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Abstract

Text-to-image models are becoming increasingly popular, revolutionizing
the landscape of digital art creation by enabling highly detailed and creative
visual content generation. These models have been widely employed across
various domains, particularly in art generation, where they facilitate a broad
spectrum of creative expression and democratize access to artistic creation.
In this paper, we introduce STYLEBREEDER, a comprehensive dataset of
6.8M images and 1.8M prompts generated by 95K users on Artbreeder, a
platform that has emerged as a significant hub for creative exploration with
over 13M users. We introduce a series of tasks with this dataset aimed
at identifying diverse artistic styles, generating personalized content, and
recommending styles based on user interests. By documenting unique, user-
generated styles that transcend conventional categories like ‘cyberpunk’ or
‘Picasso,’ we explore the potential for unique, crowd-sourced styles that
could provide deep insights into the collective creative psyche of users
worldwide. We also evaluate different personalization methods to enhance
artistic expression and introduce a style atlas, making these models available
in LoRA format for public use. Our research demonstrates the potential
of text-to-image diffusion models to uncover and promote unique artistic
expressions, further democratizing AI in art and fostering a more diverse and
inclusive artistic community. The dataset, code, and models are available
at https://stylebreeder.github.io under a Public Domain (CC0) license.

1 Introduction

Text-to-image models, such as Denoising Diffusion Models (DDMs) [19] and Latent Diffusion
Models (LDMs) [39], are becoming increasingly popular and are revolutionizing the landscape
of digital art creation. These models are renowned for their capability to generate high-quality,
high-resolution images across diverse domains, enabling the production of highly detailed
and creative visual content [59, 8, 21, 60, 12, 32, 25]. Artists worldwide are increasingly
leveraging these models, utilizing diverse textual prompts to create artworks spanning myriad
styles, thereby democratizing the art creation process and making it more accessible.
In the midst of this technological renaissance, platforms like Artbreeder have surfaced as
pivotal hubs for creative exploration. Artbreeder, with its user base exceeding 13 million,
facilitates the generation of millions of images that embody a vast spectrum of artistic styles.
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�6�B�;�m�`�2 �9�, �U���V �l�b�2�`�@�;�2�M�2�`���i�2�/ �B�K���;�2�b �7�`�Q�K �R�y �`���M�/�Q�K �+�H�m�b�i�2�`�b �b�?�Q�r�+���b�B�M�; �� �/�B�p�2�`�b�2 �`���M�;�2 �Q�7
�b�i�v�H�2�b�X �U�#�V �a���K�T�H�2 �B�K���;�2�b �7�`�Q�K �b�i�v�H�2�@�#���b�2�/ �+�H�m�b�i�2�`�B�M�; �p�b�X �i�`���/�B�i�B�Q�M���H �+�H�m�b�i�2�`�B�M�; �m�b�B�M�; �.�A�L�P
�7�2���i�m�`�2�b �b�?�Q�r �i�?���i �b�i�v�H�2�@�#���b�2�/ �+�H�m�b�i�2�`�B�M�; �+���T�i�m�`�2�b �i�?�2 �b�i�v�H�B�b�i�B�+ �+�Q�M�i�2�M�i �r�?�B�H�2 �i�`���/�B�i�B�Q�M���H
�+�H�m�b�i�2�`�B�M�; �7�Q�+�m�b�2�b �Q�M �Q�#�D�2�+�i�b�X �U�+�V �o�B�b�m���H�B�x���i�B�Q�M �Q�7 �i�?�2 �+�H�m�b�i�2�`�b�- �T�`�Q�D�2�+�i�2�/ �B�M�i�Q �k�. �r�B�i�?
�i�@�a�L�1 �(�R�3�) �r�B�i�? �2���+�? �+�H�m�b�i�2�` �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �m�M�B�[�m�2 �+�Q�H�Q�` ���+�+�Q�`�/�B�M�; �i�Q �i�?�2�B�` ���b�b�B�;�M�K�2�M�i�b �#�v
�E�@�J�2���M�b�Y�Y �(�R�)�X �h�?�B�b �/�2�T�B�+�i�B�Q�M �?�B�;�?�H�B�;�?�i�b �i�?���i �r�?�B�H�2 �K���M�v �b�i�v�H�2�b ���`�2 �+�H�Q�b�2�H�v �`�2�H���i�2�/�- �b�Q�K�2
�/�B�b�i�B�M�+�i �b�i�v�H�2�b ���`�2 �M�Q�i�B�+�2���#�H�v �/�B�b�i���M�i �7�`�Q�K �i�?�2 �K���B�M �+�H�m�b�i�2�`�b�X

