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Abstract

We propose a novel neural algorithm for the fundamental problem of com-
puting the entropic optimal transport (EOT) plan between continuous proba-
bility distributions which are accessible by samples. Our algorithm is based
on the saddle point reformulation of the dynamic version of EOT which is
known as the Schrödinger Bridge problem. In contrast to the prior methods
for large-scale EOT, our algorithm is end-to-end and consists of a single learn-
ing step, has fast inference procedure, and allows handling small values of the
entropy regularization coefficient which is of particular importance in some ap-
plied problems. Empirically, we show the performance of the method on sev-
eral large-scale EOT tasks. The code for the ENOT solver can be found at
https://github.com/ngushchin/EntropicNeuralOptimalTransport.

Figure 1: Trajectories of samples learned by our Algorithm 1 for Celeba deblurring with ϵ = 0, 1, 10.

1 Introduction
Optimal transport (OT) plans are a fundamental family of alignments between probability distributions.
The majority of scalable neural algorithms to compute OT are based on the dual formulations of
OT, see [28] for a survey. Despite the success of such formulations in generative modeling [42, 31],
these dual form approaches can hardly be generalized to the popular entropic OT [12]. This is due
to the numerical instability of the dual entropic OT problem [14] which appears for small entropy
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regularization values which are suitable for downstream generative modeling tasks. At the same time,
entropic OT is useful as it allows to learn one-to-many stochastic mappings with tunable level of
sample diversity. This is particularly important for ill-posed problems such as super-resolution [37].

Contributions. We propose a saddle-point reformulation of the Entropic OT problem via using
its dynamic counterpart known as the Schrödinger Bridge problem (M4.1). Based on our new
reformulation, we propose a novel end-to-end neural algorithm to solve the related entropic OT
problem for a pair of continuous distributions accessible by samples (M4.2). Unlike many predecessors,
our method allows handling small entropy coef�cients. This enables practical applications to
data! data mapping tasks that require slight variability in the learned maps. Furthermore, we
provide an error analysis for solving the suggested saddle point optimization problem through duality
gaps which are the errors of solving the inner and outer optimization problems (M4.3). Empirically,
we illustrate the performance of the method on several toy and large-scale EOT tasks (M5).

2 Background

Optimal Transport (OT) and Schrödinger Bridge (SB) problems imply �nding an ef�cient way to
transform some initial distributionP0 to target distributionP1. While the solution of OT only gives
the information about which part ofP0 is transformed to which part ofP1, SB implies �nding a
stochastic process that describes the entire evolution fromP0 to P1. Below we give an introduction
to OT and SB problems and show how they are related. For a detailed overview of OT, we refer to
[49, 41] and of SB – to [32, 11].

2.1 Optimal Transport (OT)
Kantorovich's OT formulation (with the quadratic cost). We considerD-dimensional Euclidean
spacesX , Y and useP2(X ) = P2(Y) to denote the respective sets of Borel probability distributions
on them which have �nite second moment. For two distributionsP0 2 P 2(X ), P1 2 P 2(Y), consider
the following minimization problem:

inf
� 2 �( P0 ;P1 )

Z

X �Y

jj x � yjj2

2
d� (x; y); (1)

where�( P0; P1) � P 2(X � Y ) is the set of probability distributions onX � Y with marginalsP0
andP1. Such distributions� 2 �( P0; P1) are called the transport plans betweenP0 andP1. The
set�( P0; P1) is non-empty as it always contains the trivial planP0 � P1. A minimizer � � of (1)
always exists and is called an OT plan. IfP0 is absolutely continuous, then� � is deterministic: its
conditional distributions are degenerate, i.e.,� � (�jx) = � T � (x ) for someT � : X ! Y (OT map).

Entropic OT formulation. We useH (� ) to denote the differential entropy of distribution� and
KL(� jj � 0) to denote the Kullback-Leibler divergence between distributions� and� 0. Two most
popular entropic OT formulations regularize (1) with the entropyH (� ) or KL-divergence between
plan� and the trivial planP0 � P1, respectively (� > 0):

inf
� 2 �( P0 ;P1 )

Z

X �Y

jj x � yjj2

2
d� (x; y) � �H (� ); (2)

inf
� 2 �( P0 ;P1 )

Z

X �Y

jj x � yjj2

2
d� (x; y) + � KL(� jjP0 � P1): (3)

Since� 2 �( P0; P1), it holds that KL(� jjP0� P1)= � H (� )+ H (P0)+ H (P1), i.e., both formulations
are equal up to an additive constant whenP0 andP1 are absolutely continuous. The minimizer of
(2) is unique since the functional is strictly convex in� thanks to the strict convexity ofH (� ). This
unique minimizer� � is called the entropic OT plan.

2.2 Schrödinger Bridge (SB)
SB with the Wiener prior. Let 
 be the space ofRD valued functions of timet 2 [0; 1] describing
some trajectories inRD , which start at timet = 0 and end at timet = 1 . We useP(
) to denote the
set of probability distributions on
 . We usedWt to denote the differential of the standard Wiener
process. LetW � 2 P (
) be the Wiener process with the variance� which starts atP0. This diffusion
process can be represented via the following stochastic differential equation (SDE):

W � : dX t =
p

�dW t ; X 0 � P0: (4)
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We useKL(TjjQ) to denote the Kullback-Leibler divergence between stochastic processesT andQ.
The Schrödinger Bridge problem was initially proposed in 1931/1932 by Erwin Schrödinger [44]. It
can be formulated as follows [11, Problem 4.1]:

inf
T 2F (P0 ;P1 )

KL(TjjW � ); (5)

whereF (P0; P1) � P (
) is the set of probability distributions on
 having marginal distributions
P0 andP1 at t = 0 andt = 1 , respectively. Thus, the Schrödinger Bridge problem implies �nding a
stochastic processT with marginal distributionsP0 andP1 at timest = 0 andt = 1 , respectively,
which has minimal KL divergence with the prior processW � .

