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Abstract

The Signed Distance Function (SDF), as an implicit surface representation, provides
a crucial method for reconstructing a watertight surface from unorganized point
clouds. The SDF has a fundamental relationship with the principles of surface
vector calculus. Given a smooth surface, there exists a thin-shell space in which the
SDF is differentiable everywhere such that the gradient of the SDF is an eigenvector
of its Hessian matrix, with a corresponding eigenvalue of zero. In this paper, we
introduce a method to directly learn the SDF from point clouds in the absence
of normals. Our motivation is grounded in a fundamental observation: aligning
the gradient and the Hessian of the SDF provides a more efficient mechanism
to govern gradient directions. This, in turn, ensures that gradient changes more
accurately reflect the true underlying variations in shape. Extensive experimental
results demonstrate its ability to accurately recover the underlying shape while
effectively suppressing the presence of ghost geometry.

1 Introduction

In recent years, the neural signed distance function (SDF) has demonstrated its capability to represent
high-fidelity geometry [37, 16, 8, 53, 1, 19]. Existing approaches primarily employ neural networks
to map coordinates to their corresponding signed distance values. Depending on whether or not
supervision is used, these approaches can be classified into two categories: learning-based methods
and optimization-based methods, where the former fits data samples to their corresponding ground-
truth implicit representations [37, 16, 8, 22, 21] and the latter directly infer the underlying SDF
from point clouds [1, 19, 5, 3, 48] or multi-image [45, 29, 35]. Despite significant advancements
in SDF-based surface reconstruction, both types of methods have their drawbacks. The supervised
reconstruction methods may not generalize well [42] on shapes or point distributions that are not
present in the training data. The optimizing-based methods, on the other hand, struggle to resolve the
ambiguity of the input point cloud, particularly when normal information is absent. In this paper, our
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focus is primarily on optimization-based reconstruction techniques for point clouds without normal
information.

The majority of optimization-based approaches utilize first-order constraints to regulate the variation
of the SDF. For example, the Eikonal term [19, 40, 53] is commonly employed to ensure that the
gradients are unit vectors. However, as pointed out in [6], the Eikonal term is weak in its ability
to regulate the direction of the gradients. As a result, it is challenging to prevent the emergence of
ghost geometry (the level sets of the SDF are highly disordered) and unnecessary shape variations
even when the Eikonal term is enforced. To address these issues, various second-order smoothness
energy formulations [54, 6] are proposed to steer the direction of the gradients to change toward a
desirable configuration. However, it entails considerable difficulty to regulate the extent to which
the smoothness term is enforced. A commonly seen artifact is that the resulting surface may be
excessively smooth.

In this research, we re-examine the problem of surface reconstruction based on surface vector calculus,
and introduce a novel loss to facilitate the inference of a faithful SDF directly from raw point clouds
without oriented normals. An interesting observation is that within the narrow thin-shell space of the
underlying surface, where the real SDF is differentiable everywhere in the narrow thin-shell space,
the gradient of the SDF is an eigenvector of its Hessian matrix and the corresponding eigenvalue is
zero. Specially, when a point is situated on a surface, the normal vector transforms into an eigenvector
of the Hessian of the SDF, with the corresponding eigenvalue being zero. In essence, the gradient and
Hessian of the SDF must be aligned within a thin-shell region surrounding the underlying surface.
This alignment allows for more effective control over the direction of the gradients. Building on the
key observation, we develop a new loss function that promotes the alignment of the gradient and
Hessian of the SDF, rather than relying on smoothness energy. We have conducted a comprehensive
evaluation of our proposed approach on a variety of benchmarks and compared it to recently proposed
reconstruction methods. Extensive experimental results show that our approach outperforms the
state-of-the-art techniques, whether overfitting a single shape or learning a shape space. It can not
only accurately recover the underlying shape but also suppress the occurrence of ghost geometry,
which verifies the effectiveness of the gradient-Hessian alignment.