�(�8�d�) ���M�/ �h�q�A�:�J�� �(�8�)�X �J�Q�b�i �Q�7 �i�?�2�b�2 �/���i���b�2�i�b�- �T���`�i�B�+�m�H���`�H�v �i�?�Q�b�2 �r�B�i�? ���A�@�;�2�M�2�`���i�2�/ �B�K���;�2�b
�H�B�F�2 �.�B�z�m�b�B�Q�M�.�"�- �h�q�A�:�J���- ���M�/ �Q�m�`�b�- �+�Q�M�i���B�M �� �b�m�#�b�i���M�i�B���H ���K�Q�m�M�i �Q�7 �T�Q�i�2�M�i�B���H�H�v �L�a�6�q
�+�Q�M�i�2�M�i�X �� �b�B�K�B�H���` �Q�#�b�2�`�p���i�B�Q�M �+���M �#�2 �K���/�2 �7�Q�` �i�2�t�i�@�T�`�Q�K�T�i�b �U�b�2�2 �6�B�;�X�j �U�#�V�V �r�?�2�`�2 �r�2
�`�2�T�Q�`�i �L�a�6�q�- �h�Q�t�B�+�B�i�v�- �a�2�p�2�`�2 �h�Q�t�B�+�B�i�v�- �A�/�2�M�i�B�i�v ���i�i���+�F�- �P�#�b�+�2�M�2�- �A�M�b�m�H�i�- ���M�/ �h�?�`�2���i �b�+�Q�`�2�b
�+�Q�K�T�m�i�2�/ �r�B�i�? �(�R�8�)�X �h�?�B�b �i�`�2�M�/ �+�Q�`�`�2�H���i�2�b �r�B�i�? �`�2�+�2�M�i �b�i�m�/�B�2�b �?�B�;�?�H�B�;�?�i�B�M�; �� �b�B�;�M�B�}�+���M�i
�B�M�+�`�2���b�2 �B�M �L�a�6�q �+�Q�M�i�2�M�i �;�2�M�2�`���i�B�Q�M �#�v �Q�M�H�B�M�2 �+�Q�K�K�m�M�B�i�B�2�b �(�j�3�-�9�j�)�X �6�Q�` �B�M�b�i���M�+�2�- �T�Q�i�2�M�i�B���H�H�v
�?���`�K�7�m�H �i�2�t�i �T�`�Q�K�T�i�b �K���v �B�M�p�Q�H�p�2 �i�?�2 �M���K�2�b �Q�7 �B�M�~�m�2�M�i�B���H �T�Q�H�B�i�B�+�B���M�b�- �b�m�+�? ���b �õ�.�Q�M���H�/
�h�`�m�K�T�ö ���M�/ �õ�C�Q�2 �"�B�/�2�M�ö�- �7�Q�m�M�/ �B�M �T�`�Q�K�T�i�b �H�B�F�2 �õ���M�;�`�v �C�Q�2 �"�B�/�2�M �b�+�`�2���K�B�M�;�- �`�2�/�@�7���+�2�/�- �b�i�2���K
�+�Q�K�B�M�; �7�`�Q�K �2���`�b�ö �Q�` �õ���M�;�`�v �.�Q�M���H�/ �h�`�m�K�T �J�2�H���M�B�� ���M�/ �i�?�2 �D�m�/�;�2 ���M�/ �T�Q�H�B�+�2 ���i �K�+�/�Q�M���H�/�b�ö�X
���/�/�B�i�B�Q�M���H�H�v�- �Q�m�` ���M���H�v�b�B�b �`�2�p�2���H�b �i�?�2 �m�b�2 �Q�7 �+�2�H�2�#�`�B�i�v �M���K�2�b �B�M �+�Q�M�i�2�t�i�b �b�m�;�;�2�b�i�B�M�; �b�2�t�m���H�H�v
�2�t�T�H�B�+�B�i �+�Q�M�i�2�M�i �i�?���i �+�Q�m�H�/ �#�2 �+�Q�M�b�i�`�m�2�/ ���b �M�Q�M�+�Q�M�b�2�M�b�m���H �T�Q�`�M�Q�;�`���T�?�v�X �h�Q ���b�b�B�b�i �`�2�b�2���`�+�?�2�`�b�-
�Q�m�` �/���i���b�2�i �B�M�+�H�m�/�2�b �L�a�6�q �i�2�t�i ���M�/ �B�K���;�2 �b�+�Q�`�2�b�- ���H�Q�M�; �r�B�i�? �i�Q�t�B�+�B�i�v�@�`�2�H���i�2�/ �b�+�Q�`�2�b�- �2�M���#�H�B�M�;
�i�?�2�K �i�Q �}�H�i�2�` �i�?�2�b�2 �B�K���;�2�b ���M�/ �/�2�i�2�`�K�B�M�2 ���T�T�`�Q�T�`�B���i�2 �i�?�`�2�b�?�Q�H�/�b �7�Q�` �2�t�+�H�m�/�B�M�; �T�Q�i�2�M�i�B���H�H�v
�m�M�b���7�2 �/���i���X �q�2 ���H�b�Q �T�`�Q�p�B�/�2 �� �:�Q�Q�;�H�2 �7�Q�`�K �7�Q�` �`�2�T�Q�`�i�B�M�; �?���`�K�7�m�H �Q�` �B�M���T�T�`�Q�T�`�B���i�2 �B�K���;�2�b
���M�/ �T�`�Q�K�T�i�b�- ���b �Q�m�i�H�B�M�2�/ �B�M �a�2�+�i�B�Q�M�8�X

