Appendix

The appendix is organized as follows.
e In Appendiwae bound the L?(X, p) metric entropy of the linearized model. This is necessary to
bound the operator deviation Tx — T,.

* In Appendix [B]we bound the Hessian of the network and introduce some technical lemmas. This is
necessary in order to relate the network to the linearized model.

e In Appendixwe bound the quantity ||(Tx — T%)r|| L2(x,p)- This section contains the bulk of
the proof for the main result Theorem [3.3]

* In Appendix [D/we put the aforementioned results together to prove Theorem
* In Appendix [E we explain the merit of Assumption

* In Appendix [F| we describe the details of our experiments with a link to the relevant code.

A Covering Number for the Linearized Model

Our approach to generalization will be based on metric entropy (see, e.g., [Wainwright| [2019), a
fundamental tool in learning theory. We recall some basic definitions.

Definition A.1. Let V' be a vector space with seminorm ||e||. For a subset A C V we say that B is a
proper e-covering of A if B C A and for all a € A there exists b € B such that ||ja — || < e.

Since we will concern ourselves solely with proper coverings we may remove the adjective “proper”
when discussing e-coverings. A closely related notion is the e-covering number.

Definition A.2. Let V be a vector space with seminorm ||e|| and let A C V. For ¢ > 0 we define the
proper e-covering number of A, denoted N'(A, ||e|| ,¢€), by

N(A,[|o]| ,e) = ~min [N
N : N is proper e-covering of A
It is also useful to define the covering number of a set K with respect to another set L.

Definition A.3. Ler K and L be two subsets of a vector space V. We define N'(K, L) as the smallest
n € N such that there exists vV, ... v(") € K satisfying

Kc|Jw® 4 L),

i=1

Now consider a model f;;,,(x;0) that is potentially nonlinear in « but affine in 6. The motivating
example is the following NTK model

Jrin(x;0) = f(x;00) + (Vo f(z;60),0 — bp).

We will be interested in deriving covering numbers for such classes of functions. Since translation by
a fixed function does not change the covering number we will for convenience assume the model is
linear in §. Thus we will consider models of the form

Jrin(2:0) = {9(x), 6).

The function g can be nonlinear and thus = — f;,, (x; 6) is typically nonlinear. For the NTK model
we have g(x) = Vo f(z;6p). Let X be our input space and let v be some measure on X . We consider
L?(X,v) where

12 = /X () Pdw(z).

Throughout we will assume that ||g||, € L*(X,v) ie. [y ||g||§ dv < oo. We will be interested in
deriving covering numbers for classes of functions

Ca = {fiin(z;0) : 0 € A}



where A C © is some subset of parameter space ©. For now we will assume that © = R”. We
observe that

i (0308) = fin(o302) By = [ Ia(a)01 = 02l
= [ 6102 g()g(a)" (61 - b2)dv(z) = (61— 62)" [ [ st@g@"dv(@)| 61 - 62).
X X

Thus of primary importance is the symmetric positive semidefinite matrix M := [, g(z)g(z)"dv.
When v is a probability measure and fj;,, (z; 0) is the NTK model we have that

M = E,y, [Vof(2:00) Vo (2:60)"]

is the (uncentered) gradient covariance matrix, which can be interpreted as the Fisher Information
Matrix (FIM) for the squared loss. The two most interesting cases are when v is the true input
distribution or v = % >, 84, is the empirical distribution arising from the training samples. In
the former case M is the true (uncentered) gradient covariance matrix and in the latter case M is
the (uncentered) empirical covariance. For neural networks the FIM tends to have a very skewed
spectrum (is approximately low rank), and thus the relations between the spectrum of M and the
covering number will be particularly relevant. We will define the seminorm ||e|| ,, as

ol = VT Mo,

The following lemma relates the covering number A/ (C4, lollz2(x,.) - €) to N (A, [|o] - €)-

Lemma A4. Let N C A C RP. Then N is a proper e-covering of A with respect to the seminorm
||e|| s if and only if C is a proper e-covering of Ca with respect to the L*(X,v) norm.

Proof. As we argued before we have that

1 frin (8361) = frin(0:02)[72(x.,) = (601 — 02)7 [ /X g(x)g(x)Tdv(x)| (61 — 62)
= (01 — 02) "M (01 — 03) = |61 — 03, .

For each function in i € C4 pick a representative parameter 6(h) € A so that h = fi;,, (e; 0(h)) (if

M is strictly positive definite (k) is unique). We can choose the mapping h — 6(h) so that the
image of Cy under this mapping is N. Suppose N is an e-covering for A with respect to ||e||,,. Then
for each @ € A we can choose 6’ such that ||§ — 6’| s < e. Well then for any h € C4 we can consider

0(h) and choose 0’ € N such that ¢ > Hé(h) - 0’HM = ||flm(o;9A(h)) - fl,;n(o;t?’)HLQ(X )
It follows that Cp is an e-covering of C4. Conversely suppose now that C is an e-covering of
Ca with respect to [|e|[;>x ). Well then for any § € A we can consider fy;,(2;6) and take
h € C such that || fii (#;60) — h(e)|| 12(x,,) < €. However since h(e) = fiin(e; 0(h)) we have that

€ > || fuin(®:0) — fuin(®:0(R))]|, = ||0 — O(h)|| ,,- Thus 6(C) = N is an e-covering for A. [

Thus covering the space C4 in L?(X, ) reduces to covering a subset of Euclidean space under the
seminorm ||e||,,. By a change of coordinates we will assume without loss of generality that M is

diagonal. Let M'/? be the square root of M and let oy > --- > o, > 0 be the eigenvalues of M'/2,
We note that

p
{veRP: v, <1} = {UGRP;Zafvf < 1}.
1=1

Thus the unit ball in R? determined by ||e|,, is the ellipsoid with half-axis lengths o; * (if 0; = 0
we consider the ellipsoid as being infinite along that dimension). For a general vector a € R? with
nonnegative entries we define the ellipse

p
Ea::{vERP:Z : <1}
a
i=1

‘@
STol=e



2
where in the sum if a; = 0 we interpret 2—2 as 0 if v; = 0 and infinity otherwise. F, is the ellipse

with half-axis lengths a1, as, . . ., a,. We will also let B¥ C R* denote the closed Euclidean ball in
dimension k of radius r, specifically

k
BF .= {UERk:Z’Uf <r}
i=1

Our main study will be bounding N (4, ||e||,,,€) when A = {6 € RP : ||§]|, < R} = B%. This
amounts to covering a Euclidean ball with ellipsoids determined by ||e|| ;. Fortunately, there are well
established results for coverings involving ellipsoids. Let 0 = (a1, ...,0,)” denote the spectrum of

M1'/? and let M ~'/2 denote the pseudo-inverse of M'/2. Let L denote the closed unit ball in R?
under the seminorm ||e||,,. In geometric terms N'(B%, ||e]| ., €) = N (B%, eL). We claim that up

to an application of M*/2 or M~/2, covering B}, with translates of €L is equivalent to covering
Er  with translates of BY. This is formalized in the following lemma.

Lemma A.5. Let M € RP*P be a symmetric positive semidefinite matrix and let o =
(01,...,0p)T € RP denote the eigenvalues of M*/%. Then N' (B, ||e||,, ,€) = N (Ex,, BY).

Proof. By a change of basis we can assume without loss of generality that M is diagonal. Let L
denote the closed unit ball of R” under ||e||,,. We note that in geometric terms N (B%,, [|e]|,, , €) =
N (B%,€eL). Since we can dilate by 1/¢ we can replace R with R/e and ¢ with 1. Thus for
convenience we will assume for now that ¢ = 1. We note that if v(*), ..., v(") form an L covering of
BY, asin

B c | JwW + 1),

i=1
then . .
Ege = M'?(BY) c | J(M'?0® + MV2(L)) ¢ | J(M/20 + BY).
i=1 i=1
Thus M/20M) .. M2 forms a BY covering of Eg,. Conversely suppose v1), ... v(")
satisfy

Ere C | J" + BY)
i=1
and let P be the projection onto span{e; : o; # 0} where e; denotes the ith standard basis vector.
Then

P(BY) = M~'?(Eg,) c | J(M~/20® + M~V2(BY)) = | (1720 + P(L)).
i=1 i=1

However L is infinitely long along the dimensions outside im(P), and thus
BY | J(M 2@ 4 ).
i=1

Thus M~Y/20M ... M~1/24(™ form an L covering of B%. We conclude that N'(B%, L)
N(Egy,BY). Thus for general ¢ > 0 we have that N (B%,|je|,,.¢) = N(B%,eL)
N(BY, L) = N(Ex,, BY).

