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A Additional numerical results

A.1 Detailed simulation results

We present the tables containing the results of the simulation study in Section .| of the main text.
On each table, the mean over 100 repetitions is reported, and the numbers in parenthesis denote the
standard errors. For the purpose of identifying underestimation and overestimation, we also include

the proportions of estimations for which the K — K distance is negative, zero, or positive.

Table 1: Scenario 1 (n = 1,d = 1 changes from 6 cos-6 sin-6 cos)

Model K-K<0 K-K=0 K-K>0 |K—-K| dC,C)
FSBS  0.05 0.86 0.09 0.17 (0.05)  16.15 (4.09)

Changes occur at the times 30 and 130.

Table 2: Scenario 2 (n = 10, d = 1, changes from 2 cos-2 sin-2 cos)

Model K-K<0 K-K=0 K-K>0 |K-K| d(,C)

FSBS  0.05 0.95 0 0.05 (0.02) 3.32 (1)
BGHK  0.58 0.42 0 1.12 (0.14)  20.11 (1.82)
HK 0.16 0.47 0.37 0.78 (0.08)  66.45 (7.87)
SN 0.04 0.03 0.93 1.83 (0.04) 181.11 (5.05)

Changes occur at the times 30 and 130.
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Table 3: Scenario 3 (n = 50, d = 1, changes from cos-sin-cos)

Model K-K<0 K-K=0 K-K>0 |K-K| dC,C)
FSBS 0 0.93 0.07 0.07 (0.03) 7.35(0.54)
BGHK 0.85 0.15 0 2.97(0.22) 32.88 (1.82)
HK 0 0.08 0.92 1.71(0.06) 172.52 (5.61)
SN 0.02 0.04 0.94 1.85 (0.05) 183.63 (4.57)
Changes occur at the times 30 and 130.
Table 4: Scenario 4 (n = 10, d = 2, changes from 0-3z(1) z(2)-0)

Model K—-K<0 K-K=0 K-K>0 |K-K| d(C,C)
FSBS 0 0.92 0.08 0.08 (0.021) 5.02 (1.25)
Changes occur at the times 100 and 150.

Table 5: Scenario 5 (n = 50, d = 1, changes from 0-sin-2 sin)
Model K-K<0 K-K=0 K-K>0 |K-K| dC,0C)
FSBS  0.02 0.98 0 0.02 (0.01) 16.9 (0.93)
BGHK 0.48 0.30 0.22 1.09 (0.11) 34.36 (1.78)
HK 0 0.19 0.81 0.81 (0.04) 48.24 (1.71)
SN 0.08 0.33 0.59 0.85 (0.07) 65.15 (6.38)

Changes occur at the times 68 and 134.

A.2 Details of Figure 2]

We zoom in the top-left and top-right corners of each panel in Figure 2]and present in Figures[A.2]
and[A2] respectively. The top-left and top-right corners correspond to the northwest and northeast
coasts of Australia, where the changes occur.
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Figure 1: Average SST of northwest coast of Australia. From left to right: average SST from 1940 to
1981, average SST from 1982 to 1996, and average SST from 1997 to 2019. The top and bottom
rows correspond to the June and July data respectively.
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Figure 2: Average SST of northeast coast of Australia. From left to right: average SST from 1940 to
1981, average SST from 1982 to 1996, and average SST from 1997 to 2019. The top and bottom
rows correspond to the June and July data respectively.

A.3 Sea surface temperature on Caribbean sea

We consider an additional real data example, also from the COBE-SSTE dataset [[7]], using data from
June and July. FSBS is applied to estimate potential change points on a 1 degree latitude by 1 degree
longitude grid (10 x 6), located at the Caribbean sea. In both months, FSBS identified the year 2004
as a change-point. This might be associated with the development of a Modoki El Nifio — a rare
type of El Nifio in which unfavourable conditions are produced over the eastern Pacific instead of
the Atlantic basin due to warmer sea surface temperatures farther west along the equatorial Pacific
[13]]. Variability in the climate of northeastern Caribbean is connected with this phenomenon, see for
example [6]].
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Figure 3: Average SST of Caribbean sea. From left to right: The first image shows the region
chosen, the small blue rectangle into the black rectangle. The second image contains four different
sub-images. Here, from left to right, the average SST from 1940 to 2003 and average SST from 2004
to 2019 is presented. The top and bottom rows correspond to the June and July data respectively.

A.4 On the dimension d

Recall that the localisation error rate of change-point estimation in Theorem [T}is
Crsps logmax{lvlo/q}(T) (1 + Tﬁn%) H,:Q,

which is an increasing function of d, i.e. a larger d will lead to a worse localization error rate.



In addition, Assumption [3|requires that the signal-to-noise ratio to be lower bounded by
Con\1/2
CsNR logmax{l/Z,S/q} (T) (1 + Tﬁnﬁ) / 7

which implies that a larger d will also require a stronger signal.

We conducted additional numerical results to further show the influence of d. Using the same setting
as that in Scenario 4 in Section@], we vary the dimension d € {2, 3,5,10}. Results are collected in
Table [ and Appendix supporting our theoretical findings.

Table 6: FSBS on Scenario 4 (n = 10, changes from 0-3z(Vz(2)-0)

Dimension K—-K<0 K—-K=0 K-K>0 |K—-K| d(C,C)

d=2 0 0.92 0.08 0.08 (0.02) 5.02 (1.25)
d=3 0.02 0.89 0.09 0.11 (0.03) 5.73 (1.22)
d=5 0.18 0.82 0 0.18 (0.05) 5.92 (1.23)
d=10 021 0.79 0 0.22 (0.08)  6.58 (1.24)

Performance of FSBS with different choices of dimension d is studied for S4. The mean over 100
repetitions is reported, and the numbers in parenthesis denote standard errors. It includes the

proportions of estimations for which the K — K distance is negative, zero, or positive.
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Figure 4: Bar plots for simulation results of FSBS performance on S4 with respect to the dimension
d. Each bar reports the mean and standard error computed based on 100 experiments.

A.5 Choice of kernels

The choice of kernels may affect the performance of kernel based methods. We choose Gaussian
kernel in Section 4] and demonstrate the robustness against the choice of kernels of FSBS in this
section, by choosing different kernels. Tables[7] [8|land Appendix[A.5]collect results of the performance
of the FSBS with different choices of kernels, based on the settings detailed in Scenarios 1 and 2 in
Section with Gaussian, Uniform, Epanechnikov and Quartic kernels.

Table 7: FSBS in Scenario 1 (different kernels comparison)

Kernel K-K<0 K-K=0 K-K>0 |K—-K| d(C,0)

Gaussian 0.05 0.86 0.09 0.17(0.05) 16.15 (4.09)
Uniform 0.01 0.99 0 0.01 (0.01) 13.32 (0.42)
Epanechnikov 0.06 0.87 0.17 0.13 (0.03) 15.14 (2.40)
Quartic 0.07 0.84 0.09 0.20 (0.04) 18.28 (1.63)

The mean over 100 repetitions is reported together with the standard errors into parenthesis. The
proportions of estimations for which the K — K distance is negative, zero, or positive are included.