�9 �1�t�T�2�`�B�K�2�M�i�b

�q�2 �/�2�}�M�2 �i�?�`�2�2 �i���b�F�b �m�b�B�M�; �Q�m�` �/���i���b�2�i�, �B�/�2�M�i�B�7�v�B�M�; �/�B�p�2�`�b�2 ���`�i�B�b�i�B�+ �b�i�v�H�2�b �i�?�`�Q�m�;�? �+�H�m�b�i�2�`�B�M�;
�#���b�2�/ �Q�M �b�i�v�H�B�b�i�B�+ �b�B�K�B�H���`�B�i�B�2�b�- �;�2�M�2�`���i�B�M�; �T�2�`�b�Q�M���H�B�x�2�/ �B�K���;�2�b �i���B�H�Q�`�2�/ �i�Q �B�M�/�B�p�B�/�m���H �b�i�v�H�2�b�-
���M�/ �`�2�+�Q�K�K�2�M�/�B�M�; �b�i�v�H�2�b �#���b�2�/ �Q�M �T�`�2�p�B�Q�m�b�H�v �;�2�M�2�`���i�2�/ �B�K���;�2�b �Q�7 �� �;�B�p�2�M �m�b�2�`�X

�9�X�R �1�t�T�2�`�B�K�2�M�i���H �a�2�i�m�T

�q�2 �m�i�B�H�B�x�2 �Q�{�+�B���H ���M�/ �.�B�z�m�b�2�`�b �(�j�8�) �B�K�T�H�2�K�2�M�i���i�B�Q�M�b �7�Q�` �h�2�t�i�m���H �A�M�p�2�`�b�B�Q�M �(�R�R�)�- �G�Q�_��
�r�f�.�`�2���K�"�Q�Q�i�? �(�k�k�-�9�y�)�- �*�m�b�i�Q�K �.�B�z�m�b�B�Q�M �(�k�e�)�- ���M�/ �1�.�G�Q�_�� �(�R�9�)�X �6�Q�` �2���+�? �K�2�i�?�Q�/�- �r�2 �m�b�2
�i�?�2 �b���K�2 �b�2�i �Q�7 �b�2�2�/�b ���M�/ ���/�?�2�`�2�/ �i�Q �i�?�2 �T���`���K�2�i�2�` �b�2�i�i�B�M�;�b �`�2�+�Q�K�K�2�M�/�2�/ �B�M �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2
�T�m�#�H�B�+���i�B�Q�M�b�X �h�2�t�i�m���H �A�M�p�2�`�b�B�Q�M �r���b �i�`���B�M�2�/ ���i �� �`�2�b�Q�H�m�i�B�Q�M �Q�7512� 512 �7�Q�` �j�y�y�y �b�i�2�T�b �r�B�i�?
�� �H�2���`�M�B�M�; �`���i�2 �Q�7 �8�2�@�9�X �G�Q�_�� �r�B�i�? �.�`�2���K�"�Q�Q�i�? ���M�/ �1�.�G�Q�_�� �r�2�`�2 �#�Q�i�? �i�`���B�M�2�/ ���i �i�?�2
�b���K�2 �`�2�b�Q�H�m�i�B�Q�M �U512� 512�V �7�Q�` �3�y�y �b�i�2�T�b �#�m�i �r�B�i�? �� �H�2���`�M�B�M�; �`���i�2 �Q�7 �R�2�@�9�- ���M�/ �G�Q�_�� �?���/ ��
�`���M�F �Q�7 �j�k�X �*�m�b�i�Q�K �.�B�z�m�b�B�Q�M �r���b �i�`���B�M�2�/ ���i �� �`�2�b�Q�H�m�i�B�Q�M �Q�7512� 512 �7�Q�` �k�8�y �b�i�2�T�b �r�B�i�? ��
�H�2���`�M�B�M�; �`���i�2 �Q�7 �R�2�@�8�X �.�A�L�P ���M�/ �*�G�A�S �b�+�Q�`�2�b �B�M �h���#�X�k�r�2�`�2 �+�Q�K�T�m�i�2�/ �Q�M �k�y�E �B�K���;�2�b �2���+�?�-
