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Abstract

Optimal Transport (OT) problem investigates a transport map that bridges two
distributions while minimizing a given cost function. In this regard, OT between
tractable prior distribution and data has been utilized for generative modeling
tasks. However, OT-based methods are susceptible to outliers and face optimization
challenges during training. In this paper, we propose a novel generative model based
on the semi-dual formulation of Unbalanced Optimal Transport (UOT). Unlike OT,
UOT relaxes the hard constraint on distribution matching. This approach provides
better robustness against outliers, stability during training, and faster convergence.
We validate these properties empirically through experiments. Moreover, we study
the theoretical upper-bound of divergence between distributions in UOT. Our
model outperforms existing OT-based generative models, achieving FID scores
of 2.97 on CIFAR-10 and 6.36 on CelebA-HQ-256. The code is available at
https://github.com/Jae-Moo/UOTM.

1 Introduction

Optimal Transport theory [57, [77] explores the cost-optimal transport to transform one probability
distribution into another. Since WGAN [6]], OT theory has attracted significant attention in the
field of generative modeling as a framework for addressing important challenges in this field. In
particular, WGAN introduced the Wasserstein distance, an OT-based probability distance, as a loss
function for optimizing generative models. WGAN measures the Wasserstein distance between the
data distribution and the generated distribution, and minimizes this distance during training. The
introduction of OT-based distance has improved the diversity [[6}27]], convergence [63]], and stability
[36L 152]] of generative models, such as WGAN [6] and its variants [27} |45} |56]. However, several
works showed that minimizing the Wasserstein distance still faces computational challenges, and the
models tend to diverge without a strong regularization term, such as gradient penalty [S1}163]].

Recently, there has been a surge of research on directly modeling the optimal transport map between
the input prior distribution and the real data distribution [2,13,49,161} 82]. In other words, the optimal
transport serves as the generative model itself. These approaches showed promising results that
are comparable to WGAN models. However, the classical optimal transport-based approaches are
known to be highly sensitive to outlier-like samples [8]. The existence of a few outliers can have
a significant impact on the overall OT-based distance and the corresponding transport map. This
sensitivity can be problematic when dealing with large-scale real-world datasets where outliers and
noises are inevitable.

To overcome these challenges, we suggest a new generative algorithm utilizing the semi-dual formu-
lation of the Unbalanced Optimal Transport (UOT) problem [12,!44]]. In this regard, we refer to our
model as the UOT-based generative model (UOTM). The UOT framework relaxes the hard constraints
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Figure 1: Generated Samples from UOTM trained on Left: CIFAR-10 and Right: CelebA-HQ.

of marginal distribution in the OT framework by introducing soft entropic penalties. This soft con-
straint provides additional robustness against outliers [8},[66]. Our experimental results demonstrate
that UOTM exhibits such outlier robustness, as well as faster and more stable convergence compared
to existing OT-based models. Particularly, this better convergence property leads to a tighter matching
of data distribution than the OT-based framework despite the soft constraint of UOT. Our UOTM
achieves FID scores of 2.97 on CIFAR-10 and 6.36 on CelebA-HQ, outperforming existing OT-based
adversarial methods by a significant margin and approaching state-of-the-art performance. Further-
more, this decent performance is maintained across various objective designs. Our contributions can
be summarized as follows:

* UOTM is the first generative model that utilizes the semi-dual form of UOT.

* We analyze the theoretical upper-bound of divergence between marginal distributions in
UOT, and validate our findings through empirical experiments.

* We demonstrate that UOTM presents outlier robustness and fast and stable convergence.

* To the best of our knowledge, UOTM is the first OT-based generative model that achieves
near state-of-the-art performance on real-world image datasets.

2 Background

Notations Let X, Y be two compact complete metric spaces, and be probability distributions
on X and Y, respectively. We regard and as the source and target distributions. In generative
modeling tasks, and correspond to tractable noise and data distributions. For a measurable map
T, T4 represents the pushforward distribution of . ( ; ) denote the set of joint probability
distributions on X Y whose marginals are and , respectively. M4 (X YY) denote the set of joint
positive measures defined on X Y. For convenience, for 2 M4 (X Y),let o(X)and 1(y)be
the marginals with respect to X and Y. c(X; y) refers to the transport cost function defined on X Y.
Throughout this paper, we consider X =Y  RY with the quadratic cost, ¢(X;y) = kx yk3,
where d indicates the dimension of data. Here, is a given positive constant. For the precise notations
and assumptions, see Appendix [A]

Optimal Transport (OT) OT addresses the problem of searching for the most cost-minimizing way
to transport source distribution to target , based on a given cost function ¢( ; ). In the beginning,
Monge [53] formulated this problem with a deterministic transport map. However, this formulation is
non-convex and can be ill-posed depending on the choices of and . To alleviate these problems, the
Kantorovich OT problem [33]] was introduced, which is a convex relaxation of the Monge problem.
Formally, the OT cost of the relaxed problem is gZiven by as follows:

C(; )= _inf cy)d (xy) ; )
€ () xxy
where C is a cost function, and is a coupling of and . Unlike Monge problem, the minimizer

of Eq always exists under some mild assumptions on (X; ), (Y; ) and the cost ¢ ([77]], Chapter

5). Then, the dual form of Eq[I]is given as:
Z

C(; )= sup ueyd (x)+  v(y)d (y) ; ()
uX)+v(y)<c(xyy) X A%



whereu andv are Lebesgue integrable with respect to measuasd , i.e.,u 2 L( ) and
v 2 LY( ). For a particular case wheeogx;y) is equal to the distance function betweeandy,
thenu = v andu is 1-Lipschitz [77]. In such case, we call §g 2kantorovich-Rubinstein duality
For the general cos( ; ), the E(@ can be reformulated as follows ([77], Chapter 5):

z z

C(; )= sup ve(x)d (x)+  v(y)d (y) 3)
v2LI( ) X Y

where thec-transform ofv is de ned asv®(x) = msz (c(x;y)  v(y)). We call this formulation (Eq
y
asemi-dual formulation of OT