Ol

We will let vol(e) denote volume in the standard Lebesgue sense. If a € RP is a vector with positive
entries we recall that the volume of an ellipsoid F, is given by the formula

P
vol(E,) = vol(BY) Hai.
i=1

When most of the a; are very small we have that E, is very thin and has small volume and thus we
expect the covering number to be small. Coverings for ellipsoids are well established with roots in



geometric functional analysis. The following lemma is phrased the same as Theorems 1 and 2 in
Dumer| (2006). The result dates back to classic results in geometric functional analysis. Specifically
a similar result for more general convex bodies is sketched at the end of Chapter 5 in |Pisier (1989)
which also appeared in|Gordon et al. (1987] Proposition 1.7). We don’t need the additional generality
for our purposes. We will offer the simplest proof needed for our purposes for completeness and
clarity.

Lemma A.6 (Dumer|2006; Pisier|1989; Gordon et al.[1987). Let a € RP be a vector with nonnegative
entries. Let J = {i : a; > 1}, K =, ;log(a;), v € (0,1/2), and oy = |{i : a7 > (1 —7)?}|.
Then the proper covering number N'(E,, BY) satisfies

3
K <logN(E,,BY) < K + u log <7> .

Proof. We first prove the lower bound. Let J = {i : a; > 1}, m = |J|, and let P be the orthogonal
projection onto span{e; : i € .J} where e; denotes the standard basis. Suppose v(1), ..., (") are the
centers of a BY covering of E,, specifically

E, cU @) 1+ BP),

Well then . .
P(E,) c | P + BY) = | J(Pv™ + B).
i=1 i=1
Well then by the standard volume estimate we get that

n

n - vol(B") > wvol <U(Pv(i) + B{")) > vol(P(E,))

i=1
and thus

vol(P
> - 77
- vol Bm Haz
ieJ

Now we prove the upper bound. Let v € (0,1/2) and let J, = {i : a? > (1 — 7)?}, py = |J, |, and
let P be the orthogonal projection onto span{e; : i € J. } We ﬁrst notice that if v € E, we have
that || (I — P)v||, <1 —~, indeed because for v € E,

’1)2 ’U2
E —t < E = < 1.
L= (1-7)2 = £~ ai ~
¢y ¢y
Thus if v, ..., v(™ are the centers of a proper B4 covering of P(E,) then by the triangle
inequality they also induce a proper BY covering of E,. Thus let v, ..., (™ be a maximal subset

of P(E,) such that fori # j Hv(i) — () ||2 > 7. By maximality v, ..., v(") form a BY" covering

of P(E,). Well then the balls v(") + B"7_ are all disjoint and contained in P(E,) + B"7,. Thus by

/2 v/2°

the volume estimates

n - vol(B"},) = vol <U(v(i) + B%)) < vol (P(E ) + B;‘;z)

i=1

Thus
vol (P(E ) + B”;Q)
<
"= vol(ij]z)
Note that By~ C P(E,) and thus B/, C 5575 P(E,). Now let ||o| o , be the norm on R¥*~

such that P(E,,) is the unit ball. Then note for v, w such that v € P(E,) and w € B" 72 we have that

v

[v+ w| < vl + [Jw]] <1+ ——.
P(E,) P(Eq) P(E,) 2(1 — fy)



We conclude that P(E,) + Bf:]z C (1 + ﬁ) P(E,). Therefore

vol (P(Ed) + BL),) _ vl [(1+ 557) PUE)] _ <2 1

My
) e

Hey — Hey
vol(BW/2) vol(Bv/z) T,
- 1 1 2 1 3
Note that since v < 1/2 we have that — < =. Therefore £ + = < =. Moreover [[;c; a; <

[I;c;a: Thus
2) 1 Hy 3 Hy
nS(—F) Hai§<> Ha,».
v 1=y icd, v ieJ

After taking logarithms we get the desired result. O

From the Lemmas and we see that the covering number N (B, ||e||,, , €) will depend on
how many eigenvalues of M Tie above a certain threshold. Let A € RP be a symmetric positive
semidefinite square matrix with eigenvalues Ay > Ao > --- > A, > 0. We define the effective rank
of A at scale € as

p(A,e) = |{i: \i > €}

This measures the number of dimensions within B; whose image under A can be larger than € in
Euclidean norm. We will also define
|Al>e = H Ai

A >c

which can be thought of the determinant of A after removing some eigenvalues. We then have our
main result.

Theorem A.7. Let g : X — RP such that ||g||, € L*(X,v). Let C = {x — (g(x),0) : |0]|, < R},
v € (0,1/2). Define M € RP*? by

M= /X 9(@)g(@) T du(a).

Then the proper covering number N (C, ||®| 12, . €) satisfies

+p (RM”Q, (1- 7)) log (3> :
>1 € Y

Proof. We have by Lemmas and that N(C, [|®[|;2(x ) €) = N(Bg e[y €
N(E=r,,BY) where ¢ = (01,...,0,)T € RP is the vector of eigenvalues of M'/2. Well then

by applying LemmaMwith a= ga we have that
+p (RMV?, (1- 'y)> log <3) .
>1 € v

The desired result thus follows. O

R R
log | = M2 <1logN'(C, el 12(x,,)  €) < log|—M"/?
€ >1 ’ €

log LSVelE <logN(E=,,B;) < log Rypre
€ >1 ‘ €

Corollary A8. Let g : X — RP such that ||g||, € L*(X,v). Let C = {z — (g(z),0) : ||0]|, < R},
v € (0,1/2). Define M € RP*P by

M= /X 9(@)g(@)" du(a).

Then the proper covering number N (C, o]l 12(x 1) » €) satisfies

~ (. 3¢
N (C, [oll 2y ) = O (p (MW, m)) |



Proof. This follows from setting v = 1/4 and the fact that

= log H ?ai

o;>¢/R

log EMI/2
€

< B(MV/2,¢/R) log (R"l)

€

~ 3e RO’1
<p(MYV% = )log | —2).
o (072,35 g (72

B Bounding the Network Hessian and other Technical Items

B.1 Main Hessian Bound

For a fixed input = we will let H(z, 0) := V3 f(x; 8) denote the Hessian of the network with respect
to the parameters. We will use the following result, which follows from the proof of a result by |Liu
et al.[(2020a, Theorem 3.3), which we state here explicitly for reference.

Theorem B.1 (Reformulation of [Liu et al.[2020a, Theorem 3.3). Ler f(x;0) be a general neural
network of the form specified in Section[2.3 which can be a fully connected network, CNN, ResNet or a
mixture of these types. Let m be the minimum of the hidden layer widths and assume max; -1 = O(1).

Given any fixed R > 1 and x € X then with probability at least 1 — C'me—clos”(m)

o(L)
~ [ R R
sup ||H(z,0)|,,=0| —= {max{l,H :
0€B (0o, R) g vm vm
In particular if \/m > R then

~ R
sup[(z.0)],, =0 (7).
9€§(90,R) i \/E

The constants ¢, C' > 0 depend on the architecture but are independent of the width.

Discussion of the statement of Theorem We note that our statement of Theorem [B.1is not
exactly the same as the result of Liu et al. (2020a, Theorem 3.3). [Liu et al.[(2020a) do not explicitly
write the failure probability and the dependence of the Hessian bound on R in the statement of the
theorem. In Theorem [B.T|we write the failure probability and dependence on the radius R according
to the proo provided by the authors Liu et al. (2020a). We also add the assumption max; - = O(1)

to the hypothesis. This assumption is so that the initial weight matrices satisfy \/% H WO(Z) ||Op =0(1)
with high probability (see Lemma [B.2). This condition on the initial weight matrices appears in
the proof by [Liu et al. (2020a). The authors |Liu et al. (2020a) do not need to explicitly add this
assumption because they perform the proof for the case where all the layers have equal width for
simplicity of presentation, while stating that the proof generalizes to the case where the layers do not
have equal width.