���M�/ �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�b ���`�2 �T�`�Q�p�B�/�2�/�X �q�2 �m�b�2 �3 �L�o�A�.�A�� �G�9�y �:�S�l�b �7�Q�` �Q�m�` �2�t�T�2�`�B�K�2�M�i�b�X
�6�Q�` �`�2�+�Q�K�K�2�M�/���i�B�Q�M �i���b�F�b�- �r�2 �m�b�2 �N�e�E �B�K���;�2�b �;�2�M�2�`���i�2�/ �#�v �R�9�j�9 �m�b�2�`�b �r�B�i�? ���M �3�y�W �i�`���B�M�B�M�;
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�6�B�;�m�`�2 �8�, �U���V ���M �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �Q�m�` �T�B�T�2�H�B�M�2�, �r�2 �+�H�m�b�i�2�` �B�M�T�m�i �B�K���;�2�b �#�v �b�i�v�H�B�b�i�B�+ �b�B�K�B�H���`�B�i�v
���M�/ �2�K�T�H�Q�v �� �T�2�`�b�Q�M���H�B�x���i�B�Q�M �K�2�i�?�Q�/�- �b�m�+�? ���b �G�Q�_���- �i�Q �i�`���B�M �T�2�`�b�Q�M���H�B�x�2�/ �K�Q�/�2�H�b ���H�B�;�M�2�/
�r�B�i�? �b�T�2�+�B�}�+ �b�i�v�H�2�b�X �U�#�V �l�b�2�`�b �+���M �/�Q�r�M�H�Q���/ �b�i�v�H�2 �G�Q�_�� �K�Q�/�2�H�b �7�`�Q�K �i�?�2 �a�i�v�H�2 ���i�H���b �T�H���i�7�Q�`�K�X
�U�+�V �l�b�2�`�b �+���M �;�2�M�2�`���i�2 �T�2�`�b�Q�M���H�B�x�2�/ �B�K���;�2�b �m�b�B�M�; �G�Q�_�� �K�Q�/�2�H�b �r�?�2�`�2�a�i�v�H�2 �a� �`�2�T�`�2�b�2�M�i�b ���M
�2�t���K�T�H�2 �B�K���;�2 �7�`�Q�K �i�?�2 �+�H�m�b�i�2�`�X �U�/�V �q�2 �`�2�+�Q�K�K�2�M�/ �i�Q�T �b�i�v�H�2�b �i�Q �m�b�2�`�b �#���b�2�/ �Q�M �i�?�2 �B�K���;�2�b
�i�?�2�v �?���p�2 �T�`�2�p�B�Q�m�b�H�v �;�2�M�2�`���i�2�/�X �h�?�B�b �T�2�`�b�Q�M���H�B�x�2�/ ���T�T�`�Q���+�? �?�2�H�T�b �i���B�H�Q�` �b�i�v�H�2 �b�m�;�;�2�b�i�B�Q�M�b �i�Q
�2���+�? �m�b�2�`�ö�b �m�M�B�[�m�2 �T�`�2�7�2�`�2�M�+�2�b�X

���M�/ �k�y�W �i�2�b�i �b�T�H�B�i�- �m�b�B�M�; �� �H�2���`�M�B�M�; �`���i�2 �Q�7 �8�2�@�j ���M�/ �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �k�2�@�k ���M�/ ���M���H�v�x�B�M�;
�� �8�@�7�Q�H�/ �+�`�Q�b�b�@�p���H�B�/���i�B�Q�M �m�b�B�M�; �i�?�2 �a�m�`�T�`�B�b�2 �(�8�y�) �H�B�#�`���`�v�X

