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Abstract

In this paper we consider linearly constrained stochastic approximation prob-
lems with federated learning as a special case. We propose a loopless projection
stochastic approximation algorithm (LPSA) to ensure feasibility by performing the
projection with probability p,, at the n-th iteration. Considering a specific family of
the probability p,, and step size 7,,, we analyze our algorithm from an asymptotic
and continuous perspective. Using a novel jump diffusion approximation, we
show that the trajectories connecting those properly rescaled last iterates weakly
converge to the solution of specific stochastic differential equations (SDEs). By an-
alyzing SDEs, we identify the asymptotic behaviors of LPSA for different choices
of (pn,Nrn). We find the algorithm presents an intriguing asymptotic bias-variance
trade-off according to the relative magnitude of p,, w.r.t. ,,. It brings insights on
how to choose appropriate {(py,, ) }n>1 to minimize the projection complexity.

1 Introduction

Recently, a novel distributed computing paradigm that called Federated Learning (FL) has been
proposed for collaboratively training a global model from data that remote clients hold [31]. As a
standard optimization algorithm in FL, Local SGD alternates between running stochastic gradient
descent (SGD) independently in parallel on different clients and averaging the sequences only once
in a while. Put simply, it learns a shared global model via infrequent communication. Empirical
investigation finds its superior performance in communication efficiency [30] and theoretical analysis
toward it has already provided a complete picture [26 |1, |15} 142, 143L[15]. Among them, Li et al. [27]]
establishes a functional CLT that Local SGD with Polyak-Ruppert averaging simultaneously achieves
the optimal asymptotic variance and diminishing average communication frequency. However, they
are all derived from a discrete perspective.

The use of a continuous-time stochastic process to characterize the entire trajectory of a discrete
stochastic algorithm has been witnessed progresses in recent years, and we call it diffusion ap-
proximation. The continuous approach has advantages in its rich toolbox and can provide intuitive
explanation for uncanny phenomena that are intractable to analyze in discrete cases. It can also
motivate new optimization algorithms and statistical inference methods. Current works applying
diffusion approximation to stochastic optimization algorithms can be roughly divided into two classes.
The first one is to interest the optimization algorithm as a numerical discretization of a specific
stochastic differential equation (SDE) [[14] in a finite time interval [0, 7]. When the step size 7 is
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sufficiently small and the length T'(= nn) of the interval is fixed (n is the total iterations), such
approximation is of high accuracy, and it is easy to analyze the geometric properties of our target
algorithms [41}, 23] [13] (7, 138 34} |8]. However, this avenue is difficult to capture the convergence
behaviors around the optimal point due to the fixed TE] The second class comes up to solve the
issue. It instead considers the iterates divided by a proper power function of step sizes. Under certain
conditions, as n goes to infinity, the rescaled iterates would weakly converge to the stationary solution
of corresponding SDEs [21} 135,16, 9, [10]. In FL, to the best of our knowledge, no work considers
analyzing Local SGD via the aspect, which is our focus here.

However, it is not easy to serialize Local SGD iterates due to its double-loop nature. Recent
researchers developed a new technique named as ‘loopless’ to simplify the two-loop structure for
SVRG and Katyusha [[16]. The key is to replace the hard loop with a probabilistic loop. Specifically,
we will independently toss a (possibly biased) coin w,, with head probability p,, at iteration n. When
getting the head w,, = 1, we start a new loop and update the outer-loop intermediate variables; when
getting the tail w,, = 0, we stay in the same loop and keep the intermediate variables. In this way, we
obtain a loopless counterpart algorithm and do not need to distinguish inner and outer loops anymore.
It facilitates theoretical analysis and typically does not deteriorate the convergence rate [[12,129, 28, [11]].
It is worth mentioning that Hanzely and Richtarik [12] first introduced the loopless technique to
FL and obtained many efficient FL algorithms. Li [28] used a dynamic p,, (which varies with n) to
generalize the scope of original methods. We are then motivated to analyze a loopless version of
Local SGD with decreasing p,,, but from an asymptotic and continuous perspective.

1.1 Contribution

Our work is motivated by Local SGD but beyond it. In particular, for a general optimization problems
with linear constrains (of which FL is a special case), we develop a loopless projection stochastic
approximation method (LPSA) as a generalization of Local SGD (see Appendix [A]for more details).
Such generality renders us the possibility to transfer our techniques and results to other linearly
constrained problems. LPSA is affected by two important hyperparameters, namely the step size
{n,} and the projection probability {p,, }. For the choices of 1, o« n~ and p,, oc min{n?, 1}, we
derive a non-asymptotic convergence rate for different « € (0,1] and 8 € (0,1) in Theorem We
observe a phase transition for the convergence rate O (n~*™*{1,2=28}) when § crosses 0.5.

To derive asymptotic results, we obtain two sequences {u,, } and {v,,} by orthogonal decomposition
for the optimized sequence of LPSA. We then construct two sequences of processes which pass
through the appropriately rescaled u,, and v,,, respectively. We show rigorously, when the iteration
goes to infinity, these two sequences of stochastic processes weakly converge to the solutions of
specific SDEs that are driven by either a Brownian motion or a Poisson process. As a corollary,
the rescaled last iterate of u,, (which we mainly care about) has a known asymptotic distribution
(either Gaussian distribution in Theorem [3.3]or Dirac in Corollary [I). And the phase transition we
mentioned above evolves into a trade-off between the bias caused by the low frequency projection
and the fluctuation resulting from the gradient noise (see Section [3.2.3).

Moreover, according to different convergence rate for every { (7, p,)} pair, we consider a selection
scheme at the end of Section [3.2.3] which makes the algorithm have the same nonasymptotic
convergence order as the conventional stochastic approximation and spend as little as possible on
the projection operation which is usually expensive in practice. At the end, we conduct numerical
experiments to confirm the theoretical results.

From a technical level, we propose a novel proof technique to analyze the discontinuity brought by
probabilistic projection. In particular, we borrow tools from jump diffusion and verify necessary
conditions (e.g., stochastic tightness) to apply it. See the paragraph after Theorem [3.4]for a main idea.
We believe our technique can extend to and help analyze other stochastic approximation algorithms
which can be approximated by a jump diffusion.

' A finite 7" implies not only the algorithm but also its corresponding SDE do not converge to the optimum.



2 Problem Formulation

2.1 Loopless Projected Stochastic Approximation

Notice that distributed optimization such as FL can be formulated as a global consensus problem
which is a linearly constrained problem [5)]. For the sake of simplicity and generality, we aim to solve
the following problem

minE.p f(x,() subject to A'z=0 (1)

via a randomly (and infrequently) projected stochastic approximation algorithm. In particular, at
iteration n, we first perform one step of SGD via

Tpit = Tn = MV f(Tn) + nén, 2)

where f(z) = E¢cup f(x, () and &, = V f(x,) — V f(2n, (). Here {£,} is a martingale difference
sequence (m.d.s.) under the natural filtration F,, 1 := 0 ((x, wk; k < n+1). We then use the loopless
trick introduced in the introduction, i.e., we independently cast a coin with the head probability p,,
and obtain the result w,, ~ Bernoulli(p,). If w, = 1, we perform one step of projection to ensure
x4 fall into the feasible region: &, 11 = Pas(x,, 1 ) where P 41 denotes the projection onto the
null space of AT Ifw, =0, we assign x, 41 as the same value of T, 4L ie., Tyl = T, 1. Itis
clear this algorithm (2) mimics the behavior of Local SGD in FL settings (see Appendix |A|for the
equivalence).

2.2 Assumptions

For the linearly constrained convex optimization problem (I), we make the following assumptions
which are quite common in the literature. Without special clarification, || - || denotes the Euclidean
norm for vectors and the spectral norm for matrices.

Assumption 1 (Smoothness). We assume that f: R — R is L-smooth, that is,
IVf(2) =Vl <Lz —-yl, Y yecR

Assumption 2 (Strong convexity). We assume that f: R? — R is u-strongly convex, that is,
I
f@) = fy) = (Vi) z -y + Sllz—yl*, VoyeR”

Assumption 3 (Continuous Hessian matrix). We assume that f : R* — R is Hessian Lipschitz, that
is, there is a constant L such that

[V2f(z) - V2 f(y)|| < Llz—y|, YVaz,yeR™.

Assumption 4 (Continuous covariance matrix). Given an m.d.s. {{;}, we denote the conditional
covariance as E[£,£] | Fi] = S(x;) and assume it is L-Lipschitz continuous in the sense that

I=(2) —S(@)l2 < Ljz —yl, VYa,yeR”

Assumption 5. For the m.d.s. {{,}, we assume there exists a p > 2 such that the p-th moment of
every element in {&,,} is uniformly bounded, that is,

sup E[|&,||P < oc.
n>0

The first three assumptions imply we consider the strongly convex case. The last two assumptions
help us identify the asymptotic variance. Especially, the assumption of uniformly bounded p (p > 2)
moments is typically required to establish central limit theorems [9, [10, 27]]. Finally, we want to
emphasize that the stationary condition for the problem () is different from unconstrained ones;
V f(x*) is not necessarily zero, however, its projection into the null space of AT must be zero.

Proposition 1 ([25]], Corollary 2.1). Let P a be the projection onto the column space of A and P 41
the projection onto the null space of AT. Under Assumption the solution of (1)) is unique (denoted
x*). Moreover, we have P51 (V f(x*)) = 0.



2.3 Jump Diffusion

Jump diffusion is a stochastic Lévy process that involves jumps and diffusion. Typically, the former
is modeled by a Poisson process, while the latter is modeled as a Brownian motion. It has wide and
important applications in physics, finance[36], and computer vision.

We say a function f defined on R is cadlag when f is right-continuous and has left limits everywhere.
For a cadlag process (V)s>0, we denote V_ as the left limit of V. at time ¢. Let N (¢) denote the
Poisson process with ~y the intensity, which quantifies the number of jumps up to the time ¢ and is
clearly cadlag. We use N, (dt) = N, (t) — N, (t—) € {0, 1} to indicate whether N, jumps at time ¢
and fOT g(t—)N(dt) = Z{t:Nw(t)#Nv(t_)} g(t—) to denote the integral that drives for a measurable
function g(-). We will consider a special class of jump diffusion in the following form

dX¢ = at, Xy)dt + B(t, X )dWy + o(t, Xy )N, (dt). 3)

When the coefficient functions «(t,X;) and 5(t, X;) satisfy conditions like linear growth and
Lipschitz continuity, there exists a solution for the jump diffusion (3) (e.g., Theorem 1.19 in [33])).

3 Main Results

In the section, we are going to capture the convergence behaviors of our projected stochastic approxi-
mation method (2)) from both non-asymptotic and asymptotic perspectives. We consider a specific
family of step size 7,, and projection probability p,,, namely, 7, = 7on~* and p,, = min{n?, 1}
indexed by 0 < o < 1and 0 < 8 < 1, respectively. The choice of step sizes 7,, has been used
to establish CLTs [37, 27], while the choice of p,, is quite novel. To provide a complete picture of
convergence, we will consider almost all combinations of « and f3.

3.1 Non-asymptotic Analysis

To provide the convergence rate, it is natural to focus on the projection of x,, into the column space of
A (since it is the easiest feasible solution one can obtain from x,,). Hence, we decompose the iterated
&, into two orthogonal components x,, := u,, +v,, where u,, = P41 (x,) and v,, = PA(mn)E] We
specify the the convergence rate of E ||u,, — @*||* in terms of o, 8 and n in the following theorem.

Theorem 3.1. Suppose that Assumptions and hold. Let n,, = non~ and p,, = min{n? 1}
with 0 < 8 < 1. Then for (i) 0 < a < 1 or (ii) a = 1 with ng > 2/p (u is the strong convexity
parameter of the objective function f), we have

E Hun _ $*||2 — O(?’L_a rnin{l,Q—QB})'
From Theorem as 3 decreases, that is, the projection happens more frequently, E [|u,, — z* |
converges faster. The rate is O(n~®) when 8 < 0.5, while the rate is O(n~2*(1=5)) when 8 > 0.5.
Thus there exists a phase transition when 3 goes across 0.5, which implies we should analyze
asymptotic performances for these two phases respectively. As an extreme, when § = 1, the

algorithm is possible to disconverge in an artifact quadratic loss with a specific A (see Theorem [3.2).
Though for a specific A, it could apply to FL (see Corollary [2]in Appendix for the detail).

Theorem 3.2. Ifn,, = non~% and p, = min{pony,, 1} with 0 < « < 1, for a specific A, there exists

a quadratic function f(x) so that V2 f(x) = 1 and E ||u,—x*|” does not converge to 0. Here
1, € R4 s the identity matrix, and V? f () = 14 means V? f(x)—1, is positive semidefinite.

3.2 Asymptotic Behavior of the Rescaled Trajectory

In this section, we want to derive an asymptotic convergence for (2). Recall that there exists a
phase transition for the convergence rate of E ||u; — x* ||2 when f crosses 0.5, when the projection

probability is set as p,, = 7. In the following, we will analyze the asymptotic behaviors of LSPA for
the two cases 8 € [0,1/2) and 8 € (1/2,1).

2One can check Propositionin Appendixto see why u,, is orthogonal to v,,.



3.2.1 Case 1: Frequent Projection where 3 € [0,1/2)

up—z*
VNMn—1
would weakly converge to a rescaled standard distribution [21]. It helps us capture the large-sample

convergence behaviors and provide ways for future statistical inference. However, we can provide
a stronger result that captures the asymptotic behavior of the whole trajectory. In particular, we

From an asymptotic perspective, the typical central limit theorem (CLT) claims &, :=

serialize the sequence {,, } by constructing a continuous random function (denoted u (")) such that

(n) _

it starts from 4, ’ = 1, and as ¢ increases it will pass through t,,4 1, @, 42 and so on. We will show

that such a random function ﬁin) will weakly converge to the solution of a specific SDE. From the

SDE, we can derive asymptotic variance of ,, and the whole trajectory evolution.

Since ﬂin) should pass all {@},>,, We can connect these discrete points by piecewise linear

functions. To that end, we first derive the one-step relation between ,, and w,,1. In particular,
un-‘rl nnb + vV nnf(l) “4)

1 1
bn = PAL <V2f($*) — 2770]].{(]_1}]:d) an + 77?«”, (5)

n

where R,, stands for a high-order residual error, and 5,(11) denotes the component of noise &,, on the
null space of A. One can find the derivation of @) in Appendix [C.I] Roughly speaking, () can be
viewed as a one-step Euler Maruyama discretization with timescale 7,, for an SDE, which starts at

w,, with local drift coefficient b,, and local diffusion coefficient var(&;, ¢ )).

