A Appendix

This appendix consists of four sections (A.1-A.4). Section A.1 provides the theoretical properties
of InfoLOOB and InfoNCE. It is shown how to derive that InfoNCE is a lower bound on mutual
information. Further it is shown how to derive that InfoLOOB is an upper bound on mutual infor-
mation. The proposed loss function and its gradients are discussed. Section A.2 provides details on
the experiments. Section A.3 briefly reviews continuous modern Hopfield networks. Section A.4
discusses further related work.
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A.1 InfoLOOB vs. InfoNCE

A.1.1 InfoNCE: Lower Bound on Mutual Information

We derive a lower bound on the mutual information between random variables X and Y distributed
according to p(x, y). The mutual information I(X ; Y) between random variables X and Y is

(X ;Y) = Epay) [hl M} = Epay) [ln p(;:(i)y)} = Ep,y) [ln p;”(y;c)}(gl)

“InfoNCE” has been introduced in van den Oord et al. (2018) and is a multi-sample bound. In
the setting introduced in van den Oord et al. (2018), we have an anchor sample y given. For the
anchor sample y we draw a positive sample @ according to p(x; | y). Next, we draw a set

X = {x,,...,xy} according to p(X), which are n — 1 negative samples drawn iid according to
p(x). We have drawn a set X = {x1,x2, ...,z y} according to p(X | y), which is one positive
sample &1 drawn by p(x; | y) and N — 1 negative samples {xs, ...,z } drawn iid according to
p().

The InfoNCE with probabilities is

Intonce(X1 3 Y) = Epy

. . ply | 1) )H , A2
p(X|y) [ (i{ SN p(y | =) o

where we inserted the factor +; in contrast to the original version in van den Oord et al. (2018), where
we followed Poole et al. (2019); Tschannen et al. (2019); Cheng et al. (2020); Chen et al. (2021).

The InfoNCE with score function f(x,y) is

f(mh y)
Infonce(X1 5 Y) = Epy) |Epxpy) [ln( N : (A3)
% Zi:l f(wl) y)
The InfoNCE with probabilities can be rewritten as:
T
Tntonee(X1 5 Y) = By [Epxiy) [ln ( L (| @1) )H (A4)
¥ 2iz1 Py | i)
[ [ p(y(lw)l) 17
p(y
Epw) | Epxio) || T8 pg
L L N Zi:l p(y) 1]
i i P(?l"!)/) 17
p(x
= Ep) |Epxiy) |0 | T =8 pmer
L L N lel p(wi) 14

This is the InfoNCE with f(x,y) = p(y | ).

Set of pairs. The InfoNCE can be written in a different setting Poole et al. (2019), which is
used in most implementations. We sample N pairs independently from p(z, y), which gives Z =
{(z1,y1), (®2,Y2),- .., (xN,yn)}. The InfoNCE is then

N
éz;ln(l J(xi,5) )] ' (AS)

N ijzl f(=xj,9:)

Infonce(X 5 Y) = Epxy)
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Following van den Oord et al. (2018) we have

p(ylz1)

. B (y)
Infonce(X13 Y) = Epy) | Epx|y) |10 W (AS)
=1 p(y)

2|~

P(Tlh)l)
Ep) | Epcxly) |In W
=1 p(:l:7)

2|~

By | By | (a1 | y) TIL, pla) )
| )[ <z?_1p<wi|y> ITzi p(a2)

= Epwy) [Epxpy) [Inp(i = 1| X,y)]] + In(N),

where p(¢ = 1 | X, vy) is the probability that sample x; is the positive sample if we know there exists
exactly one positive sample in X.

+ In(V)

The InfoNCE is a lower bound on the mutual information. The following inequality is from van den
Oord et al. (2018):

51 o (202

[ ()]
> By p(mly)[{ < +m>n

= Ep(y) p(x1|y)

N
p(:l:z |
~ E + =
p(y) |En(x|y) ( a;1|y ; p(x;) >H
p(x1]y)
= Epw) [Epxpy) re)
p(w) |Ep(xly 1 plzily) 1 N p(=ily)
N @) TN 2i=2 pm)

= IInfoNCE(Xl ; )

where the ">" is obtained by boundmg In(1/N + a) by In(a), which gives a bound that is not very

tight, since a = % can become small. However for the "~" van den Oord et al. (2018) have to
assume
N N
1 p(xi | y) 1 py | z:)
D e P (A8)
N z:; p(x:) N ; p(y)

which is unclear how to ensure.
For a proof of this bound see Poole et al. (2019).

We assumed that for the anchor sample y a positive sample &1 has been drawn according to p(x; | y).

Aset X = {x,...,xx} of negative samples is drawn according to p(z). Therefore, we have a
set X = {x1, x3,...,x N} that is drawn with one positive sample x; and N — 1 negative samples

X ={xy,...,xx}. We have

p(X) = Hp(wz-), (A9)
1=2 N

(X |y) = p(=1 | y) Hp(wi), (A10)
N =2

p(X) = _Hp(m»- (A11)



Next, we present a theorem that shows this bound, where we largely follow Poole et al. (2019) in the
proof. In contrast to Poole et al. (2019), we do not use the NWJ bound Nguyen et al. (2010). The
mutual information is

I(X1;Y) = Epa, ) {m (Wﬂ . (A12)

Theorem A1 (InfoNCE lower bound). InfoNCE with score function f(x,y) according to Eq. (A3)
is a lower bound on the mutual information.

f(x1,y)

I(X1;Y) > Epypx|y) llII( )] = Imtonce(X1; Y) . (A13)

InfoNCE with probabilities according to Eq. (A2) is a lower bound on the mutual information.

x
I(X1:Y) =2 Epgpxiy) lhl< T pj(vy| ) )] = Imtonce(X1; Y) . (Al4)
N Zi:l p(y | xz)

The second bound Eq. (A14) is a special case of the first bound Eq. (A13).

Proof. Part (I): Lower bound with score function f(x,y).

For each set X = {x2,...,xN}, we define as data-dependent (depending on X)) score function
g(x1,y, X) that is based on the score function f(z,y). Therefore we have for each X a different
data-dependent score function g based on f. We will derive a bound on the InfoNCE, which is the
expectation of a lower bond on the mutual information over the score functions. For score function
g(x1,y, X), we define a variational distribution (z; | y, X) over x;:

p(iL‘l) g(wlvy’ X)

g(z1 |y, X) = 2 : (A15)
Z(y, X)
2y, X) = By 9@y, %)) | (A16)
which ensures
/q(w1 |y, X)de;, = 1. (A17)
‘We have
p(x1) Z(y,X)
For the function g, we set
~ :l': 5
gy X) = —JEY (A19)
N 22‘:1 f(w“ y)
For the function f we use
f(®1,y) = exp(r " sim(z1,y)) (A20)

where sim(a, y) is typically the cosine similarity.

We next show that InfoNCE is a lower bound on the mutual information.
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[(X13Y) = Byx) [1(X05 V)] = By, {Ep(m,w [m p(mlly)H

i i p(x1)

s . g w( PEly) gy X)
p(x1,Y) _ Q(ilfl | y,X) p(:vl)
(z1 |y, X)

In g
I I p(z1)

|, 4@ |y, X)
p(e1)

= E, % Ep(asl,y)

> E,z) [Epiy) = Ep()?) Ep@,.y)

= E,x) [_Ep(wl’y) [lng(ml,y,f() — In (Ep(zl) [Q(wlaan)DH

= Ep(){') _Ep(y) {Ep(mﬂy) {lng(ml,va)] —In (Ep(ml) [g(mlaan)

p(X) :Ep<y> {Epccuy) [hlg(why,ff )m - E, % [Emy) [111 (Ep<w1> [g(a;l,y,f( >DH

(A21)

+ By [KLp(1 | 9) | ala: | yyff))w

In g(wlvya~)~()‘|‘|
Z(y,X)

Dl

> Epyixin) 9@ 9. X)| = B,y By [Baen) [9(21.3, 0] = 1]]

= Epin(xiy) -ln T gi(vj 11;(/3)3?/) ~ B :Ep (0 l}v glefg(/;y)} B 1]

= Epp(xiy) |In T ggjﬁii,y)_ — Epy) _]1[ ii Epc) L{[ gﬁl}g(l:)c“y)] - 1]
= Bpwpn(xiy) |In T gz(ilf?;y) ™ B _E”(X) li g%iﬁgﬂ ) 1]

= Ep)p(xly) _ln % ggll;‘z(/:)chy)_

= Imfonce(X1; Y) .

For the first ">" we used that the Kullback-Leibler divergence is non-negative. For the second ">"

we used the inequality Ina < a — 1 fora > 0.
Part (II): Lower bound with probabilities.

If the score function f is

f(w,y) = p(y | (L‘) )
then the bound is

(A22)

f(x1,y) p(y | z1)

I(X15Y) 2> Epgp(xiy) 111( N = Epgp(xly) |In N
% Zi:l f(:cl,y) % Zizl p(y ‘ wi)
(A23)
pyle1)
= Epp(xjy) |In T N pla) styp(ym) = Ifonce(X1; Y).
L N £i=1"p(y)

This is the bound with probabilities in the theorem. O

A.1.2 InfoLOOB: Upper Bound on Mutual Information

We derive an upper bound on the mutual information between random variables X and Y distributed
according to p(x, y). The mutual information I(X ; Y) between random variables X and Y is

m} = Epa.y) [1

I(X;Y) = Eye In
RS p(’y)[ p(z)
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In Poole et al. (2019) Eq. (13) introduces a variational upper bound on the mutual information,
which has been called "Leave one out upper bound" (called "L10ut" in Cheng et al. (2020)). For
simplicity, we call this bound "InfoLOOB", where LOOB is an acronym for "Leave One Out Bound".
In contrast to InfoNCE, InfoLOOB is an upper bound on the mutual information. InfoLOOB is analog
to InfoNCE except that the negative samples do not contain a positive sample. Fig. 1 and Fig. 2 in
Cheng et al. (2020) both show that InfoLOOB is a better estimator for the mutual information than
InfoNCE (van den Oord et al., 2018), MINE (Belghazi et al., 2018), and NWJ (Nguyen et al., 2010).

