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Abstract

This work bridges two important concepts: the Neural Tangent Kernel (NTK),
which captures the evolution of deep neural networks (DNNs) during training, and
the Neural Collapse (NC) phenomenon, which refers to the emergence of symmetry
and structure in the last-layer features of well-trained classification DNNs. We
adopt the natural assumption that the empirical NTK develops a block structure
aligned with the class labels, i.e., samples within the same class have stronger
correlations than samples from different classes. Under this assumption, we derive
the dynamics of DNNs trained with mean squared (MSE) loss and break them
into interpretable phases. Moreover, we identify an invariant that captures the
essence of the dynamics, and use it to prove the emergence of NC in DNNs with
block-structured NTK. We provide large-scale numerical experiments on three
common DNN architectures and three benchmark datasets to support our theory.

1 Introduction

Deep Neural Networks (DNNs) are advancing the state of the art in many real-life applications,
ranging from image classification to machine translation. Yet, there is no comprehensive theory that
can explain a multitude of empirical phenomena observed in DNNs. In this work, we provide a
theoretical connection between two such empirical phenomena, prominent in modern DNNs: Neural
Collapse (NC) and Neural Tangent Kernel (NTK) alignment.

Neural Collapse. NC [39]] emerges while training modern classification DNNs past zero error
to further minimize the loss. During NC, the class means of the DNN’s last-layer features form a
symmetric structure with maximal separation angle, while the features of each individual sample
collapse to their class means. This simple structure of the feature vectors appears favourable for
generalization and robustness in the literature [[12} 31} 40, 47]. Though NC is common in modern
DNNs, explaining the mechanisms behind its emergence is challenging, since the complex non-linear
training dynamics of DNNs evade analytical treatment.

Neural Tangent Kernel. The NTK [30] describes the gradient descent dynamics of DNNSs in the
function space, which provides a dual perspective to DNNs’ evolution in the parameters space. This
perspective allows to study the dynamics of DNNs analytically in the infinite-width limit, where the
NTK is constant during training [30]. Hence, theoretical works often rely on the infinite-width NTK
to analyze generalization of DNNs [[1} 20, 28} [49]]. However, multiple authors have argued that the
infinite-width limit does not fully reflect the behaviour of realistic DNNs (2} 10} 22} 27,136} 43]], since
constant NTK implies that no feature learning occurs during DNNs training.

NTK Alignment. While the infinite-width NTK is label-agnostic and does not change during
training, the empirical NTK rapidly aligns with the target function in the early stages of training
[5L[7.1441145]). In the context of classification, this manifests itself as the emergence of a block structure
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in the kernel matrix, where the correlations between samples from the same class are stronger than
between samples from different classes. The NTK alignment implies the so-called local elasticity
of DNNs' training dynamics, i.e., samples from one class have little impact on samples from other
classes in Stochastic Gradient Descent (SGD) updagks$everal recent works have also linked

the local elasticity of training dynamics to the emergence of Bi&;%3]. This brings us to the main
guestion of this papets there a connection between NTK alignment and neural collapse?

Contribution. In this work, we consider a model of NTK alignment, where the kernel Hasck
structure i.e., it takes only three distinct values: an inter-class value, an intra-class value and a
diagonal value. We describe this model in Secfiipn 3. Within the model, we establish the connection
between NTK alignment and NC, and identify the conditions under which NC occurs. Our main
contributions are as follows:

» We derive and analyze the training dynamics of DNNs with MSE loss and block-structured
NTK in Section4. We identify three distinct convergence rates in the dynamics, which
correspond to three components of the training error: error of the global mean, of the class
means, and of each individual sample. These components play a key role in the dynamics.

» We show that NC emerges in DNNs with block-structured NTK under additional assumptions
in Sectior 5.B. To the best of our knowledge, this is the rst work to connect NTK alignment
and NC. While previous contributions rely on the unconstrained features m@degg&g[|48]
or other imitations of DNNs' training dynamic§3] to derive NC (see Append|[x]A for a
detailed discussion of related works), we consider standard gradient ow dynamics of DNNs
simpli ed by our assumption on the NTK structure.

» We analyze when NC does or does not occur in DNNs with NTK alignment, both theoreti-
cally and empirically. In particular, we identify an invariant of the training dynamics that
provides a necessary condition for the emergence of NC in Section 5.2. Since DNNs with
block-structured NTK do not always converge to NC, we conclude that NTK alignment is a
more widespread phenomenon than NC.

» We support our theory with large-scale numerical experiments in Section 6. Source code to
reproduce the results is available in the project's GitHub repository.

2 Preliminaries

We consider the classi cation problem wit 2 N classes, where the goal is to build a classi er that
returns a class label for any input2 X . In this work, the classi er is a DNN trained on a dataset
f(xi;yi)d\, , wherex; 2 X are the inputs ang, 2 R® are the one-hot encodings of the class labels.
We view the output function of the DNN : X | RC as a composition of parametrized last-layer
featuresh : X | R" and a lineaclassi cation layer parametrized by weighty 2 R® " and
biasesd 2 R€. Then the logits of the training da¥ = fx;g\; can be expressed as follows:

f(X)= WH + bly; 1)

whereH 2 R" N are the features of the entire dataset stacked as columrisa@dRN is a vector

of ones. Though we omit the notion of the data dependence in the text to follow, i.e. weHwrite
without the explicit dependence &h, we emphasize that the featutésare a function of the data and
the DNN's parameters, unlike in the previously studied unconstrained feature models [21, 38, 48].

We assume that the datasebaanced i.e. there aren := N=C training samples for each class.

belong to class for all ¢ 2 [C]. This will make the notation much easier later on. Since the dimension
of features is typically much larger than the number of classes, we also assm@ in this work.

2.1 Neural Collapse

Neural Collapse,(NC) is an empirical behaviour of classi er DNNs traine?gpast zero &8jpr [
Letthi :== N * {1, h(x;) denote the global features mean ahi := m | , . h(x),
¢ 2 [C] be the class means. Furthermore, de ne the matrix of normalized centered class means as

that a DNN exhibits NC if the following four behaviours emerge as the training timereases:



(NC1) Variability collapse: for all samples<f from classc 2 [C], wherei 2 [m], the penultimate
layer features converge to their class meanskhéx?) h hicka ! 0.

(NC2) Convergence to Simplex Equiangular Tight Frame (ETF):for all ¢; @2 [C], the class
means converge to the following con guration:
C 1

khhic h hik, kh hie hhik,! 0 M”M ! ﬁ(lc 6101():)3

(NC3) Convergence to self-duality:the class mean®l and the nal weightsV > converge to

each other:
M=kM ke W =kW ~ kg clo

(NC4) Simpli cation to Nearest Class Center (NCC): the classi er converges to the NCC
decision rule behaviour:

argmax(W h(x) + b). ! argminkh(x) h hicks:
Cc Cc

Though NC is observed in practice, there is currently no conclusive theory on the mechanisms of its
emergence during DNN training. Most theoretical works on NC adopt the unconstrained features
model, where featured are free variables that can be directly optimizad, [38, 48]. Training
dynamics of such models do not accurately re ect the dynamics of real DNNs, since they ignore the
dependence of the features on the input data and the DNN's trainable parameters. In this work, we
make a step towards realistic DNN dynamics by means of the Neural Tangent Kernel (NTK).

2.2 Neural Tangent Kernel

The NTK  of a DNN with the output functiofi : X | R and trainable parameters 2 RP
(stretched into a single vector) is given by

ks (XiiXj) = rwfe(Xi)ir wlfs(x;) 5 Xxisx; 2X; k;s2[CL @)

We also de ne the last-layer features kernél, which is a component of the NTK corresponding to
the parameters up to the penultimate layer, as follows:

B (XiiX)) = rwhe(xi)ir whs(xj) i Xiixj 2X; k;s2[n]: (3)

Intuitively, the NTK captures the correlations between the training samples in the DNN dynamics.
While most theoretical works consider the in nite-width limit of DNN3(, 52], where the NTK can

be computed theoretically, empirical studies have also extensively explored the NTK of nite-width
networks [19, 36, 45, 49]. Unlike the label-agnostic in nite-width NTK, the empirical NTK aligns

with the labels during training. We use this observation in our main assumption (Section 3).

