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We provide proofs of main theorems in Section [A.2] while some useful Lemmas are stated and proved
in Section[A.T] In Section[B] additional details related to the numerical experiments are provided.
We also provide a numerical comparison between feed-forward deep neural networks (DNN) and
Long Short-Term Memory networks (LSTM) in Section [C]

A Proofs in Section 3

A.1 Useful Lemmas and their proofs

lemma 1. Assume that {X;},cz, satisfies Assumption[2) that is, {X;}icz is a stationary and expo-
nential a—mixing process. Further, assume f is a measurable function satisfying || f(-)]|co < M.
Then

|Cov(f(Xy), f(X;))] < 11Mexp(—cli — j|/3),
for some positive constant c depending on c.

Proof. Consider the set of grid points

D(m) :={(ax,by), k,1=1,2,--- ,2m + 1}
ar =Mk —-—m—1)/m, by=M({I—-m—1)/m

where m is some positive integer. Then we have

2m 2m +a by +b
(X )= 30D (I P R e < ) < e, < JOK) < )
2m 2m - M2
< -
D Plak < f(Xi) < apgr, b < F(XG) < biga) -
k=11=1
M2
=
(16)

Similar to we can prove that

2m
ag + ag11 M
‘E[f(xz)] - ];1 #P(ak < (X)) < apgr)| < o
To simplify the notation, we let A; := i:l %P(ak < f(X;) < agy1)- Then, we have
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E[f(X)]E[f(X;)] — Ai4;] < ‘]E[f(xi)](E[f(Xj)} —Aj|+ ‘(E[f(xj)] — Aj)A;
)
M? M M M? M?
S o T oMt o) = T e

Since {X;}:cz is an exponential a—mixing sequence, we know that there exists some positive
constant ¢ such that

Play < f(Xi) < agy1,00 < f(X;) < biya)
<exp(—cli —j|) + Plax < f(Xi) < ap+1)P(br < f(X;) < big1).

Therefore

2m 2m

ap +a bi+b
I 5 B (= 5 EOP(ar < F(X0) < arsr, b < F(XG) < bigr) — AiA,
k=11=1

2m 2m

< DSy DL o i — )

k=11=1 2
< 4m?M?exp(—cli — jl).
From (T6),(T7) and (T8), we have that
17 (X,) £ X,)] - BLCXJELF (X, )

(18)

oM?  M?
+ — + 4m?M?exp(—cli — j|).

<
- m 4m?

With the choice of m = |exp(c|i — j|/3)],

517X, X,)] - B CRJELF ()| < 100 exp(—cli = 1/3) + *f-exp(—2cl — 1/

< 11M?exp(—cli — j|/3).
O

lemma 2. Let {X;}icz and [ be as in lemmall|while {a,,} ez is a sequence of real numbers such
that a,, < n® for some positive a. Let Yy,; = ap, f(X;), then

Var(Yno) + 2 Y |Cov(Yno, Yai)| < ([24adog(n)/c] + 3)Var(Yno) + 22M2W,
>0 3

where c is the same constant as in lemmall|depending on ¢ (the a-mixing exponent).

Proof. Let k = [12]og(n)] + 2. Notice that Y,,; < n®M for all i € Z. From lemma we have that

exp(—3(k—1

QZ |Cov(Yno, Yar)| < 22 Z(naM)zeXp(—cz’/?,) = 22n2aM2M
>k i>k eng —1
1
<29oM*—
n2eexp(§ — 1)

Therefore

1

Y, 2 Y.V ) < (2k —1 Y, PP R —
Var(Yno) + Z|C°V( no, Yok)| < (2k — 1) Var(Yno) + n?*(exp(§) — 1)

>0



Let F be a class of function. We define N'(d, F, || - ||o) to be the covering number, that is, the
minimal number of || - || o-balls with radius J that covers F.

lemma 3. Consider the d-variate nonparametric regression model with unknown regression function
fo, Yi = fo(X}) + €, satisfying Assumptions 1-3. Let f be any estimator taking values in F. Define