The InfoLOOB with score function f(x,y) is defined as

i [ f(mla y) 1]
linforoon(X15 Y) = Epgy) [Epxpy) 1“( N . (A25)
L L ﬁ Yize f(@i,y) i
The InfoLOOB with probabilities is defined as
x
IinforooB(X1 5 Y) = Epy) |Epxy) 1n< - p(ljl\,| ) ) . (A26)
L N—1 Zi:Q p(y | z:) ]

This is the InfoLOOB Eq. (A25) with f(x,y) = p(y | =).
The InfoLOOB with probabilities can be written in different forms:

T
InfoLooB(X1 5 Y) = Epgy |Epxiy) lln( _plw]z) )H (A27)
N—1 Zi:Q p(y ‘ :Bl)
p(y(\w)l) p(:(cm;)
Py p(x
= Ep) [Epxjy) |In 1 N plylzs) = Epy) |Epxjy) |In 1 N1 p(zi|y)
N—-1 Zi:Q p(y) N-—-1 Zi:Q p(x;)

Set of pairs. The InfoLOOB can we written in a different setting (Poole et al., 2019), which will
be used in our implementations. We sample N pairs independently from p(x,y), which gives
X = {(iL’l, yl), (3[32, yg), ey (SEN, yN)} The InfoLOOB is then

N
1 Z f(i, i)
Iimforoos(X ; Y) = EP(X\ZJ) [N hl( 1 ZN f(x;, ) ' (A28)
i=1 N-1 J=1,j#i VR

We assume that an anchor sample y is given. For the anchor sample y we draw a positive sample
@1 according to p(x; | y). Next, we draw a set X = {xa, ..., xx} of negative samples according
to p(x | y). For a given y, the x that have a large p(x | y) are drawn with a lower probability
p(x | y) compared to random drawing via p(x). The negatives are indeed negatives. We have

drawn first anchor sample y and then X = {x1,..., @y}, where z; is drawn according to p(z1 | y)
and X = {@o,...,zy} are drawn iid according to p(x | y). We have
) N
X [y = [[o=: v, (A29)
i=2
N
X |y) = plxi|y) [[dlxily). (A30)
i=2
) N
X |y)p(m1) = p(m1) [[ 6 |y). (A31)
i=2

We assume for score function f(x, y)

VyVz 1 0 < f(z,y) . (A32)
We ensure this by using for score function f
f(x,y) = exp(r~!sim(zx,y)), (A33)
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where sim(x, y) is typically the cosine similarity.

InfoLOOB with score function f(x,y) and with undersampling via p(X | y) is (compare the
definition of InfoLOOB Eq. (A25) without undersampling):

f(m17y)
B |in . A34
e )[ <N1_1 i, f(mi’y)>H .

The reference constant Z(y) gives the average score f(x,y), if the negatives for y are selected with
lower probability via p(x | y) than with random drawing according to p(x).

InfoLooB(X ; Y) = Epy)

Z(y) = Epaly) [f(x,9)] . (A35)
We define the variational distribution
_ p(=) f(z,y) cin
gz |y) = T 2 Z*(y) = Epa) [f(z,9)] - (A36)

With the variational distribution ¢(x | y), we express our main assumption. The main assumption
for the bound is:

Ep) [KL(p(z [ y) [ 9(z [y))] < Epy) (027 (y) — mZ(y)] . (A37)
This assumption can be written as
ply | ) Z(y))H
E Epzly) |[In | —————= <0. A38
v [ Py [n ( p(y) fz,y) (A38)

This assumption ensures that the & with large p(x | y)) are selected with lower probability via
p(x | y) than with random drawing according to p(x). The negatives are ensured to be real negatives,
that is, p(x | y) is small and so is f(x,y). Consequently, we make sure that we draw x with
sufficient small f(«,vy). The Kullback-Leibler gives the minimal required gap between drawing
f(x,y) via p(x) and drawing f(x,y) viap(x | y).

EXAMPLE. With h(y) > 0, we consider the setting

_ ply|=z) h(y)
flzy) = o) ; (A39)
_ - p(x) p(y) _ ply | @) h(y)\ ™
Py = Gy sy o) oty CW) T e l( o) ] - B0
The main assumption becomes
Z
Epy) {Emm [m h((:)) ” < 0. (A41)

The main assumption holds since

o plylz) My)| _ p)ply)  ply|z)hy)
) = Bialy) { p(y) ] / hy)py ) Cly)  ply) d (A42)
= /p(w) Cly)'de = Cy)™! = <Ep(:c) l(p(y Ipz:;)h(y))_ ])
ply o) h()] ") ply | =) h(y)
s (Em) [ p(y) ] ) Fr(e) [ p(y) }
ply,z) h(y) .
- / p(y) de = My).

where we used for the < Jensen’s inequality with the function f(a) = 1/a, which is convex for
a > 0.
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For score function f(,y) and distribution p(x | y) for sampling the negative samples, we have
defined:

p(x) f(z,y)
gz | y) = . (A45)
(x| y) 7()
Next theorem gives the upper bound of the InfoLOOB on the mutual information, which is
p(ey | y)]
I(X1:;Y) = Epa, In————=| . (A46)
( 1 ) p(x1,y) |: p(iL'1)

Theorem A2 (InfoLOOB upper bound). If X = {x,...,xy} are drawn iid according to p(z | y)
and if the main assumption holds:

Ep) KL(p(z | y) [ ¢(z | y))] < Epgy) In27(y) - InZ(y)] - (A47)

Then InfoLOOB with score function f(x,y) and undersampling positives by p(X | y) is an upper
bound on the mutual information:

Es(x|y) lln <1\71_1 gfvai: ?(:m,y))H = ImfoLoos(X1; Y). (A48)

I(X1;Y) < Eyy)

If the negative samples X = {xy, ..., @y} are drawn iid according to p(x), then InfoLOOB with
probabilities according to Eq. (A26) is an upper bound on the mutual information:

m( ply | =) )
1 T,y | X0

The second bound Eq. (A49) is a special case of the first bound Eq. (A48).

= Imforoos(X1; Y). (A49)

I(X1;Y) < Epy [Epxpy)
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Proof. Part (I): Upper bound with score function f(x, y).

I(Xl H Y) = Ep(wl,y) |:1n

In (p

In

Ep(ml,y)

Ep(ml-,y)

E:D(wlyy)

E:D(ml,y)

E:D(ml’y)

N

In
ln(

_nf(wl,y)

E:D(ml’y)

In

EP(wlyy)

_n (Ep<Xy> [

Ep@r ) I f(@1,y)] — Eyy) [hl( B(X|y) [N 1

—_—

Epy) lEﬁ(Xy)

InforooB(X1; Y),

p(x1 | y)}

p(z1)

q(x1 | y)
p(z1)

(1| y)
(1 |y)
q(z1 | y)
p(x1)
q(z1 | y)
p(ﬂ?l)
q(z1 | y)
p(x1)
f(x1,y)
Ep(m) [f(mhy)]

|

} + Epy) [MEpay) [f(z1,y
Ep(m1) [f(mla y)]

Z(y) ]
)

Ep@y) [f(21,9)]

+ In

Z(y)

Z(y)

f(mlay
N—1 Zz o f(®isy

Epa,.y) 0 f(21,9)] — Eyy) lE (X1y) l (N

f(mlay)
Zij\;Q f(@i,y)

1

N-1

| )|

(A50)

} + By KL(p(@1 | y) || a(1 | )]

)| — mZ(y)]

N
mev,y

=2

N
> flxiy)

=2

)
)|

)—l

where the first "<" uses assumption Eq. (A37), while Jensens’s inequality was used for the second
"<" by exchanging the expectation and the "In". We also used

Exlyl

waz,y]

Part (IT): Upper bound with probabilities.

If the score function f is

and

then

= 3ot L e vl = o 32w = 20

- - (AS1)

flx,y) = ply | =) (A52)

(x|y) = p(z), (A53)

X |y) = p(X|y), (A54)

Z(y) = Ep@) Py [ )] = p(y), (A55)

Z*(y) = Epa) p(y | 2)] = p(y), (A56)
_ p@)plylz)

gz |y) = () =p(z|y), (A57)

|y)) = KL(p(z | y) | p(x|y)) = 0 (AS8)



Therefore, the main assumption holds, since

0 = Epy) KL(p(z [ y) || ¢(z | y))] = By InZ*(y) — nZ(y)] . (A59)
The bound becomes

x

I(X1;Y) < Epy) lEMle) [m( . ply | 1) )H (A60)

N—1 ZZ 2 p(y | i)
p(y|z1)
- R E 1 r(y) — 1 X -V
p(y) p(X|y) n N p(ylz:) InfoLOOB( 15 ) .

An alternative proof is as follows:

[(X1;Y) = I(X1;Y) = Epy

In (1\[1—1 Zpgy) 1 (A61)

071 |
o (e
|

x| y)
Epy) {E (@1y) [hl (Z)(:cl))] — Epy)

p(z1ly)
p(x1)
N i
N£ 1 Z’Z:Q p;?mll’!;)

N

I(Xy 5 — Epy)

E

p(y) |Ep(xjy) |In

= Iinforoos(X1; Y) .

where we applied Jensens’s inequality for the exchanging the expectation and the "In" to obtain the
"<" inequality.

O

Experiments that compare upper and lower bounds as mutual information estimates are provided
in Cheng et al. (2020) and in Poole et al. (2019). In Fig. 2 in Cheng et al. (2020) it is shown that
InfoLOOB is a good estimator of the mutual information.

A.1.3 InfoLOOB: Analysis of the Objective

This subsection justifies the maximization of the InfoLOOB bound for contrastive learning. Maxi-
mizing the InfoLOOB bound is not intuitive as it was introduced as an upper bound on the mutual
information in the previous subsection. Still maximizing the InfoLOOB bound leads to a good
approximation of the mutual information, in particular for high mutual information.

InfoLOOB with a neural network as a scoring function is not an upper bound on the mutual infor-
mation when not under-sampling. As we use InfoLOOB on training data for which we do not know
the sampling procedure, we cannot assume under-sampling. Therefore, we elaborate more on the
rationale behind the maximization of the InfoLOOB bound. (I) We show that InfoLOOB with neural
networks as scoring function is bounded from above. Therefore, there exists a maximum and the
optimization problem is well defined. (II) We show that InfoLOOB with neural networks as scoring
function differs by two terms from the mutual information. The first term is the Kullback-Leibler
divergence between the variational ¢(x | y) and the posterior p(x | y). This divergence is minimal
for g(x | y) = p(x | y), which implies f(y | ) = p(y | ). The second term is governed by
the difference between the mean E[f(x, y)] and the empirical mean 1/(N — 1) ", f(x;,y). The
Hoeffding bound can be applied to this difference. Therefore, the second term is negligible for large
N. In contrast, the KL term is dominant and the relevant term, therefore maximizing InfoLOOB

leadsto f(y | @) = p(y | ).
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We assume that an anchor sample vy is given. For the anchor sample y, we draw a positive sample x;

according to p(x1 | y). We define the set X = {3, ..., x N} of negative samples, which are drawn
iid according to p(x). We define the set X = {x1,..., N}
We have
) N
p(X) = [[ o), (A62)
i=2
N ~
p(X |y) = plar | y) [[p(=:) = pla1 | y) p(X), (A63)
i=2
N ~
p(X) = [[p(@:) = pla1) p(X). (A64)
i=1

‘We use the score function

f(@,y) = exp(r™" sim(z,y)), (A65)
where sim(x, y) is typically the cosine similarity.

The InfoLOOB with score function f(x, y) is defined as

InfoLoon(X1; Y) = Eyy) lEpuqy) [hl( hat) )H . (A66)

ﬁ ZZJ\LQ f(SE“y)

‘We define the variational distribution

_ plz) f(=,y)
gz |y) = ~Zw) (A67)
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The next inequality shows the relation between I(X; ; Y) and Iysor.oos(X1 ; Y) for random
variables X; and Y.