2.3 Classi cation with MSE Loss

We study NC for DNNs with the mean squared error (MSE) loss given by

L(W:H:b)= %kf(X) Y KZ: 4)

whereY 2 RC N is a matrix of stacked labelg. While NC was originally introduced for the
cross-entropy (CE) los89], which is more common in classi cation problems, the MSE loss is
much easier to analyze theoretically. Moreover, empirical observations suggest that DNNs with MSE
loss achieve comparable performance to using BEJ9, 41], which motivates the recent line of
research on MSE-NC [21, 38, 48].

3 Block Structure of the NTK

Numerous empirical studies have demonstrated that the NTK becomes aligned with th¥ falyels
during the training process [7, 32, 45]. This alignment constitutes feature learning and is associated
with better performance of DNNs [9, 13]. For classi cation problems, this means that the empirical
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Figure 1: The NTK block structure of ResNet20 trained on MNI&jTTraced kernel (k::l kk (X)
computed on a random data subset with 12 samples from each class. The samples are ordered as
described in Segtion 2, so that the diagonal blocks correspond to pairs of inputs from the same class.

b) Traced kernel E - k K (X) computed on the same subsgtNorms of the kernels .5 (X) for

allk;s 2 [C]. d) Norms of the kernels ! ks (X) forall k;s 2 [n]. The color bars show the values
in each heatmap as a fraction of the maximal value in the heate)@pe alignment of the traced
kernels from panea andb with the class labels.

NTK develops an approximate block structure with larger kernel values corresponding to pairs of
samplegx{; x’) from the same clasgfl]. Figure 1 shows an example of such a structure emergent
in the empirical NTK of ResNet20 trained on MNISMotivated by these observations, we assume
that the NTK and the last-layer features kernel exhibit a block structure, de ned as follows:

De nition 3.1 (Block structure of a kernel)We say a kernel: X X! RK K has a block
structure associated with 1; 2; 3),if 1> 2> 3 Oand
(xx)= a1lk;  (x(5x) = alk; (X.,,)_ slk; (5)

wherex? andxjC are two distinct inputs from the same class, aajﬁd|s an input from class’6 c.

Assumption 3.2. The NTK : X X! R® € has ablock structure associated withy; ¢; n),
and the penultimate kernel” : X X ! R" ™ has a block structure associated withy; ¢; n).

This assumption means that every kerngk (X) := [ kx (Xi;X;j)]ij 2;n] corresponding to an
output neurorig; k 2 [C] and every kernel g;p (X) corresponding to a last-layer neurlog; p 2 [n]

is aligned withY > Y (see Figure 1, panes a-b). Additionally, the "non-diagonal" kernglg(X )
and E;s (X),k 6 sare equal to zero (see Figure 1, panes &4lpreover, if ¢ nand . n
Assumption 3.2 can be interpretedlasal elasticityof DNNs, de ned below.

De nition 3.3 (Local elasticity P3]). A classi er is said to be locally elastic (LE) if its prediction or

feature representation on poirf from classc 2 [C] is not signi cantly affected by performing SGD
updates on data points from class@$ c.

To see the relation between Assumption 3.2 and this de nition, consider a Gradient Descent (GD)
step of the output neurdi; k 2 [C] with step size performed on a single inpurl]‘?0 from class
c®6 c. By the chain rule, block-structured implies locally-elastic predictions since

P Flo0 = (XX gé)(:;

i.e., the magnitude of the GD step ©fx{) is determined by the value of xf,xf) Similarly,

block-structured kernel " implies locally-elastic penultimate layer features because

@ (x%
@1x")

This observation provides a connection between our work and recent contributions suggesting a
connection between NC and local elasticity [33, 53].

o( ?); (6)

ht*t (xf)  h'(xf) = " X)W o( ?): ()

2We provide gures illustrating the NTK block structure on other architectures and datasets in Appendix C.
3We discuss possible relaxations to our main assumption, where the "non-diagonal” components of the
last-layer kernel E;s are allowed to be non-zero, in Appendix D.



Eigenvalue Eigenvector Multiplicity

single = d c vi= w1 in 15{2 1; }; |E{Z_n} N C
indexi> 0, classc< 0 others=0
class= singet M( ¢ n) Ve = ﬁ fc_ Zlﬁi}’ E-;tzn} ] cC 1
classc> 0 others< 0
global = classt N n Vo = 1y 1

Table 1: Eigendecomposition of the block-structured NTK.

4 Dynamics of DNNs with NTK Alignment

4.1 Convergence

As a warm up for our main results, we analyze the effects of the NTK block structure on the
convergence of DNNs. Consider a GD update of an output neyrdn2 [C] with the step size:

fer (X)) = FL(X) ek O)FLX) Y+ 0O(?); k=1;:::;C: (8)

Note that we have taken into account thats is zero fork 6 s by our assumption. Denote the
residuals corresponding fq asry := f7 (X) Y 2 RN. Then we have the following dynamics
for the residuals vector:
et =@ )i+ o ): ©

The eigendecomposition of the block-structured kerngl (X) provides important insights into
this dynamics and is summarized in Table 1. We notice that the NTK has three distinct eigenvalues

global dass  single Which imply different convergence rates for certain components of the error.
Moreover, the eigenvectors associated with each of these eigenvalues reveal the meaning of the error
components corresponding to each convergence rate. Indeed, consider the projected dynamics with
respect to eigenvecter and eigenvalue gona from Table 1:

it svei = (1 globa) [T s Vol ; (10)

where we omitted( 2) for clarity. Now notice that the projection of onto the vectow, is in fact
proportional to the average residual over the training set:

hrtivei = it lni = NIrLi (11)

whereh i denotes the average over all the training samylez X . By a similar calculation, for all
c 2 [C]andi 2 [m] we get interpretations of the remaining projections of the residual:

. N . . . m .
hri;vei = ﬁ(rr}(lC hrii); hri;vli= m(rL(xic) hriic); (12)

We whereh i denotes the average over samplgdrom classc, andrj, (xf) is thekth component of
f>(xf) yf. Combining (10), (11) and (12), we have the following convergence rates:

h}:l i= (1 global)h}(i; (13)
h'}:l ic h rrli =(1 clasg(h'}(ic h r}<i); (14)
r}:l (X|C) h rf:l ic = (1 single)(r}((xic) h rLi c): (15)

Overall, this means that the global mdan of the residual converges rst, then the class means, and
nally the residual of each sample(x{). To simplify the notation, we de ne the following quantities:

R=1(X) Y =[r(xy);::5r(xn)l; (16)
1 S . . >
R class= ERY Y :[lrr'l;:{z:;rr'cﬂ 1n; a7
=R
1 > H >
R global = ﬁRlN 15 = hi N (18)



whereR 2 R® N is the matrix of residualsR ¢ass2 R® N are the residuals averaged over each
class and stacked times, ancR giopal 2 RC N are the residuals averaged over the whole training
set stackedN times. According to the previous discussi®yona CONverges to zero at the fastest
rate, whileR converges at the slowest rate. The last phase, which we cahthef training is when

R class@ndR giobal have nearly vanished and can be treated as zero for the remaining training time. We
will use this notion in several remarks, as well as in the proof of Theorem 5.2.

4.2 Gradient Flow Dynamics with Block-Structured NTK

We derive the dynamics ¢ ; W ; b under Assumption 3.2 in Theorem 4.1. One can see that the
block-structured kernel greatly simpli es the complicated dynamics of DNNs and highlights the role
of each of the residual components identi ed in Section 4.1. We consider gradient ow, which is
close to gradient descent for suf ciently small step sik6][to reduce the complications caused by
higher order terms. The proof is given in Appendix B.1.