Table 8: FSBS in Scenario 2 (different kernels comparison)

Kernel K-K<0 K-K=0 K-K>0 |K-K]| d(C,C)
Gaussian 0.05 0.95 0 0.05(0.02)  3.32(1)
Uniform 0 0.99 0.01 0.01 (0.01) 2.93 (1.03)
Epanechnikov 0 100 0 0 (0) 1.24 (0.28)
Quartic 0.01 0.9 0 0.01 (0.01) 2.3 (0.55)

The mean over 100 repetitions is reported together with the standard errors into parenthesis. The
proportions of estimations for which the K — K distance is negative, zero, or positive are included.
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Figure 5: Bar plots for simulation results of FSBS performance on S1 and S2 with respect to different
choices of kernels. Each bar reports the mean and standard error computed based on 100 experiments.

A.6 Computational costs

Our method is computationally efficient and its computational complexity is O(nT logT +
T(log T)?). Specifically, as can be seen from Algorithm |1, we need to conduct kernel smooth-
ing of the sampling distribution and mean function at log’/" measurement locations, which costs
O(nT log T) operations. Once this is done, we conduct seeded binary segmentation (SBS) at the
log T measurement locations/grids. It is known that SBS has a computational cost of O(T'log T').
Thus, this step costs O(T'(log T')?) computational complexity. In total, the computational complexity
of our method is O(nT' log T + T (log T')?).

As for existing methods in the literature, in terms of implementation, they all rely on the two-stage
procedure. Specifically, the first stage is to register/estimate the discretely observed points into a
functional curve on each time ¢. Taking the B-spline smoothing with p basis functions for example,
this costs O(n?p + p3) computational complexity for each time ¢ due to a least square estimation.
Thus this step costs O(T (n?p + p?)) computational complexity. Once the functional curves are
registered, in the second stage, the existing methods conduct functional PCA to extract p’ principle
component scores from each function and then conduct mean change-point detection on the p’-
dimension time series of principle component scores. Ignoring the computational cost of functional
PCA, the change-point detection procedure costs at least O(7" log T') computational complexity if a
standard binary segmentation is used and could be more expensive if other segmentation algorithms
are used to conduct change-point estimation. Thus, in total, the computational complexity of existing
methods is at least O(T'(n?p + p3) + T'log T'), which is more expensive unless n < log T.

B Proof of Theorem /1]

In this section, we present the proofs of theorem Theorem ] To this end, we will invoke the following
well-known [, bounds for kernel density estimation.



Lemma 1. Let {xt,i}?éf,tzl be random grid points independently sampled from a common density
function u : [0,1]? — R. Under Assumption zb, the density estimator of the sampling distribution p,

nTZZKh —xip), x€[0,1]%

t=1 i=1

satisfies,
log(nT) + log(1/h)
E o <C — 1
19— E)l-e < \/ - m
with probability at least 1 — 7%T Moreover, under Assumption a, the bias term satisfies
IE(5) — ull < Col". (2)
Therefore,
. log(nT)\ z5a
IIp—uHoon(( 8( ))Hd) 3
nT

. . 1
with probability at least 1 — .

The verification of these bounds can be found in many places in the literature. For equation (T) see
for example [, [8]l, [9] and [2]]. For equation (2), [10] is a common reference.

Proof of Theorem([l} For any (s,e] C (0,77, let

ol =\ ==y e‘t Zfl Zfl ), @ e 0,1

l s+1 l t+1

For any 7 € (p, T — p] and « € [0, 1], we consider

Aulscelp ) = { i 1Bt - Tl <2

t=s+p+1

7+N 7+N

77| 1 1
Brp,)\—{max Fyp(z) — fe(x }
( ) N=p \/Ng:;l ol VN t;l t U
{m’é ! Z Fin(z) — — Z f(x)<)\}
X | —F= t,h - = t .
N=p VN, iR VN TR
From Algorithm [T} we have that
log(T)
P T

We observe that, pnh? = log(T)) and for T > 3, we have that
pl/2=1a > (nhd)1/2—(q—1)/q_

Therefore, Proposition[TJand Corollary [T)imply that with

A:(A(logs/q(T)\/ 2(1 1+\/10g( )+\fhr+f(log( ))231"’>, )

for some diverging sequence C'y, it holds that

P{A;((s,e],p,A)} <4Cy

log(1) 2 10
(log”4(T))s ~ T°  Tn

and
log(T) 1 5

C < _ TToON /S .
P{Bz(r,/h /\)} <201 (logs/q(T))q 5  Tn



Then, using that log*(T") = O(T), from above

P{A;((s,e],p,/\)} = O(log™*(T)) and P{Bg(r, P, )\)} = O(log *(T)).

Now, we notice that,

K K K

— Z(Qk -1 < Z ok < 2(2flog(Q)Cic(log(log(T)))/logﬂ —-1)
k= = k=1

< 4(2Uosllog(T)))/ log 2)log(2)Cx — (10g°8(Dx ((T7))).

In addition, there are K = O(1) number of change-points. In consequence, it follows that

P{Au(z, p,\) forall T € 7 and all u € {um}k’g(“} >1- % (5)
log™(T)
1
P{Bu(s,p, A)UBy(e, p, A) forall (s,e] =T € J and all u € {up, % T)} >1-— o (T)’ (6)
P{Bu(nk,p, A)foralll1 <k < Kandallu € {um}log(T)} >1- 31 . (N
log™(T")

The rest of the argument is made by assuming the events in equations (3)), (6) and (7) hold.

Denote
Ty = Clogm®L:10/ak () (1+T2f+dnzr12>m,;2 and Yoy = C logmax{1:10/a} () (1+T2rd+dn2r?+rd>/-@_2,

where £ = min{x1, ...,k }. Since T} is the desired localisation rate, by induction, it suffices to
consider any generic interval (s, e] C (0, T that satisfies the following three conditions:

Mm—1 <8< Nm < oo S mtg < € < Mmygt1, ¢ 2 —1
eithern,, —s<Y,, or s—Npm_1 < YTp_1;
either Nmtg41 — € < Tiggi1 O € = Nintq < Linpge

Here ¢ = —1 indicates that there is no change-point contained in (s, €.

Denote
Ap=np_1—npfork=1,..., K+1 and A :min{Al,...,AK_H}.

Observe that since k; > 0 for all 1 < k < K and that A, = ©(T), it holds that T, = o(A).
Therefore, it has to be the case that for any true change-point 7,,, € (0, T, either |9, — s| < T}, or
[ — 8| > A = Tax > O(T). This means that min{|n,, — e|, |7m — s|} < Y, indicates that 7,,
is a detected change-point in the previous induction step, even if 7, € (s, e]. We refer to 7, € (s, €]
as an undetected change-point if min{n,, — s, 7, — e} = ©(T). To complete the induction step, it
suffices to show that FSBS ((s, €], h, T)

(i) will not detect any new change point in (s, ] if all the change-points in that interval have been
previously detected, and

(ii) will find a pomt DI
change-point in (s, €].

in (s, e] such that |5, — DZ.| < T,, if there exists at least one undetected

m*

In order to accomplish this, we need the following series of steps.