Definition 1 (Time interpolation). Let a positive sequence v = {v,}5° decrease to zero. For
n €N, t >0, define

N(n,t,v) = min {m >n: nyk > t} nyk, and t,(7) =Nty — In-

meN
k=n

We introduce a time interpolation for the formal description of the continuous function and fur-
ther analysis. Intuitively, N (n,t,) is the number of iterations m at which the sum of step sizes
Z;njnl 1 Mk 1s just larger than ¢ and £,, () is the approximation of ¢ when we only use step sizes

{Vk}k>n. Since v, — 0, t,,(v) — ¢ as n goes to infinity. A property of Definition [1|is that
(n)

N(n,Tp(y) = Tyn(y),v) = m for any m > n. By now, we are ready to construct u, . For a given
n € N, let ﬁén) = 1u,, and define for ¢ > 0,
N(n,t,n)—1
a" = £ D0 bkt (= £ ()P )
k=n
6
N(n,t,n)—1 ©

+ Z \/>§Ic +Vit—t, €N(n t,n)

From the construction, we can see that ug ()n) Uyt k-

Theorem 3.3 (Diffusion Approximation). Let Assumptions hold. The following family of
continuous stochastic processes {aﬁ") 1t > 0}22, weakly converges to the stationary weak solution
of the following SDE:
1
dX; = —Py2 (VQf(ac*) - %1{a=1}1d> Xidt +Pyr E(m*)%dwt. 7
o

Further the rescaled sequence {un}n | converges weakly to the invariant distribution of the dynam-
ics (1), i.e., N(O, E) Here the variance % satisfies the Lyapunov equation

* 1 3 3 * 1 *
Pas (VQf(w ) — %ﬂ{a_1}1d> Y+ <V2f($ ) = 277()]1{&_1}Id> Par =ParE(@")Par.



Remark 1. By using the continuous time version of the Lyapunov theorem (Lemma 1 in [40]), the
Lyapunov equation has a unique positive semidefinite solution (denoted Y). From Theorem
and Theorem 4.1.1 in [9)], we can tell that when 3 € [0, 1) our algorithm LPSA achieves the same
asymptotic variance as SGD that also uses the same step size. The typical projected SGD corresponds
to the case B = 0, while LPSA allows {3 to vary in [0, %) One can reduce the projection frequency by
increasing 3 (equivalently decreasing the probability p,, ). Hence, when projection is expensive, LPSA
is more efficient in performing projections due to its flexible and moderate projection frequency.

Proof Idea of Theorem[3.3] We shed light on the proof idea of Theorem [3.3] From a high level, we
leverage the general theory for operator semigroups, which are developed by Trotter and Kurtz [39}[17-
19] and are used to analyze stochastic optimization algorithms in [9]. Our diffusion approximation
results are built on it, but generalize it in the sense that we use the celebrated Prokhorov’s theorem to

extend to the whole trajectory. One difficulty is to prove the stochastic tightness of {u§”)} To that
end, we make use of a classic result (e.g. Theorem 7.3 of [4]]).

3.2.2 Case 2: Occasional Projection where 3 € (1/2,1)

When we step into the low-frequency regime where 5 € (%, 1), the situation totally changes.
Intuitively, when LPSA performs much less frequent projection, we will frequently use infeasible x
to update parameters, which accumulates residual errors. These errors would not only dominate and
slow down the non-asymptotic convergence rate (see Theorem [3.1)), but also change the asymptotic
behavior. In this case, we should not only find the right timescale, but also need to figure out how
these errors are accumulated. To solve the issue, we develop a new analysis routine. In the following,

we consider p; = 'ynf with v > 0.
Our solution is to monitor another random process that is related with {v,, }, which serves as a bridge
to derive the asymptotic behavior of {u,, }. The right scale should make the scaled sequence have

non-vanishing expected Ly norm. From Theorem it should be v,, = ngjvn. In addition, given
¥y, the candidate value of ©,, 1 before tossing the coin w,,, can be derived from LPSA’s Algorithmﬂ]
in Appendix and we denote this candidate as (41 -

D(np1) 1= O — Nhdn + 10D, (8)

where d,, = Vf(x*) + 1,78, with S, a residual error which satisfies 1,°S,, = op(1) (see
Appendix for more details) and fﬁf) stands for the component of noise &, on the orthogonal
complementary space A+. Due to the probabilistic projection, ¥, takes value V(nt1)— With
probability 1 — y7? and takes value zero with probability ynZ. Similar to the previous section, we
then construct a cadlag random process f)gn) which starts from ©,, and will pass through {)_ }x>n-
We can connect these discrete points with a step function. It results in the following construction

—(n —(n 2 .
o = 5" = (t=ta (1)) (A2 ~E o)) I £ € (a0t 040 )
") = Oty

©))

From (9, we can claim that 'Dt(nznﬂ)_ = ON(n,t,n¢)— forany ¢t > 0. With probability px(n,¢ne)

VN (n,t,n?) takes value zero, which causes the process ™ to change abruptly at the time ¢, (n?).

These discontinuities about o." prevent the diffusion process from working on o™ as the result of

Theorem[3.3] Even so, the following theorem shows that we can still find a suitable process in the
broader jump diffusion class to approximate o™,
Theorem 3.4 (Jump Approximation). Let Assumptions Hland[3| hold. The following family of

)t > 0}52, weakly converges to the stationary weak solution of

cadlag stochastic processes {17t(n
the following SDE

dY,; = =V f(x*)dt — Y,_ - N,(dt). (10)
Here N, (t) represents Poisson process with intensity vy, and N, (dt) = N, (t) — N, (t—). Further,

the rescaled sequence {v,,},_, weakly converges to the invariant distribution of the dynamics (I0),

Vi) o (Vi
e ~ O] 5( 5

). Here E(0) represents the exponential distribution with intensity %.



Theorem shows that the sequence {ﬁ,fn)} constructed by shifting initial points will finally
approximate a jump process with a constant drift as n goes to infinity. The SDE (T0) sheds light on how

'Bt(") (equivalently a rescaled version of v,,) move as ¢ increases. As the error incurred by infrequent

projections, '65") will move towards the direction of V f(x*) (due to the drift term —V f(x*)dt)
and be periodically forced to set as zero vector ( due to the correcting term —Y;_ - N (dt)). From
a qualitative perspective, the SDE (T0) captures the periodical behavior of wv,,, hence it shows
without projection the residual error will accumulate along the direction of V f(x*). As argued in
Proposition V f(x*) is unlikely to be zero in our constrained problems.

The remaining issue is how to link {@t(")} to our target {u,, }. Similarly, we should consider a rescaled
Uy, that is, 4, := (u, —x*)/ 77717:[13 . The following corollary, which is based on Theorem shows

u,—x* 0.5—0 ~

when 3 € (%, 1), U, converges to a non-zero vector. Recall that @,, = =mn,"1 Uy. The

v Mn—1
equation together with Corollaryimplies By || = 72277 | Edb, || — co. As a result, the bias in
Corollary [T)instead of the Gaussian fluctuation in Theorem [3.3]becomes the leading term hindering
the convergence.

Corollary 1. Let Assumptions H hold. Then 4, ‘= —(u, — x*) converges to a non-zero

n—1

:
vector {PAL (VQf(sc*) - 1;?]1{,1:1}1) PAL} (ParV2f(x*)V f(2*)) inthe Ly as n — .

Where G denotes the pseudoinverse of the symmetric matrix G.

Proof Idea of Theorem[3.4] The main proof idea is similar to that of Theorem [3.4]except that we
need to handle the jump diffusion which introduces additional discontinuity. As a result, for each

n >0, {ﬁ,gwl)}th is cadlag rather than continuous. We then use the approximation result for jump
diffusions developed by Kushner [20]] instead of Trotter and Kurtz’s theories. Furthermore, the tool
for proving tightness also needs to change. We replace the classic tool in [4] with a generalized
determination method, the latter used to establish the stochastic tightness for cadlag processes (e.g.,
Theorem 4.1 in [19]). The remaining issue is to figure out properties (e.g., the mixing nature) of (I0).
To that end, we establish the geometric ergodicity of Eq. by combining the coupling method
with the Itd’s formula for jump diffusions, and show that its invariant distribution exists uniquely.

3.2.3 Summary and Discussion

From Sections and|3.2.2} for the choice p,, oc 72, when 3 varies, our algorithm has an interesting
bias-variance tradeoff. In fact, Theorems [3.3] and [3.4] reveal that the fluctuation of w,, is of order
1

O(n7) and the bias is of order O(n}~#). When 3 € [0, 1/2) the fluctuation caused by the randomness
of gradient queries in every iteration dominates the optimization accuracy. And when 8 € (1/2,1),
this indicator is manipulated by the biases formed by the accumulation of skewed updates in the
unconstrained state within each ‘inner loop’.

In practice, projection is expensive to perform. Hence, it is important to tune « and 3 so that the
projection complexity is minimized as much as possible. We use the average projection complexity
(APC) to quantify the projection efficiency. For a target accuracy € > 0, APC is defined as the number
of projections required to obtain an e-accuracy feasible solution. We summarize the derived results
and the corresponding APC in Table|l| We can see that APC is minimized when o« — 1 and 5 — 0.5.
In this case, APC is approaching ﬁ

We find an interesting parallelism between LPSA and Local SGD. In the case of FL, projection
complexity corresponds to communication complexity, because a synchronization in FL is essentially
a projection in linearly constrained problems (see Appendix [A] for the equivalence). In [27], the
authors analyzed the averaged communication complexity (ACC) for Local SGD with Polyak-Ruppert
averagingE] They considered a general case where the length of the m-th inner loop could be up
to E,, := m” with v € [0,1). After E,, steps of inner loop, communication would perform to
synchronize local models. Hence, E,, plays a role similar to p,, in our paper. Li et al. [27] found
that when v € [0, 1), the averaged Local SGD iterates enjoy an optimal asymptotic normality up

3For a target accuracy € > 0, ACC is defined as the number of communication required to obtain a e-accuracy
global parameter.



Table 1: (Non-)Asymptotic results and projection complexity under different choice of n,, and p,,.
The first two columns list the non-asymptotic and asymptotic results respectively, and the last column
characterizes projection complexity.

(@, ) E|lu, — x*||> | Asymptotic behavior APC
(0,1] x [0,1/2) O (=) p1 Normal (3.3 1) (Eﬁfé)
0,1 < (1/2,1) | O (m) 3.1 Biased|l1 O (6%>

o
to a known constant scale and its ACC is (1) ™. When v — 1, ACC is approaching ﬁ, similar

to our case where APC converges to % when a — 1 and  — 0.5. Actually, the ﬁ average

communication complexity is actually optimal for any first-order oracle distributed algorithms, as
shown in [43]]. Hence, it implies our LSPA is efficient and near optimal in projection, because we can
always reduce FL as a special of (TJ).

4 Experiments

In this section, we validate our theoretical results through comprehensive experiments. Due to space
limitations, we only show some representative results on synthetic datasets under FL settings. For the
results on general linearly constrained problems, please refer to Appendix [D]

Experimental Setup We focus on classification problems with cross entropy loss, and 3 regular-
ization is imposed to ensure the strong convexity of the objective function. The synthetic datasets
are generated by following [24]. There are K clients and the sample (xy, zx) on the k-th client is
modeled as x;, ~ N (v, A) and 23, = argmax(softmax(Wyxy, + b)) where A € R4 is diagonal
with the entry (j, j) equal to ;7 12, W), € R€*9 and b;, € R”. We consider two specific datasets.
The first one is denoted by TTD, where all the clients share the same W), and by, and v, ~ N (0,1,).
For this one, we set K = 100, d = 60 and C' = 10. The second one is denoted by Synthetic (a,b),
where a and b control the heterogeneity across clients. Specifically, each entry of Wy, and by, is
modeled as N (5, 1) with pug, ~ N(0,a) and vy, ~ N (g, I) with §; ~ N (0, bI;). For this dataset,
weset K =20,d =10and C = 5.

We find that the results on IID are intuitive enough to demonstrate the convergence rates of the mean
squared error (MSE) E ||u,, — 2*||* and the asymptotic behavior of 1, for 3 € [0,1/2). The results
on Synthetic (a,b), a dataset with fewer parameters and more heterogeneity, are more appropriate
to illustrate the asymptotic biased of @, for 8 € (1/2,1). The full results on both the datasets are
deferred to Appendix

Convergence Rate We plot the log-log scale graphs of averaged MSEs over 5 repetitions on
IID vs iterations in Figure The value of « is set as {1,0.8,0.6} and the value of /5 is from
{0,0.2,0.4,0.6,0.8}. For each repetition, we run 2000 steps of LPSA. By Theorem 3.1} the slope of
the line in the log-log scale graph should be —amin{1,2 — 23}. This is in accordance with Figure[l]
when the iteration is larger than 100. For 5 € [0,1/2), the value of 3 does not affect the slope, while
for 8 € (1/2,1), larger 8 and smaller « both lead to smoother lines.

a=0.8 a=0.6

— B=0.0 — B=0.0

102 - B=02 10 B=02
—— B=04 | — B=0.4
\ — B=0.6 e N — B=06
10! B=08 10! \ B=08
N
N -1

102 10t 10? 10?
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Figure 1: The log-log scale graphs of averaged MSE on IID over 5 repetition vs iterations.
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Figure 2: The heatmaps of 1, across two orthog- Figure 3: Trajectories of ,, along two random di-
onal directions over 100 repetitions on I ID. rections over 5 repetitions on Synthetic (1, 1).

Frequent Projection For o = 1and 8 € {0,0.2}, we run 2000 steps of LPSA over 100 repetitions
on IID and pick up the last 200 iterates. For these iterates, we compute the rescaled vectors ,, and
project them into a two-dimensional random subspace. Then we plot the heatmaps across the two
dimensions in Figure[2] We observe that the cells near the origin have the lightest colors, and as we
move away from the origin the cell color becomes darker. Since the cells with lighter colors imply
more frequencies, these phenomenons agree with Theorem [3.3] where the limiting distribution of ,,
is Gaussian. The results with other values of « and (3 are deferred to Appendix |D.4

Occasional Projection For o = 0.8 and § = 0.6, we run 50000 steps of LPSA over 5 repetition
on Synthetic (1,1). Then we compute the rescaled sequence ., and project them along two
random directions e; and es. The trajectories depicted in Figureshow that the limits of (@, e1)
and (@, e2) are nonzero and verify the asymptotic biased of ,, mentioned in Corollary (1| The
results with other values of « and 3 are deferred to Appendix [D.6]

S Concluding Remarks

In this paper we study the linearly constrained optimization problem. We propose the LPSA algorithm
that is inspired by Local SGD. The probabilistic projection in LPSA follows the spirit of loopless
methods [16} [12} 28] and simplifies the double-loop structure of original Local SGD, facilitating
theoretical analysis. We thoroughly analyze the (non-)asymptotic properties of properly scaled
trajectories obtained from {w,, } and discover an interesting phase transition where {u,,} changes
from asymptotically normal to asymptotically biased as the projection frequency decreases. From a
technical level, we generalize jump diffusion approximations to accommodate the particularity and
discontinuity of LPSA.