Theorem 4.1. Suppose Assumption 3.2 holds. Then the gradient ow dynamics of a DNN can be
written as 8

<H-= W= (4 JR+( ¢ n)MRcasst  n N Rgobal
W = RH > (19)
" b= R giobaldn :

We note that at the end of training, whdRgjassandR gonas are zero, the system (19) reduces to
1
H= (¢ orwl W=r wli  CWiH):= SkWH +b13 YKE (20)

andb.= 0. This system differs from the unconstrained features dynamics only by a factgr of .
beforeH. Moreover, such a form of the loss function also appears in the literature of implicit
regularization [4, 6, 11], where the authors show W&t converges to a low rank matrix.

5 NTK Alignment Drives Neural Collapse

The main goal of this work is to demonstrate how NC results from the NTK block structure. To this
end, in Section 5.1 we further analyze the dynamics presented in Theorem 4.1, in Section 5.2 we
derive the invariant of this training dynamics, and in Section 5.3 we nally derive NC.

5.1 Features Decomposition

We rst decompose the features dynamics presented in Theorem 4.1 into twohpartshich lies in
the subspace of the labels, andH 5, which is orthogonal to the labels and eventually vanishes. To
achieve this, note that the SVD ¥f has the following form:

P>vQ = Pmic:0: (21)

whereO 2 R® (N ©) js a matrix of zeros, anB 2 R® € andQ 2 RN N are orthogonal matrices.
Moreover, we can chooge andQ such thaP = I and

1
Q= QuQz; Q= plc 1mn 2RY ©; Qa=1lc Qx2RY (N © (22

where is the Kronecker product. Note that by orthogonal@g, 2 R™ (™ 1 has full rank and
1> Q, = O. We can now decompo$¢Q into two components as follows:

p_— 1 1
HQ = " m[HiHz Hi= p=HQi Hz= p=HQ:: (23)
The following equations reveal the meaning of these two components:
Hi= thig;::hhic Hﬁﬁ% HO Qi HQy (24)

wherehhi; 2 R" is the mean oh over inputsx? from classc 2 [C], andH(® 2 R" ™ is the
submatrix ofH corresponding to samples of class.e.,H = H®;::::H(C)  We see thaH ;



is simply the matrix of the last-layer features' class means, which is prominent in the NC literature.
We also see that the columnstef® Q, arem 1 different linear combinations af vectorsh(x¢),

i 2 [m]. Moreover, the coef cients of each of these linear combinations sum to zero by the choice of
Q.. ThereforeH ; must reduce to zero in case of variability collapse (NC1), when all the feature
vectors within the same class become equal. We proveHhahdeed vanishes in DNNs with
block-structured NTK as part of our main result (Theorem 5.2).

5.2 Invariant

We now use the former decomposition of the last-layer features to further simplify the dynamics and
deduce a training invariant in Theorem 5.1. The proof is given in Appendix B.2.

Theorem 5.1. Suppose Assumption 3.2 holds. Deldg andH , as in(23). Then the class-means
of the residuals (de ned if17)) are given byR1 = WH 1 + b1Z I¢, and the training dynamics
of the DNN can be written as

8
§H-1 = WZRi( casdc +* nmlcly)
H, = singIeW>WH 2 (25)
W = m(RiH] + WH 3H3)
"h = mRilc:

where single :=  d cand class’=  singlet M( ¢ n) are the two smallest eigenvalues of the
kernel E;k (X) for anyk 2 [n]. Moreover, the quantity

E = iW>W
m

Hi(lc 1c12)H7I

class single

HoH3 (26)

is invariant in time. Here := ﬁcmnm

We note that the invariaiit derived here resembles the conservation lawsyperbolicdynamics

that take the fornEny, := @ b? = const for time-dependent quantiti@sandb. Such dynamics
arise when gradient ow is applied to a loss function of the fdr(a; b) := (ab g)? for someq.

Since the solutions of such minimization problems, giveraby g, exhibit symmetry under scaling

a! ab! b=, thevalue of the invariari ny, uniquely speci es the hyperbola followed by the
solution. In machine learning theory, hyperbolic dynamics arise as the gradient ow dynamics of
linear DNNs @2, or in matrix factorization problems3[ 15]. Moreover, the end of training dynamics

de ned in (20) has a hyperbolic invariant given by

1

single

Eeot:= W™ W HH ~: 27)
Therefore, the nal phase of training exhibits a typical behavior for the hyperbolic dynamics, which
is also characteristic for the unconstrained features mod#|88]. Namely, "scaling'W andH by

an invertible matrix does not affect the loss value but changes the dynamic's invariant. On the other
hand, minimizing the invariar ¢o: has the same effect as joint regularizatiovdfandH [48].

However, we also note that our invaridatprovides a new, more comprehensive look at the DNNs'
dynamics. While unconstrained features models effectively make assumptions on the end-of-training
invariantE ¢ to derive NC P1, 38, 48], our dynamics control the value & through the more
general invarianE. This way we connect the properties of end-of-training hyperbolic dynamics with
the previous stages of training.

5.3 Neural Collapse

We are nally ready to state and prove our main result in Theorem 5.2 about the emergence of NC in
DNNs with NTK alignment. We include the proof in Appendix B.3.

Theorem 5.2. Assume that the NTK has a block structure as de ned in Assumption 3.2. Then the
DNN's training dynamics are given by the system of equatior(@3) Assume further that the
last-layer features are centralized, tki = 0, and the dynamics invariari26)is zero, i.e.E = O.

Then the DNN's dynamics exhibit neural collapse as de ned in (NC1)-(NC4).



Below we provide several important remarks and discuss the implications of this result:

(1) Zero invariant assumption: We assume that the invariaf@6) is zero in Theorem 5.2 for sim-
plicity and consistency with the literature. Indeed, similar assumptions arise in matrix decomposition
papers, where zero invariant guarantees "balance” of the proBleif][ However, our proofs in fact

only require a weaker assumption that the invariant terms containing fe&tuses aligned with the
weightsW > W , i.e.

HiHT iHZHZ; (28)

class single

where we have taken into account our assumption on the zero globalhmeard .

W>W /

(2) Necessity of the invariant assumptionThe relaxed assumption on the invarié?8)is necessary

for the emergence of NC in DNNs with block-structured NTK. Indeed, NC1 impliess O, and

NC3 impliesH,H7 / W > W . Therefore, DNNs that do not satisfy this assumption do not display
NC. Our numerical experiments described in Section 6 strongly support this insight (see Figure 2,
panes a-e). Thus, we believe that the invariant derived in this work characterizes the difference
between models that do and do not exhibit NC.

(3) Zero global mean assumption: We note that the zero global mean assumptioin= 0 in
Theorem 5.2 ensures that the biases are eqlJmI:toé 1¢ atthe end of training. This assumption

is common in the NC literature[l, 38] and is well-supported by our numerical experiments (see
gures in Appendix C, pane i). Indeed, modern DNNs typically include certain normalization (e.g.
through batch normalization layers) to improve numerical stability, and closeness of the global mean
to zero is a by-product of such normalization.

(4) General biases caseDiscarding the zero global mean assumption allows the blasesake an
arbitrary form. In this general case, the following holds for the matrix of weights:

m

(WW ~)2 = lc 1clz+(1 C)Cbb™ blz 1cb”) : (29)

class

For optimal biaseb = élc, this reduces to the ETF structure that emerges in NC. Moreovet, if
biases are all equal, i.b.= 1 forsome 2 R, the centralized class means still form an ETF (i.e.,
NC2 holds), and the weights exhibit a certain symmetric structure given by

1
WwW >/ lc 1012 ; M>M / lc élclé ; (30)
where =31 j1 C jp 1 C)< &.The proof and a discussion of this result are given in

Appendix B.4. In general, the angles of these two frames are different, and thus NC3 does not hold.
This insight leads us to believe that normalization is an important factor in the emergence of NC.

(5) Partial NC: Our proofs and the discussion suggest that all the four phenomena that form NC do
not have to always coincide. In particular, our proof of NC1 only requires the block-structured NTK
and the invariant to be P.S.D, which is much weaker than the total set of assumptions in Theorem 5.2.
Therefore, variability collapse can occur in models that do not exhibit the ETF structure of the
class-means or the duality of the weights and the class means. Moreover, as shown above, NC2 can
occur when NC3 does not, i.e., the ETF structure of the class means does not imply duality.