�9�X�k �.�B�b�+�Q�p�2�`�B�M�; �.�B�p�2�`�b�2 ���`�i�B�b�i�B�+ �a�i�v�H�2�b

�h�?�2 �`�B�b�B�M�; �T�Q�T�m�H���`�B�i�v �Q�7 �;�2�M�2�`���i�2�/ ���`�i �?���b �H�2�/ �i�Q �� �p���b�i ���`�`���v �Q�7 �m�b�2�`�@�;�2�M�2�`���i�2�/ �+�Q�M�i�2�M�i
�b�?�Q�r�+���b�B�M�; �� �/�B�p�2�`�b�2 �b�T�2�+�i�`�m�K �Q�7 ���`�i�B�b�i�B�+ �b�i�v�H�2�b�X �>�Q�r�2�p�2�`�- �� �F�2�v �+�?���H�H�2�M�;�2 �`�2�K���B�M�b�, �?�Q�r �+���M
�r�2 �2�z�2�+�i�B�p�2�H�v �/�B�b�+�Q�p�2�` ���M�/ �+���i�2�;�Q�`�B�x�2 �i�?�2�b�2 �b�i�v�H�2�b�\ �q�2 ���B�K �i�Q �+�H�m�b�i�2�` �m�b�2�`�@�;�2�M�2�`���i�2�/ �B�K���;�2�b
�B�M�i�Q �b�i�v�H�B�b�i�B�+���H�H�v �b�B�K�B�H���` �;�`�Q�m�T�b �i�Q �m�M�+�Q�p�2�` �m�M�B�[�m�2 �b�i�v�H�2�b�X �6�Q�`�K���H�H�v�- �Q�m�` �/���i���b�2�i�- �/�2�M�Q�i�2�/ ���bD�-
�+�Q�M�b�B�b�i�b �Q�7N �B�K���;�2�b�X �q�2 �2�K�T�H�Q�v �� �T�`�2�@�i�`���B�M�2�/ �i�2�t�i�@�i�Q�@�B�K���;�2 �K�Q�/�2�HM � �- �T���`���K�2�i�2�`�B�x�2�/ �#�v
�r�2�B�;�?�i�b� ���M�/ �� �i�Q�F�2�M �2�K�#�2�/�/�B�M�; �b�T���+�2V �X �6�B�`�b�i�H�v�- �r�2 �+�Q�M�p�2�`�i �i�?�2 �B�K���;�2�b �B�M�i�Q �� �b�2�i �Q�7N �b�i�v�H�2
�2�K�#�2�/�/�B�M�;�b �m�b�B�M�; �� �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �7�2���i�m�`�2 �2�t�i�`���+�i�Q�`F �- �b�T�2�+�B�}�+���H�H�v �*�a�. �(�9�e�)�- �r�?�B�+�? �m�b�2�b
�� �o�B�b�B�Q�M �h�`���M�b�7�Q�`�K�2�` �U�o�B�h�V �(�N�) �#���+�F�#�Q�M�2 �i�Q �K���T �B�K���;�2�b �B�M�i�Q ��d�@�/�B�K�2�M�b�B�Q�M���H �p�2�+�i�Q�` �b�T���+�2
�`�2�T�`�2�b�2�M�i�B�M�; �i�?�2�B�` �b�i�v�H�2 �/�2�b�+�`�B�T�i�Q�`�b�X �*�a�. �?���b �b�?�Q�r�M �b�m�T�2�`�B�Q�` �T�2�`�7�Q�`�K���M�+�2 �B�M �b�i�v�H�2�@�K���i�+�?�B�M�;
�i���b�F�b ���+�`�Q�b�b �/���i���b�2�i�b �H�B�F�2 �.�Q�K���B�M�L�2�i�- �q�B�F�B���`�i�- ���M�/ �G���A�P�L�@�a�i�v�H�2�b�- �Q�m�i�T�2�`�7�Q�`�K�B�M�; �K�Q�/�2�H�b �H�B�F�2
�.�A�L�P�- �r�?�B�+�? �7�Q�+�m�b �K�Q�`�2 �Q�M �b�2�K���M�i�B�+ �+�Q�M�i�2�M�i�X �h�?�B�b �+�Q�M�p�2�`�b�B�Q�M �`�2�b�m�H�i�b �B�M �� �b�2�i �Q�7 �2�K�#�2�/�/�B�M�;�b
