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Abstract

Controlling the evolution of complex physical systems is a fundamental task across
science and engineering. Classical techniques suffer from limited applicability
or huge computational costs. On the other hand, recent deep learning and rein-
forcement learning-based approaches often struggle to optimize long-term control
sequences under the constraints of system dynamics. In this work, we introduce
Diffusion Physical systems Control (DiffPhyCon), a new class of method to ad-
dress the physical systems control problem. DiffPhyCon excels by simultaneously
minimizing both the learned generative energy function and the predefined con-
trol objectives across the entire trajectory and control sequence. Thus, it can
explore globally and plan near-optimal control sequences. Moreover, we enhance
DiffPhyCon with prior reweighting, enabling the discovery of control sequences
that significantly deviate from the training distribution. We test our method on
three tasks: 1D Burgers’ equation, 2D jellyfish movement control, and 2D high-
dimensional smoke control, where our generated jellyfish dataset is released as
a benchmark for complex physical system control research. Our method outper-
forms widely applied classical approaches and state-of-the-art deep learning and
reinforcement learning methods. Notably, DiffPhyCon unveils an intriguing fast-
close-slow-open pattern observed in the jellyfish, aligning with established findings
in the field of fluid dynamics. The project website, jellyfish dataset, and code can
be found at https://github.com/AI4Science-WestlakeU/diffphycon,

1 Introduction

Modeling the dynamics of complex physical systems is an important class of problems in science and
engineering. Usually, we are not only interested in predicting a physical system’s behavior but also
injecting time-variant signals to steer its evolution and optimize specific objectives. This gives rise to
the complex physical control problem, a fundamental task with wide applications, such as controlled
nuclear fusion [[10], fluid control [22]], underwater devices [70] and aviation [47]], among others.

Despite its importance, controlling complex physical systems efficiently presents significant chal-
lenges. It inherits the fundamental challenge of simulating complex physical systems, which are
typically high-dimensional and highly nonlinear, as specified in Appendix[A.I] Furthermore, ob-
served control signals and corresponding system trajectories for optimizing a control model are
typically far from the optimal solutions of the specific control objective. This fact poses a significant
challenge of dilemma: How fo explore long-term control sequences beyond its training distribution
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to seek near-optimal solutions while making the resulting system trajectory faithful to the dynamics
of the physical system?

To tackle physical systems control problems, various techniques have been proposed, yet they fall
short of addressing the above challenges. Regarding traditional control methods, the Proportional-
Integral-Derivative (PID) control [33]], is efficient but only suitable for a limited range of problems.
Conversely, Model Predictive Control (MPC) [57]], despite a wider range of applicability, suffers
from high computational costs and challenges in global optimization. Recent advances in supervised
learning (SL) [22}[24] and reinforcement learning (RL) [[15}/46,52], trained on system trajectories and
control signals data, have demonstrated impressive performance in solving physical systems control
problems. However, existing SL and model-based RL methods either fall into myopic failure modes
[26] that fail to achieve long-term near-optimal solutions, or produce adversarial state trajectories [[72]
that violate the physical system’s dynamics. The main reason may be that they treat the continuous
evolution of dynamics from an iterative view, both lacking long-term vision and struggling in global
optimization. See Appendix [A.2]for more related work on physical system control.

In this work, we introduce Diffusion Physical systems Control (DiffPhyCon), a new class of method
to address the physical systems control problem. We take an energy optimization perspective over
system trajectory and control sequences across the whole horizon to implicitly capture the constraints
inherent in system dynamics. We accomplish this through diffusion models, which are trained using
system trajectory data and control sequences. In the inference stage, DiffPhyCon integrates simulation
and control optimization into a unified energy optimization process. This prevents the generated
system dynamics from falling out of distribution, and offers an enhanced perspective over long-term
dynamics, facilitating the discovery of control sequences that optimize the objectives.

An essential aspect of physical systems control lies in its capacity to generate near-optimal controls,
even when they may deviate significantly from the training distribution. We address this challenge
with the key insight that the learned generative energy landscape can be decomposed into two
components: a prior distribution representing the control sequence and a conditional distribution
characterizing the system trajectories given the control sequence. Based on this insight, we develop a
prior reweighting technique to subtract the effect of the prior distribution of control sequences, with
adjustable strength, from the overall joint generative energy landscape during inference.

In summary, we contribute the following: (1) We develop DiffPhyCon, a novel generative method
to control complex physical systems. By optimizing trajectory and control sequences jointly in the
entire horizon by diffusion models, DiffPhyCon facilitates global optimization of long-term dynamics
and helps to reduce myopic failure modes. (2) We introduce the prior reweighting technique to plan
control sequences that are superior to those in the training set. (3) We demonstrate the effectiveness
of our method on 1D Burgers’ equation, 2D jellyfish movement control, and 2D high-dimensional
smoke control tasks. On all three tasks, our method outperforms widely applied classical control
methods and is also competitive with recent supervised learning and strong reinforcement learning
baselines, particularly demonstrating advantages of DiffPhyCon in scenarios with partial observations
and partial/indirect control. Notably, DiffPhyCon reveals the intriguing fast-close-slow-open pattern
exhibited by the jellyfish, aligning with findings in the field of fluid dynamics [28]]. (4) We generate
a dataset of 2D jellyfish based on a CFD (computational fluid dynamic) software to mimic the
movement of a jellyfish under control signals of its flapping behavior. To advance research in
controlling complex physical systems, we release our dataset as a benchmark.

2 Background

2.1 Problem Setup

We consider the following complex physical system control problem:

w* =argminJ (u;w) s.t. C(u;w)=0: (1)
w

Here u(t;x) : [0;T] A RY% is the system trajectory fu(t; );t 2 [0; T ]g defined on time
range [0;T] R and spatial domain RP, and w(t;x) : [0;T] A RY% js the external
control signal for the physical system with dimension dyy. J (u; W) denotes the control objective.
For example, J can be desjgned to measure thegcontrol performance towards a target state U™
with cost constraints: J '= ku u*k®dxdt + kwk?dxdt. C(u; w) = 0 denotes the physical



Figure 1:Overview of DiffPhyCon. The gure depicts the training (top), inference (bottom left),
and evaluation (bottom right) of DiffPhyCon. Orange and blue colors respectively represent models
learning the joint distributiop (u;w) and the prior distributiop (w). Through prior reweighting

and guidance, DiffPhyCon is capable of generating superior control sequences.

constraintsC(u; w) = 0 can be speci ed eithegxplicitly by a PDE dynamic which describes how

the control signalv (t; x) drives the trajectoru (t; x) to evolve under boundary and initial conditions,

or implicitly by control sequences and trajectory data collected from observation of the physical
system. In the latter case, we may even have access to only partial trajectory data or engage in partial
control. These situations collectively pose signi cant challenges to the physical system control task.

2.2 Preliminary: Diffusion Models

Diffusion models 9] are a class of generative models that learn data distribution from data. Diffusion
models consist of two opposite processes: the forward pragegs; jXx) = N (Xk+1; kXk; (1

k)1) to corrupt a clean datey to a Gaussian noisec N (0;1), and the reverse parametrized
proces® (Xk 1jXk) = N(Xk 1; (Xk;K); k) todenoise from standard Gaussian N (0;1),
wheref gk_, is the variance schedule. To train diffusion model$] propose the DDPM method
to minimize the following training loss for the denoising network a simpli cation of the evidence
lower bound (ELBO) for the log-likelihood of the data:

p— P—

L =B uak)ixe poo; N (01K C xxo+ 1k kKL )
where | = Q ik=1 i. estimates the noise to be removed to recover xigt®uring inference,
iterative application of from a Gaussian noise could generate a new sarpthat approximately
follows the data distributiop(x). See Appendix A.3 for related work on diffusion models.

Notation. We useVinmj =[Vn; ;Vm] to denote a sequence of variables. Wezjgg 15, to
denote the hidden variable .t 47 in a diffusion stefk. For simplicity, we abbreviate/jg.1 13,
up:T] asw, u. Concatenation of two variables is denotedeig, [u; w].

3 Method

In this section, we detail our method DiffPhyCon. In Section 3.1, we introduce our method including
its training and inference. In Section 3.2, we further propose a prior reweighting technique to improve
DiffPhyCon. The overview of DiffPhyCon is illustrated in Figure 1.

3.1 Generative Control by Diffusion Models

DiffPhyCon takes an energy optimization perspective to solve the probler(lqvhere PDE
constraints can be modeled as a parameterized energy-based model EEBNWv; ¢) which
characterizes the distributiqguiu ; wjc) of u andw conditioned on conditions by the correspondence
p(u;wijc) / exp( E (u;w;c)). LowerE (u;w;c), or equivalently highep(u;wjc), means
better satisfaction of the PDE constraints. Then the problem Eg. (1) can be converted to:



uw =argmin [E (u;w;c)+ I (u;w)l; 3)

where is a hyperparameter. This formulation optimiaesandw of all physical time steps
simultaneously. The rst term encourages the generateghdu to satisfy the PDE constraints
C(u;w) = 0. The second term guides optimization towards optimal objectives. The advantage of
this optimization framework is that it tasks a global optimizatiorucandw of all times steps, which

may obtain better solutions that are faithful to the dynamics of the physical system. Details about the
effect of the hyperparameterare provided in Appendix L.

Training. To trainE , we exploit the diffusion model to estimate the gradierEof For convenience,
we introduce a new variableto represent the concatenationwéndw asz = [u;w]. We use a
denoising network [19], which approximates E (z;c) [13], to learn the noise that should be
denoised in each diffusion stép=1; ;K. The training loss of is:

p— pPp——
L= Ex uak)ize) pao: N (o:nlk ( kz+ 1 k §Cik)k§]§ 4)

where is conditioned ort. Regarding training datasets, they could be generated by designing the
conditionsc and control sequences followed by a simulation when an explicit PDE form is available.
Otherwise, they should be collected from observed pairs of control sequences and trajectories.

Control optimization. After the denoising network is trained, the E@R) can be optimized by
the Langevin sampling procedure as follows. We start from an initial sampleN (0;1), and
iteratively run the following process

Zk 1= Z (r 2(E (z;0)+ I (2))+ ; N 0; 2l ; (5)

where ,f and correspond to noise schedules and scaling factors used in the diffusion process,
respectively. Her@y is the approximate noise-freg estimated fronzy by:

P— p—
2 = (z« 1« (zk;ck)= «: (6)
We calculate) in (5) based orgy instead of directly usingyx because otherwise noisezp could
bring errors ta) . Thenr E can be replaced by our trained denoising networks follows:

Z 1=z ( (e k)+ 1l @)+ N 0; 2l 7)

Iteration of this denoising process fé&r = K;K 1;:::;;1 yields a nal solutionzy =
fUpT1.00 Wt 15,09 for the optimization problem Eqg. (3).

Guidance conditioning. In addition to the above introduced explicit guidance, conditioning is
also widely used to guide sampling in diffusion modé&e,[58]. When the control objective can be
naturally expressed in a conditioning form, e.g., the generated trajacismequired to coincide
with a desired targat , we can includes = u as a condition irt such that the sampled trajectory
u from diffusion models automatically satisfying= u .

Overall, in our proposed DiffPhyCon framework, the control objeciivean be optimized either
using the explicit guidance)  or guidance conditioning depending on the speci ¢ control objectives.

3.2 Prior Reweighting

Motivation. In physical systems control, a critical challenge lies in obtaining control sequences
superior to those in training datasets, which often deviate signi cantly from achieving the optimal
control objective. Although guidance of the control objective is incorporated in our diffusion model,
generated control sequences are still highly in uenced by the prior distribution of control sequences
in training datasets. This inspires us to explore strategies to mitigate the effect of this prior, aiming to
generate near-optimal control sequences.

We address this challenge with the key insight that the energy-based EBfdlgl;c) can be
decomposed into two components: on& &) (w; ¢) derived from the prior distributiop(wjc) of
control sequences, and the otlEf) (u; w; ¢) representing the conditional probability distribution
p(ujw;c) of trajectories with respect to given control sequences. This decomposition has the
following form

E(u;w;c)= E®(uie)+ EQ(u;w;c); (8)
by the corresponding decomposition of distributpio; wjc) = p(wjc)p(ujw;c). We propose a
prior reweightingtechnique, which introduces an adjustable hyperparametef as an exponential



of p(wjc), allowing for the tuning of the in uence of this prior distribution. Then we have a
reweighted version gf(u; wjc) asp (u;wjc) = p(wjc) p(ujw;c)=Z, which is also a probability
distribution and can be further transformed to

p (u;wjc) = p(wjc) *p(u;wjc)=Z; ©9)

whereZ is a normalization constant. In particular, whgr < 1, this approach is advantageous
as it attens the distributiorp(u; wjc), thereby increasing the likelihood of sampling from low
probability region ofp(u; wjc), where the optimal solutions of the problem Eg. (3) probably lie.

Integrating Eg. (9) into Eq. (8), we have
EQOu;w;c)=( 1DEP(w;c)+ E (u;w;c) logZ; (10)

whereE( )(u;w;c) = log(p (u;wjc))+ constis the reweighted energy-based model associated
with E (u;w;c) in Eq. (3), relying on the hyperparameter Then the optimization problem E(R)
can be transformed to h .

i

u;w =argmin ECO(u;w;c)+ I (u;w) : (12)

u;w

Optimization of this problem encourages sam-
pling from the low likelihood region of(wjc)
while minimizing the control objective, which
possesses the capability to generate control se-
guences that are more likely to be near-optimal
than its degenerate versior~ 1 in the original
optimization problem Eq(3). The intuition of
prior reweighting is illustrated in Figure 2.