_ p(e1)
= Ep(ar.y) _ln (pgi | z; = p(z I)y ﬂ

— Bya, y) |In W} T By KLG( | ) || gl | 9)]

I(X1;Y) = Epa, a) {ln p(@s y)} (A69)

I f(mlay)
Ep(w17y) In Z(y)

f mhy
= Brary) In (o1 | ) || gl | )]
’ ! L ( p(X‘y) [N 1 Z'L 2 f wl)y )]

] + Epy) [KL(p(z1 | y) [l g(z1 [y

N )
1

= Epz, [0 f(z1,y)] — Epy) ( ixly) |7 2o/ wy)D

=2 i

+ Epy) [KL(p(z1 [ 9) || ¢(z1 | y)

= Epz,y 0 f(@1,9)] — Epy) |Epxiy) [ (N 1 Z f why))]

N =2 1 N
+ Epgy) [Epxly) lln <N 1 Z fliy )] Ep(y) l ( p(Xly) | N7 > f(:vuy)D]
=2 1=2
+ Epgy) KL(p(z1 | y) || ¢(z1 | )
= Epy) [Enxiy) [111( (ml’ ) + Epw) [Epxly) [ < Z flziy )H
~ Epy) |In (Ep(xw [N 1 f TirY D + Epy) KL(p(z1 | y) || a(z1 | y))]
= IInfoLO_OB(Xl ;Y)
] o
+ Epy) |Epxpy) |In <N oD Sy )] ~ By [m( p(Xy) lN_l > f(fci,y)D]
L =2 =2
+ Epy) KL(p(1 [ y) || g(z1 | )]

= Imfroos(X1; Y)

N
In (N Z flxiy )H — Epy) [In (Epgay) [f(z1,9)])]

+ Epy) KL(p(z1 | y) || a(z1 [ y))]
= Imforoos(X1; Y)

In < E;D(wl) [f(:m,y)] >‘|‘|
1 N
N—1 Zi:Q f(wi,y)

+ Epy) [KL(p(z1 | y) | ¢(z1 | y))]
= ImtoLooB(X1; Y) — DE + Epy) [KL(p(z1 | ) || ¢(z1 [ )] ,

where we used
Byay) [f (21, 9)] )] l l ( Z(y) )H
DE = E, Ep = |In =E, Ep = |In
v l o l <N >V, flny) YO\ 2, f@y)
(A70)

31

+ Epgy)

Ey(x1y)
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E
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(DE for difference of expectations) and

Z(y) = Ep@,) [f(®1,9)] = E, %

1 N
o1 f(mlv,y)] (A71)
1=2

:EX“,[ Zf%’]’

Since both KL, and DE are non-negative (for DE see below), to increase InfoLOOB we have either
to decrease KL or to increase DE.

Bounding DE. Next we bound DE. We define

N
L=2z2"2—p"! Z zlnz . (A72)
i=1
The log-sum-exp function (Ise) is
N
lse(B,a) = B 'log (Z exp(Bai)> , (A73)
i=1
for 8 > 0 and vector @ = (aq,...,an).

The lse is a convex function (Lemma 4 in (Gao & Pavel, 2017)). We obtain via Jensen’s inequality
and the convex lse:

exp(7 1 sim(z1,y))
E E & |1 Epz, AT
p(y) [ p(X) ln< p(@1) Lvll S, exp(r sim(wz-,y))DH o

< Ep(y) [lnEp(wl) [exp(’ril Slm($17y>)] - 7—71 Ep(ml) [Slm(mlay)]] .

Again using Jensen’s inequality and the concave In, we get

exp(7~! sim(z1,y
E E - In|E T (A75)
p(y) l p(%) l ( p(@1) [Nl_l Siv, exp(r- 1sun wz,y) )H

N
Epey) llnEp(ml) [exp(r_l sim(ﬂh,’y)ﬂ <N 1 Z p(x;) exp -1 51m(w1,y))}>]

=

v

=0.
If we combine both previous inequalities, we obtain

0 < DE < Eupy) [NEp@) [exp(r7 ! sim(z1,y))] — 77" By [sim(z1,y)]] . (A76)

In particular, for bounded sim(x1, y), we get

0 <DE < 77! <maxsim(m1,y) . minsim(wl,y)) , (ATT)

Y,r1 Y,T1
while Hoeffding’s lemma gives
2
1, . -
0 < DE < g7 (maxsnn(a:l,y) - m1n51m(m1,y)) . (A78)
Y,r1 Y,T1

Thus, for bounded sim(x1, y), DE is bounded, therefore also InfoLOOB.
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Next, we show that DE is small. The Hoeffding bound (Proposition 2.5 in Wainwright (2019)) states
that if the random variable Sy = f(X1,y) with X; ~ p(1) is aj%—sub—Gaussian then with random

variables S} iid distributed like S¢

1 &,
P ( B[S - v ; S| > e> (A79)
R (N —1) ¢
= p<Ep(w1) [f(x1,y)] — N_1 2 f(xi,y)| > €| < 2exp|— 20?
(A80)
If Sy € [a,b] (e.g.if f(x,y) € [a,b]) then we canset oy = (b — a)/2.
For
;X
By f(@19)] = 57— D_ flzny) < e (A81)
i=2
we have
1N .
hl ( 1Ep(m1)]\[[f($1,y)] > g hl <N—1121—2]Vf(w17y) + 6) (A82)
1 22 S0 y) 77 2izz /(%0 Y)

< = <
N-1 21':2 f(wzay) Z — ¢

1
where we used Ina < a — 1 for 0 < a. Analog for

N
1
N_1 > f@iy) — Epy) [f(@1,9)] < € (A83)
i=2
we have
E E
n - p(ml)i’f(wla y)] Z In < p(x1) [f(wlvy)] > (A84)
w1 SN f(=iy) Epz) [f(®1,9)] + ¢
e (Ep(m)[f(why)] + 6) o € _ €
Ep(:cl) [f(wla y)] - Ep(:cl) [f(wl, y)] zZ’
where we used —Ina > 1 — a for 0 < a.
In summary, if for all y
1 N
By f(@19)] = 57— D flzay)| <, (A85)
i=2
then we have
e m( Eyon [/(@1.9) ) o (A%6)
Z =1 i f(@iY) Z — €
It follows that
— By [Z2(y) '] < DE < eByy) [(Z(y) — 7] (A87)

Consequently, for large N, the Hoeffding bound Eq. (A79) holds with high probability, if € is chosen
reasonably. Therefore, with high probability the term DE is small.

Next, we show that DE is governed by the variance of sim(x, y) for unmatched pairs.
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In Eq. (A76) the term DE is upper bounded:
DE < Epy) [nEp@)) [exp(f_l sim(z1,y))] — 1 Ep(a) [sim(z1, y)]] (A88)

We express these equations via the random variable S = sim(X;,y) with s = sim(xy, y), which
replaces the random variable X; and its realization x;.

Byen lg (sim(e1 )] = [ plar) g (sin(ar,v) dey (A89)
= /p(:cl) /5(5 — sim(x1,y)) g(s)dsdx; = //p(a;l) 0 (s — sim(x1,y)) de g(s) ds
= [ b)) ds = By lo(o)

where we used the Dirac delta-distribution ¢ and for s = sim(x1, y) we defined
p(s) = [plan)d(s — simery)) da (A%)

Eq. (A76) can be written as

DE < Eyy) [nEyq) [exp(r™h s)] — 771 Epgo [s]] = Epgy) [nEp(s) [exp(r7! (s = 5))]] ,
(AO1)

with 5 = E,) [s].

We assume that the random variable S with realization s = sim (1, y) is sub-Gaussian, where y
is given and x; is drawn independently from y according to p(x;). Therefore, we assume that the
similarity of a random matching is sub-Gaussian. This assumption is true for bounded similarities
(like the cosine similarity) and for almost sure bounded similarities. The assumption is true if using
vectors that are retrieved from a continuous modern Hopfield network since they are bounded by
the largest stored vector. This assumption is true for a continuous similarity function if x, y, and
parameters are bounded, since the bounded x, y, and parameters can be embedded in a compact set
on which the similarity has a maximum. This assumption is true for learned similarities if the input is
bounded.

For a random variable S that is o2-sub-Gaussian (Definition 2.2 in Wainwright (2019)) the constant

o2 is called a proxy variance. The minimal proxy variance Jgpt is called the optimal proxy variance

with Var[S] < o2, (Arbel etal., 2019). S is strictly sub-Gaussian, if o2, = Var[S]. Proposition 2.1
in Arbel et al. (2019) states

2
Oope = $Up 5 In (Blexp(M(S — w)]) (A92)
AER

with ¢ = E[S]. The supremum is attained for almost surely bounded random variables S. Eq. (4) in
Arbel et al. (2019) states

.2
;\E)r})ﬁln (E [exp(A(S — w)]) = Var[9]. (A93)

Thus, for S being sub-Gaussian, we have
DE < 772 Ey) [05,:(9)] , (A94)

where agpt is the optimal proxy variance of S. For example, bounded random variables S € [a, b]
are sub-Gaussian with o, < (b — a)/2 (Exercise 2.4 in Wainwright (2019)).

KL is decreased by making the variation distribution ¢(x; | y) more similar to the posterior p(x; | y).

The value DE only depends on the marginal distributions p(y) and p(a), since p(X) = Hf\iz p(x;).
The value DE can be changed by adding an offset to f(x, y). However, scaling f(x, y) by a factor
does not change DE. Consequently, DE is difficult to change.
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Therefore, increasing InfoLOOB is most effective by making ¢(x; | y) more similar to the posterior
p(x1 | y).

Gradient of InfoLOOB expressed by gradients of K. and DE. Assume that the similarity is
parametrized by w giving sim(x, y; w).

KL(p(z1 | y) | ¢(z1 | y)) = /p(w1 |y) In (M) dee (A95)

—— /p<m1 | y) sim(z, y;w) dzy + nZ + C,

where C' is independent of w.

Next, we compute the derivative of KL with respect to parameters w.

% (A96)

- . 1 _ . .
= [ |y PR g, [ ) S0 ) S yi) g,
_ 1 /p(wl | y) W dey + 71 /p(wl) exp(r~! Sié(ﬂn,y;w)) 3sim(§;;y;w) dz,
= —7! /p(wlly)del + 771 /Q(w1|y)de1

Osim(x1, y; w)

= 71 /(q($1 \y) — p(wl |y)) Ow

The derivative is the average difference between the posterior distribution p(x; | y) and the variational
distribution ¢(x; | y) multiplied by the derivative of the similarity function. If both distribution
match, then the derivative vanishes.

d.’.Ul .
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Next, we compute the derivative of DE with respect to parameters w.