A, = An(]?v anf) = IEfo

LS~y AX? — inf LS — F(X)?
- ;(m — (X)) = jnf ;(Y F(X4) ]
a};ulassume {foyUF c {f:]0,1]¢ = [-F, F]} forsome F > 1. If N,, := N(0, F, || - ||loo) > 3,
then,

4
(1—€)*A, — CO(F, 02,0)% — 0C(F, 02, ¢)log’n
ne
< R(f,fo) <
(1+ 6)2 <f¥éf]_. £ = f0||c2>o + An(ﬁ )+ C(F, 02’ 0)510g2n>
3 4
n (I1+¢) C(F, 02,0)10g nlogNn,
€ n

where C(F, 02, c) is defined as a constant depending only on F,c?, and c (the same constant in

lemmall).

Proof. Throughout the proof we write E = E,. Define [|g||2 := 2 > | g(X;)?. For any estimator
f. we introduce R, (f, fo) := E[|f — fo||2] for the empirical risk. In the first step, we show
that we can restrict ourselves to the case log/V,, < n. Since R(f, fo) < 4F?, the upper bound
trivially holds if logN,, > n. To see that also the lower bound is trivial in this case, let f €

argminc > | (Y; — f(X;))? be a (global) empirical risk minimizer. Observe that

% 3 eif(X»] ~E % > el-f(x»] :

~

En(fafO) - En(fafO) = An +E

=1 i=1

From this equation, it follows that A,, < 8F? and this implies the lower bound in the statement of
the lemma for logNV,, > n. We may therefore assume log/V,, < n. The proof is divided into four
parts which are denoted by (I~1V)

(I): We relate the risk R(f, fo) = E[(f(X) — fo(X))?] to its empirical counterpart }Aln(f, fo) via the
inequalities

1 CrF2og*nlogN,
_ Cpologin — L ErE 108 nloghy

n € n

log?nlogN,,

(1 - €)I§n(f, fO) - Cr
< R(f. fo) <
(1+@§Mﬁﬁﬂ+(1+d<Cp

N (1 + €)? CpF2log*nlogN,,
€ n
where Cr is some constant which depends on F and c.

log?nlogN,,
Ognogwﬂglogzn)
n

)

(II): For any estimator f taking values in F,

2 e logN,,
E f§ JX —n
‘n i f(Xi)

i=1

< 6C(F, 0%, c)log’n + C(F, 0%, c)log'n

4
+O(F 0%, e[ BB R ).




(III): We have

Ro(f. fo) < (1+€) [infre#B[(f(X) = fo(X))*] + Ay + 6C(F, 0”, c)log’n

logN,,

4 logNn N (I—Ze)

+ C(F, 0%, c)log™n C%(F, 02, ¢)log*n—""

(IV): We have

log4nlogNn

(f fo) > (1= e)(A, — C(F,0%,¢) — 26C(F, 0%, ¢)log®n).

ne
Combining (I) and (IV) gives the lower bound of the assertion. The upper bound follows from (I) and
(II).

(I): Given a minimal é-covering of F, denote the centers of the balls by f; . By construction there
|l < 0. Without loss of generality, we can assume that
| fillse < F. Generate i.i.d. random variables {X;,i=1,---,n} with the same distribution as X

X £ X;)and independent of {X;,¢ =1,--- ,n}. Using that || ;|| oo, || folloos 6 < F,
IR(F. fo) = Bu(F. fo)]
R : 1~ 7
—ﬂmn§]<xa—ﬁaaf—§]<X0—hmmﬂ

i=1 =1

’ ZgJ (Xi, X))

with g;- (X, X5) := (f+(X}) — fo(X;))% = (fj+ (Xi) — fo(X;))2. Define g; in the same way with
f; replaced by f;. Similarly, set v; := \/n~tlogN,, V EY2[(f;(X) — fo(X))?] and define v* as

= v/n~logN,, VE'?[(f;+(X) ~ f ( NP H(X:, Ya) 2]
< Vn~HogN,, + EV?[(F(X) = fo(X))* (X, Yi)}i24] + 6,

+ 90F,

19)

where the last part follows from triangle inequality and f;- — f <.