Exponential dependence on depth We note that under the O notation in Theorem [B.1/there are
constants that depend exponentially on the network depth L. For this reason it is essential that the
depth L be treated as constant. We will now briefly explain how the term max{1, R/y/m}°") arises
in the bound in Theorem For simplicity assume the network is fully connected at each layer
(the same form of argument holds for the other cases). Let £(6) = max; \/% [w® Hop. With high

probability over the initialization we have that £(6p) = O(1) (see Lemma|[B.2). Furthermore for 6

such that |6 — 6|, < R we have that £(6) < £(6p) + \/% = O(max{1, R/\/m}). It turns out that

>We communicated with the authors to better understand the dependence of the bound on the quantity R.
Nevertheless we accept full liability for any misinterpretation of their proof.



the features () at each layer / satisfy —= = ||[a®|], = O(£°®)). Well for 6 such that || — 6o]|, < R
as stated before we have that £(0) = (max{l R/+/m}). Consequently for such 6 we get that
\/% Ha(l)||2 = 0(¢°P)) = O(max{1, R//m}®")). The Hessian bound inherits dependence

on the quantity O(max{1, R/\/m}°®)) from its dependence the normalized feature ﬁ |a®],
norms.

Antisymmetric initialization and the Hessian We will now explain how the antisymmetric
initialization trick will not hinder us from bounding the Hessian via Theorem Let f(x;0) denote

any model of the form specified in Section[2.3 where § € RP. Let § = [ | where 6, ¢’ € RP. Recall
the antisymmetric initialization trick defines the model

Fasi(if) = = f@i6) = = (i)

which takes the difference of two rescaled copies of the model f(x; ) with parameters 6 and 6’ that
are optimized freely. We then note that the Hessian of f 45y has the block diagonal structure

5 1 [V2f(x;0) 0 1 |H(z,0) 0
2~ N = — 0 ’ = — ’
Vi fasi(x;0) V2 [ 0 -V f(@:0)] a2l 0 —H(z,0')]"
Well then it is not too hard to show that

[ V2 as10:0)] < ma 18,0l )

op’
Now recall that the antisymmetric initialization trick initializes 6y ~ N (0, I') then sets 0y = [ o }

Furthermore note that if H§ - 9~0H < Rthen ||# — 6|, < Rand ||’ — 6|, < R. Thus if 6 is an
2

initialization such that the conclusion of Theorem@ holds for the model f(x;6) then the same
conclusion holds for f4s;(x;0) with initialization 6.

B.2 Definition of the Convolution Operation

In this subsection we will formally define the convolution operation * introduced in Section [2.3] We
use the same convention for the convolution operation as|Liu et al. (2020a). A convolutional layer of
the network has the form

a®) = (60, 41y = 4, ( L o, a(z1)> .

AVALLES

Here W) ¢ REXmixmi-1 ig an order-3 tensor where K denotes the filter size, m; is the number
of output channels, and m;_; is the number of input channels. The input (/=1 € R™-1%@Q jg a
matrix with m;_; rows as channels and () columns as pixels. The output of the layer v; is of size
R™ % From now on we will drop the superscripts and just denote W = W® and a = o). The
convolution operation is defined as

K mi—1
(W a); Z Z Wi g k- Eil-
k=1 j5=1
This can be reformulated as follows. For each k € [K] define the matrices W := Wy ; ; and

k e . . .
(alfl); , == O g KL Then the convolution operation can be rewritten as

(W * ) ZW

Under this reformulation the convolutional layer can be rewritten as

(W, ) = w <i 1 W[k]a[ks}>
’ mi—1 '

k=1

By treating each W*! as if it were a weight matrix in a fully connected layer, the convolutional layers
can be treated similarly to fully connected layers. Thus when we refer to weight matrices in the
context of a convolutional layer we are referring to the matrices TW*!,



B.3 Technical Lemmas

This section will cover some miscellaneous technical lemmas that will be of significance later. The
following lemma bounds the operator norm of the weight matrices at initialization.

Lemma B.2. Let f(x;0) be a neural network of the form specified in Section Assume m > d
and max; =+ < A. Then with probability at least 1 — C exp(—cm) over the initialization 0y each
weight matrix Wy at initialization satisfies

1
— [|[Wh|| < 2VA+1.
\/ﬁ H 0 || = \/> +
The constant C' > 0 depends on the architecture but is independent of the width m.

Proof. Fix a weight matrix W € R™*™i-1 in the model. Following Vershynin (2012, Corollary
5.35) we have with probability at least 1 — 2 exp(—t2/2) over the initialization

Woll,, < v/ + /mi—1 +1t

and thus

(VT VTt

+—<

WH w = m vm

Thus by setting ¢ = y/m and taking the union bound over all weight matrices in the model (which
depends on the architecture) we get the desired result. O

0

We now state for reference the following lemma which follows from the proof in (Liu et al.;2020a).

Lemma B.3. Ler R > 1 and let f(x;0) be a neural network oftheform specified in Section If
0 is an initialization such that each weight matrix Wy satisfies —— HW(Z) H g = = O(1) then

R Y OW
sup  sup |[[Vof(x;0)|, =0 max{l,} :
t€X 9cB(00,R) 2 vm

In particular if /< > R then
sup sup ||[Vof(z;0)],=0(1).

z€X 9cB(0o,R)

As a consequence of the previous lemma we get the following high probability bound on the gradients
norm ||V f(z; 0)|,.

Lemma B.4. Ler R > 1 and let f(x;0) be a neural network of the form specified in Section
Assume that m > d, max; ™t = O(1), and \/m > R. Then with probability at least 1 —C exp(—
over the initialization 0, we have that

sup  sup [V f(z;0)], = O(1).
z€X 9cB(6o,R)

The constant C > 0 depends on the architecture but is independent of the width m
Proof. This follows immediately from Lemma[B.2 and Lemma|B.3! O

The following lemma bounds the kernel deviations K — K% in terms of the network Hessian.
Lemma B.5. Let S = {z1,...,2,} C X. Let B = sup,cx SUPycp(g,,r) || Vo (% 0)| and let
Himaz = maX.es SUPye gy, r) |1 H (2,0)l,,- Then for 0 € B(by, R)

ma[>1§]|K (2iy25) — K% (21, 2;)| < 2BH,pazR.
6,J€



Proof. We have that
K (21, 2) — K" (24, 2))|
< |IVof(zi: ) IV f(2j:0) — Vo f(zj;00)l + (Vo f(2i;0) — Vo f(zi;60) [[Vof (255 600) |l
< 2BH,,uuR.

Here we have used the fact that

1
IVoF (2650) — Vol (21300, — H /0 H(z. 50+ (1— 5)00)(6 — fo)ds

2

1
< / 1H (21,50 + (1= $)00)],, 10 — Bolly < Homar B
0

The following lemma provides a trivial bound on ||6; — 6p]|,.

vt Vit
3 ollen = 21 Ml () -

Lemma B.6.

[16: = 0ol <
Proof.

t t t 1/2
160~ 6ull < [ 1005 = [ o6 l,ds < Vi | [ ooz as
0 0 0

1/2 \/E

t 1/2
= — S = _ 1/2 _ 7
=i [/O 05 L(05)d } VE[L(60) — L(6,)]"? < VE[L(6o)) 7 170]lgn

Vi
5 I e

<

where the second inequality above follows from the Cauchy-Schwarz inequality and the final in-
equality follows from the fact that [[Follg. = [|Yllg. < [[f*[lz=(x,,) from the antisymmetric
initialization. O

C Convergence of the Operators

Throughout this section K (z, z’) will be a fixed continuous, symmetric, positive definite kernel. We
will let k := max,cx K(z,x). We note that since K is continuous and X is compact we have that
k < oo. We will thus treat x as a constant. We also note that since K is a kernel for any z, 2’ € X

we have the inequality K (z,2') < /K (z,2)\/K(2/,2') < k.

We will let K%(z,2") = (Vof(z;0),Vof(2';0)) denote the NTK for a specific parameter 6.
In this section 6y will be treated as fixed. We will show that for fixed 8y we have bounds on
[(Tx — T33)rsllp2(x,,) that hold with high probability over the sampling of S = (z1,...,zy).
By the Fubini-Tonelli theorem this suffices to get bounds that hold with high probability over the
parameter initialization 6y ~ p and data sampling S ~ p®" as long as one makes sure that the
appropriate events are measureable on the product space. Fortunately, due to the continuity of
K%(x,2') and H(z,6) with respect to x, 2’ and § we can avoid such issues and we thus will not
address measureability line-by-line.