Isim(x;,y;w)

ow

(A97)

ODE
ow
- 'aan} s g 1 S, 7 exp(r ! sim(zg, y; w))
= Tp(y) — Tp(y) X
L Ow I w1 S flzy)
[ dsim(z1, y; w)
= Ep(y) _7' ! /Q(ml | y) T ow dx,
Lo [ S e s, yiw) WH
- (y) X
I o S flzy)
. [ Osim(x1, y; w)
= 7" Epw) i q(x1 | y) T ow dx,
- _ N . -
_ 1 f(xi,y) Osim(z;, y; w)
-7 'E ) |Epx : :
p I p( ) _N—l ; ﬁ Zjv:Q f(m‘]’y) 8w 1]
Osim(x1, y; w)
- T 1 E |:/ p(ml) f(mby) s I dml
_ _ N . -
_ ,7_—1 E ) E ()2) 1 Z f(wlay) 8SIm(mi7y;w)
p(y N
L P _N_l i=2 ﬁ Zj:Q f(xj,y) dw 1]
Osim(x1, y; w)
= T 1E |:E ) |: f(mhy) y I
r r N . .
By By 1 f(xi,y) Osim(z;, y; w) 1
p(y X
L a N-1= 35 Z;V:Q f(z5,y) w |
N
_ 1 fzi,y) Osim(x;, y; w)
=T 1E E - |: ) y I
PN -1 ; P | By [f (2, )] ow
N .
- 1 f(xi,y) Osim(z;, y; w)
-7 'E (v) lE X l : .
TN - ; v S, flayy)  Ow
N .
_ 1 f(xi,y)  Osim(x;, y; w)
= 7' Eyy) |Eyx
P T TN -1 ;EM (@ y)] ow
N
_ 1 flzi,y) Osim(x;, y; w)
—TlEmy)lExl > : =
PEO N -1 = N Zjvzz f(5,y) Ow
N
1 1 1
:TﬁlE() | DR - f(may)
w0 B0 |21 L\ B Tl ~ 5 5, ferw)
N
1 1 1
= 7' By By | v ( - ) f(zi,y)
PN -1 ; Z 52, fagy)
o 1 1
The derivative is the average of 5 — — N @)

N—-1

ow

|

Osim(x;, y; w)

ow

Osim(x;, y; w)] 1 .

multiplied by the score function and the

derivative of the similarity function. The average is over y and X, therefore the whole derivative
becomes even smaller. Consequently, for small b — a and large N, the derivative of DE is small.

Note that for

Ep(acl) [f(mla y)

N

Z f(@iy)

1=2

L

]7N—1

< €

(A98)

|



we have

1 1 1 1 .
z Sz - = (A99)
N )
Z Yl fmyy) 2 Zte Z(Z+e)
1 1 1 1 .
z zZ - S 7 A (A100)
Z o Z;'V:2 f(xj.y) A Z—¢ Z(Z —€)
therefore
1 1
z < . (A101)

Z 5 YN, flay)|  Z(Z-9

If the expectation Z is well approximated by the average ﬁ Zjvzz f(=;,y), then both DE and its
gradient are small.
Derivative of InfoLOOB via KL and DE:

8IInfOLOOB (Xl y Y) ODE OKL

ow T w | ow (A102)

In this gradient, the KL term is dominating, therefore f(x, y) is pushed to approximate the conditional
probability p(y | «). Modern Hopfield networks lead to larger values of p(y | «) as the mutual
information becomes larger, therefore modern Hopfield networks help to push f(x, y) to large values.
Furthermore, modern Hopfield networks increase Z, which is in the denominator of the bound on
DE and its derivative.

A.1.4 InfoNCE and InfoLOOB: Gradients

We consider the InfoNCE and the InfoLOOB loss function. For computing the loss
function, we sample N pairs independently from p(x,y), which gives the training set
{(x1,v1), (x2,Y2),...,(xN,yn)}. InfoNCE and InfoLOOB only differ in using the positive
example in the negatives. More precisely, for the sample y;, InfoNCE uses for the matrix of negative
samples X = (x1,...,xy), while InfoLOOB uses X = (x3,...,ZN).

InfoNCE. The InfoNCE loss is

N N
Lintoxces = — — > I ( - f]\(,wi’yi> > - L > Lintonce(¥i) » (A103)
N i=1 N Zj:l f(z5,9:) N i=1

where we used

Linfonce(Yi) = — 1n< - fj\(,wi’yi) > : (A104)
N Zj:l f(xj, i)
For the score function f(x,y), we use
f(x,y) = exp(r™! sim(zx,y)), (A105)
sim(z,y) = y'x (A106)

with 7 as the temperature.

The loss function for this score function is

Linonce(y) = — 7'y @ + 77 e (17, X y) (A107)
where Ise is the log-sum-exp function (1se):
N
Ise(,a) = B 'log (Z eXP(Bcu)) , (A108)
i=1
for 8 > 0 and vector @ = (ay,...,an).
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The gradient with respect to y is

oL nfo - - -
%CEW) = —r 'y + 1 X softmax (' XTy) | (A109)

which is the positive example x; that fits to the anchor example y minus the Hopfield network update
with state pattern ¢ and stored patterns X and then this difference multiplied by 7!

This gradient can be simplified, since the positive example «; is also in the negative examples. Using
p=(p1,...,pn)T = softmax (7' X y), we obtain

OLnfoncE(Y)
dy

-1
= —7'1-p (m —
( DA 1—p

o c Linfo
= 711 - pm) (:cl — X softmax (T_lXTy>) = (1 — p1) —8 InfoLOOB (Y) .

(A110)

X (softmax (TﬁlXTy) - (p1,0,... »O)T))

Jy
where
1
. X (softmax (r'XTy) — (p1,0,...,0)7) (A111)
— P
1
=X (P12, pn)" = (p1,0,...,0)7)
— P
= X0 e
_1_p1 aan"'va 1—]71 Di

is the softmax average over the negatives x; for 2 < ¢ < N without ;. It can be easily seen that
T L Zz o Pi = 1 p L = 1. For the derivative of the InfoLOOB see below.

—p1

The gradient with respect to oy is

Ouionce®) _ o1y, (o1 SR 21Y) (A112)
Oz, valexp(T lzTy)
= - 1 -p)y. (A113)

Consequently, the learning rate is scaled by (1 — p1).

The sum of gradients with respect to 1 and x; is

OLinto )
I fNCE(y) + Z I fNCE(?J)

= —7 'y + 771y 1Tsoftmax (T_lXTy) (Al114)
33;1 6$i

i=1
= -1 'y+7ly =0,

where 1 is the vector with ones. However, the derivatives with respect to the weights are not zero

since the x; are differently computed.

InfoLOOB. The InfoLOOB loss is

N
LinfoooB = — E In ( = — E Linforoon(¥:) , (Al15)
N N71 Z] 1]7$7,f(wj7yi) N i=1

where we used

Ti, Y
LinforooB(Yi) = — 1n< - J;v( Y1) ) . (A116)
N-1 Zj:Lj;éi f(fﬂ‘i’yi)
For the score function f(x,y), we use
f(x,y) = exp(r~" sim(z,y)) , (A117)
sim(z,y) = y'x (A118)
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with 7 as the temperature.

The loss function for this score function is
Lintoroon(y) = =7 'y @y + 77 1se (7, X7y) | (A119)

where lse is the log-sum-exponential function.

The gradient with respect to y is

OLinfor.ooB(Y)
dy

which is the positive example x; that fits to the anchor example y minus the Hopfield network update
with state pattern ¢ and stored patterns X and then this difference multiplied by 71.

— — 7 lg, + 7 X softmax (leTy) : (A120)

The gradient with respect to x; is

OLmfoLooB(y) 1
roonl) _ o1y, (A121)

The sum of gradients with respect to ;1 and x; is

oL, OLiy X
I foLOOB n Z InfoLOOB ( ) — — 71y + 771y 1Tsoftmax (T—lXTy)
ox;

(A122)
= -7t ly+1ly =0,

where 1 is the vector with ones. However, the derivatives with respect to the weights are not zero
since the x; are differently computed.

Gradients with respect to 7~ !. The gradient of the InfoNCE loss Eq. (A103) using the similarity
Eq. (A105) with respect to 77! is

81—4 n _

%Cf(y) = —yT x; + y* X softmax (7- 1XTy) (A123)
-

= —y" (z1 — X softmax (1 ' X"y)) , (A124)

which is the similarity of the anchor y with the difference of the positive example ; and the Hopfield
network update with state pattern y and stored patterns X . The gradient of the InfoLOOB loss
Eq. (A115) using the similarity Eq. (A117) with respect to 77! is

IL1nfor.00B(Y)

o1 - y o +y X SOftmaX(7 'X y) (A125)
T
= -y (il:l — X softmax (T 1x1 y)) , (A126)

with the difference compared to Eq. (A123) that the Hopfield network update is done with

stored patterns X instead of X. Without the positive example a; in the stored patterns
X, the term z; — X softmax (TﬁlXTy) in Eq. (A125) will not decrease like the term

— X softmax (77 XTy) in Eq. (A123) but grow even larger with better separation of the
positive and negative examples.

A.1.5 InfoLOOB and InfoNCE: Probability Estimators

In McAllester & Stratos (2018, 2020) it was shown that estimators of the mutual information by lower
bounds have problems as they come with serious statistical limitations. Statistically more justified for
representing the mutual information is a difference of entropies, which are estimated by minimizing
the cross-entropy loss. Both InfoNCE and InfoLOOB losses can be viewed as cross-entropy losses.

We sample N pairs independently from p(x,y), which gives Z =

{(wla y1)7 (332»3/2), vy (:BN7yN)} We set X = {wly Lo, ... 7$N} and Y = {yla Ya,... 7yN},
so that, Z = X x Y. The score function f(x,y) is an estimator for p(x,y). Then we obtain
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estimators ¢ for the conditional probabilities. §(y; | ;, Y \ {y;}) is an estimator for p(y; | ;) and
g(x; | yi, X \ {x;}) an estimator for p(x; | y;). Each estimator ¢ uses beyond (x;, y;) additional

samples to estimate the normalizing constant. For InfoNCE these estimators are
A1 f(@i, yi) f(@i, yi)
¢ (yi |z, Y \{wi}) = ~ :
~ Z;\Ll f(@i,y5) Epy) [ (@i y)]
f(@i, yi) ~ f(@i, yi)
% Z;V:1 f(iL‘J7 Yi) Ep(x) [f (2, yi)]
The cross-entropy losses for the InfoNCE estimators are

N
1 (i, yi)
LintoNcE = — N Zln < 1 )

i=1 N ZjV:1 f(@i, y5)

N
1 f(xi,y:)
LIQIlfONCE = T X 1H< .

(@i | yi, X\ {z:}) =

For InfoLOOB these estimators are

. f(xi, i) f(@i, yi)
! i | i, Y iy) = ~ )
Pz | yi, X \ {zi}) = 1 thv(m“yl) ~ v

N-1 Zj:m#z‘f(mj,yi) - Ep(a) [f(z,9:)] '

The cross-entropy losses for the InfoLOOB estimators are

N
LllnfoLOOB - N Zln< )

N
N£1 Ej:Lj;ei f(@i, yj)

1 f(va: y7)
LiitoLooB = — In < : }
’ N Z T E;‘V:I,jgéz‘f(mﬁyi)

The InfoLOOB estimator uses for normalization

1 N
Ep(w) [f(w?yl)} e Z f(wj7yl) )

N -1
jzlrj;éi
1 N
Epw) [f(zi,y)] = N_1 Z f(@i y5)
j=1,j#i

in contrast to InfoNCE, which uses

1 N
Ep@) [f(z,9:)] =~ > @iy,

2
=
M=

Ep(y) [f(wh y)] N f((l?“y]) :

(A127)

(A128)

(A129)

(A130)

(A131)

(A132)

(A133)

(A134)

(A135)

(A136)

(A137)

(A138)

If InfoNCE estimates the normalizing constant separately, then it would be biased. (x;,y;) is drawn
according to p(x;,y;) instead of p(x;)p(y;). In contrast, if InfoLOOB estimated the normalizing

constant separately, then it would be unbiased.