Training. To learn the reweighted energy
E()(u;w;c), we parameterize its gradient as
a summation of two parts by taking the gradiemigure 2: Intuition of Prior Reweighting . The

of both sides of Eq. (10): top surface illustrates the landscapelofu; w),
(Yoo ®) o where the high-dimensional variablesandw are
rE, (uwie)=(  Ir EX(wic) represented using one dimension. The middle and
+r1 E (u;w;c); lower planes depict probability heatmaps for the
reweighted distributiop (w)p(ujw)=Z. Adjust-
where E(p)(w;c) parameterizes the energyng from =1 (middle plane)tdd < < 1

based modelE(® (w:c) corresponding to (lower plane), a bet_ter minimal &f (red dot in
' the lower plane) gains the chance to be sampled.

wjc). Note thatr logZ vanishes here ™ . ; O
E(ecgau)se it is a cons?ant. Notice thakhis contrasts with the suboptimal red point in the

r E (u;w:c) has already been trained by Ediniddle plane highly in uenced by the prig(w).
4). r g® (w;c) can be trained similarly by
the following loss function

L=Ex uak)wie) pwie); N (o:nlK (pitW+ P1 k 5 CK)KS]; (12)
where is the conditional denoising network that approximateE(p) (w;c).
Control optimization. With both and trained, Eqg. (11) can be optimized by running:
zc 1=z« ( (Z;ck)+ rd@)+ 1 1 N 0 2 (13)
we 1=we 1 (1) (wiek)+t o2 2 N0 I (14)

iteratively, wherezy =[uk;w]. The difference between this iteration scheme and(Egs that it
uses an additional step to updatg based on the predicted noise of. This guideszy =[ug;wg]

to move towards the reweighted distributipn(u; wjc) while aligning with the direction to decrease
the objective by its guidance in the iterationzpf. The complete algorithm is present in Algorithm 1.
Detailed discussion and results about how to set the hyperparameteprovided in Appendix L.

Theoretical Analysis. Consider a paifu; w] sampled using the prior reweighting technique with
hyperparameter: [u;w] p (u;w) = p(ujw)p (w)=C . DenoteJ as the global minimum



Algorithm 1 Inference for DiffPhyCon

1: Require Diffusion models (zx:c;k) and (wy;c;k), control objectivel ( ), covariance matrix 21,
control conditions, schedule i, hyperparameters ; K

. Initialize optimization variablegx =[ux ;wx] N (0;1)

fork = K;:::;41do p
2 = (zk 1« (z;6k)= «
Zx 1= Zk ( (zk;csk)+ r2dJ(2)+ 151 N O 2| // transition to next diffusion step
Wk 12wk 1 (1) (wkick)+ 25 2 N 0; 21 // prior reweighting

end for

sreturn u ;w = Zg

N ORwN

of the control objectivel . De ne Q(") to be the "-optimal" solution set ofu;w] such that
J(u;w) J ( ), whose complement set @3(")¢, and denoteq-)(u;w) as its indicator
function, i.e.lq¢y(u;w) =1 if [u;w] 2 Q("); otherwise 0. De neY to be the random variable of
“whether use] as a guidance for sampling”, namely,

EeJ (uw) =z, Y=1
p(Yju;w) = (15)

"1 e? w=z: ¥ =0:
ConsiderE( ) = Eww) p (u;w)lloe)(u;w)jY = 1], which indicates the expectation of getting an
-optimal solution by using the prior reweighting technique withinder the guidance df . De ne
Eusw[loe)(Usw)p(Y = 1ju;w)In(p(w))]  Eu;w[lgeye (U;w)p(Y = 1ju;w)In(p(w))]

Euw oy (Uusw)p(Y = 1ju;w)] Euw [loeye (Usw)p(Y =1ju;w)]

then we have the following theorem (please refer to Appendix B for its proof):
Theorem 3.1. Assumée ( ) is a smooth function, then the following hold:

F()=

« IfF(1) < O, thereexistsa < 1,st,E( )>E(1);
* If F(1) > O, there existsa+ > 1,s.t.,.E( +) > E (1).

Remark: HereF () can be interpreted as some kind of difference between "entropi&X"t
andQ("). WhenF (1) < 0, it means tha@Q(")¢ has higher "entropies", implying that the training
trajectories are far from optimal. As a result, we may need to atten the distribution of training
trajectories, which corresponds to using the prior reweighting technique witii. Since this is the
most common case in real scenarios, we usually setl.

DiffPhyCon-lite. The introduction of the prior reweighting technigue in DiffPhyCon involves training
and evaluation of two models, thus bringing in additional computational cost. It is gratifying to note
that we can balance the control performance and computational overhead of DiffPhyCon by adjusting
the parameter. When =1, the model is not needed, and we denote this simpli ed version of
DiffPhyCon as DiffPhyCon-lite.

4 Experiments

In this section, we aim to answer the following questions: (1) Can DiffPhyCon present superiority
over traditional, supervised learning, and reinforcement learning methods for physical systems
control? (2) Does the proposed prior reweighting technique help achieve better control objectives?
(3) Could answers to (1) and (2) be generalized to more challenging partial observation or partial
control scenarios? To answer these questions, we conduct experiments on three vital and challenging
problems: 1D Burgers' equation, 2D jelly sh movement control, and 2D smoke control problems.

The following state-of-the-art control methods are selected as baselines. For the 1D Burgers' equation,
we use (1) the classical and widely used control algorithm Proportional-Integral-Derivative (PID)
[33] interacting with our trained surrogate model of the solver; (2) Supervised Learning method
(SL) [24]; RL methods including (3) Soft Actor-Critic (SACLE] with of ine and surrogate-solver
versions; (4) Behaviour Cloning (BC39]; and (5) Behavior Proximal Policy Optimization (BPPO)



Table 1:BestJ 5cwal achieved in 1D Burgers's equation control.Bold font denotes the best model,
and underline denotes the second best model.

| PO-FC | FO-PC | PO-PC

PID (surrogate-solver) - 0.09115]| 0.09631
SL 0.09752| 0.00078| 0.02328
SAC (surrogate-solver)| 0.01577| 0.03426| 0.02149
SAC (of ine) 0.03201| 0.04333| 0.03328
BC 0.02836| 0.00856| 0.00952
BPPO 0.02771| 0.00852| 0.00891
DiffPhyCon-lite (ours) | 0.01139| 0.00037| 0.00494
DiffPhyCon (ours) 0.01103| 0.00037| 0.00494

Figure 3:Pareto frontier of J energy VS. J actual Of different methods for 1D Burgers' equation.

[73]. Speci cally, the surrogate-solver version of SAC interacts with our trained surrogate model of
the solver, while the of ine version only uses given data. BC and BPPO are also in of ine versions.
For 2D jelly sh movement control, baselines include SL, SAC (of ine), SAC (surrogate-solver),
BC, BPPO, and an additional classical multi-input multi-output algorithm Model Predictive Control
(MPC) [57]. PID is inapplicable to this data-driven tasl.[ Detailed descriptions of baselines are
provided in Appendix H and Appendix I.

4.1 1D Burgers' Equation Control

Experiment settings. The Burgers' equation is a governing law occurring in various physical systems.
We consider the 1D Burgers' equation with the Dirichlet boundary condition and external force
w(t; X), which is also studied in [24, 42].

8

2@i= y QU+ QY4 w(tx) in[0;T]

S u(t;x)=0 on[0;T] @ (16)

© u(0; x) = up(x) inft=0g

Here is the viscosity parameter, ang(x) is the initial condition. Subject to Eq16), given a
target statelq(x), the objective of control is to minimize the control erdycqa betweerur andug,
while constraining thezenergy CabtnergyOf the control seqlienoa(t; X):

Jacwa= JU(T;X)  ug(X)j?d%; Jenergy'= jw(t; x)j2dtdx: 17)
[0:7]

To make the evaluation challenging, we select three different experiment settings that correspond to
different real-life scenarios: partial observation, full control (PO-FC), full observation, partial control
(FO-PC), and partial observation, partial control (PO-PC), which are elaborated on in Appendix D.2
and illustrated in Appendix C.1. These settings are challenging for classical control methods such as
PID since they require capturing the long-range dependencies in the system dynamics. Note that the
reported metrics in different settings are not directly comparable. In this experiment, DiffPhyCon
uses the guidance conditioning (Section 3.1) to optindizgua and explicit guidance to optimize the
energy cost, which is elaborated in Appendix D.3.

Results. In Table 1, we report results of the control erthyq Of different methods. It can be
observed that DiffPhyCon delivers the best results compared to all baselines. Speci cally, DiffPhyCon
decreases 4.wa Of the best baseline by 30.1%, 52.6%, and 44.6% in the PO-FC, FO-PC, and PO-PC



Table 2:Jelly sh movement dataset outline.

training trajectories  test trajectories resolution # uid features trajectory length
30000 1000 128128 3 40

settings respectively. From Table 1, DiffPhyCon and DiffPhyCon-lite show little performance gap.
This is because, the prior distributionwfthat our DiffPhyCon-lite learned is conditioned on bath
andut, which fully determines the optimal. Thereforep(wjug; ut) is intrinsically the optimal
distribution and thus DiffPhyCon-lite can already deliver satisfactory performance.

To compare the ability of different methods to optimizg. with constrained energy codtnergy

we compare the Pareto frontiers of different methods in Figure 3. We vary the hyperpararuweter
control the tradeoff betweeh,cwaand the energy cost since most baselines have this hyperparameter.
As can be observed in Figure 3, the Pareto frontiers of DiffPhyCon are consistently among the best,
achieving thdowestJ 5ctua for most settings of the energy budget. Although SL performs well in

full observation setting (b) where the system dynamics can be more easily predicted, it encounters
dif culty in partial observation scenarios (a)(c). The results demonstrate DiffPhyCon's ability to
generate near-optimal control sequences compared to baselines. More visualization results are
provided in Appendix C.1. More results of evaluation are presented in Appendix K.1. For ef ciency
evaluation of training and test phases, please refer to Table 23 in Appendix K.4.

4.2 2D Jelly sh Movement Control

Experiment settings. This task is to control the movement of a apping jelly sh with two wings in a

2D uid eld where uid ows at a constant speed. The jelly sh is propelled by the uid when its
wings ap. Its moving speed and ef ciency are determined by the mode of apping. This task is an
important source of inspiration for the design of underwater and aerial devices, and its challenges
come from complex vortice behavior and uid-solid coupling dynami&$ R8]. For this task, uid
dynamics follows the 2D incompressible Navier-Stokes Equation:

<@ +vrrv r2v+rp=o0
r v=0 (18)

" v(0;x) = vo(x);

wherev represents the 2D velocity of the uid, apdepresents the pressure, constituting the PDE
stateu = (v;p). The initial velocity condition is/o(x) and the kinematic viscosity is. We assume

that each wing is rigid, so the jelly sh's boundary can be parameterized by the openingnangte
wings. Long-term movement of jelly sh usually presents a periodic apping mode. Consequently,
the control objective is to maximize its average moving spedétermined by the pressure of the
uid, under the energy cost constraiRi(w) and the periodic constraid{w ; wg) of the movement:

J = v+ R(w)+ dwr;wo); 19)

subject to Eq(18) and the boundary condition that the velocity of uid vanishes near the boundary.
The hyperparameteris set to be 1000. We evaluate in two settings: full observation, where the full
stateu = (v; p) is observed; and partial observation, where only pressure is observed. This task is
very challenging due to the complicated dynamics of uid-solid interactions and vortices behaviour
[54, 28], especially in the scenario of partial observation where the missingrEq. (18) restricts

the information available to generate well-informed control signals. Details of the experiment are
provided in Appendix F.

Open-source Dataset Description.We use the Lily-Pad simulato6§] to generate a dataset
describing the movement of jelly sh under the control of its apping behavior. Statistics about the
dataset are listed in Table 2. The feature of this dataset is that it contains a rich variation of vortices
behavior and uid-solid interaction dynamics, determined by violent changes in opening angles of
wings and open-close phase ratio. It would serve as an important benchmark for studying complex
physical system control problems. Details about the dataset are provided in Appendix E.

Results.Evaluation results are presented in Table 3. It can be seen that our method outperforms the
baselines by a large margin in optimizing the control objecliveAt a cost of slightly increasing the
control costR(w), control sequences generated by our method achieve a much faster average speed



Table 3:2D jelly sh movement control results. Bold font denotes the best model, and underline
denotes the second best model.

Full observation Partial observation
v" Rw)# J# V" Rw)# J#
MPC 25.72 0.0112 109.17 -150.51 0.1791 329.59
SL -76.94 0.1286 205.57 -102.98 0.1188 221.79
SAC (surrogate-solver)| -166.96 0.0069  18.14] -153.09 0.0057 158.82
SAC (of ine) -158.66 0.0069 165.58 -206.21 0.0058 211.96
BC 30.48 0.0629 32.44, 20.08 0.0556  35.48
BPPO 107.67 0.0867 -20.93| 54.83 0.0518 -3.02
DiffPhyCon-lite (ours) 95.04 0.0746 -20.4 2.92 0.0779 74.97
DiffPhyCon (ours) 279.87 0.2058 -74.117 150.21 0.1269 -23.32

Figure 4. Comparison of generated control curves of three test jelly sh.The resulting control
objectiveJ for each curve is presented.

than baselines. In the full observation setting, the control objective achieved by DiffPhyCon is -53.18
lower than the best baseline BPPO, while the average speed exhibits an increment of 172.2 over it.
This demonstrates that diffusion models are effective for this challenging control task by performing
global optimization of trajectory and control sequences in a generative approach. Comparison
between DiffPhyCon-lite and DiffPhyCon reveals that by attening the prior distribution of control
sequences, another signi cant improvement is further achieved. Even in the more challenging partial
observation setting, DiffPhyCon still exhibits substantial advantages over existing methods. This
re ects our method has a strong control capability under inadequate information. Con guration of the
hyperparameter in DiffPhyCon and performance with respect to varying presented in Figure 17

in Appendix L.1. Details about the hyperparametaran be found in Table 33 in Appendix L.2.

Figure 4 visualizes generated opening angle curves of different methods on three test jelly sh.
Opening angle curves of DiffPhyCon-lite show an obvious fast-close-slow-open shape, which is
proven to produce high speed in jelly sh moveme®8][ The reason is that the fast closing of wings
leads to a thrust from uid in the early state, resulting in a long-term high speed, and followed by
a slow opening to reduce resistance. While this mode of movement appears rarely in the training
dataset, DiffPhyCon-lite could generate such control sequences for most test samples. This re ects
that diffusion models under guidance are effective in optimizing the control objective. Furthermore,
DiffPhyCon makes this mode of movement more aggressive, with sharper change of the opening
angle in the beginning and end stage within a period. This provides strong evidence that reweighting
the prior distribution of control sequences allows for exible sampling over a attened distribution,
thus control sequences with low prior but good objectives are more likely to be sampled. The
movement and the resulting uid eld of the jelly sh corresponding to the middle sub gure of Figure

4 controlled by DiffPhyCon is illustrated in Figure 5 and more examples are provided in Figure 10
in Appendix C.2. Conversely, opening angles obtained by baselines are inferior. The reason may
be that they predict opening angles sequentially and hard to globally optimize the objective with
three con icting terms: average sped{w), andd(w ; wg). We further study such myopic failure
mode of SAC in Appendix K.3. More comparisons about the variation of the weigte listed in

Table 20 and Table 21 in Appendix K.2. For ef ciency evaluation of training and test phases, please
refer to Table 24 in Appendix K.4. We also extend this experiment to a high-dimensional control
signal setting, where the wings of the jelly sh are assumed to be soft. We nd that our method is still
competitive with baselines. Details about this evaluation are provided in Appendix M.