Unbalanced Optimal Transport (UOT) Recently, a new type of optimal transport problem has
emerged, which is callednbalanced Optimal Transport (UOT12,/44]. The Csiszar divergence
D¢ ( j ) associated witl is a generalization df -divergence for the case wherés not absolutely
continuous with respect to (See Appendik A for the precise de nition). Here, the entropy function
f:[0;1)! [0;1 ]isassumed to be convex, lower semi-continuous, and non-negative. Note that
thef -divergence families include a wide variety of divergences, such as Kullback-Leibler (KL)
divergence and? divergence. (Se1l] for more examples of -divergence and its corresponding
generatof .) Formally, the UOT problem is formulated as follows:

z

Conli )= inf v (69)* D (o )¥D (i) 1 (@)

The UOT formulation (E}4) has two key properties. First, UOT can handle the transportation of
any positive measures by relaxing the marginal constrdiat43, 44, 57], allowing for greater
exibility in the transport problem. Second, UOT can address the sensitivity to outliers, which is a
major limitation of OT. In standard OT, the marginal constraints require that even outlier samples
are transported to the target distribution. This makes the OT objective (Eq 1) to be signi cantly
affected by a few outliers. This sensitivity of OT to outliers implies that the OT distance between two
distributions can be dominated by these outli&sp]. On the other hand, UOT can exclude outliers
from the consideration by exibly shifting the marginals. Both properties are crucial characteristics of
UOT. However, in this work, we investigate a generative model that transports probability measures.
Because the total mass of probability measure is equal to 1, we focus on the latter property.

3 Method

3.1 Dual and Semi-dual Formulation of UOT

Similar to OT, UOT also provides@ual formulation [12, 21, 72]:
Z z

Cuw(; )= sup 1 u(x))d (x) + 20 v(y)d (y) ()
u(x)+ v(y) c(xy) X Y

with u 2 C(X), v 2 C(Y) whereCdenotes a set of continuous functions over its domain. Here,
denotes theonvex conjugatef f , i.e.,f (y) =sup,,gfhx;yi f(x)gforf :R! [1 ;1]

Remark 3.1 (UOT as a Generalization of OT). Suppose ; and , are the convex indicator
function off 1g, i.e. have zero values for = 1 and otherwisel . Then, the objective in Eq 4
becomesinnityif (6 or ;6 ,which meansthat UOT reduces into classical OT. Moreover,

1(X) = 5(xX) = x. Ifwe replace ; and , with the identity function, Eq 5 precisely recovers
the dual form of OT (Eq 2). Note that theard constraint corresponds to (x) = x.

Now, we introduce theemi-dual formulation of UOT[72]. For this formulation, we assume thag
and , are non-decreasing and differentiable functidnsié non-decreasing for the non-negative
entropy functiorf [65]):
Z
Cu(; )=sup y 1 (V) d () + . 20 v(y)d () ; (6)

v2C

wherev®(x) denotes the-transform ofv as in Eq 3.



Remark 3.2(  Candidate). Here, we clarify the feasible set of in the semi-dual form of UOT.
As aforementioned, the assumption for deriving Eq 6 is thats a non-decreasing, differentiable
function. Recall that for any functidi, its convex conjugate is convex and lower semi-continuous
[9]. Also, for any convex and lower semi-continudud is a convex conjugate éf [7]. Combining
these two resultany non-decreasing, convex, and differentiable function can be a candidate of

3.2 Generative Modeling with the Semi-dual Form of UOT

In this section, we describe how we implement a generative model based on the semi-dual form (Eq
6) of UOT. Following [18, 28, 41, 54, 61], we introdudg to approximate/© as follows:

Tv(x) 2 a;g\i(nf [cOGy) vl . V(X)) = e Tu(x))  v(Tu(X)); )

Note thatT, is measurable {{0], Prop 7.33). Then, the following objectiHv) can be derived from
the equation inside supremum in Eq (6) and the right-hand side of Eq 7:
z z

J(v) = y 1 ([ Tv(x))  v(TvOD) d (%) + . 2( v(y) d (y): (8)

In practice, there is no closed-form expression of the optipdbr eachv. Hence, the optimization
Ty for eachv is required as in the generator-discriminator training of GRH [ In this work, we
parametrizesr = v andT, = T with neural networks with parameterand . Then, our learning
objectiveL, .+ can be formulated as follows:
z z

Ly ir =inf L infc(T () v (T I d (x)+ . 20 v ()d(y) - (9)
Finally, based on Eq 9, we propose a new training algorithm (Algorithm 1), called@lebased
generative model (UOTMPBimilar to the training procedure of GANs, we alternately update the
potentialv (lines 2-4) and generatdr (lines 5-7).

Algorithm 1 Training algorithm of UOTM

Require: The source distribution and the target distribution. Non-decreasing, differentiable,
convex function paif ;; ,). Generator network and the discriminator network . Total
iteration numbeK .

1: fork=0;1;2;:::;K do
: SampI? agoatch Y ,Zz N (0;1).

2

3 Lv= 55 xex 10 c6T (6z)+ v (T 2+ 7 yov 2 vV (V)
4: Update by using the los& .

5: Sample apatck .2 N (O;1).

6 Lt=1x5 xox (€O6T (%2) v (T (x2)).

7: Update by usingthe los& 7.

8: end for

Following [26, 42], we add stochasticity in our generafbr by putting an auxiliary variable as an
additional input. This allows us to obtain the stochastic transport plgr) for given inputx 2 X,
motivated by the Kantorovich relaxatio83]. The role of the auxiliary variable has been extensively
discussed in the literaturd 3, 26, 42, 80], and it has been shown to be useful in generative modeling.
Moreover, we incorporatR, regularization 0], Lieg = kr yVv (Y)K3 for real datay 2 Y, into the
objective (Eq 9), which is a popular regularization method employed in various studies [13, 51, 80].