For random variables U, T, Cauchy Schwarz inequality gives E[U,Ty] < EY2[UZE'/2[T?].
Choose Uy = EM2[(f(X) — fo(X)2H{(Xs, Yi)}i2u] and Ty = max; | S, 95(Xi, X,) /75 F -
Using that E[U2] = R(f, fo),

fo) = Ru(F, o)

o) (20)
R(f, fo)?E2[T7] + :(\/@JrcS)E[Tl]Jr%F.

Next, we need to estimate the upper bound for E[T] and E[T?]. To simplify the notation, we let

= Var(g;(X;,X;)/~;F) and 2 = Var <gj(i}x"')> +23 ) Cov (gj(ffﬁxk)7 gj(xixi)).

o)

| R(

3\“11

v F
We know that |g;(X;, X;)/F| < 4F and 1/v; < n'/2. From lemma we can derive

v
n(exp(c/3) — 1)

Since v} = 2Var((f;(Xi) — fo(Xi))? /7 F) < 2E[(f;(X3) — fo(X:))*]/(v; F?) < 8, we conclude
that 0 v S Cilog(n)+CyF? /n, where C; and Cs are constants which only depend on c. Observe that

07 < ([12log(n)/c] + 3)v} + 22(4F)?



Elg; (Xi, X)) = 0, | 2550 | < 45/, Also, we know that {g; (Xi, X, )/7,F, i = 1+ ,n} is
an exponentially a-mixing process. By Bernstein inequality (Theorem 2, [2]]) with a union bound
over j, we have

ét?

2
no? + 1682 4 t%(logn)2

P(Ty >t) <1A [ 2N, maxexp
J 3
J Vj

ét?

Clnlog(n) + Oy F2 + 16F2 logi(nNn) + 4tF(logn)2\/1og(Tn)

<1A | 2N, maxexp | —
J

ct?
<1A|2N,maxexp | — .
J n(Cilog(n) + (16 + C2) F?) + 4tF (logn)? /1527w )

Therefore we can estimate the upper of E[T1] by P(T} > t)

E[T)] = /OOO P(Ty > t)dt

o ct
< 0+y/nlog(N,,) + 2N, exp | —
- floa (N ((164+C3)F2+4C1log(n))n [ 9
0 log(Nn) 9\/nlog(Nn) + 4 log(Ny,) (IOgn) F

o 1 ((16 4+ C2)F? + Cilog(n))n n oen)?
= 0/nlog(Ny) + 2N, 5( NoTTEA) +4 log(Nn)(l gn) F)

é0+/nlog(N,)
T (16+C2) F?+Cilog(n))n _n__ 2
9\/nlog(Nn) + 4\/@00‘@”‘) E

exp

Let 6 — \/(32+202)F{+20110g(n) v 8F(logn)® o pooe
(32 4+ 2C5)F? + 2C1log(n) ~ 8F(logn)? n
E[T] < 6+/nlog(N,
(7] < 6/nlog(Na) ( o¢c * é log(N,,)
n
= 0+/nlog(N,,) + A .
OB A g ()
Next we estimate the upper bound of E[T?] in a similar way.
E[T?] = / P(Ty > Vt)dt
0
< 6%nlog(N,,)) + 2N, exp | — dt.
- nlo ((164+C2)F2+Cqlog(n))n n 2
#mlog(Nn) 0+/nlog(Ny) * 4\/ Tog(n,y (logn)*F

Using the fact that [ exp(—v/ua)du = (2ab + 1)exp(—ab)/a? and with the same choice of 6 as
above, we estimate the upper bound of E[T}]. Also, we can prove that
(16 + Co)F? + Cylog(n)  4log*(n)F

o T

E[T?] < 6%nlog(N,) + 6n (
= 0?nlog(N,,) + 3nA, /¢

A
< (6% + 3Tl)nlog]\fn.