Figure 5:Visualization of jelly sh movement and uid eld controlled by DiffPhyCon as in the
middle sub gure of Figure 4.

Figure 6:Visualization of smoke density and uid eld dynamics controlled by DiffPhyCon.
4.3 2D Smoke Indirect Control

Experiment settings. This task is to control smoke control in an incompressible uid environment,
following a similar (but more challenging) setup @7. Control forces were applied withiné4 64

grid ow eld, excluding a semi-enclosed region, to minimize the smoke failing to pass through
the top middle exit (seven exits in total). For illustration of our settings, please refer to Figure 14
in Appendix G. This high-dimensional indirect control problem involves managing 2D forces at
approximately 1,700 grid points every time step, resulting in about 100,000 control variables across
32 time steps, making it highly challenging.

Results. Evaluation results are presented iable 4: 2D smoke movement control results.
Table 4. Our method still has signi cant adBold font denotes the best model, and underline
vantages over baselines in minimizing the cofenotes the second best model.

trol objective. Furthermore, the prior reweight-

ing technique achieves extra improvement over Method | J#
DiffPhyCon-lite. One test sample of smoke den-

sity and uid eld dynamics is illustrated in Fig- EICD:PO 8-3822
ure 6. More visualization results of our method :

- ) - SAC (surrogate-solver)| 0.3212
are presented in Figure 11 in Appendix G. These SAC(of ine) 0.6503
results demonstrate that DiffPhyCon is capable : _ :
of controlling high dimensional physical sys- DiffPhyCon-lite (ours) | 0.2324
tems even when control signals are indirectly DiffPhyCon (ours) 0.2254

applied to the system.

5 Conclusion

In this work, we have introduced DiffPhyCon, a novel methodology for controlling complex physical
systems. It generates control sequences and state trajectories by jointly optimizing the generative
energy and control objective. We further introduced prior reweighting to enable the discovery of
control sequences that diverge signi cantly from training. Through comprehensive experiments,
we demonstrated our method's superior performance compared to classical, deep learning, and
reinforcement learning baselines in challenging physical systems control tasks. We discuss limitation
and future work in Appendix N and state social impact in O.
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A Additional Related Work

A.1 Physical Systems Simulation

Complex physical systems simulation forms the foundation of systems control. While classical
numerical techniques for simulating physical systems are renowned for their accuracy, they are often
associated with signi cant computational expensgk B1]. Recently, neural network-based solvers
show a signi cant advantage over classical solvers in accelerating simulations. They could be roughly
divided into three primary classes: data-driven methods [34, 56, 48, 6, 67, 5, 30], Physics-Informed
Neural Networks (PINNs)43, 8, 65], and solver-in-the-loop method61, 63]. Most of them use an
iterative horizontal prediction framework. Instead, we treat the system trajectory as a whole variable
and use diffusion models to learn an explicit simulator conditioned on control sequences. A notable
work is by [7], which introduces diffusion models for temporal forecasting. While both our work and
[7]'s employ diffusion models, we tackle a different task of physical system control. Furthermore,
we incorporate the control objective into the inference and introduce prior reweighting to tune the
in uence of the prior.

A.2 Physical Systems Control

For physical systems whose dynamics are described by PDEs, the adjoint m&&dai; 51]

have been the most widely used approach for system control in the last decades. It is accurate
but computationally expensive. Deep learning-based methods have emerged as a powerful tool
for modeling physical systems' dynamics. Supervised learning (&2, 2] trains parameterized
models to directly optimize control using backpropagation through time over the entire trajectory.
For example,22] proposes a hierarchical predictor-corrector scheme to control complex nonlinear
physical systems over long time frames. A more recent work propose2iipgldsigns two stages

which respectively learn the solution operator and search for optimal control. Different from these
methods, we do not use the surrogate model, and learn both state trajectories and control sequences
in an integrated way. Reinforcement learning (RL%,[46, 52] treats control signals as actions

and learns policies to make sequential decisions. Particularly in the eld of uid dynard®&s [
reinforcement learning has been applied to a multitude of speci ¢ problems including drag reduction
[52, 14, conjugate heat transfe4,[17] and swimming 85, 62]. But they implicitly consider physics
information and sequentially make decisions. In contrast, we generalize the entire trajectories,
which results in a global optimization with consideration of physical information learned by models.
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Recently, PINNs are also incorporated in PDE cont@],[but they require an explicit form of PDE
dynamics, while our method is data-driven and can deal with a broader range of complex physical
system control problems without explicit PDE dynamics.

A.3 Diffusion Models

Diffusion models 9] have signi cantly advanced in applications such as image and text generation
[11, 44], inverse designg8, 64], inverse problem23], physical simulationT, 50], and decision-
making R7, 1, 18]. In particular, recent progress in robot control shows that diffusion models have
signi cant advantages over existing reinforcement learning methods for action plargi6§].[
Generating diverse yet consistent samples poses a challenge. For diversity, m&shddal] 13

that integrate score estimates from various models have been effective. For consistency, guidance
diffusion techniguesi[1, 20] have been utilized to generate condition-speci c samples. Our approach
differs by attening the joint distribution to achieve better control by slightly expanding beyond the
prior distribution range.

B Theoretical Analysis of Prior Reweighting

Proof of Theorem 3.1.

yA
E()=lgey(usw)p (uwjY =1)d(u;w)
Z

_ IQ(")(U;W)P(Y =1juiw)p (u;w)

p(Y =1)
- E(u;w)[IQ(")(U;W)p(Y =1lju;w)]
E(u;w)[p(Y =1ju;w)]
_ Equiw)aliq ) (uiw)p(Y =1 juw)]
Euwlloey (usw)p(Y = 1ju;w)] + Euw [Iqrye (usw)p(Y = 1ju;w)]
1

- 1+ Euw [Tg (ye (U;w)p(Y =1 ju;w)]
Eu:w [T ¢y (usw)p(Y =1 ju;w)]

d(u;w)

De ne
()= Euw o) (u;w)p(Y =1ju;w)]
 Eupwlloey: (usw)p(Y = 1ju;w)]
_ EwlEullge) (u;w)p(Y = 1jusw)jw]]
Ewl[Eullqye (usw)p(Y = 1ju;w)jw]]
R
_ g Eulloey(uiw)p(Y = 1juiw)jwip (w)dw
Eulloeye (u;w)p(Y =1ju;w)jw]p (w)dw
Then

E()= Té% SinceG( ) > 0, E( ) andG( ) have the same monotonicity.
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By de nition, F () is a positive multiple oG ), which implies our conclusion:

 If F(1) < 0, thenGY1) < 0and thusE ( ) decreases around 1. Hence, there exists: 1,
s.t,E( ) >E (1), thus (i) holds;

« otherwise, for similar reason, (ii) holds.
O

Remark: HereF () can be interpreted as some kind of difference between "entropi&X"it
andQ("). WhenF (1) < 0, it means tha®(")¢ has higher "entropies”, implying that the training
trajectories are far from optimal. As a result, we may need to atten the distribution of training
trajectories, which corresponds to using the prior reweighting technique witii. Since this is the
most common case, we usually set 1.

C Visualization Results

C.1 1D Burgers' Equation Visualization

We present more visualization results of our method and baselines under three settings: FOPC, POFC,
and POPC in Figure 7, Figure 8 and Figure 9, respectively. Under each setting, we present the results
of ve randomly selected samples from the test dataset. The goal of control is to make the nal state
ut (T =10) close to the target state.

From these visualization results in Figure 7, Figure 8, and Figure 9, it can be observed that under
the control of our DiffPhyCon, the system state could converge smoothly to the target state given
different initial states, and the nal stater always coincides with the target state. Furthermore,

this observation is consistent under all three settings: FOPC, POFC, and POPC, implying that our
DiffPhyCon is effective in addressing the partial observation and partial control challenges. In
contrast, the baselines showed inferior results. Even the best baseline, BPPO, presents obvious
mismatching with the target state on some samples.
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Figure 7:Visualizations results of 1D Burgers' equation control under the FO-PC (full observa-
tion, partial control) setting. The curve for the system state of each time step=0;  ;10under
control is plotted for our method (DiffPhyCon) and baselines. X{ais is the spatial coordinate
and they-axis is the value of the system state.
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Figure 8: Visualizations results of 1D Burgers' equation control under the PO-FC (partial
observation, full control) setting. The curve for the system stale of each time step=0; ;10
under control is plotted for our method (DiffPhyCon) and baselines. xFagis is the spatial
coordinate and thg-axis is the value of the system state.
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Figure 9:Visualizations results of 1D Burgers' equation control under the PO-PC (partially

observation, partially control) setting. The curve for the system state of each time step
t=0; ; 10under control is plotted for our method (DiffPhyCon) and baselines.xXFagis is the

spatial coordinate and theaxis is the value of the system state.

C.2 2D jelly sh control Visualization

We present more simulation results of our method in Figure 10. Each line represents an example
from the test dataset. We plot ve snapshots of boundary and uid eld for each example.

C.3 2D Smoke Control Visualization

We present uid states and control signals generated by our method in Figure 11. Each line represents
an example from the test dataset. We plot six snapshots for each example.
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Figure 10:More examples of 2D jelly sh simulation controlled by our method.
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Figure 11:Examples of 2D smoke control results by our methodWe present three randomly
selected test examples. For each example, we show the generated smoke density map and control
force elds in horizontal and vertical directions. Each row depicts six frames of movement. The
smoke density in the rst row corresponds to that in Figure 6.
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D Additional Details for 1D Burgers' Equation Control

D.1 Data Generation

We use the nite difference method (called solver or ground-truth solver in the following) to generate
the training data for the 1D Burgers' equation. Speci cally, the initial valgéx) and the control
sequencev (t; x) are both randomly generated, and then the stafex) are numerically computed
using the solver.

In the numerical simulation (using the ground-truth solver), a domain ®f[0; 1]; t 2 [0; 1] is
simulated. The space is discretized @8 grids and time intdl0000steps. However, in the
dataset, only 10 time stamps are stored. For the control sequeriterefreshing rate i8:1 1, i.e.,
w(t;x); t 2 [0:2k; 0:1(k +1)]; k 2 f 0;::;9g does not change with Therefore, the data size of
each trajectory i§11; 128]for the states and[10; 128]for the controlw.

In all settings, the initial valua (0; X) is a superposition of two Gaussian functian@®; x) =
P (x_bj)?
iZ:l ae 2: ,wherea:h; ; are all randomly sampled from uniform distributionea;
Uu(0;2); a, U( 20); b (0:2,0:4); by (0:6;0:8); 1 U(0:05;0:15); -
U(0:05; 0:15). Similarly, the control sequenee(x;t) is also a superposition of 8 Gaussian functions
X8 (x bz“)z (t bg;i)z
wtx)= ae 2h e 2z (20)
i=1

where each parameter is independently generated as follpws: U(0;1); by  U(0;1); 45
U(0:050:2); »; U(0:050:2), whilea; U( 1.5;1.5)andfori 2,& U( 1.5 15)or

0 with equal probabilitiesu(t; x); (t 6 0) is then numerically simulated (using the ground-truth
solver) givenu(0; x) andw (t; x) based on Eq. (16). The setting of the dataset generation is based on
a previous work24]. We generate®0000trajectories for the training set as@ for the testing set.
Each trajectory takes Ug2KB space and the size of the dataset sums (Bi3B.

D.2 Experimental Setting

During inference, alongside the control sequendg; x), our diffusion model generates states

(t; x), and some models produce surrogate stafex) when feeding the contraV (t; x) into the
corresponding surrogate model. However, our reported evaluation rigttig is always computed
by feeding the contral (t; X) into the ground truth numerical solver to ggf: (t; x) and computed
following Eq. (17). Followings are three different settings of our experiments.

D.2.1 Partial Observation, Full Control

In realistic scenarios, the system is often unable to be observed completely. Generally speaking,
it is impractical to place sensoesverywheren a system, so the ability of the model to learn from
incomplete data is imperative. To evaluate this, we hide some pautinahis setting and measure

the J acwa1 OFf model control.

Speci cally, u(t;x); x 2 [5; 3] is set to zero in the dataset during training an@x); x 2 [3; 3
is also set to zero during testing. In this partial observation settnfl ; %] [ [%; 1]. Since no

information in the centra% space is ever known, the model does not know what will in uence
the control outcome of the unobserved states. Therefore, controlling the unobserved states is not a
reasonable task and they are excluded from the evaluation metric.

This setting is particularly challenging not only because of the uncertainty introduced by the unob-
served states but also the generation of the control in the central locations that implicitly affect the
controlledu atx 2

D.2.2 Full Observation, Partial Control

This is another setting of practical relevance, where only a fraction of the system can be controlled.
The control sequence is enforced to be zero in the central locationg c@%; %]. is still [0; 1], and
J is evaluated on all of the observed states, though.
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Some modi cations to the dataset should be mentioned. The generation of the data involves rst
generatingv as before, followed by setting the centﬁ;lbf w to zero. To compensate for the
decreased control intensity so that the magnitude cén be roughly comparable to the full control
setting, we double the magnitudewf During the evaluation, the output control sequence is also
post-processed to be zeroxr2 [7; 3.

It is worth noting that in this setting, even when the control energy is not limited at all, it is still
challenging to nd a perfect control since the model has to learn how to indirectly impose control on
the central locations.

D.2.3 Partial Observation, Partial Control

The nal setting is the combination of the previous two settings. Oryf0 ; %] [ [%; 1]is observed,
controlled and evaluated.

It is worth noting that some models require accessing the current state to produce output. If the model
interacts with the ground truth solver instead of a surrogate model, then the result would be unfairly
good since the information of the unobserved states is leaked through the interaction.