3.3 Some Properties of UOTM

Divergence Upper-Bound of Marginals UOT relaxes the hard constraint of marginal distributions

in OT into the soft constraint with the Csiszar divergence regularizer. Therefore, a natural question is
how much divergence is incurred in the marginal distributibesause of this soft constraint in UOT.

The following theorem proves that the upper-bound of divergences between the marginals in UOT
is linearly proportional to in the cost functiore(x;y). This result follows our intuition because
down-scaling is equivalent to the relative up-scaling of divergenbes ;D , in Eq 4. (Notably,

in our experiments, the optimization bene t outweighed the effect of soft constraint (Sec 5.2).)



Theorem 3.3. Suppose that and are probability densities de ned oX andY. Given the
assumptions in Appendix A, suppose that are absolutely continuous with respect to Lebesgue
measure and is continuously differentiable. Assuming that the optimal potemtia# inf ,2c J (V)
existsy” is a solution of the foIIO\%ing objective

Z
Jv) = § VE(x)d~(x) + . v(y)d~(y); (10)
where~(x) = ;% v*°(x)) (x) and~(y) = L% Vv’(y)) (y). Note that the assumptions
guarantee the existence of optimal transport fidpetween~ and ~. FurthermoreT? satis es
T7(x) 2 arginfy,y [c(y)  V'(Y)]; (11)

-almost surely. In particulaD ,(~j )+ D ,(~j ) W2(; )whereW,(; )isaWasserstein-
2 distance betweenand .

Theorem 3.3 shows that- (Eq 7) is a valid parametrization of the optimal transport Mdghat
transports~ to ~. Moreover, if is suf ciently small, then~and~ are close to and , respectively.
Therefore, we can infer that,» will transport to a distribution that is similar to.

Stable Convergence We discuss convergence properties of UOT objectiand the corresponding
OT objectiveJ for the potential through the theoretical ndings of Gallouét et al. [21].
Theorem 3.4([21]). Under some mild assumptions in Appendix A, the following holds:

J(v) I zila ke (V¢ VPO)KE + CLIE (v VP92 + CE (v vD)? ; (12
for some positive consta@ andC,. FurthermoreJ(v) J(v°) LE- kr (V¢ Vv7)k3 .

Theorem 3.4 suggests that the UOT objecfivgains stability over the OT objectivEin two aspects.
First, while J” only bounds the gradient errér (v¢ v?°)k3, J also bounds the function error

(v¢ v?° 2. Second,) provides control over both the original functigrand itsc-transformv® in L2

sense. We hypothesize this stable convergence property conveys practical bene ts in neural network
optimization. In particular, UOTM attains better distribution matching despite its soft constraint (Sec
5.2) and faster convergence during training (Sec 5.3).

4 Related Work

Optimal Transport Optimal Transport (OT) problem addresses a transport map between two
distributions that minimizes a speci ed cost function. This OT map has been extensively utilized in
various applications, such as generative modelhg%, 61], point cloud approximationd0], and
domain adaptatior?0]. The signi cant interest in OT literature has resulted in the development of
diverse algorithms based on different formulations of OT problem, e.g., primary (Eq 1), dual (Eq 2),
and semi-dual forms (Eq 3). First, several works were proposed based on the primarg7p84].[

These approaches typically involved multiple adversarial regularizers, resulting in a complex and
challenging training process. Hence, these methods often exhibited sensitivity to hyperparameters.
Second, the relationship between the OT map and the gradient of dual potential led to various dual
form based methods. In speci ¢, when the cost function is quadratic, the OT map can be represented
as the gradient of the dual potenti@l7]. This correspondence motivated a new methodology that
parameterized the dual potentials to recover the OT rBa@4]. Seguy et al[64] introduced the
entropic regularization to obtain the optimal dual potentiaBndv, and extracted the OT map

from them via the barycentric projection. Some methaids 49] explicitly utilized the convexity of
potential by employing input-convex neural networks [1].

Recently, Korotin et al[39] demonstrated that the semi-dual approach8sdl] are the ones that

best approximate the OT map among existing methods. These approb8&H properly recovered

OT maps and provided high performance in image generation and image translation tasks for large-
scale datasets. Because our UOTM is also based on the semi-dual form, these methods show some
connections to our work. If we let; and , in Eq 9 as identity functions, our Algorithm 1 reduces

to the training procedure of Fan et HI8] (See Remark 3.2). For convenience, we denote Fan et al.
[18] as aOT-based generative model (OT.NMJoreover, note that Rout et §61] can be considered

as a minor modi cation of parametrization from OTM. In this paper, we denote Rout[@tldlas

Optimal Transport Modeling (OTM¥)and regard it as one of the main counterparts for comparison.



(a) OTM (b) UOTM
Figure 2: Outlier Robustness Test on Toy datasetvith 1% outlier. For each sub gurd, eft:
Comparison of target densityand generated densify,  andRight: Transport map of the trained
model(x; T (x)). While attempting to t the outlier distribution, OTM generates undesired samples
outside and learns the non-optimal transport map. In contrast, UTOM mainly generates in-
distribution samples and achieves the optimal transport map. (For better visualization, the y-scale of
the density plot is manually adjusted.)

Figure 3:Outlier Robustness Test on Image datas€CIFAR-10 + 1% MNIST).Left: OTM exhibits
artifacts on both in-distribution and outlier sampl&sght: UOTM attains higher- delity samples
while generating MNIST-like samples more sparingly, around 0.2%. FID scores of CIFAR-10-like
samples are 13.82 for OTM and 4.56 for UOTM, proving that UOTM is more robust to outliers.