With eq and the upper bound for ET; and ET?, we have

IR(f, fo) — Ru([, fo)l < =R(F, fo) ¥ /?nlog(N,,) + 3nA; [c+

E(“ lognN (Hx/nlogN + A, / > +95F

9F10gNn A F
02nlog(N,,) + 3nA; /¢ + + =+
R(f, fo)?\/6?nlog(N,,) + 3n A, /¢ . - o
logNn /1
n
F o~ 3 0 + A;)FlogN,,
< R(f,fo)Q\/(92+) log Ny, +%+

(6+ Ay + 9)F.

(O+A+F |, 0°+3A, /¢

Since there exists some constant such that 5 T
log®n log*n

and ¢, eq(ZI)) can be simplified as

~ ~ o~ F log?nlo N,
[R(F. fo) = Ru(F. fo)l S=R(F. fo)\/ Crnlog'nlog,, + Cp=tl28— .

Crélog’n.

< Cp, where Cr depends on F'

From eq(43) in [3]], we know that for positive real numbers a, b, ¢, d being such that |a—b| < 2\/ac+d,
then for any 0 < € < 1,

2 2
(-p-d-S<a<@robra+ T 22)

Using (22) with a = R(]‘\7 fo)and b = ﬁ(f, fo), we can derive the following bounds for R(]?, fo)
21)

from (

~ 2 5 4
(1= OB (F. fo) — Cp 2B T8N 0 510g2, L CrFlog mlogy
n € n
< R(fv fO) <
B (T logZnlogN,,
(1+ ORu(F, fo) + (1 +¢) (CFog”;g Codlo gzn)

n (14 €)2 CpFlog*nlogN,,
€ n '

(I): Similar to the proof of (I), there exists a random j* such that ||fj- — f|l.c < 8. We have

B[ 6 (F(Xi) = fi- (XDl < SB[ Jeil] < né. Since Efei fo(X:)] = E[Eleifo(X:)|Xi]] =

0, we also find

3\1\3
3\1\3

i S a(fx - fox)

‘ i=1

i (23)
<25+ EE Zei(fj*(xi) - fO(Xi))"

i=1

Recall that v, := \/n=1logN,, V EY?[(f;(X) — f(X))?] and the definition of 7* is



= \/n‘llogNn\/lEl/Q[(fj*(X)— Fo(X))2 (X, Yi)}i24]
< V/n~HogN, +EV2[(F(X) = fo(X)?{(Xy, Vi) }224] +6.

sin, auchy-Schwarz  1nequalit ody < wit! 5 =
Using Cauchy-Sch inequality E[U,T E'/2[UZ|EY?[T3 ith T

max, | LI ID | ang 17, = BY2[(F(X) — fo(X))2[{(X;, ¥i)}i2,]. we have that

B Y ailf- (X0) — folX \ ‘Z U <7*>—f0<Xi>>.7*
Ty (v/nogN, + EV?[(F(X) — fo(X))2H{(Xi, Y)}224] + )]

75)(6 + /n~logN,,) +E1/2T21E1/2[(f( ) — fo(X))?].
(24)

Notice that E1/2[(f(X) — fo(X))?] = R1/2(f, fo). Now, using eq, eq,

) <25+ 1ET2 (8 + v/n—ogN,,) + E1/2T2 IRY2(f, fo).  (25)

3\1\3

i

Let Z;; M From v; > \/n~1logN,, and v; > EY2[(f;(X) — £(X))?], we know
that (1) |ZU| < 2F/\/ ~llogN,,; (2) EZZ; < 1. Observe that {€;Z;; }i>1 is a martingale difference

iy =
sequence with respect to the filtration 7; = o((X;),% < t). Then we check the moment conditions in
theorem 1.2B in [I]]. Since €; and F; are independent, E(e} Z;|F;) = Z7;0>. For the m-th moment

of |e;Z;;| given F;, we have that

m—2
2coF
E|| mZmH]: |<o m!cg'"”72|Zij\m < ozZizjm! <CO> .