There are also some open problems. It is unclear about the asymptotic behavior of u,, when 8 = 0.5,
ie., pn = O(y/7, ). The jump diffusion approach fails because we can’t analyze {u,} via the length
of {v, } anymore. It accounts for failure that {, } and {9, } are incompatible in the sense that
they use different time scales and the time interpolation. However, we speculate ,, would finally
converge weakly to a non-centred Gaussian distribution. In addition, it is also interesting to analyze
the performance of projection complexity of LPSA. From Corollary|[I] to achieve a better convergence
rate at lower projection frequencies, we must overcome the asymptotically biased nature of u,,. One
feasible approach is to build a ‘de-biasing’ algorithm which attenuates the effect of v,, during the
update of u,,. We leave them as future work.
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A Special Condition: Federated Learning

In this section, we focus on the specific case of Federated Learning (FL). We first present the FL
problem and establish the equivalence between LPSA and local SGD. Then we restate our main
results under the context of FL. We also discuss related works on distributed optimization.

A.1 The Problem and Reduction

In this subsection, we formulate our algorithm in federated settings and show that it is equivalent to
local SGD. Before we proceed, we first give the formal statement of our algorithm

Algorithm 1: Loopless Projected Stochastic Approximation (LPSA)

Input: function f, data distribution D, initial point xg, step size 7,,, projection probability p,,.
e e L (k) _

Initialization: let x; = x( for all k.

forn=0toT —1do

Sample ¢,, ~ D and w,, ~ Bernoulli(p,,)

if w,, = 1 then
Lp+1 = ’PALwn_‘_%
else
Tntl = Lyppl
end if
end for

Return: P41 x7.

For typical distributed optimization problems, we can rewrite them as a global consensus problem,

N

1
ZE(<k>~Dk9(m(k)a<(k)) stz =... =g, an
k=1

min —
),z ... gz N

where there are N clients, (*) is the local parameter at the k-th client and ¢*) repre-
sents the randomness from this client. If we concatenate all the local parameters as * =

()T, (@@)T, - a(m(N))Tf e RV and ¢ = (¢W,¢@,--- ,¢(")T, we can rewrite
the equation (TT) as the form of equation (1), where f(z,() = + S0 g(@®™,¢®), D =
Dy x Dy x --- x Dy and AT is equipped with a particular structure

I, -I; 0Oy oo 04 04
0 I —1I -0 0

ar=| , ST e RV-DaxNa (12)
0q 0q 05 - Iz —Ig

In the expression of AT, I; € R4*9 is the identity matrix and 04 € R?*? is the zero matrix. For
such an A, the operators P 4. and P4 are easy to compute. One can check that
T T
Par(x) = [wT,:vT,-n 7:BT] (13)

and
.
Pa(@) = [@V -2)T, @2 —2)T, - (@ —2)7]

where T = % Zfil 2. Then we can establish the equivalent between LPSA and local SGD.
At iteration n, the step x,, vl = Ty — MV f (2, () represents a step of local update, that is

o), 2 g gald), o)

becomes a round of communication such that all the local parameters share the same value, i.e.,

for each k. If w,, = 1, the projection step @11 = Pa1 (mn+%)
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(k) _ 15N () . — ot k) _ (k)
Tyl = N Diet T, i1 for each k; if w = 0, no communication happens and x,/, = CNIE

Finally, Algorithmreturns the average of all local parameters P41z = % ij:l w¥ ),

The above reduction analysis implies that under the context of FL, Algorithm [I|becomes a loopless
version of local SGD. The main difference between LPSA and original Local SGD is that LPSA has
a stochastic length of local updates, which is determined by how frequent we observe w,, = 1. Since
prn gradually decreases, the expectation of local updates would gradually increase. Such a difference
does not deteriorate the convergence under certain conditions, as shown in Theorem@ Moreover,
the probabilistic loop also facilitates theoretical analysis.

A.2 Restatement of Theoretical Results

In this subsection, we examine the theoretical results and give a revision of Theorem 3.2]under the
FL condition.

For simplicity, we define the population loss function on client k as gp(z®)) :=
N
Eco op, g(2*), (). Then we have f(z) = Bcun f(2,C) = 3 >y gr(@™®),

Vg (zD)
1 | Vga(z®)
Vi(x)= N :
Vg (z™)
and
v2gl(w(1)) Od Od
1 Od v292(m(2)) Od
2 e
Vie=y ; L
0, 04 VQQN(SE(N))

We first focus on Proposition[I] Note that the solution to (TI)) must be of the form

)
2 = (@), @), @)T] e RV

Propositionimplies that the solution satisfies - Zszl Vgr(z™*)) = 0. This equation does not
imply that the Vg («*) are all equal to zero. In fact, under the heterogeneous setting, where the gy
are different due to the diversity across the clients, we typically have V f (ac(*)) # 0. This is crucial
for the validity of Theorem 3.4)and Corollary[I] As for the homogeneous setting where the g, share
the same form, +; ZkN:1 Vi (™)) = 0 does imply Vg (x™*)) = 0 and consequently V f(x*) = 0.
In this case, Theorem [3.4]and Corollary [T]do not hold any more. However, the homogeneous setting
is beyond the scope of our paper and is left for future work. Thus, we assume V f(x*) # 0 from now
on.

Now we turn to the results in Section With P 4. described in (13), we have
_ _ _ T
Up = [(wn)—ra (mn)—ra Tt (wn)T] )
where &, = + ch\;l 2. As aresult, E |, —2*||* = NE |z, — a:(*)Hz. Then Theorem

guarantees that £ ||£n —z() ||2 = O(n~omin{1,2=28}) "which is what we desire. The revision of
Theorem [3.2)is deferred to the last part of this subsection.

As for the results in Section[3.2] we first take a glance at Theorem [3.3] Since the expression of P4+
implies we can just focus on the first d dimensions of (7)), Theorem [3.3 actually characterize the

asymptotic behavior of in#%:) when 8 € [0, %) Then we consider the bias vector mentioned in
Corollary [I] Direct computation shows
V2g1(z)Vgi (z)
N V22 (2)) Vg2 (z™)
Par Vi f(a")Vf(z*) = Nz Pat :
Vg (™)) Vg (2™))
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14

1|l &
=7 | Z V29 (x*)) Vg (™)
| k=1
Iq

Even if ng(:r,(*)) = ( for any k, the bias vector could still be equal to the zero vector. For example,
V2gi,(z™*)) are all the same and chvzl Vgr(x™*)) = 0. For such a special case, the convergence of
E H:/En —z®) H; could be faster, since the leading term hindering the convergence vanishes.

A.2.1 Revision of the Lower Bound

Finally, we present a revised version of Theorem Recall that the Hessian matrix V2 f(x) is a
block diagonal matrix. Although Theorem [3.1]provides a counter example for the general case, it
does not specify the form of V2 f(x). Fortunately, with A defined in (I2), we can find a counter
example such that V2 f(z) is a diagonal matrix.

Corollary 2. Consider the problem (I1). If n,, = non~* and p, = min{pony,, 1} with0 < a <1,
then there exists a quadratic function f(x) such that V? f(x) is a diagonal matrix, V? f(x) = I

and E ||u,, — z*||* does not converge 10 0.

The proof of Corollary [2]is deferred to Appendix

A.3 Related Work

In this section, we focus on several works that investigate the asymptotic and dynamical nature of
distributed optimization. We can trace this line of research back from the classical work [22]] by
Kushner et al. Unlike the prevailing federated learning algorithm (multi-step local computation
between adjacent communications), Kushner et al. [22] consider a random, incomplete decentralized
communication within each iteration. And the randomness of these communications are characterized
by a sequence of random gossip matrices { W, }. In particular, the algorithm has the following form,

Local step: @, 1 ;= Tpni+ €Y,

1
5
N
. - (14)
Gossip step: Tp41,; = E wn+1(z,])mn+%7j
i=1

where W, = [w, (1, j)] g\fj:l and N is the number of nodes.

For the algorithm, Kushner et al. [22] proved that the trajectories of the final iteration converge weakly
to the solution of the particular ODE as the step size € converges to zero, and formally discussed
the weak convergence of the rescaled sequences to the solution of a specific linear SDE (i.e. the
diffusion approximation result). However, there are several limitations to this work. First of all, the
most critical point is that the above theoretical results are discussed in the case of fixed step sizes. As
the iteration increases, the variance term of a stochastic approximation begins to dominate the rate of
convergence, and the use of a constant step size at this point will make the effect of variance never
fall to zero. So a fixed step size means a fixed and finite total iteration (depending on the constant
step size and the required estimation accuracy). This makes all the asymptotic results in [22] less
practical. In addition, the article assumes (without proof) some intermediate results such as tightness
and weak convergence at the initial point, making his theoretical results incomplete.

Thereafter, Bianchi et al. [2]] consider the same random gossip stochastic approximation algorithm.
Unlike [22], Bianchi et al. replace the fixed step size with a decreasing step size and obtain the
asymptotic normality of rescaled final iteration and Polyak-Ruppert averaging sequence. But note
that Bianchi et al. [2] assume that all gossip matrices have the same distribution, implying that
their asymptotic results hold only if the communication frequency does not decrease as the iteration
increases. This is equivalent to the case in LPSA where the projection probability is set as a constant.
In particular, they assume the step size vy, ~ n% satisfies that o € (%, 1]. In the end, neither of the
above two works analyzes the effect of communication frequency on the asymptotic performance of
the distributed stochastic approximation algorithm, which is explicitly reflected in our analysis in the
form of bias-variance tradeoff.
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B Proof of Section 3.1]
In this section, we give the proof of Theorems [3.1]and 3.2}

B.1 Useful Propositions and Lemmas

In this subsection, we present some existing results and auxiliary lemmas useful for our later analysis.

Proposition 2 ([32], Theorem 2.1.9, property of strong convexity). If f(x) is u-strongly convex, then
we have

(Vf(x)—Vi(y),z—y) >plze—yl*, Yo,y e R

Proposition 3 (Cauchy—Schwarz Inequality). For any vectors a,b € R? and positive number -, it
holds that

1
2(a,b) < 7ylla|* + 5 Ib]J*

Moreover, for any positive integer n and any vectors €, T, . . ., T, € RY, it holds that

n 2 n
D @i <n) llal®.
i=1 i=1

Proposition 4 ([25]], Proposition 2.1 and Lemma B.1, property of projection). Suppose that A is a
p X q matrix. Let P a be the projection onto the column space of A and P 4.1 the projection onto the
null space of A". Then we have

1. Linearity: Pa(ax + fy) = aPa(x) + fPa(y) forany x,y € RP and o, 5 € R.

2. Non-expansiveness: max{||Pa(x) —Pa(y)|, |Par(x) —Par(y)|} < ||z —yl| for any
x,y € RP.

3. Orthogonality: any x € RP can be decomposed uniquely into * = u + v where u =
Par(x) and v = Pa(x) satisfying (u,v) = 0.
More specifically, we have Pa(z) = A(ATA) ATz = (AT)TATx and Py (z) = I, —
Pa(x) = (I, - A(ATA) AT )z = (I, — (AT)TAT) @ with | the pseudo inverse.

Proposition 5 (Stolz—Cesaro theorem). Let {a, } and {b,} be two sequences of real numbers such
that

1. 0<by <by<---<by,<...andlimy_,o by = 0.

. Gni1—Gn _
2. lim, o0 b b = leR

Then, lim,, o, 3™ exists and is equal to l.

Lemma 1. Let {r,} C (0,1) be a sequence of positive numbers that decays to zero monotonically.
If “2— — 1 =o(ry,), for p > 1, we have that

Tn+1
T T
hm Zn:l r'rpl Hs:n+1(1 - TS)

T—oo 7,.10*1

=1

Lemma 2. Let {r,,} C (0,1) be a sequence of positive numbers that decays to zero monotonically

and a is a positive number. Ifr’ﬂi1 —1=ar, +o(ry), forp>1land1/a > p— 1, we have
T T
lim Zn:l Tf s=n+1(1 B 7”5) _ 1
TS0 P2t l—a(p—-1)

Lemma 3. Let {r,,} C (0,1) be a sequence of positive numbers that decays to zero monotonically
and {s, } is a sequence of positive numbers. If “2— — 1 = ar, + o(ry,) for a > 0 and s,11 =

Tn+1
(1 = 1r,)8n + o(ry,). Then we have s, = o(1).

The proof of the three lemmas are deferred to Appendix
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B.2 Proof of Theorem 3.1]

In this subsection, we give the formal statement of Theorem @ and its proof. Before that, we first
present the one-step descent lemmas of E ||u,, — 2*||> and E ||v,||*, whose proof is deferred to
Appendix [B.3]

Lemma 4 (One-step descent of E ||u,, — 2*||* ). Suppose that Assumptions and hold. Then
there exists a ng such that for any n > ny,

3L2
By =@ < (1= ) Ellwn = @7[* + = EmEloa|* + 20758, (15)
where S := E | P o &% with & = V f(x*) — Vf(z*, ), ~ D.
Lemma 5 (One-step descent of E ||v,,||* ). Suppose that Assumptions @and hold. Then there
exists a ng such that for any n > ng

Pn % 'rzz 7L? 721
Ellvn]? < (1= 22) Elloa|? + 2By, — @) + 2|9 f (@) + 20288, (16)
2 Pn Pn

where {2 := E | Pa&*|? with & = V(z*) — Vf(x*,(),( ~ D.

Now we are prepared to give the formal statement of Theorem [3.1]

Theorem B.1 (Formal statement of Theorem [3.1). Suppose that Assumptions[I} [2|and[| hold. Let
Nn = Non~< and p, = mm{ponn, 1} with0 < 8 < 1. Then for (i) 0 < a < 1 or (ii) o = 1 with
no > 2/p, we have

Elw, —z*||> = O (n, + 12 2)
E[va]* = O (n227)

Proof. (Proof of Theorem B.1)

Let 2, = [luy — @*||? + co /2 [|vn]|* with ¢ = /3/(7p). By LemmasHand there exists a ng

such that for any n > ng, we have

3/2
Ez,11 < (1 — min {;mn, %} + TeoL? 7]n/ ) Ez, + 27]"2](1)
Pn
7]3/2 @
+ w?pl IV F @) + 2e0my?p/ 222

With p,, = min{ponﬁ, 1} for some 0 < § < 1, there exists a ny > ng such that for any n > ny, we
have p,, = pon’ and

3> B2 |V f (@) + 2¢0/pon > HPE P
(17)

0 sw(1) | TcoL?

Ezpyr < (1 - 7) Ez, + 2200 4 10
Zn+1 S D) Zn + 20p 2 0 + o
For any T' > n4, applying the recursion (I7) (T — ny) times yields

Ezr < Bz, [] (1_%)+229) Tilni 11 (I_M;]s)

n=ni n=ni s=n-+1

1 Tl 9 pay P Z /2 A1 Tf[l (1-4%) (18)
\/7 n=ni s=n-+1 2

T-1

T-1
Faeayel® Y o T (142,

n=ni s=n-+1
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For case (i) where 0 < a < 1, we have n,, = non~. Thus, for the first term, we have

T-1 T-1
Ez,, H (1 — %) < Ez,, exp (—g Z nn>
n=ni n=ni
o (T~ —ny™®)
< Ez,, exp (— ) L .