Z = [ N F (�ti )�- �r�?�2�`�2 �2���+�? �B�K���;�2�-�ti �- �B�b �2�K�#�2�/�/�2�/ �B�M �� �?�B�;�?�@�/�B�K�2�M�b�B�Q�M���H �b�2�K���M�i�B�+ �2�K�#�2�/�/�B�M�;
�b�T���+�2�X �h�?�2�b�2 �2�K�#�2�/�/�B�M�;�b ���`�2 �i�?�2�M �+�H�m�b�i�2�`�2�/ �B�M�i�Qk = 10000 �;�`�Q�m�T�b �m�b�B�M�; �i�?�2 �E�@�J�2���M�b�Y�Y
�(�R�) ���H�;�Q�`�B�i�?�K�- �r�?�B�+�? �m�i�B�H�B�x�2�b �+�Q�b�B�M�2 �b�B�K�B�H���`�B�i�v �i�Q �2�M�b�m�`�2 �+�H�m�b�i�2�` �+�Q�?�2�b�B�Q�M�X �h�Q �/�2�i�2�`�K�B�M�2 �i�?�2
�Q�T�i�B�K���H �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b�- �r�2 �2�K�T�H�Q�v �i�?�2 �b�B�H�?�Q�m�2�i�i�2 �b�+�Q�`�2 �K�2�i�?�Q�/ ���+�`�Q�b�b �p���`�B�Q�m�b �+�H�m�b�i�2�`
�b�B�x�2�b�, �8�y�- �R�y�y�- �8�y�y�- �R�y�y�y�- �k�y�y�y�- �8�y�y�y�- �R�y�y�y�y�- �k�y�y�y�y �U�b�2�2 �a�m�T�T�H�2�K�2�M�i���H �J���i�2�`�B���H�b �7�Q�` �K�Q�`�2
�/�2�i���B�H�b�V�X �h�?�B�b �2�t�T�2�`�B�K�2�M�i �m�M�/�2�`�b�+�Q�`�2�b �i�?���i �� �+�Q�M�}�;�m�`���i�B�Q�M �Q�7 �R�y�y�y�y �+�H�m�b�i�2�`�b �K���t�B�K�B�x�2�b �i�?�2
�b�B�H�?�Q�m�2�i�i�2 �b�+�Q�`�2�- �B�M�/�B�+���i�B�M�; �Q�T�i�B�K���H �B�M�i�2�`�M���H �b�B�K�B�H���`�B�i�v ���M�/ �2�t�i�2�`�M���H �/�B�b�b�B�K�B�H���`�B�i�v ���K�Q�M�; �i�?�2
�+�H�m�b�i�2�`�b�X �6�B�;�m�`�2�9�U�+�V �T�`�2�b�2�M�i�b �� �k�. �T�`�Q�D�2�+�i�B�Q�M �Q�7 �i�?�2 �*�a�. �2�K�#�2�/�/�B�M�; �b�T���+�2 �m�b�B�M�; �i�@�a�L�1
�(�R�3�)�X �h�?�2 �p�B�b�m���H�B�x���i�B�Q�M �`�2�p�2���H�b �i�?���i �b�Q�K�2 �+�H�m�b�i�2�`�b ���`�2 �+�H�Q�b�2�H�v �;�`�Q�m�T�2�/�- �`�2�~�2�+�i�B�M�; �b�i�v�H�B�b�i�B�+
�b�B�K�B�H���`�B�i�B�2�b�- �r�?�B�H�2 �Q�i�?�2�`�b ���`�2 �/�B�b�i�B�M�+�i�H�v �B�b�Q�H���i�2�/�- �/�2�K�Q�M�b�i�`���i�B�M�; �b�B�;�M�B�}�+���M�i �b�i�v�H�B�b�i�B�+ �p���`�B���i�B�Q�M�b�X
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���p�;�X �y�X�j�3�y�R� �y�X�R�8 �y�X�k�e�e�3� �y�X�R�d �y�X�9�R�k�8� �y�X�R�3 �y�X�k�8�9�e� �y�X�R�d
�J�B�M�X �y�X�k�8�3�R� �y�X�R�j �y�X�R�e�3�k� �y�X�R�9 �y�X�k�d�N�y� �y�X�R�8 �y�X�R�e�j�9� �y�X�R�9
�J���t�X �y�X�9�3�j�3� �y�X�R�d �y�X�j�8�3�8� �y�X�R�N �y�X�8�k�9�e� �y�X�R�N �y�X�j�9�y�k� �y�X�R�N