Step 1. We first observe that if n, € {n;}f, is any change-point in the functional time
series, by Lemma there exists a seeded interval Zy, = (s, €] containing exactly one change-point
7 such that

1
min{ny — sk, ex — N} > 166 , and max{ng — sk, ex — M} <

where,

9
= 10 min{ng41 — Mk, M — Me—1}-



Even more, we notice that if 7, € (s, €] is any undetected change-point in (s, ¢]. Then it must hold
that

S = MNk—-1 S Tmax-
Since Tiax = O(logma{1:10/a} ( )Tﬁ) and O(log®(T')) = o(T") for any positive numbers a
and b, we have that Y,,,,x = o(T"). Moreover, 1, — s < (i < 13(77;C — nk—1), so that it holds that
1
Sk — Nh—1 = E(nk —Mk—=1) > Trax = 8 — Nr—1
and in consequence s > s. Similarly e; < e. Therefore

T = (sk,ex] C (s,¢€].

Step 2. Consider the collection of intervals {Zy, = (s, ex]}f—, in Step 1. In this step, it is shown
that for each k € {1,..., K}, it holds that

t=er—pm=log(T) ~(s, e,
max” " max | |ESRH (u)| > e VT kg, (8)
t=sr+p m=1 ’

for some sufficient small constant c¢;.

Let k € {1,...,K}. By Step 1, Z; contains exactly one change-point ;. Since for every
Um, fi () is a one dimensional population time series and there is only one change-point in
Tr, = (sg, ex], it holds that

f:kJrl(um) =..= f;;kk (um) * f;kJrl(um) = .= fe*k (um)

which implies, for s <t <

N(Sk,ek] _ €k _t _
I (n) _\/(ekSk )(t — sk) Z o (em) \/(ek — s)(ex — t) Z Fo (ttm)

l=s+1 lt+1

‘\/< oAl S f ()

-8 —t
€k k) (ex ln+1

—(t—s ep—1 ) — B t— s “ (y
=(t k)\/(ek —Sk)(t—sk)fnk( m) = (MK t)\/(ek —su)(en _t)f’fik( m)

—(ek - nk)\/( L= 5 .f:;k+1(um)

€L — sk)(ek — t)

S <u>—<nk—t>\/ ey )
M N ( N M

(ex — sk) ex — Sk)(ex —t)

—(ex — nk)\/( L= s =0 Foet1 (Um)

er — Sk)(ex

=<ek—t>¢( Lok f:;,xum)—mk—t)w L2 ()

€L — t)(ek — Sk) €L — sk)(ek — t)

- _ t—sk * (u — (e — t—Sk « w
o nk)\/(ek —t)(ex —Sk)f"k( R nk)\/(ek — si)(ex —t)fm“H( )




Similarly, for n, <t < e

1 )

\/( e )(nk —Sk)(fnk(unI) _f;kJrl(um))'
Therefore,

) o (er— Z;)(ek t)( - nk)(f;;k (um> - ;;kJrl(um))a Sk <t < mg;

t

};(Slmek](um
Trmssti=sny e = sk) (f, (Um) = fr 1 (um)), e <t <ex.

9

log(T)

By Lemma with probability at least 1 — o(1), there exists uj, € {t, },,-; ' such that

* * 3
|f7hc(u1~€) - f771~:+1(u1~c)| 2 4'%’C

Since A = O(T), p = O(log(T)T%#d) and log®(T) = o(T") for any positive numbers a and b, we

have that 1
min{n, — Sk, ex — Nk} > 16k = 2T > p, (10)
so that n, € [sk + p, ex — p]. Then, from ), (I0) and the fact that |e, — si| < T and |ng — sx| < T,

Sk,€ _ €k — Mk * * 3

[Pl (up)| = \/(ek T g e = )l () = Fra (ui)l = VT gre. (1)

Mk — Sk

Therefore, it holds that
t=e—p m=log(T)

= (skyer] (8k.ex]
> ~
I a3 )| 2| F 8 ()

>|flamer] (up)| — A
3
ZCQZ\/TK]C -

where the first inequality follows from the fact that i, € [si + p, er — p], the second inequality
follows from the good event in (5), and the last inequality follows from (TT).

Next, we observe that log% (T)\/# +1= O(JT%)O(\/Tﬁ) =o(WT), p < T, h" =

2r
log nT"\ 274
o(1) and ( e

of X on Equation (@), for sufficiently large T', it holds that

= o(1). In consequence, since xy, is a positive constant, by the upper bound

Tlik Z A

Therefore,

=ej —p m=log(T s1.e

x| (G ()] > 2Ty

t=si+p m=1
Therefore Equation (8) holds with ¢; = 2.
Step 3. In this step, it is shown that FSBS((s, €], h,7) can consistently detect or reject the
existence of undetected change-points within (s, e].

Suppose n; € (s,e] is any undetected change-point. Then by the second half of Step 1,
Tr, C (s, e]. Therefore
* er—pm=log(T) ~(s, ev
AL > TR " ) |Ff(‘h’“’ "](um)| > e VTky > T,
T t=sk+p m=1 "
where the second inequality follows from Equation (8), and the last inequality fol-
lows from the fact that, log®(T) = o(T") for any positive numbers a and b implies

7= CT<logmaX{1’10/q}(T), [k + 1) = o(vVT).

Suppose there does not exist any undetected change-point in (s, €]. Then for any Z = (a, 8] C (s, €],
one of the following situations must hold,



(a) There is no change-point within («, 8];
(b) there exists only one change-point 7, within («, §] and min{n; — o, 8 — .} < LT3
(c) there exist two change-points 7, 1x+1 within («, 8] and

M —a< T, and B -1 < Ty,

The calculations of (c) are provided as the other two cases are similar and simpler. Note that for any
x € [0,1]4, it holds that

|f;7kk+1 (I) - f;k+1+1( )| = Hf7)k+1 - nk+1+1||00 = Rk+1

and similarly

| foe @) = [, 11 (@)] < kg
By Lemma 10|and the assumption that (¢, 3] contains only two change-points, it holds that for all
x € 10,1]%,

max 1N @) <VB =l £ (@) = Fi o (@) + Ve —al i (2) = freqa(z)
<y/ Tk+1lﬁjk+1 + vV Yrrr < 2\/510gmax{1/275/q}(T) V1+ Tﬁn%

rtnax 11 o < 2V/C log™@<11/25/a} (T)\[1 4 ToFan>rva, (12)

Therefore in the good event in Equation , forany 1 < m <log(T) and any Z = («, 8] C (s, ¢€], it
holds that

Thus

AZ = fak [F5 (un)|
t=a+p

< max ||A(aﬁ||oo+)\
t=a+

<2V/C logmax{1/2:5/4} (T)\/m + A,

where the first inequality follows from Equation (3)), and the last inequality follows from Equation (T2).