For other terms, one can check that n”ﬁ — 1= o(ny,). Then by Lemma we have

2 *\ (12 2 *\ 112
Efu, — 2| SE%:O(%L IV /@)l n}/%ﬂ/z) 0 (L |V (@) n}}/g_ﬁﬂ). 19

VPo b VDPop
.. . . .. L2V f(=*)||? 1/2—8/2
This implies that there exists a positive number ¢; such that E||u,, —z*||*> < ¢; % L/2=8/

for any n > ny. Substituting this into (T6)) yields that

Te LA ||V £ ()]
3/2
20

2
02 PRy, — ot

B
ElonalP < (1- 222 ) Blo, P +

L% .
+ i IV @)+ 225

hold for any n > n;. Following the same argument as before, we can prove

2 *\ 12
Ellv,|* = O (L ”v;;(w ! ?73(25> : (20)
0

2 * 2
Then there exists ca > 0 such that E||v,, ||> < CZLHVpif(w)Hzni_% for any n > n;. Substituting this
0
into (T3) yields that

3co Lt |V f (x¥)

2
Ellunss — @ < (1 una)Ellun — @[ + 2,326 | 92500

1pg
hold for any n > n;. Following the same procedure again, we can obtain
s LV,
Bllu, — 2" = 0 ( 2, + LI aas) @1
Iz KDy

For case (ii) where v = 1 with 19 > 2/p, we can still obtain (I8). Since 7,, = not !, for the first
term on the right-hand side of (I8), we have

T-1 T—1
Ezp, H (1 — MQﬁ) < Ez,, exp (—g Z nn>
n=ni n=ni
InT —1
< Ezy, exp (_/H?o( 1 5 nnl))
-0 (T—uno/2) )

For other terms, one can check that UZ’—; —1=-2. £l + o(ny,). Then by Lemma , we have (19)
121

Mo
holds for 1y > 2/u. Following the same procedure as before, we can also obtain (20). Substituting

this into (T3) yields that

362L2

Ellupsr — *|? < (1 — un,)Ellu, — 2 + 2% g 22x Y

holds for any n > ny. Since % —-1= ﬁ - puny + o(ny,), following the same procedure as before,

we can obtain 1)) for ny > 2/p > max{2 — 2,1}/ p. O
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B.3 Proof of Theorem3.2]

We first give a formal statement of Theorem [3.2]that can combines Theorem 3.2) and Corollary [2|

Theorem B.2. If 1, = non~% and p, = min{pon,, 1} with 0 < « < 1, for a specific A € RP*"
with 7 < p, there exists a quadratic function f(x) defined on R so that V*f(z) = 1, and
E ||w,—x*||* does not converge to 0. Here I, € RP*P js the identity matrix, and V? f(z) = I,
means V? f(x)—1,, is positive semidefinite. Moreover, if P4 is not of the form Pa =Y, ; e;e],
where I C {1,2,...,p} and e; is the unit vector in RP with the i-th element equal to 1, V* f(x) can
be chosen as a diagonal matrix such that V? f(z) = I,,.

Before give the proof of Theorem we first give the proof of Corollary 2]based on Theorem [B.T

Proof. (Proof of Corollary [2)

With A defined in (I2), we have p = Nd and r = (N — 1)d. Recall that for z =
()T, (@@)7,... ’(w(N))T}T € RV, we have

Par@)=[z 2", a']"

where = + 25:1 ). As aresult, we have P41e; = + Ziv:_ol €1+kq. This implies that P41
can not be of the form P4+ = Y, ; e;e;. Thus, V2 f(x) can be chosen as a diagonal matrix. [

Now we present the proof of Theorem [B.2]

Proof. (Proof of Theorem[B.2)
=1

Consider the quadratic function f(x) = 3 x " Bz+c " x where the positive definite matrix B € RP*P
and the vector ¢ € RP are specified later.

The exact solution to problem We first compute the exact solution to problem (I), where
A € RP*" for some positive integer r < p. With out loss of generalization, we assume rank(A) = r.

Suppose that the singular value decomposition (SVD) of Ais A = UD,V " where U € RP*?
and V' € R"*" are orthogonal matrices and D4 € RP*" is a rectangular diagonal matrix with
diagonal entries in descending order. One can check that the solution to AT« = 0 has the form
x=(I,— (AT)TAT) w = P41 (w) where w is an arbitrary vector in R? and (A T)T is the pseudo
inverse of AT. From the SVD of A, we have
_ T\T AT _ 0, Orx(p—r) T
I,-(A')'A U 0(pryxr I, U’,

where 0,,,x,, € R™*" denote the zero matrix and reduces to 0,, € R"*" for m = n. We denote the
first 7 columns of U by U, and last p — r columns of U by U for simplicity, Then the problem (T)
becomes the following unconstrained problem

min %w—r (I, - (AT)TAT)T B(I,- (AN A w+w' (I, - (AT)J'AT)—r c.

weRP

. 1
= min 5’(0;3211)2 + szcQ,

wo ERP—T
where wy = U, w, By = U, BU, and ¢; = U, c. The solution is wj = —B; 'c,. From the
expression of I, — (AT)T AT, we know that the first r elements of U "w will not affect the value of
. Thus, the solution to the original problem (1)) is ** = —U> By 1C2.

Moreover, one can check
,PA U |:0 Ir 0 07’><(p—'r) :| UT _ UlUlT
(p—r)xr (p—7)x(p—7)]
and

0 0 _
P U rXT rx(p r):| UT - U. UT.
AT |:0(p—7‘)><7” Ip—r 272
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Recursions of Eu,, and Ev,, From the definition of u,, and the linearity of P 4., we have

Unp+1 — T = PAJ- (wn - nann — NMnC + 77n€n> —x*
=u, — & — 1, Pa(Bx,+¢)+ 1, Paréy
=up, — T =10, Par B(up, — %) — 0, Par Bv, — 1, Par (Bx* +c¢) + 1, Paréy
=uUp — T =10, Par BP g1 (uy, — ") =1, Par Bv, — 1,Par (Bx* +¢) + 1, Parén.
The optimality of «* implies that P 4. (Bx* + ¢) = 0. Taking expectation yields

Eupt1 —x* = (I — 1, Par BPaL)(Eu, — %) — 0, PaL BEv,. (22)

As for the iteration of Ev,. From the definition of v,,, with probability 1 — p,, we have

Vi1 = Pa(xn — BTy — nne + mnén)
= v, — M Pa(Bx, +¢) + 1, Pa&y
=v, — PaB(u, — x*) — n,PaBv, — n,Pa(Bx* + c) + n,Pan
= (I = mPaBPa)v, — mPaB(u, — x*) — n,Pa(Bzx* + ¢) + 1. Paén,

and with probability p,, we have v,, 1 = 0. Taking expectation yields

Evpt1=(1-pp)I,—1,PaBPa)Ev, — (1—pn)n, [PaB(Eu,—x*) + Pa(Bz*+c)]. (23)

Simultaneous diagonalization of P4 BP4 and P, BP 4.  We first express the two matrices as
follows:

I 0 - I 0 _
B — U T r><(n ’I“) UTBU T T><(n ’I“) UT
PaBPa 0(n—r)><r 0p—r 1 _O(n—r)xr 0n—r

B; Orx(n—r)_

O(nfr)xr O0n—r

=U U',

ParBPaL =U 0 O xn-nyTBy |, O Orxn—n)| T

_O(nfr)xr n—r | _O(nfr)xr L

0, 0y (n—r) |
U T rx(n—r) UT
_O(n—r)xr B, ’

where B; = U, BU, and B, = U, BUS, are positive definite. We suppose the eigenvalue
decomposition of By and By is By = Q1Dp, Q| and By = Q2:Dp,QJ. With Q =
Ql 0r><(n—r)
O(nf'r‘)xr Q2
and P4 BP 4 as follows

] and P := UQ, we obtain the eigenvalue decomposition of P41 BP 4.1

PABPA = P [0 DBl 07‘(>)<(n—7-):| P —. PﬁBl pPT
(n—r)xr n—r

and

0 0 _ ~
Py BPaL — P u rx(n=r)| pT —. PDp P".
At At |:0(n—7")><7" D32 B2

Proof by contradiction Left multiplication of 23) by P yields

Evp41 = (I, — Dy)Ev, — 15 (1 — pn)Bo(Eu,, — ) — (1 — py)nnco. (24)

where ¥,, := P'v,, By := P"P4B, 1~)n = nnf)Bl —+—pn1p—nnpnf)B1 and ¢y := PTPA(Bw*—i—
c). Adding (pol, + Dp, ) 'cg to both sides of (24), we obtain

Ef?n+1 + (poIp + ﬁBl)_lco
= (I, — Dy)E%, — 1n(1 — pp) Bo(Bu, — %) — (1 = pu)imeo + (pol, + D) "' co
= (I, = Dy)[ES, + (pol, + D)~ 'eo] = na(l — pn) Bo(Bu, — a*)
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+ [pn — Pona (1 — pn)l(polL, + D) " eo. (25)

Suppose E|u, — *||2 = o(1), which implies Eu, — #* = o(1). Let D, =

diag {dn,l,dm, N .,dn,p} amd Dp, = diag {dBl,l,dBl,Q, . JBW}. Left multiplication of
[@3) by e, gives

- 1
Ee, 01+ ———=e; co
po+dp,

~ 1
< (1 —dny) ]Eein)n + 7~eiTco

+0(mn),
po+dp, i "

where e; is the unit vector with the i-th element equal to 1. Since Jnyi = Nndp, ,i(1 — pn) + pp and
pn, = min{pon,, 1}, o(n,) = o(dn.:). Lemmaimplies Ee/ 9,1 = fmejco +o(1). It
1.1

follows that Ev,, = —(poI, + Dp, ) 'eo + o(1). Thus we have

Ev, = —P(pol, + Dp,) ' PTPa(Bz* +¢) + o(1). (26)
Denote the limit of Ev,, by v+, and we come back to the iteration (22)). Left multiplication of (22)) by
P yields

Edys1 = (I, — 1,Dp,)Etty, — 1, P Par B + (1),

where @, = P T (u,, — «*). Similar to the above argument, adding PP 4L Bv, to both sides and
using Lemma 3] we can obtain

Eit, = —P' P Bvs + o(1)
= P"Po.BP(pol, + Dp,) ' PTPs(Bx* +¢) + o(1).

It remains to prove that there exists a positive definite matrix B € RP*P and a vector ¢ € RP such
that the limit is nonzero.

Specification of B and ¢ From the expression of «*, we have
Bz* + ¢ = ¢ — BUy(U, BU,) 'U, ¢ = (I, — BU;(U, BU,)"'U; )e.

Define B := I, — BU>(U, BU,)~'U, for short. We examine the column space of B, which is
denoted by R(B). We can easily find U, B = O(p—r)xr- Thus R(B) C R(Uy). On the other hand,
we have BU; = Uy, which implies rank(B) > rank(U;). As a result, R(B) = R(Uy). Then for
any z € R", there exists a ¢ € RP such that Be = U, z. It suffices to prove that there exists a positive

definite matrix B € RP*? and a vector z € R" such that P"P 4. BP(pol, + Dpg,) 'PTPAU, 2
is nonzero.

Since P = UQ, Pa = DU/, Par = UbU,, Q = [0( Ql) 0”5;—”], Dp, =
n—r)Xr

D, 0 x(n—r) and B; = Q1 Dp,Q/ , we have
O(fnf’p)Xr O’rl—?"

P"PAo.BP(pol, + Dp,) ‘P PAU, 2
=Q'UU,U, BUQ(pol, + Dp,) 'Q"U U, 2
710 (pOI’r + Bl)_l 07‘><(p7r) z
= B[U, U
@ [UJ} [ ! 2] { O(p—T)XT p%Ip—r 0
UQTBUl(poIp + DBI)_lz

Then it suffices to prove that there exist a positive matrix B € RP*P such that U,” BU] is nonzero.
Suppose that Uy = (p1,p2,.--,Pr) = (Pki)pxr and Us = (q1,q2, -+, Gp—r) = (qhj)px (p—r)-
Then the column vectors of U; and U, form an orthonormal basis of RP.

If there exist 4,7 and ko such that py;qr,; 7 0, Then we can take B as a diagonal matrix I, + Ey, 1,
where E;; is the p x p matrix with (¢, j) entry equal to 1 and others equal to 0. The (j,¢) entry of
U, BU, is Zi:l Dkikj + ProiQkoj = Pkoilkoj 7 0. And one can check B = I,
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Otherwise, there must exist ¢, j, ko and Iy such that py;q;,; 7 0 and kg # lo. Since in this case
Priqr; = 0 for any k, then we have qi,; = pi,s = 0. We take B = 21, + Ey;, + Ey,1,. Then the

(j, i) entry of Uy BU is 23 1 _, PriQkj + Phoiioj + Ploidkoj = Phoidio; 7 0. And one can check
B -1,

As a result, there always exists B and ¢ such that the limit of ||Ew,|| is nonzero. This implies
E ||w, — 2*||* # o(1), which induces a contradiction.

In the latter case, for any e; € RP, either e;r U, or e;l—UQ is zero. Note that U; and U, are of
full column rank. Then we have U; = Zz‘eh e;p; and Uy = ZjeIz edeT where |I;| = r,
Ll =p—r, 1 UL, ={1,2,...,p}, 1 NIy = &, p; (i € I) are orthonormal basis of R" and
g, (j € I,) are orthonormal basis of RP~". As a consequence, P4 = U U, = Zlel e;e; and
Par =UU,) = del eje J This implies that if P4 is not of this form there must exist ¢, j, kg
such that py,;qk,; 7 0. Then we can choose B as a diagonal matrix such that B > I,,. ]

B.4 Proof of Lemmas[I} 2]and 3]
Proof. (Proof of Lemmaﬂ])

Define ap = ZT i 1 —and by = T HS 1 1 . We first prove that by 1 > br for

n=1"'n
sufficiently large 7" and limp_, o bT = 00. Since

—1
bry1 _ (TT+1>p . 1
bT rT 1 — TT+1

1
= W : (1 + 7741 + O(TT+1)>

= (1 +o(rr+1))(1 +rry1 +o(rry1))
=1+4+rpp1 +o(rria),

1

then we have bry1 > by (ry) implies - — — ==
o(1). By Stolz—Cesaro theorem, we have lim;,_,oc —— = 0 and lim,_,oc % =0. As a
consequence, o=t
T
by > r’%ﬁl exp (Z rs>
s=1
T T
_ .p—1 Zs:l s
=rp exp| = Z 1/s>
(Zs—l 1/5 s=1
T
> r’%ﬁl exp( 2is=1"s 10gT>
Za 1 /8
_ ST
= (Trp)P texp [(;1& —p+1|logT
Zs—l 1/5
Thus limy_, o, by = 0o. Now we use Stolz—Cesaro theorem to prove limp_, o, 4L =1 With the
definition of ar and by, we have
T+
_ P
e —ar =rho [ 1=
and
T4 T
bry1 — by = rB2}
T+t T TT+1 =1 1 g 1 —Ts
T+1 T+1

(TT—H H +’/‘T ’I“T+1H1_TS.