Link to OT problem. Here we recall how Scrödinger Bridge problem (5) relates to entropic OT
problem (2).This relation is well known (see, e.g., [32] or [ 11, Problem 4.2]), and we discuss it in
detail because our proposed approach (M4) is based on it.Let � T denote the joint distribution of a
stochastic processT at time momentst = 0 ; 1 and� T

0 , � T
1 denote its marginal distributions at time

momentst = 0 ; 1, respectively. LetTj x;y denote the stochastic processesT conditioned on values
x; y at timest = 0 ; 1, respectively. One may decompose KL(TjjW � ) as [48, Appendix C]:

KL(T jjW � ) = KL(� T jj � W �
) +

Z

X �Y
KL(Tj x;y jjW �

j x;y )d� T (x; y); (6)

i.e.,KL divergence betweenT andW � is a sum of two terms: the �rst represents the similarity of the
processes at start and �nish timest = 0 andt = 1 , while the second term represents the similarity
of the processes for intermediate timest 2 (0; 1) conditioned on the values att = 0 ; 1. For the �rst
term, it holds (see Appendix A or [11, Eqs 4.7-4.9]):

KL(� T jj � W �
) =

Z

X �Y

jj x � yjj2

2�
d� T (x; y) � H (� T ) + C; (7)

whereC is a constant which depends only onP0 and� . In [32, Proposition 2.3], the authors show
that if T � is the solution to (5), thenT �

j x;y = W �
j x;y . Hence, one may optimize (5) over processesT

for whichTj x;y = W �
j x;y for everyx; y and set the last term in (6) to zero. In this case:

inf
T 2F (P0 ;P1 )

KL(TjjW � ) = inf
T 2F (P0 ;P1 )

KL(� T jj � W �
) = inf

� T 2 �( P0 ;P1 )
KL(� T jj � W �

): (8)

i.e., it suf�ces to optimize only over joint distributions� T at time momentst = 0 ; 1. Hence,
minimizing (8) is equivalent (up to an additive constantC) to solving EOT (2) divided by� , and their
respective solutions� T �

and� � coincide.Thus, SB problem (5) can be simpli�ed to the entropic OT
problem (2) with entropy coef�cient� .

Dual form of EOT . Entropic OT problem (8) has several dual formulations. Here we recall the one
which is particularly useful to derive our algorithm. The dual formulation follows from the weak OT
theory [7, Theorem 1.3] and we explain it in detail in the proof of Lemma B.3:

inf
� 2 �( P0 ;P1 )

KL(� jj � W �
) = sup

�

� Z

X
� C (x)dP0(x) +

Z

Y
� (y)dP1(y)

	
;

where� C (x) def= inf � 2P 2 (Y )
�

KL
�
� jj � W �

(�jx)
�

�
R

Y � (y)d� (y)
	

. Thesup here is taken over�
belonging to the set of functions

Cb;2(Y) def= f � : Y ! R continuous s.t.9u; v; w 2 R : uk � k2 + v � � (�) � wg;

i.e., � should be continuous with mild boundness assumptions.

Dynamic SB problem (DSB). It is known that the solution to the SB problem (5) belongs to the class
D(P0) of �nite-energy diffusionsTf [32, Proposition 4.1] which are given by:

Tf : dX t = f (X t ; t)dt +
p

�dW t ; X 0 � P0; ET f [
Z 1

0
jj f (X t ; t)jj2dt] < 1 ; (9)

wheref : RD � [0; 1] ! RD is the drift function. The last inequality in (9) means thatTf is a
�nite-energy diffusion. Hence, optimizing only over �nite-energy diffusions rather than all possible
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processes is enough to solve SB problem (5). For �nite-energy diffusions, it is possible to rewrite the
optimization objective. One can show that KL(Tf jjW � ) between processesTf andW � is [40]:

KL(Tf jjW � ) =
1
2�

ET f [
Z 1

0
jj f (X t ; t)jj2dt]: (10)

By substituting (10) in (5), SB problem reduces to the following problem [11, Problem 4.3]:

inf
T f 2D (P0 ;P1 )

KL(Tf jjW � ) = inf
T f 2D (P0 ;P1 )

1
2�

ET f [
Z 1

0
jj f (X t ; t)jj2dt]; (11)

whereD(P0; P1) � P (
) is the set of �nite-energy diffusion on
 having marginal distributionsP0
andP1 at t = 0 andt = 1 , respectively. Note thatD(P0; P1) � F (P0; P1). Since the problem (11) is
the equivalent reformulation of (5), its optimal value also equals (8). However, solving this problem,
as well as (8) is challenging as it is still hard to satisfy the boundary constraints.

3 Related Work

In this section, we overview the existing methods to compute the OT plan or map. To avoid any
confusion, we emphasize that popular Wasserstein GANs [5] compute only the OT cost but not the
OT plan and, consequently, are out of scopeof the discussion.

Discrete OT.The majority of algorithms in computational OT are designed for the discrete setting
where the inputsP0; P1 have �nite supports. In particular, the usage of entropic regularization
(2) allows to establish ef�cient methods [13] to compute the entropic OT plan between discrete
distributions with the support size up to105-106 points, see [41] for a survey. For larger support
sizes, such methods are typically computationally intractable.

Continuous OT. Continuous methods imply computing the OT plan between distributionsP0, P1
which are accessible by empirical samples. Discrete methods "as-is" are not applicable to the
continuous setup in high dimensions because they only do a stochasticmatchingbetween the train
samples and do not provide out-of-sample estimation. In contrast, continuous methods employ neural
networks to explicitly or implicitlylearn the OT plan or map. As a result, these methods can map
unseen samples fromP0 to P1 according to the learned OT plan or map.