2 Related Work

2.1 Traditional Methods

Traditional reconstruction methods can be classified into two categories: explicit and implicit. Explicit
methods focus on establishing direct connections between input points, while implicit methods aim to
fit an implicit field that conforms to the given points and normals. Roughly speaking, popular explicit
reconstruction techniques utilize computational geometry methods, such as Delaunay triangulation or
Voronoi diagrams, to infer connections between points. These methods can produce well-tessellated
triangle mesh surfaces [26, 14, 47]. However, they may struggle to ensure manifoldness, particularly
when the input point cloud contains defects such as irregular point distribution, noise, or missing
parts. In contrast, implicit reconstruction techniques [25, 23, 39] are capable of generating manifold
and watertight surfaces. However, the majority of these methods necessitate that the input point cloud
is equipped with normal information.

In the event that the provided point cloud is devoid of normals, it is necessary to either estimate
the normals and orientations prior [52] to surface reconstruction or devise a novel reconstruction
framework that can operate in the absence of normal information [20, 27]. In essence, all of them
have to estimate normals either prior to or during the process of surface reconstruction. As a result,
these approaches remain heavily reliant on the quality of the estimated normals. In cases where the
provided point cloud is of poor quality, it becomes challenging for these methods to overcome the
inherent ambiguity introduced by the absence of normal information.

2.2 Supervision-based Learning Methods

Learning-based methodologies have demonstrated a superior capacity for reconstruction, particularly
in the context of neural implicit function [51]. They optimize the network to implicitly encode a signed
distance field or occupancy field with the supervision of ground truth. Preceding methodologies
primarily employ object-level priors [37, 34, 18] to encode shapes, which are referred to as global
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priors. However, the utilization of global priors restricts the generation ability as the network is unable
to deal with shapes that are absent from the training set. Subsequently, numerous methodologies
concentrate on local data priors [22, 16, 8, 21] to enhance generalization capacity by utilizing
small receptive �elds. The approaches for acquiring local data priors encompass regular grid [22],
KNN [17, 16, 8], and octree [46, 44] and so on. Although local data priors enhance the generation
ability of learning-based methodologies, the priors derived from limited data may result in excessively
smoothed surfaces. At the same time, the reconstruction performance may further deteriorate if the
distribution of the test point cloud signi�cantly deviates from the training data [42].

2.3 Optimization-based Learning Methods

To enhance the generalization ability, the direct �tting of 3D representations from raw point clouds
without supervision has been extensively investigated in recent years, enabling end-to-end prediction
of the target surface. The majority of optimization-based reconstructions necessitate the �tting of
individual shapes with speci�c network parameters, where the parameters are acquired by imposing
additional constraints. SAL/SALD [1, 2] employs unsigned distances to facilitate sign-agnostic
learning. IGR [19] and Neural-Pull [5] primarily utilize Eikonal terms to constrain the �eld to be an
SDF. Additionally, several methodologies [3, 4, 55] have been modi�ed from Neural-Pull in pursuit of
enhanced quality. DiGS [6] incorporates Laplacian energy into neural implicit representation learning
for unoriented point clouds. In summary, the preponderance of existing methodologies constrain the
norm of gradients or minimize smoothness energy to attain equilibrium between geometric details
and overall simplicity, but this inevitably results in ghost geometry or over-smoothed reconstruction
outcomes. In this paper, our emphasis is on the alignment of the gradients and the Hessian of the
SDF to more effectively regulate the direction of the gradients.

3 Method

3.1 Neural signed distance function

Given an unoriented point cloudP restricted in the range
 : [ � 1; 1] � [� 1; 1] � [� 1; 1], our task is
to �nd a neural signed distance function (SDF)f � : R3 7! R, such thatf � predicts a signed distance
value for an arbitrary query pointq 2 
 , where the neural functionf � is parameterized by� and can
be assumed to beC2-continuous everywhere in the domain. We useSl to denote the level-set surface
at the value ofl , i.e.,

Sl =
�

q 2 R3 j f � (q) = l
	

: (1)

The underlying surface can be naturally obtained by extracting the zero level-set surfaceS0, through
the use of contouring algorithms, such as Marching cubes [30]. The task of this paper is to �t the
high-�delity implicit representation without supervision.