In this section we will bound [|(Tx — T73)7s| 2 (x ) for all s such that [0, — 6o, < R. This
will be done by bounding [[(Tx — T0)rsllr2(x,,) and [[(Th — T3)7sl p2(x ) separately. At a
high level [|(T:, — T;3)rs12(x,,) Will be small whenever Ko — K is small. On the other hand
[(Tx — T0)rsllp2(x, ) Will be small whenever n is large enough relative to the complexity of the
function class {f(z;0) : 6 € B(6o, R)}. If suppcp g, r) |1H (2, 0)|5 was uniformly small over x

then the kernel deviations K — K would be bounded and the complexity of { f(z;0) : 6 € B(6o, R)}
would be controlled by the complexity of the linearized model fi;, (z;0) = (Vo f(2;6p),0 — 6p).



However, Theorem[B.1 only gives us the ability to bound || H (z, )]| for finitely many values of z.
For this reason we will need to do somewhat elaborate gymnastics using Rademacher complexity to
form estimates that only require the evaluation of sup,.54, gy [|H (2, 0)|| over finitely many values
of z.

Let F denote some family of real valued functions and let S = (z1, ..., ;) be a finite point set. We

define
Fis ={(9(21),...,9(zx)) : g € F}

to be the set of all vectors in R* formed by restricting a function in F to the point set S. Now let
¢ € R¥ be a vector with entries that are i.i.d. Rademacher random variables, i.e. €; ~ Unif{+1, —1}.
We define the (unnormalized) Rademacher complexity of Fs.

k

URad(Fg) := Ec sup (v,¢€) = Esup Z €:9(x;).
UEF|S geF i=1

We will use the following classic result, see e.g.[Telgarsky| (2021, Theorem 13.1)

Theorem C.1. Letr F be given with g(z) € [a,b] a.s. for all g € F. Then with probability at least
1 — d over the sampling of z1, ..., zp

ser Elg(2)] ~ = > g(=)| < SURad(Fis) +3(6 ~ a) logéﬂ.
9€ i n n

We will also make use of the following lemma which is also classic, see e.g. [Telgarsky (2021, Lemma
13.3)

Lemma C.2. Let £ : R™ — R™ be a vector of univariate C-lipschitz functions. Then U Rad(({ o
F)is) < C - URad(Fs).

Using this we will now prove the following technical lemma. For the purpose of this lemma
x1,..., Ty, will be treated as fixed and the randomness will be over a ghost sample S’ = (x, ..., ).

rYn

Lemma C.3. Let R > 1 and B = sup,¢ x SUpycp g, r) | VoS (2, 0)||, . Consider xy,. .., x, € X
to be fixed. Then let

1 & -
F={em~ ; |K9(x,2;) — K% (z,2;)|* : 0 € B(6o, R)}.

Let zy, ...,z be sampled i.i.d. from p. Let S = (x1,...,x,) and 8" = {x}, ...,z } and define

Hmaf = max sSup ||H(230)||0p

Zesus'&ef(oo, )
Then with probability at least 1 — 0 over the sampling of x’l, ce ,xﬁl we have that every g € F
satisfies
E T R log(2/6

Proof. We note that for 6 € B(6y, R)
K (2, 20) = K™ (2,20)* < [|K”(,2:)] + |[K™ (z,2:)[* < [2B%)* = 4B".

Therefore for all g € F we have that g(z) € [0,4B%] a.s. Then by Theorem|C.1| we have with
probability at least 1 — 6 over the sampling of " = {2/, ...,z }

n

n

1 2 loa(2/9)
E . _ Nl <2 )+ 1284 22220
sup | B olg(2)] n;a(%)l < nURad(ﬂs)+ o

Then we note that for any z, 2’ € S U S’ we by Lemma|B.5 that § € B(6, R) implies
|K%(2,2') — K%(2,2)| < 2BH 0. R

10



It follows that for any member of F|syg is bounded in infinity norm by 4B*H2, . R?. Thus for any
g € F we have that

729( ) < 4BzH72na:vR2

and
R2

ma:z:

1
—URad(F|s') < 4B*H
n

Therefore for any g € F we have that

Ly 2 s [log(2/6)
Eonply(2)] < ;g(x;) + ~URad(Fis) +12B*| = =
log(2
<12B%H2, R® + 12B* M.
n

Using the previous lemma we can now bound ||(7}, — 77 )r|| L2(X.p)"

Lemma C4. Let R > 1 and B = sup,¢ x SUpycp g, r) | VoS (@, 0)||y - Let S = (21, ..., x,) and
S' = (2,...,x)) be two independent sequences of i.i.d. samples from p. Define

Hpor = Z&%XS, ;?613 . 1 H (=, 9)”017

Then with probability at least 1 — & over the sampling of S and S’ we have that for any 0; such that
(16 — boll, < R,

4
t 2 |2 2 2p7 2 B
||(Tn - T")TtHLZ(X,p) < 2 Hf ||L°°(X,p) |:||K - K0||L2(X2,p®p) +12B maTR + O (\/ﬁ):| .
Proof. We note that

1 n
(T = T )re(a EZ (x, ;) — Koz, x;)]re(x;)

. . 1/2
. 1 . 1
< [Pl gn EZ|K(T/,$ — Ky(w, ;) ] < [[Follgn lnz K (z,2;) — Kt(xazi)|2]
=1 1=1

g < ||I7ol|g from gradient flow. Well from the inequality

where we have used the property ||7]
(a + b)? < 2(a? + b?) we have that

1 n
- Z |K (z,2;) — K(x, ;)|

2 n
< - Z |K(x,2;) — Ko(x,x;)| Z |Ko(z,x;) Kt(x,xi)|2.

For conciseness let

1 n
= ﬁ Z ‘K(l‘,l‘l) — Ko(l‘, $Z)|2
i=1

Mh(a) = = 3 Kol ) — Kilar )

i=1
Then by the above we have that

1T = Tl < 2170l [Eampllin ()] + BB ()]

11



Well we note that |K (z,2')| < & and |Ko(x,2')| < B? uniformly over z, 2. Now consider the
random variables Z; := || K (e, z;) — Ko(e, z;) ||i2( x,p) Where the randomness is over the sampling
of x;. Then we have that |Z;| < [ + B?]? a.s. Thus by Hoeffding’s inequality we have that

P izn:z._E [Z1]>s)| <e L‘SQ
ne ' = 2k +B%* )

Thus with probability at least 1 — § over the sampling of x4, ..., z,

g ; 20 S Byl 4 Y2 Bi]/zﬁ log(1/8)

(7

Now note that

n

1
=~ Zi =By (@)]  ErinplZt] = | = Kollja(x2 )

i=1

Thus whenever (7)) holds we have that

N V2[k + B2)2/log(1/9)
,P®p) NG

- [ B
2
= ||K - KOHL2(X2,9®P) + O <\/ﬁ> .

On the other hand we have by Lemma|C.3 for any fixed 1, . .. , Tn, that with probability 1 — & over
the sampling of 1, . .., 2}, ii.d. from p we have that for all § € B(6y, R)

Eoprplha (2)] < K — Kol x>

R? +12B* (8)

max

log(2/0)
o

Eznp Z|K9 T, ;) Keo(x,xi)zl < 12B*H? »

Whenever the above holds we have that for any 6, such that ||§; — 6|, < R we have that

log(2/6) B*
¢ < 2p72  p2 4 _ 2172 p2
E,plhs(2)] < 12B*H},,,R° + 12B om =12B%H? , ,R*+ O 7))

Thus combining these together we have with probability at least (1 — §)? > 1 — 2§ over the sampling

of z1,...,x,, 24, .., 2] that Equations (7) and (8) hold simultaneously for all § € B(6y, R). In
such a case we have that for all 8, such that ||§; — 6p]|, < R that

. [ B4
2
Eonp[h1 (2)] + Barp By (2)] < [|K = Kollp2(x2 pep) + 12B*Higu B2 + O (\/ﬁ) .
Well then

||(Tn - Té)””i?()(,p) <2 ||720||]?§n [Eﬂch[hl(m)] Eynplhy (2 ]

<2 lfoll2. [HK — Kol%a(xa yupy + 12B2H2, B2 + 0 ( )}

* 112 2
<2 i [ I = Kollsa o +125° 821 40 (5]

In the last line above we have used the fact that ||7o[lg, = [|yllg. < [|f*llp(x ) from the

antisymmetric initialization. The desired result follows after replacing ¢ with /2 in the previous
argument. O

From Lemma[C.4 we get the following corollary.