It follows that

ar4+1 —ar Tg“+1

bri1 —br TT+11 N
_ TT+1
1= (ro/rrp)P H rrpa (e froga )P
_ T'T+1
~ 1= +o(rr)Pt +rre(1+o(1))
_ "T+1
o(rr) +rra(1+0(1))
_ 1
~ 1+0(1)’

which implies limr_, o ‘Ziii:g: = 1. By Stolz—Cesaro theorem, we obtain what we want. O

Proof. (Proof of Lemma 2)

Define a7 = Zn e HS 1 1 - and by = ri” HS 1 1 - . We first prove that by1 > by for
sufficiently large T’ and lim7_ o bT = o0. Since

bri1 _ (TT+1)p_1 _ 1
br rT 1—rrp

1
= A farr To(pt LT rrstolrr))
=(1—a(p—1)ry +o(rr)) <1 + #ﬂo(w) " O(TT)>

=1 —alp—Lrr+o(rr)) (1 +rr+o(rr))

=1+4+[1—alp—1)rr +o(rr),
then we have by, > bp for sufficiently large 7. Besides, TTZ - = 1 = ar, + o(r,) implies
1 1

Tn Tn+1
a. As a consequence,

T
by > 7@71 exp (Z rs>

= a+o(1). By Stolz—Cesaro theorem, we have lim;_, o, # = g and lim,,_, Z;:‘ 1 Ys

s=1

=P exp (22515 Z 1/5)

Zs 11/ s=1

T
ngflexp (gs 1; logT>
s=1 s

- ZT—I s
= (Trr)P texp [(; —p+1]|logT
Zs:l 1/8

— (1/a+o(1))" " exp[(L/a+o(1) — p+ 1)log 7.
Thus lim7_, o by = oo.

With the definition of ap and

Now we use Stolz—Cesaro theorem to prove limy_, o ‘g—qf

1- a(p 1)

br, we have

T+

)

s=1 S

and
T+1 T 1
bry1 —br = v 115
s=1 -r
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T+1 T+1

(TT+1 H

It follows that
ar41 —ar _ 7”]%4-1
bri1 —br rg;ll A
_ TT+1
L= (rr/rr40)P~t +rrpa(re/rren)Pt
_ T4+1
1—Q+ary+o(rr))?P~t+rrp1(1 + arr + o(ry))P~1
_ TT+1
1—1—alp—1)rr+o(rr) +rre1(1+0(1))
1
a —a(p—Dry/rre1 +0(1) + 1+ 0(1)
1
- 1—a(p—1)+o(1)’
which implies limr_, oo ‘Z;:i:g = 17a(1p71)' By Stolz—Cesaro theorem, we obtain what we
want. O

Proof. (Proof of Lemma [3)

Suppose that s,, = o(1) does not hold. Then for any positive number € > 0, there exists a sequence
of positive integers {n;} that increases to oo such that s,,, > ¢. From the recursion of s,,, there exists
a positive integer 7" such that

Sn-i—l S (1 - Tn)sn + %Tn (27)
for any n > T'. For n; > T, we have
%rniq S(I—=7p,—1)8n,—1 +€Tn—1-

It follows that s,,, 1 > €. Since n; increases to co, we have s,, > € for any n > T by induction. For
any 71 > T, summing (27) from 7' to 77 — 1, we have

€< sp, < (1 - rnifl)snifl +

T T -1 T -1 T1 1
E Sp < 5 Sn — 5 SnTn “‘F g Tn-
n=T+1 n=T n=nr

Rearranging the terms yields

Ty —1 Ty —1 Ty —1
€ €
STZST1+E Snrn_§E rn25n+§g T
n=T n=T n="T
From the proofs of Lemmas|l|and |2 we have li 2115 — g Thus i ZTl =
p - we have limy, 00 5% == = a. Thus limp, 00 ), 70 =
00, which induces a contradiction. As a consequence, we have s,, = o(1). O

B.5 Proof of Lemmas[d and
Proof. (Proof of Lemma [d)

From the update rule and the linearity of P41, we have
El[tn1 —@*[|* = E[Pas (@0 — 02V f(@0) +10n) — )|
=Elun — 2" —nPar (Vf(xn) — Vf(x¥)) + 777L,PAL§7L||2
= Ellu, — "] + i E[Pas (Vf(zn) — V(@)
= 20nE (un — 2" Pas (Vf(xa) = V() + 20, (@8)
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where the last equality is due to that {&,, } is a m.d.s. and 20 = E|Par&nl?
For the second term of (28], we have

1P as (V@) = VE@ NI = [Pas (V@) — V() + Pas (VFlun) — V(@)
P as (VF(@n) = V Fun))|? + 2P as (V Flun) — Vi ()]

()
< 212 |[o, | + 222 [u, — 2"

)

where (a) is by Proposition [3]and (b) is due to non-expansiveness of P 4. and smoothness of f. For
the third term of (28)), we have

— (U — @, Pas (VS () — V("))
W, — ¥, V() — V(z))
= =y — @, V(@) — V() — (un — 2, Vf(un) — V(")

(b) :u’ * 1 *
< 7l — 2|+ L IV (@n) = Vi (wa)|* = g — 2%

(0 3 L?
< = =2+ o

where (a) follows from the orthogonality between P4 and P 4., (b) is by Propositions [2]and [3]and
(c) is due to the smoothness of f. For the last term of @, we first show that |Z£Ll) — E§1)| <
dLE ||x,, — «*||. From the definition of 2 and £V, we have

£ - 2] = [Etrace (Pa (§aés — €°(€))Pas)]

= |trace (Pa: (B&u&] — EE*(€%)T)PAL)]
< d|[ParE(E(@n) — (@) Pac |
< dLE ||z, — =*|,

where the last inequality is due to the non-expansiveness of P 4. and Assumption [3] It follows that
=B <=M 4 2@ -5
<y 4 dLE |z, — 2|
< 3 + dLE(|uy, — 2| + o)

() > dr
(1) * o 2 2
< 5 +dL | = +—229)E(|Iun x*[|* + [lval”)
d2I2 d2L2
=ox{M 4 (I)Ellun—w*llﬁﬁl\vnllz,
ox( ont

where (a) follows from Proposition 3}
By substituting these inequalities, we obtain
2

2L .
o+ 2L+ ) B~ o

3
2

E lunys — o < (1 -

21?2 2L )
+ (Mnn 2L+ ni) E on|” + 20755

*
2

(a) 4L
< (U= pma)Ellun =2 |+ = =maElloa” + 20750,
where (a) holds if n is large enough. O

Proof. (Proof of Lemma|5)
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From the update rule and the linearity of P4, we have

E[vas1l? = (1= po)E |Pa(@n — 10V f (@) 10n) 1
= (1 - pn)E|lvn — 1PaVf(@n) + 0 Pakul’
= (1= p)E vall* + (1 = pu)n2E [PV f(z)||” (29)
—2(1 = pu) B (vn, PAV f(20)) + (1 — pa)2 8P,

where the last equality is due to that {&,, } is a m.d.s. and > =E IPatnll?.
For the second term of (29), we have

[PaVf(@n)|? = |PA(VF(xn) = V(un) + V(u,) — V@) + V)|
3 PAY (@) — VI )P + 3 [Pa(VI(wn) — V@I +3[PaV (@)

®) o 2 2 2 (2
< 3L |jvp||” 4 3L |Jun — =™ ||” + 3|V f ()],

where (a) is by Propositionand (b) follows from non-expansiveness of P4 and smoothness of f.

For the third term of (29), we have

- <'Una PAVf(wn)>

W (v, V(@)

= — (Un, Vf(wn) = Vi(un)) = (on, Vf(un) = Vf(x*)) - <vn, Vf(x"))

) 2 277
< —plon|? + L . © val? + p"HVf(un)— Fla)|? + 2 =

o+ = Vi I?

8n,
2L%n,

n

(9) 2, 2Nn 2
< —plval? + || v, ||” + Jw, — 2| +7|\Vf($*)|| :

where (a) follows from the orthogonality between P4 and P 4., (b) is by Propositions 2] and 3] and
(c) is due to the smoothness of f. For the last term of (29), we can obtain

d2L? 2y PL
Bl =1+ s ol

2@ < oxn® 4
by following similar procedure in the proof of Lemmafd] By substituting these inequalities, we obtain

pn d*L?
E [vns1]® < (1~ pa) (1 = 2pmn + 3L + T+ peeL > E |lva||*
*

4172
+< 77n+3L2 2

n

d’L? , o2
o nn) -
A 302 ) |V ()] + 20222
{5, T3 V@I +2m2y
(a) 7L2 2 7 2
2 (1 2V B ol + L o+ T ) P 4 202
where (a) holds if n is large enough. O
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C Proof of Section

C.1 Proof of Case 1
We can deduce the recursive relationship of @, by the definition of u,, and the update rule ().

*

Upy1 = Pas Doy 7
n
=Par \/Zin(xn =V f(Tn) + Nnén — =)
N Yj%lﬂn—*VﬁﬁPAL{(Vf(wn)—’Vfﬁun»‘+(vf(un)—’Vf(wv)}*‘V%nPAign
1
_ Vo Vinln—1Pas {/ V2f (tz* + (1 — t)uy) dt} y + RY + /I Parén
Vil 0

~ * 1 ~
= Un — nnlpAl (sz(.’ll ) - 2170]]‘{01—1}1> Up, + Rgzl) + RSLQ) + R%B) + /1 'Sll)

(30)
Where Rgf ), 1 =1, 2, 3 are higher order term with respect to 7,, with the form:

R = /0 Pas(Vf(@n) = V(ug))
2 _ _ A . . Rv *\
Ry, <1 " + M0 ]]-{a—1}> Up, + (7777, vV nnnn—l)PA \Y% f(.’l) )un (31)

1
R = Vil Pas <V2f(w*) - / VA (te" + (1 t>un>dt) U
0

Where 6, is an entry-wise linear interpolation point from u,, to * and Lemma|§| shows that %Rgf )
are o(1) in some sense.

Lemma 6. When Assumptions and hold, and let p; = ntﬁ where B € [0,1/2), then for any
i€ {1,2}, B|RY|12 = o(n2). For RY, we have E|RY|12 = O(n2) and B||RY|| = o(n,).

We first show the tightness of the rescaling sequence we built. Actually, we make use of a classical

criterion (Theorem 7.3 in [3]]) to prove this property of ﬁgn).

Proposition 6. The sequence w'™ is tight if these two conditions hold

1. For each positive ), there exists an a and an ng such that

P(|@,| > a) <n Vn>ng (32)

2. Forany T > 0, for any positive €,m, a § exists and an integer ng exists such that:

P sup Hagnbaﬁ”) >e| <nd; Ve [0,T] Vn>ng (33)
SE[t,t+0]
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Proof. (Proof of Lemma|6) When o < 1,

EIRPVIP < mElV () = Vf(wn)|® < 0 LPEllva|® 3 L x 032" = o(n7)

2
Tn— 1
}EHT\J‘ng)”2 i <1 - n 1) + (7771 RV nnnn—l)Q = <77 + 77n> (\/ nn -V nn—l)z

_'\<J (n’ﬂ - nn71)2
U

E HR513>H2 < 2E H{/l V2 (tz* + (1 — thu,) dt — va(m*)} i
0

=[1— 1+ o0(n))]* = o(n3)

2 2 2 (34)
S mElan|” = Ony)
1
B[RO 2nE| [ v+ 0w - @) ol
0
1
S ] [V~ (1= ) - V)| de
0
1
SB[ (1= ) e = 2l e 3 07 i = o).
And when a = 1
2 1 1 1,1 1 1
JEHR<2>H <(1-4/1 S (= 2 — o(—).
L | +n71+2n +n(\/ﬁ n—l) 0(n2)
O

Lemma 7 (Tightness of w(™). Suppose that Assumptions and holds, and assume that there
exists a positive number p > 2 such that sup E||£,,||P < co. Then the sequence of random processes
n>0

{a(™} is tight under the Skorokhod topology in finite interval.

Proof. (Proof of Lemmal(7)
From the construction of a§”> we know it is a continuous process. What remains we have to do is to
verify two conditions (32)) and (33).

For the first condition about initialization of the process, it is easy to check by the convergence rate
result for w,, — x*.

For the condition (33), note that we have

N(n,s,m)—1

’El/gn) — ﬂgn) = Z nkbk: - [(t - zn(n»bN(n,t,n) - (8 - §n(77)bN(n,s,n))]
k=N (n,t,n)

N(n,s,n)— (35)

)—1
+ Z \/UT@fk Y/ t— ﬁn(n)gN(n,t,n) +Vs— §n(n)§N(n,s,n)

k=N (n,t,n)
B+ E
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From the discussion following Lemma@ we can see that E||b,,||? is uniformly bounded. So

. N(n,s,m) c
IF’( sup ||BJ > 2) <P Z M || br|| = B
se[t,t+0
€[t,t+4] k=N (n,t,n)
L Nosw 2
< g§E3 j{: Mk || b |
k=N (n,t,n)
N(n,s,n) N(n,s,n)
4 (36)
< g Z ne | E Z nk“kaQ
k=N (n,t,n) k=N (n,t,n)
A N(n,s,m) ?
< SswEBlP [ D0 m
k k=N (n,t,n)
2 (a) (b)
< o0t m)? @ n@+mm) O nd
€2 4 2

Where (a) and (b) holds when we take 0 + 7, < % and 7,,, < 6.

On the other hand, thanks to the property of monotone interpolation, we have

N(n,s,n)—j
1B max | > Vg = V= L mn | (37)
’ k=N(n,t,n)

By leveraging the Doob’s inequality and the assumption of bounded p-th moment of £, we can get

J
— € €
P ( sup ||| = 2) <Pl max Y ViR — VE— LN | 2 5

sE[t,t+9] JEN s || Nt
N(n,s,n) P
9p
<SE S Vi — V=t (N
k=N (n,t,n)
N(n,s,n)
(a) C 2P
<E S lElal
k=N (n,t,n)
N(ns,m)
C 2
< 67’77”2 Z Tk
k=N (n,t,n)
®) C 24 © (0 +m) _nd
< —n2 < —F =<5
< Epnn (6+77n) > 4 =9

(38)

Where (a) holds by the Burkholder’s inequality and (b), (c) hold when we choose 775071 < % and
Mo < 0.