Then,
2\/610gmax{1/2,5/11} (T)\/m A

=2/C log™m»{1/25/4} (1) hd

+ O IOgo/q(T)\/i—l—C,\\/m—i-C,\ﬁhr—&-C’,\\/T(Ogn)2 T2
nh nh? nT
We observe that 1og}(5) O(log(T)'/? \/%) Moreover,
1 \zra . 1
\/Thr = \/T(—) e < (T%72r+d) —,

TLT n2r+d

+1

and given that,
1 r d

2 2r+d 20@r+d)’

ro_ max1/2,5/q -
VTh o(log (T)”nhd—’—l)

Following the same line of arguments, we have that

lognT zfﬁ 1__2r 27 1
\/T( T ) =72 2r+d10g2r+d(T):o(logT\/W+1)

we get,




Thus, by the choice of 7, it holds that with sufficiently large constant C';,
AL <7 foralll <m <log(T) andall T C (s,e. (13)
As aresult, FSBS ((s, €], h, 7) will correctly reject if (s, €] contains no undetected change-points.

Step 4. Assume that there exists an undetected change-point 7);, € (s, e] such that
min{n; — s,n; —e} = O(T).
Let m* and Z* be defined as in FSBS ((s, €], h, 7) with
I = (a", B7].

To complete the induction, it suffices to show that, there exists a change-point n;, € (s, €] such that
min{ — 5,75 — ¢} = O(T) and | DL — ] < Ty

Consider the uni-variate time series

1 n
Fin(tms) = — Zyt,iKh(um* —x¢;) and  f(ums) foralll <¢<T.
n
i=1
Since the collection of the change-points of the time series { f;*(4m+)}+ez~ is a subset of that of
{nk}KJrl N (s, €], we may apply Lemma|§|t0 by setting
He = Ft,h(um*) and Wy = ft*(um*)

on the interval Z*. Therefore, it suffices to justify that all the assumptions of Lemma 9] hold.

In the following, A is used in Lemma [9] Then Equation (33) and Equation (34) are directly
consequence of Equation (3)), Equation (6)), Equation (7).
We observe that, for any Z = (a, 8] C (s, €],

?nax |F(a B ]( D) =AL > AL = max |F ’ﬂ](um)|
t=a*+p =a+p

for all m. By Step 1 with Z, = (s, ex], it holds that

. 1
min{ny — sk, ex — M} > TGCk > coT,

Therefore for all k € {k : min{n; — s,e —n;} > 2T},

B~ a®,p7] t=ex—p.m=log(T) | =(s),ex] V/
« )| > >
t r%%}—f-p |F (ttme)| 2 t=sptpm=1 [Fop ™ ()| 2 e VT,

where the last inequality follows from Equation (8). Therefore Equation (35) holds in Lemma [9]
Finally, Equation (36) is a direct consequence of the choices that

—1 log(T
h=Cp(Tn)>+ and p= %.

Thus, all the conditions in Lemma9|are met. So that, there exists a change-point 7y, of { f;* (tms) }eez+,
satisfying
mln{ﬂ* — Mk Mk — O[*} > CT7 (14)

4r
P
LT 4T (log(”T)> )/{k 2

and

hd

|D7{; — k| < max{Cg)?/ﬁ,;Z,p} <Cy logmax{lo/q’l}(T) (1 + T
n

<C logm®*{10/a:1} () (1 N T nz‘id) Ky 2

for sufficiently large constant C', where we have followed the same line of arguments than for the
conclusion of (T3). Observe that
i) The change p01nts of {ft (um )}iez+ belong to (s, e] N {nx}H< |; and
ii) Equation (14) and (a*, 8*] C (s, ¢] imply that
min{e — ng, Nk — s} > T > Thax-

As discussed in the argument before Step 1, this implies that 7 must be an undetected change-point
of { f{ (um+) tez

11



C Deviation bounds related to kernels

In this section, we deal with all the large probability events occurred in the proof of Theorem [I]

Recall that F} ;,(z) = 5 T y;zgh(x_“"’), and

~(s.c e—t t—s
Ft(,h,](x): Z -Flh Z Flh

(e—s)(t—s) t—sls_H (e—s)(e—1t) e—tlt+1
By assumption[2] we have max{_, [|K![|oc = max{_, | K|’ < Ck, where Cx > 0 is an absolute
constant. Moreover, assumption implies | f;(z)| < Cj forany z € [0,1]%,t € 1,...,T.

Proposition 1. Suppose that Assumptionand hold, that pnh® > log(T) and that T > 3. Then
forany x € [0,1]¢

Tl 1 A . 2 Gy Nog(T)\  C . CC; ,=/log(nT)\=2a
P(T:f \/Et;fﬂ'h(m)_ft(x))‘ &V hd+1+ (V) = VIR VI (RE ) )
<2ch%gj+T +4— (15)

1O . 2 [1 Cif Nog(T)\ C =, CC; ,=/log(nT)\7%a
P (i @t:Z;H(Ffvh(@‘ff(m))‘Za Vama + 1+ 2 (V5 ) + 2V + VT (205
< chlogZ# +T7°%+ % (16)

Proof. The proofs of Equation (I3)) and Equation (T6) are the same. So only the proof of Equation (T3)

_27r
is presented. We define the events F; = {Hp —U|]oo < C((logTiT")) 2T+d)} and Fy = {]3 >

_2r
¢, ¢ =infyu(x) - C (%) e } Using Lemma especifically by equation (3), we have that
P(E)>1- niT Then, we observe that in event E1, for 2 € [0, 1]¢

inf u(s) — p(e) < ulx) - () < Ju(z) - p(z)] < C (logﬁn) ) o

which implies E1 C E. Therefore, P(E§) < .
Now, for any x, observe that, by definition of F} ;, and triangle inequality

o q | K Ptk

r *

I:E?X\T Y. Fnle) = D fi(@)
P =1 t=+1

7+k

<ff{r, 2, (1 )

tr+1 =1

T+k
T—7| 1 §e(we i) Kn(x — 24,5)
+ max : 17
k= \/%tzr; zz; p(z)
T+k

+I§E§( \/» Z Z 5t th — Tt z)

tr+1 =1
— I+ I + Is.

In the following, we will show that I} < I 1 4+ I; 2 + I; 3, and that

LP@M_

\
o
—

log(T) 1 1
nhd )) < T5 + Tn’®

2. P(Il,Q > %:\/Thr) <A

12



3. (1 > 0T () ) < L

nT

4. P(I 2 toy ok +1) < QLT 4 oL,

5. P(1s 2 oy /ohe +1) < SR 4 L
in order to conclude that,

1 ~ ( [log(T)\ C = . Ccf log(nT)\ z5a
P(122z,/nhd+1+cl( B ) + VT + VT ( )

nT
<P(ni> a( 8())) o (1> er) P11 > S0 ((o8D)y i)

nT
+P(]2 =2\ ol +1) HP(L* = 2\ ohd H)

<20, log(T") 5
24

T i
+ JrTn

Step 1. The analysis for I; is done. We observe that,

max %If Z <ft Ty Kh)xl’t,z‘) —ft*(ﬂf))’
vk S
i 7tk . (s
k:,% t;ﬂ ; (ft i Kh()x —wi) S (Z)K;((i) )du( )>‘
+ max Tik Z (fft 2) K (x)— 2duz) _ ff(:c))‘ =11+ 1.

tr+1 1=1

Step 1.1 The analysis for Iy ; is done. We note that the random variables {f;(z.;)Ky(x
Tt4) F1<i<ng 1<t<N are 1ndependent distributed with mean [ f;(2)Kp(x — z)du(z) and