12



Corollary C.5. Let R > 1, B = sup,c x SUPgcp (g, r) VoS (@, 0)lly. Let S = (z1,...,2,) and
S' = (z,...,x]) be two independent sequences of i.i.d. samples from p. Define

rn

H,p = max  sup ||H(z,0)

llop -
z€SUS’ 0B (00, R) op

Then with probability at least 1 — & over the sampling of S and S’ we have that for any 0; such that
[0 — boll, < R

2 )12 2
||(Tn - Té)rtHLﬂX,p) <2 ||f ||L°°(X,p) HK - K0||L2(X2,p®p) te
provided that B = O(1), Hynae = O(e'/%/R) and n = Q(e2).

Proof. We have by Lemma@with probability at least 1 — & over the sampling of S, S’

2 2 2 ~ (B
I = T < 21 g [ 1B = ol oy + 1282 40 (2.

N
Thus if B = O(1) then Hy0p = O(¢'/?/R) and n = Q(e~2) is sufficient to ensure that

2 12 2
H(Tn - TrtL)TtHL2(X7p) <2 Hf ”LOO(X,p) ”K - KUHL2(X2,p®p) te

O

Now we will begin the work to bound [|(Tx — T0)7s|[ 12(x,)- The following technical lemma bounds
the Rademacher complexity of the difference between the network f(z;6) and the linearization
frin(x;0) = (Vo f(x;00),0 — 6p) in terms of the Hessian norm for finitely many values z € X.
Lemma C6. Let R > 1, F = {z — f(z;0) — fin(x;0) : 8 € B(6y,R)}, B =
SUP,e x SUPycF (g, 1) | Vof (2:0), and let S = (z1....,2,) C X. Furthermore let

Hpaw = I?Eaégg sup  [|H(z,0)],,-
€B(b0,R)

Then
sup [|gll g (x,p) < 2BR
geEF
and )
2
;gggleaglg(zn < 5B Huaa-
In particular

1 1
EURad((]-' U—F)s) < 5R?H,m.

Proof. We note that
|f(2:0) = fin(2;0)] < [f(250)] + [ frin(z; 0)].

Well then using the fact that f(e;6) = 0 from the antisymmetric initialization we get

(@:0)] = [ (x:0) — f(x:00)] = / (Vo (2:05 + (1 — )60), 0 — bo)ds

1
< / (Vo f(: 05+ (1 — 5)00), 0 — Bo)| < Bl — ]| < BR.
0

On the other hand
| frin(2:0)| = (Vo f(2;00),0 — 0o)| < Vo f(x;60)ll5 110 — boll, < BR.

Thus

sup  [[f(950) = fiin(®:0)| o (x ) < 2BR
0€B(00,R)

13



and the first conclusion follows. Furthermore by the Lagrange form of the remainder in Taylor’s
theorem we have for z € .S

|f(Z, 9) - flm(z; 9)| = (9 _ QO)TM

1
5220 = 60)| < 5 10— boll3 |1 H (=€)l

op
where £ is some point on the line between 6 and 6. Thus if we set

Hpop :=max  sup | H(z,0)

|
2€5 9 B(00,R) o’

we have that .
|f(za 9) - flin(2§ 9)| S iRszaI

for all § € B(o, R). Therefore ;.U Rad((F U —F)g) < 3 R*Hyna, and the desired result follows.
O

We now introduce another technical lemma that provides Rademacher complexity and L°° norm
bounds for the linear model = — (V f(z;6p), 0).

Lemma C7. Let R > 1, F = {z — (Vof(x;60),0) : [0, < 2R}. Let B =
SUPzex SUPpcB(0y,R) Vo f(x;0)l. Then

sup gl o x,) < 2BR
geEF

and
2BR

1
- Fig) < 2228
nURad( |S) =/

Proof. By Cauchy-Schwarz

[(Vof(x:00),0)] < 2BR
and thus [|g| ;o (x ,) < 2BR forall g € 7. Now let ¢ € R" be a vector with i.i.d Rademacher
entries €; ~ Unif{+1, —1}. Then as was shown by Bartlett & Mendelson| (2003, Lemma 22)

n

E, sup Zfi<v9f(xi700)a9>

0€B(00,2R) j—1

Zeivef(xiaeo)

=1

= 2RE,

2

- . 57 1/2
< 2R |E > eiVof(ii60)
L i=1 2
- 1/2
=2R |E. | Y e€;(Vof(iibo), Vof(xs:00))
| [1<idsn
=2R, | Y K%(;,z;)
i=1
< 2RB+/n.
where the first inequality above is an application of Jensen’s inequality. The Rademacher complexity
bound then follows from the bound above. O

The following lemma compares the L?(X, p) norm to that of its empirical counterpart L?(X, p) for
the function classes discussed in Lemmas[C.6 and[C.7.

Lemma C8. Let R > 1, i = {z — f(2;0) — fiin(x;0) : 0 € B(6y,R)}, Fo = {z —
(Vof(x;6o),0) : [|0]l, < 2R}, and B = sup,¢ x SUPycg(g, gy IVof(2;0)|. Then with probability

at least 1 — § over the sampling of S = (z1,...,2y)
- ( B2R?
2 2 3
S — ~| <4BR°H, 0] .
I [ PR P as ( . )
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where p = % Y- 8s, is the empirical measure induced by 11, . . ., %, and

Hma:v ‘= mmax sup ||H(270)||0p
#S2 9eB(6o,R)

Proof. Let F = {|g|* : g € F1 U Fa}. Note that by Lemmas and we have that for
g € FrUFsthat g p(x ) < 2BR. Thus every g € F satisfies g(z) € [0,4B R?] a.s. Well then

by Theorem@we have with probability at least 1 — § over the sampling of S = (1, ..., z,) that

log(2/5).

n

- 2
> g(x:)| < “URad(Fs) + 12B*R?
n

i=1
Well note that 22 is 4B R Lipschitz on the interval [-2BR, 2B R]. Then by Lemmawe have that
URad(ﬂs) S 4BR - URad((}'l U f2)|5).

1
sup |Eqznplg(z)] — —
geEF n

Well then we have that
URad((F1 U f2)|5) < URad((FL U—-F U }'2)|5) < URad((F1 U —]-'1)‘5) + URad((]-'g)‘S)

where we have used the property that if A, A" are vector classes such that sup,,c 4 (¢, u) > 0 and
sup,cas (€, u) > 0forall e € {1, —1}" then URad(A U A’) < URad(A) + URad(A’). Well by
LemmalC.6 we have that

1 1

~URad((FLU~F)s) < §R2Hmaz.

On the other hand by Lemma|C.7 we have that

1 2BR
EURad((}—z)\S) < W

Therefore combining these two bounds we get that

1 1 2BR
- < ZR2H fntinhed
nURad((]:l Uf2)|s) < 2R maz T Jn
and thus
1 4BR 1 2BR
EURGd(.F‘lS) S T N URad((fl U .FQ)'S) S 4BR |:2R2Hmam + \/ﬁ:| .

Therefore by putting everything together we have that

1 — 2BR log(2/6)
Eanplg(@)] =~ _g(xi) SSBR[ R*Hppoq + }+1232R2\/ﬁ
=1

16 B2 R? log(2/8
= 4BR*H,poy + ———— + 12B%R> log(2/0)
Vn 2n

By repeating the same argument for the class —F and taking a union bound we have with probability

at least 1 — 20 that
16B2R2 log(2 6
< ABR*Hppay + ——— + 12B2R2 | 221210 Og /
The above can be reinterpreted as

1 n
Easnplg(@)] — o Zg(xi)
=1

16B2R2 log(2/9)
s ‘||g||L2 X ||g|\L2Xp)<4BR:s S 4 12B2R%/ g /
geF1U

BQRQ

7 )-

The desired result then follows from replacing ¢ with 4/2 in the previous argument. O

sup
geEF

sup
gEF

= 4BR*H,puw + O (
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Now we are ready to provide a bound on the quantity ||(Tx — T;,)7(®; 0)|| 12, for 0 satisfying
10 = boll, < R.