There exists many methods to compute OT plans [51, 36, 38, 26, 28, 27, 42, 16, 19, 18] but they
consider only unregularized OT (1) rather than the entropic one (2). In particular, they mostly focus
on computing the deterministic OT plan (map) which may not exist. Recent works [31, 30] design
algorithms to compute OT plans for weak OT [20, 7]. Although weak OT technically subsumes
entropic OT , these works do not cover the entropic OT (2) because there is no simple way to estimate
the entropy from samples. Below we discuss methods speci�cally forEOT (2) andDSB (11).

3.1 Continuous Entropic OT
In LSOT [45], the authors solve the dual problem to entropic OT (2). The dual potentials are then
used to compute thebarycentric projectionx 7!

R
Y y d� � (yjx), i.e., the �rst conditional moment of

the entropic OT plan. This strategy may yield a deterministic approximation of� � for small � but
does not recover the entire plan itself.

In [14, Figure 3], the authors show that the barycentric projection leads to the averaging artifacts
which make it impractical in downstream tasks such as the unpaired image super-resolution. To
solve these issues, the authors propose a method called SCONES. It recovers the entire conditional
distribution� � (yjx) of the OT plan� � from the dual potentials. Unfortunately, this is costly. During
the training phase, the method requires learning a score-based model for the distributionP1. More
importantly, during the inference phase, one has to run the Langevin dynamic to sample from� � (yjx).

The optimization of the above-mentioned entropic approaches requires evaluating the exponent of
large values which are proportional to� � 1 [45, Eq. 7]. Due to this fact, those methods areunstable
for small values� in (2). In contrast, our proposed method (M4) resolves this issue: technically, it
works even for� = 0 .

3.2 Approaches to Compute Schrödinger Bridges
Existing approaches to solve DSB mainly focus on generative modeling applications (noise! data).
For example, FB-SDE [10] utilizes data likelihood maximization to optimize the parameters of
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forward and backward SDEs for learning the bridge. On the other hand, MLE-SB [48] and DiffSB
[15] employ the iterative proportional �tting technique to learn the DSB. Another method proposed
by [50] involves solving the Schrodinger Bridge only between the Dirac delta distribution and real
data to solve the data generation problem.

Recent studies [34, 33] have indicated that the Schrödinger Bridge can be considered as a speci�c
instance of a more general problem known as the Mean-Field Game [1]. These studies have also
suggested novel algorithms for resolving the Mean-Field Game problem. However, the approach
presented by [33] cannot be directly applied to address the hard distribution constraints imposed on
the start and �nal probability distribution as in the Schrödinger Bridge problem (see Appendix H).
The approach suggested by [34] coincides with that proposed in FB-SDE [10] for the SB problem.

4 The Algorithm
This section presents our novel neural network-based algorithm to recover the solutionTf � of the DSB
problem (11) and the solution� � of the related EOT problem (8). InM4.1, we theoretically derive the
proposed saddle point optimization objective. InM4.2 we provide and describe the practical learning
procedure to optimize it. InM4.3, we perform the error analysis via duality gaps. In Appendix B, we
provide proofsof all theorems and lemmas.

4.1 Saddle Point Reformulation of EOT via DSB
For two distributionsP0 andP1 accessible by �nite empirical samples, solving entropic OT (2) "as-is"
is non-trivial. Indeed, one has to(a) enforce the marginal constraints� 2 �( P0; P1) and(b) estimate
the entropyH (� ) from empirical samples which is challenging. Our idea below is to employ the
relation of EOT with DSB to derive an optimization objective which in practice can recover the
entropic plan avoiding the above-mentioned issues. First, we introduce the functional

L (�; T f ) def=
n

= KL(T f jj W � )
z }| {

ET f

� 1
2�

Z 1

0
jj f (X t ; t)jj2dt

�
�

Z

Y
� (y)d� T f

1 (y) +
Z

Y
� (y)dP1(y)

o
: (12)

This functional can be viewed as the Lagrangian for DSB (11) with the relaxed constraintd� T f
1 (y) =

dP1(y), and function� : Y ! R (potential) playing the role of the Langrange multiplier.
Theorem 4.1(Relaxed DSB formulation). Consider the following saddle point optimization problem:

sup
�

inf
T f

L (�; T f ) (13)

wheresup is taken over potentials� 2 Cb;2(Y) andinf is taken over diffusion processesTf 2 D (P0).
Then for every optimal pair (� � , Tf � ) for (13), i.e.,

� � 2 argsup
�

inf
T f

L (�; T f ) and Tf � 2 arginf
T f

L (� � ; Tf );

it holds that the processT �
f is the solution to SB (11).

Corollary 4.2 (Entropic OT as relaxed DSB). If (� � ,Tf � ) solves(13), then� T f � is the EOT plan (2).

Our results above show that by solving (13), one immediately recovers the optimal processTf � in
DSB (11) and the optimal EOT plan� � = � T �

f . The notable bene�ts of considering (13) instead
of (2), (3) and (11) is that(a) it is as an optimization problem over(�; T f ) without the constraint
d� T f

1 (y) = dP1(y), and(b) objective (12) admits Monte-Carlo estimates by using random samples
from P0; Tf ; P1. In M4.2 below, we describe the straightforward practical procedure to optimize (13)
with stochastic gradient methods and neural nets.

Relation to prior works. In the �eld of neural OT, there exist so many maximin reformulations of
OT (classic [28, 42, 16, 19, 22], weak [31, 30], general [6]) resembling our (13) that a reader may
naturally wonder(1) why not to apply them to solve entropic OT?(2) how does our reformulation
differ from all of them? It is indeed true that, e.g., algorithm from [31, 6] mathematically covers the
entropic case (2). Yet in practice it requires estimation of entropy from samples for which there is no
easy way and the authors do not consider this case. These methods can be hardly applied to EOT.