v/n~1tlogN,,

We split P(| D" | €;Z;j| > x) into two parts:

(26)

b(x)

Using theorem 1.2B in [T]] with ¢ = 2¢oF/+/(n~1)logN,,, V,, = 02> 1" | Z? >y =/ntogN,z,

we obtain

a(z) <exp | — ° . @7

(2 —|— 20()f;)1 | T logN”

To simplify the notation, we let v? = Var(Z;) and 07 = Var (Z7;) + 23, Cov (Zf], 7Z2. )
know that (f;(X;) — fo(X;))? < 4F? and 1/~7 § n. From lemma we have




1
n?(exp(c/3) — 1)

57 < ([24log(n)/c] + 3)v? + 22(16F*)

Since v] < EZ; <E(f;(Xi) — fo(X:))*/(n™NogN.E(f;(Xs) — fo(Xi))?) < 4F?*n/logN,, we
derive that 17? < C1F?nlog(n)/logN,, + CoF*/n?%, where C; and C, only depend on c. Since
EZZ < 1,wehave b(x) < P37 (2} —EZ}) > %, | oan & —n). Observe that |27, —EZ7,| <

4F?n/ 1og]yn and {ij }; is an exponentially c-mixing process, using Bernstein inequality (Theorem
2, [2I), again we have that

CB(% \/ logr;\/'nx - n)2
b(x) S eXp _n'DQ + 1677.2F4 + (i n T — n) n10g2n
J logN,, o2 \/ logN, logN,,
Cs(L n—x —n)?

o2 logN,,
<exp | — (28)

C1F2n2logn CoF4 16n2F4 1 n _ nlog?n
logN,, + n + logN,, + (02 logN,, z n) logN,,

03(# \/ logT;an - n)2

T (CLF2 403 FA+16F4)n2logn 1 n __\nlog?n
logN,, + <02 logN,, z n) logN,,

< exp

The last inequality uses the assumption that n > logN,,.

Next, we use eq, eq27), eq to estimate the upper bound for ET5 and ETZ in eq. Taking
the union bound over all j = 1,--- | N,,, we have

P(Ty > x) < 1A 2N, (a(x) + b(z)).

Therefore we find that for all 8

ET; < 0+/nlogN,, + 2N, a(z)dz + 2N, b(x)dz. (29)
6v/nlogN,, 6+/nlogN,,
From eq27), we have
e n Alog N,
2N, dx < 2N, 24 2¢coF) | —— —_— .
When 6 > 2 + 2¢o F, it follows that
° n
2N, a(z)dr <2 ((2 + 2¢F) ) .
0+/nlogN,, IOgNn

From eq, we have that for § > o



1 n _ 2
CS(F\/ logNn:Ij n)
dx
nlogN,L

o (C1F2+C3 F*+16F*)n?logn 1 n B nlog?n
logN,, + (02 logN,, z n) logN,,

</ 03(#\/ log%nx_n) d
- x
— (C1F2+CyF4+16F*)nlogn nlog?n
nlogNn L (9/022—1)10gNn & + log%\fn
< (C1F? + CoF* +16F*) ) o2y/nlog’n C5(0/0? — 1)logN,,
——~ 2 _exp | — .
- (0/02 —1) Cs5+/1ogN,, Wlogn +log®n

When 0 > 02(1 + 210g2n/C3 vV \/(QClFQ + 205F* + 32F*)logn/Cs3),

C5(0/0? — 1)logN,, < 1
exp | — )
P\ B G g+ g ) < T

Therefore,

o0 2 21 2
2N, b(x)dz < (C1F? + CoF* + 16F4)0? | 22081 [ " (3
9/nlogN,, logN,, Cs logNy,

We choose 6 = (2 + 2coF) V o%(1 + 2log®n/Cs V /(2C1 F2 4 2Cy F4 + 32F%)logn/C3). Com-

bining eq(29), eq(30) and eq(31) gives
ET < C(F, 02, ¢)\/nlogN,log’n, (32)

where C(F, 02, ¢) is a constant depending on F’, 02, c.