D.3 Model

Since the training of models r , logp(w) and r u.wlogp(u;w) are essentially the same
and the latter model is exactly DiffPhyCon-lite, we will introduce DiffPhyCon-lite rst.

D.3.1 DiffPhyCon-lite

In general, DiffPhyCon-lite follows the formulation af§] which is also described in the main text.
The data oli andw is fed in as images of siz@\;; Nx) whereN, is the number of time steps (11
and 10 respectively) ardy is the spatial grids (128). Since the tihMgs foru andw are inconsistent,
we zero-pad them into the size 6. Then,u andw are stacked as two channels and fed into the 2D
DDPM model.

A 2D UNet is used to learn to predict It is structured into three main components: the
downsampling encoder, the central module, and the upsampling decoder. The downsampling encoder
is made up of four layers, each layer consisting of two ResNet blocks, one linear Attention block,
and one downsampling convolution block. The central module also consists of two ResNet blocks
and one linear Attention block. Each upsampling layer is the same as the downsampling layer except
the downsampling block is replaced by the upsampling convolution block.

In our experiments, we found that the control result is best when learning the conditional probability
distribution ofp(Wo.t 1j;Up;t 13 j Uo;UT). Insummary, takes in the current trajectony,
controlw, stepk, ug andut as input, and predicts the noisewoindw. Note that it is not trained to
predictug andut which are used as a condition, but there are still model outputs at the corresponding
locations for the data shape consistency across different design choices of DiffPhyCon-lite. The
hyperparameters in different settings are listed in Table 5.

D.3.2 DiffPhyCon

In terms of implementation, DiffPhyCon is simply addinglw) to  (u;w) during inference as
shown in Section 3.2, where is the output of the denoising network in DiffPhyCon-lite whileis

a new denoising network that is trained to genevat®llowing the dataset distribution. Therefore,
we only describe the model of here.

takes input ofv; k as in the standard DDPM ang); ut as guidance conditioning. The output
of (w)Hs of the same shape a&s, so it can be treated as a network learning to sample from
p(w) = p(u;w)du The output of (w) at the locations ofi is thus lled with zeros. The model
hyperparameters are also listed in Table 5.

D.4 Training and Evaluation

Training During training, theug anduy without noise are fed into the model and the model outputs
at the corresponding locations are excluded from the loss. In the partial observation settings, the
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Table 5:Hyperparameters of the UNet architecture and training for the results of 1D Burgers'

equation in Table 1

Full observation | Partial observation Partial observation

Hyperparameter name Partial Control Full Control Partial Control
UNet (w)
Initial dimension 32 32 32
Downsampling/Upsampling layers 4 4 4
Convolution kernel size 3 3 3
Dimension multiplier [1;2;4;8] [1;2;4;8] [1;2;4;8]
Resnet block groups 8 8 8
Attention hidden dimension 32 32 32
Attention heads 4 4 4
UNet (u;w)

Initial dimension 128 128 64
Downsampling/Upsampling layers 4 4 4
Convolution kernel size 3 3 3
Dimension multiplier [1;2;4] [1;2;4;8] [1;2;4;8]
Resnet block groups 8 8 8
Attention hidden dimension 32 32 32
Attention heads 4 4 4

Training
Training batch size 16 16 16
Optimizer Adam Adam Adam
Learning rate le-4 le-4 le-4
Training steps 190000 170000 190000
Learning rate scheduler cosine annealing cosine annealing | cosine annealing

Inference
Sampling iterations R 1000 1000 1000
Intensity of energy guidanck = gkw k2dxdt 0 0 0
Scheduler of energy guidande=  kwk?dxdt | cosine cosine cosine

unobserved data is invisible to the model during both training and testing as introduced in Appendix
D.2. We simply pad zero in the corresponding locations of the model input and also exclude these
locations in the training loss. Therefore, the model only learns the correlation between the observed
states and control sequences. In the partial control setting, we train our DiffPhyCon on the dataset
with control being zero ix 2 [%; %]. In this way, the model naturally learns to output zero at the
“non-controllable” locations.

We use the MSE loss to train the denoising UNets and other training hyperparameters are listed in
Table 5.

Inference During inferenceyy andut are set to the targety anduq so that the DDPM generates
samples satisfying the physical constraint that is also conditioned on the wagyer the constraint
(uop). In the partial observation setting, thg andut drawn from the testing set are all lled zero at
the unobserved locations2 [%; %], which is the same as the data used to train the UNets. In the
partial control scenarios,

During inference, we replace the denoising network's outp(i; w) with  (u; w)+( 1) (w).
It is worth noting that (u;w) denoisess andw simultaneously while (w) only denoisesv. In
our experiments, we found that adding a schedule to the output of tietwork is bene cial. The
results in Table 1 are generated with a reverse Sigmoid schedule following

1) k «

where is de ned as the noise schedule 9. The inference of DiffPhyCon-lite is simply setting
=1, which neglects the effect of the model(w).

k= (uk;wi;kjugur)+ ( (wg; k;up;ut); (22)

When trying to regulate the control energy, hoywever, it is not as natural to learn a conditional
model. Therefore, we use the external guidahce w(x;t)dxdt to produce cost-limited control
sequences that are shown in Figure 3. The gradient of the external guidance is computed and added
to k in Eg. (21). Note that we use the predicted clean samfpieand 0y at thek-th step to
computerd since they suffer less from beiqg noisy and leading to deviated guidap@ndw

are computed following, R¢ = pl—Txk 491% k Wherex representsl orw asin [L9). In
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our experiments, we use a cosine scheduling of the external guidance, and thus the nal predicted
noise would be + ¢rJ where  is the noise schedule in [19] with the cosine schedule.

Evaluation After generating the trajectony and control sequenag, we feed the control sequence

w into the ground-truth solver and simulate the nal statgiven the generated and the initial
conditionug directly drawn from the testing dataset. The solver is the same as the one used in data
generation in Appendix D.1. Finally, we compuitg.,afollowing Eq. (17). In the partial observation
setting, the MSE is computed only on the observed region, and in the control setting, the generated
control will rst be set to zero in the uncontrolled region before being fed into the solver.

E Jelly sh Movement Dataset

We use the Lily-Pad simulato6§] to generate the Jelly sh Movement dataset, which serves as

a benchmark for physical system control research and also the dataset for our 2D evaluation task.
Lily-Pad adopts the Immersed Boundary Method (IBM)j[to simulate uid-solid dynamics. The
resolution of the 2D ow eld is setto bel28 128 The ow eld is assumed to be boundless

in Lily-Pad. The head of the jelly sh is xed af25:6; 64). Its two wings are represented by two
identical ellipses, where the ratio between the shorter axis and the longer axis is 0.15. At each
moment, the two wings are symmetric about the central horizontaylmé4. For each wing, we
sampleM = 20 points along the wing to represent the boundary of the wing. The opening angle of
the wings is de ned as the angle between the longer axis of the upper wing and the horizontal line. It
acts as the control sequeneen a 2D jelly sh control experiment.

Each trajectory starts from the largest opening angle and follows a cosine curve periodically with
periodTO = 200. Trajectories differ in initial angle, angle amplitude, and phase rafibe ratio
between the closing duration and a whole pitching duration). For each trajectory, the initial angle
Wy is generated as follows: rst, sample a random angle, called mean angie2 [20 ;40 ], then
sample a random angle amplitugé® 2 [10 ; min(w(™):;60  w(™)]. The initialw, is set as

wo = w(M™ + w(@  The phase ratio is randomly sampled frorf©:2; 0:8]. The opening angle,

of stept decreases from (™ + w(®@ tow(™  w(@ ast grows from 0 to T ’; thenw, increases
fromw(™  w® tow(™ + w@ ast grows from T ° to T". Afterwardsw, varies periodically
fort>T °. The range ofv; is [w(™  w(@;w(M + w@®] [10 ;60 ]. For each trajectory, we
simulate for600simulation steps, i.e., 3 periods. To save space, we only save the piece of trajectory
from T° = 200 to 3T’ = 600 steps with step siz&0 because the simulation froh= 0 to T° =200

is for initialization of the ow eld. Then each trajectory is saved a3a& (600 20010 =40

steps long sequence. An example of the simulated uid eld and the corresponding curve of opening
angles are shown in Figure 12.

Besides the positions of the boundary points of wings and the opening angles also use another

kind of image-like representation of the boundaries of wings as this representation contains spatial
information that can be more effectively learned along with physical states (uid eld) by convolution
neural networks. For each trajectory, this image-like boundary representation is compatible with
physical states in shape. At each time step, boundaries of two wings are merged and then represented
as a tensor of shape [3, 64, 64], where it has three features for each grid cell: a binary mask indicating
whether the cell is inside a boundary (denoted by 1) or in the uid (denoted by 0), and a relative
position( X; Yy) between the cell center to the closest point on the boundary. For each trajectory,
we save system states, opening angles, boundary points, boundary masks and offsets, and force data.
They are speci ed as:

» system states: shap€[T; 3;64;64] For each step, we save the states of the uid eld
consisting of velocity irk andy directions and pressure. To save space, we downsample the
resolution froml28 128to64 64.

— velocity: [T; 2; 64; 64].
— pressure[T;1; 64; 64].
 opening anglew : shapgT]. For each step, we save the opening angle in radians.

« boundary points: shadd; 2; M; 2]. For each step, we save the boundary points on the
upper and lower wings. Each wing consistsMf= 20 points and each point consists
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Figure 12:Example of a apping jelly sh in Lily-Pad simulator (a) and the corresponding curve
of opening angle (b) The control signal is the opening anglesof the wings of a jelly sh.

of 2 coordinates. To make boundary points compatible with the downsampling of states,
coordinates ok andy directions are shrunk to hal64=128) of the original values.

» boundary mask and offsels [T; 3; 64; 64]. For each step, we save the mask of merged
wings with half coordinates of boundary points and offsets in adimdy directions. The
resolution is64 64, compatible with that of the states.

— mask:[T;1; 64; 64].
— offsets:[T; 2; 64; 64].
« force: shapdT;2]. For each step, the simulator outputs the horizontal and vertical force

from the uid to the jelly sh. The horizontal force is regarded as a thrust to jelly sh if
positive and a drag otherwise.

We generat@ = 30; 000training trajectories and = 200 testing trajectories. Trajectories differ in
the above speci ed parametess® ; w(™) and . Each trajectory occupies about 2MB of storage
and the total dataset costs about 100GB.

F Additional Details for 2D Jelly sh Movement Control

F.1 Dataset Preparation

Based on our generated dataset in Appendix E, we prepare training samples for the 2D jelly sh
movement control task as follows. We use sliding time windows that comtair?0 successive

time steps of states and boundaries as a sample, which correspdhod:s 90 original simulation

steps and constitutes exactly a period of wing movement. In this way, each trajectory can produce 20
samples. Therefore, we get 6 million training samples in total. In each training sample, the initial and
the nal time steps share the same opening angle due to periodicity, which serves as the conditions
for control. For each test trajectory, we select the opening angle of the jelly sh in the initial time and
the initial states as the control condition for both the initial and nal time and state initial condition.

F.2 Experimental Setting
F.2.1 Full Observation

In this setting, we assume all the states of the uid eld are observable. That is, both the veloxity of
andy directions and pressure are available in all the time steps of the training dataset and the initial
time of the testing dataset.

F.2.2 Partial Observation

In this setting, we assume only partial states are observed. A typical scenario in uid simulation and
control is that we can only observe pressure data while the velocity data is not easy to access. That s,
only pressure is available in all the time steps of the training samples and the initial time of the testing
samples, hence the state tensor is of shi@p&; 64; 64]. Notice that even if only pressure is available,

we can still compute the force of uid on the jelly sh and consequently the control objective because
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force is fully determined by the shape of the jelly sh and pressure. The challenge of this partial
observation setting is that the velocity variablies missing in Eqg. (18), which makes the traditional
numerical solver no longer applicable to solve this physical system control problem. However, this
challenge could be well addressed by our method since it could learn the relationship between control
and pressure despite missing of the velocity data, and use the accessible control objective as guidance
for apping control.

F.3 Model

F.3.1 Architecture

We use a 3D U-Net as the backbone of our diffusion model, in both DiffPhyCon-lite and DiffPhyCon
methods (detailed in the following subsection). In this paper, the architecture of the 3D U-Net we
employed is inspired by2[l]. To better capture temporal conditional dependencies, we modify the
previous space-only 3D convolution into space-time 3D convolut ion. Notably, we did not perform
any scaling on the temporal dimension during downsampling or upsampling. Speci cally, our U-Net
consists of three main modules: the downsampling encoder, the middle module, and the upsampling
decoder. The downsampling encoder is composed of three layers, each incorporating two residual
modules, one spatial attention module, one temporal attention module, and one downsampling module.
The middle module consists of two residual modules, one spatial attention module, and one temporal
attention module. Meanwhile, the upsampling decoder consists of four layers, each containing two
residual modules, one spatial attention module, one temporal attention module, and one upsampling
module. The input shape of our U-Net is [batch size, frames, channels, height, width]. During
convolution, the operation is performed on the [frames, height, width] dimensions. The output shape
follows the same structure. Further details are provided in Table 6.

Table 6:Hyperparameters of 3D-Unet architecture

Hyperparameter name Value
Kernel size of conv3d 3,3,3)
Padding of conv3d (1,1,2)
Stride of conv3d (1,1,2)

Kernel size of downsampling (1, 4, 4)
Padding of downsampling | (1, 2, 2)
Stride of downsampling 0,1,1)
Kernel size of upsampling | (1, 4, 4)

Padding of upsampling 1,2,2)
Stride of upsampling 0,1,1)
attention heads 4

F.3.2 DiffPhyCon-lite

The DiffPhyCon-lite method learns the denoising network of the joint distribygfonwjc) where

u is physical statesy is the opening angle, and the conditiansonsist of the initial anglavq, the

initial stateug and the nal anglevt = wo. We adopt the 3D U-Net as the backbone. To make the
opening angle (of shagdé]), align with physical states (of shapg; 3; 64; 64] in full observation
setting andT; 1; 64; 64] in partial observation setting) in shape, we expand the opening angle to
shap€[T; 1; 64; 64] along spatial dimension by value copy. Besides, we also adopt the boundary
mask and offsets representation, whose shafie & 64; 64], determined by the opening angles as

an auxiliary model input because they contain explicit spatial features, which makes model learning
more effective. Then states, boundary mask and offsets, and expanded opening angle are stacked
along the channel dimension and we get a tensor of sfiape64; 64]in full observation setting or

[T;5; 64; 64]in partial observation setting as the model input. The model output contains predicted
noise of states and open angles. Thus its shape; & 64; 64] in the full observation setting or

[T;2; 64;64]in the partial observation setting, where the last channel corresponds to the predicted
noise of opening angles and other channels correspond to predicted noise of states.
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Figure 13:Inference of our DiffPhyCon-lite and DiffPhyCon in the 2D experiment.