A.1.6 InfoLOOB and InfoNCE: Losses

We have N pairs drawn iid from p(x,y), where we assume that a pair (x;,y;) is already
an embedding of the original drawn pair. These build up the embedding training set Z =
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{(x1,91), (£2,Y2),...,(xN,yn)} that allows to construct the matrices X = (1, x2,...,ZN)
of N embedding samples x; and Y = (y1,ys, ..., yn) of N embedding samples y,;. We also have
M stored patterns U = (w1, ..., ups) and K stored patterns V' = (v1,...,vk).

The state vectors x; and y; are the queries for the Hopfield networks, which retrieve some vectors
from U or V. We normalize vectors ;|| = ||y;|| = ||w;|| = [|vi|| = 1. The following vectors are
retrieved from modern Hopfield networks (Ramsauer et al., 2021):

U,, = Usoftmax(BUTx;),  (A139) Ve, = Vsoftmax(8 V'),  (Al4l)
U, = Usoftmax(BU"y;),  (A140) V,, = Vsoftmax(8V7Ty,).  (Al142)
where U, denotes an image-retrieved image embedding, U,,, a text-retrieved image embedding,
V., an image-retrieved text embedding and V,,, a text-retrieved text embedding. The hyperparameter

B corresponds to the inverse temperature: 3 = 0 retrieves the average of the stored pattern, while
large (3 retrieve the stored pattern that is most similar to the state pattern (query).

‘We consider the loss functions

N N
1 exp(t—t zl'y;) 1 exp(t71 xl'y;)
LInfoNCE = T X Z IOg N L ~ AT Z log N L )
N i=1 Z]—1 exp(T~! x]y;) N i=1 Zj:l exp(T! 3";[?/1)
(A143)
N N
1 exp(t—1 zl'y;) 1 exp(t—1 zl'y;)
LintoLooB = — Z log N . Y Z log N . )
N i=1 Zj;ﬁi exp(t! zly;) N i=1 Zj;éi exp(r~! 93;[3/1)
(A144)
N 1 77T N —1 77T
1 exp(t7 " U. 'V, 1 exp(t— U_. V,.
L0 = = 3 D top i D) Ly g 2P0 Tt
i=1 Zj;éi exp(77! UZ Vy,) i=1 Zj;éi exp(7~! Umj )
(A145)
N 17T N —1y/T
1 exp(77" Uy Uy, 1 exp(77 V, Vy,
Lﬁ;ogg\é\]g - = Z log = p( x; yz) - Z log N p( i y7,) ,
N i=1 Zj;ﬁi exp(77! Uz, Uy;) N i=1 Zj;éi exp(7~! qu;-vyi)

(A146)

where for InfoLOOB the sum ) | ;i in the denominator contains only negative examples j. We do

not consider the loss function LEEO%\(;[OI\]Q because of the high variance in the dot product U;i Vy, as

elaborated in the following.

Let us consider the dot product between the anchor retrieval with the positive pattern retrieval for the
loss functions with Hopfield. In the first term of the loss function Eq. (A145), Uy, is the anchor with
V., as the positive sample and V,,, with U, as the positive sample for the second term, since the
anchor also appears in each term of the denominator. Equivalently the same is valid for Eq. (A146),
but with positive samples V., and U,,, respectively. These dot products can be written as

Ugﬁ_ V,, = softmax(8 UTz;)T UV softmax(3 V'y;), (A147)
U:Z_ U,, = softmax(8 UTxz)" UTU softmax(8 UTy;) , (A148)
VwT;Vyi = softmax(8 VTz;)T VTV softmax(3 VTy;) . (A149)

High variance of U] V.. To compute the dot product U

«; Vy:» M + K stored patterns are required
(M of the u; and K of the v;). In contrast, the dot products Ugi Uy, and VgVyi require only M
or respectively K stored patterns. Therefore, U;‘fi V., has higher variance than both UE Uy, and

VIVy,.

Covariance structure extracted by Uf,;i U,, and VmTq,Vyi. The Jacobian J of the softmax p =
softmax(fa) is

Osoftmax(Sa)

J(Ba) = ——— == = B (diag(p) —pp") , (A150)
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which is a symmetric, positive semi-definite matrix with one eigenvalue of zero for eigenvector 1.
J(Ba) is diagonally dominant since |p; (1 — p;)| — >_; ., [pip;| = pi — 22, piv; = pi — i = 0.
Next we give upper bounds on the norm of J.

Lemma Al. For a softmax p = softmax(Sx) with m = max; p;(1 — p;), the spectral norm of the
Jacobian J of the softmax is bounded:

[T, < 2mp, (A151)
19, < 2mp, (A152)
1l < 2mB. (A153)
In particular everywhere holds
1

1l < 5 8- (A154)

If pmax = max; p; > 1 — e > 0.5, then for the spectral norm of the Jacobian holds
[T, < 2eB — 2628 < 268. (A155)

Proof. We consider the maximum absolute column sum norm

|l = max} | (A156)

and the maximum absolute row sum norm
A, = m?XZ|aij|- (A157)
J

We have for A = J = 3 (diag(p) — pp”)

Slagl = B | pi(t—pi) + > pips | = Bpi (1 — 2pi + Y _p)) (A158)
J J,J#i J

=20pi(1—p;)) <2mp,

STlagl = B8 |piA=p) + D pipi | = Bp; (1 — 20, + >_pi) (A159)
4 1,17£] %

2B8p;j(1—pj) < 2mp.

Therefore, we have

1, < 2m§B, (A160)
Ml < 2mpB, (A161)

Iy < /Il < 2mB. (A162)

The last inequality is a direct consequence of Holder’s inequality.

<
<

For 0 < p; < 1, we have p;(1 — p;) < 0.25. Therefore, m < 0.25 for all values of p;.

If pmax > 1 —€ > 0.5 (e < 0.5), then 1 — pax < € and for p; # pmax pi < €. The derivative
Ox(1 —x)/0x =1 — 2z > 0 for x < 0.5, therefore 2(1 — z) increases with = for z < 0.5. Using
& =1 — Pmax and for p; # pmax © = p;, we obtain p;(1 — p;) < €(1 — €) for all i. Consequently,
we have m < €(1 — ¢). O

For the softmax p = softmax(Ba) with Jacobian 8J/0a = J(Ba) = 3 (diag(p) — pp”) and for
arbitrary N-dimensional vectors b and ¢, we have

b'J(Ba)c = fbT (diag(p) — pp" <sz bici — <sz bi) (Zpi Ci)) :

(A163)
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Therefore, b7 J(Ba)c is 3 times the covariance between b and c if component i is drawn with
probability p; of the multinomial distribution p. In our case the component ¢ is sample .

Using the mean @ = 1/M ZZ 1 U, the empirical covariance of data U is

Cov(U) = 1/ MUUT — a4, (A164)
M M M

[Cov(U)],, = Zl/M Wip Uil — <Z 1/M uk> (Z 1/M uil> ) (A165)
=1 =1 =1

The weighted covariance (samples u; are drawn according to p;)
Cov(U) = U J(Ba)UT, (A166)

M M M
B (Z Pi Wik Uit — (Z pi Uik:) <Z pi uzl)) ; (A167)
=1 i=1 i=1

which replaces 1/M from equal sampling by the p;, that is, u; is sampled with probability p;.

[Cov(U)]y,

The next theorem states how to express the dot product U, mT, U,, by weighted covariances of the data
U.

Theorem A3 (Weighted Covariances). Using the weighted covariances
Cov(U,y;) = UJBUTy)UT, Cov(U,z;) = UI(BUTz)UT, (A168)

1
™(Ba) = /0 I Ba)dr, (A169)

where the mean Jacobian J™ is symmetric, diagonally dominant, and positive semi-definite with
spectral norm bounded by || J™||, < 0.55.

The dot product U;{i U,, can be expressed by the weighted covariances
U, Uy, = (u + Cov(U,x) z:)" (u + Cov(U,y:) yi) (A170)
where the mean is u = 1/MU1.

Proof. We apply the mean value theorem to the softmax with the symmetric, diagonally dominant,
positive semi-definite Jacobian matrix J™ = fo (Aa+ (1 —=X)a') dX:

softmax(a) — softmax(a’) = J™ (a — a’) . (A171)
We set @’ = 0 and use a instead of a, which gives:

1
softmax(fa) = 1/M1 + J*(Ba)a, J"(fa) = / JABa)dA, (A172)
0
which is exact. We obtain
softmax(BUTx;) = 1/M1 + J™BU z) Uz, , (A173)
softmax(BUTy;) = 1/ M1 + J*(BU y;) Uy, . (A174)

The spectral norm of J™ is bounded by ||J™||, < 0.54, since this bound holds for every J(ASa) in
fo (ABa) d\ according to Lemma Al.

The dot product between the anchor retrieval and the positive sample is:
Ui U,, = softmax(8U”x;)T UTU softmax(3 U"y;) (A175)
= (/M1 + *BEUTz) UTz) UTU (1/M 1 + I3 U ;) UTy:)
= (1/MU1 + UBU ) UTz)" (1/MUL + UJ™BUy) UTy,)
= (@ + Cov(U,z;) ;)" (@ + Cov(U,y,) yi) ,
where we used the mean w = 1/M U1 and the weighted covariances
Cov(U,y;) = UIBUTy)UT, Cov(U,z;) = UI(BUTz,)UT . (A176)

O

43



The Jacobian J™ is symmetric, diagonally dominant, and positive semi-definite. The weighted
covariance Cov (U, .) is the covariance if the stored pattern u; is drawn according to an averaged
p; given by J™(.). Analog for weighted covariance Cov(V,.). When maximizing the dot product
UmTi U,,, the normalized vectors «; and y; are encouraged to agree on drawing the patterns w; with
the same probability p; to generate similar weighted covariance matrices Cov (U, .). If subsets of U
have a strong covariance structure, then it can be exploited to produce large weighted covariances
and, in turn, large dot products of UwTi Uy, . Furthermore, for a large dot product Uaz Uy,, z; and
y,; have to be similar to one another to extract the same direction from the covariance matrices. All
considerations are analog for VmTiV

A.2 Experiments
A.2.1 Ablation studies

As detailed in the main part of the paper, CLOOB has two new main components compared to CLIP:
(1) the modern Hopfield networks and (2) the InfoLOOB objective instead of the InfoNCE objective.
To assess effects of the new major components of CLOOB, we performed ablation studies on the CC
and YFCC datasets. The results are reported in Table A1 for models pre-trained on CC for 31 and
128 epochs and in Table A2 for models pre-trained on YFCC for 28 epochs.

Table Al: Influence of loss functions and Hopfield retrieval for models pre-trained on CC for 31
epochs (left) and 128 epochs (right, indicated by *). Both InfoLOOB and InfoNCE with Hopfield
decrease the performance compared to InfoNCE in most of the tasks. InfoLOOB with Hopfield has a
strong synergistic effect and therefore considerably improves the performance in 5 out of 8 datasets
(epoch 31) and 7 out of 8 datasets (epoch 128) compared to all other models.