6 Experiments

We conducted large-scale numerical experiments to support our theory. While we only showcase our
results on a single dataset-architecture pair in the main text (see Figure 2) and refer the rest to the
appendix, the following discussion covers all our experiments.

Datasets and models. Following the seminal NC papeB89], we use three canonical DNN architec-
tures: VGG §6], ResNet 4] and DenseNetJ6]. Our datasets are MNISTBp]|, FashionMNIST p1]

and CIFAR10 B4]. We choose VGG11 for MNIST and FashionMNIST, and VGG16 for CIFAR10.
We add batch normalization after every layer in the VGG architecture, set dropout to zero and choose
the dimensions of the two fully-connected layers on the top of the netwd@kZand256. We use
ResNet20 architecture described in the original ResNet p2dgrdnd DenseNet40 with bottleneck
layers, growttk = 12, and zero dropout for all the datasets.



Figure 2: ResNet20 trained on MNIST with three initialization settings and varying learning rates
(see Section 6 for details). We chose a model that exhibits NC (red lines, lled markers) and a model
that does not exhibit NC (blue lines, empty markers) for each initialization. The vertical lines indicate
the epoch when the training accuracy reaches 99.9% (over the last 10 batg@shenious norm

of the invariantkEkg . b) Alignment of the invariant terms as de ned {88). c) NC1: standard
deviation ofh(xf) averaged over classe$) NC2: kM > M =kM > M kg ke, where isanETF.
€)NC3: kW~ =kW kr M =kM ke kg . The legend displays the test accuracy achieved by each
model and the last-layer features kernel alignment given By=k "k ;Y >Y =Y > Y krig. The
curves in panes a-e are smoothed by Savitzky—Golay Iter with polynomial ddgveer window of
size10. Paned, g andh show the NC metrics and the test accuracy as functions of the learning rate.

Optimization and initialization. We use SGD with Nesterov momentuh® and weight decay

5 10 “. Every model is trained for 400 epochs with batches of size 120. To be consistent with
the theory, we balance the batches exactly. We train every model with a set of initial learning rates
spaced logarithmically in the range2 [10 #;10%25]. The learning rate is divided b0 every 120
epochs. On top of the varying learning rates, we try three different initialization sebtin% for every
model: (a) LeCun normal initialization (default in Flax{b) uniform initialization on[ ~ k; K],
wherek = 1=n- ; for a linear layer, anét = 1=(Kn- ;) for a convolutional layer, wher¢ is the
convolutional kernel size (default in PyTorcl¢) He normal initialization irfan_out mode.

Results. Our experiments con rm the validity of our assumptions and the emergence of NC as
their result. Speci cally, we make the following observations:

* While most of the DNNs that achieve high test performance exhibit NC, we are able to
identify DNNs with comparable performance that do not exhibit NC (see Figure 2, panes
f-h). We note that such models still achieve near-zero error on the training set in our setup.

» Comparing DNNs that do and do not exhibit NC, we nd that our assumption on the invariant
(see Theorem 5.2 ar{@8)) holds only for the models with NC (see Figure 2, panes a-e). This
con rms our reasoning about the necessity of the invariant assumption for NC emergence.

» The kernels and " are strongly aligned with the labe¥s> Y in the models with the
best performance, which is in agreement with the NTK alignment literature and justi es our
assumption on the NTK block structure.

We include the full range of experiments along with the implementation details and the discussion
of required computational resources in Appendix C. Speci cally, we present a gure analogous to
Figure 2 for every considered dataset-architecture pair. Additionally, we report the norms of matrices
H1H7,H2H3, andhihhi”, as well as the alignment of both the NTKand the last-layer features
kernel M in the end of training, to further justify our assumptions.



7 Conclusions and Broad Impact

This work establishes the connection between NTK alignment and NC, and thus provides a mechanis-
tic explanation for the emergence of NC within realistic DNNs' training dynamics. It also contributes
to the underexplored line of research connecting NC and local elasticity of DNNs' training dynamics.

The primary implication of this research is that it exposes the potential to study NC through the lens
of NTK alignment. Indeed, previous works on NC focus on the top-down approach (layer-peeled
models) [L8, 21, 38, 48], and fundamentally cannot explain how NC develops through earlier layers
of a DNN and what are the effects of depth. On the other hand, NTK alignment literature focuses on
the alignment of individual layer¥], and recent theoretical results even quantify the role of each
hidden layer in the nal alignment3[7]. Therefore, we believe that the connection between NTK
alignment and NC established in this work provides a conceptually new method to study NC.

Moreover, this work introduces a novel approach to facilitate theoretical analysis of DNNs' training
dynamics. While most theoretical works consider the NTK in the in nite-width limit to simplify the
dynamics 1, 20, 28, 49, our analysis shows that making reasonable assumptions on the empirical
NTK can also lead to tractable dynamics equations and new theoretical results. Thus, we believe that
the analysis of DNNSs' training dynamics based on the properties of the empirical NTK is a promising
approach also beyond NC research.

8 Limitations and Future Work

The main limitation of this work is the simplifying Assumption 3.2 on the kernel structure. While
the NTK of well-trained DNNs indeed has an approximate block structure (as we discuss in detail
in Section 3), the NTK values also tend to display high variance in real DISRgHfl]. Thus, we
believe that adding stochasticity to the dynamics considered in this paper is a promising direction
for the future work. Moreover, the empirical NTK exhibits so-called specialization, i.e., the kernel
matrix corresponding to a certain output neurons aligns more with the labels of the corresponding
class B5]. In block-structured kernels, specialization implies different values in blocks corresponding
to different classes. Thus, generalizing our theory to block-structured kernels with specialization
is another promising short-term research goal. In addition, our theory relies on the assumption
that the dataset (or the training batch) is balanced, i.e., all the classes have the same number of
samples. Accounting for the effects of non-balanced datasets within the dynamics of DNNs with
block-structured NTK is another possible future work direction.

More generally, we believe that empirical observations are essential to demistify the DNNSs' training
dynamics, and there are still many unknown and interesting connections between seemingly unrelated
empirical phenomena. Establishing new theoretical connections between such phenomena is an
important objective, since it provides a more coherent picture of the deep learning theory as a whole.
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A Related works

NC with MSE loss. NC was rst introduced for DNNs with cross-entropy (CE) loss, which is
commonly used in classi cation problem39]. Since then, numerous papers discussed NC with
MSE loss, which provides more opportunities for theoretical analysis, especially after the MSE loss
was shown to perform on par with CE loss for classi cation tasks [14, 29].

Most previous works on MSE-NC adopt the so-called unconstrained features rAhdas,[48]. In

this model, the last-layer featurkk are free variables that are directly optimized during training,
i.e., the features do not depend on the input data or the DNN's trainable parameterst Bafitg]

also introduced a generalization of this approach calleldyer-peeled model, where features of

the N -th-to-last layer are free variables, and studied the 1-layer-peeled model (equivalent to the
unconstrained features model) with CE loss as a special case.

One line of research on MSE-NC in unconstrained/layer-peeled models aims to derive global mini-
mizers of optimization problems associated with DNIWg [L8, 48]. In particular, Tireret al.[48]
showed that global minimizers of the MSE loss with regularization of bbt#dndW exhibit NC.
Moreover, Ergen & Pilanci]7] showed that NC emerges in global minimizers of optimization
problems with general convex loss in the context of the 2-layer-peeled model. In comparison to our
work, these contributions do not consider the training dynamics of DNNSs, i.e., they do not discuss
whether and how the model converges to the optimal solution.