�9�X�j �S�2�`�b�Q�M���H�B�x�2�/ �A�K���;�2 �:�2�M�2�`���i�B�Q�M �"���b�2�/ �Q�M �a�i�v�H�2

�S�2�`�b�Q�M���H�B�x�2�/ �B�K���;�2 �;�2�M�2�`���i�B�Q�M �#���b�2�/ �Q�M �b�i�v�H�2 �B�b �� �+�`�m�+�B���H �i���b�F �b�B�M�+�2 �B�i ���H�H�Q�r�b �m�b�2�`�b �i�Q
�+�`�2���i�2 �m�M�B�[�m�2�- �+�m�b�i�Q�K�B�x�2�/ �p�B�b�m���H�b �i�?���i �`�2�b�Q�M���i�2 �r�B�i�? �i�?�2�B�` �b�T�2�+�B�}�+ ���2�b�i�?�2�i�B�+ �T�`�2�7�2�`�2�M�+�2�b�X �q�2
�T�B�+�F�2�/ �7�Q�m�` �b�i���i�2�@�Q�7�@�i�?�2�@���`�i �T�2�`�b�Q�M���H�B�x���i�B�Q�M �K�2�i�?�Q�/�b�- �M���K�2�H�v�- �h�2�t�i�m���H �A�M�p�2�`�b�B�Q�M �(�R�R�)�- �G�Q�_��
�r�f�.�`�2���K�"�Q�Q�i�? �(�k�k�-�9�y�)�- �*�m�b�i�Q�K �.�B�z�m�b�B�Q�M �(�k�e�)�- ���M�/ �1�.�G�Q�_�� �(�R�9�)�- �i�Q �T�`�Q�p�B�/�2 �� �#�2�M�+�?�K���`�F
���M���H�v�b�B�b �Q�M �i�?�2 �/�B�b�+�Q�p�2�`�2�/ �b�i�v�H�2�b�X �6�Q�` �i�?�B�b �i���b�F�- �r�2 �`���M�/�Q�K�H�v �b�2�H�2�+�i �9�y �+�H�m�b�i�2�`�b ���M�/ �;�2�M�2�`���i�2�/
�8�y �B�K���;�2�b �7�Q�` �i�2�M �i�2�t�i �T�`�Q�K�T�i�b�- �i�Q�i���H�B�M�; �8�y�y �B�K���;�2�b �T�2�` �+�H�m�b�i�2�` �7�Q�` �2���+�? �K�2�i�?�Q�/�X �h�Q �T�`�Q�p�B�/�2
�� �#�2�M�+�?�K���`�F �Q�M �i�?�2�b�2 �K�Q�/�2�H�b�- �r�2 �+���H�+�m�H���i�2 �b�2�p�2�`���H �K�2�i�`�B�+�b�, �*�G�A�S�@�h �U�B�K���;�2�@�i�2�t�i �b�B�K�B�H���`�B�i�v
�#�2�i�r�2�2�M �;�2�M�2�`���i�2�/ �B�K���;�2�b ���M�/ �i�2�t�i �T�`�Q�K�T�i�b�V�- �*�G�A�S�@�A �U�B�K���;�2�@�B�K���;�2 �b�B�K�B�H���`�B�i�v �#�2�i�r�2�2�M
�+�H�m�b�i�2�`�b ���M�/ �;�2�M�2�`���i�2�/ �B�K���;�2�b�V�- ���M�/ �.�A�L�P �U�B�K���;�2�@�B�K���;�2 �b�B�K�B�H���`�B�i�v �#�2�i�r�2�2�M �+�H�m�b�i�2�`�b ���M�/
�;�2�M�2�`���i�2�/ �B�K���;�2�b�V�X �.�2�i���B�H�b �Q�7 �i�?�2�b�2 �K�2�i�`�B�+�b �+���M �#�2 �7�Q�m�M�/ �B�M �h���#�X�k�- �r�?�B�+�? �/�2�K�Q�M�b�i�`���i�2�b
�i�?���i �1�.�G�Q�_�� �2�t�?�B�#�B�i�b �b�m�T�2�`�B�Q�` �T�2�`�7�Q�`�K���M�+�2 �B�M �T�2�`�b�Q�M���H�B�x�2�/ �B�K���;�2 �;�2�M�2�`���i�B�Q�M �/�m�2 �i�Q �B�i�b
�2�K�#�2�/�/�B�M�;�@�#���b�2�/ ���T�T�`�Q���+�?�X �q�2 ���H�b�Q �T�`�Q�p�B�/�2 �[�m���H�B�i���i�B�p�2 �2�t���K�T�H�2�b �B�M �6�B�;�X�e�X