Var(ft (i) Kp(x — x4 ) §E{ (f)? xtwi)Kh(x — x4 1)}

_ *\2 K2
[ ey
C? 1 T—z
f 2
< K
STt o (75— )du(z)
2

Ccic?
2 UKk
o [0,1]dK (w)dp(u) < X

Since |f; (z¢:) Kn(x — 244)| < CyCxh™%, by Bernstein inequality [11]], we have that

% Vdp(z)

r+k n
Z Zf x) Kn(z—x15) /f VK (z—2)du(z)| > Ch log(T)+log(T) <7178,
k:n i K - knh® ~ knhd [ ) =
Since knh?® > log(T) if k > p, with probability at most 7=5, it holds that
r+k n
* ~  [log(T
max Z Z <ft i) Kn(x — @) — /ft (2)Kp(z — z)du(z))‘ >G4 g;(Ld )
t r+1i=1 n
Therefore, using that P(ES) < -, we conclude
7+k =~
Ii(zeq Kh(x—x“) S () Eh(x = 2)du(z )>’ Cy [log(T)
max > —
1 2o 2 (P R B

13



54 1
with probability at most 77> + .

Step 1.2 The analysis for 1 » and I 3 is done. We observe that

R = IFHE — 2)dp(?) *
117111613;( 7 :;- Z( a:) — [ (I)>‘
i1 X1 J 1 (2)Kp(x — z)dp(z) i @u(z)
<l 2 a2 (G ) o
T 1 R I (f@u) . _
+r’£1:a’§ vk t=r+1 n ; ( pla) I (x)) ‘ =hathe (4

where the second inequality follows from assumption[2} Therefore, using event E5, we can bound
([8) by £v/Th" with probability at least 1 — —-. Meanwhile, for (T9) we have that,

7+k f
I137max Z Z( ! - :(@)‘
t 741 =1
AL 3 IS Aﬁ@ 20)
B k=p f t= r+1 =1 p( )

Then, since in the event E’, it is satisfies that
. _ 7 (log(Tn)\ = .
p—ulle < C((Z557) ") andp >
Tn

we have that equation (20), is bounded by

T—7 1 ok CCf log(nT) 2r+d CCf IOg(’I’LT) 2r+d
fik gp 3 00 ST < (D)

with probability at least 1 — ﬁ.

Step 2. The analysis for I and I3 is done. For 1 <t < T, let

1 & 1
= ﬁ th(l't’i)Kh(ZC — xt,i) and Wt = E Z(St,iKh(x — "Eui).

i=1

By Lemma 2] and event E», it holds that
F+k

T—7| 1 Zy

P< max |— —

{k—p vk Z p(x)

t=7+1

- 24 nT

[}

1 1 1
Sl gL Giles(T) 1
nhd

14



and

1w

T—7
IP’{ max
741

hd

24

The desired result follows from putting the previous steps together.

1 1 log(T 1
51, +1} L Gilog(T) | 1
C

nT’

Corollary 1. Suppose that pnh® > log(T) and that T > 3. Then for z > 0

Fod@) - F 9w )‘_ézm+2§1( GslT)) |

4C1 log(T)
z4

e—p
IP’{ max
t=s+p+1

<2T7° + + 10—

Tn

Proof. By definition of ﬁt(ze] and f1", we have that
e—t
(F
‘ (e —s) t —s) Z L
tf s
(F
‘ (e —s)(e— t Z L

l t+1

F&(@) — 11 @)

Then, we observe that,

%ﬁhr ZCCff(log(nT)

nT

( < G 1/ 1fs<t and i 5 1/ 1ft<e
e—s)(t—s) \/ (e —s)(e—

Therefore,
_ e=p =(s,€] _ F(se]
X = t:%-f,ﬁl Ft,h (z) () t r?f;ﬁl \/:l T <Fl A
S

+ maX
t=s+p+1

F
Ve—t <lh
I=t+1

)~ @)

i ))’:Xl—i-Xg.

27

Finally, letting A = 42,/ 47 + 1+ %( lof,gf)) + %\/Thr QCCf f(log("T )7 we get

that
A A
A A
<P(X P —
<P(X; > 3) +P(X > g
_ 401 10g( )
<o7~® 10—
- Tt 24 Tn’

where the last inequality follows from Proposition I}

15
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C.1 Additional Technical Results

The following lemmas provide lower bounds for

1 < 1<
Zy = — ) Kn(x — x4 d Wy=— O i Kn(x — g ).
t n ;ft(xt, ) h(m T, ) an t n ; t, h(f T, )
They are a direct consequence of the temporal dependence and heavy-tailedness of the data considered
in Assumption 1]

Lemma 2. Let p < T be such that pnh® > log(T) and T > 3. Let N € Z™ be such that N > p.
a. Suppose that for any q > 3 it holds that

>Vl — g4} = 0(1), @n

t=1
Then for any z > 0,

> z} < 701 log(T)'
Z < g

1 -2 |k
+1} 3z
{nhd \/E; t

b. Suppose that for some q > 3,

Ztl/Q—l/q m%‘f( {]E|5t,i B 5:’i|q}1/q < O(l). (22)
t=1 =
Then for any w > 0,
—1/2 k
N 1 1 Ch log(T)
i [ > < —=.
P{?ﬁ‘? {nhdH} \/%t:Zth ‘w}_ ws

Proof. The proof of part b is similar and simpler than that of part a. For conciseness, only the proof
of a is presented.

By Lemma[d]and Equation (1)), for all J € Z7, it holds that

J k 1/q 12 1 \1/2 g 1\ (@=D/q
q < R q N .
E{r]?jid;Zﬂ } <J C{(nhd> +1}—|—J C {(nhd> —|—1}

As a result there exists a constant C'; such that

;& 12 1 \1/2 q 1\ (a=D/q q
s arpsern{() orpee{(GE) )

‘We observe that

J
g1/ :Q/ 292 dy (23)
2 0
q ' /21 / /21
1 q/<4— q/a—
—2(/0 T dx—!—/l T da:) (24)
q ! q/2—1d
§2(1+/1 x :c) (25)
2 J
:€(1+/ xq/z_ldx—i—...—i—/ xq/2_1da:) (26)
2 1 J—1
2 J
g€(1+/ 2q/2*1dm+...+/ Jq/2*1dx) 27)
2 1 J—1

ga/2-1 (28)

\
VDS
(]~

>
Il
=

16



which implies, there is a constant Cs such that

/2 1 1/2 q 1 (g—=1)/q q J
e {() Y ras{ () Y <
nh nh P

/21 1 1/2 q 1 (a—1)/q q
= k1/°~ — 1 — 15 .
wert () H{(Ge)

By theorem B.2 of [Kirch| (2006),

q N
} <40y Y 112,

=1

N ) 1 1/2 q P 1 (g—1)/q q
=4 = —_ 1 [~ —_ 1
ey (M(me) +ifee{(Ge) )

1 1/2 q 1 (a—1)/q q
SCg IOg(N){<nhd> +1} +C3N_q/2+1{(nhd> + 1}

where the last inequality follows from the fact that le% = log(N) and that le 7 =
O(N~9/2*1), Since

where

k

1
i

t=1

N1/2-1/a > p1/2—1/q > (nhd)l/Q—(q—l)/q7

it holds that, —— < N. Moreover,

1\ e=D/a q
N—q/2+1{ <hd> + 1} :N—q/2+1
n

—C N~/

SCL;N*Q/QJrl

{
{
gC;Nq/QH{
|

, 1\
= () +1

It follows that,




By Markov’s inequality, for any z > 0 and the assumption that 7' > N,

—~1/2 k
N 1 1 Cl 10g(T)
P 1 —_— E Zil > < — 7,
{rl?—ai({nhd + } VE — ] = Z} - 24

Since N > p, this directly implies that

—1/2 k
N 1 1 Cy log(T)
P{ max{ — +1 — Zy| > zp < ————=,
(e 1) 2o < 0t

=p
O
Lemma 3. Suppose Assumption[I|c holds and q > 2. Then there exists absolute constants C > 0 so
that
1\!