Similar to eq(29), we can prove that

oo

ET? < 6#*nlogN,, + 2N, a(v/z)dx + 2N, b(v/z)dz. (33)
02nlogN,, 02nlogN,,

We still choose 0 = (2 + 2cF) V 02(1 + 2log?n/Cs V \/(2C1 F2 + 2C,F* + 32F%)logn/C5).
Using the fact that [,3 exp(—(y/u — ¢)a)du = 2(b/a + 1/a*)exp(—a(b — c)), we can estimate the
upper for both [,; PP nlogN,, a(y/x)dr and [, P2nlogN,, b(y/x)dx. From eq, we have

/;O a(vz)dr < /00 exp Ve dx

2nlogN,, 02nlogN, (2 + QCOF) / logNn

=2 (971(2 4+ 2c0F) + (2 + 2¢oF)? " ) exp | — bnloglV.
log Ny, (2 + 2¢coF)+/n/logN,,
nlog2n
< C(F, .
< C(F,c) N

From eq(28), we have



[e'e) oo 03(% logrr;\/'n \/5 - Tl)2
/ b(vx)dx < / exp dz
0

2nlogN,, 02nlogN,, (ClF2+C21F(;‘;4]»v16F4)n210gn + (% log"r}Vn \/E - TL) 7;2%3:
— eXp | — 2 - 4)nlogn nlog?n x
02nlogN,, (G F (Z/ngfil—;lloﬁgljvj log + lfig%\fn

C1F? + CoF* + 16F* ) C1F? 4+ CoF* +16F* _ ,nlog*n
<2|6 1)nl
= [ ( /0% — 1 + Dnlog™n + ( /0% — 1 ) TN,

C3(0/0? — 1)logN,,
cexp [ —
C1F2-g/C;)2F:11-i-16F4 logn + lOan

< CO(F, o, c)nlog*n/N,.
Therefore, eq(33) gives

ET2 < C(F, 02, ¢)nlog*nlogN,,.

With eq and upper bound for ET,, ETZ,

n

E’Q Zelf(X)‘ <26+ zC’(F, o2, ¢)\/nlogN,log®n (5 + v/n—1logN,,)
n n

i=1

2 N

+ f\/C’(F, o2, c)nlog4nlogN7lR1/2(f, fo)
n

logN,,

(34)

< 6C(F, 0%, ¢)log’n + C(F, 02, ¢) log®n

2 -
—+ E\/C(F’ 02, ¢)nlog*nlogN,, RY2(f, fo).

From the upper bound of inequality in (I), setting ¢ = 1 gives

7 S 7 log”nlogN,,
VRGBT )+ 20 20N g,

N \/ 4CpF2log*nlogN,,
n

P log*nlogN,,
< V2R fo) + | Cr =222 [ Crdlog™n.

Therefore,

C(F, 0'27 C)10g4n10gNn ﬁ}l/z

%\/C(R o2, c)nlog*nlogN,, RY2(f, fo) < \/ (f, fo)

n

log*nlogNV,, i §CrloginlogN,,

+ C(F, 0%, ¢)
n n

(35)

Using the fact that 2\/ 6Crlog®nlogN, /n < dlog’n + Crlog*nlogN,, /n, then inequality (II)
follows from eq(34), eq(33).