�9�X�9 �a�i�v�H�2�@�#���b�2�/ �_�2�+�Q�K�K�2�M�/���i�B�Q�M

�h�?�2 �b�?�2�2�` �p�Q�H�m�K�2 �Q�7 �b�i�v�H�2�b �;�2�M�2�`���i�2�/ �#�v �m�b�2�`�b �T�`�2�b�2�M�i�b �� �b�B�;�M�B�}�+���M�i �+�?���H�H�2�M�;�2 �B�M �M���p�B�;���i�B�M�;
�i�?�2 �H���M�/�b�+���T�2 �Q�7 ���`�i�B�b�i�B�+ �Q�T�i�B�Q�M�b ���p���B�H���#�H�2�X �h�Q ���/�/�`�2�b�b �i�?�B�b�- �r�2 �b�?�Q�r�+���b�2 �� �`�2�+�Q�K�K�2�M�/���i�B�Q�M
�b�v�b�i�2�K �i�?���i �b�m�;�;�2�b�i�b �i�Q�T �b�i�v�H�2�b �i�Q �m�b�2�`�b �#���b�2�/ �Q�M �i�?�2�B�` �T�`�2�p�B�Q�m�b�H�v �;�2�M�2�`���i�2�/ �B�K���;�2�b�X �h�?�B�b
�T�2�`�b�Q�M���H�B�x�2�/ ���T�T�`�Q���+�? �B�b �+�`�m�+�B���H ���b �B�i �?�2�H�T�b �m�b�2�`�b �/�B�b�+�Q�p�2�` �b�i�v�H�2�b �i�?���i ���H�B�;�M �r�B�i�? �i�?�2�B�` �i���b�i�2�b
���M�/ �T���b�i �T�`�2�7�2�`�2�M�+�2�b�- �b�B�K�T�H�B�7�v�B�M�; �i�?�2�B�` �b�2���`�+�? ���K�Q�M�; �� �p���b�i ���`�`���v �Q�7 �+�?�Q�B�+�2�b�X �q�2 �7�Q�`�K�m�H���i�2
�Q�m�` �i���b�F ���b �� �K���i�`�B�t�@�7���+�i�Q�`�B�x���i�B�Q�M�@�#���b�2�/ �`�2�+�Q�K�K�2�M�/���i�B�Q�M�- �r�?�B�+�? �B�M�p�Q�H�p�2�b �� �b�2�i �Q�7 �B�i�2�K�b
�r�?�2�`�2 �m�b�2�`�b �`���i�2 �B�i�2�K�b �i�?�2�v �?���p�2 �B�M�i�2�`���+�i�2�/ �r�B�i�?�- �i�?�m�b �+�`�2���i�B�M�; �� �K���i�`�B�t �Q�7 �m�b�2�`�@�B�i�2�K �`���i�B�M�;�b�X
�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �Q�m�` �T�`�Q�#�H�2�K�- �m�b�2�`�b ���`�2 �i�?�2 �+�`�2���i�Q�`�b �r�?�Q �;�2�M�2�`���i�2 �B�K���;�2�b�- ���M�/ �B�i�2�K�b
���`�2 �i�?�2 �+�H�m�b�i�2�`�b �B�M �r�?�B�+�? �;�2�M�2�`���i�2�/ �B�K���;�2�b ���`�2 ���b�b�B�;�M�2�/�X �q�2 �+���H�+�m�H���i�2 �7�Q�` �2���+�? �m�b�2�`u ��
�p�2�+�i�Q�`�pu = [ r 1 r 2 ::: r N ] �r�?�2�`�2r i �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�`�Q�T�Q�`�i�B�Q�M �Q�7 �B�K���;�2�b �i�?���i �i�?�2 �m�b�2�` �?���b
�;�2�M�2�`���i�2�/ �r�B�i�?�B�M �� �b�T�2�+�B�}�+ �+�H�m�b�i�2�`i �b�m�+�? �i�?���i

P N
i =1 r i = 1 �X �h�?�2�b�2 �p�2�+�i�Q�`�b �+�`�2���i�2 �� �K���i�`�B�tR

�r�?�2�`�2 �2�M�i�`�B�2�br ui �/�2�M�Q�i�2 �i�?�2 �`���i�B�M�; �7�Q�` �m�b�2�`u �7�Q�` �+�H�m�b�i�2�`i �X �q�2 �2�K�T�H�Q�v �i�?�2 �a�o�. ���H�;�Q�`�B�i�?�K
�(�8�R�-�R�y�) �i�Q �Q�#�i���B�M �� �T�`�2�/�B�+�i�B�Q�M �7�Q�` ���H�Hr̂ ui = � + bu + bi + qT

i pu �r�?�2�`�2� �B�b �i�?�2 �;�H�Q�#���H ���p�2�`���;�2
�`���i�B�M�;�Xbu ���M�/bi ���`�2 �i�?�2 �m�b�2�` ���M�/ �B�i�2�K �#�B���b �i�2�`�K�b�- �`�2�b�T�2�+�i�B�p�2�H�v�Xqi ���M�/pu ���`�2 �i�?�2 �H���i�2�M�i
�7���+�i�Q�` �p�2�+�i�Q�`�b �7�Q�` �B�i�2�Ki ���M�/ �m�b�2�`u�- �`�2�b�T�2�+�i�B�p�2�H�v�X �q�2 �K�B�M�B�K�B�x�2 �i�?�2 �`�2�;�m�H���`�B�x�2�/ �b�[�m���`�2�/ �2�`�`�Q�`
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