Lemma C.9. Let R > 1 and let B and H,,q, be defined as in Lemma Let C = {z —
frin(x;0) — f*(x) : 0 € B(0o, R)}. Then there are quantities T’ and ® such that

. O(BR\/log CL2(X,,0),6))>

Vn
and -
B
=4BR3*H, 0z + O f
Vn
such that with probability at least 1 — § over the sampling of x1, ..., Ty

sup (T = To)r(®:0)|12(x,,) ST+ 5 [\/R4H§mz 20 4 \/4e + 2@} .
0€B(6o,R) '

Proof. We will define ry;,, (x;0) = fiin(z;0) — f*(x). Well then we have that

1Tk = T)r (9 0) | L2 (x, )
S ||(T Tn)rlm( )HL2(X ) + ||(TK n)(f - flin)(.; 9)||L2(X7p) .

Now let E be a proper e-covering of C = {ry,(x;0) : € B(6y, R)} with respect to L*(X, p).
Furthermore assume F is of minimal cardinality so that |E| = N(C, L?*(X, p),€). Then for any
71in(®; 0) we can choose § € B(fy, R) so that ry;,,(e;0) € E and

Hrlm(o;Q) rlm( é) < e.

L2(X,p)

Well then
(T — Tn)riin(o; HL2(X )

< H Tk — Tp)riin(e;0) (Tx — T ) (71in(9;0) — T1in (o é))’

L2(X,p) L2(X.,p)

We note that for any ry;,, (z; ) € C that

[71in (23 )| < | frin (25 0)] + [f*(2)] = (Vo f (5 60),0 — Oo)| + [/ (z)]
SBRA [ e xp) =5

To handle the term ||(TK — To)riin(e H L2(X.p) for ¢ € E we define the random variables

Zi = g(xi) Ky, — Egnplg(z) Ky taklng values in the separable Hilbert space H where # is the
RKHS associated with K. We note that (T,, — TK) gisequal to + 37" | Z;. Well then note that

g (@) Kallg, = l9(@) [ Kallay < Ngll e (x,0) VVE (2, 7) < Sk'/2 as. Well then

1Zillag < Ng(@i) K, llgy + [Banplg(@) Kallly,
< SKY2 4 By lg(2) Kylly, < 28K

Then using Hoeffding’s inequality for random variables taking values in a separable Hilbert space
(see|Rosasco et al. 2010, Section 2.4) we have

171
Pl=S" 2z

Thus by the union bound and the fact that £ " | Z; = (T, — Tx)g we have that

> s) < 2exp (—ns2/2[25m1/2]2) .

P (meaé( ||(Tn - TK)ngH > S) S 2‘E| exp (_n52/2[251€1/2]2) .
g
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By setting

2v/2 - SK1/? log(2f)_o BR\/1og(N(C, L2(X, p), €))
Jn o NG

we get that with probability at least 1 — § over the sampling of x1, ..., z,

S =

glea‘E),{H(Tn - TK)QHH <s
and thus from the inequality [[o]|;2(x ,) < /o1 [|e][;, we get
max (T, — TK)9||L2(X ) < 5y/01 < sv/k. 9)
geE ;

On the other hand we must bound

|(Tic = 1) (i (0:0) = m10n (o)

L?(X,p)

and
Tk = To)(f = frin)(®:0) ]l 12 (x ) -
Well note since K (e, ®) < x pointwise it follows by Cauchy-Schwarz that for any h

Tich(z)| = \ [ G hisints

<Rl L2x )

and similarly

(Thr)| = \ [ K omeane)

< Klhll2x 5 -
Therefore
(T = To)hll 12 (x,p) < (T = To)hll oo (x,p) < N TPl o (x,p) + 1T0Bll oo (xp)
< K[llhllp2cx,p) + 10l 2 x5))-

Thus we will bound 7;,, (8; 6) — 715, (#; 0) and (f — fiin)(e;0) in L2(X, p) and L2(X, p). Well since
0 € B(6y, R) we have that (f — fy,)(e; ) € F; where F is defined as in Lemma C.8| On the other

)

hand we note that r;,, (; 0) — 7y, (2 0) = (Vo f (2 00), 0 — ). Note that since 0,0 € B(6, R) we
have that H9 — lef 2R. Thus 1, (e;0) — 113, (e; 0) € Fo where F is defined as in Lemma
C

Thus by Lemma |C.8| separate from the randomness before we have with probability at least 1 — 0
over the sampling of 21, ..., 2,
~ (B2R?
2 2 3
sup — ~| <4BR’Hppg: + O ( ) = 0. (10)
serb, ||9||L2(X,p) ||9HL2(X,p) NG

Well note that by Lemma|C.6 we have that for each i € [n

1
|f(xzv 0) - flin(xi; 9)‘ < §R2Hmax

and consequently

1
Hf(.; 9) - flin(.§ 9)HL2(X$;,\) < §R2Hmaa:-

On the other hand we had by the selection of 6 that

Hrlm(O; 0) — riin(e; é) <e.

L2(X,p) ~

Now for conciseness let hy = f(@;0) — f1i,(;0) and ho = 75, (;0) — 715, (@; é) Then by we
have

1
2 2
Hh1||L2(X,p) < Hh1||L2(X,ﬁ) +®< ZR4H’I§’LUJZ + ¢
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and ) )
1h2ll 72 x5y < 12ll2(x ) + @ < €+ @

This implies
1
2 2
1halz2(x )+ I lzegx ) < G R Hias + @
2 2
[h2llZ2 x ) + [1P2llf2x 5y < 262 + ©.

Thus using the inequality a 4+ b < v/2(a? + b%)'/2 for a, b > 0 combined with the previous estimates

we have
1 4 172 4 172
||h1||L2(X,p) + Hh1||L2(X,ﬁ) < \/§ §R Hmaz +@=VR Hmaz + 29

hall 2 ) + P2l 2 x5y < V2V262 + @ = V4e? + 20,
Thus we have just shown that assuming holds that

[(Tk — Tn)h1||L2(X,p) < “[”hl”L?(X,p) + HhIHLz(x,ﬁ)] < kY RYHE, 420

and

and
I(Tk = To)hall2(x,p) < Blllh2llL2(x,p) + 1h2llL2(x 5] < £V 4€2 + 20

Then by taking a union bound we can assume with probability at least 1 — 24 that (9) and hold
simultaneously. In which case our previous estimates combine to give us the bound

H(TK - Tn)r('; 9) HLQ(X,p)

< |7 = Tyriin(e:0) + Tk = Tl o,y + Tk = Tadhall g xp)

L2(X,p)

< svR+ K [\/R4Hgm 120+ /1 + 2@] .

We now note that as long as (9) and hold the same argument runs through for any 6 € B(fg, R).
Thus with probability at least 1 — 29

sup [T — To)r(9:0) | g2 < 5V + 6 [\/R4H,2,m 128 + /42 1 2@} .

0€B(00,R)
The desired conclusion follows by setting I' = s+/k and replacing ¢ with 6/2 in the previous

argument.

From Lemmal|C.9 we get the following corollary.
Corollary C.10. Let R > 1 and

B=sup sup [Vof(z,0)],.
z€X 9cB(6o,R)

Then with probability at least 1 — 6 over the sampling of ©1, . . ., ©,, we have that

2
sup |[(Tx = To)r(e: )2 (x,p) < €
0€B(60,R)

provided that B = O(1), Hypaz = O(e/R3) and n. = Q(R*/€) where the expressions under the O

and () notation do not depend on the values 1, . .., T,.