Table 7:Hyperparameters of network architecture and training for the 2D experiment.

Hyperparameter name full observation| partial observation
Batch size 16 16

Optimizer Adam Adam

Initial learning rate 0.001 0.001

Loss function MSE MSE

F.3.3 DiffPhyCon

DiffPhyCon learns the denoising network of the joint distributpgo; wjc) and the marginal distri-
butionp(wjc). The denoising network gi(u; wjc) is exactly the same as the one introduced in the
DiffPhyCon-lite method. The denoising networkpgfvjc) also adopts the 3D U-Net architecture.

Its input size is the same as thatpfiu; wjc) in both full and partial observation settings. The
difference is that the input states feature is replaced by the expansion of the initial stdtag the

time dimension by value copy. The output is the predicted noise of opening angles, whose shape is
[T;1; 64; 64], no matter the full observation setting or partial observation setting.

F.4 Training, Inference, and Evaluation

Training. We use the MSE (mean squared error) between model prediction and the Gaussian noise as
the loss function Eq. (4). The batch size is chosen as 16 and the training involves 200,000 iterations.
The learning rate starts froin 10 3 and multiplies a factor of 0.1 at the 50000th and 150000th
iterations. Training details are provided in Table 7. The training is performed on two NVIDIA Tesla
A100 GPUs with 80 GB memory for about 3 days.

Inference. The pipeline of inference is shown in Figure 13. Both diffused variabjgs; andwo.1;

are initialized from Gaussian prior and gradually denoised from denoisingcstef®00tok = 0

based on denoising networks and guidance. Because we introduce the boundary mask and offsets
as auxiliary inputs, the model input and output are not consistent in shape. Thus we introduce a
surrogate model (shown as "Boundary updater” block in Figure 13) to update boundary mask and
offsetshy.11 for each denoising. Speci cally, at each time step2 [0; T], by is estimated by the

initial boundary mask and offsels, and the difference of opening anglex ~ wg from time step

0tot, which is presented in the right part (after "Denoise under guidance") of Figure 13. Details
about this surrogate model are presented in J.3. Notice that although this surrogate model is trained
on noise-free data, we do not worry too much about its generalization to the noisywsgalar
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inference because the estimategk does not deviate from the normalized range of noisy Wee
too much.

Our method introduces two kinds of inference: DiffPhyCon-lite and DiffPhyCon. In DiffPhyCon-lite,
we only use the denoising network of the joint distributafo; wjug; wgo) for inference, while

in DiffPhyCon, we use the additional denoising network of the marginal distribptiatug; wo)
together with that of the joint distribution for inference. These two branches are plotted in the left
part of Figure 13, where the notatifuy] T means expand initial state) (of shapd3; 64; 64)

along time dimension by value copy to form a tensor of sHap8; 64; 64].

As for guidance, we use a surrogate force model to approximate the force of uid on jelly sh. This
model is detailed in Subsection J.2. In denoising &tgfs input consists of two parts: the rst one
is the noise-free statt)y.t1 estimated fromup.r1.« by Eg. (6); the second one is the noise-free

boundary mask and offselg. 1.« estimated from noise-frefo.71 by the surrogate model to update
boundaries, wherdo.7; is also estimated fromw o1 as in Eq. (6). The model output is force.
Here we only use the horizontal force. Notice that the force could be computed via the surrogate
force model no matter whether states are fully or partial observation in that force is irrelevant to
the velocity of the uid. The control objectivé in Eq. (19)is computed as a summation of force
andR(Wp.r7). We x = 1000 as a default setting in Eg. (19) because this value can achieve a
balance between scales of the average speed and the reguR{rmzerWe also study the Pareto
performance of varying in Table 3. Then the gradients of the objectiven terms oftp.1 and

Wio.T7 are computed and used in guidance. For DiffPhyCon-lite, these gradients are substracted from
[Upo:T 1k Wio:T k] to generatguo.t 1 1;Wpo.t1k 1]. For DiffPhyCon, an additional term of noise

( 1) predicted from the denoising network of the marginal distribupbmjug; wg) should

also be subtracted, as shown in the upper left part of Figure 13. The effect of this term is controlled
by the scale of the hyperparameteras studied in Appendix L. The inference is performed on one
NVIDIA Tesla-V100 GPU with 32 GB memory for about 3 hours for 50 testing samples.

Evaluation. The inference outputs opening ang¥eg.r of T = 20 steps for 50 testing samples. In
simulation, for each testing sample, the ground- truth Trst 20 steps of the opening angles (which
corresponds to 200 simulation steps) are directly input to the Lily-Pad simulator for the reason of
generating initial statesy of uid, which is followed by the predicted control sequences of opening
angles (interpolated to 200 steps of opening angles). The simulator outputs the horizontal force
of uid on the jelly sh for each simulation step. Finally, av&rage sp@/eenerg’)_g cosR(w), and

objectiveJ are computed as metrics. The average speuemﬁ 0 vtdt Vo + % tTll(T t)Fy
v, wherevy is the initial speed ané; is the horizontal thrus&,from the uid. The mass of the

jelly sh is assumed to be 1. The energy cost teRfw) = (Wt+1 w¢)?, where the
control sequence = (wq; ;wry) represents the predicted openlng angles. The periodic term
d(wo;wt) = max(jwt  Woj ; 0) is the constraint of periodic opening angles with a small
threshold = 0:01

G Additional Details for 2D Smoke Control

G.1 Dataset Preparation

We use the Phi ow solverd?2] to generate the incompressible uid with an indirect control dataset.
The resolution of the 2D ow eld is set to be 64 64. The ow eld is set to be boundless in

Phi ow. We placed obstacles and absorbing areas in the middle of the uid domain. In Figure 14, we
illustrate the locations of the exits, obstacles, and controllable areas. The speci ¢ positions of the
obstacles and absorbing areas are detailed in Table 8 & Table 9.

At the beginning of each trajectory, we set the horizontal velocity companesitthe entire ow

eld to zero and the vertical componewf to an upward velocity of 1.0. Additionally, we randomly
initialize a square smoke patch with dimensiond of 4 in the area below the horizontal obstacles,
speci cally within the coordinates (11:50, 11:14). In the trajectories we designed, the smoke is
required to make four turns. We randomly determine the positions where the smoke will turn, and
calculate the smoke's horizontal() and vertical {y) velocity components, assuming a constant
magnitude of velocity. By adjusting the parameters, we observed that when tdded at the
turning points is sampled from a Gaussian distributibfmvy ; m2vZ=16) andv, is sampled from
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Figure 14:2D smoke indirect control task There are seven exits in total and the top middle one is
the target exit (a). The control signals are only allowed to apply to peripheral regions (b). The control
objective is to minimize the proportion of smoke failing to pass through the target exit.

Table 8:0bstacle Positions Table 9:Absorb Area
Category |  Position Category| Absorb Area
Bottom | (8:56,8:9) Left (0:8, 11:21)
Y (0:8, 27:37)
(8:9,8:12)
Left (8:9,20:28) Right | (66:64, 11:21)
(8:9,36:56) 9 (56:64, 27:37)
(56:57,8:12) (11:21, 56:64)
Right (56:57,20:28) Up (27:37, 56:64)
(56:57,36:56) (43:53, 56:64)
(8:12,56:57)

(20:28,56:57)
(36:44,56:57)
(52:56,56:57)

(24:25,32:40)
(24:25,48:56)
Inside Obstacles (40:41,32:40)
(40:41,48:56)
(20:44, 20:21)

Up

a Gaussian distributioN (6vy;9v§=4), where ism sampled from a uniform distributiod (2; 7),

the success rate of the smoke navigating through is approximately 53.87% in the training set and
52.86% in the testing set, which meets our requirements. During the motion of the smoke, at turning
points, the velocity in the central region is set to the velocity from the previous moment, while
the velocity in the surrounding regions is assigned by randomly sampling from the distributions
N (Vern ; Viurn 2=100). At non-turning points, the velocity in the central region remains the velocity
from the previous moment, but the velocity in the surrounding areas is adjusted to the previous
velocity plus noise sampled frod (0; 0:01). This procedure ensures that each control parameter
varies at every moment and remains distinct from others at any given time. Such variability is
bene cial for the subsequent training and generation of control parameters.

We duplicated the density eld into two versions: the original density eld and the set-zero density
eld. The original density eld is used for model training and remains unaffected by the absorbing
areas. In contrast, the set-zero density eld is employed to calculate the amount of smoke passing
through each bucket. When set-zero density is present in the absorb areas, we sum up and record
this density. Once the recording is complete, we reset the set-zero density in the absorb areas to zero
to prevent the double-counting of emitted smoke. Ultimately, we document the quantity of smoke
emitted from each bucket at every moment.
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Our experimental data records the velocity and density of the entire ow eld at each moment, as
well as the velocity of the peripheral ow eld (control eld) after noise addition. We generated
40,000 training trajectories and 500 test trajectories, with each trajectory approximately 10 MB in
size. Given a total of 40,500 trajectories, the entire dataset is estimated to be around 400 GB in size.

G.2 Experimental Setting

In smoke control, we only consider the full observation and full control setting. Namely, all uid
features, including smoke density, horizontal and vertical velocities are observable; and all green
areas shown in Figure 14 are controllable.

G.3 Model
G.3.1 Architecture

Similar to 2D jelly sh control, we use a 3D U-Net as the backbone of our diffusion model, in both
DiffPhyCon-lite and DiffPhyCon methods (detailed in the following subsections). Details of the
architecture are same to Table 6.

G.3.2 DiffPhyCon-lite

Except for three uid features, we use the accumulated proportion of smoke passing through the
target exit as another feature. To make this feature (of sfigpealign with uid features (of shape
[T;3;64; 64) in shape, we expand it to shafie 1; 64; 64] along spatial dimension by value copy.

The horizontal and vertical control signals are represented by a tensor of[$hapeé4; 64], where
uncontrollable positions are lled with zeros. Then these four state features and control signals are
stacked along the channel dimension and we get a tensor of pheé4; 64] as the model input.

The model output contains predicted noise of the state features and control signals. Thus its shape is
also[T; 6; 64; 64].

G.3.3 DiffPhyCon

The denoising network gi(wjc) also adopts the 3D U-Net architecture. The input and output size is
[T;2;64;64]

G.4 Training, Inference, and Evaluation

Training. The batch size is chosen as 6. The number of iterations and learning rate schedule are
same to 2D jelly sh control. The training is performed on two NVIDIA Tesla A6000 GPUs with 48
GB memory for about 2 days.

Inference. The pipeline of inference is similar to 2D jelly sh control as shown in Figure 13. The
difference is that we do not involve any surrogate model in this task. In each sampling step, we use
the estimated proportion of smoke failing to exit through the target exit as guidance. The inference is
performed on one NVIDIA Tesla A6000 GPU with 48 GB memory for about 3 hours for 50 testing
samples.

Evaluation. The inference outputs the control foreg,.r; of T = 64 steps for 50 testing samples.

In simulation, for each testing sample, the initial state and the generated control signals are input to
the simulator. The simulator outputs the proportion of smoke failing to exit through the target exit for
the nal time step. Then the proportions are averaged over 50 test samples.

H 1D Burgers' Equation Control Baselines

H1 PID

Proportional Integral Derivative (PIDBB] control is a versatile and effective control method widely
used in various real-world control scenarios. It operates by utilizing the difference (error) between
the desired target and the current state of a system. PID control is often considered the go-to option
for many control problems due to its simplicity and usefulness. However, despite its popularity, PID
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Figure 15:The architecture of ANN-PID. To use MIMO PID controller to contrdl; to Uy, we
train a neural-network-based PID parameter planner to output MIMO PID parameters bdsed on
then use the PID controller to output the control sequénce

control does encounter certain challenges, such as parameter adaptation and limitations when applied
to Single Input Single Output (SISO) systems. In our speci ¢ context, the 1D Burgers' Equation
Control problem presents a Multiple Input Multiple Output (MIMO) control scenario, which makes

it infeasible to directly employ PID control to regulate the Burgers' equation. Inspired by the early
works [59, 12] using a neural network as a PID parameter adapter, we have integrated deep learning
with PID control to tackle the MIMO control problem. As shown in Figure 15, ANN(arti cial
neural network) PID uses a neural network as a PID parameter adapter to output multiple sets of PID
parameters and do multiple sets of SISO PID control.

The neural network to output PID parameters comprises two 1D convolutional layers, 2 fully con-
nected layers, and 4 corresponding activation layers. We udelthass of the current state and
target state as training loss and the Adam optimi28} fo train the model. Detailed information can

be found in Table 10.

Table 10:Hyperparameters of network architecture and training for ANN-PID .

Hyperparameter namge Full observation| Partial observation
Kernel size of convld| 3 3

Padding of convld 1 1

Stride of convld 1 1

Activation function Softsign Softsign

Batch size 16 16

Optimizer Adam Adam

Learning rate 0.0001 0.0001

Loss function MAE MAE

As PID itself is a SISO control method, ANN-PID uses a neural network to get multiple sets of PID

parameters to do multiple SISO PID controls for MIMO control in the Burgers' equation. But here,

ANN-PID requires the dimensions of inputs and outputs to be the same, so it can only cope with full
observation, full control control problems, and partial observation, partial control control problems.
Besides, the ANN-PID controller has 2 training setups, including directly interacting with the solver

and interacting with the 1D surrogate model in Appendix J.

H.2 SAC

The Soft Actor-Critic (SAC) algorithm1[g] is a cutting-edge reinforcement learning method. Con-
ceptualized as an improvement over traditional Actor-Critic methods, SAC distinguishes itself by
introducing an entropy regularization term into the loss function, which encourages the policy to
explore more ef ciently by maximizing both the expected cumulative reward and the entropy of the
policy itself.