3.2 Surface vector calculus related to SDF

Figure 1:A 2D visual for differential property of SDF
for circle. From left to right: SDF with gradient, mini-
mum (0) and maximum eigenvalues of the Hessian ma-
trix with their corresponding eigenvector.

In order to �t the SDF, there are typically three
types of boundary conditions for constrainingf � :
(1) Dirichlet conditionf � (p) = 0 that requires
each pointp 2 P to be situated onS0 as far
as possible, (2) Eikonal conditionkr f � k2 = 1
that enforcesf � be a distance �eld with unit gra-
dients, and (3) Neumann conditionr f � = N
that aims to align the gradients with the normal
�eld N . Existing neural implicit representations
incorporate the aforementioned boundary con-
ditions as constraints, either explicitly [19, 40]
or implicitly [5, 1]. However, it is important
to note that the Neumann condition cannot be
enforced due to the absence of oriented normals.

According to the surface vector calculus [32],
the SDF has a fundamental relationship with the
differential properties of a smooth surface. LetJ r f � denote the Jacobian matrix of the gradientr f � ,
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or equivalently the Hessian matrixH f � of f � . Since this matrix is symmetric and diagonalizable,
we can �nd the eigenvectors and eigenvalues ofH f � for any point wheref � is differentiable (a
narrow thin-shell space surrounding the base surface). By differentiating both sides of the identity
kr f � k2 = 1 , we get:

H f � r f � (q) = 0; (2)

which implies thatr f � (q) is exactly an eigenvector of the HessianH f � (q), with a corresponding
eigenvalue of 0. To be more detailed, whenq lies on the surface, the gradient represents the normal
vector atq. Consequently, we have

H f � N (q) = 0: (3)

Additionally, the other two eigenvectors ofH f � (q) de�ne the principal directions atq [32, 36], with
the eigenvalues respectively being the opposite of the corresponding principal curvatures. Ifq is off
the surface but in the differentiable region, the three eigenvectors re�ect the differential properties of
the closest surface point ofq, i.e., the projection ofq onto the surface. In summary, the eigenvectors
of the Hessian can disclose the fundamental properties of the underlying surface.

A similar property holds in the 2D setting. In Fig. 1, we provide a 2D circle as a toy example to
illustrate this property. It's evident that in the vicinity of the base surface, the Hessian matrix of the
SDF consistently exhibits two eigenvectors: one aligned with the gradient, and the other orthogonal
to the gradient. Moreover, we visualize the distribution of the eigenvalues using a color-coded style,
with the eigenvalue corresponding to the gradient being 0.

3.3 Gradient-Hessian Alignment

It should be noted that even if the underlying surface is in�nitely smooth, the SDF may not necessarily
be smooth everywhere. From a geometric perspective, the SDF is non-differentiable at medial-axis
points with at least two nearest projections onto the surface. The neural implicit functionf � , being at
leastC2-smooth, is unlikely to be identical to the real SDF. We can make a reasonable assumption
thatf � resembles the real SDF in the differentiable region that in the non-differentiable region. In
light of this, it is reasonable to enforce the alignment between the gradients and the Hessian for points
within a thin-shell space of appropriate width.

Based on the aforementioned analysis, we propose a loss function to promote the alignment of the
Gradient-Hessian:

L align(q) = kH f � g(q)k2
2 (4)

with

g(q) =
r f � (q)

kr f � (q)k2
: (5)

Figure 2: The level-sets, from left to right, show the distance �elds learned by SIREN [40], SIREN
with dirichlet energy [28], laplican energy [6], and hessian energy [54], DiGS [6] and ours with 100
points (black) as input. The black lines represent zero-isosurface. Our methods effectively suppress
the ghost geometry with the concern of the gradient directions.
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