Combine (36) and (38), finally we can derive that

P sup Hag*” —ﬂi") >ec| <P sup ||B|| > £ +P sup ||E| > €
SE[t,t+6] SE[t,t+4] 2 sE[t,t+6] 2 (39)
nd  nod
<L 42 =pf
=5 D) n
So far, we conclude the proof of Lemmam O
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Lemma 8. Suppose Assumptions I} [I|and || holds, and assume that there exists a positive number
p > 2 such that sup E||&,,||P < oo. And suppose

n>0

E[&& | F] "=3° % in probability (40)

Where Y is a positive definite d x d-matrix. Then for any C? function g : R — R, compactly
supported with Lipschitz continuous second derivatives, we have

Elg(@ni1) = g(@n)|Fn] = nnLly(tn) + R3 (41
Where ,,%R% — 0in Ly and L is the infinitesimal generator defined by
1 1
Ve CP(RY) Lo(w) = <7>AL (v2f<m*> - %ﬂ{a_1}1d> Pa.a, v¢> +5tr (Vo()%)
0
(42)

Proof. (Proof of Lemma )

C will represent a universal constant whose value may change from line to line, for the sake of
convenience. We use a Taylor expansion between w,, and w41

9(Uni1) — g(un) =

—

Sy y 1 . y NN y
VQ(Un), un+1 - un> + i(un—i-l - ’Uun)TVQQ(Un)(un+1 - un)

+ ('an+1 - dn)T (v2g(An) - v2g(ﬁ'n)) (ﬁ'n—H - ﬁn) (43)

N |

R

Since V2g is Lipschitz continuous and compactly supported, V?2g is also e-Holder continuous for all
€ € (0,1]. Then combine the equation (30) we can control the order of R

E[R| 3 Elldnr1 — @ |**

1 2+e€
< B[ Pa (sz (x*) — 2,71{@=1}Id> Pacin, + R+ R + R + /it
0
St

So we deduce 7%7{’,7(14) — 0in L. Further, we make use of the update formula ([315]) again

E[{(Vg(tn), Unt1 — By )| Fn]

. N 1 . .
=E [(Vg(un), —NnPar (v2 flx*) — 277011{a_1}1d> Parity, + RO + R + RO + /&) | Fon
3

1 )
=-n,E [(Vg('an), Par <V2f(:c*) — 2770]1{a=1}1d> PALanmn} + Y E[(Vg(in), RY)|Fn]

i=1

(44)
Note by Lemmal6} we have
70 R
E|E <Vg(1ln), - > ]—"nl <E <Vg(11n)7 -
Mn Mn
f (45)
(i) o |I*\ °
jE Rn < E Rn :0(1)
Tin Mn
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And at last,

%E (g1 — n) " V2g(tn) (1 — )| o)

=T (€] Vg )6 F] + U (b, V()60 (46)

772
+?”E<bn,v29(un)bn>

Cause g is compactly supported, the norm of Vg is bounded. And by Lemma@ we can deduce
E||b,,|? is uniformly bounded. Therefore, the last two terms of (@) are o(7,,). Combine the above
analysis, we have

E[g(@n+1) — g(tn)|Fy]

=1 <vg(a7,,),7DAl <V2f(m*) — 2717011@_1}10 PAmn> + %” (V3g(1n),Z) + RY
47
with E[RY || = o(n).
O

Proof. (Proof of Theorem 3.3) The proof of this main results is divided into two steps. At first, we
prove that every weak limits of sequence of random process {ﬁ(”)} is a solution of the martingale
problem (£, C), where C denotes the class of C?-functions with compact support and Lipschitz
continuous second derivatives. £ is defined by @2). Then, from the property of Langevin dynamics,
we know that (7) convergence to a unique invariant distribution 7*. Further, by proving that the limit
of every weakly converged subsequence equals to 7* and combining it with the Prokhorov’s theorem,
we conclude ,, converges to 7* weakly. Finally, repeat the first step of this proof, and we have

{aﬁ”)} converges to the solution of equation (7)) with initial distribution 7*.

Step1 Let g belong to C and let Ff") denote the natural filtration of ﬁgn). We aim to derive the

following equation, which can guarantee that every sub-limit of {a,ﬁ”)} is a weak solution of the
martingale problem (£, C).

Vt>0, g (aﬁ")) —g (aé’”) — /t Ly (agT")) ds = ME”’Q) + Rﬁ""g) (48)
0

Where Mﬁ”’g) isa ffn)-martingale and RE"’Q) converges to zero in L.

In fact, we set

N(n,t,n)—1
MY = N g (@) — g () — E g (@41) — g (@) | Fil}
k=n+1
t
RO g (@™ — g (al) - / Lg (@) ds (49)
t ( t ) ( E") t ( )

“n

N(n,t,n)—1

o (e () <o ()i S R

From the definition of @\™ (6), we can get

af — @)= (t =t )b + VE— LN (50)

32



Which satisfies

E[af™ - a(",[ < ¢ -t Elbxm | + VE= tEIEN @]

(51
:j V1IN (n,t,n)
Plug the above bound into the residual Rin’g ), and note the Lipschitz continuity and boundedness of
g, Vg and V3g,
E |o(a") - g(a)",)| 2E||a" - af"l, || = o)

t t
E / Co(al)ds| < / C = Mominy = o(1)
t,(m) t,(n)

“n

t,, () t,, (n) (52)
E/ co(a",) — Lo(al?)ds jE/ H*”) —a™| ds
0 K 5, (1)
t,, (1)
j / \/nN(n,s,n)ds < Vin = 0(1)
0
Further, attributed to Lemmalg]
N(n,t,n)—1 N(n,t,n) Rg
Bl Y R > mE[
k=n k=n (53)
N(n,t,n)
< sup]E‘ =3 of 1
k>n Z e o3 ()

So far we can say that B[R\ | = 0, n — oo.

Step 2 Now we suppose that there exists a weakly convergent subsequence {,, }7>; with limit
distribution 7. We should introduce some new notations. For n € N and ¢ > 0, we define

n—1 ~
M(n,t,n) = min {m >0; S m < t} and t,,(n) = I'y — ag(n,t,y). For the properties of step
size sequence 7),,, we can affirm t — £,,(n) — 0 when n — oo.

By leveraging the Prokhorov’s theorem, for any 7' > 0, we know that {u§M(”’“T”’)) has a

weakly convergent subsequence. Without loss of generality, we can assume that the subsequence
{ﬁﬁM(n’“T’"))} itself converges weakly to a solution 4 ™ of the SDE (7) with initial distribution
7(T). Owing to the tightness of the whole sequence {@™}, for any given € > 0, there is a compact set

K. C R only depends on € such that sup P(w,, € K¢) < e. This makes us find the following holds:
7M(K.) >1—eforany T > 0.

By the geometrical ergodicity of the dynamics (7)), we can choose 7. such that

sup Sup|7’ “g(x) — (1",9)| < e (54)

zeK. geC

Where P represents the Markov semigroup induced by the SDE (7). In virtue of the approximation of

(Te)n( ) to T, and the tightness of the sequence &™), we are able to deduce that 1,,, (= g T ’"))

(Te),, (m)
converges weakly to the limit random variable of the sequence . ( mTen) § e., ﬁ%( " On the other

T .
hand, by assumption, ,,, converges weakly to 7. Thus uT( ~ .
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Given any ¢ € C, it is not difficult to derive the following bounds

(7, 9) = (7%, 9} = ’Eg (ﬁgs)) —Ereg| = ‘/(PTeg(m)Emg) ") (x)
§/|’PT€g(az)—Ew*g di'T) ()
:/ [PTg(@) — Er-g| dr™ (@) + / [P g(@) ~Ereg
K. Ke
S/ [P g(x) — B g| ') () + 2]l g] 007" (K)
Ke

(a)
< e+ 2[gllooe

di(z)  (55)

Where (a) holds for sake of #(7<)(K,.) > 1 — ¢ and (54). We obtain 7= = 7* by taking ¢ — 0. Finally,
owing to the Prokhorov’s theorem, we have proved that ,, converges weakly to 7*. Further, the

sequence of random process u( ™)

as initialization.

converges weakly to the dynamics (7) with stationary distribution

O

C.2 Proof of Case 2

We first complete the formulation of the recurrence relation for v,, that was omitted from the main
text

Vipg1)— = M Pa(@n =1V f(n) +1nén)
_ ) PEPAY F(@n) + 10 P At
(n 1) VI - 1 Pa (V@) - V) (56)

P ()~ V(@) + 0 Pat
=0, — 1V f(@*) = SN - 8P - 8P + e
=:Up — ngdn + 7755»22)
Where d,, = V f(x*) + #ST(LD + #87(,2) + #87(13) with higher order terms

B
57(11) _ (1_ n )ﬁn
nf_l

SO = nlPa(V(zn) — V()
s =n£7>A<Vf( )—Vf( *))

(57)

(nt=#) in L;. Moreover,
owing to the slow diminishing property of step size {nn} the following bound holds

15} _ B
1- :1—(1+"” ””1)
M1 Tn—1 (58)
=1-(1+0m,))" =1- 1+ B0n,)) = O(n).

~ OUm)
~ T8

So

=0y "). (59)
T)n

As in the derivation process of the first case, we first need to focus our attention on the discussion of
tightness of the sequence of random process {i;t(") 1o ,. While the discontinuity of these processes

constructed by (9) prevents the property |6 from being used to verify the tightness of {1‘;,5") }. Hence,
we will leverage the following more general criterion for tightness proposed in [19].
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Proposition 7. Let {x,,(t)} be a sequence of R%-valued processes whose sample paths are cadlag.
Let

w(xXp,0,T) = inf max  sup  ||x; — xs]. (60)
{td 4 <s<t<t;

Where {t;} ranges over all finite partitions of the form 0 = tg < t1 <ty < -+ <t,_1 <T <t,
with 121121 (t; —ti—1) > O. Then the sequence of processes {x,(t)} is tight if and only if,
1. foreveryT > 0andn > 0, there is a compact set K such that
liminf P(x,(t) € K; Vt € [0,T]) > 1 —n; (61)
n—oo

2. foreverye,n >0, and T > 0, there is a 6 > 0 such that
lim sup P(w(x,,d,T) > €) <. (62)
n—oo

Denote Z,,(T) = {N(n,t,n’) : t € [0,T]} C Nand L,(T) = {Tp4x — Iy : k € Z,(T)}. From
the update rule of parametric sequence {x,, } and the construction of the rescaling process {ngn) }, an

intuitive fact is that the discontinuous points of ﬁt(”) in the interval [0, T belong to £,,(T"). And we
have the following lemma to support the proof of tightness.

Lemma 9. For the sequence of cadlag processes {©™}, consider the time point set J,,(T)) such that

Tn(T) = {N(n, )t €0, T and "), # ﬁggnﬁ)_} (63)
and let
A(Tn(T)) = min {|Tyi 1 (0®) = Ti(n?)| : k1 € To(T) and k # 1} (64)
Then there is a universal constant C and an ng € N subject to for any § > 0
P(A(J.(T)) <0) <CS VYn > nyg. (65)

Proof. ( Proof of LemmaJ)
By the sub-additivity of probability and the jump scheme proposed in the Algorithm [T} we have
P(A(Tn(T)) <9)

< > P{3Kk )€ TN(D) st |Tui(n®) = Togr(n?)| < 63 k € To(T)}
k€T, (T)

< 3 > P{l € Ju(T);k € Tn(T)}

k)EIn (T) 0<Fn+l (ﬁﬁ ) _Fn+k (77/3 ) <é

< > Pak > Prti (66)

k€L, (T) 0<T 4t (n?)—Tryr(nf)<o

<’ Z 775+1c Z 775+l

kEIn(T) O<Fn+l(776)7r‘n+k(77ﬁ)<6

(a)
<PO+nl) Y nl < 29T
keZ,(T)

Where (a) holds when we let ° , < 6. We conclude the proof by letting C = 2+2T. O

Lemma 10. Suppose that Assumptions|I} 2|and[@| holds. Then the sequence of random processes
{©(™} is tight under the Skorokhod topology in finite interval.

Proof. (Proof of Lemma[10) What we need to do now is to verify the conditions in the Property
one by one.

35



For a given path ©(™), denote ¢/, = max{s € £,,(T)N[0,#]}U{0}. Then 17757) = 0 whenever ¢/, > 0.
Let R > 0, we have the following inequalities

P sup H'Ut H>R
t€[0,T)

gIP( sup {Hz‘;§”> ~5") ) " ey — |+ Hﬁt(,") }2 R)
t€[0,T] L L "
2 _ _(n n
<—=E sup {(t—tn(nﬁ))’dgn(nﬂ 5(2)775) v nﬂ) ,f,) }—f— IEH (n)
te[0,T]
2 n 2
R
te 67)
9 n+k—1 5 @) 9
<5E sup ; & H + SE[on|l
R ez, (1) ,;L R

n+supZ, (T)—1

2 (2) 2
-2 ;l P|+ ZElea

2 2 .

SH(T+m)swpE di +€ || + ZElw|
%C(H—T)

<
R =N

Where (a) holds for the uniform boundedness of E||d,, + ¢ Il + E||9,||. And the final inequality
holds when we take R > (HT) . Thus, the first condition of the Propositionholds for o™,

As for the second condition, what we should do is to construct an appropriate partition that makes
w(®™, 4, T) defined as as small as possible.

For a given ¢, 7) pair, let § < 5%, then from the Lemmaﬁlt can be seen P(A(J,(T)) < 0) < L. Now
given the event & = {A(J, (1)) > 6}, we choose the partition points {7} € [0, T recurswely from
the set £,,(7T") such that the partition satisfies the following properties:

1. mkin{rk — Ti—1} €[4, 30)
2. jn(T) C {Tk}

Let 79 = 0 and suppose we have constructed the partition points 7o, - - - , 7, € [0, 7] with inductive
assumptions:

1. i;nlcllll{Ti+l — 7'7;} € [5, 35),

2. Tn(m) CH{TO, 71, s Tk}
3. there is no discontinuous point in (7, 7% + 9), i.e. Tn(T) N (7, 7 + ) = &

We will use these results to find the next partition point 7 1. Define 711 = min{t : t — 7, > 46,¢ €
L, (T)}, we use the following scheme:

. S 386(’7‘k+1,’7~'k+1+5)m\7n(T)
Th+1 = { Tog1 Otherwise (68)

From the property of the event £ we know there is at most one discontinuous point in (711, Tk+1+9),
which means the 751 is always well-defined. Then we have 0 < 7y 11 — 7% < Thp1 — Tht1 + Tht1 —
T <0+ 1, + 90 < 35. Where the last inequality holds when we choose ng such that 7,,, < §. Thus
Ti+1 satisfies the first inductive assumption.
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By the third inductive assumption of 74, we know there is no discontinuous point in (7%, 7x+1). On
the other hand, if 7,11 € J,(T), then (7441 — 6, Tk+1) N Tn(T) = &, and especially we have
[Tr+1, Th+1) N Tn(T) = @. Hence, the second inductive assumption of 751 has been proved.

Finally, if 7441 = 7Tx+1, then from the recursive construction scheme @ we know (7g41, Tk+1 +
NNIT(T) = (Tet1, Tkt + 0) N Tn(T) = @. Else, 7,41 must belong to J,,(T"). Combining the
definition of £ we can make sure (7441, Tk+1 + 0) N J,(T) = &. At this point, the proofs of the
three inductive assumptions on 7y are all complete.

P(w(®™,6,T) > €) <P(w(®™,8,T) > ¢ &) + P(E°)

< P [ max sup ’l_lt(n) oM >e &) + i
T <t<s<Tgp41 2
() —(n AT (69)
< 2P| sup ’U()—’U() > — | + =
(te[O,T] t t,(n?) 2 2

() ()
Y. %)~ Ys, (n?)

+P (max sup

k7 <t<s<Tp41

€
> .
2,5>

We will give the bound of two probabilities respectively. First,

(1) (n)

v —v
t t,(n?)