In contrast to the prior works, we deal with entropic OT through its connection with the Schrödinger
Bridge. Our max-min reformulation is for DSB and it avoids computing the entropy termH (� )
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in EOT. This term is replaced by the energy of the processET f

� R1
0 jj f (X t ; t)jj2dt

�
which can be

straightforwardly estimated from the samples ofTf , allowing to establish a computational algorithm.

4.2 Practical Optimization Procedure
To solve (12), we parametrize drift functionf (x; t ) of the processTf and potential� (y)4 by neural
netsf � : RD � [0; 1] ! RD and� � : RD ! R. We consider the following maximin problem:

sup
�

inf
T f �

n 1
2�

ET f �
[
Z 1

0
jj f � (X t ; t)jj2dt] +

Z

Y
� � (y)dP1(y) �

Z

Y
� � (y)d�

T f �
1 (y)

o
: (14)

Algorithm 1: Entropic Neural OT (ENOT)
Input:

samples from distributionsP0, P1;
Wiener prior noise variance� � 0;
drift networkf � : RD � [0; 1] ! RD ;
beta network� � : RD ! R;
number of stepsN for Eul-Mar (App C);
number of inner iterationsK f .

Output: drift f �
� of Tf �

�
solving DSB (11).

repeat
Sample batchesX 0 � P0, Y � P1;
f X n ; f n gN

n =0  Eul-Mar(X 0; Tf � );
L �  1

jX N j

P

x 2 X N

� � (x) � 1
jY j

P

y2 Y
� � (y);

Update� by using@L�

@� ;
for k = 1 to K f do

Sample batchesX 0 � P0, Y � P1;
f X n ; f n gN

n =0  Eul-Mar(X 0; Tf � );

cKL  1
N

N � 1P

n =0

1
j f n j

j f n jP

m =1
jj f n;m jj2 ;

L f  cKL � 1
jX N j

P

x 2 X N

� � (x);

Update� by using@L�
@� ;

until converged;

We use standard Euler-Maruyama (Eul-Mar)
simulation (Algorithm 2 in Appendix C) for
sampling from the stochastic processTf by
solving its SDE (9). To estimate the value of
ET f [

R1
0 jj f (X t ; t)jj2dt] in (14), we utilize the

mean value ofjj f (x; t )jj2 over timet of trajec-
tory X t that is obtained during the simulation
by Euler-Maruyama algorithm (Appendix C).
We trainf � and� � by optimizing (12) with the
stochastic gradient ascent-descent by sampling
random batches fromP0, P1. The optimiza-
tion procedure is detailed in Algorithm 1. We
usef n;m to denote the drift at time stepn for
them-th object of the input sample batch. We
use the averaged of the drifts as an estimate ofR1

0 jj f (X t ; t)jj2dt in the training objective.

Remark. For the image tasks (M5.3, M5.4),
we �nd out that using a slightly different
parametrizationof Tf considerably improves
the quality of our Algorithm, see Appendix F.

It should be noted that the term
ET f [

R1
0 jj f (X t ; t)jj2dt] is not multiplied

by 1
2� in the algorithm sincethis does not affect

the optimalTf � solving the inner optimization
problem, see Appendix D.

Relation to GANs. At the �rst glance, our method might look like a typical GAN as it solves a
maximin problem with the "discriminator"� � and SDE "generator" with the driftf � . Unlike GANs,
in our saddle point objective (12), optimization of "generator"Tf and "discriminator"� are swapped,
i.e., "generator" is adversarial to "discriminator", not vise versa, as in GANs. For further discussion
of differences between saddle point objectives of neural OT/GANs, see [31,M4.3], [42,M4.3], [16].

4.3 Error Bounds via Duality Gaps
Our algorithm solves a maximin optimization problem and recovers someapproximatesolution
(�̂; T f̂ ). Given such a pair, it is natural to wonder how close is the recoveredTf̂ to the optimalTf � .
Our next result sheds light on this question via bounding the error with theduality gaps.

Theorem 4.3(Error analysis via duality gaps). Consider a pair (̂� , Tf̂ ). De�ne the duality gaps, i.e.,
errors of solving inner and outer optimization problems by:

� 1
def
= L(�̂; T f̂ ) � inf

T f

L (�̂; T f ); and � 2
def
= sup

�
inf

T f 2D (P0 )
L (�; T f ) � inf

T f

L (�̂; T f ): (15)

Then it holds that

� TV(Tf̂ ; Tf � ) �
p

� 1 + � 2; and � TV(� T ^f ; � T f � ) �
p

� 1 + � 2; (16)

where we use� TV(�; �) to denote the total variation norm (between the processes or plans).

4In practice,� � 2 Cb;2(Y) since we can chooseu = 0 , v = min( float32 ), w = max( float32 ).
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(a) x � P0 , y � P1 (b) ENOT(ours), � = 0 (c) ENOT(ours), � = 0 :01 (d) ENOT(ours), � = 0 :1

Figure 2:Gaussian! Mix of 8 Gaussians.The process learned with ENOT(ours) for � =0 ; 0:01; 0:1.

Relation to prior works . There exist deceptively similar results, see [38, Theorem 3.6], [42, Theorem
4.3], [16, Theorem 4], [6, Theorem 3].None of them are relevant to our EOT/DSB case.

In [38], [42], [16], the authors consider maximin reformulations of unregularized OT (1), i.e., non-
entropic. Their result requires the potential� (f;  in their notation) to be a convex function which in
practice means that one has to employ ICNNs [4] which have poor expressiveness [29, 17, 26]. Our
result is free from such assumptions on� . In [6], the authors consider general OT problem [39] and
require the general cost functional to be strongly convex (in some norm). Their results also do not
apply to our case as the (negative) entropy which we consider is not strongly convex.