Another line of research on MSE-NC explicitly considers the dynamics of the unconstrained features
models R1, 38]. In particular, Haret al. [21] considered the gradient ow of the unconstrained
renormalized features along the "central path", where the classi er is assumed to take the form of the
optimal least squares (OLS) solution for given featitegJnder this assumption, they derive a closed-
form dynamics that implies NC. While they empirically show that DNNs are close to the central path
in certain scenarios, they do not provide a theoretical justi cation for this assumption. The dynamics
considered in their work is also distinct from the standard gradient ow dynamics of DNNs considered
in our work. On the other hand, an earlier work by Mixetral. [38] considered the gradient ow
dynamics of the unconstrained features model, which is equivalent (up to rescaling) to the end-of-
training dynamicg20) that we discuss in Sections 4.2 and 5.2. Their work relies on the linearization

of these dynamics to derive a certain subspace, which appears to be an invariant subspace of the
non-linearized unconstrained features model dynamics. Then they show that minimizers of the loss
from this subspace exhibit NC. We note that, in terms of our paper, assuming that the unconstrained
features model dynamics follow a certain invariant subspace means making assumptions on the
end-of-training invarianf27). In comparison to these works, we make a step towards realistic DNNs
dynamics by considering the standard gradient ow of DNNs simpli ed by Assumption 3.2 on the
NTK structure, which is supported by the extensive research on NTK alignmeht44, 45]. In our

setting, the NTK captures the dependence of the features on the training data, which is missing in the
unconstrained features model. Moreover, while other works focus only on the dynamics that converge
to NC, we show that DNNs with MSE loss may not exhibit NC in certain settings, and the invariant
of the dynamic426) characterizes the difference between models that do and do not converge to NC.

Notably, works by Poggio & Liao41] adopt a model different from the unconstrained features model

to analyze gradient ow of DNNs. They consider the dynamics of homogeneous DNNs, in particular
RelLU networks without biases, with normalization of the weights matrices and weights regularization.
The goal of weights normalization in their model is to imitate the effects of batch normalization

in DNNSs training. In this model, certain xed points of the gradient ow exhibit NC. While the
approach taken in their work captures the dependence of the features on the data and the DNN's
parameters, it fundamentally relies on the homogeneity of the DNN's output function. However, most
DNNs that exhibit NC in practice are not homogeneous due to biases and skip-connections.

NC and local elasticity. A recent extensive survey of NC literatui@d] discussed local elasticity

as a possible mechanism behind the emergence of NC, which has not been suf ciently explored up
until now. One of the few works in this research direction is by Zhaal. [53], who analyzed

the so-called locally-elastic stochastic differential equations (SDEs) and showed the emergence of
NC in their solutions. They model local elasticity of the dynamics through an effect matrix, which
has only two distinct values: a larger intra-class value and a smaller inter-class value. These values
characterize how much in uence samples from one class have on samples from other classes in the
SDEs. While the aim of their work is to imitate DNNs' training dynamics through SDEs, the authors
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do not provide any explicit connection between their dynamics and real gradient ow dynamics of
DNNSs. On the other hand, we derive our dynamics directly from the gradient ow equations and
connect local elasticity to the NTK, which is a well-studied object in the deep learning theory.

Another work by Tireret al. [50] provided a perturbation analysis of NC to study "inexact collapse".
They considered a minimization problem with MSE loss, regularizatidt ehdW , and additional
regularization of the distance betweldnand a given matrix of initial features. In the "near-collapse"
setting, i.e., when the initial features are already close to collapse, they showed that the optimal
features can be obtained from the initial features by a certain linear transformation with a block
structure, where the intra-class effects are stronger than the inter-class ones. While this transformation
matrix resembles the block-structured effect matrices in locally-elastic training dynamics, it does not
originate from the gradient ow dynamics of DNNs and is not related to the NTK.

B Proofs

B.1 Proof of Theorem 4.1

Proof of Theorem 4.1We will rst derive the dynamics ohg(xf), which is thes-th component of
the last-layer features vector on sampfe2 X from classc 2 [C]. Letw 2 RP be the trainable
parameters of the network stretched into a single vector. Then its gradient ow dynamics is given by

XX
w=r wL(f)= (F(X)kio Yiio)r wf (X)wio; (31)
k=1 i0=1

wherer ,f (X)xio 2 RP is the component of the DNN's Jacobian corresponding to output néuron
and the input sampl}eﬁ?. Since entries of (X ) can be written as

X X ;
f(X)kio = W soH soj0 + by = W gsohso(X{o) + by; (32)
s0=1 s0=1
we obtain
XX x .
w = (F(X)kio Yiio)r w(W ksohso(xfo) + by): (33)
k=1 i0=1 s0=1

By chain rule, we havls(xf) = hr y hs(x{); wi. Then, taking into account that

hr whs(Xf);r w (W ksohso(x$§)+ by)i = W gsohr  hs(xF); 1 tho(xﬁ?)i; (34)
and thathr  hs(x®); T wheo(x@)i = Neo(X%;x%) by de nition of ", we have
X X x ) .
hs(x7) = (F(Xkio Y)W kso  ggo(X7'5 Xjo): (35)
k=1 i0=1 s0=1

Now by Assumption 3.2 we have*s‘;so =0 if s & s° Therefore, the above expression simpli es to

o X
Mo(xExh)  (F(X)kio Y)W ks
jo=1 k=1

hs(x7)

W> (WH +b13 Y)lsio 8 (X7 x7o):
i0=1
To expresdd = hs(x7) ; 2 R" N in matrix form, it remains to express*s‘;S (xf;xﬁ?) as the
(i%i)-th entry of some matrix. We will separate the sum into three casds= 1if, 2)i 6 i°and

c= ¢ and 3)c 6 c® According to Assumption 3.2, the rst case corresponds to the multiple of
identity 4ln. The second corresponds to the block matrix of sizeith zeros on the diagonal,
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which can be written asc(Y>Y Iy ). The third matrix equals to, (In 1y, Y7 Y). Therefore
we can express the dynamicstbfas follows:

H= W7 (WH +bly Y)[al+ (Y'Y D+ o(Inly Y7Y)]
= (4 JW>(WH +bl} YY)
(¢ o)W (WHY >Y + mbl} mY)
nW > (WHL 13 + Nbi3 %161;):

Now we notice thaHY > Y =m is the matrix of stacked class means repeatetimes each and
H1y 13 =N is a matrix of the global mean repeatddtimes. Therefore, we have

WHY 7Y + mbly mY = mRguass

N
WH1 y 13 + Nbiy E1<;1K, = NRgiobal

according to the de nitions of global and class-mean residuals in (18) and (17).

The expressions for the gradient ow dynamicsvif andb follow directly from the derivatives of
f (X) w.rt. W andb. This completes the proof. O

B.2 Proof of Theorem 5.1

Proof of Theorem 5.1Recall from (23) in Section 5.1 that we have the following decomposition
p_— 1 1
HQ = m[H]_,Hz], Hi= PﬁHQ 1, H»o= pﬁHQZ

with orthogonalQ = [Q1;Q>] 2 RN N. We now arti cially addQQ > (= Iy ) to the dynamics
(19)in Theoréem 4.1 and obtain

%HQ = (a4 JW7(WHQ +Dbl3Q YQ)
(¢ n)MW?(EWHQQ *Y”YQ +bl3Q YQ)
ATNW?” (FWHQQ *1n13Q + b13Q  £1c13Q) (36)
W= (WHQ +b13Q YQ)Q H’
" b= (WHQ +DbljQ YQ)Q~1y:

Let us simplify the expression. Sin@ = pi-Ic 1y andQz = Ic  Q2, we have

> p — > p —
nQ=" m[1g;0]; YQ =" m[lc;Of (37)
Plugging (37) into (836), we see the dynamics can be decomposed into
Hi= (a IW7(WH 1+ Dblz lc)
(¢ n)MW > (WH 1+ b1Z  I¢)

nNW> (EWH 11c12 + b1z 21c17)
(d JIW WH,
M(WH 1+ b1Z  Ic)HT mWH ,H3
' m(WH 1+ blE |c)lc:
To further simplify (38), we de ne the following quantities
single == d cr class:= single t m( ¢ n); R1:=WH+ blé lc: (39)

Notice that singe@and cassare the two largest eigenvalues of the block-structured kerglg{X)
(see Table 1 for the e|gndecomposmon of a block-structured matrix)Rani$ a matrix of the
stacked class -mean residuals, which is also de ned in (17). The the dynamics (38) simpli es to

(38)

WERE

EH-l— W? ( casR1+ aN(EWH 11c12 + b1z 21c13))

|:|-2 = singIeW>WH 2 (40)
W = m(RlHI WH ZHZ)
" b= mR1lc:
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It remains to simplify the expression fék;. By using the relation

1 1 1
EWH 11c 1% + b1 E1(;1> = 6Rllclé; (41)
we can deduce that the dynamics Fby in (40) can be expressed as (recalling tRat mC)
Hi= W7 R1( casd + nmlclé): (42)
We notice thaflc + "C:S‘slc 12) T=1¢ 1c1Z, where = ﬁcmnm Then we can derive
the invariant of the training dynamics by direct computation of the time-derivitjwghere
1 1
E=_-W"W Hi(lc 1c12)H] ——H,H3 (43)
m class single

SinceE = O, we get that the quantitl remains constant in time. This completes the proof.
O
B.3 Proof of Theorem 5.2

We divide the proof into two main parts: the rst one shows the emergence of NC1, and the second
one shows NC2-4.