B2z < osfle -l (o) 1) 9)

If in addition E{||&||% } = O(1), then there exists absolute constants C’ such that

1\"!

E|Z]1 < C'S | — 1. 30
|Z:|7 < {(nhd> + } (30)

Proof. The proof of the Equation (30) is simpler and simpler than Equation (29). So only the proof of
Equation is presented. Note that since {x;}7_; and {&}L_, are independent, and that {z;}~ ,
are independent identically distributed,

1 n
SO ACHLACEERE
=1

Step 1. Note that, by the Newton’s binomial
1

]E‘Zt — Zt*|q :]E{’ Z{ft - xt K Kh( xt,i)
I TR
—nd 617625 76 ¢ " "

B1+P2+...+Bn=q IR ]
B120,...,8,>0

(5T (st )T otnome )

B1+B2+...+Bn=¢q
B=(B1,--:n)|IBllo=Fk,8>0

Step 2. For a fixed 8 = (B1, ..., 8,) such that 51 + ...+ 3, = ¢ and that || 8||o = k, consider

{Hy{gt Hzes) Kh(:r—ac“)‘ﬁj}.

Without loss of generality, assume that 31, . .., Ox are non-zero. Then it holds that
E{|(££“ — &) (@] | Knlo - xm)lﬁl (& = &) @) Kn(a fﬂt,k)\ﬁk}
—Eﬁ{/} & — &))" [Kn@ —) /| & — &) ()| |Kn(z — 1) kdu(r)}
* ‘ ‘ﬁl Bk ’ ’6k
—=e{ [ 16 - @ sl Loy [ 16 - e - s Lt

— k P * *
<= Vg g - 61208 g —etnﬁgcﬁk}

T . k_ Br
<h~dla ’”C%Eg{nst — g% }

<h~ =R CLE] |1 - &%}
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where the third equality follows by using the change of variable s = £

assumption

Step 3. Let k € {1,..., ¢} be fixed. Note that ( < q!. Consider set

ﬁhﬁ?‘vz---vﬂn)
BkZ{ﬁEN”rBZQ&Jr.-.Jan:%ﬁlozk}-

To bound the cardinality of the set By, first note that since |3|o = k, there are (Z) number of ways to
choose the index of non-zero entries of 3.

Suppose {i1,...i,} are the chosen index such that 8;, # 0,...,0;, # 0. Then the constrains
Bi, >0,...,8;, >0and ;; + ...+ ;. = g are equivalent to that of diving ¢ balls into k£ groups
(without distinguishing each ball). As a result there are (Zj) number of ways to choose the
{Biys- -, Bi, } once the index {i1,.. .4} are chosen.

Step 4. Combining the previous three steps, it follows that for some constants Cy,C; > 0
only depending on ¢,

1 1 :
sr-arsgm{(y 8 () L6 emme -]

k=1 B1+B2+...+Bn=¢q
B=(B1,--,n),|Blo=k,8>0

1 i n q_l _ _ .
St 2 (k) (k;— 1)q!h 1N CLE{ ¢ - &%)

1 q
<= " nfC, LN RE{ |l — &%}

1\ ! 1 \2°2 1

senl el () + (o) ++ (i) 1}
1\*!

<CiE{|l&; §t||go}Q{ (nhd) +1}’

where the second inequality is satisfied by step 3 and that ( 5 qu.»- P ) < ¢!, while the third inequality
is achieved by using that (})(¢77)¢! < (})Cy < n*C,. Moreover, given that -1 nFh=d0—k) =

a—k
(ﬁ) the fourth inequality is obtained. The last inequality holds because if —

< 1, then

q—1 ql
() ootz () )
qg—1
q(nid) :

Lemma 4. Suppose Assumptlonlc holds. Let p < T be such that pnh® > log(T) and T > 3. Let
N € Z7 be such that N > p. Then, it holds that

N 1/q 1o 1\ /2 g 1\ (e=D/a
q < _ q _ .
{E%ﬁ;m } <N C’{(nhd> +1}+N C{(md) +1}

Proof. We have that ¢ > 2 and E|Z;| < oo by the use of Lemma Then, making use of Theorem 1
of [Liu et al.|(2013)), we obtain that

k 1/q N e’}
N
{Emzzl} NG { et Y 65+ (EZP)2

j=1 j=N+1

N
+N1/qc2{ > iAMe,, + {E|Zlq}”q},

j=1

19



where ©; , = {E(|Z} - Z;|9)}1/9. Moreover, we observe that since ©,» < 0, , for any ¢ > 2, it
follows

k 1/q 0
N
{E%;Zﬂq} <G { 3050+ (Bl )2

j=1
+N1/q02{ >3O, + {E|leq}1/Q},
=1
Next, by the first part of Lemma [3]

1\
o, <l - 1L (a)  +1}:

even more, we have that N >

k 1/q
N q 1/2
<
{Eriljiq tEZI Zy| } <N/°Cy

hd , implies that

{i CE{g; f;-‘||go}{(m11d)"‘l}”q+{E|Zl|2}m}

—s—Nl/"Cé{iJl/Ll/qCE{Hé; g1t (o) +1}”q+{wl,q}1/q}
et g (o) /}{( hd)1/2+1}+{1@|zl|2}1/2}

el S el ~ g (o) 1)+ Ez )
{:
{

oo 1/2—1/q 1\1/2

Sealls-ginH(v) () 41} mzey
, o q—1 1/q

svvac{ Y iefle g} () 41} + @2

From Assumption|[I]c,

N k 1/q 1 1/2
1/2 -~ 21/2
{Em_aid;_l:th} <NY2cy {1+{(nhd> +1}+{E|Zl| I }

p 1\ M
+N1/qc2{1+{<nhd) +1} +{1E21|'1}1/q}.