Unbalanced Optimal Transport The primal problem of UOT (Eq 4) relaxes hard marginal
constraints of Kantorovich's problem (Eq 1) through soft entropic penalfti#ls Most of the recent

UOT approachesl]l, 19, 48, 58] estimate UOT potentials on discrete space by using the dual
formulation of the problem. For example, Pham e{%8] extended the Sinkhorn method to UOT,
and Lubeck et al48] learned dual potentials through cyclic properties. To generalize UOT into the
continuous case, Yang and Uh[82] suggested the GAN framework for the primal formulation of
unbalanced Monge OT. This method employed three neural networks, one for a transport map, another
for a discriminator, and the third for a scaling factor. Balaji e{&]l.claimed that implementing a
GAN-like procedure using the dual form of UOT is hard to optimize and unstable. Instead, they
proposed an alternative dual form of UOT, which resembles the dual form of OT with a Lagrangian
regularizer. Nevertheless, Balaji et |8] still requires three different neural networks as82][

To the best of our knowledge, our work is the rst generative model that leverages the semi-dual
formulation of UOT. This formulation allows us to develop a simple but novel adversarial training
procedure that does not require the challenging optimization of three neural networks.

5 Experiments

In this section, we evaluate our model on the various datasets to answer the following questions:

Does UOTM offer more robustness to outliers than OT-based model (OTM)? (85.1)

Does the UOT map accurately match the source distribution to the target distribution? (85.2)
Does UOTM provide stable and fast convergence? (85.3)

Does UOTM provide decent performance across various choices ahd ,? (85.4)

Does UOTM show reasonable performance even without a regularizatioriggi? (85.4)

Does UOTM provide decent performance across various choicemaf(x;y)? (85.4)

Unless otherwise stated, weset 1= ,andD as aKL divergencen our UOTM model (Eq
9). The source distribution is a standard Gaussian distributiNin(0; I') with the same dimension as
the target distribution . In this case, the entropy functionis given as follows:

xlogx x+1; ifx> 0.

(x)= 1; ifx 0

In addition, when the generatdr and potential/ are parameterized by the same neural networks
as OTM* [6]], we call them asmallmodel. When we use the same network architecture in RGM

ogkwhpE

x)=¢€" 1 (13)



Table 1: Target Distribution Matching Test. Table 2:Image Generation on CIFAR-10.
UOTM achieves a better approximation of target

distribution , i.e., T« . yindicates the Class Model FIDH 1S()
results conducted by ourselves. SNGAN+DG ow [5] 9.62 935
AutoGAN [24] 124  8.60
_5. —0. N TransGAN [31] 9.26  9.02
Model Toy ( =0:1) Toy (= 0:02) CIFAR-10 GaN  SYIEGAN2 w0 ADA[35] 832  9.18
Metric DiL (Ts | )@ FID (#) StyleGAN2 w/ ADA[35]  2.92 9.83
DDGAN (T=1)[80] 16.68 -
_OT'V'yy 0.05 0.05 7.68 DDGAN [80] 375 9.63
Fixed- , 0.02 0.004 7.53 RGM [13] 247 9.68
UOTM 0.02 0.005 2.97 NCSN [68] 53 887
] . DDPM [30] 321 9.46
Table 3:Image Generation on CelebA-HQ. Score SDE (VE) [69] 520  9.89
e Score SDE (VP) [69] 241 9.68
Diffusion
| Model FID DDIM (50 steps) [67] 467 878
Class ode i CLD [15] 2.25 -
Score SDE (VP) [69] 7.23 Subspace Diffusion [32] 217 9.94
Probability Flow [69] 128.13 LSGM [74] 2.10 9.87
i LSGM [74] 7.22
msen - uowtm 716 weED @ IR
DDGAN [80] 7.6 VAE&EBM PixelCNN [75] 65.9  4.60
RGM [13] 7.15
VAEBM [79] 122 843
PGGAN [34] 8.03 Recovery EBM [22] 958 8.30
Adv. LAE [59] 19.2
GAN VQ-GAN[16]  10.2 WGAN [6] 5520 -
DC-AE [55] 158 WGAN-GP[27] 39.40 6.49
StyleSwin [83] 3.25 Robust-OT [8] 21.57 -
OT-based AE-OT-GAN [3] 17.10 7.35
NVAE [73] 29.7 OTM* (Small) [61] 21.78 -
VAE NCP-VAE [4] 24.8 OTM (LargeY 7.68 850
VAEBM [79] 20.4 UOTM (Smally 12.86 7.21
OT-based UOTMY 6.36 UOTM (LargeY 2.97 0.07 9.68

[13], we refer to them akarge model. Unless otherwise stated, we consideddinge model. For
implementation details of experiments, please refer to Appendix B.2.

5.1 Outlier Robustness of UOTM

One of the main features of UOT is its robustness against outliers. In this subsection, we investigate
how this robustness is re ected in generative modeling tasks by comparing our UOTM and OT-based
model (OTM). For evaluation, we generated two datasets that have 1-2% outbgrand Image
datasets The toy dataset is a mixture of samples frdihgl; 0:5%) (in-distribution) andN ( 1; 0:5%)
(outlier). Similarly, the image dataset is a mixture of CIFAR-4@][(in-distribution) and MNIST

[14] (outlier) as in Balaji et al. [8].

Figure 2 illustrates the learned transport mia@and the probability densitfy of generated
distribution for OTM and UOTM models trained on the toy dataset. The density in Fig 2a demonstrates
that OTM attempts to t both the in-distribution and outlier samples simultaneously. However, this
attempt causes undesirable behavior of transporting density outside the target support. In other words,
in order to address 1-2% of outlier sampléd,M generates additional failure samples that do not
belong to the in-distribution or outlier distribution.On the other hand, UOTM focuses on matching

the in-distribution samples (Fig 2b). Moreover, the transport maps show that OTM faces challenging
optimization. The right-hand side of Figure 2a and 2b visualize the correspondence between the
source domain samplesand the corresponding target domain samlés). Note that the optimal

T? should be a monotone-increasing functionHowever, OTM failed to learn such a transport map

T, while UOTM succeeded.