(NC1). Following the analysis in Section 3, the dynamics eventually enters the end of training phase
(see Section 4.1). Then the dynamics in Theorem 5.1 simpli es to the following form:

gH_]_: O

Ho = singIeW>WH 2 (44)
2W = mWH ;H3
"bh=0

As we note in Section 4, this dynamics is similar to the gradient ow of the unconstrained features
models and is an instance of the class of hyperbolic dynamics, which is discussed in Section 5.2.
During this phase the quantity

E:= singIeW>W mH ZHZ =m single(E +

Hi(l  1c1g)H7) (45)

class

does not change in time. Hence we can decouple the dynamic using the invariant as follows:

Ho=  singelE + mMH2H3Z)H>

46
W = W( singIeW > W E) ( )

SinceE is p.s.d (or zergyas a special cag®)s p.s.d as well, and the eigendecomposition of the
invariant is given byE = | GV Vi, forFsome coefcientx, 0 and a set of orthonormal vectors
vk 2 R". Then we also havel;H3 = Kkl K VkVj , where y are symmetric (i.e. g = k)
and y Oforallk =1;:::n (sinceH,H3 is symmetric and p.s.d.). Note that coef ciemfs

here are constant while coef cientg, are time-dependent. Let us then write the dynamics fpr
using the dynamics dfl ,H 3 :

(HzH3)= EH2H; HoHZE 2(HzH3Z)? (47)
Then for the elements of we have: X
K= wlt+tao) 2 Kol (48)
i
For the diagonal elements , this gives:
X
Kk = 20k k2 7 (49)
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Sinceck 0, w Oand Ej 0, we get that

kk !“l 0 8k (50)
And, therefore, all the non-diagonal elements also tend to zero. Thus, we get that
HoH3 !“l 0 (51)
and thus
H», !t!l @) (52)

Now we notice that from the expression fdr in (24) it follows thatH , = O implies variability
collapse, since it means that all the feature vectors within the same class are equal. Hi6«@d =
02 R" (M 1 means that there is a setmf 1 orthogonal vectors, which are all also orthogonal

only one vector (up to a constant) orthogonal to all the columrgd.oin R™ and this vector id, .
Therefore[h; (x§);:::hij(x§)] = 1n for some constant for anyi =1;:::;n. Thus, we indeed
haveh(x§) = = h(x§,), which constitutes variability collapse within classes. O

(NC2-4). Set = é We rst show that zero global feature mean implees 1. At the end of
training, sinceR ; = O, we have
WH 1 + blE =lc (53)
On the other hand, zero global mean impkéslc = Chhi = O. Then multiplying(53) by 1¢ on
the right, we get the desired expression for the biases. Given the zero global mean, we have
2

Twew Lwmr Lz -e MC

m class single class
By the proof of NC1H, ! O. Together with the assumption tHatis proportional to the limit of
W > W (or zero, as a special case), we obtain

thihhi” = E (54)

cdassW” W  mHHT ! W~ W (55)
for some 0. Note that sincéd ;H7 is p.s.d. thisimplie§. :=  ¢jass 0. By multiplying
the left and right with appropriate factors, we have

HZ(~CW>W mHiHI)H:! O (56)
W(W>W mHH})W> ! O:
Consequently (according to (53))
~c(|c 1012)2 I‘n(HiHl)2 I O (57)
T(WW *)2 (e 1c1g)?! O
Since bothtWW ~ andH7 H ]8are p.s.d., vple have
3. e .
HiH! —(l¢ 1c12)
1 ; % C (58)
Bww 21 —(lc 1cl12):
C
To establish NC2, recall th&t, = hhiq;:::;thic and thatM , as a normalized version &f,
satis es 1 c 1

To establish NC3, note that frofB5) and(58) together, it follows that the limits d#1 andW > only
differ by a constant multiplier.

To establish NC4, note that using NC3 we can write
argmax (W h(x) + b). = argmax (W h(x)). (b= 1¢)
[ Cc

I argmax (M~ h(x)) (NC3)
[
= argmin kh(x) h higks:
C

This completes the proof. O
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B.4 General biases case

Proof. As in the proof of Theorem 5.2, at the end of training we hald 1 + b1Z = Ic. Moreover,
sinceE = OandH,! O, we have

iW>W 1
m

Ha(l 1c12)HT ! O: 59
c/H1

class

Multyplying the above expression to the left Wy and to the right by >, we obtain the general
expression (29) for the matrfWW >)? mentioned in the main text:

m

(WW ~)21 lc 1c1z+(@ C)Cbb”> blz 1cb”) : (60)

class
This expression implies that the rows of the weights matrix may have varying separation angles in
the general biases case, i.e., there is no symmetric structure is general. However, for constant biases
b= 1¢,the above expression simpli es to
m 1
lc =1 (1 C)1 C)*1c1g : (61)

class C

(WW >)2 1

Since < 1=Cand(1 C)? O,wehavetha(l (1 C )@ C)?=C 1=C. Therefore, the
RHS of(61)is always p.s.d. and has a unique p.s.d square root proportiokal to 15 12 for some
constant < 1=C.Denote :=(1 (1 C )(1 C)?)=C,thenwe have =(1 1 C)=C.
Note that < 1=C ensures that is well de ned. Then the con guration of the nal weights is given
by r

WW > |

m

lc 1c 12 . (62)
class

This means that the norms of all the weights rows are still equal, as in NC2. However, sinéeC

if 6 1=C, the angle between these rows is smaller than in the ETF structure.

We can derive the con guration of the class means similarly by multypl¢a®g to the left byH 7
and to the right byH ;. In the general biases case, we get

HIH:(lc 1c1Z)HI Hy ! ;:SS lc blz 1cb” + kbk3lc1g : (63)

As with the weights, we see that this is not a symmetric structure in general. Thus, NC2 does not
hold in the general biases case. However, for the constant thaseslc, the above expression
simpli es to

HIHi(lc  1c1Z)HIH;! ;'?SS(IC 1c12)%: (64)

Analogously to the previous derivations, we get that the unique p.s.d. square root of the RHS is given
bylc ~1c1Z,where~:=(1 j1 Cj)=C<1=Cfor 6 1=CpOn the other hand, the unique
p.s.d root ofl 1c 12 is given byl 1c12,where =(1 1 C )=C. Thus, we have

the following

r
m

HzH1(|C 1clé)! lc “‘lclél (65)
class
Therefore, the structure of the last-layer features class means is given by
r r

HiHi! =% 0 4c12 le ——1c1z = 2% 112 5 (66
1 M m C cic C 1+ C cic m C cic ( )
where = ~+ =(1+ C) C~= (1+ C) < 1=Cfor 6 1=C. Thus, similarly to the
classi er weightsW , the last-layer features class means form a symmetric structure with equal
lengths and a separation angle smaller than in the ETF. However, the centralized class means given
byM = Hi(lc 1c1L=C) still form the ETF structure:

r

1
M>M ! ::SS le glelg : (67)
This holds since the component proportionaltolg on the RHS of equatio(66) lies in the kernel

of the ETF matri{lc  1c 12 =C). Thus, we conclude that NC2 holds in case of equal biases, while
NC3 does not. O
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Remarkon ! 0 case:Simplifying the expressions for constantand , which de ne the angles
in the con gurations of the weights and the class means above, we get the following:

1 . P 1 i1 Cj
==1j1 Cj1 C ; == 1 —p—— 68
c ! : C~ 2 "1 ¢ (68)
Analyzing these expressions, we nd that they are equal orily if C =1,i.e. =0. However,
this can only hold if ,, = 0 by de nition of , i.e., when the kernel " is zero on pairs of samples
from different classes. While 6 0 in general, there are certain settings wherm@proaches zero.
Simplifying the expression for, we can get the following
1
= : 69
=1 )+ L+ (C 1 (69)

Onecanseethat! 0ifC!1 orwhen .= ,!1 . Since the kernel " is strongly aligned
with the labels in our numerical experiments, the value@f , is large in practice. Thus, is not
zero but indeed signi cantly smaller thai=C. Thus, in our numerical experiments the anglesd
are close to each other. However, we note that the equality of these two angles does not imply NC3,
since the value of characterizes the angles between the non-centralized class means.

Remarkon ! 1=Ccase:lf = 1=C, the equatior{63)for the structure of the features class
means with general (not equal) biases simpli es to
1
M>M 1 S0 21012 70
ol glele (70)

i.e., in this case the class means always exhibit the ETF structure, even without the assumption
that all the biases are equal. Moreover, in this casel=C as well. Thus, both NC2 and NC3

hold. While by de nition < 1=C, we can analyze the cases when it approadk€susing the
expressiorf69)again. One can seethatwhen! 1  and .= 5! 1,wehave ! 1=C. However,

the requirement.= ,, | 1implies that the kernel " does not distinguish between pairs of samples
from the same class and from different classes. Such a property of the kernel is associated with poor
generalization performance and does not occur in our numerical experiments.

C Numerical experiments

Implementation details We use JAX 8] and Flax (neural network library for JAXPp] to im-
plement all the DNN architectures and the training routines. This choice of the software allows to
compute the empirical NTK of any DNN architecture effortlestly and ef ciently. We compute the val-
ues of kernels and " on the whole training batch{ = 12 samples per class, 120 samples in total)

in case of ResNet20 and DenseNet40 to approximate the alyes;; ) and( 4; ¢; n),aswell

as the NTK alignment metrics, and compute the invariansing these values. Since VGG11 and
VGG16 architectures are much larger (over 10 million parameters) and computing their Jacobians is
very memory-intensive, we use = 4 samples per class (i.e., 40 samples in total) to approximate the
kernels of these models. We compute all the other training metrics displayed in panes a-e of Figures 3,
4,5,6,7,8,9, 10, 11 on the whole last batch of every second training epoch for all the architectures.
The test accuracy is computed on the whole test set. To produce panes f-h of the same gures, we
only compute the NC metrics and the test accuracy one time after 400 epochs of training for every
learning rate. We use 30 logarithmically spaced learning rates in the rapdé0 “; 10°2°] for
ResNet20 trained on MNIST and VGG11 trained on MNIST. For all the other architecture-dataset
pairs we only compute the last 20 of these learning rates to reduce the computational costs, since the
smallest learning rates do not yield models with acceptable performance.

Compute We executed the numerical experiments mainly on NVIDIA GeForce RTX 3090 Ti GPUs,
each model was trained on a single GPU. In this setup, a single training run displayed in panes a-e of
Figures 3,4, 5, 6,7, 8,9, 10, 11 took approximately 3 hours for ResNet20, 6 hours for DenseNet40,
7 hours for VGG11, and 11 hours for VGG16. This adds up to a total of 312 hours to compute panes
a-e of the gures. The computation time is mostly dedicated not to the training routine itself but to the
large number of computationally-heavy metrics, which are computed every second epoch of a training
run. Indeed, to approximate the values ofind ", one needs to compu@(C + 1) + n(n + 1)

kernels on a sample of sizaC from the dataset, and each of the kernels requires computing a
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gradient with respect to numerous parameters of a DNN. Additionally, the graphs in panes f-h of the
same gures take around 1.5 hours for each learning rate value for ResNet20, 3 hours for DenseNet40,
and 4 hours for VGG11 and VGG16, which adds up to approximately 1350 computational hours.

Results We include experiments on the following architecture-dataset pairs:

 Figure 3: VGG11 trained on MNIST

* Figure 4: VGG11 trained on FashionMNIST

* Figure 5: VGG16 trained on CIFAR10

 Figure 6: ResNet20 trained on MNIST

 Figure 7: ResNet20 trained on FashionMNIST

* Figure 8: ResNet20 trained on CIFAR10

» Figure 9: DenseNet40 trained on MNIST

 Figure 10: DenseNet40 trained on FashionMNIST
 Figure 11: DenseNet40 trained on CIFAR10

The experiments setup is described in Section 6. Panes a-h of Figures 3, 4,5, 6, 7, 8,9, 10, 11 are
analogous to the same panes of Figure 2. We include additional pane i here, which displays the norms
of the invariant terms corresponding to the feature matrix compomhentndH ,, and the global
features meahhi at the end of training. One can see that the global features mean is relatively small

in comparison with the class-means in every setup, and the "varianceHtgimsmall for models

that exhibit NC. We also add pane j, which displays the alignment of kernaisd " for every

model at the end of training. One can see that the kernel alignments is typically stronger in models
that exhibit NC.

C.1 Additional examples of the NTK block structure

We include the following additional illustrative gures (analogous to Figure 1 in the main text) that
show the NTK block structure in dataset-architecture pairs covered in our experiments:

» Figure 13: VGG11 trained on MNIST

 Figure 14: VGG11 trained on FashionMNIST
 Figure 15;: VGG16 trained on CIFAR10

 Figure 16: ResNet20 trained on FashionMNIST

» Figure 17: ResNet20 trained on CIFAR10
 Figure 18: DenseNet40 trained on MNIST
 Figure 19: DenseNet40 trained on FashionMNIST
 Figure 11: DenseNet40 trained on CIFAR10

Overall, the block structure pattern is visible in the traced kernels in all the gures. As expected,
the block structure is more pronounced in the kernels where the nal alignment values are higher.
While the norms of the "non-diagonal” components of the kernels are generally smaller than the
"diagonal" components in panes c) and d), we notice that there is a large variability in the norms of the
"diagonal” components in some settings. This means that different neurons of the penultimate layer
and different classi cation heads may contribute to the kernel unequally in some settings. Moreover,
certain "non-diagonal” components of the last-layer kernel may have non-negligible effect in some
settings. We discuss how one could generalize our analysis to account for these properties of the
NTK in Appendix D.

C.2 Preliminary experiments with CE loss

While CE loss is a common choice for training DNN classi ers, our theoretical analysis and the
experimental results only cover DNNs trained with MSE loss. For completeness, we provide
experimental results for ResNet20 trained on MNIST with CE loss in Figure 12. One can see that
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smaller invariant norm and higher invariant alignment correlate with NC in the gure. However,
DNNs trained with CE loss overall reach better NC metrics but have much larger norm of the invariant
in comparison with DNNs trained with MSE loss.

D Relaxation of the NTK Block-Structure Assumption

In this section, we rst derive the dynamics equations of DNNs with a general block structure
assumption on the last-layer kernel (analogous to the equations presented in Theorem 4.1 and
Theorem 5.1). Then we discuss a possible relaxation of Assumption 3.2, under which our main result
regarding NC in Theorem 5.2 still holds.

D.1 Dynamics under General Block Structure Assumption

We rst formulate the most general form of the block structure assumption'bas follows:
Assumption D.1. Assume that " : X X ! R" " has the following block structure

"(x)= Ag+ Act Ans "OEX) = Act Anp ") = Anp o (7TD)

whereA gcn 2 R" " are arbitrary p.s.d. matrices. Hepef andxjC are two distinct inputs from the
same class, anrdjco is an input from class’6 c.