Proof. After substituting '/ for € in Lemma@ we have that with probability at least 1 — ¢ over
the sampling of z1,...,z,

sup  |[(Txc = To)r(9:0) | g2y < T + 5 [\/R4H,2mu + 23 + Ve + 20
0€B(6o,R)
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where

r-o (BRwog(N(a catst 61/2”) ,

Vn
- [ B2R?
_ 3
d =4BR Hmaz—&-O(\/ﬁ )7
and _
C={z— fln(z;0) — f*(z) : 0 € B(bp,R)}.
Now define

Fo= / Vo £ (3 00) Vo f (x:60) dp(x).
X

Since translation by a fixed function does not change the covering number we have by Corollary [A.g]

that 1o
~ 3e ~ 9e
1 L3(X,p), ) =0 (p(F? =5 ) ) =0 (5 (F —s ) |-
og N(C,L*(X, p),e /") =0 (p iR O\p\F 5
Well using the fact that p(A, €) < % we have that
9¢ 16R2Tr(F)
p | F. < .
P < ’16R2> =7 9e

‘Well we note that
Tr(F) = Tr(Eunp[Vof(;00)Vof(:00)"]) = EunpTr(Vo f(2;00) Vo f(2;00)")
=Eunp [|Vof(x;60)]* < B2

Therefore assuming B = 0(1) we have that

r_o (R\/logN(C,LQ(X,p),el/Q)> :O( R? )

N el/2y/n
Thus 7 = Q(R*/€?) suffices to ensure that I' = O(¢'/2). Now we must bound
- [ B2R?
& = ABR3H,py + 0 (220
vn

We note that whenever B = O(1) we have that H,,,,, = O(¢/R?) and n = Q(R*/€?) guarantees

that ® = O(e). Finally we have that H,,,, = O(e/R*) C O(e'/?/R?) suffices to ensure that
R*H?2,,. = O(e). Thus given all these conditions are met we have that

T+ 5 [\/R‘LHE,LM 28 + Vi + 2@} = 0(/?).

The desired result then follows from setting the constants under the O and €2 notation appropriately.
O

The following lemma combines the results in this section to get the ultimate bound on the operator
deviations Tk — T}.

Lemma C.11. Let R > 1l and e € (0,R). Let S = (x1,...,xy,) and 8" = (2,...,x)) be two
separate i.i.d. samples from p and denote

Hpow 7= _max, eegtlelz . I1H (2,01,

B := sup sup Vo f(x,0)l,-
z€X 9cB(00,R)

Then with probability at least 1 — 0 over the sampling of S, S’ we have that for any t such that
16 — 6oll, < R that

2 )12 2
H(TK - Té)TtHLz(Xm <4|f ||L°o(x,p) K — KO||L2(X2,p®p) Te
provided that B = O(1), Hypaz = O(e/R®) and n = Q(R*/€) where the expressions under the O

and Q notation do not depend on S and S'.
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Proof. We note that for ¢, such that ||6; — 6y||, < R that

||(TK _T TtHLQ(X p) = [H(TK Ty )Tt||L2(X p) + H T, T rtHLz(Xp 2

<2|(Tx —Tn)Tt”Lz(x,p) +2 H (Tn — Ty) TtHL2(X 0)

<2 sup |(Tr — Tn)r(e; )||L2(X ) +2 H (T, T rtHL?(Xp .
0€B(0o,R)
Well by Corollary |C.10 we have with probability at least 1 — ¢ over the sampling of z1, ..., z,

sup[[(Tie = T)r(e:0)|[72x,) < €
0eB(0o,R)

provided that B = O(1), Hynae = O(e/R?) and n = Q(R*/€?). This result also does not depend in
any way on S’. On the other hand by Corollary [: separate from the randomness before we have
with probability at least 1 — § over the sampling of S and S” that for any 6, such that ||0; — 6y]|, < R

H(Tn_T 7“tHL2 (X,p) = QHf ||L°°Xp ||K KUHL2 X2p®p)+€

provided that B = O(1), Hynae = O(¢'/?/R) and n = Q(e~2). The desired result then follows
from taking a union bound and replacing § with §/2 and € with ¢/4. O

D Main Result

D.1 Damped Deviations

In this subsection we will recall some definitions and results from Bowman & Montufar (2022).
The main theorems in [ Bowman & Montufar (2022)) assume that the network architecture is shallow,
however the results we recall in this section do not depend on the architecture. Let K (x,2’) be a
continuous, symmetric, positive-definite kernel. Recall that K defines the integral operator

Trg(x / K(x,s)g(s)dp(s).
Then by Mercer’s theorem .
o) =Y oigi(z) i’
i=1
where {;}; is an orthonormal basis of L2(X, p) and {0, }; is a nonincreasing sequence of positive

values. Each ¢; is an eigenfunction of Ty with eigenvalue o, i.e. Tk d; = 0;¢;. Let  — gs(x)
be a L%(X, p) function for each s € [0,¢]. Assume s — (¢, gs), is measureable for each i and

t
/ gsds
0

to denote the coordinate-wise integral, meaning that fot gsds is the L2(X, p) function h such that

fg Hgs||ig(x7p) ds < oo. Then we write

t
<hv¢z>p:A <gsv¢i>pd5

With this definition in hand we now recall the following “Damped Deviations” lemma given by
Bowman & Montufar| (2022, Lemma 2.4).

Lemma D 1 Let K (x,2") be a continuous, symmetric, positive-definite kernel. Let [T h|(e) =
Jx K h(s)dp(s) be the integral operator associated with K and let [T:h|(e) =

1 2221 K (e, z;)h(x;) denote the operator associated with the time-dependent NTK K. Then
t
= exp(-Tictyro + [ exp(-Tiet = ) (Tic ~ T3)ruds,
0

where the equality is in the L (X, p) sense.
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Furthermore we have the following lemma Bowman & Montufar| (2022, Lemma C.8)

Lemma D.2. Let K (x,2) be a continuous, symmetric, positive-definite kernel with associated oper-
ator Tch(e) = [ K(e,5)h(s)dp(s). Let Tih(e) = £ 3" | K (e, x;)h(x;) denote the operator
associated with the time-dependent NTK. Then

1 —exp(—ot
[ Pe(re — exp(=Trt)ro)|lpo(x ) < 1 - o ~owt) sup [|(Tx — T3)rsll 12x.p) -
(X5p) o i<t (X,p)
and
l[re — exp(=Txt)rollp2(x ) <t sup (T = T3)rsllp2x,p) -
RS

D.2 Proof of Theorem 3.3

We are now ready to prove the main result of this paper.

Theorem 3.5. Let T > 1,e > 0. Let K(x,x') be a fixed continuous, symmetric, positive definite
kernel. For k € N let Py, : L*(X, p) — L?(X, p) denote the orthogonal projection onto the span
of the top k eigenfunctions of the operator Tk defined in Equation (2)). Let oy, > 0 denote the k-th
eigenvalue of Txc. Then m = Q(T*/€?) and n = Q(T?/e?) suffices to ensure with probability at
least 1 — O(mn) exp(—Q(log®(1m)) over the parameter initilization 0y and the training samples
T1,...,Ty thatforallt <T and k € N

2 1—6Xp(—0'kt) 2 w112 2
[ Pi(re — exp(=Txt)ro)l[12(x p) < {Uk : {4 115 1K = Kollz2(x2 pop) + 6}
and
2 )2 2
I — exp(-Tictyroll2axpy < - [4 1715 K = KollZaxa gy + €] -
Proof. Let 0 be the parameter initialization and let S = (z1,...,z,) and S’ = (2,...,2}) be

two i.i.d. samples from p. Furthermore let 1 < R < /m. Let B} C R? x X2" be the set of
values (6, S, S’) so that the conclusion of Lemma|C.11 holds. Similarly let E be the set of values
(60, S, S") satisfying
B:=max sup [[Vyf(z;0)ll, =0(1)

2€X 9eB(00,R)

and - 3
Hpae := max — sup [|H(z,0)]|,, = O(¢/R’)
2€5US" 9B (00, R) P

where the expression O(1) above is the bound on B given by Lemma|B.4{and the expression O (e/R?)
is precisely the condition on H,;,4, in the conclusion of Lemma|C.T1] By Lemma[C.TT|for any fixed
6o we have that the conclusion holds with probability at least 1 — § over the sampling of .S, S’. Thus
for any 6y we have that

Ess/[1{(60,5,5") € E1}] >1—6.
It follows then by the Fubini-Tonelli theorem that
P(E1) = Eg,Es,5[1{(60,5,5') € Ex}] >1—3.

On the other hand by Theorem [B.T and Lemma combined with a union bound we have that
for any fixed S, 5" then with probability at least 1 — 2C'mn exp(—c log?(m)) — C exp(—cm) that
Hpnar = O(R/y/m) and B = O(1). Thus if m = Q(R®/e?) we ensure that H,,,, = O(e/R?).
Then by the same Fubini-Tonelli argument as before we get that

P(Ey) = Es.5Ep,1{(60,S,5") € Ex} > 1 —2Cmnexp(—clog?(m)) — Cexp(—cm).