Figure 3 shows the generated samples from OTM and UOTM models on the image dataset. A similar
phenomenon is observed in the image data. Some of the generative images from OTM show some
unintentional artifacts. Also, MNIST-like generated images display a red or blue-tinted background.
In contrast, UOTM primarily generates in-distribution samples. In practice, UTOM generates MNIST-
like data at a very low probability of 0.2%. Notably, UOTM does not exhibit artifacts as in OTM.
Furthermore, for quantitative comparison, we measured Fréchet Inception Distance (FIDRStore [

by collecting CIFAR-10-like samples. Then, we compared this score with the model trained on a clean



(a) OTM (b) Fixed- (c) UOTM

Figure 4:Visualization of OT Map (x; T (x)) trained on clean Toy data The comparison suggests
that Fixed- and UOTM models are closer to the optimal transport map compared to OTM.

dataset. The presence of outliers affected OTM by increasing FID score (/&8 13:82) while
the increase was less than 2 in UOTRI97! 4:56). In summary, the experiments demonstrate that
UOTM is more robust to outliers.

5.2 UOTM as Generative Model

Target Distribution Matching  As aforementioned in Sec 3.3, UOT allows some exibility to the
marginal constraints of OT. This means that the optimal genefataioes not necessarily transport

the source distribution precisely to the target distribution i.e., Tx . However, the goal of

the generative modeling task is to learn the target distributidn this regardye assessed whether

our UOTM could accurately match the target (data) distributi®@peci cally, we measured KL
divergence 78] between the generated distributidja and data distribution on the toy dataset

(See the Appendix B.1 for toy dataset details). Also, we employed the FID score for CIFAR-10
dataset, because FID assesses the Wasserstein distance between the generated samples and training
data in the feature space of the Inception network [70].

In this experiment, our UOTM model is compared with two other meth@3dv1 [18] (Constraints in

both marginals) andOTM with xed (Constraints only in the source distribution). We introduced

Fixed- variant because generative models usually sample directly from the input noise distribution
. This direct sampling implies the hard constraint on the source distribution. Note that this

hard constraint corresponds to setting(x) = x in Eq 9 (Remark 3.1). (See Appendix B.2 for

implementation details of UOTM with xed .)

Table 1 shows the data distribution matching results. Interestingly, despite the soft constrraint,
UOTM matches data distribution better than OTM in both datasets. In the toy dataset, UOTM
achieves similar KL divergence with and without xedfor each , which is much smaller than
OTM. This result can be interpreted through the theoretical properties in Sec 3.3. Following Thm 3.3,
both UOTM models exhibit smallddx, (T | ) for the smaller in the toy dataset. It is worth
noting that, unlike UOTMPy (T# | ) does not change for OTM. This is because, in the standard
OT problem, the optimal transport map does not depend onin Eq 1. Moreover, in CIFAR-10,

while Fixed- shows a similar FID score to OTM, UOTM signi cantly outperforms both models. As
discussed in Thm 3.4, we interpret that relaxing both marginals improved the stability of the potential
networkv, which led to better convergence of the model on the more complex data. This convergence
bene t can be observed in the learned transport map in Fig 4. Even on the toy dataset, the UTOM
transport map presents a better-organized correspondence between source and target samples than
OTM and Fixed-. In summary, our model is competitive in matching the target distribution for
generative modeling tasks.

Image Generation We evaluated our UOTM model on the two generative model benchmarks:
CIFAR-10 [43] (32 32) and CelebA-HQ4#6] (256 256). For quantitative comparison, we adopted

FID [29] and Inception Score (ISBR]. The qualitative performance of UOTM is depicted in Fig 1.

As shown in Table 2, UOTM model demonstrates state-of-the-art results among existing OT-based
methods, with an FID of 2.97 and IS of 9.68. Our UOTM outperforms the second-best performing
OT-based model OTM(Large), which achieves an FID of 7.68, by a large margin. Moreover,
UOTM(Small) model surpasses another UOT-based model with the same backbone network (Robust-
OT), which achieves an FID of 21.57. Furthermore, our model achieves the state-of-the-art FID
score of 6.36 on CelebA-HQ (25&56). To the best of our knowledge, UOTM is the rst OT-based
generative model that has shown comparable results with state-of-the-art models in various datasets.



Figure 5: FID Scores during Figure 6: Ablation Study on Figure 7:Ablation Study on
Training on CIFAR-10. Regularizer Intensity . inc(x;y)= kx yk3.

5.3 Fast Convergence

The discussion in Thm 3.4 suggests that UOTM offers some optimization bene ts over OTM, such as
faster and more stable convergence. In addition to the transport map visualization in the toy dataset
(Fig 2 and 4), we investigate the faster convergence of UOTM on the image dataset. In CIFAR-10,
UOTM converges in 600 epochs, whereas OTM takes about 1000 epochs (Fig 5). To achieve the
same performance as OTM, UOTM needs only 200 epochs of training, which is about ve times
faster. In addition, compared to several approaches that train CIFAR-10 with NC $Nge- ihode)

[69], our model has the advantage in training speed; Score 8BjEgkes more than 70 hours for
training CIFAR-10, 48 hours for DDGANS[Q], and 35-40 hours for RGM on four Tesla V100 GPUs.
OTM takes approximately 30-35 hours to converge, while our model only takes about 25 hours.

5.4 Ablation Studies

Generalized ;, > We investigate the various choices of Csiszdable 4: Ablation Study on
divergence in UOT problem, i.e.,; and , in Eq 9. As dis- Csiszar DivergenceD (j).
cussed in Remark 3.2, the necessary condition of feasibles

non-decreasing, convex, and differentiable functions. For instance, ( 1; 2) FID
setting the Csiszar divergenBe asf -divergence families such as (KL,KL) 2.97
KL divergence, 2 divergence, and Jensen-Shannon divergence sat- (2, 2) 3.02
is es the aforementioned conditions. For practical optimization, we (KL, 2) 3.21
chose (x) that gives nite values for alk, such as KL divergence ( 2,KL) 2.78
(Eq 13) and ? divergence (Eq 14): (Softplus, Softplus) 3.17
_(x 1)? ifx 0. P+ x ifx 2.
(x)="q, ifx< 0 () 1 ifx< 2 (14)

We assessed the performance of our UOTM models for the cases WheigeKL divergence or