Compared with Deep Deterministic Policy Gradient (DDPG) algoritB8) §6], SAC's entropy
regularization encourages more effective exploration and prevents early convergence to suboptimal
policies, a limitation often seen with DDPG's deterministic approach. Additionally, SAC's twin Q-
networks mitigate the overestimation bias that can affect DDPG's value updates, leading to more stable
learning. The automatic tuning of the temperature parameter in SAC further simpli es the delicate
balance between exploration and exploitation, reducing the need for meticulous hyperparameter
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Table 11:Hyperparameters of 1D SAC.The full observation partial control, partial observation full
control, and partial observation partial control settings share the same hyperparameters.

Hyperparameter name Value
Hyperparameters for 1D Burgers' equation control:

Discount factor for reward 0.5
Target smoothing coef cient 0.05
Learning rate of critic loss 0.0003
Learning rate of entropy loss 0.003
Learning rate of policy loss 0.003
Training batch size 8192
Number of episodes 1500
Number of model updates per simulator step 50
Value target updates per step 15

Size of replay buffer 1000000
Number of trajectories interacted with the environment per $tdp
Number of layers of critic networks 3
Number of hidden dimensions of critic networks 4096
Number of layers of the policy network 5
Number of hidden dimensions of the policy network 4096
Activation function ReLU
Clipping's range of policy network's standard deviation output e 2°; €?

adjustments. Consequently, these features render SAC generally more sample-ef cient and robust,
particularly in complex and continuous action spaces.

During training, experience for training is stored in a replay buffer and sampled randomly to update
the networks. All data in the training set are in the replay buffer at the beginning. For of ine SAC, the
replay buffer is unchanged, while online SAC alternates between collecting experience by interacting
with the environment and updating the networks with the replay buffer. And of ine SAC only uses
the surrogate model trained with the training set instead of the real environment to collect experience.
The policy network is updated to maximize the expected return, considering both the Q-value and
the entropy term. The critic networks are updated to minimize the distance between their Q-value
predictions and the target Q-values. SAC also employs a target critic network for the critic networks,
which are slowly updated with the weights of the main critic network to stabilize training. For the
inference, SAC uses the policy network to determine the action by selecting the action with the
highest probability.

In practice, to help the system approximate the target state accurately and quickly, we need to include
the distance between the states of every time step and the target state in the reward. So the reward
function of time step, stateu, target stateit and actionw; here is de ned as

z z

r(t UG yr;we) = jur  ugj®dx jwij2dx;

where is the space domain andis the weight of energy. We take the Adam optimiz29][to
train the networks and update the temperature parameter. The detailed values of hyperparameters are
provided in Table 11.

H.3 Supervised Learning

The paper24] proposes a supervised-learning-based control algorithm that takes a neural operator as

a surrogate model to solve control problems. It contains two stages. In the rst stage, we take a neural
operator to learn the physical constraint as Appendix J. The three CNNs respectively reconstruct
u, reconstructv and learn the transition fromy to u;+; . More details are in Appendix J. In the
second stage, these three neural networks are used as surrogate models to calculate the gradient of
the objective function with respect to the control input. We consider the comtes a learnable
parameter and update it with the gradient.
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To enhance the accuracy, we adopt the LBFGS optim&dr fvhich is more accurate while slower
than the Adam optimizer. We record the hyperparameters of the second stage in Table 12.

Table 12:Hyperparameters of the second stage of the 1D supervised learning method

Hyperparameter name Value
Hyperparameters for 1D Burgers' equation control: (full observation partial control)
Learning rate ofv updating 0.1
Number of epochs 300
Weight of objective function loss 500
Weight of reconstruction loss 0.03
Termination tolerance on rst order optimality of LBFGS optimizer 4 107
Termination tolerance on parameter changes LBFGS optimizer 4 107
Hyperparameter name Value
Hyperparameters for 1D Burgers' equation control: (partial observation partial/full control)
Learning rate ofv updating 0.1
Number of epochs 300
Weight of objective function loss 50000
Weight of reconstruction loss 3
Termination tolerance on rst order optimality of LBFGS optimizer 4 107
Termination tolerance on parameter changes LBFGS optimizer 4 107
H4 BC

The Behavior Cloning (BC) algorithm [49] is a fundamental imitation learning method. BC aims to
learn policies directly from expert demonstrations, leveraging supervised learning to map states to
actions. This approach bypasses the need for exploration typically required in reinforcement learning
by directly mimicking the behavior observed in the provided demonstrations. BC does not require
interaction with the environment during training, which simpli es the learning process and reduces
the computational resources needed.

In Behavior Cloning, the policy network is trained using supervised learning techniques, where
the objective is to minimize the difference between the predicted actions and the actions taken by
the expert in the training data. The loss function is typically the mean squared error between the
predicted and expert actions. The training data, consisting of state-action pairs, is collected from
expert demonstrations and stored in a dataset. In the inference, we evaluated the same objective
function as the SAC, which is the MSE between the nal state &fter 1 steps' control and the

target. For the partially observed or partially controlled settings, we concatenate zeros in the masked
dimensions to make the same dimension as the input of the policy network, but the zeros are not
considered during the calculation of the metrics. The detailed values of hyperparameters are provided
in Table 13.

Table 13:Hyperparameters of 1D BC.The full observation partial control, partial observation full
control, and partial observation partial control settings share the same hyperparameters.

Hyperparameter name Value
Hyperparameters for 1D Burgers' equation control:
Learning rate 1 10 7%
Training batch size 512
Number of episodes 5 10°
Size of replay buffer 2 10°
Number of layers of policy networks 2
Number of hidden dimensions of policy networks 1024
Activation function RelLU
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H.5 BPPO

The Behavior Proximal Policy Optimization (BPPO) algorithn3][is an advanced reinforcement
learning method that builds upon the strengths of Proximal Policy Optimization (PPQO) while incorpo-
rating elements from behavior cloning. BPPO is an of ine algorithm that monotonically improves
behavior policy in the manner of PPO. Owing to the inherent conservatism of PPO, BPPO restricts the
ratio of learned policy and behavior policy within a certain range, similar to the of ine RL methods
which make the learned policy close to the behavior policy. By leveraging the inherent conservatism
of online on-policy algorithms, BPPO addresses the overestimation issue commonly encountered in
of ine RL settings. The algorithm starts by estimating a behavior policy using behavior cloning and
then iteratively improves a target policy using the Proximal Policy Optimization (PPQO) objective with

a behavior constraint. Through this process of policy improvement, advantage estimation, and policy
update, BPPO aims to re ne the target policy while ensuring it remains close to the behavior policy.
By combining the strengths of online on-policy methods with tailored of ine RL techniques, BPPO
demonstrates promising results on the D4RL benchmark, outperforming state-of-the-art of ine RL
algorithms.

During the training, BPPO rst initializes the behavior policy and target policy . Then, it
estimates the behavior policy using behavior cloning to mimic the behavior demonstrated in

the of ine dataset. Next, the target policy is optimized by the PPO objective with a behavior
constraint, ensuring that the target policy remains close to the behavior policy. After that, it estimates
the advantage functioA  using the behavior policy to evaluate the quality of actions taken

by the target policy. Finally, updating the target policy by maximizing the PPO objective with that
estimated advantage function, and adjusting the policy parameters to improve performance. In the
implementation, a state value network and Q value network are pre-trained using the state, action,
and reward from the of ine dataset.

In practice, to help the system approximate the target state accurately and quickly, we need to include
the distance between the states of every time step and the target state in the reward. So the reward
function of time steq, stateuy, target stately and actiorw; here is de ned as

Z Z

r(t Ug;Ug; We) = jur  ugj®dx jwij2dx;

where is the space domain andis the weight of energy. We take the Adam optimiz29][to
train the networks and update the temperature parameter. The detailed values of hyperparameters are
provided in Table 14.

| 2D Jelly sh and Smoke Control Baselines

.1 MPCandSL

Model Predictive Control (MPC)H7] is a control strategy that solves an optimization problem
repeatedly to determine the optimal control inputs for a dynamic system. It operates over a nite
prediction horizon, optimizing a cost function and applying only the rst control action. In the

2D jelly sh movement control problem, MPC uses the control sequewcasd the uid states as
internal state variables. Without the need to train a control agent model, MPC relies on 2D surrogate
models mentioned in Appendix J to estimate future states based on the current state and control. We
use backpropagation to compute the gradient, update the control action sequences, and optimize the
control objectivel in Eq. (19). For every time step, we get the optimized sequences from this time
step forward in this way, and only the rst control sequence of the optimized control sequences is
applied. Compared with MPC, the Supervised learning (SL) metBgjcbhly optimizes the entire

control sequences and employs the entire sequences.

MPC is an optimization technique that aims to optimize the control of complex dynamic systems
by considering future predictions. This approach can optimize performance measures over a future
time horizon, handle systems with multiple variables and constraints, adapt to changes in the system
behavior, and offer good performance even in the presence of nonlinearity. Nevertheless, using
MPC comes with a high cost, both in terms of computational resources and time. Additionally,
adapting the optimization hyperparameters for MPC can be a challenging task. In our experiment,
both MPC and SL face dif culties when trying to generate smooth opening angle control curves, even
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Table 14:Hyperparameters of 1D BPPO.The full observation partial control, partial observation
full control, and partial observation partial control settings share the same hyperparameters.

Hyperparameter name Value
Hyperparameters for 1D Burgers' equation control:

State value network:

Learning rate of value network 1 104
Steps of value network 2 10°
Number of layers of value network 3

Batch size of value network 512
Number of hidden dimensions of value network | 512

Q value network:

Learning rate of Q network 1 104
Steps of Q network 2 10°
Number of layers of Q network 2

Batch size of Q network 512
Number of hidden dimensions of Q network 1024
Target Q network updates per step 2

Soft update factor 0.005
Discount factor for reward 0.99
Behavior cloning:

Learning rate of BC 1 104
Training batch size of BC 512
Number of episodes of BC 5 10°
BPPO:

Number of episodes of BPPO 1 16
Number of layers of policy networks 2
Number of hidden dimensions of policy networks 1024
Learning rate of BPPO 1 105
Training batch size of BPPO 512

Clip ratio of BPPO 0.25
Weight decay factor 0.96
Weight of advantage function 0.9

Size of replay buffer 2 10°
Activation function RelLU

when constraint® (W) are included in the optimization objectide. In the case of multi-objective
optimization problems, it becomes even more challenging for them to simultaneously achieve both
the higher speed (bigge) and the control curves smoothness (smaiéfy)).

.2 SAC

For the 2D case, the algorithm and basic architecture of SAC are the same as the 1D case in Appendix
H.2. When designing the reward function for the 2D jelly sh movement control, we nd the periodic
condition of the opening angle curves is hard to constrain. So to satisfy the periodic condition
better, we include the distance betwaenof every time step andwg. Also, we both consider the
squared and absolute error(@f; wg) since they respectively constrain the periodic condition
when(w; woy) is large and small. As a result, the reward function of time stéprce F¢, opening
angle(w; 1;w¢) and condition anglev, is de ned as

rwe wewe)=(T 1) Feoo oa(we wy 1) 2((we  Wo)? + jwy  wj);

where 1, » are weights of different terms. As for the 2D incompressible uid control, we set the
reward function as the percentage of smoke passing through the target bucket.

We take the Adam optimizeBp)] to update the weights of networks and the temperature parameter as
in the 1D experiment. The hyperparameters are reported in Table 15. In particular, we take the best
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checkpoint to evaluate the nal performance, thus the actual number of training episodes for each
setting ranges from about 100 to about 300.

Table 15:Hyperparameters of 2D SAC.The full observation and partial observation settings share
the same hyperparameters.

.3 BC

Hyperparameter name Value
Hyperparameters for 2D Jelly sh movement control:

Weight of the constraint of periodic condition 0.001
Discount factor for reward 0.5
Target smoothing coef cient 0.05
Learning rate of critic loss 0.0003
Learning rate of entropy loss 0.0003
Learning rate of policy loss 0.0003
Training batch size 2048
Number of episodes 350
Number of model updates per simulator step 20

Value target updates per step 15

Size of replay buffer 11400001
Number of trajectories interacted with the environment per stép
Activation function ELU
Clipping's range of policy network's standard deviation output e °;e 2

For the 2D task, the algorithm and basic architecture of BC are the same as the 1D case in Appendix
H.4. In Behavior Cloning, the policy network is trained using supervised learning techniques, where
the objective is to minimize the difference between the predicted actions and the actions taken by
the non-expert in the training data. The loss function is typically the mean squared error between
the predicted actions and actions in training data. The training data, consisting of state-action
pairs, is collected from non-expert random demonstrations and stored in a dataset. In the inference,
we evaluated the same objective function as the SAC. The detailed values of hyperparameters are
provided in Table 16.

Table 16:Hyperparameters of 2D BC.The full observation and partial observation settings share
the same hyperparameters.

Hyperparameter name Value
Hyperparameters for 2D control:

Learning rate 1 10 7%
Training batch size 512
Number of episodes 5 10°
Size of replay buffer 2 10°
Activation function ELU
Clipping's range of policy network's standard deviation output 5; 2]

.4 BPPO

For the 2D task, the algorithm and basic architecture of BPPO are the same as the 1D case in
Appendix H.5. In jelly sh movement control, when designing the reward function, we nd the
periodic condition of the opening angle curves is hard to constrain. So to satisfy the periodic
condition better, we include the distance betwegrof every time stepp andwg. Also, we both
consider the squared and absolute errdwaf W) since they respectively constrain the periodic
condition whenw; Wwy) is large and small. As a result, the reward function of time stéqrce
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F¢, opening angléw; 1;w;) and condition anglev is de ned as
rbwe 3wwo)=(T 1) Feo a(we we 1)® 2((We Wo)?+ jwy Woj);
where 1, » are weights of different terms. The hyperparameters are reported in Table 17.

Table 17:Hyperparameters of 2D BPPO.The full observation and partial observation settings share
the same hyperparameters.