Thus by taking a union bound we have with probability at least 1 — § — O(mn) exp(—Q(log?(m))
that the events £ and F5 both hold simultaneously. This holds for any é so we may as well set
§ = O(mn) exp(—Q(log?(m))) and absorb it into the other term. Whenever F; and Ej hold
simultaneously we have by Lemma [C.11 that for any 6, such that ||6; — 6o||, < R

2 )2 2
H(TK - Tﬁ)TtHLz(XW) <4|f ||L°°(X,p) [ KO“L?(X?,,;@‘,) + €. an
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Well by Lemma |B.6|we have that ||0; — 6y < % £l o< (x,p)- Thus for t < —28° e have

£ 1% o0 (x,p)

that [|6; — 6| < R. Well then by Lemma|[D.2]and the inequality we have that
[ Py (re — eXP(_TKt)TO)Hiz(X,p)

1 — exp(—oxt) ? )2 2
< {ak ‘ {4”]” oo (xp) 1€ = Boll 22 pp) +6}
and
2 *|2 2
I = exp(=Txt)rollza e py < 17 (4157 2w ) 1K = Kollzacs sy €] -
__2R*
17 1T o0 (x,p) .

The desired result then follows by setting 7' =

E Discussion of Assumption 3.6

We will discuss why it is reasonable to assume that m = Q(e‘Q) suffices to ensure that
|1 Ko — K ||2LQ( XxX,pep) < € holds with high probability over the initialization. We note that

for fixed 0y, Ky and K°° are bounded and thus by Hoeffding’s inequality we have that with high
probability

oo (12
HKO_K ||L2(X><X,p®p)
sol12
||KU_K L°¢(X><X,p><p)>

VN

where (z1,2}),. .., (zn,2y) is an i.i.d. sample from p ® p. Furthermore we have by Lemma|B.4]
that || Ky — K> ||2L°°(XxX,po) = O(1) with high probability over the initialization of 6. Thus if
we set N = Q(e2) we have that Assumptionholds provided that

N

1

~ 2 [Kolwiaf) = K (zi, 2)* = O(e)
i=1

with high probability over the simultaneous sampling of 6y and (z1,2}), ..., (zN, 2 ).

It is been shown in many settings that the pointwise deviations satisfy

| Ko(x,2") — K> (x,2")| = O(1/v/m)

with high probability over 6. The earliest was Du et al.| (2019b) who demonstrate that for a shallow
ReLU network for fixed z, 2’ we have with probability at least 1 — & over the initialization

log(1/6
|Ko(z,2') — K>(2,2')| < O (Og(/)> :
vm

Analyzing the portion of the Neural Tangent Kernel corresponding to the last hidden layer, Du
et al. (2019a) get an analogous bound for deep fully-connected, ResNet, and convolutional networks
with smooth activations. This is substantiated by the results of Huang & Yau (2020) for deep fully-
connected networks with smooth activations. In their work they demonstrate that for a fixed training
setxy,...,Tn -

max |Ko(zi,2;) — K> (2, 7;)| = O(1/v/m)

i,
with high probability over the initialization. In their result there are constants that depend on how well
dispersed x4, . . ., x,, are. Bowman & Montufar|(2022) demonstrated that for shallow fully-connected

networks with smooth activations

sup [ Ko(x,2') — K= (z,a')] = O(1/v/m)
(z,2")eX XX
with high probability over the initialization. For deep fully-connected ReLU networks Arora et al.
(2019b) demonstrate that for fixed z, 2’ if m = Q(L°log(L/J)/e*) then with probability at least
1-96
Ko(@,a') - K=(2,a')] < (L +1)e.
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In terms of the width m this translates to | Ko (z, z') — K (z,2')| = O(1/m!/*) with high proba-
bility. This was improved in a recent work by |Buchanan et al. (2021) that demonstrated that if M is a
Riemannian submanifold of the unit sphere then with high probability over the initialization
sup |K0(J,‘,J?’) _Koo(x7x/)| :O(l/m)
z,x’ EMXM
Furthermore as stated by Buchanan et al. (2021) their analysis should be amenable to other architec-
tures.

Now note that max; ¢ w7 | Ko(zi, z}) — K> (z;, 2})| = O(e'/?) suffices to ensure that

N

1

N E ‘Ko(l’ial’;) - Koo(xiax;)lz = 0(6)
i=1

Based on the previous discussion, we expect that with high probability

m[%\),(] |K0({EZ,{E;) - Koo(xi’ {E;)| = 0(1/\/%)
S

Thus if m = €(1/€?) then we would have that max;¢ |y | Ko (5, 2) — K°° (x5, 24)| = O(e) which is
stronger than what we need. In fact max;e |y [ Ko (24, 2}) — K°° (4, 2})| = O(1/m'/*) is sufficient.
For these reasons, we view Assumption @ as quite reasonable. Nevertheless, we are not aware of
an out-of-the box result that simultaneously addresses all the cases we consider and thus we must
add this as an external assumption. However, if desired one can bypass Assumption 3.6 by citing the
aforementioned results to get statements for the cases in which they apply to.

F Experimental Details

Architecture and Parameterization The code to produce Figure [l is available at https:
//github.com/bbowman223/deepspec The NTK Gram matrix (Go);; = K% (z;,z;) =
(Vo f(xi;00), Vaf(x;;6p)) was computed for two separate networks. The first network corre-
sponds to LeNet-5 (LeCun et al., |1998) where the output is the logit corresponding to class 0.
The second network is a feedforward network with one hidden layer with the Softplus activation
w(z) = log(1 + exp(x)). For LeNet-5 we compute the NTK using PyTorch (Paszke et al., 2019)
using the default PyTorch initialization and parameterization. For the shallow network we implement
the network directly and use the Neural Tangent Kernel parameterization:

f(a:6) = % S ago (wi, ) + b;) + bo,
i=1

where there is an explicit 1/+/m factor. All parameters for the shallow network are initialized as i.i.d.
standard Gaussian random variables N (0, 1).

Details of Computation For each network we compute the NTK Gram matrix G for 10 separate
pairs of (6, S) where 6 is the parameter initialization and S = (x4, ..., z,) is the data batch. Each
line in the plots of Figure |I corresponds to a different pair (g, S). We simultaneously sample the
parameter initialization 6y and a random batch of 2000 training samples z1, . . ., Zoggg. We load the
batches using “Dataloader” in PyTorch with the “shuffle” parameter set to True. This means the
batches will be sampled sequentially from a random permutation of the training data and thus are
sampled without replacement. We then compute the NTK Gram matrix (Go); j := K % (5, xj) =
(Vof(xi;00), Vaf(z;;6p)). Once we compute Gy we compute its spectrum and plot the first 1000
eigenvalues. Note that the number of eigenvalues that we plot is half the batch size. We observe that
if one plots all n eigenvalues (the number of eigenvalues equals the number of samples) one gets a
sharp drop in log scale magnitude starting near the bottom 5-10% of eigenvalues. We observed this
to occur even as one varies n. We suspect this is due to numerical errors and thus we only plot the
first half of the spectrum.

Data The dataset used for LeNet-5 is MNIST (LeCun et al.,|1998)) and the dataset for the shallow
model is CIFAR-10 (Krizhevskyl 2009). MNIST is made available through the Creative Commons
Attribution-Share Alike 3.0 license. CIFAR-10 does not specify a license. Neither of these datasets
have personally identifiable information nor offensive content.
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Computational Resources and Runtime The experiments were run on a 2016 Macbook Pro with
a 2.6 Ghz Quad-Core Intel Core i7 processor and 16GB of RAM. The experiment took less than an
hour in wall-clock time.

Software Licenses and Attribution Our experiments were implemented in Python with the aid of
the following software libraries/tools: PyTorch (Paszke et al.,[2019), NumPy (Harris et al., [2020),
SciPy (Virtanen et al.,2020), Matplotlib (Hunter, 2007), Jupyter Notebook (Kluyver et al.,[2016),
IPython (Pérez & Granger, |2007), and autograd-hacks https://github.com/cybertronai/
autograd-hacks, PyTorch, Numpy, and SciPy are available under the BSD license. Jupyter
and IPython are available under the new/modified BSD license. Matplotlib uses only BSD compatible
code and is available under the PSF license. The code for autograd-hacks belongs to the public domain
as specified by the public-domain-equivalent-license “Unlicense” https://unlicense.org/.
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