10



(III): For any fixed f € F,E[L " (Vi — f(X,))?] <E[L X0 (Vi — f(Xi))?] + A, Because

of X; 2 X and f being deterministic, we have E[||f — fol|2] = E(f(X) — fo(X))2. Since also
Elei f(Xi)] = 0,

BulF, fo) < ENIS - foll2] %Z

4 logN,

E[||lf — foll2] + A, + 6C(F, 02, ¢)log’n 4+ C(F, 02, ¢)log*n (36)

lognlogN,, ~
20(P o2, o) BTN s 7 gy,
Observe that
log*nlogN,, ~ 1
20(F, o, )y BN 2 7 1) < LE€ 0 02, tognlogV,
€

+ R(f, fo)-

1+e

Combining eq with eq and rearranging }A%(f, fo) to one side give inequality (IIT).

(IV): Let f € argmin fer 2 (Yi — f(X4))? be an empirical risk minimizer. We have

En(f) fO) - En(f7 fO)

n

%Zfif(xi)

i=1

=A, +2E —2F

izez’f(xi)]

i=1
4 _logNy, (38)

> A, —206C(F, 02, ¢)log’n — 2C(F, 2, ¢)log*n

1 1 N -~ l 1 Nn/\
—20(F, c\/og“’g RY2(F, fo) — 20(F, 0 c)\/% RY2(F, o).

Observe that

log*nlogN,, ~; /o, ~ log*nlogN,, ~ -
C(F, 0%, )| 2B RIA(F, fo) < C2(F,0%,0) 22820 4 R(F, fo)
log*nlo Ny, ~ < 1—¢ log*nlo N, € =~ =
0% )\ BRI (F o) < — SO (PLo? o) TR 4 L Ru(F o).

(39)

Inequality (IV) follows from eq(38)), eq(39). O

lemma 4. Consider the d-variate nonparametric regression model Y; = fo(X;) + €; with unknown
regression function fy, satisfying || follco < F for some F > 1. Let f,, be any estimator taking values
in the class F(L,p, s, F) and A, is defined in lemma El Under Assumptions 1-3, for any € € (0, 1],
there exists a constant Cy, only depending on ¢, such that with

Ve i= C.F? (s + D)log(n(s + 1)L)popL+110g4n
n — Le n )
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(1 - e)gAn(fn? fO) — Yen
< R(fas fo) < (1+€)2< in )||ff0||§Q+An(ﬁl’f0)> Fen

feF(L,p,s,F

Proof. Lemmafollows from Lemmawith the choice of 6 = 1/n, F = F(L,p, s,00) and Remark
1in 3]

logN (8, F(L, p, 5,00), || - lsc) < (s + 1)log (2°556 (L + 1)pgp7 4, 5°")

O
A.2  Proof of Theorem[I]
Proof of theorem[I) Combining lemma [ with the assumed bounds on L and s, it follows that
1 - ’ ~
7An(fn7 fO) -C d)nLlOan < R(f7 fO)
! (40)

inf || = foll% + 48, (fu, fo) + C pnLloghn,

4 i
f*eF(L,p,s,F)

where we used ¢ = 1/2 for the lower bound and ¢ = 1 for the upper bound. Let C' = 8C', then
C' ¢ Llog®n < R(f, fo) whenever A, (f, fo) > C¢rLlog®n. The lower bound on @) is proved.

To get the upper bound, we need to control inf pvc 7(1, .5 ) || * — fol|% . From eq(26) in [3], we
know that

2 L
inf If —fono < C' max N~ & < ¢ max C, T on T
f*€F(L,p,s) i=0,-- ,q i=0,-- ,q

Hence, inf p-c 7(1 5.7 | /* = foll% < Ci¢y. Therefore, there exists f € F(L, p, s, F) such that

1£* = foll% < C16n. Define £* = (|l folloo/Ilflloc)- Then [|f*|loc < [l follos = llgqlloc < K < F,
which implies that f € F(L,p,s, F). Writing f* — fo = (f* — f) + (f» — fo), we obtain
1 = folloo < 2|If = folloo < 2C16. From eq, we obtain that