Hyperparameter name Value
Hyperparameters for 2D control:

State value network:

Learning rate of value network 1 104
Steps of value network 2 10°
Number of layers of value network | 3

Batch size of value network 512

Q value network:

Learning rate of Q network 1 104
Steps of Q network 2 10°
Number of layers of Q network 3

Batch size of Q network 512
Target Q network updates per step| 2

Soft update factor 0.005
Discount factor for reward 0.99
Behavior cloning:

Learning rate of BC 1 104
Training batch size of BC 512
Number of episodes of BC 5 10°
BPPO:

Number of episodes of BPPO 1 1%
Number of layers of policy networks 3
Learning rate of BPPO 1 10°
Training batch size of BPPO 512

Clip ratio of BPPO 0.25
Weight decay factor 0.96
Weight of advantage function 0.9

Size of replay buffer 2 10°
Activation function ELU

J Surrogate Models

J.1 1D Surrogate Model

For the control problem of 1D Burgers' equation, our 1D surrogate model is based on the previous
paper P4], which uses 2 autoencoders to model dynamics in the latent space. The neural simulator
architecture and training details are shown in Table 18.

J.2 2D Jelly sh Force Models

Dataset.In 2D jelly sh movement control experiments, we train a force surrogate to approximate the
computation of the average speed of the jelly sh for the guidance of inference, which is implemented
by a neural network and is thus differentiable. The training data consists of pressure, boundary, and
force data in the training trajectories. Each training trajectory amoutstd0 training samples.
Therefore, we have 1.2 million training samples and 4 thousand testing samples in total.

Model. The model's input contains pressure, boundary mask, and offsets with 4hapé 64
at a certain time step, and the output is the corresponding forceardy directions. The model

41



Table 18:Hyperparameters of 1D surrogate model

Full observation,| Partial observation| Partial observation,
Hyperparameter name partial control full control partial control
Autoencoder of state
Convolution kernel sizg 5 5 5
Convolution padding | 2 2 2
Activation function ELU ELU ELU
Latent vector size 256 128 128
Autoencoder of force
Convolution kernel sizg 5 5 5
Convolution padding | 2 2 2
Activation function ELU ELU ELU
Latent vector size 256 256 256
Training
Training batch size 5100 5100 5100
Optimizer Adam Adam Adam
Learning rate le-3 le-3 le-3
Training epochs 500 500 500
Learning rate scheduler cosine annealing cosine annealing | cosine annealing

architecture is the down-sampling part of a U-N&fj|[that embeds the input features into a 512-
dimensional hidden representation; then we use a linear function with output dimension two to output
forces.

Training. We use MSE (mean squared error) loss between the ground truth and predicted forces to
train the force surrogate model. The optimizer is Ad&9|.[ The batch size is 64. The model is
trained for 10 epochs. The learning rate starts filom10 4 and multiplies a factor of 0.1 every
three epochs. After training, the relativetest error is 0.4%.

J.3 2D Jelly sh Boundary Mask and Offsets Updater

Dataset.In 2D jelly sh movement control experiments, we train a boundary mask and offsets updater
surrogate to approximate the transition of boundary mask and offsets from tim@tstepThus each

training trajectory amounts {0 1 = 39 training samples.

Model. The input is the boundary mask and offsets at time 6tefih shape3 64 64, and the
difference of the opening angle frofnto t. The output is the boundary mask and offsets at time
stept with shape3 64 64. The model architecture is the U-N&H with additional scalar input,
similar to the denoising network in DDPM ], where the input scalar diffusion step is replaced by
the angle difference in our model.

Training. We use MSE (mean squared error) loss between the ground truth and predicted boundary
mask and offsets to train this surrogate model. Hyperparameters of training are the same as those of
the force surrogate model.

J.4 2D Jelly sh Simulator

Dataset. In 2D jelly sh movement control experiments, we need to train a surrogate model as a
solver of the physical dynamics for the baseline methods like SAC (online) and MPC, because of
their iterative nature. Conversely, our diffusion methtés nomneed this surrogate model. This
model approximates the transition of states under the boundary condition from timestepl.

Thus each training trajectory amountsTto 1 = 39 training samples. We train two versions of this
model for full/partial observation settings.

Model. This surrogate model is also implemented by the U-NBL [The model input is the states,
boundary mask, and offsets at timwvith shape6 64 64 for the full observation setting and
4 64 64for the partial observation setting. The output is the predicted states at tintetsiep

with shape3 64 64 for the full observation setting arid 64 64 for the partial observation
setting.
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Table 19:More results of 1D Burgers's equation control. Italic font denotes unfair results, bold
font denotes the best model among fairly evaluated baselines, and underline denotes the second best
model among them.

J# J# J#
SAC (online) | 0.01567 0.034093 0.02768

DiffPhyCon-lite | 0.01139 0.00037 | 0.00494
DiffPhyCon 0.01103  0.00037| 0.00494

‘ PO-FC | FO-PC ‘ PO-PC

Figure 16:J and state MSEE of different samples in different settings.

Training. We use MSE loss between the ground truth and predicted states to train this surrogate
model. Hyperparameters of training are the same as those of the force surrogate model.

K Additional Results of Experiments

K.1 DiffPhyCon for 1D Burgers' Equation

Since online RL methods are effective in a wide domain of control tasks, we tested the performance of
the classical RL method, SAC (online), as shown in Table 19. The online SAC belongs to a different
setting than the of ine training setting considered in our work. Even with access to more information
from the environment, online SAC is less competitive to our DiffPhyCon in Burgers' control task.

As DiffPhyCon can jointly generate the trajectaryand control sequence, we demonstrate the
MSE of the diffused trajectory from the trajectory computed by the ground-truth soWgbund truth
given the diffused control sequenae This should be differentiated froth reported in Table 1
which is the MSE of the trajectory computed by the ground-truth solver givérom the target
trajectoryu . The former MSE is denoted &= ku  Uground trutiK in Figure 16.

It can be observed from Figure 16 that there is a clear correlation beteenE. This is because,

the higher the prediction error is, the less accurate the solution to the inverse control problem would be.
The correlation proves that our DiffPhyCon learns the dynamics of the system (i.e., the dependency
of u onw), based on which the control sequence is generated. In partial observation settings,
the randomness is larger than in the full observation setting, which demonstrates the challenge
of controlling partially observed systems. The reference line derdotes E where the control
objective completely depends on the prediction accuracy. In Figure 16 (b), samples cluster tightly
around the line, which implies DiffPhyCon can nd near-optimal control sequence based on the
predicted trajectory in the corresponding level of prediction accuracy. This ability is remarkable in
that DiffPhyCon does not rely on explicit gradient descent like those in the adjoint method and SL.

K.2 2D Jelly sh Movement

In this subsection, we record extensive results of 2D jelly sh movement control. To further compare
baselines with DiffPhyCon in more settings, we changeJ and results of =500, = 1000 and
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Table 20:Full observation setting of 2D jelly sh movement control. Bold font denotes the best
model, and underline denotes the second best model.

= 500 = 1000 =2000
V' ORW)#  J# vt ORW)#  J# vt ORW)#  J#

MPC 3821  0.1743 21249 2572 00112 109.17 44.24  0.0755 31.29
SsL 90.09 02570 166.89 -76.94 0.1286 20557 -62.96 0.0648  127.8
SAC (pseudo-online) -134.13  0.0204 154.49 -166.96 0.0069 178.14 -309.18 0.0040 313.19
SAC (of ine) -159.83 0.0119 171.73 -158.66 0.0069 165.58 -278.52 0.0051 283.58
BC 15.61  0.0589 43.33| 3048 0.0629 32.44| 335  0.0677 34.23
BPPO 88.64 00776 -11.07 107.67 0.0867 -20.93| -20.12 0.0621 82.27
DiffPhyCon-lite 15157 0.0939 -57.69| 95.04 0.0746 -20.47 150.53 0.0923 -58.23
DiffPhyCon 310.02 0.2344 -75.64 | 279.87 0.2058 -74.11| 27056 0.1755 -95.08

Table 21:Partial observation setting of 2D jelly sh movement control. Bold font denotes the best
model, and underline denotes the second best model.

= 500 = 1000 =2000

vt ORW)#  J# v' o ORW)#  J# vt ORW)#  J#
MPC -179.85 0.2534  433.3) -150.51 0.1791 329.59 -116.75 0.1397 256.46
sL 4404 02895 24543 -102.98 0.1188 221.79 -152.45 0.0661 218.53
SAC (pseudo-online) 21.87  0.0798  57.96| -153.09 0.0057 158.82 -206.43 0.0048  211.2
SAC (of ine) -149.32  0.0156 164.93 -206.21 0.0058 211.96 -258.96 0.0029  261.87
BC 3549 0057 2148 20.08 0.0556 3548 35.14 0.0594 24.27
BPPO 104.28 0.0746 -29.67| 54.83 0.0518 -3.02 | 16.97 0.0598  42.83
DiffPhyCon-lite 035 00782 7856| 2.92  0.0779 74.97| -10.89 0.0760  86.93
DiffPhyCon 17327 0.1636 -9.66 | 150.21 0.1269 -23.32 | 101.25 0.1025 1.21

= 2000 are listed in Table 20 and Table 21. The results show that DiffPhyCon outperforms other
baselines in diverse settings with different objectives.

Table 22:Results of myopic failure modes of SAC on 2D jelly sh movement contral

0 Average speedvj R(w) objectiveJ periodicity error
SAC (weight=100) 59.82 0.0263 -33.48 0.35187
SAC (weight=1000) -166.96 0.0112 178.14 0.02299
DiffPhyCon 279.87 0.2058 -74.11 0.01157

K.3 Myopic failure modes of SAC

To further con rm the advantage of diffusion models over the baseline SAC in alleviating the myopic
failure modes, we perform additional 2D experiments. Speci cally, when solving the jelly sh
movement problem using SAC, we incorporated a constraint to achieve periodic motion of the
jelly sh in the reward function, namely, we added a hyperparameter as the weight of the term
d(wr ; wp) in Eqg. (19). The challenge caused by the periodicity condition is that the average speed
andR(w) are calculated over the whole horizon while the periodicity condition is only evaluated
at the nal time step of the horizon. Thus, when the control objective consists of all three terms,
it requires global optimization over the whole horizon to balance different terms. In Table 22, we
present the original results (weight=1000, corresponding to Table 3) and the results after reducing the
weighting of this term (weight=100). It can be observed that while the speed of the jelly sh increases
(though still not reaching the results of DiffPhyCon), fRéwn) and constraint term for periodicity
sharply rise. From these results and the additional results in Table 20 and Table 21 where we test the
performance of SAC under different weightef R(w), we conclude that SAC struggles to provide
satisfactory policies that simultaneously satisfy multiple con icting constraints with different time
coverage, resulting in a myopic failure model. The reason may be that it is dif cult to estimate the
effect of each term in the control objective in each time step in the iterative planning faghion [
which this issue could be well addressed by our diffusion models with an inherent nature of global
optimization.
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Table 23:Ef ciency comparison on 1D Burgers' equation. Inference time is tested on a Tesla-V100
GPU with 8 CPUs.

Methods Training time (hours) Inference time (seconds)
DiffPhyCon-lite 1.7 (1 A100-80G GPU, 8 CPUs) 21.13

DiffPhyCon 4.4 (1 A100-80G GPU, 8 CPUs) 58.97
DiffPhyCon-DDIM (8 sampling steps) 1.7 (1 A100-80G GPU, 8 CPUs) 0.53

PID 0.1 (1 A100-80G GPU, 8 CPUs) 3.61

SL 2.6 (1 V100-32G GPU, 12 CPUs) 74.85

SAC 10.5 (1 A6000-48G GPU, 16 CPUs) 0.11

BC 8.8 (1 V100-32G GPU, 12 CPUs) 1.22

BPPO 8.9 (1 V100-32G GPU, 12 CPUs) 0.82

Table 24:Ef ciency comparison on 2D jelly sh movement. Inference time is tested on a Tesla-
V100 GPU with 8 CPUs.

Methods Training time (hours) Inference time (seconds)
DiffPhyCon 62 (2 A100-80G GPUs, 32 CPUs)  252.2
DiffPhyCon-DDIM (8 sampling steps) 62 (2 A100-80G GPUs, 32 CPUs) 12.6

MPC 52.1 (1 A100-80G GPU, 16 CPUs) 1401.7

SL 52.1 (1 A100-80G GPU, 16 CPUs) 133.5

SAC 9.5 (1 A100-80G, 16 CPUs) 0.2

BC 2.8 (1 A100-80G, 16 CPUs) 0.99

BPPO 3.0 (1 A100-80G GPU, 16 CPUSs) 1.08

K.4 Ef ciency Comparison

We test the training and inference (control) ef ciency of DiffPhyCon and baselines on both 1D
Burgers' equation and 2D jelly sh movement tasks. On the 1D Burgers' equation task, we test the
ef ciency of partial observation and full control (PO-FC); on the 2D jelly sh movement task, we test
the ef ciency of full observation (FO).

The results are presented in Table 23 and Table 24. For training ef ciency, since models with different
sizes are trained on different machines, we report the training time of models along with the machine
information. The inference ef ciency is tested on a single Tesla-V100 GPU with 8 CPUs and the
average inference times over all test samples are reported. For training ef ciency, we have the
following observations. On 1D Burgers' equation, our DiffPhyCon is comparable with SL and
more ef cient than reinforcement learning (RL) methods like SAC, BC, and BPPO. On 2D jelly sh
movement, our DiffPhyCon costs similar training time compared with MPC and SAC, but more
time than RL methods. For inference ef ciency, these results reveal that although DiffPhyCon is not
as ef cient as RL methods, it has competitive ef ciency compared to SL and MPC. In particular,
by using the fast sampling method DDIM(], DiffPhyCon could be accelerated signi cantly by
reducing the number of sampling steps.

L Effect of Hyperparameters

L.1 Effect of

1D Burgers' Equation control. In the 1D Burgers control task, the prior reweighting is intrinsically
unnecessary. The evaluated control target follows the same distribution as the training set, and the
samples in the training set are de ned to be the optimal control. Therefore, the generated control
sequences following(wjug; ut) are already the (near) optimal distribution which alleviates the need

for prior reweighting.