InfoNCE InfoLOOB InfoNCE InfoLOOB
Dataset InfoNCE InfoLOOB  Hopfield Hopfield | InfoNCE* InfoLOOB* Hopfield*  Hopfield*
Birdsnap 2.58 2.37 1.67 2.53 2.15 1.89 2.15 3.39
Country211 0.53 0.63 0.54 0.76 0.62 0.62 0.66 0.79
Flowers102 13.16 13.03 11.53 14.24 11.79 11.57 10.86 14.24
GTSRB 4.47 4.39 5.76 5.86 9.25 6.93 6.24 8.67
UCF101 23.68 19.14 20.56 22.29 21.33 20.56 21.40 24.05
Stanford Cars 1.38 1.33 1.24 1.37 1.26 1.19 1.24 1.62
ImageNet 21.74 22.13 19.04 24.21 22.80 22.69 20.29 25.59
ImageNetV2 21.45 21.65 18.97 23.80 22.44 22.13 20.22 25.50

Table A2: Influence of loss functions and Hopfield retrieval for models pre-trained on YFCC for
28 epochs. Both InfoLOOB and InfoNCE with Hopfield decrease the performance compared to
InfoNCE in most of the tasks. InfoLOOB with Hopfield has a strong synergistic effect and therefore
considerably improves the performance in 6 out of 8 datasets compared to all other models.

InfoNCE InfoLOOB
Dataset InfoNCE InfoLOOB  Hopfield Hopfield
Birdsnap 22.1 19.6 19.1 28.9
Country211 7.8 7.5 6.4 7.9
Flowers102 48.2 50.4 43.5 551
GTSRB 8.9 3.7 59 8.1
UCF101 26.7 24.0 254 25.3
Stanford Cars 3.1 24 2.8 4.1
ImageNet 34.0 32.2 30.4 35.7
ImageNetV?2 32.8 30.9 29.4 34.6

For the ablation studies above we use a fixed inverse temperature parameter 7! of 30 for all
compared models. The value of 7—! was determined via hyperparameter search (see Section A.2.2).

In contrast to CLIP, we use a learning rate scheduler with restarts (Loshchilov & Hutter, 2017) to be
more flexible regarding the number of total training epochs and enable training up to a plateau. To
investigate the influence of the learning rate scheduler, we performed experiments with and without
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restarts. Table A3 shows the zero-shot performance for the different downstream tasks for CLIP and
CLOOB respectively. For both CLIP and CLOOB, the performance at the majority of the tasks either
increases or remains roughly the same with restarts.

Table A3: Influence of learning rate scheduler. For most of the tasks the performance either increases
or remains roughly the same with restarts for both CLIP and CLOOB.

CLIP CLOOB
Dataset w/o restarts ~ w/ restarts | w/o restarts W/ restarts
Birdsnap 2.10 1.94 2.64 2.53
Country211 0.71 0.62 0.63 0.76
Flowers102 11.00 13.04 11.50 14.24
GTSRB 6.16 7.28 5.05 5.86
UCF101 19.05 21.00 21.97 22.29
Stanford Cars 1.29 0.90 1.22 1.37
ImageNet 20.19 20.31 23.29 24.21
ImageNet V2 20.53 20.63 22.97 23.80

A.2.2 Hyperparameters

The hyperparameter search was done on a validation split of CC with about 15,000 samples. For the
hyperparameter -1 several values were considered (14.3, 30, 50, 70), where 30 leads to the best
results for both YFCC and CC. Analogously to CLIP, we use the Adam optimizer (Kingma et al.,
2014) with decoupled weight decay regularization (Loshchilov & Hutter, 2019). The weight decay is
only applied to weights that are not gains or biases. As proposed in OpenCLIP (Ilharco et al., 2021)
weight decay was set to 0.1. Different choices of weight decay (0.2 or 0.05), did not lead to a relevant
performance change. We use the same learning rate of 1 x 1072 for CC and 5 x 10~* for YFCC as
used in OpenCLIP. For the hyperparameter 8 we considered values in the range of 5 to 20. A value
of 8 resulted in the best performance for CC and 14.3 for YFCC. The batch size for CC was reduced
to 512 due to computational restraints which did not result in performance losses. The batch size for
YFCC was kept at 1024 as reported by OpenCLIP since a reduction resulted in a significant drop in
performance. The learning rate scheduler for all experiments is cosine annealing with warmup and
hard restarts (Loshchilov & Hutter, 2017) with a cycle length of 7 epochs. For models trained on
YFCC the warmup was set to 10000 steps and for models trained on CC to 20000 steps.

A.2.3 Datasets

For pre-training we considered two datasets, Conceptual Captions (CC) (Sharma et al., 2018) and
YFCC100M (Thomee et al., 2016). The CC dataset consists of 2.9 million images and corresponding
high-quality captions. Images and their corresponding notations for CC have been gathered via an
automated process from the web and therefore represent a wide variety of styles. Raw descriptions
of images are collected from the alt-text HTML attribute. Both images and texts were filtered such
that only image-text pairs above a certain quality threshold are part of this dataset. The dataset we
refer to as YFCC is a subset of the Yahoo Flickr Creative Commons 100 Million (YFCC100M)
dataset. It was created by filtering for images which contain natural language descriptions and/or
titles in English resulting in 15 million image-caption pairs. The textual descriptions contain less
useful information than CC because they are not filtered by quality. Occasionally they also contain
metadata like camera settings or web addresses.

We evaluate and compare our method on several downstream classification tasks. We evaluate on
the same set of datasets as CLIP reported for a model trained on YFCC. This set contains Bird-
snap (Berg et al., 2014), Country211 (Radford et al., 2021), Flowers102 (Nilsback & Zisserman, 2008),
GTSRB (Stallkamp et al., 2011), UCF101 (Soomro et al., 2012), Stanford Cars (Krause et al., 2013)
and ImageNet (Deng et al., 2009). We also include ImageNet V2 in our analysis (Recht et al., 2019).
Additionally we added zero-shot results for Caltech101 (Fei-Fei et al., 2004), CIFAR10 (Krizhevsky,
2009), CIFAR100 (Krizhevsky, 2009), DTD (Cimpoi et al., 2014), Eurosat (Helber et al., 2018, 2019),
FER2013 (Goodfellow et al., 2013), FGVC-Aircraft (Maji et al., 2013), Food101 (Bossard et al.,
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Table A4: Datasets used for downstream evaluation. In the case of several train or test sets per dataset
we report the total number of samples. It should be noted that at the time of this work some images
from the Birdsnap dataset were not accessible anymore.

Dataset Classes Train size Test size Evaluation metric
Birdsnap 500 38,411 1,855 accuracy
Country211 211 42,200 21,100 accuracy
Flowers102 102 2,040 6,149 class-weighted accuracy
GTSRB 43 26,640 12,630 accuracy
ImageNet 1,000 1,281,167 50,000 accuracy
ImageNet V2 1,000 1,281,167 30,000 accuracy
Stanford Cars 196 8,144 8,041 accuracy
UCF101 101 28,747 11,213 accuracy
Caltech101 102 3,120 6,024  class-weighted accuracy
CIFARI10 10 50,000 10,000 accuracy
CIFAR100 100 50,000 10,000 accuracy
DTD 47 3,807 1,833 accuracy
Eurosat 10 10,000 5,000 accuracy
FER2013 7 28,709 7,178 accuracy
FGVC-Aircraft 100 10,000 3,333 class-weighted accuracy
Food101 101 75,750 25,250 accuracy
Pets 37 3,696 3,694 class-weighted accuracy
RESISC45 45 6,300 25,200 accuracy
STL10 10 1,000 8,000 accuracy
SUN397 397 72,763 35,991 accuracy

2014), Pets (Parkhi et al., 2012), RESISC45 (Cheng et al., 2017), STL10 (Coates et al., 2011) and
SUN397 (Xiao et al., 2010).

Table A4 shows an overview of training and test set sizes, number of classes and the applied evaluation
metric. In the case of several test sets per dataset the metric is calculated for every set individually
and the average performance is reported. The set size in Table A4 corresponds to the total number of
samples across all test and training sets of a dataset respectively.

Birdsnap contains images of North American bird species, however our dataset is smaller than
reported in CLIP as some samples are no longer available. The Country211 dataset was published
in CLIP and is a small subset of the YFCC100m dataset. It consists of photos that can be assigned
to 211 countries via GPS coordinates. For each country 200 photos are sampled for the training set
and 100 for testing. For the Flowers102 images of 102 flower categories commonly occuring in the
United Kingdom were collected. Several classes are very similar and there is a large variation in scale,
pose and lighting. The German Traffic Sign Recognition Benchmark (GTSRB) was a challenge held
at the IJCNN 2011. The dataset contains images of german traffic signs from more than 40 classes.
Note that two versions of this dataset exist, one used for the challenge and an official dataset released
after the competition. For CLIP the linear probing classifiers were trained using the competition
training set but tested on the official test set. Stanford Cars contains images of 196 car models at
the level of make, model and year (e.g. Tesla Model S Sedan 2012). UCF101 (Soomro et al., 2012)
is a video dataset with short clips for action recognition consisting of three training sets and three
test sets. We follow the procedure reported in CLIP and extract the middle frame of every video to
assemble the dataset. The ImageNet Large Scale Visual Recognition Challenge was held from 2012
through 2017 and is one of the most widely used benchmarks for object detection and localization.
Several years later ImageNet V2 assembled three new test sets with images from the same 1,000
classes to test for generalization of models optimized for the original ImageNet benchmark. Every
test set comprises 10,000 samples.

A.2.4 Zero-shot evaluation

Class names for all downstream tasks were adopted from CLIP, that is, among other changes special
characters like hyphens or apostrophes were removed. Furthermore, some class names of the datasets
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Table AS: Zero-shot results for models trained on CC with ResNet-50 vision encoders for two
different checkpoints over 20 datasets. Results are given as mean accuracy over 5 runs. Statistically
significant results are shown in bold. CLIP and CLOOB were trained for 31 epochs while CLIP* and
CLOOB* were trained for 128 epochs.