€ ~(n) —(n)
> | =P sup Hv N T
2) (keIn(T) (Tk41=Tn) Te=Tn

€
P > £
<tes[13%1 - 2>
4
< Y P([Bekin- =kl 25) < D SE[Binin- — Fnrel”
ke€Z,(T) keZ,(T)

4n2 supE||d; + €22

4 28 @) 2 i 8
S 672 Z nn+kEHdn+k + En+k” S 62 Z nn+k
kE€Z,(T) k€T, (T)

C(T +n? 20T
< ( ernn)ng< 775<Q~
€ € 8

(70)

Where the last inequality holds when we take 7}, < 1527

It is easy to see that we can use a bijection to link the elements in Z,,(T") and that in £,,(T"). Because
the partition points {7, } are in £,,(T"), we assume that every 73, corresponds to an index ¢, € Z,,(T').
Then we have ¢;1 > <. Denote Sy, = Z,,(T) N [k, Sk+1)- So far we are ready to bound the last
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term in (69).

€

P | max  sup 7" v H = &
< T <E<S<Th41 ta?) " Csn (776) 2’
< P sup ||0nii— Ot > ;0 €

zk: (l heS, ” n+ n+ L” 9’

h—1 Skt1—1

<) P - > = & - > - &
< ; (l }Szlellék ; [0nyit1 — Ond| ) zk: < zzzgk 100 tit1 — Onyill 5% )

2
(@)

Sk+1—1 5 ¢ 4 k+1—1 5
< ZP ( Z Nn+i n-‘rz + £n+z 2) Z 72 ( Z M4 n+z gnJrZ )
k

1=k k 1=k
(2)

4 Sk+1—1 Sk+1—1 9
< {2 ) (X et}
k =G =Gk

n+1 + £n+z
2

4supEd; + 7 (

C
e e e
k =Gy k
) 3C6 3CTS
_672 . (Tht1 — 7T) < 2 < 1

(71)
Where (a) follows from the combination of the fact that the path ©(™) is continuous in any interval
[Tk-+1, T%) when & holds and the update formula (9). And (b) is true by the property of the partition

{7} listed above. The last inequality holds when we take ¢ <

Bring (70) and (7T) into (69), we have,

P(w(f;(”%(s,T)26)22~g+g+g:n. (72)

12CT

At this point, we have checked the two sufficient conditions in the Property[7] Hence, the tightness of
{©(™} has been proved. O

Lemma 11. Suppose Assumptions andW| holds, and assume that there exists a positive number
p > 2 such that sup E||&,,||P < co. When p,, = L withy > 0,
n>0

then for any C? function g : R* — R, compactly supported with Lipschitz continuous second
derivatives, we have

Elg(9n+1) = 9(0n)|Fa] = 00T g(n) + 77 (73)
Where %7; — 0in Ly and J is the infinitesimal generator defined by

Vo € C*(R?)  To(x) = (-Vf(z*), V(@) +7(4(0) — d(z)) (74)

Proof. (Proof of Lemma [TT) We would like to say that the overall proof framework is similar to the
proof of the Lemma 8] However, since ©,,+1 may suddenly jump to 0, we cannot directly use Taylor
expansion to get the desired result. First, by the scheme on v,,41 jumping to zero, we have

E[g(Vn+1) — 9(0n)|Fn] = pn(9(0) — g(vn)) + (1 = p)E[g(D(ny1)-) — 9(0n)|Fn]  (75)
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Then we make use of the Taylor expansion between v, 1)_ and v,,.
g(’b(n+1)—) - g({)n) = <v9(6n)7 '[)(n-i-l)— - 'Dn>

1, . . - ~
+ §(U(n+1)f - vn)TVQQ(Qn)('U(nJrl)f — V)

=07 (Vg(,), VF(x") +&7) + 1] <Vg @) ZS“ > "

77"1' 1
772 (2)\ T2 2
+ 5 (dn +67) Vg (0n) (dn + €2)

Substitute this equation into the second term of the right hand of the equation (73). It follows that

[9(Bn41) = 9(00) 1 Fa] = 07 (1(9(0) = 9(8)) + (Vg(®n), =V f(2")))
3 23
+E <Vg iﬂ ZS“ > BB [ (da +€2) T V2g(0n)(dn + €2)| 7

) n? )
—vnﬁE[ngnd +E2) + B (da + 7)Y <gn>(dn+£§>>‘fn}

W) = (Vg(0n), V[ (@)} + T3 + T + T

Tf]
n

From the Theoremand the equation (39), we have E[7,\"| = o(nf). And E|T,?| = O(128) by
leveraging that | V2g(z)|| is bounded for all € R and that E||d,, + £.%||? is bounded. Similar
approaches can be used to show that ]E|7}L(3) | = O(n?#). At this point, the result has been proved. []

From the It6’s formula for the semimartingales, we know that the infinitesimal generator .7 defined
in the Lemma [T T] corresponds to the following stochastic differential equation driven by the Poisson
process with intensity 7.

dY, = =V f(z*)dt — Y, - N,(dt) (78)

Lemma 12. There exists a unique invariant measure u* for the Lévy process (I8). Further, for any
initial distribution vo, we have Wa (Gt vy, v*) = 0; t — oco. Where W represents the Wasserstain-2
distance and {G'} is the Markovian semigroup generated by the infinitesimal generator J.

Proof. (Proof of Lemma [12)

Consider the set of probability density functions {h(:v) = @ (@) t} :p(t)isap.dfon R}

{w:uﬂwwu
and denote it as M. Then the distribution of any Y only has mass on the line { M@y e R}

17 (=)l
if we choose the initial distribution in M. In this case, we can suppose Y; = _W::gnvt'
Consequently, v; satisfies the following one dimensional stochastic differential equation,
dvy = [V f(x")|dt — vN, (dt). (79)

Let ¢y () = E,- eV be the characteristic function of v; with stationary initialization p*. Then we
have ¢:(A\) = ps(A\); Vt # s. On the other hand, consider the martingale problem corresponding

to (79). It says that e?*vt — ervo — fot (N|V f(x*)[le*vs + (1 — e**¥)) ds is a martingale with
respect to the natural filtration generated by v;. Take expectation we have

0=pe(A) = wo(A) — /0 {iAIVF (@) llps(A) +7(1 = s (X)) }ds
(80)

- / ANV F@)llpa(3) +1(1 — (M) }ds

‘Which means that
N[V (@) [[os(A) +7(1 —ps(A) =0; Vs >0 (81)
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ie. ps(A) = m So the invariant distribution of v; is £ (M) As a result, the
il
invariant distribution of Y} is \Igjfcg:;\l L€ (”vfff*)u).

To show the mixing result, it is enough to prove the following fact,

1

7W2(gt(;yo, gt(?yl) — 0, t— o0 Vyo 7& Y. (82)
llyo — w1l

Where d,, represents the Dirac measure at the point y. Let Y and Y} be the stochastic process gen-
erated by (78)) with initial distribution d,, and &, respectively. To give a bound for the Wasserstain-2
distance between Y? and Ytl, we compute the Lo norm under the identical coupling, i.e., the two
dynamics share all randomness in the Poisson process N, (s), s € [0, ¢]. Owing to the property of
the corresponding martingale problem of (78)), we have

0=E[Y) — Y~ [lyo —
t
_ _ *\ T T I I Yg o 0 _ w12
[e{- @ vren | [ e viefes g
1
—EIYY Y2~ [lyo — s |? +4 / E[Y0 - Y!|2ds
0

Solving above integral equation we finally get E|[|[Y? —Y}||? = ||yo —y1|/?e 7. Hence, the equation
(82) has been proved.

O

Proof. (Proof of Theorem [3.4)

This proof is basically modeled after the proof of Theorem [3.3] Therefore, for the sake of narrative
simplicity, we will omit some details that overlap with the previous proofs. All symbols follow the
meaning in the proof of Theorem 3.3| without special specification. Analogously, two steps are split
to complete to proof.

Step 1 Let g belongs to C and let Dt(") denote the natural filtration of f;t("). We aim to find the
following martingale decomposition,

t
>0, (o) - g(og") - / Tg (80) ds = N 4 T, (84)
0

Where A" is a D™ -martingale and 7, converges to zero in L. In fact, let

N(n,t,n?)
N = ST {g(@k41) — 9(Bk) — Elg(®r41) — 9(01) D]}
k=n-+1
t
T = g0 o0 - [ To(eis (5)
- t,(n

N(n,t,n?)—1

£, (17)
IO R G R sl
Using the definition formula of 'T)g") ©) whent ¢ L, (T),

2
2
= (t = t, (") Bl dn nt) = Extpgns I
<cn.

() -
B ol — o0, (86)
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This inequality combined with the Lipschitz continuity of g and its derivatives implies that the first
three terms in the definition of ﬁ("’g ) tend to 0 when n — oo, Further, by Lemma ,

N(n,tn®)—1 N(n,tn®)—1 T
SIS P S
<supE || (t+n,) —= 0.
k>n Mg,

Step 2 Suppose that there is a weakly convergent subsequence {v,,, }7° ; with limit distribution o.
The definition of M (n,t,n”) and £,,(n?) can be extended intuitively from the first paragraph in the
second step of the Theorem [3.3['s proof.

Owing to the Prokhorov’s theorem and Lemma [I0] for any 7" > 0, there is a weakly convergent
]

subsequence in {T;iw (ne. T )}. By the Theorem 1 in [20]], we know that the weak limit of this

sequence is a solution of the stochastic differential equation (78).And WLOG, we assume the sequence

itself converges weakly to a solution o] “ of with initial distribution 7(7) (the notations of i and
7 are independent with one in proof of Theorem 3.3). By Lemma([I0] for any given € > 0, a compact
set K, can be found such that sup P(%,, € K¢) < e. Therefore, for all T > 0, #T)(K.) > 1 —e.

Due to Lemma[12] a T, can be found such that
sup sup |QT‘g(w) - <1/*,g>| <e (88)
i€ K. geC

Where G is the Markov semigroup induced by the SDE (78). Because (7%),,(n?) converges to T.

s
when n — oo, we have vy, <= TJZ/V#;”“(’%;T' )> converges weakly to the limit random variable of
€)n n
_ By.  _a(To) .
the sequence v% (e, Teom ),1.e., v7. . On the other hand, by assumption, v, converges weakly to

v. Thus 17@@) ~ 1. Combining all result we have obtained, the inequality corresponded to (53) can

be derived.ECOnsequently, we obtain 7 = v*. Finally, by the Prokhorov’s theorem, ¥,, convergence

weakly to v*. Further, {'Et(n)} converges weakly to the dynamics with stationary distribution *
as initialization. O

Before we start proving the Corollary [I] we need to use the following lemma.

Lemma 13. Let {r} be the sequence defined in Lemmall| If a positive sequence {x,} satisfies:
Ti41 S (1 — ’I“t)l‘t + O(Tt), (89)
then lim x; — 0.
t—o0

Proof. (Proof of Lemma[13) By the recursive inequality (89), for any given ¢ > 0 there is a ¢ such
that Vt > g, o(r;) < er;. Iterate the relation @]) and combine Lemma Consequently, we have,

t t t
T < H(lfrk)xtOJr Z €Ty H (I—-7r5) —0+4¢ t— o0. (90)

k=tg k=to+1 s=k-+1
Because € can be chosen arbitrarily, the final limit of z; is zero. O

Proof. (Proof of Corollary 1)

We prove the target conclusion in two steps. First we show that the mean of &, converges to a constant
non-zero vector. Next, we will see that the asymptotic variance of {4, } is zero for § € (%, 1).
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Step 1 The first thing we need to do is to derive the recurrence relation for u,,,

N . LT(n+1)— — x* - Par(xn —x* =0, V(®n) + 106n)
Up+1 = PAL 1-3 = 1-8
n in

1-5
N (nn_l) Uy — NPV f(,) + el
—a,

Mn
PAL {V2 (@ — wn) + [V2FO2) = V2 f (") (20 — ua) }

( 77n1 >un+77€(1)

—nPPas {V2 Ny — x*) + [V2FO2) = V2 f (")) (u, — 2¥)}

= (L= Par V(@ )Pas) tn — aPar V2 (@), +niel) (91)
+ (10 = 0 VP AV (@ Vi + (1 — iy )P s V7 f ()0,

— {7} Par (V2 fy) — V2f(ac*)) (x,, — un)}

— M Par[V2f(03) = V2 f(x")](un — ")}

1-8
()
Tin
2 * 1_6 ~
= (I—=n,Par | Vf(x )*Tl{a:uld Par | ay,
— N Par V2 (@) o, + 12 + 5, RY

Where ¥} and ¥}, are two entrywise interpolation point between u,, and x,, ; u,, and x* respectively.
And,

1-B 1-8
uw -1 2 *\ /A . 1 -1 lfﬂ N
Re=(1- (It . wh o)+ — () 2Py
" < ( n ) )PA v f(m )(u v )+ Min (( n > n t 1}> “

1-8
(B) e (P - Vo + (V08 - T i)

92)
The properties of the step size sequence {7, } tell us that, when o < 1,

- (nn_1>1—ﬁ L (1+ M1 —nn)l—ﬁ
n M (93)

=1—(L+o0(n.)" % = (1—B)o(n) = o(1)n.

And when o =1,

1+1B_< n >1_5:1+15—<1+1B+O(n2)>=0(nn)

n n—1 n n

The result can be used to guarantee the first line of (92)) being o(1) in L. By the assumption [3|and
I V2f(-) is Lipschitz continuous and uniformly bounded. Then for any § € (0, 1), V2f(-) is §-
Hoder continuous.Similar to the proof of the Lemmas @ and[5] by leveraging the Taylor expansion for
II- |7, 3> p > 2, we can deduce the following analogous bounds,

Ellu, - °|[” 3 0 ~);

E oa||” 3 7 oY
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when 3 € [%, 1). Based on these preparations, take 6 = p/2 — 1 and use the Young’s inequality,
26 1 (12
E[[(V2f(93) = V2f(@*)0n||” S B9 — 2 on]
26 26\ 1 (12
SE (loal™ + fJun = 21*) 190

L 1 26 2
= 30 5)E||vn||” T IE||un — 2% v, (95)
nn 1 Mn— 1
! .
3 =57 Ellvall” + Eu, —a*|[7) 3 nE=20-9.
n 2(1=B) : E))

The same bound can be derived for (V2 f(9%) — V2f(x*))w,. These two results enable the
second line of (©2) to be o(1) in Ly. To simplify our writing, we denote v = _,v f(z*) and

+
= % (PAL (VQf(as*) — 1;05]1{0(:1}111) PAL) ParV2f(x*)V f(x*). Taking the expectation
on both sides of (O1)) yields

N o 1- N
IEunH = (I — Nn <’PALV2f(:B ) - noﬁ]l{a_l}Id) PAL) Eun

(96)
- nnPAiv2f(m*)E'Dn + nn]ERz
Subtract P41 V2 f(x*)v from both sides of (96) and we have,
N 1-— N
Bty — p = (I — 1 Par <V2f(:c*) — ﬁll{a_l}Id) PAL) (Et,, — p)
Mo 97

— 1 (Par V2 f(x*)(E(v, — v) + ERY)
According to Theorem[3.4]we know [|[E@, — v = o(1). Asaresult of this and [ER%| < E||R}|| =
o(1), the last term in the right hand of @]} is o(7,). Therefore, using Lemma (13| it holds that

|Edt, — p|| = o(1), which means Ett,, —— p.