5 Experimental Illustrations

In this section, we qualitatively and quantitatively illustrate the performance of our algorithm in
several entropic OT tasks. Our proofs apply only to EOT (� > 0), but for completeness, we also
present results� = 0 , i.e., unregularized case (1). Furthermore, we test our algorithm with� = 0 on
theWasserstein-2 Benchmark[28], see Appendix J. We also demonstrate the extension of our algo-
rithm to costs other than the squared Euclidean distancein Appendix I. Theimplementation details
are given in Appendices E, F and G. The code is written inPyTorch and is publicly available at

https://github.com/ngushchin/EntropicNeuralOptimalTransport

5.1 Toy 2D experiments

Here we give qualitative examples of our algorithm's performance on toy 2D pairs of distributions.
We consider two pairsP0; P1: Gaussian! Swiss Roll, Gaussian! Mixture of 8 Gaussians. We
provide qualitative results in Figure 2 and Figure 5 (Appendix E), respectively. In both cases, we
provide solutions of the problem for� = 0 ; 0:01; 0:1 and sample trajectories. For� = 0 , all the
trajectories are straight lines as they represent solutions for non-regularized OT (1), see [43, M5.4].
For bigger� , trajectories, as expected, become more noisy and less straight.

5.2 High-dimensional Gaussians

For general continuous distributionsP0; P1, the ground truth solution of entropic OT (2) and DSB
(11) is unknown. This makes it challenging to assess how well does our algorithm solve these
problems. Fortunately, whenP0 andP1 are Gaussians, there existclosed form solutionsof these
related problems, see [25] and [9]. Thus, to quantify the performance of our algorithm, we consider
entropic OT problems in dimensionsD 2 f 2; 16; 64; 128g with � = 1 for GaussianP0 = N (0; � 0),
P1 = N (0; � 1). We pick� 0, � 1 at random: their eigenvectors are uniformly distributed on the unit
sphere and eigenvalues are sampled from the loguniform distribution on[� log 2; log 2].
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Dim 2 16 64 128

ENOT(ours)
0 :01

( � 0:006)
0:09

( � 0:02)
0:23

( � 0:03)
0:50

( � 0:08)
LSOT [45] 1:82 6:42 32:18 64:32

SCONES [14] 1:74 1:87 6:27 6:88
MLE-SB [48] 0:41 0:50 1:16 2:13
DiffSB [15] 0:7 1:11 1:98 2:20

FB-SDE-A [10] 0:87 0:94 1:85 1:95
FB-SDE-J [10] 0:03 0 :05 0 :19 0 :39

Table 1: Comparisons of BW22-UVP # (%)
between the targetP1 and learned marginal� 1.

Dim 2 16 64 128

ENOT(ours)
0 :012

( � 0:003)
0 :05

(� 0:01)
0 :13

( � 0:014)
0 :29

( � 0:04)
LSOT [45] 6:77 14:56 25:56 47:11

SCONES [14] 0:92 1:36 4:62 5:33
MLE-SB [48] 0:3 0:9 1:34 1:8
DiffSB [15] 0:88 1:7 2:32 2:43

FB-SDE-A [10] 0:75 1:36 2:45 2:64
FB-SDE-J [10] 0:07 0:22 0:34 0:58

Table 2: Comparisons of BW22-UVP # (%)
between the the EOT plan� � and learned plan� .

t , time 0 0.2 0.4 0.6 0.8 1

ENOT(ours) 0
0:01

( � 0:001)
0:023

( � 0:005)
0:042

( � 0:007)
0:067

( � 0:015)
0:096

( � 0:019)
LSOT [45] 0 N/A N/A N/A N/A 6:42

SCONES [14] 0 N/A N/A N/A N/A 6:88
MLE-SB [48] 0 0:10 0:23 0:30 0:36 0:50
DiffSB [15] 0 0:19 0:48 0:68 0:91 1:11

FB-SDE-A [10] 0 0:17 0:45 0:61 0:77 0:94
FB-SDE-J [10] 0 0:18 0:32 0:31 0:17 0:05

Table 3: Comparisons ofBW2
2-UVP # (%) between the learned marginal distributions and the ground

truth marginal distributions at the intermediate time momentst = 0 ; 2
10 ; : : : ; 1 in dimensionD = 16.

Metrics. We evaluate(a) how precisely our algorithm �ts the target distributionP1 on RD ; (b) how
well it recovers the entropic OT plan� � which is a Gaussian distribution onRD � RD ; (c) how
accurate are the learned marginal distributions at intermediate timest = 0 ; 1

10 ; : : : ; 1.

In each of the above-mentioned cases, we compute the BW2
2-UVP [29, M5] between the learned and

the ground truth distributions. For two distributionsb� and� , it is the Wasserstein-2 distance between
their Gaussian approximations which is further normalized by the variance of the distribution� :

BW2
2-UVP

�
b�; �

�
=

100%
1
2 Var(� )

W2
2(N (� b� ; � b� ); N (� � ; � � )) : (17)

We estimate the metric by using105 samples.

Baselines. We compare our method ENOT with LSOT [45], SCONES [14], MLE-SB [48],
DiffSB[15], FB-SDE [10] (two algorithms, A and J). Results are given in Tables 1, 2 and 3. LSOT
and SCONES solve EOT without solving SB, hence there are no results in Table 3 for these methods.
Our method achieves lowBW2

2-UVP values indicating that it recovers the ground truth process and
entropic plan fairly well. The competitive methods have good results in low dimensions, however
they perform worse in high dimensions. Importantly, our methods scores the best results in recovering
the OT plan (Table 2) and the marginal distributions of the Schrodinger bridge (Table 3). To illustrate
thestable convergenceof ENOT, we provide the plot ofBW2

2-UVP between the learned plan and the
ground truth plan for ENOT during training in Figure 6 (Appendix E).