Dataset | CLIPRN-50 CLOOB RN-50 | CLIP* RN-50 CLOOB* RN-50
Birdsnap 2.26 +0.20 3.06 £ 0.30 2.8 +0.16 3.24 + 0.31
Country211 0.67 £0.11 0.67 £+ 0.05 0.7 £ 0.04 0.73 £ 0.05
Flowers102 12.56 £ 0.38 1345 £1.19 | 13.32£043 14.36 £ 1.17
GTSRB 7.66 £ 1.07 6.38 £2.11 8.96 £ 1.70 7.03 £1.22
UCF101 20.98 £ 1.55 2226 £0.72 | 21.63 £0.65 23.03 £ 0.85
Stanford Cars 0.91 £0.10 1.23 +0.10 0.99 +£0.16 1.41 £+ 0.32
ImageNet 20.33 £0.28 2397 £0.15 21.3+£0.42 25.67 £ 0.22
ImageNet V2 20.24 £ 0.50 2359 £0.15 | 21.24£0.22 25.49 £ 0.11
Caltech101 45.59 + 0.44 48.73 £0.94 | 46.39 £1.58 50.62 £ 0.84
CIFAR10 50.18 £1.52 4095 +£2.24 | 53.75 £1.49 43.48 £2.84
CIFAR100 20.82 £ 1.45 2159+ 0.87 | 2345+£1.99 24.41 £ 1.27
DTD 14.7 £ 1.32 17.96 +2.04 | 16.29 +1.30 16.51 £ 0.98
Eurosat 14.86 £ 5.98 2147 £4.66 | 16.84 £2.28 19.56 £ 6.19
FER2013 24.67 £1.34 1850 £1.74 | 22.70 £3.99 23.52 £2.73
FGVC-Aircraft 1.40 £ 0.27 1.31 £0.13 1.53 £0.19 1.30 £ 0.37
Food101 13.08 £ 0.36 16.20 £ 0.38 | 14.88 £0.51 16.57 £ 0.39
Pets 12.13 £ 1.87 1293 £1.00 | 12.68 £0.86 13.45 £ 0.68
RESISC45 25.85 £2.01 28.01 £1.02 | 2597 £1.56 30.54 £ 1.21
STL10 82.97 £1.82 79.11 £1.69 | 84.02 £ 0.71 82.28 £1.22
SUN397 38.96 £ 0.35 42.29 £ 0.54 | 39.86 £ 0.55 44.15 £ 0.27

were slightly changed (e.g. “kite” to “kite (bird of prey)” in ImageNet). For zero-shot
evaluation, we use the same prompt as published in CLIP. Depending on the dataset the number
of prompts can vary from one prompt (e.g. “a photo of a {label}, a type of bird.” for
Birdsnap) up to 80 prompts for ImageNet covering various settings (e.g. “a cropped photo of a
{label}.”, “a origami {labell}.”). In case of several prompts an average embedding over all
prompt embeddings is calculated. Figure A4 shows the zero-shot results for all evaluation tasks with
the ResNet-50x4 model reported in Table 3.

In addition to the results of the main paper, the zeroshot performance of the models was tested on
additional datasets. For details about the additional datasets we refer the reader to Section A.1 of
Radford et al. (2021). Table A5 shows the results for models trained on CC. Table A6 shows the
results for models trained on YFCC.

A.2.5 Linear probing

We tried to follow the evaluation procedure in Radford et al. (2021) as closely as possible. We note
one difference with respect to the implementation: Instead of scikit-learn’s logistic regression using
the L-BFGS solver, we use cuML’s logistic regression classifier with L-BFGS algorithm to utilize
GPUs for efficiency. All hyperparameters are the same as described in Radford et al. (2021), the
maximum number of iterations was set to 1000, and the L2 regularization strength A was determined
by using a parametric binary search.

We tried to reproduce the CLIP results with the correspondingly published models, however, failed to
produce the exact numbers. This could be due to several factors:

* The train and validation split. Same as in Radford et al. (2021) , we use the provided
validation set to perform the hyperparameter search. When there is none provided, we use a
random half of the training dataset for validation.

* In case of a tie in the validation score, we use the maximal A for the strongest regularization.
We note though that we came closer to reproducing the results published in CLIP when
using the mean A over all ties when these exist.
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Table A6: Zero-shot results for the CLIP reimplementation and CLOOB using different ResNet
architectures trained on YFCC over 20 datasets.

RN-50 RN-101 RN-50x4
Dataset CLIP CLOOB | CLIP CLOOB | CLIP CLOOB
Birdsnap 21.8 289 | 22.6 30.3 | 20.8 32.0
Country211 6.9 7.9 7.8 8.5 8.1 9.3
Flowers102 48.0 551 | 48.0 553 | 50.1 54.3
GTSRB 7.9 8.1 7.4 11.6 94 11.8
UCF101 27.2 25.3 28.6 288 | 31.0 31.9
Stanford Cars 3.7 4.1 3.8 55 3.5 6.1
ImageNet 34.6 35.7 | 353 37.1 37.7 39.0
ImageNet V2 334 34.6 | 34.1 35.6 | 359 373
Caltech101 55.8 53.5 57.7 564 | 57.8 58.7
CIFARI10 44.3 424 | 539 514 | 57.0 47.4
CIFAR100 21.9 18.8 | 22.8 231 | 231 21.9
DTD 19.6 20.3 | 22.5 18.1 224 21.3
Eurosat 25.0 25.9 24.9 23.0 22.1 28.5
FER2013 14.4 11.0 | 29.5 172 | 314 16.3
FGVC-Aircraft 3.5 5.6 3.0 5.8 4.5 6.4
Food101 47.8 50.5 | 47.8 544 | 50.1 57.9
Pets 28.9 304 | 28.5 314 | 32.1 32.6
RESISC45 23.2 22.1 22.4 229 | 22.1 26.6
STL10 85.8 819 | 88.2 81.7 | 88.9 83.2
SUN397 46.2 473 | 47.7 479 | 476 47.8

* For the Birdsnap dataset, the resources that we have got online at the time of this writing
could be different from the resources that CLIP’s authors obtained at the time.

Linear probing evaluation of YFCC pre-trained models is shown in Table A7. Comparing our
reimplementation of CLIP and CLOOB with different ResNet encoders, we observe mixed results.
The reason for this effect might be attributed to the observed task-dependence of multimodal models
(Devillers et al., 2021). Another potential reason is that the benefit of the restrictions to more reliable
patterns that occur in both modalities does not directly translate to an evaluation of just the encoding
part of one modality. Again, as expected in self-supervised training, increasing the capacity of the
CLOOB models benefits accuracy.

Table A7: Linear probing results for the reimplementation of CLIP and CLOOB using different
ResNet architectures trained on YFCC for 28 epochs. The performance of CLOOB scales with
increased encoder size.

RN-50 RN-101 RN-50x4
Dataset CLIP CLOOB | CLIP CLOOB | CLIP CLOOB
Birdsnap 50.9 56.2 | 51.6 581 | 57.6 62.2
Country211 19.5 20.6 | 20.8 21.8 | 225 24.2
Flowers102 94.8 96.1 | 945 96.1 | 95.1 96.2
GTSRB 82.5 789 | 80.3 779 | 84.6 80.6
UCF101 75.2 723 | 76.0 72.8 | 713 75.3
Stanford Cars | 36.2 37.7 | 349 39.0 | 385 44.3
ImageNet 66.9 65.7 | 679 67.0 | 70.0 69.7
ImageNet V2 | 60.2 58.7 | 61.0 60.3 | 62.8 62.2
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Table A8: Results for image-to-text and text-to-image retrieval on the CC validation set containing
13,330 samples. Results are given as mean accuracy over 5 runs. Statistically significant results
are shown in bold. CLIP and CLOOB were trained for 31 epochs while CLIP* and CLOOB* were
trained for 128 epochs.

Task | CLIPRN-50 CLOOBRN-50 | CLIP*RN-50 CLOOB* RN-50
image-to-text R@1 | 0.297 £0.001  0.319 + 0.002 | 0.316 £ 0.002 0.342 + 0.002
image-to-text R@5 | 0.540 £0.003  0.557 &+ 0.001 | 0.563 + 0.003 0.586 £ 0.002
image-to-text R@10 | 0.638 £0.003  0.651 + 0.002 | 0.660 + 0.002 0.678 + 0.001
text-to-image R@1 | 0.300 £0.003  0.324 + 0.001 | 0.316 £ 0.002 0.348 + 0.001
text-to-image R@5 | 0.542 £0.003  0.566 + 0.001 | 0.565 £ 0.002 0.593 + 0.002
text-to-image R@10 | 0.638 £0.002  0.655 + 0.001 | 0.661 £ 0.001 0.679 + 0.001

A.2.6 Image-Text retrieval

In addition to zero-shot and linear probing, we tested the models trained on CC in image-to-text
retrieval and text-to-image retrieval. The task is to find the matching image to a given text (image-to-
text) or, respectively, finding the matching text to a given image (text-to-image). The dataset used for
this task is the validation set of CC, which contains 13,330 image-text pairs. We report the results in
Table A8. CLOOB significantly outperforms CLIP in both image-to-text and text-to-image retrieval.

A.2.7 Analysis of the image and text embeddings

Following our ablation studies, we use models trained on CC to disentangle the effects of InfoLOOB
and modern Hopfield networks. To track the behaviour during learning, we calculate the embeddings
of the validation set of CC (consisting of 13,330 image-caption pairs) for all epochs before a restart
of the learning rate scheduler.

We apply the extended uniformity test A,, of Ajne (Ajne, 1968; Prentice, 1978) to the respective
embeddings of the image and text encoders. Let X = (xy,...,x,) be the embeddings of one
modality (text or image), consisting of n samples of dimension d. The samples are normalized:
x; = 1. As specified in Eq. (A177), A,, calculates the difference between a uniform distribution,
where all samples on the hypersphere are orthogonal to each other, and the actual distribution of
the embedding X . Consequently, an embedding with low uniformity results in a high Ajne A,, test
statistic:

A, = (A177)

n 1 n n

1 ZZCOS 1(a:J-T:ci) .
i=1 j>i

To understand the influence of modern Hopfield networks, we analyzed the covariance structure of
the image and caption embeddings. Similar to Jing et al. (2022), we calculated the sorted eigenvalues
of the covariance matrices of image embeddings. Figure A1 shows the sorted eigenvalues of InfoNCE
and InfoLOOB with and without Hopfield retrievals during training. Both models without modern
Hopfield networks struggle to increase the number of effective eigenvalues which contribute to the
variance of the embeddings. InfoNCE with modern Hopfield networks starts with a small number
of effective eigenvalues. We attribute this to the saturating effect of InfoNCE, which impedes the
modern Hopfield network to extract more covariance. During training the effective eigenvalues
steadily increase at a consistent rate. InfoLOOB with Hopfield starts with a high number of effective
eigenvalues and strongly improves them during training.

Additionally, we looked at the distribution of similarity scores (dot product) of matched pairs and
unmatched pairs over the validation set of CC of embeddings from models trained for 128 epochs. In
Figure A2, we contrast the distributions of similarity scores of matched pairs with the distributions
of the similarity score for the 1,000 unmatched pairs that have the highest similarity score with the
anchor. InfoNCE with Hopfield results in a moderate increase of the similarity scores of matched
pairs, as well as in an increase of the similarity score of unmatched pairs. The latter is an undesired
side effect of Hopfield networks as unmatched pairs get also more similar to one another. Compared
to InfoNCE, InfoLOOB does not saturate. Therefore, it considerably increases the similarity between
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Figure Al: Sorted eigenvalues of InfoNCE and InfoLOOB with and without Hopfield retrievals
during training.

matched pairs and also reduces the average similarity of the top-1000 unmatched pairs. InfoLOOB
attributes a cosine similarity of one to many pairs, which is not plausible for multi-modal pairs.
Clearly, this is an overfitting problem of InfoLOOB. Noteworthy, an observed increase in alignment
between epoch 31 and epoch 128 does not benefit the downstream performance. The combination of
Hopfield and InfoLOOB increases the similarity score of matched pairs and simultaneously reduces
the average similarity of unmatched pairs compared to InfoNCE without Hopfield (the CLIP setting).

Figure A3 illustrates the overfitting problem of InfoLOOB. The distributions of unmatched pairs
takes into account the ten unmatched pairs per anchor with the highest similarity score. In particular
in the case of InfoLOOB without Hopfield, high similarity scores of the matched pairs correlate with
high similarity scores of the top-10 unmatched pairs. In contrast, InfoLOOB with Hopfield does not
suffer from this overfitting problem.