By the second part of Lemma 3] it holds that

[ 1/q 1o 1 1/2 y 1\t 1/q
" i
{E%§¥|;Zt|q} < N'Y2¢y {1+{< hd>+1} }+N cy {1+{<nhd> +1} }

This immediately implies the desired result. O

Lemma 5. Suppose Assumption|[l|holds. Then there exists absolute constants Cy such that
n 1\
E|Wt—Wt |q S Cl Iij{E{|6t’z _6t’i|q}{<nhd> +1}. (31)

If in addition E{|6,;|1} = O(1) for all 1 < i < n, then there exists absolute constants C' such that

1 q—1 1/q
E(Ithq)”qgc’{(W) +1} : (32)

20



Proof. The proof is similar to that of Lemmal[3] The proof of the Equation (32) is 51mpler and 31mpler
than Equatlon . So only the proof of Equation is presented. Note that since {z;}7_; and
{0} are mdependent and that {z;}]_, are mdependent identically distributed,

Step 1. Note that, by the Newton’s binomial

n

1 n
= ﬁ Z (S;iKh(:IJ — xm-).
i=1
* 1 *
]E‘(st — (St |q :]E{’n Z(ét,i — (St’i)Kh(fE — il't,i)

q}
i=1

1 q Sap. 8
ol 5 (ot e s

B1+pP2+...+Bn=q PN =1
B£120,...,8,>0

1 - q - * Bj
:an{kZ—l Z (ﬁ1762; .8 >H 51&1 5“ Kh(x_l'tz)| }

B1+B2+...4+Bn=q e j=1
ﬂ:(ﬁ17---7571)7|ﬂ|0:k7[320

Step 2. For a fixed 5 = (B1, ..., 0x,) such that 81 + ... + B, = ¢ and that | 5|o = k, consider

E{ H (873 — O1.0) K (2 — xt,i)‘ﬁj }
j=1

Without loss of generality, assume that /31, . .., 8 are non-zero. Then it holds that
B (65, — 600" [Kn = ] -0 = 60| o = 0] }

:E6{/|(5;:1 —5t71|B1|Kh(a:—r)|B1du(r).../|(5;k—5t7k)|’8kah(x—r)|Bkdu(r)}

B
1 K K
:Eé{ / |67 _5t71|6 ’hd(ﬁ —‘1) /| 5t’k)|ﬁk’hd(ﬁk‘”dﬂ( )}

k - * ! : '
Sh—d2j=1(51 1)E§{‘( t1 5t,1)’6 CI’? e ’( tk 6t7k)‘ﬁk0lﬁ{k}
< h—d(q—k)C}Z(IEg{ i |8y ; — oF ;| =917 }

=1 '
Sh_d(q_k)cg{Eé{ I?Zalx |6t,i - 6f,i|q}

where the third equality follows by using the change of variable s = *--
assumption 2}
Step 3. Let k € {1,...,q} be fixed. Note that ([31 ﬁ;___ 5 ) < q!. Consider set

Bk:{BENn:620751+~-~+Bn:‘I7/B|0:k}~

To bound the cardinality of the set By, first note that since |3|o = k, there are (Z) number of ways to
choose the index of non-zero entries of 3.

Suppose {i1,...i;} are the chosen index such that 3;, # 0,...,53;, # 0. Then the constrains
Bi, >0,...,8;;, >0and ;; + ...+ B;, = q are equivalent to that of diving ¢ balls into k£ groups
(without distinguishing each ball). As a result there are (qfl) number of ways to choose the

k—1
{Bi,s---, B, } once the index {i1,.. .4} are chosen.

Step 4. Combining the previous three steps, it follows that for some constants Cy,C; > 0
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only depending on ¢,

1 ! S ;
]E‘Wt _Wt*‘q <an{Z Z <ﬁ1762aq 7571) H |(6£k77;_6t’i)Kh<x_xt’i)‘Bj}

k=1 Bi+B2+..+Bn=q Jj=1
B=(B1;---:8n),|1Blo=k,>0

1 & /n q—1 n
il 17, —d(g—k) a L S* |
S 2 (k> (k - 1>q'h CicEa{ max|0ns = 971"}
1< n
Sﬁ ancqo}l(hfd(qfk)Eé{ max |6¢.4 — 5:7i|q}

>
Il

1

" 1\*! 1\? 1
<C1Es{ max|[0;; — 6t,ilq}{(nhd) + <W> et (nhd> * 1}
n 1 ot
<CiEs{ max |0t,i — 5t,i|q}q{ (nhd) + 1}’

where the second inequality is satisfied by step 3 and that ( 5, 52‘1.“ P ) < ¢!, while the third inequality
is achieved by using that (2) (gj)q! < (2) C, < n’“Cq. Moreover, given that -nFp=da—k) =

nd

q—k
(#) the fourth inequality is obtained. The last inequality holds because if —— < 1, then

q—1 q—1

{(ﬁm) +...+<nlhd)—|—l}§q,andifnlwZl,then{(rllhd> +~-~+<nid)+1}ﬁ
q—1

(o) ;

Lemma 6. Suppose Assumptiond holds. Let p < T be such that pnh® > log(T) and T > 3. Let
N € Z% be such that N > p. Then, it holds that

N k 1/q 1/2 1 1/2 1/ , 1 (a—1)/q
q < - q - .
{E%3¥;Wt } <N C{(nhd) +1}+N C{(nhd) +1}

Proof. We have that ¢ > 2 and E|W;| < oo by the use of Lemma Then, making use of Theorem
1 of [L1u et al.| (2013)), we obtain that

k 1/q N 0o
N
{E%@i";%'q} <N S0t Y 65+ (EIWPY2]

j=1 J=N+1

N
*N”q@{ S jAe,, + {E|W1|q}”q}’
j=1

where ©; , = {E(|W; — W;|7)}1/9. Moreover, we observe that since ©;» < O, , for any ¢ > 2, it
follows

k 1/q 0
N
{Ef?_aleth‘J} SNl/ch{Z@j,q+{E|Wl2}1/2}
t=1 j=1
+N1/q02{ D A0 + {E[W [ Q}-
j=1
Next, by the first part of Lemma 3]

n i} 1\7!
0], < CE{ max|d; — 5m|q}{ (nhd) + 1}-
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Since we have that N > the above inequality further implies that

hds
N - 1a 1/2 L 211/2
{}E%ﬂ;wfﬂ} <N {ZCE{max\éH—5“| }{( ) } + {E|W1)} }

oo q—1 1/q
Nl/qC Zjl/Z 1/qCIE{maX|5“—5“\ }{(#) +1} +{E|Wl|q}1/(I}

j=1

<.

e oo 1\ /2-1/a 1\ 12 21
n * 1q
eveel { et st () H(w) +p )
o0 3 n . 1 q—1 1/q
+NYac 2]1/2 l/qCIE{ I?:alxwt,i _5t,i‘q}{<W) —l—l} +{E|W1|q}1/q}

o

{
“
e
<N'20y { iCE{ max |8, — 5:1i|q}{ (N) 1/21/q}{ (#) . 1} + {]E|W1|2}1/2}

j=1

<.

, e} q—1 1/q
+N1/qc2{z 1/2— 1/¢C’E{max|5”—(5“\ }{( ! ) +1} +{E|W1|q}1/q}.

From Assumption[I]d, the above inequality further implies that

k 1/q 1/2
N 1/2 1 211/2
{]El}cl—ai('tg_l Wtq} <N'=CY {1—1—{( hd> +1}+{IE|W1| } }

. 1 g—1 1/‘1
+N1/qc2{1+{<nhd) +1} +{]EW1|Q}1/‘1}.