Step 2 Before we calculate the asymptotic variance of w,, consider the inner product
|E (@, — Edvy,, V2 f(x*)(0,, — Evy,))],

B (tp i1 — By, V2 f(2*) (0 g1 — Eonyr))|
(1- '7775) ‘E <ﬁ‘n+1 Etty, 41, v? f(z )( V(nt+1)— — Edy,41) >| Y, ’]E <un+1 Ety, 41, VQf(w*)E'bn-i-lN
=1 —m8) [E (tps1 — Eliny1, VEF(@) (D(ni1)— — Evny1))]

E < (I — N Par (VQf(:B*) - lgf]l{a_l}Id) PAJ.) (Un, — Ety) — nnPar VQf(CL'*)(’f)n —Ev,)
0D + Ry — ERY), V2 (@) { (5 — o) + n6@ +ni(RY —ER})})|

(1 - 7"7 |IE <un - ]Eun7 v f( )('Dn - E'{)n)>| + 775 |E <ﬁ'n - ]E'aru v f(m*)(R;(')L - ERE;9)8>)| + O(nn)

=(1—nf)

From the fact E||R2||? = o(1), we have

’]E <ﬁn+1 — Edpy1, V2 f(2") (Ong1 — E'Un+1> ’ (1= ny) |E< — Edp, V2 f(2*) (0 _(9%;7n>)| +o(ny)
‘We can obtain from Lemmathat ’E <1ln — Eua,, sz(w*)(i;n _ E{,n)>| RNy

Back to the main result’s proof, we can write down the recursive rule for the variance of u,,,

E ||7ln+1 - Eﬁn+1”2
2 * 1- B A~ ~
=K I-— nn,PAi V f($ ) — Tﬂ{azl}]:d PAL (’Ll.n — Eun)
2
P as V2 (@) (0 — Bon) +nS€) +na(RY — ERY)|

<(1 = i0a)E [ty = Bt ||* = 1uE (it — B, V2F (@) (B0 — E0n)) + 12 E (1,62 + o(n.)

S(l - ,unn)E Hﬂn - ]E'an”2 + 0(7771)' (100)
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Where the last equation follows from the diminish correlation we derived just now and the pre-
condition 3 > 3. Finally, the Lemma is completed from Lemmaand the fact E || @, — p||* =
E||@, — i, |* + [Ea, — pl* - 0. 0

D Experimental Details
In this section, we present the experimental details and the complete results on three different datasets.

D.1 Datasets

We have introduced two datasets in Section[d]in the FL setting. We will restate them and add a new
dataset for the general linearly constrained problem.

IID There are K clients and the sample (g, 2;) on the k-th client is modeled as @ ~ N (v, A)
and z, = argmax(softmax(Wyx, + by)) where A € R4*4 is diagonal with the entry (7, j) equal
to j~12, all the clients share the same W}, € RE*? and by, € RE and their entries are modeled as
N (0,1). We set K = 100, d = 60 and C' = 10. For this dataset, there is no heterogeneity between
the optimal local parameters. The heterogeneity is all from the diversity of the distributions of x.
For each client, the sample size is around 100.

Synthetic (a,b) There are K clients and the sample (x, zx) on the k-th client is modeled as
xp ~ N (v, A) and 25, = argmax(softmax(Wyxy, + by)) where A € R4*? is diagonal with the
entry (4,7) equal to j~1-2, each entry of W}, and by, is modeled as A (puy, 1) with g, ~ N(0, a) and
v ~ N (G, I) with . ~ N(0,b1,). We set K = 20, d = 10 and C' = 5. a controls how many
local models differ from each other and b controls how much the local data for each client differs
from that of other clients. They are the two sources of heterogeneity. For each client, the sample size
is around 50. In this paper, we leta = b = 1.

The last dataset aims to solve the general linearly constrained problem (T)).

Lincons The data are generated by the same way in IID. Since in IID, all the clients share
the same W, and by, we can combine all the samples and obtain the dataset Lincons. Then we
generate the matrix A € R%19%400 whose entries are independent and modeled as A/ (0, 1).

For all the three datasets, the loss function is defined as the sum of cross entropy loss and ¢3
regularization.

D.2 Parameters

For all the datasets, the mini-batch size is 4. As for the probability p,,, we reparameterize it as pon~?
with py < 1. The value of « is from {1,0.8,0.6} and the value of § is from {0,0.2,0.4,0.6,0.8}.
For 5 = 0, we set py = 0.2; for 5 > 0, we set pg = 0.5. And we run gradient descent 1000 steps to
obtain the value of x*.

IID The parameter of E% regularization is 0.005. For o = 1, we set g = 200; for « = 0.8, we

set 79 = 40 in Appendices[D.3]and[D.4]and set 19 = 200 in Appendices[D.5]and[D.6} for o = 0.6,
we set 19 = 20.

Synthetic (1,1) The parameter of é% regularization is 0.5. For o = 1, we set g = 1; for
a = 0.8, we set g = 0.3; for & = 0.6, we set 99 = 0.1.

Lincons The parameter of Z% regularization is 0.05. For o = 1, we set 9 = 8; for « = 0.8, we
set np = 2; for a = 0.6, we set g = 0.8.

D.3 Convergence Rates

We plot the log-log scale graphs of averaged MSEs over 5 repetitions on I ID vs iterations in Figure
and the log-log scale graphs of averaged MSEs over 10 repetitions on IID and Lincons vs
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Figure 4: The log-log scale graphs of averaged MSE on Synthetic (1, 1) over 10 repetitions vs
iterations.
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Figure 5: The log-log scale graphs of averaged MSE on Lincons over 10 repetitions vs iterations.
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Figure 6: The heatmaps of ,, across two orthogonal directions over 100 repetition on I ID.

iterations in Figures 4| and |5 When § < 1/2, the value of 3 hardly affects the convergence rate;
when > 1/2, both larger § and smaller « lead to a slower convergence rate. This is consistent to
the result of Theorem 3.1l

D.4 Heatmaps

We plot the heatmaps for &« = 1,0.8 and 8 = 0, 0.2. The results for the three datasets are shown in
Figures[6} [7]and[8] For I1D, we run 2000 steps of LPSA over 100 repetitions and pick up the last
200 iterates. For Synthetic (1, 1), we run 3000 steps of LPSA over 100 repetitions for o = 1 and
4000 steps for a = 0.8. Then we pick up the last 800 iterates to plot the heatmap. For Lincons, we
run 2000 steps of LPSA over 100 repetitions and pick up the last 800 iterates. All the heatmaps show
that the cells near the origin have lighter colors, which agrees with Theorem [3.3]

D.5 Trajectories

For o« = 1,0.8 and 5 = 0.6, 0.8, we plot the trajectories of ¥,, along two random directions e; and e
vs accumulation of 7,, in Figures 9] [[0]and [TT] Note that the directions vectors e; and e are distinct
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Figure 7: The heatmaps of u,, across two orthogonal directions over 100 repetition on Synthetic
(1, 1).

-0.15-0.10-0.05 0.00 0.05 0.10 0.15 -0.15-0.10-0.05 0.00 0.05 0.10 0.15 -0.2 -0.1 0.0 0.1 -0.2 -0.1 0.0 0.1

Figure 8: The heatmaps of ,, across two orthogonal directions over 100 repetition on Lincons.

for different datasets. The value of the horizontal coordinate is Z?:S nf , where s is the start point
of the trajectory that aims to eliminate the irregular behavior in the early stage of the optimization
process. In Figure[9] we run 20000 steps of LPSA and set s = 2000; in Figure [T0} we run 50000
steps of LPSA and set s = 1000; in Figure[TT] we run 5000 steps of LPSA and set s = 2000.

We take Figure [I0] as an example. Observe that the trajectories in Figure [T0] come in a jagged
manner and the peak value does not vanish or explode. This is because we have chosen a suitable
rescaled version ©,, of v,, and such a behavior can be captured by Theorem [3.4] The same discussion
also applies for Figure [IT] As for Figure [9] where the dimension of v,, is 61000, the rate of the
weak convergence mentioned in Theorem [3.4]is much slower than the low-dimensional counterparts
depicted in Figures [I0]and[TT] where the dimension of v,, is of hundreds or around 1000. When the
number of iterations is not so large, the influence of gradient noise can not be ignored. As a result,
the trajectories in Figure 0] keep fluctuating a lot and are not so smooth as those in Figures[T0]and [TT]

D.6 Bias

For « = 1,0.8 and 8 = 0.6, 0.8, we plot the trajectories of ,, along two random directions e; and
e, (or e3) for three datasets in Figures and (14| to show the asymptotic biased of u,,. Note
that the directions vectors e and e, are distinct for different datasets. The scale of coordinate axis
in Figure [[3]is different from that in Figure[3] This is due to that we omit the influence of 7o in
Figure 3] whose value does not affect the shape of the trajectories. Moreover, we choose a different
direction e in Figure [[3]instead of e, in Figure [3]for a better illustration. We observe that although
some trajectories have not converged yet, they stay away from the blue horizontal dashed line, which
denotes the value 0. This verifies the result of Corollary|[T}

D.7 Convergence Rates in terms of the Number of Projections

Recall that in Section[3.TJand Appendix[D.3] we establish the convergence rates in terms of the number
of iterations and provide the log-log scale graphs of averages MSEs vs. the number of iterations. To
better capture the influence of projections, in this subsection, we consider the convergence rates in
terms of the number of projections and plot the the log-log scale graphs of averages MSEs vs. the
number of projections.
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Figure 9: Trajectories of ¥,, along two random directions vs accumulation of 7,, on T ID.

In our method, at the n-th iteration, the projection probability is p, = min{n?, 1} = O(n=*%). As
a result, after n steps of iterations, the number of projections m should be of the order ©(n!'~*%).

Suppose that after m steps of projections, we obtain the variable x,, and u,, = P41 (x,,). By
amin{1,2—238}

Theorem , we have E ||, — z*||* = O (mf T-af ) For 0 < 8 < 0.5, the rate is of the

order O (m™ lfaaﬁ) and a larger (3 leads to a faster rate. For 0.5 < 8 < 1, the rate is of the order

O m—mf(j;zf) =0 m_2( = aﬁ) and a larger /3 leads to a slower rate.
g

To conclude, if we only focus on the complexity of projection steps and ignore the cost of gradient
computation, 5 = 0.5 is the best choice.

Then we plot the log-log scale graphs of averages MSEs vs. the number of projections on two datasets
I1D and Lincons over 5 repetitions in Figures [I5]and [T6]

For 11D, the value of « is from {1.0, 0.8, 0.6} and the value of 3 is from {0, 0.2,0.4,0.5,0.6}. When
B = 0,0.2, we run 10000 steps pf LPSA; when («, 8) = (0.6,0.4), we run 20000 steps pf LPSA;

47



a=0.8, B=0.6, Direction e; a=0.8, B=0.6, Direction e,

0.0
I
s I "H i \' HM wp‘\ \\ '\ ‘M\ u
\ -05 I ‘}
5 1 ‘
‘ | -1.0 } it
a |
@ ¥ s T 1 ¥ 1
33 “ ( | | 3 M \ T [
Il ‘ | -20 H | ‘ ‘ |
’ ' I \ Il | ] ‘
| |
l “M | ity N
| {
. “ M ﬁ !h It ‘IIM n'!!l'\mP \\JI\UMW il 'Mu i -30 ‘
500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 2000 2500 3000 3500
Accumulation of n, Accumulation of n,
a=0.8, B=0.8, Direction e; a=0.8, B=0.8, Direction e,
0.0 T
UH \H* I
4 { ‘ | | { |
| { -05 t 1 L)
3 L , | ) ‘ ‘ T |1 \
~ . i \ \ Y
@ | $-10 4 i ¥ \i
ERE | s \
\ ‘ \
I \
‘ -15 + |
L | | Y
‘ [ ‘ | Al | nalr \ \
IH (L W W VW -2.0 : \
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Accumulation of n, Accumulation of n,
a=1.0, B=0.6, Direction e; a=1.0, B=0.6, Direction e,
sl WL b LCELIL BT TR
i LA \
. | -1.0 \ ‘ ‘ ! t 1 v
= __-15 i
o | f < !
34 $-20
2 ‘ | 2 il ‘
‘ f ! -25 ¥
2 4 " \ \
‘ ‘ ] | -3.0 }
\ ‘ ' . , f | !
I I My marae _ \
I el J”m WL W WY WYY WV 33 \
0 1000 000 3000 4000 0 1000 2000 3000 4000
Acumulation n of N, Accumulation of ,
a=1.0, B=0.8, Direction e; a=1.0, B=0.8, Direction e,
P 0.0
4 7 l | “\
/,,
| / / -05
3 /
/ \
~ / - i \
@ / §-10 : \
1 \\
15 Al AN
1 | - l \“ \‘ \\ . J
| ™~
| f / S/ -20 Ny
0 L ! ! WV N
0 2000 4000 8000 10000 0 2000 4000 8000 10000
Accumulation nfn Accumulation nfn

Figure 10: Trajectories of ¥,, along two random directions vs accumulation of 7,, on Synthetic
(1, 1).

when (o, 5) = (0.8,0.4), we run 30000 steps pf LPSA; when 5 = 0.5,0.6 or (a, 5) = (1.0,0.4),
we run 50000 steps pf LPSA.

For Lincons, the value of « is from {1.0,0.8,0.6} and the value of /3 is from {0, 0.2,0.4,0.6,0.8}.
When 5 = 0,0.2, we run 10000 steps pf LPSA; when 5 = 0.4 or («, 8) = (0.6,0.6), we run
50000 steps pf LPSA; when («, 8) = (1.0, 0.6), (0.8,0.6), we run 100000 steps pf LPSA; when
(o, B) = (0.6,0.8), we run 500000 steps pf LPSA; when (a, ) = (1.0,0.8),(1.0,0.6), we run
1000000 steps pf LPSA.

We find that in both Figures[I5]and[T6 when £ is closer to 0.5, the lines of convergence rates are
steeper. This is consistent with our analysis above. It is worth noting that for a fixed number of
iterations, a larger 5 implies a smaller number of projections. As a result, for 3 larger than 0.5, the
interval between two adjacent projections is pretty large and to get a target number of projections
(e.g., 1000), the number of iterations can be undesirable. To reduce the computational cost, we take a
predetermined number of iterations, so the lines corresponding the larger /3 can be shorter than others.
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Figure 11: Trajectories of ¥,, along two random directions vs accumulation of 7,, on Lincons.
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Figure 13: Trajectories of u,, along two random directions over 5 repetitions on Synthetic (1,1).
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Figure 14: Trajectories of u,, along two random directions over 5 repetitions on Lincons.
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Figure 15: The log-log scale graphs of averaged MSE over 5 repetitions on IID vs. the number of

projections.
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