A.2.8 Training time and memory consumption

To elaborate on the time and memory consumption of CLOOB, Table A9 compares the experiments
done in Section 5.1. The memory consumption of CLOOB is the same as CLIP since only embed-
dings from the mini-batch are used both in the objective and in the Hopfield memories. The time
consumption is approximately 5% higher, which is because of the retrieval of the modern Hopfield
networks. The added complexity of modern Hopfield networks is O (V) per sample, where N denotes
the batch size.

Table A9: Memory and time consumption of CLIP and CLOOB when trained for 31 epochs on CC.

Model | Batch size (per GPU) Memory (per GPU) GPU hours  ImageNet zero-shot

CLIP 128 13.7GB 141 20.3
CLOOB 128 13.7GB 148 24.0
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Figure A2: Distribution of the cosine similarity of matched pairs and the cosine similarity of the
1,000 unmatched pairs that have the highest similarity score with the anchor.
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Figure A3: Distribution of the cosine similarity of matched pairs and the cosine similarity of the 10
unmatched pairs that have the highest similarity score with the anchor.

A.3 Review of Modern Hopfield Networks

We briefly review continuous modern Hopfield networks that are used for deep learning architectures.
They are continuous and differentiable, therefore they a work with gradient descent in deep architec-
tures. They retrieve with one update only, therefore they can be activated like other deep learning
layers. They have exponential storage capacity, therefore they can tackle large problems. Hopfield
networks are energy-based, binary associative memories, which popularized artificial neural networks
in the 1980s (Hopfield, 1982, 1984). Associative memory networks have been designed to store and
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retrieve samples. Their storage capacity can be considerably increased by polynomial terms in the
energy function (Chen et al., 1986; Psaltis & Cheol, 1986; Baldi & Venkatesh, 1987; Gardner, 1987;
Abbott & Arian, 1987; Horn & Usher, 1988; Caputo & Niemann, 2002; Krotov & Hopfield, 2016).
In contrast to these binary memory networks, we use continuous associative memory networks with
very high storage capacity. These modern Hopfield networks for deep learning architectures have an
energy function with continuous states and can retrieve samples with only one update (Ramsauer et al.,
2021). Modern Hopfield Networks have been successfully applied to immune repertoire classification
(Widrich et al., 2020) and chemical reaction prediction (Seidl et al., 2021).

We assume a set of patterns {uy,...,uy} C R? that are stacked as columns to the matrix U =
(w1, ...,uy) and a state pattern (query) & € R that represents the current state. The largest norm
of a stored pattern is M = max; ||u;||. Continuous modern Hopfield networks with state £ have the
energy

N
E=—p3"log <Zexp(5u;fp£)) + B tlog N + %ETﬁ + %Mz. (A178)
i=1

For energy E and state &, the update rule
£V = f(&U,B) = Up = U softmax(fUTE) (A179)

has been proven to converge globally to stationary points of the energy E, which are almost always
local minima (Ramsauer et al., 2021). The update rule Eq. (A179) is also the formula of the well-
known transformer attention mechanism (Ramsauer et al., 2021), therefore Hopfield retrieval and
transformer attention coincide.

The separation A; of a pattern wu,; is defined as its minimal dot product difference to any of the
other patterns: A; = min; ; (ufw; — ulw;). A pattern is well-separated from the data if
A > BLN + %log (2(N —1)NgM 2). If the patterns u,; are well separated, the iterate Eq. (A179)
converges to a fixed point close to a stored pattern. If some patterns are similar to one another and,
therefore, not well separated, the update rule Eq. (A179) converges to a fixed point close to the mean
of the similar patterns. This fixed point is a metastable state of the energy function and averages over
similar patterns.

The next theorem states that the update rule Eq. (A179) typically converges after one update if the
patterns are well separated. Furthermore, it states that the retrieval error is exponentially small in the
separation A;.

Theorem A4 (Modern Hopfield Networks: Retrieval with One Update). With query &, after one

update the distance of the new point f (&) to the fixed point u} is exponentially small in the separation

A;. The precise bounds using the Jacobian J = %(f) and its value J™ in the mean value theorem

are:
7€) — will < [9™]2 1€ = will, (A180)
197l < 28N M?* (N —1)exp(~ B (A; — 2 max{[l§ — i, Jui — uill} M)). (A181)

For given € and sufficient large A, we have || f(§) — u}|| < € that is, retrieval with one update.
The retrieval error || f(€) — w;|| of pattern u; is bounded by

[£(§) — will < 2(N —1) exp(— B (A; — 2 max{[|€ — wuil, [[uj — wll} M)) M.
(A182)

For a proof see (Ramsauer et al., 2021).

The main requirement of modern Hopfield networks to be suited for contrastive learning is that they
can store and retrieve enough embeddings if the batch size is large. We want to store a potentially
large set of embeddings. We first define what we mean by storing and retrieving patterns from a
modern Hopfield network.

Definition A1 (Pattern Stored and Retrieved). We assume that around every pattern w; a sphere
S; is given. We say w; is stored if there is a single fixed point w; € S; to which all points § € S;
converge, and S; N'S; = () for i # j. We say w, is retrieved for a given ¢ if iteration (update rule)
Eq. (A179) gives a point T; that is at least e-close to the single fixed point u; € S;. The retrieval
error is ||&; — w|-
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As with classical Hopfield networks, we consider patterns on the sphere, i.e. patterns with a fixed
norm. For randomly chosen patterns, the number of patterns that can be stored is exponential in the
dimension d of the space of the patterns (u; € R?).

Theorem AS (Modern Hopfield Networks: Exponential Storage Capacity). We assume a failure
probability 0 < p < 1 and randomly chosen patterns on the sphere with radius M := K+/d — 1. We

define a := 725 (1 4+ In(2BK*p(d — 1))), b := QK;’B, and ¢ = where W) is the

b
Wo(exp(a+In(b))’

4
upper branch of the Lambert W function (Olver et al., 2010, (4.13) ), and ensure ¢ > (%) o

Then with probability 1 — p, the number of random patterns that can be stored is

N > JpcT . (A183)

Therefore it is proven for ¢ > 3.1546 with 8 = 1, K = 3, d = 20 and p = 0.001 (a + In(b) > 1.27)
and proven for ¢ > 1.3718 with 5 =1, K =1, d = 75, and p = 0.001 (a + In(b) < —0.94).

For a proof see (Ramsauer et al., 2021).

This theorem justifies to use continuous modern Hopfield networks for using retrieved embeddings
instead of the original embeddings for large batch sizes. Even for hundreds of thousands of embed-
dings, the continuous modern Hopfield network is able to retrieve the embeddings if the dimension of
the embeddings is large enough.

A.4 Further Related Work

With the advent of large corpora of unlabeled data in vision and language, self-supervised learning
via contrastive learning has become highly successful. Some contrastive learning objectives, such as
those of BYOL (Grill et al., 2020) and SimSiam (Chen & He, 2021), do not require negative samples.
However, the most popular objective for contrastive learning is InfoNCE (van den Oord et al., 2018),
in which for an anchor sample, a positive sample is contrasted with negative samples.

The idea to use objectives with negative samples is well known in deep learning (Gutmann & Hyviri-
nen, 2010; Chen et al., 2017; Mikolov et al., 2013). For contrastive learning, the most successful
objective is InfoNCE, which has been introduced as Contrastive Predictive Coding (CPC) (van den
Oord et al., 2018). InfoNCE has been applied to transfer learning (Hénaff et al., 2019), to natural
language response suggestion (Henderson et al., 2017), to learning sentence representations from
unlabelled data (Logeswaran & Lee, 2018), and to unsupervised feature learning by maximizing
distinctions between instances (Wu et al., 2018). InfoNCE has been used for learning visual repre-
sentations in Pretext-Invariant Representation Learning (PIRL) (Misra & vanDerMaaten, 2020), in
Momentum Contrast (MoCo) (He et al., 2020), and in SImCLR (Chen et al., 2020). SimCLR became
well known as is was highly effective for transfer learning. Zero-shot transfer learning (Lampert
et al., 2009) is one of the most ambitious goals in vision, since it would improve various real-world
downstream applications. Current models in natural language processing and vision perform very
well on standard benchmarks, but they fail at new data, new applications, deployments in the wild,
and stress tests (D’ Amour et al., 2020; Recht et al., 2019; Taori et al., 2020; Lapuschkin et al., 2019;
Geirhos et al., 2020). A model with high zero-shot transfer learning performance will not fail on such
data, therefore will be trusted by practitioners.

Multiple works have proposed improvements to InfoNCE. Joint Contrastive Learning (JCL) studies
the effect of sampling multiple positives for each anchor. (Cai et al., 2020). Sampling negatives
around each positive leads to higher bias but lower variance than InfoNCE (Wu et al., 2021). InfoNCE
has been generalized to C-InfoNCE and WeaC-InfoNCE, which are conditional contrastive learning
approaches to remove undesirable information in self-supervised representations (Tsai et al., 2021).
ProtoNCE is a generalized version of the InfoNCE, which pushes representations to be closer to
their assigned prototypes (Li et al., 2021). ProtoNCE combines contrastive learning with clustering.
SimCSE employs InfoNCE for contrastive learning to learn sentence embeddings (Gao et al., 2021).
InfoNCE has been extended to video representation learning (Han et al., 2020).

CLOOB uses InfoLOOB, which is an upper bound on the mutual information. An alternative upper
bound on the mutual information would be Contrastive Log-ratio Upper Bound (CLUB), which
was used for minimizing the mutual information (Cheng et al., 2020). So far CLUB was only used
for minimizing the mutual information, except for the analysis in (Wang & Liu, 2021). In our
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experiments, maximizing CLUB failed as confirmed in (Wang & Liu, 2021). The reason is that the
embedding distribution is not uniform as required for successful contrastive learning (Wang & Isola,
2020; Wang & Liu, 2021).

Many follow up works have been based on the CLIP model. The CLIP model is used in Vision-and-
Language tasks (Shen et al., 2021). The CLIP model guided generative models via an additional
training objective (Bau et al., 2021; Galatolo et al., 2021; Frans et al., 2021) and improved clustering of
latent representations (Pakhomov et al., 2021). It is used in studies of out of distribution performance
(Devillers et al., 2021; Milbich et al., 2021; Miller et al., 2021), of fine-tuning robustness (Wortsman
et al., 2021), of zero-shot prompts (Zhou et al., 2021) and of adversarial attacks to uncurated datasets
(Carlini & Terzis, 2021). It stirred discussions about more holistic evaluation schemes in computer
vision (Agarwal et al., 2021). Multiple methods utilize the CLIP model in a straightforward way to
perform text-to-video retrieval (Fang et al., 2021; Luo et al., 2021; Narasimhan et al., 2021).
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Figure A4: Visualization of zero-shot classification of three examples from each dataset. The follow-
ing datasets are used (top to bottom): ImageNet, ImageNet V2, Birdsnap, Country211, Flowers102,
GTSRB, Stanford Cars and UCF101. The ground truth label is displayed above the picture. The bar
plots show the softmax values of the top 5 classes.
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