&
by maximum likelihood, with the queried
combo-nodes insid& being the training
set (i.e.Dirs Wy X O 1r99).

Optimize the acquisition function; Select
V% argmaxpy, Pgfrom G as the next
guery; Obtain the function valug at¥.
Update query se®; B O; 1Y p¥;Vyiq
and training seD; B D; 1 Y pk:yiqG
Select the best training combo-nogle

arg maxepp, ros f pegt

UpdateF B F 1if %
restart B True if failtol
combo-nodes iiG are queried.

¢, 1 Set
F or all

10: end for

2. restart_method that either restarts at a rany
dom combo-node, the best-visited combo-node,

:return ¢

arg maxepo. rosf P0G

or the initial starting location if speci ed.

In addition, the combo-subgraph si@e which can be viewed as the “volume” of the trust region

under graph setting, also controls the step size of exploration. These strategies together can cohesively
assist GraphComBO in adapting to various tasks. For example, afsiltall
exploration in the combinatorial space whesstart_method

will encourage
is set to a random combo-node,

which is useful when optimizing an underlying function with low graph signal smoothd&sHy

contrast, when increasirigiltol

and settingestart_method to the best-queried combo-node,
the algorithm will exploit more around the local optimal and is hence more suitable for smoother

functions. 8K further provides an ablation study on these hyperparameters.

Impact of the underlying function f and the subset size.

It is natural to expect that the

interaction between the underlying functibrand graph structure, which relates to signal smoothness
over the combo-graph, will exert a signi cant in uence on the search performance. Speci cally, the



Figure 3: Results for synthetic problems on BA, WS, SBM and 2D-Grid networks kvith
r4; 8; 16; 32s, whereRegret indicates the difference between ground truth and the best query so far.

optimization is expected to be challenging either whes less correlated to the graph structure even

if the latter is informative (e.g. random noise on a BA netwalkgs an extreme case), or when

is correlated to the graph structure but the latter is non-informative (e.g. eigenvector centrality on
a Bernoulli random graphLB]). In the meantime, as the subset sizincreases, exploration will
become more expensive when using a combo-subgraph of xedXtre xed number of hops max.

Recall that inLemma 3.2where we state that at moselements will be changed between two
combo-nodes that afehops away, it implies that more queries are required to exhaust all possible
modi cations of the elements in the subset when its &zecreases. Empirical ndings from our
experiments in 84 further corroborate these hypotheses, where we also provide detailed discussions
on model behavior in 8G and kernel performance under different levels of signal smoothness in §F.

Relation to previous BO methods with graph settings. While BO has been combined with
graph-related settings to nd the optimgdlaph structuresuch as in the literature of NARY, 40, 42

and graph adversarial attaclk]], it remains largely under-explored for optimizing functions de ned

on thenodesor node subsetis the graph. Although one recent wdBayesOptd52] considered

such novel setups, it only considered functions de ned on a single node, which can be viewed as a
special case in our setting whkn 1. The construction of the “combo-graph” in our approach shares
similarity with the construction of the combinatorial graphG@MB[@0]; however, the problems

being addressed there do not arise in a natural graph setting, and we present a more detailed discussion
of the related work in Appendix 8A, together with an additional experiment for comparison in §H.

4 Experiments

Setups. We conduct comprehensive experiments on four synthetic problems and ve real-world
tasks to validate our proposed framework, where readers are also referred to the appendix for
discussions on: 8B detailed experimental settings with task descriptions and visualizations; 8E
validation of common kernels on graphs under our settings; 8G a thorough analysis of GraphComBO's
underlying behavior; and §K ablation studies on the hyper-parameters. We closely follow the standard
setups in BO literatured] 19, 23]. Speci cally, we query 300 times and repeat 20 times with different



Figure 4: Results for attening the curve, patient-zero tracing and in uence maximization.

random seeds for each task, in which the mean and standard error of the cumulative optima are
reported for all methods. For simplicity, we use a diffusion kerd#] fvith automatic relevance
determination and adofixpected Improvemef6] as the acquisition function to investigate subset
sizesofk r 4;8;16;32s where we also xQ 4; 000andfailtol 30across all experiments.

In addition, we also initialize the algorithm wittD queries using simple random walks wHe¥ 16.

Baselines. As the proposed framework is a rst-of-its-kind BO method for optimizing expensive

and black-box functions of node subsets on generic graphs, we consider three graph-traversing
algorithms that operate on the original graptandomk-Random Wallandk-Local Searchand three
algorithms on the proposed combo-grapS DFSandLocal Searchas the baseline methods, with

their details described in Appendix §B. Notably, the local search method, which randomly queries a
neighbor of the best-queried combo-node at each iteration, can be viewed as a BO method that uses a
“random” surrogate model, and hence serves as a good indicator for GraphComBOQ's behavior.

Synthetic problems on random graphs. We rst validate the proposed framework on four ubig-
uitous random graph types with commonly used analytical underlying functions. Concretely, we
consider Barabasi-Albert (BAY], Watts-Strogatz (WS)d4], stochastic block model (SBMRP] and

2D-grid networks, where their corresponding “base” underlying functions are eigenvector centrality,
degree centrality, PageRartq,[and Ackley function 1], respectively. We then take the average over
node values inside a subset to obtain the nal underlying function, which, given the analytical setting,
enables us to compute the differen&efret) between the queried-best value and ground truth. The
search results are presented in Figure 3, where we also explained the problem settings in detail in
Appendix §B.1 and summarized the graph statistics in Table 1.

Real-world optimization tasks. After validation under synthetic settings, we carry out ve real-
world experiments on epidemic contact networks, social networks, transportation networks, and
molecule graphs, where their results are presented in Figure 4 and Figure 5. The statistics of the
underlying functions and graphs are summarized in Table 1, where the detailed setting for each
scenario is explained and visualized in §B.2-B.6. Speci cally, we consider the following tasks:

« Flattening the curve in epidemics (§B.2We adopt the widely-used SIR simulatior28] on
a real-world contact network with a goal of protectikgodes in the network, such that the
expected time of reachirg0% population infection will be maximally delayed.

* Identifying patient-zero in communities (§B.3)Ne apply SIR on an SBM network to simulate
a disease contagion across multiple communities, where the goal is to idemtdividuals with
the earliest infection time, given the complete transmission network not known a priori.
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