5.3 Colored MNIST

In this section, we test how the entropy parameter� affects the stochasticity of the learned plan in
higher dimensions. For this, we consider the entropic OT problem between colorized MNIST digits
of classes "2" (P0) and "3" (P1).

Effect of parameter � . For � = 0 ; 1; 10, we learn our Algorithm 1 on thetrain sets of digits "2"
and "3". We show the translatedtestimages in Figures 3a, 3b and 3c, respectively. When� = 0 ,
there is no diversity in generated "3" samples (Figure 3a), the color remains since the map tried to
minimally change the image in the RGB pixel space. When� = 1 , some slight diversity in the shape
of "3" appears but the color of the input "2" is still roughly preserved (Figure 3c). For higher� , the
diversity of generated samples becomes clear (Figure 3c). In particular, the color of "3" starts to
slightly deviate from the input "2". That is, increasing the value� of the entropy term in (2) expectedly
leads to bigger stochasticity in the plan. We add the conditional LPIPS variance [24, Table 1] of
generated samples for test datasets by ENOT to show how diversity changes for different� (Table 4).
We provide examples of trajectories learned by ENOT in Figure 7 (Appendix F).

Metrics and baselines.We compare our method ENOT with SCONES [14], and DiffSB [15] as
these are the only methods which the respective authors applied fordata! datatasks. To evaluate the
results, we use the FID metric [23] which is the Bures-Wasserstein (Freschet) distance between the
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(a) ENOT(ours) samples,
� = 0 , FID:6:0

(b) ENOT(ours) samples,
� = 1 , FID:6:28

(c) ENOT(ours) samples,
� =10 , FID:6:9

(d) DiffSB [15] samples,
� = 1 , FID:93

(e) DiffSB [15] samples,
� = 10 , FID:105

(f) DOT samples,
� = 0 , FID:N/A

(g) DOT samples,
� = 1 , FID:N/A

(h) DOT samples,
� = 10 , FID:N/A

(i) SCONES [14] samples
� = 25 , FID:14:73

(j) SCONES [14] samples
� = 100 , FID:14:22

Figure 3: Samples of colored MNIST obtained by ENOT(ours) and DOT for different� .

distributions after extracting features using the InceptionV3 model [47]. We measure test FID for
every method and present the results and qualitative examples in Figure 3. There are no results for
SCONES with� = 0 ; 1; 10, since itis not applicablefor such reasonably small� due to computational
instabilities, see [14, M5.1]. DiffSB [15] can be applied for small regularization� , so we test� = 1 ; 10.
By the construction, this algorithm is not suitable for� = 0 .

Our ENOT method outperforms the baselines in FID. DiffSB [15] yield very high FID. This is
presumably due to instabilities of DiffSB which the authors report in their sequel paper [46]. SCONES
yields reasonable quality but due to high� = 25; 100the shape and color of the generated images "3"
starts to deviate from those of their respective inputs "2".

For completeness, we provide the results of the stochasticmatchingof thetest partsof the datasets
by the discrete OT for� = 0 and EOT [12] for � = 1 ; 10 (Figures 3f, 3g, 3h). This is not the
out-of-sample estimation, obtained samples "3" are justtest samples of "3" (this setup isunfair).
Discrete OT isnot a competitorhere as it does not generate new samples and usestargettest samples.
Still it gives a rough estimate what to expect from the learned plans for increasing� .

5.4 Unpaired Super-resolution of Celeba Faces
� 0 1 10

Colored MNIST 0 5:3 � 10� 3 2:0 � 10� 2

Celeba 0 3:4 � 10� 2 5:1 � 10� 2

Table 4:LPIPS variability of ENOT samples.

For the large-scale evaluation, we adopt the exper-
imental setup of SCONES [14]. We consider the
problem of unpaired image super-resolution for the
64� 64aligned faces of CelebA dataset [35].

We do theunpairedtrain-test split as follows: we split the dataset into 3 parts: 90k (train A1), 90k
(train B1), 20k (test C1) samples. For each part we do2� bilinear downsample and then2� bilinear
upsample to degrade images but keep the original size. As a result, we obtain degraded parts A0, B0,
C0. For training in the unpaired setup, we use parts A0 (degraded faces,P0) and B1 (clean faces,P1).
For testing, we use the hold-out part C0 (unseen samples) with C1 considered as the reference.

We train our model with�=0 ; 1; 10 to and test how it restores C1 (Figure 4a) from C0 images (Figure
4b) and present the qualitative results in Figures 4f, 4g, 4h. We provide examples of trajectories
learned by ENOT in Figure 1.

Metrics and baselines.To quantify the results, as in [14], we compute the FID score [23] between
the sets of mapped C0 images and C1 images (Table 5). The FID of ENOT is better than FID values
of the other methods, but increases with� probably due to the increasing variance of gradients during
training . As inM5.1 andM5.3, the diversity of samples increases with� . Our method works with
small values of� and providesreasonableamount of diversity in the mapped samples which grows
with � (Table 4). As the baseline among other methods for EOT we consider only SCONES, as it is
the only EOT/DSB algorithm which has been applied todata! datatask at64� 64 resolution. At
the same time, we emphasize that SCONESis not applicablefor small � due to instabilities, see [14,
M5.1]. This makes itimpractical , as due to high� , its produces up-scaled images (Figures 4c) are
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(a) (b) (c) SCONES,� = 100 (d) ICNN (e) AugCycleGAN

(f) ENOT (ours), � = 0 (g) ENOT(ours), � = 1 (h) ENOT(ours), � = 10

Figure 4: Faces produced by ENOT(ours) and SCONEs for various� .
Figure 4a shows test degraded images (C0), 4b – their original high-resolution counterparts (C1).