We tested different scheduling of the prior reweightingnd found their performance similar. Finally,

we use the same cosine schedule as that in the DDPM noise for clarity. Our experiment results also
revealed that the performance of DiffPhyCon in 1D Burgers equation control is insensitive to the
prior reweighting intensity as we reported in Table 1. Besides, we conducted a more comprehensive
experiment on the prior reweighting intensityin all three settings (FO-PC; PO-FC; PO-PC) as
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Table 25:Results of different in DiffPhyCon on FO-PC 1D Burgers equation control task.
| 0.0 | 0.3 | 0.5 | 0.7 | 1.0

0.00038| 0.00037| 0.00037| 0.00037| 0.00037
0.00063| 0.00043| 0.00034| 0.00028| 0.00025

J actual

State MSE

Table 26:Results of different in DiffPhyCon on PO-FC 1D Burgers equation control task.
| 0.0 | 0.3 | 0.5 | 0.7 | 1.0

J actual 0.01159| 0.01155| 0.01152| 0.01148| 0.01139
State MSE| 0.02643| 0.02642| 0.02642| 0.02641| 0.02639

in Table 25, 26, and 27. The results show that prior reweighting does not signi cantly impact the
performance of DiffPhyCon in 1D Burgers control task, where State MSE denotes the deviation
between generatadand the ground truthg; given by the numerical simulator based on generated

2D jelly sh movement control. Performance of DiffPhyCon is determined by the hyperparameter

Since diffusion models denoise gradually, we use a varying sequence df ,gk_, to subtract

prior in DiffPhyCon. Speci cally, the schedule ofis setasy =1 K k;k=1; K,

where is a xed coef cient to control the scale of and = f kg{fzo is the schedule of variances

of noise in DDPM [L9]. In our implementation, we use the sigmoid schedule §25]. The total

number of inference stepsks = 1000. Thus we only need to tuneto examine the effect of.

When < 0, DiffPhyCon is prone to restriat within its prior distribution of training dataset in

inference. When > 0, DiffPhyCon is more likely to generate new kindswfbeyond training ones.

When =0, DiffPhyCon degenerates to DiffPhyCon-lite. In 2D experiments, We set defauli :3

and the corresponding = 0:7 as we empirically nd this value performs well and steadily. We

present the performance of DiffPhyCon on the 2D jelly sh movement control task under different
in Figure 17 and Table 28. We can observe that the performance increases along with decreasing

of 1. When ; < 0:6, invalid generated control sequences emerge because the prior is largely

overlooked. Thus the valid interval forof prior reweighting on this task [©:6; 1:0]. It is interesting

to nd that when ; > 1, the performance decreases. This may be caused by the strict constraint of

the prior distribution ofp(w; c), which results in generating control sequences similar to those from

training datasets and thus not good.

L.2 Effect of

1D Burgers' Equation control. In 1D Burgers control, DiffPhyCon uses guidance conditioning since

it empirically performs better than explicit guidance as shown in Table 29. Therefore, our model does
not use to generate the optimal control. However, when we consider the energy cost as in Figure 3,
we use explicit guidance to control the magnitude of control signals as it is a more natural way to
incorporate the objectived energyinto the overall diffusion objectivE( )(u; W;C) + JenergyWhere

the conditioncis ur = ug.

The guidance intensity uses a cosine schedtBphere = ¢ «; k=1;2;::;;K where  starts

from ; =0:001to g =1. The schedule decreases as the diffusion step decreases during inference,
where the gradually decreasing guidance intensity provides strong guides in the initial stage while
reducing the impact on the near-clean samples.

Table 27:Results of different in DiffPhyCon on PO-PC 1D Burgers equation control task.
| 0.0 | 0.3 | 0.5 | 0.7 | 1.0

J actual 0.00493| 0.00493| 0.00493| 0.00493| 0.00494
State MSE| 0.00675| 0.00667| 0.00665| 0.00664 | 0.00663
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Table 28:Results of different in DiffPhyCon on 2D jelly sh movement control task.

1| | Average speedvf R(w)  objectivel
06| 04 410.6 0.2581 -152.51
0.7] 0.3 279.87 0.2058 -74.11
0.8] 0.2 197.18 0.1312 -65.99
09 0.1 76.97 0.0741 -2.84
10| O 95.04 0.0746 -20.47
11| -01 81.41 0.0742 -7.21
1.2 | -0.2 84.56 0.0736 -10.93
13| -0.3 65.12 0.0725 7.38
14| -04 65.02 0.0734 8.43
15| -05 64.07 0.0752 11.1

Figure 17:Results of different in DiffPhyCon on 2D jelly sh movement control task.

In such a setting, varying changes how the generated samples are shifted towards éoweyy
regions, but an excessively largecauses the sample to deviate from the physically feasible region.
Results in Table 30, 31, and 32 show that the behavior of DiffPhyCon under diffeiemixpected.
Note that “physically feasible” samples here are samples with |0w&ka

Table 29:Results of two different guidance type of DiffPhyCon in 1D Burgers equation control
task.

Guidance Type | FO-PC | PO-FC | PO-PC

Explicit Guidance 0.02789| 0.03257| 0.05584
Conditioning Guidance 0.00037| 0.01139| 0.00494

2D jelly sh movement control. In our jelly sh movement control task, we use explicit guidance
with  involved. Since diffusion models denoise gradually, similar to the hyperparameter use a
varying sequence of = = ¢ , where g is the schedule of variances of noise in DDPM [2]
increasing monotonically from; = 0:0003to = 1. The motivation of this schedule is that the
con dence of gradient estimation becomes stronger along with the denoising procedsfrdtnto
k = 1. The results are shown in the Table 33. We can observe that @ehich determines the
schedule) increases from 0 to 0.6, the performance of DiffPhyCon improves consistently. Compared
to Table 3, DiffPhyCon always outperforms baselines for a wide ran@elof o 0:5. When

o 0:6, the results are no longer valid since the generated control sequences may be unfeasible.
This re ects that should not be overly large to make it safe, which is a consistent conclusion with
our previous analysis.
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Table 30:Results of different  for J energy Of DiffPhyCon in FO-PC 1D Burgers equation control
task.

e | 10 | 100 | 500 | 1000 | 10000 | 100000 | 1000000
J actal 0.00037 | 0.00037 | 0.00037 | 0.00036 | 0.00037 | 0.00147 | 0.02202 | 0.06444
State MSE| 0.00025 | 0.00025 | 0.00024 | 0.00024 | 0.00024 | 0.00083 | 0.00802 | 0.01838
Jenegy | 1320.98206| 1309.31104) 1237.06958) 1061.67761| 946.07617| 584.32098| 225.50281| 38.25005

Table 31:Results of different  for J energy Of DiffPhyCon in PO-FC 1D Burgers equation control
task.

|0 | 10 | 100 | 500 | 1000 | 10000 | 100000 | 1000000
J actual 001139 | 001152 | 0.01252 | 0.01906 | 0.02100 | 0.04411 | 0.08472 | 0.11934
State MSE| 0.02639 | 0.02641 | 0.02661 | 0.02919 | 0.02990 | 0.03857 | 0.05472 | 0.06471
Jenery | 862.98633| 860.05164| 839.11932| 770.45819| 704.68665| 311.21915| 69.87619| 8.93373

M Extensions to Finer-grained Jelly sh Movement Control Task

To test the scalability of DiffConPDE in handling high-dimensional and complex dynamic systems,
we extend the jelly sh movement control experiment from rigid boundaries of wings to soft ones.

M.1 Experimental Setting

Similar to previous setups in Appendix F, this extension aims to control the movement of a apping
jelly sh with two wings in a 2D uid eld where uid ows with constant initial speed. However, in

this task, we parametrize the jelly sh's boundary as the coordinate change (y) for each cell

within the boundary, which serves as the control sequendgndoubtedly, this is a high-dimensional

and complex control task. Firstly, the control sequencis elevated to three dimensions. In addition

to ensuring optimization towards the control objective, maintaining consistency in the movement of
different cells within the jelly sh boundary is also crucial. Bearing this in mind, we have chosen to
employ DiffConPDE-lite for this experimental setup to minimize potential disruptions to the jelly sh
boundary. Regarding the PDE state, the experiment adopts the full observation setup. All other
settings remain the same with Appendix F.

M.2 Data Generation

In this extension, we leverage data previously generated under the vanilla setting. Additionally, we
utilize opening angles , The coordinates of the rotation cenkerand the boundary mask to generate

the required control sequenae We representv as a tensor of shag®; 2; 64; 64] Each cell has

two features representing the changes in the two coordinates. For each trajeawogenerated

as follows: Firstly, for the initialvg and nal w+, we set all elements in the tensoroThen, for
eachwp.r 1) corresponding to the cells within the boundary, we rst obtain the relative coordinates
¢ = (x;y) of the cell with respect to the rotation center using the boundary mask and the coordinates
of the rotation centen. Afterwards, we construct the rotation mathik () at different time steps
using the opening anglep.r -

cos( ) sin( )

M D= sin( ) cos( 1)

The coordinate changg; can be obtained using the following formula:
w; = cM; C

Table 32:Results of different  for J gnergy Of DiffPhyCon in PO-PC 1D Burgers equation control
task.

|0 | 10 | 100 | 500 | 1000 | 10000 | 100000 | 1000000
Jactual 0.00494 | 0.00500 | 0.00549 | 0.00794 | 0.01426 | 0.02411 | 0.03979 | 0.08153
State MSE| 0.00663 | 0.00676 | 0.00768 | 0.01048 | 0.01525 | 0.02766 | 0.03635 | 0.05459
Jenegy | 1314.90698| 1297.32849| 1192.89026| 945.77179| 793.28442| 331.45758| 108.39325| 16.13734
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Table 33:Results of different on 2D jelly sh movement control.
o | Average speed/j R(w) objective]

0.6 - - -

0.5 362.82 0.192 -170.79
0.4 322.04 0.182 -140.04
0.3 279.87 0.206 -74.11
0.2 192.77 0.114 -78.57
0.1 103.89 0.091 -12.32
0 -86.69 0.042 128.67

Additionally, for cells that are not within the boundary, the corresponding 1; is also directly set
to (0; 0). Therefore, all the data involved in this experiment are as follows:

» Coordinate change of celg: shapdT;2; 64; 64]. For each step, we save the coordinate
change of each cell within the boundary.

» PDE statesu: shape[T;3;64;64]. For each step, we save the states of the uid eld
consisting of velocity irk andy directions and pressure. To save space, we downsample the
resolution froml28 128to64 64.

— velocity: [T'; 2; 64; 64].
— pressure[T;1; 64; 64].
» opening angels : shapgT]. For each step, we save the opening angle in radians.

» boundary mask and offsels [T; 3; 64; 64]. For each step, we save the mask of merged
wings with half coordinates of boundary points and offsets in Bo#éimdy directions. The
resolution is64 64, compatible with that of the states.

— mask:[T;1; 64; 64].
— offsets:[T; 2; 64; 64].

« force: shapdT;2]. For each step, the simulator outputs the horizontal and vertical force
from the uid to the jelly sh. The horizontal force is regarded as a thrust to jelly sh if
positive and a drag otherwise.

M.3 Model

Similar to the vanilla setting, this experiment also employs U-net as the backbone for the diffusion
model. The U-net architecture remains consistent. The input of the U-net includes PDE state
u([T;3; 64; 64]), control sequence ([T; 2; 64; 64]), initial boundary mask and offséftl; 3; 64; 64]).

It is worth noting that to align the initial mask and offset with others in terms of shape, we expand
them along the time dimension, resulting in the nal shapeld ¢8; 64; 64]. Therefore, the shape

of the input to the model ifT; 8; 64; 64], and the output of the model includes both noise of the
predicted state and the control sequence, with a shajie 664; 64].

M.4 Training, Inference, and Evaluation

Training. During the training phase, the diffusion- ow task adopts a similar setup, utilizing the
Mean Squared Error (MSE) between the model predictions and Gaussian noise as the loss function
(Eqg.4). The batch size is chosen as 16, and the training involves 180,000 iterations. The learning rate
startsatl 10 “ and increases by a factor of 0.1 at the 50,000th and 150,000th iterations. More
training details are presented in Table 34.

Inference. The pipeline of inference is shown in Figure 18. Both diffused variabjgs; and
Wit are initialized from Gaussian prior and gradually denoised from denoisingstep000
to k = 0 based on denoising networks and guidance. Similar to the vanilla setting, due to the
introduction of the initial boundary mask and offset as additional inputs, the number of channels in
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Table 34:Hyperparameters of network architecture and training for the Finer-grained Jelly sh
Boundary Control Task.

Hyperparameter name full observation
Batch size 16

Optimizer Adam

Learning rate 0.001

Loss function MSE

the model's input and output are inconsistent. For guidance, we=x5 10 ° and we also utilized
a surrogate model to approximate the force of uid on the jelly sh. Inkk#h denoising step, the
inputs of this model include the noise-free stafgr ., Wio;t1;x estimated fromuyo.r 1.« Wio;71x by
Eq. (6), initial boundary mask and offset. The model output is the force. The remaining aspects such
as model architecture, training details, etc., remain the same. As for the regularizatid(teym
we approximate the opening angle of the jelly sh's wings at timssing the change of the coordinate
( X¢, VYt)and the initial coordinatel;y) of each cell to achieve regularization. Firstly, we utilize
the following formula to approximate the angle change of each cell:

q

= (X YDAy

Then, we calculate the average value of the angles of different cells, which serves as an approximation
of the angle between the two wings of the jelly sh at timedenoted as ;. It is evident that
optimizing this term intuitively minimizes the coordinate changes of each cell, aligning with the
objective of regularization. The control objectiyein Eq. (19) is computed as a summation of force
andR(Wp.r}), and we x =1000. Then the gradients of the objectiyein terms oft.r and
Wio.r] are computed and used in guidance. Because this experiment selects DiffConPDE-lite, all
these gradients are directly subtracted f{ong.t 1.« ; Wio.t 1k ] to generatguo.t 1« 1; Wtk 1]

Figure 18:Inference of our ner-grained jelly sh boundary control task .

Evaluation The inference outputs coordinate change for each céllaf20 steps for 50 testing

samples. To align with the evaluation metrics of the vanilla setting, we rst need to calculate the

opening angle ; using the coordinate change of the cells at ttmEirstly, at timet 2 [1; T 1],

for each cell, we obtain the rotated coordingped y) using the initial coordinatel; y) and the

coordinate changé xt; VY:). Then, combined with the coordinates of the rotation ceimfeve

can respectively obtain the radial distance of the cell relative to the rotation center before and after

rotation, denoted asandr®. Then, according to the law of cosines, we can obtain the rotation angle
of the cell at timet compared to the initial time:

P+ (x2+ yD).
2r Ory ’

Afterward, we take the average of the angle changes of all cells within the boundary as the angle
change of the jelly sh's two wings at timg denoted as ;. Finally, based on the average value of

o=
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