2 divergence. Additionally, we tested our model when= Softplus (Eq 37), which is a direct
parametrization of . Table 4 shows that our UOTM model achieves competitive performance
across all ve combinations df ;; »).

in Regularizer L,eg We conduct an ablation study to investigate the effect of the regularization
termL ey on our model's performance. The WGAN family is known to exhibit unstable training
dynamics and to highly depend on the regularization té7, 51, 56]. Similarly, Figure 6 shows
that OTM is also sensitive to the regularization term and fails to converge without it (OTM shows
an FID score of 152 without regularization. Hence, we excluded this result in Fig 6 for better
visualization). In contrast, our model is robust to changes in the regularization hyperparameter and
produces reasonable performance even without the regularization.

in the Cost Function We performed an ablation study onin the cost functiorc(x;y) =

kx  yk3. In our model, the hyperparametercontrols the relative weight between the cost
c(x;y) and the marginal matchin@ ,;D , in Eq 4. In Fig 7, our model maintains a decent
performance of FID( 5) for = f0:5;1;2g 10 3. However, the FID score sharply degrades at

= f0:1;59g 10 3. Thm 3.3 suggests that a smalleleads to a tighter distribution matching.
However, this cannot explain the degradation at0:1 10 3. We interpret this is because the
cost function provides some regularization effect that prevents a mode collapse of the model (See the
Appendix C.2 for a detailed discussion).



6 Conclusion

In this paper, we proposed a generative model based on the semi-dual form of Unbalanced Optimal
Transport, called UOTM. Our experiments demonstrated that UOTM achieves better target distribution
matching and faster convergence than the OT-based method. Moreover, UOTM outperformed existing
OT-based generative model benchmarks, such as CIFAR-10 and CelebA-HQ-256. The potential
negative societal impact of our work is that the Generative Model often learns the dependence in the
semantics of data, including any existing biases. Hence, deploying a Generative Model in real-world
applications requires careful monitoring to prevent the ampli cation of existing societal biases present
in the data. It is important to carefully control the training data and modeling process of Generative
Models to mitigate potential negative societal impacts.
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A Proofs

Notations and Assumptions Let X andY be compact complete metric spaces which are subsets
of R, and , be positive Radon measures of the mass 1. Leand , be a convex, differentiable,
nonnegative function de ned oR. We assume that;(0) = ,(0)=1,and (xX)= (X)=1

for x < 0. The convex conjugate of is denoted by . We assume that, and , are differentiable

and non-decreasing on its domain. Moreovergclee a quadratic cost(x;y) = kx yk3, where

is positive constant.

First, for completeness, we present the derivation of the dual and semi-dual formulations of the UOT
problem.

Theorem A.1([12, 21, 72]) The dual formulation of Unbalanced OT (4) is given by
Z Z

Cun(; )= sup 10 ux))d (x) + 20 viypd (y) ¢ (19)
ux)+v(y) clxy) X Y
whereu 2 C(X), v 2 C(Y) withu(x) + v(y) c(x;y). Note that strong duality holds.

Also, the semi-dual formulation of Unbalanced OT (4) is given by
Z Z
Cu(; )=sup 1(VE(X)) d (x)+ 20 v(y)d (y) ; (16)
v2C X Y

wherev®(x) denotes the-transform ofv, i.e.,v¢(x) = msz (c(x;y)  v(y)).
y

Proof. The primal problem Eq 4 can be rewritten as
z g ) g )

inf c(x;y)d (x;y)+ 0 d (x)+ L
ey ) oy (x;y)d (x;y) Ny (x) -

We introduce slack variablds andQ such thaP = ¢andQ = ;. By Lagrange multipliers where
u andv associated toZ the constraints, the Lagrangian form of Eq 17 is

d(y): (17)

L(;P;Q;u;v):= c(x;y)d (x;y) (18)
27 p 2 day)
X y
d —7 d
R Z(x)+ g ) ] (19)

+ u(x) dP(x) d (xy) + v(y) dQ(y) d (xy) @ (20)
X Y Y X

The dual Lagrangian function i{u; v) = inf p.o L(;P;Q;u;v ). Then,g(u;v) reduces into
three distinct minimization problems for each variables;
Z

o(u; V) =inf XZu(x)dP(x)+ ) ‘:'jp((:)) d (x)
: dQ(y)
+Irg . v(y)dQ(y) + 2 T d (y) (21)
+inf . (c(xy) u(x) v(y)d (xy) :
Note that the rstterm of Eq 21 is .
dP(x) dP(x) _ _
s UGyt gy G0 T a(ukd e @)
Thus, Eq 21 can be rewritten aszfollows:
g(u;v) =inf (c(xy) u(x) v(y)d (xy)
z Y ya (23)

1(u(x))d (x) . 2( v(x))d (x):
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Suppose that(x;y) u(x) v(y) < 0for some poin{x;y). Then, by concentrating all mass of
into the point, the value of the minimization problem of Eq 23 becorhes Thus, to avoid the
trivial solution, we should set(x;y) u(x) v(y) 0almosteverywhere. Within the constraint,
the solution of the optimization problem of Eq 23c{x; y) = u(x) + v(y) -almost everywhere.

Finally, we obtain the dual formulation of UOT:
z z
sup 10 u(x))d (x) + 20 viy)d (y) ; (24)
ux)+v(y) clxy) X Y
wherec(x;y) = u(x) + v(y) -almosteverywhere (since; and , is non-decreasing). In other

words,
Z Z

sup 10 u(x))d (x)+ 20 vi)d (y) {(utv o ; (25
(Uv)2C(X)C (Y) X Y
wheref{ is a convex indicator function. Note that we assumeand , are convex, non-decreasing,
and differentiable. Since 0, by lettingu 1 andv 1, we can easily see that all three
terms in Eq 25 are nite values. Thus, we can apply Fenchel-Rockafellar's theorem, which implies
that the strong duality holds. Finally, combining the constra{xt) + v(y) c(x;y) with tightness
condition, i.e.c(x;y) = u(x) + v(y) -almosteverywhere, we obtain the following semi-dual form:
Z z

sup 1 Inflexy) v(y)l (x)+ 20 v(y) (y) (26)
v2C X y2y Y
O
Now, we state precisely and prove Theorem 3.3.
Lemma A.2. For any(u; V) ZZC(X) C (Y), let
I(u;v) i== y 1 ux)d (x) + . 20 v(y)d (y): (27)
Then, under the aszsumptions in Appendix A, thg functional derivativaipf) is
L U00 L ued ) V) L vd o) (28)

where wherd u; v ) 2 C(X) C (Y) denote the variations dl; v), respectively.