This assumption means that every kernel matr‘,E;g (X); k;s 2 [1;n] still has at most three distinct
values, corresponding to the inter-class, intra-class, and the diagonal values of the kernel. However,
these values are arbitrary and may depend on the choices [1; n].

Under the general block structure assumption, the gradient ow dynamics of DNNs with MSE loss
takes the following form:

8

<H-= AdW>R+ mACW>RC|aSS+ NAnW>RgIobaI

W.= RH® (72)
" b= R giobadn :

This is the generalized version of the dynamics presented in Theorem 4.1. Consequently, the
decomposed dynamics presented in Theorem 5.1 takes the following form under the general block
structure assumption:

8
EH_]_ = (Ag+t mAC)W>R1 mAnW>Rllcl(>:
H.2 = AdW>WH 2 (73)
W = m(RiHI + WH >H3)
b = mRilc:

The derivation of the above dynamics equations are identical to the proofs of Theorem 4.1 and
Theorem 5.1 presented in Appendix B.

Rotation invariance We notice that the dynamics @& ; H) in (72) has to be rotation invariant,
i.e., the equations should not be affected by a change of variables WQ ,H ! Q~ H for any
orthogonal matrixQ. This holds since the loss function only depends on the prddittt, which
does not change under rotation. This requirement puts conditions on the behavigy,pfunder
rotation. Indeed, assume that the rotatiin! WQ ,H ! Q” H for someQ corresponds to the
following change of the kernel:

Ad;c;n ! A'd;c;n (Q)n (74)
then the rotation invariance of the dynamics implies the following equality foiGany

QA-d(Q)Q> W7”R + mQA-c(Q)Q> W~ Rclass+ N QA-n(Q)Q> W~ Rglobal (75)
= AgW R + MAW ~ Rgasst NA W~ R giobar: (76)

These equations are satis ed trivially with our initial assumption, whegg.n = Aq.cn (Q) / In.
However, as we can see, any generalized assumption should specify the behavior of the kernel under
rotation, and satisfy the above equation.
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For generalA 4.c.n , the following behavior under rotation trivially satis es the above condition:
Agcn (Q) = Q% Ag.cn Q. This behaviour of the kernel under rotation is intuitive, since it implies
that the gradients of the last-layer featuheare rotated in the same way as the features. However, we
note that gradients of parametrized functions do not in general behave this way, since the rotation
of the function has to be realized by a certain change of parameters. Consider, for instance, a
one-hidden-layer linear network with weightsin the rst layer. Then we havel = VX, and a
rotationH ! Q> H corresponds to the change of parametérs Q” V. In this case, the kernel

does not change under rotation, i&g.cn (Q) = Ad.cn -

Dynamics invariant We note that the dynamics in 73 does not in general have an invariant
analogous to the one we identi ed in Theorem 5.1. Indeed, if we de ne a quahtity W > W

gHiH] c¢H,H3 for some constants ., 2 R, and additionally assume centered global means
H11lc =0, we get the following expression for the derivativekaf

E= c(Ag+mAg) mly, W>RiH] HiRIW c(Ag+ mAg)”  miy, 7
+ GAg mlp W>WH 2H3  HoHZ;W W A mi, (78)

which is not equal to zero with arbitrary matrics..

D.2 Neural Collapse under Relaxed Block Structure Assumption

We now propose a relaxation of our main assumption, under which our main result regarding NC
in Theorem 5.2 still holds. In terms of Assumption D.1 on the general block structur®,ajur
initial Assumption 3.2 in the main text is the special case With= .1, Ac = ( ¢ n)ln,
Ag=( ¢ ¢)In. The relaxed assumption can be formulated as follows in terms of mafiges :

Assumption D.2. Assume thah , is an arbitrary p.s.d. matrix andA ; A 4) satisfy the following
conditions:

Ac= ¢ln+ Ng;Ag= gln + Ng; (79)
whereN Z, 2 ker(R”W), i.e,,N¢gW ~ R = O. Further, assume that the kernel changes under
rotation with an orthogonal matrix) as follows:

Agen (Q)= Q7 Agen Q: (80)

SinceA |, is arbitrary, this relaxation allows arbitrary non-zero values of non-diagonal ken{jgls
with k 6 s. The following observations justify the consistency of the above assumption:

« SinceW 2 R® " R 2 R® N andN >n>C ,R>W has a non-empty kernel (possibly
time-dependent).

« The dynamics is rotation invariant under the assumption, i.e., the equation (75) holds.

» The expression of the assumption is rotation invariant, in a sens&thdQ) = 4cln +
N4.c(Q), whereN ;.. 2 ker(R”WQ ) for any orthogonaQ.

Under the above assumption, the derivative in 77 becomes zero, so the dynamics has an invariant of
the formg .= W>W ¢HiH] c;H,H3. Moreover, the statement and the proof of our main
Theorem 5.2 remains unchanged. Thus, DNNs satisfying the conditions of Theorem 5.2 display NC
under Assumption D.2.

D.3 Discussion

The analysis of the DNNs dynamics is simpli ed signi cantly by assuming th&thas a block
structure. However, formulating a reasonable and consistent assumption on the NTK and its compo-
nents is non-trivial. The Assumption 3.2 that we used in the main text is justi ed by the empirical
results but may not capture all the relevant properties of the NTK. We believe that studying DNNs'
dynamics under a more general or a more reasonable assumption on the NTK is a promising future
work direction. The relaxed block structure assumption proposed in this section is the rst step into
this direction.
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Figure 3: VGGL11 trained on MNIST. See Figure 2 for the description of panes)aNurms of
matricesH {H; , H,H3 , andhhihhi” at the end of training) Alignment of kernels and " at
the end of training. The color in panes i-j is the color of the same model in panes a-e.

Figure 4: VGG11 trained on FashionMNIST. See Figure 2 for the description of paney ldetms
of matricesH1H7 , H,H3 , andhhihhi® at the end of trainingj) Alignment of kernels and
at the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 5: VGG16 trained on CIFAR10. See Figure 2 for the description of panes Altrms of
matricesH {H; , H,H3 , andhhihhi” at the end of training) Alignment of kernels and " at
the end of training. The color in panes i-j is the color of the same model in panes a-e.

Figure 6: ResNet20 trained on MNIST. See Figure 2 for the description of pane} lddrms of
matricesH ;H; , H,H > , andhhihhi> at the end of trainingj) Alignment of kernels and " at
the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 7: ResNet20 trained on FashionMNIST. See Figure 2 for the description of panés a-h.
Norms of matricesd 1H7 , HoH 3 , andhhihhi” at the end of trainingj) Alignment of kernels
and " atthe end of training. The color in panes i-j is the color of the same model in panes a-e.

Figure 8: ResNet20 trained on CIFAR10. See Figure 2 for the description of pané@siehms of
matricesH 1H; , H,H3 , andhhihhi> at the end of training) Alignment of kernels and " at
the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 9: DenseNet40 trained on MNIST. See Figure 2 for the description of paneksideinms of
matricesH 1H; , H,H3 , andhhihhi” at the end of training) Alignment of kernels and " at
the end of training. The color in panes i-j is the color of the same model in panes a-e.

Figure 10: DenseNet40 trained on FashionMNIST. See Figure 2 for the description of parigs a-h.
Norms of matricesd 1H7 , HoH 3 , andhhihhi” at the end of trainingj) Alignment of kernels
and " atthe end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 11: DenseNet40 trained on CIFAR10. See Figure 2 for the description of pangdNwims
of matricesH 1H; , H,H 3 , andhhihhi> at the end of training) Alignment of kernels and "
at the end of training. The color in panes i-j is the color of the same model in panes a-e.

Figure 12: ResNet20 trained on MNIST witE loss See Figure 2 for the description of panes a-h.
i) Norms of matricetd ;H7 , H,H3 , andhhihhi> at the end of trainingj) Alignment of kernels
and " atthe end of training. The color in panes i-j is the color of the same model in panes a-e.
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