R(f. fo) < 8C1d0 + 48 (Jus fo) + C'dnLlog’n. )
The upper bounds on eq(6) and eq(7) follow from eq@T). O

A.3 Proof of Theorem

Proof of Theorem[2] From lemma 3] we know that

(1—€)*A, — C(F, aQ,C)IOgZLT;% —0C(F, az,c)logzn

< R(f, fo) <

(0 (a1 = Rlle + An(Ff) + C(F, 0%, )dlog’n
(1+¢€)3 log*nlog,,

+ 70(}7’ 027 C)
€ n

Let F := F(L, p, s,00). From remark 1 in [3],

log\ (8, F(L,p,s,00), | - [loc) < (s + 1)log (2226~ (L + 1)pgp7 1 5°") -
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According to the assumption s < dL and d < p with the choice of § = £, we have that logN,, <

dLlogn. Therefore, using the result of lemmawith €= %, we have that

1 . dLlog® -
SA, - C B < R(F o) <
4 n

5 42)
/dLlOg n

4 inf ||f* = foll% +4A.(f, f) + C

fl*réfl\f follse +4An(f, ) + -
The lower bound of eq can be derived from the left side of eq with the assumption d =< R,
To derive the upper bound of eq(T0) and eq(TT), we need the upper bound of inf j+ c 7(1, p,s,7) || f* —
folloo- Let f = Z;j:l ¢ Y, € F(3,(d,2Kd,1),s),s = 4Kd (For each Y;_; in input layer,
it maps to 2[¢;] units in hidden layer. [¢;] units are ¢;(Y;—;)+/[¢:] and other [¢;] units are
—¢i(=Yi—i)+/[&;]. Assumption ¢; < K implies that there are at most 2K d units in hidden layer.

The output f equals to the summation of all hidden units). We have that

1

17 = folloo =11 3 o¥iille < K 3- 1041 S (g

i=d+1 d+1

(43)

Define £* = F(|| folloc/Il flloc). Then [ £lloc < [|folloc < K 33, 6] < KM/2% < F. There-
fore, f* € F(4,p*,4Kd + 1, F). To extend the layer of neural network from 4 to L, we can add
(L — 4) additional identical layers before F (4, p, (6K + 2)d, F'). Note that the dimension of input
vector is d, the deepened network belongs to

F(L,(d,--- ,d,p"),(4K + L)d + 1, F).

Therefore, the neural network f* C F(L,p,s, F). Writing f* — fo = (f* — f) + (fn — fo), we
obtain || f* — folloo < 2||f — folleo- With eq and eq, we have that

dLlog’n
—

R(f, fo) < cdia +an(FLf) +C (44)

Using the assumption d =< ner again, we can derive the upper bound of eq and eq. O

B Additional details on numerical experiments

Computer information:

Processor: Intel(R) Core(TM) i7-9750H CPU @ 2.60GHz 2.59 GHz

Installed RAM: 16.0 GB (15.9 GB usable)

System type: Windows 10 Home 64-bit operating system, x64-based processor
Disk: Samsung mzvlb512hbjg-000h1

GPU: NVIDIA GeForce GTX 1660 Ti

Additional figure in Section 5} Figure[3]

C Numerical comparison between DNN and LSTM

In this section, we compare the predicting performance of DNN with LSTM. We consider the same
set of models as in section[4.2] The input dimension of both DNN and LSTM are determined by AIC
and the number of hidden layer units are set to be 10. The results are shown in figure ] As we can
see from this figure, DNN has a slightly faster convergence rate than LSTM in linear AR models
while for non-linear AR models, LSTM performs slightly better. In fact, the difference between the
results of DNN and LSTM in these simulation settings are not statistically significant.
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Figure 3: Estimation for monthly inflation rate. The blue line reflects the true change of inflation rate
from 2002 Feb to 2011 Nov. Other two lines correspond to two estimators.
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Figure 4: : Box plots of logarithm of the mean square error on the testing set as a function of sample
size.
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