Proof. For any(f;g) 2 C(X )ZC (Y), let .

I(f;g) = § 1( F)d () + . 2( g(y)d (v):

Then, for arbitrarily given potentialas; v) 2 C(X) C (Y), and perturbatioi; ) 2 C(X) C (Y)
which satis esu(x) + (x)+¥(y)+ (y) c(xy), .
L():= dE|(u+ V= (U 0d 0F S (v ) ():

Note thatL ( ) is a continuous function. Thus, the functional derivative @f; v), i.e. L (0), is given
by calculus of variaition (Chapter 8, Evans [17])Z

LU0 2 ux)d (x) + L vo) 20 vy)d (y); (29)

where( u; v ) 2 C(X) C (YY) denote the variations @fi; v), respectively. O

Theorem A.3. Suppose that and are probability densities de ned oX andY. Given the
assumptions in Appendix A, suppose that are absolutely continuous with respect to Lebesgue
measure and is continuously differentiable. Assuming that the optimal potewmtiat inf ¢ J (V)
existsv” is a solution of the folloviling objective

Jv) = § ve(x)d~(x) + . v(y)d~(y); (30)
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where~(x) = ;% Vv**(x)) (x) and~(y) = L, V’(y)) (y). Note that the assumptions
guarantee the existence of optimal transport fidpbetween~ and ~. Furthermore,T? satis es

T7(x) 2 arginfy,y [c(xy) V(Y] (31)

-a.s..In particularD ,(~j )+ D ,(~j ) W2(; ) whereW,(; ) isa Wasserstein-2 dis-
tance between and .

Proof. By Lemma é derivative of Eq 27 is
LU0 2 ux)d (x)+ L Vo) 20 vy)d (y); (32)

Note that such linearization must satisfy the inequality constegt+ u (x) + v(y) + v (y)
c(x;y) to give admissible variations. TZhen, the Iinearizezd dual form can be re-written as follows:

sup u(x)d~(x)+  v(y)d~(y); (33)
(uv)2C(X)C (Y) X Y
where u(x) + v (y) cGy) _u()  v(y), ~) = % ux) (x), and ~y) =

20( v(y)) (y). Thus, whenevefu?;v?) is optimal, the linearized dual problem is non-positive
due to the inequality constraint and tightness @(&;y) u’(x) Vv’(y) =0 -almosteverywhere),
which implies that Eq 33 achieves its optimum(at;v?). Note that Eq 33 is a linearized dual
problem of the following dual problem:Z ~

sup ux)d~(x)+  v(y)d~y) : (34)
ux)+v(y) clxy) X Y
Hence, the UOT problem can be reduced into standard OT formulation with mareiaaid ~.
Moreover, the continuity of °gives that+ ~are absolutely continuous with respect to Lebesgue
measure and have a nite second moment (Note Xhat are compact. Hence, °is bounded on
X;Y,andX;Y are bounded). By Theorem 2.12 in VillgTi6], there exists a unique measurable OT
mapT ? which solves Monge problem betweerand~. Furthermore, as shown in Remark 5.13 in
Villani et al. [77], T?(x) 2 arginfy oy [c(x;y)  Vv(y)]-

Finally, if we constrain into ( ; ), then the solution of Eq 4 €y, = W3(; ). Thus, for the

optimal 2 M . where ¢ =~ and ; = ~, itis trivial that
WE(; ) W3(s 9+ D (5 )+D (5 ) (35)
which proves the last statement of the theorem. O

Theorem A.4([21]). J is convex. Supposeis a -strongly convexy® andv are uniformly bounded
on the support of and , respectively, and ;; , are strongly convex on every compact set. Then,
it holds

J(v) I zia ke (v VK3 + CLE (v V9% + CE (v v)? ; (36)
for some positive consta@® andC,. FurthermoreJ(v) J(v?) GE- kr (v¢ v?°)k3 .

Proof. See [21]. O

B Implementation Details

B.1 Data

Unless otherwise statethe source distribution is a standard Gaussian distributionN (0; 1)
with the same dimension as the target distribution

Toy Data We generated 4000 samples for each Toy dataset: Toy dataset for Outlier Robustness
(Sec 5.1) and Toy dataset for Target Distribution Matching (Sec 5.2). In Fig 2 of Sec 5.1, the target
dataset consists of 99% of samples frbinf1; 0:5%) and 1% of samples froM ( 1;0:5%). In Tab 1

and Fig 4 of Sec 5.2, the source data is composed of 50% of sampledlftorh; 0:5%) and 50% of
samples fromN (1; 0:5). The target data is sampled from the mixture of two Gaussidr(s: 1; 0:5)

with a probability of1=3 andN (2; 0:5) with a probability of2=3.
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CIFAR-10 We utilized all 50,000 samples. For each image X, we applied random horizontal flip
augmentation of probability 0.5 and transformed it by 2xX 1 to scale the values within the [ 1;1]
range. In the outlier experiment (Fig 3 of Sec 5.1), we added additional 500 MNIST samples to
the clean CIFAR-10 dataset. When adding additional MNIST samples, each sample was resized
to3 32 32 by duplicating its channel to create a 3-channeled image. Then, the samples were
transformed by 2x 1. For the image generation task in Sec 5.2, we followed the source distribution
embedding of Rout et al. [61] for the small model, i.e., the Gaussian distribution  with the size of
3 8 8isbicubically upsampledto 3 32 32.