By the second part of Lemma[3] it holds that

N 5 Y 1/2 ~rm 1 12 1/q 11 1 Ea Ha
{Egl_aiq;m} < NY2¢y {1+{< hd>+1} } + NYacy {1+{(nhd> +1} }

This immediately implies the desired result. O

D Additional Technical Results

Lemma 7. Suppose that f,g : [0,1]% — R such that f,g € H"(L) for some r > 1 L > 0.
Suppose in addition that {x,, }M_, is a collection of grid points randomly sampled from a density
w: [0,1]% — R such that inf,ecio,1)e w(w) > ¢y > 0. If |f — gllee > K for some parameter k > 0,

then
3

P udlx 7on) — o) = 3} 2 1 exp (= eat),

where c is a constant only depending on d.
Proof. Leth = f — g. Since f,g € H"(L), h € H"(L). Since r > 1, we have that
|h(z) — h(z')| < Llz — 2| forall z,2’ €[0,1]%.
for some absolute constant L > 0. Let 2 € [0, 1] be such that
[h(zo)| = [|Alloo-
Then for all 2’ € B(zg, ££) N [0,1],
3
A@)| 2 [h(ao)] = Llzo = '] 2 3

Therefore

{ bl o) — o)) < S} < P (o bies # Blan, £5) ).
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Since

P<{wm}i¥f_1 ¢ B(zo, ;L)) = {1 ~ P(:cl € B(xo, ;L)> }M < (1 - {Z’j}d> " <o (= Mex?),

the desired result follows. O

Lemma 8. Let J be defined as in Definition|l|and suppose Assumption|l|e holds. Denote

9 .

0 min{ng+1 — M, Mk — Me—14 k € {1,..., K}.

Then for each change-point . there exists a seeded interval Iy, = (s, ey such that
a. Iy, contains exactly one change-pomt N>

b. min{ny, — sk, ex — gk} > 15k and

c. max{n — Sk, ek — Mk} < Chy

G =

Proof. These are the desired properties of seeded intervals by construction. The proof is the same as
theorem 3 of [Kovécs et al.|(2020) and is provided here for completeness.

Since (, = ©(T), by construction of seeded intervals, one can find a seeded interval
(sk,ex] = (ck — Thocr + ) such that (cx — ri e + 7] S (M — CGoomie + Gls i >
and |c, — | < 5%. So (¢ — g, ¢k + 7] contains only one change-point 7. In addition,
37"1@ 3 k
ek — Mk = Ck + Tk — Mk > Tk — |ex — M| > R 2 3%

and similarly n, — s, > % so b holds. Finally, since (¢, — 7, cx + r%] € (k. — Crs Mk + k), it

holds that ¢ + 7, < 1 + (x and so

er — Mk = Ck + 7Tk — Mk < (-

D.1 Univariate CUSUM

We introduce some notation for one-dimensional change-point detection and the corresponding
CUSUM statistics. Let {u;}7 1, {w;}"; € R be two univariate sequences. We will make the
following assumptions.

Assumption 1 (Univariate mean change-points). Let {ny};t," C {0,...,n}, where ny = 0 and
Nk+1 =1, and

wi # Wit fandonlyif t € {m, ..k},
Assume

K+1
min(ny — nk-1) = A >0,

0 < |Wppyy — Wni| = ki forallk =1,... K.

We also have the corresponding CUSUM statistics over any generic interval [s, e] C [1,7T] defined as

~se e—t t—s
Be = (e—s)(t—s) ZM (e—s)(e—t) ZM“

1=t+1
t
~s.e e—1 t—s
Wy = w; wj
! (6_5)(t_8)i§1 ! (e—s)e—1t) Zzt;l v

Throughout this section, all of our results are proven by regardlng {widE, and {w;}E as two
deterministic sequences. We will frequently assume that jz;’° is a good approximation of &y’ in
ways that we will specify through appropriate assumptions.

24



Consider the following events

A((s,emw—{ ik |ﬁf’@a:=@|37};

t=s+p+1 ’
T
< < .
<1} Ufsi <}

Lemma 9. Suppose Assumption[l|holds. Let [s, €] be an subinterval of [1,T| and contain at least
s,e

one change-point 1, with min{n, — s,e —n,.} > T for some constant ¢ > 0. Let k%%, = max{x, :
min{n, —s,e —n,} > cT'}. Let

r+N

\/% Z (e — wi)

t=r+1

Tlﬁ Z (e —wi)

t=r—N+1

e—p g
b € arg max |,
t=s+p

For some ¢c1 > 0, A > 0and § > 0, suppose that the following events hold

A((s, €], p, ), (33)
B(s,p,)UB(e,pU | Bm,.p,7) (34)
WG{Wk}szl
and that
maX [77°| = |75y | > ey VT (35)
t=s+p

If there exists a sufficiently small co > 0 such that
v < eSS VT andthat p < coT, (36)
then there exists a change-point ny. € (s, e) such that
min{e — ng, i — s} > e3T and |ni, — b| < C3 max{y?k; 2, p},

where cg is some sufficiently small constant independent of T'.

Proof. The proof is the same as that for Lemma 22 in Wang et al.| (2020). O

Lemma 10. If [s, e] contain two and only two change-points 0, and 1,11, then

max (07| < /e~ g1k + Vil Sk

Proof. This is Lemma 15 in/Wang et al.| (2020). O

E Common Stationary Processes

Basic time series models which are widely used in practice, can be incorporated by Assumption [Ip
and c. Functional autoregressive model (FAR) and functional moving average model (FMA) are
presented in examples[T|below. The vector autoregressive (VAR) model and vector moving average
(VMA) model can be defined in similar and simpler fashions.

Example 1 (FMA and FAR). Let £L = L(H, H) be the set of bounded linear operators from H to H,
where H = L. For A € L, we define the norm operator ||Al|z = sup) .|, <1 ||4¢l|u. Suppose

01,0 € Lwith |[¥]z < 1and |01, < <.

a) For FMA model, let (e : t € 7) be a sequence of independent and identically dis-
tributed random L, functions with mean zero. Then the FMA time series ({; : j € Z) of order 1 is
given by the equation

gt = 91(57571) + &t = g( -, €-1,€0,€1,- - )€t717€t>' (37)

Foranyt > 2, by we have that
& —&=0
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and & — £ = 01(g0) — 01(gy). As a result

S V6 - €7119)"7 = B(l6r — €7119)"7 = E(161(e0) — 61(c0) %) < oc.

t=1
Therefore Assumption[Ip is satisfied by FMA models.

b) We can define a FAR time series as
§ = W(&—1) + et (38)

It admits the expansion,

& = Z v (et—5)
j=0

=U(ey) + Ul(eroy) + oo + Ul(gg) + T (e y) + ...

!
:g( -y €-1,€05€1,5 - - - 7Et717‘€t)'

Then for any t > 1, we have that & — & = W'(g) — W'(ey). Thus,

D tETVIE(E — g119) YT =Y 6 ATVIE([E (o) — U (ep)l]4)
t=1

t=1
<DV ZE(lleo — epllde)? < oo
t=1

Assumption[Ip incorporates FAR time series.
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