Method ENOT, � = 0 ENOT, � = 1 ENOT, � = 10 SCONES [14],� = 100 AugCycleGAN [2] ICNN [38]
FID 3:78 7:63 14 :8 18:88 15:2 22:2

Table 5: Test FID values of various methods in unpaired super-resolution of faces experiment.

nearly random and do not re�ect the attributes of the input images (Figure 4a). We do not provide
results for DiffSB [15] since it already performs bad on Colored MNIST (M5.3) and the authors also
did not consider any image-to-image apart of grayscale 28x28 images.

For completeness, we present results on this setup for other methods,which do not solve EOT: ICNN-
based OT [38] and AugCycleGAN [2]. ICNN (4d) learns a deterministic map. AugCycleGAN (4e)
learns a stochastic map, but the generated samples differ only by brightness.

6 Discussion

Potential impact. There is a lack of scalable algorithms for learning continuous entropic OT plans
which may be used indata! data practical tasks requiring control of the diversity of generated
samples. We hope that our results provide a new direction for research towards establishing scalable
and ef�cient methods for entropic OT by using its connection with SB.

Potential social impact.Like other popular methods for generating images, our method can be used
to simplify the work of designers with digital images and create new products based on it. At the
same time, our method may be used for creating fake images just like the other generative models.

Limitations. To simulate the trajectories following SDE (9), we use the Euler-Maruyama scheme. It
is straightforward but may be imprecise when the number of steps is small or the noise variance� is
high. As a result, for large� , our Algorithm 1 may be computationally heavy due to the necessity to
backpropagate through a large computational graph obtained via the simulation. Employing time and
memory ef�cient SDE integration schemes is a promising avenue for the future work.

ACKNOWLEDGEMENTS. This work was partially supported by Skoltech NGP program (Skoltech-
MIT joint project).
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A Extended background: KL divergence with the Wiener process plan

This section illustrates that (7) holds. Consider a processT 2 F (P0), i.e., T is a probability
distribution on
 with the marginalP0 at t = 0 .

Let W � be the Wiener process with variance� starting atP0, i.e., it satis�esdX t =
p

�dW t with

X 0 � P0. Hence,� W �
(yjx) is the normal distributiond� W �

(y jx )
dy = N (yjx; �I ). ThenKL(� T jj � W �

)
between joint distributions at timest = 0 andt = 1 of these processes is given by:

KL(� T jj � W �
) = �

Z

X �Y
log

d� W �
(x; y)

d[x; y]
d� T (x; y) +

Z

X �Y
log

d� T (x; y)
d[x; y]

d� T (x; y)
| {z }

= � H ( � T )

; (18)

whered� (x;y )
d[x;y ] denotes the joint density of distribution� . We derive

�
Z

X �Y
log

d� W �
(x; y)

d[x; y]
d� T (x; y) = �

Z

X �Y
log

d� W �
(yjx)

dy
d� W �

(x)
dx

d� T (x; y) =

�
Z

X �Y
log

d� W �
(yjx)

dy
d� T (x; y) �

Z

X

Z

Y
log

d� W �
(x)

dx
d� T (yjx)

d� T
0 (x )

z }| {
dP0(x) =

�
Z

X �Y
log

d� W �
(yjx)

dy
d� T (x; y) �

Z

X
log

d� W �
(x)

dx

� Z

Y
1d� T (yjx)

�
dP0(x) =

�
Z

X

Z

Y
log

d� W �
(yjx)

dy
d� T (x; y) �

Z

X
log

d� W �
(x)

dx
dP0(x) =

�
Z

X

Z

Y
log

d� W �
(yjx)

dy
d� T (x; y) �

Z

X
log

dP0(x)
dx

dP0(x) =

�
Z

X �Y
log

d� W �
(yjx)

dy
d� T (x; y) + H (P0) =

�
Z

X �Y
log

�
(2�� )

� D
2 exp

�
�

jjx � yjj2

2�

��
d� T (x; y) + H (P0) =

+
D
2

log(2�� ) +
Z

X �Y

jj x � yjj2

2�
d� T (x; y) + H (P0):

After substituting this result into (18), one obtains:

KL(� T jj � W �
) =

Z

X �Y

jj x � yjj2

2�
d� T (x; y) � H (� T ) +

D
2

log(2�� ) + H (P0)
| {z }

= C in (7)

: (19)

B Proofs

In this section, we provide the proof for our main theoretical results (Theorems 4.1 and 4.3). The
proofs require several auxiliary results which we formulate and prove inMB.1 andMB.2.

In MB.1, we show that entropic OT can be reformulated as a maximin problem. This is a technical
intermediate result needed to derive our main maximin reformulation of SB (Theorem 4.1). More
precisely, inMB.2, we show that these maximin problems for entropic OT and SB are actually
equivalent. By using this observation and related facts, inMB.3, we prove our Theorems 4.1 and 4.3.

B.1 Relaxation of entropic OT

To begin with, we recall some facts regarding EOT and SB. Recall the de�nition of EOT (2):

inf
� 2 �( P0 ;P1 )

Z

X �Y

jj x � yjj2

2
d� (x; y) � �H (� ): (20)
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Henceforth, we assume thatP0 andP1 areabsolutely continuous. The situation whenP0 or P1 is
not absolutely continuous is not of any practical interest: there is no� 2 �( P0; P1) for which the
differential entropyH (� ) is �nite which means that (20) equals to+ 1 for every� 2 �( P0; P1),
i.e., every plan is optimal. In turn, whenP0 andP1 are absolutely continuous, the OT plan is unique
thanks to the strict convexity of entropy (on the set of absolutely continuous plans).