CelebA-HQ We used all 120,000 samples. For each image X, we resized it to 256 256 and
applied random horizontal flip augmentation with a probability of 0.5. Then, we linearly transformed
each image by 2x 1 to scale the values within [ 1;1].

B.2 Implementation details

Toy data For all the Toy dataset experiments, we used the same generator and discriminator
architectures. The dimension of the auxiliary variable z is set to one. For a generator, we passed z
through two fully connected (FC) layers with a hidden dimension of 128, resulting in 128-dimensional
embedding. We also embedded data X into the 128-dimensional vector by passing it through three-
layered ResidualBlock [68]]. Then, we summed up the two vectors and fed it to the final output
module. The output module consists of two FC layers. For the discriminator, we used three layers
of ResidualBlock and two FC layers (for the output module). The hidden dimension is 128. Note
that the SiLU activation function is used. We used a batch size of 256, a learning rate of 10~%, and
2000 epochs. Like WGAN [6], we used the number of iterations of the discriminator per generator
iteration as five. For OTM experiments, since OTM does not converge without regularization, we set
R regularization to = 0:01.

CIFAR-10 For the small model setting of UOTM, we employed the architecture of Balaji et al. [§].
Note that this is the same model architecture as in Rout et al. [61]]. We set a batch size of 128, 200
epochs, a learning rate of 2 10~% and 10~ for the generator and discriminator, respectively. Adam
optimizer with 3 = 0:5, 2 = 0:9 is employed. Moreover, we use R1 regularization of = 0:2. For
the large model setting of UOTM, we followed the implementation of Choi et al. [13]] unless stated.
We trained for 600 epochs with = 0:2 for every iteration. Moreover, in OTM (Large) experiment,
we trained the model for 1000 epochs. The other hyperparameters are the same as UOTM. Tt For
the ablation studies in Sec we reported the best FID score until 600 epoch for UOTM and 1000
epoch for OTM because the optimal epoch differs for different hyperparameters. Additionally, for
the ablation study on in the cost function (Fig[7), we reported the best FID score among three Ry
regularizer parameters: = 0:2;0:02; 1. To ensure the reliability of our experiments, we conducted
three experiments with different random seeds and presented the mean and standard deviation in Tab
2 (UOTM (Large)).

CelebA-HQ (256 256) Weset = 107° and used R; regularizer with =5 for every iteration.
The model is trained for 450 epochs with an exponential moving average of 0.999. The other network
architecture and optimizer settings are the same as Xiao et al. [80] and Choi et al. [[13]].

Evaluation Metric We used the implementation of Wang et al. [[78] for the KL divergence in Tab
of Sec We set kK = 2 (See Wang et al. [78]]). For the evaluation of image datasets, we used 50,000
generated samples to measure IS and FID scores.

Ablation Study on Csiszar Divergence To ensure self-containedness, we include the definition of
Softplus function employed in Table [}

Softplus(x) = log(1 + exp(x)) (37)
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Figure 8: Various types of

C Additional Discussion on UOTM

C.1 Stability of UOTM

In this section, we provide an intuitive explanation for the stability and convergence of our model.
Note that our model employs a non-decreasing, differentiable, and convex * (Sec|3) as depicted in
Fig[8| In contrast, OTM corresponds to the specific case of *(X) = X. Now, recall our objective
function for the potential v and the generator T :

_ 1 x X . i _ 1 X i '
Ly, = mxex T cT (x2)+v (T (x2)+ jY—ijY 5C v () (38)
1 X
Lt = — CxT (x2)) v (T (x2)): (39)
JXJ xeX

Then, the gradient descent step of potential v for a single real data y with a learning rate of can be
expressed as follows:

riL = r s(ve)= + 3(vyrvy): (40)

Suppose that our potential network v assigns a low potential for y. Since the objective of the
potential network is to assign high values to the real data, this indicates that v fails to allocate the
appropriate potential to the real data point y. Then, because Vv (y) is large, *'( v (y)) in Eq
@ is large, as shown in Fig @ In other words, the potential network v takes a stronger gradient
step on the real data 'y where v fails. Note that this does not happen for OTM because *'(X) = 1
for all X. In this respect, UOTM enables adaptive updates for each sample, with weaker updates
on well-performing data and stronger updates on poor-performing data. We believe that UOUTM
achieves significant performance improvements over OTM by this property. Furthermore, UOTM
attains higher stability because the smaller updates on well-behaved data prevent the blow-up of the
model output.

C.2 Qualitative Comparison on Varying

In the ablation study on , UOTM exhibited a similar degradation in FID score( 20)at ( 1073) =
0:1; 5. However, the generated samples are significantly different. Figure [J]illustrates the generated
samples from trained UOTM for the cases when is too small ( = 0:1) and when is too large

= 5. When is too small (Fig E] (left)), the generated images show repetitive patterns. This lack of
diversity suggests mode collapse. We consider that the cost function ¢ provides some regularization
effect preventing mode collapse. For the source sample (noise) X, the cost function is defined as
c(X;T(x)) = kx T(x)k3. Hence, minimizing this cost function encourages the generated images
T (X) to disperse by aligning each image to the corresponding noise X. Therefore, increasing from
0.1 led to better FID results in Fig[7}

On the other hand, when  is too large Fig[9] (right), the generative samples tend to be noisy. Because
the cost function is ¢(X; T(X)) = kx T (X)k3, too large induces the generated image T (X) to
be similar to the noise X. This resulted in the degradation of the FID score for = 5 in Fig[/] As
discussed in Sec this phenomenon can also be understood through Thm 3.3]
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Figure 9: Generated samples from UOTM trained on CIFAR-10 with Left: = 0:1( 10~3%) and
Right: =5( 1073).

D Additional Results

" - - T Sl P e y
Figure 10: Generated samples from UOTM trained on CIFAR10 for ( 1; 2) = (KL;KL).
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Figure 12: Generated samples from UOTM trained on CIFAR10 for ( 1; ) = (KL; 2).
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