Recall equation (19) for KL(� jj � W �
):

KL(� jj � W �
) =

Z

X �Y

jj x � yjj2

2�
d� (x; y) � H (� ) + C: (21)

We again note that

inf
� 2 �( P0 ;P1 )

KL(� jj � W �
) =

1
�

inf
� 2 �( P0 ;P1 )

n Z

X �Y

jj x � yjj2

2
d� (x; y) � �H (� )

o
+ C;

i.e., problems (20) and (21) can be viewed as equivalent as their minimizers are the same. For
convenience, we proceed withinf � 2 �( P0 ;P1 ) KL(� jj � W �

) and denote its optimal value byL � , i.e.,

L � def= inf
� 2 �( P0 ;P1 )

KL(� jj � W �
):

For a given� 2 Cb;2(Y), we de�ne an auxiliary joint distributiond� � (x; y) = d� � (yjx)dP0(x),
whered� � (yjx) is given by

d� � (yjx) =
1

Cx
�

exp(� (y))d� W �
(yjx);

whereCx
� (x) def=

R
Y exp(� (y))d� W �

(yjx). Note thatCx
� < 1 since� 2 Cb;2(Y) is upper bounded.

Before going further, we need to introduce several technical auxiliary results.

Proposition B.1. For � 2 P 2(Y) andx 2 X it holds that

KL(� jj � W �
(�jx)) �

Z

Y
� (y)d� (y) = KL(� jj � � (�jx)) � logCx

� : (22)

Proof of Proposition B.1.We derive

KL(� jj � W �
(�jx)) �

Z

Y
� (y)d� (y) =

Z

Y
log

d� (y)
d� W � (yjx)

d� (y) �
Z

Y
� (y)d� (y) =

Z

Y
log

d� (y)
exp(� (y))d� W � (yjx)

d� (y) =
Z

Y
log

Cx
� d� (y)

Cx
� exp(� (y))d� W � (yjx)

d� (y) =

Z

Y
log

d� (y)
d� � (yjx)

d� (y) � logCx
� = KL(� jj � � (�jx)) � logCx

� :

Lemma B.2. For � 2 �( P0), i.e., probability distributions� 2 P 2(X � Y ) whose projection toX
equalsP0, we have

KL(� jj � W �
) �

Z

Y
� (y)d� (y) = KL(� jj � � ) �

Z

X
logCx

� dP0(x): (23)

Proof of Lemma B.2.For eachx 2 X , we substitute� = � (�jx) to (22) and integrate overx � P0.
For the left part, we obtain the following:

Z

X

�
KL(� (�jx)jj � W �

(�jx)) �
Z

Y
� (y)d� (yjx)

�
dP0(x) =

Z

X
KL(� (�jx)jj � W �

(�jx))dP0(x) �
Z

X �Y
� (y)d� (yjx)dP0(x) =
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Z

X

Z

Y
log

d� (yjx)
d� W � (yjx)

d� (yjx)dP0(x) �
Z

Y
� (y)d� 1(y) =

Z

X

Z

Y
log

d� (yjx)dP0(x)
d� W � (yjx)dP0(x)

d� (yjx)dP0(x) �
Z

Y
� (y)d� 1(y) =

Z

X �Y
log

d� (x; y)
d� W � (x; y)

d� (x; y) �
Z

Y
� (y)d� 1(y) =

KL(� jj � W �
) �

Z

Y
� (y)d� 1(y):

For the right part, we obtain:
Z

X

n
KL(� (�jx)jj � � (�jx)) � logCx

�

o
dP0(x) =

Z

X
KL(� (�jx)jj � � (�jx))dP0(x) �

Z

X
logCx

� dP0(x) =
Z

X

Z

Y
log

d� (yjx)
d� � (yjx)

d� (yjx)dP0(x) �
Z

X
logCx

� dP0(x) =
Z

X

Z

Y
log

d� (yjx)dP0(x)
d� � (yjx)dP0(x)

d� (yjx)dP0(x) �
Z

X
logCx

� dP0(x) =
Z

X �Y
log

d� (x; y)
d� � (x; y)

d� (x; y) �
Z

X
logCx

� dP0(x) =

KL(� jj � � ) �
Z

X
logCx

� dP0(x):

Hence, the equality (23) holds.

Now we introduce the following auxiliary functionaleL :

eL (�; � ) def= KL(� jj � W �
) �

Z

Y
� (y)d� 1(y) +

Z

Y
� (y)dP1(y):

Recall that� 1 denotes the second marginal distribution of� . We use this functional to derive the
saddle point reformulation of EOT.

Lemma B.3(Relaxation of entropic optimal transport). It holds that

L � = inf
� 2 �( P0 ;P1 )

KL(� jj � W �
)= sup

�
inf

� 2 �( P0 )
eL (�; � ); (24)

wheresup is taken over potentials� 2 Cb;2(Y) andinf over� 2 �( P0).

Proof of Lemma B.3.We obtain

inf
� 2 �( P0 ;P1 )

KL
�
� jj � W � �

= inf
� 2 �( P0 ;P1 )

n Z

X
KL

�
� (yjx)jj � W �

(yjx)
�
dP0(x)

o
=

inf
� 2 �( P0 ;P1 )

Z

X
C

�
x; � (yjx)

�
dP0(x); (25)

whereC
�
x; �

� def= KL
�
� jj � W �

(yjx)
�
. The last problem in (25) is known as weak OT [7, 20] with a

weak OT costC. For a given� 2 Cb;2(Y), consider its weakC-transform given by:

� C (x) def= inf
� 2P 2 (Y )

�
C(x; � ) �

Z

Y
� (y)d� (y)

	
: (26)

SinceC : X � P 2(Y) ! R is lower bounded (by zero), convex in the second argument and jointly
lower semi-continuous, the following equality holds [7, Theorem 1.3]:

L � = inf
� 2 �( P0 ;P1 )

Z

X
C

�
x; � (yjx)

�
dP0(x) = sup

�

� Z

X
� C (x)dP0(x) +

Z

Y
� (y)dP1(y)

	
; (27)
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