Supplementary materials for

Finite-Time Analysis of Adaptive Temporal Difference Learning with Deep
Neural Networks

Nomenclature

L, m Length and width of the deep ReLU.

A The action space.
B Momentum hyper-paramter.
n Hyper-paramter in the adaptive stepsize.

~ ~

h(6) Used in Definition 1 and mathematically defined as h(6) :=E [A (0) Vo f(0; ¢(s,a))]|.

FNoms f The collection of all local linearization of f (0; ¢(s,a)) at the initial point 0™, f is element
of Fv,m

H(Gk*T) Technical item defined asH(GkiT) = A(sk,a;wsk+1,ak+1;0k7T)ng(0k7T' d(Sk, ar)).

Q- Action-value function with policy 7.

Tr Bellman operator associated with 7.

O™ The initial point.

f(0;x) L-hidden-layer =~ ReLU  neural  network  defined as  f(6;x) =
VmWiro(Wp_1---0(Wix)---), where x € R? is the input data, W; € R™*4

Wi e R and W, e R™*™ for [ =2,...,L — 1,0 := [Wy,..., W] denotes all the
weights.

=

Expectation with respect to the underlying probability space without stochasticity of the
initial point.

The discount factor.
Temporal difference error defined by (8).
Stationary distribution of the states.

Radius.

€ &= P

8(0; sk, ak, Sk+1,ak+1) Semi-gradient sampling operator denoted by (@).

Pa The transition matrix associated with action a.

#(s,a) : S x A — R State-action feature mapping.

m,7(s,a) Policy, the probability to choose action a when the current state is s.
Projy,(x) Projection of x onto set V.

S The state space.

o()  ReLU activation function.

0" Approximate stationary point (Definition 1).

6%, m* v* The value, momentum and sum of past stochastic semi-gradients’ norms in the kth
iteration of adaptive TD with DNN.

r(s,a) The reward with pair (s, a).
B(0,w) The ball centred at 8 with radius w.

k

g Stoch semi-gradient in kth iteration.

V. Value function associated with 7.
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A Other Technical Lemmas

In the proofs, we use three shorthand notations for simplifications. Those three notations are all related

to the iteration k. Assume (m*) >0, (0%)r>0, (vF) k>0 are all generated by the neural adaptive TD.
We denote

By, = E (Jm*|?/(u")),

Ti=E (6"~ 67 m¥)/(0")}),
T

Ri o= (1= B)(1 +7)CsCay/mlog(K/0) Y Zp,
h=1

+ (1= B)(1+7)C3Cy mlog(K/é)ﬂ

(1= B)(2+7)CsCawiiy/Lmlog & (20)

g

+n6Zk + N p
w2 +7)Cry/Im 1og(1r</5)[(ka1)é - @i)é ]
+ W(Cg@ + 7w L3/mlogmlog(K/6)

+ C4w4/3L4\/m10g m + Csw?L*m).

The technical lemmas are all described using the notations given above.

Lemma 4 Let (Z)i>0 be defined in 20) and v' > w > 0, then we have

K K-
P Z lg71I /v
k=1 j=1

Further, if condition @]) holds, we then get

[I]

[ (K —-1)(2+ 7)2C$m10g(K/5)]

w

with probability at least 1 — 25 — 3L> exp(—C’(;moﬂ/ 3L) over the randomness of the initial point.

Lemma 5 Assume condition () holds, given T € Z%, with probability at least 1 — 2§ —
3L2 exp(—Cemw? 3 L), we have

E[(0° - 0"g")/(v" )] <E[(6" - 0", n(6")) /(0" )]

+ EU;/; (C3(2+ 7)w 1/3[/3\/mlogmlog(K/(5) + C’4w4/3L4\/W+ Csw?L*m)
v
(2+’Y)C3C4wl‘%\/mpT T Elm*—h|2  W?LT
+ = +(147)C5Cy mlog(K/é)(Z e+ )

h=1

Lemma 6 Let (Y1)i>0 and (Ry) >0 be defined in (20), then the following result holds for neural
adaptive TD

Ti+ (1= AE((6" 6" h(6")/(v" 1)) < A0 + e @
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B Proof of Theorem[l

The bounds in the proof are all with probability at least 1 — 26 — 3L? exp(—Cgmw?/3L). Given

K € Z", summing k = 1 to K of 2I)) gives us

K

(1-8) > E((6"— 6" n(e")/(")})
k=T+1
K-1 K
ST +A=B) Y T+ Y R
k=T E=T+1

- T+ S Ry LEENCVmos(R/0)

k=T k=T+1

(v%)=

)

(22)

where we used the fact that m* < (2 + v)C7+/mlog(K/§) when k < K. The convex projection is

contractive,

16 — 652 < |6 — 6% — nm"/(v*)% |2

< (07 — 6% + 2n(m", 6% — 0%) /(v*) 2 + i [m" || /0.

Taking the total condition expectation gives us

E||0* — 0" 1|2 < E|0* — 6|2 + 2n Y}, + 1°E,

which directly indicates the following inequality

K—-1 * T2 K—1
]EO
SO L 3
2
k=T
With (22)), we can derive
K
> E((6" -0 h(o")/ (0" 1)?)
k=T+1
K
< R +w(2+ mlog(K/5)/[(1 - B)(w)?
STy 3 R T - )

Ej6° 0" N
S -
N k=T

We use the following shorthand notations

Ro = (1= B)(1 +7)CsCar/miog(K/5)\

(2 4 7)C3Cywhy/ Lmlog &
Nl = d y
N
Ny := w(2 4+ v)C7+/Lmlog(K/J),

1— B)w?LT
w

)

Ry := wVL(C3(2 + 7)w'/*L*/mlog mlog(K/5)

+ Cyw? 2L/ mlogm + Csw?L*m).
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Using Lemma([7]and Lemma[d} we have the following bound

K-
ﬂzukwLm Z R
k=T

k=T+1
K K N
—_ 2
< (1+79)CsCany/mlog(K/6) Y Z“k f*"z“’“Liﬂ 2 :kJFW
k=T—+1 j—1 k=T+1
K on,
+ Ryp" (K = T) + Ro(K — T+Zw
K
(77+(1+7 )Cs5Cany/mlog(K/6)T? + )XZEk
k=1
B2 R pT(K = T) + No(K — T)
+W+ 1p( )+ 0( +ZW

Further with Lemmal4] the upper bound of right side is bounded by

(1 0O /ToglRTBT? + {122 g [ (D02 ComlonlES/)

w

K
N N
+ o7z + Nup (K = T) +Ro(K = T) + &

(UK) = (vk—l)%'
(24)
On the other hand, we have
K
> E(6F — 67, h(6%))/(v" )3
k=T
. i (1= DE(f(8"5,0) = /(6":5,) )
= (/Uktfl)§
) 2
_ — R
> [; (Uk_l)%} ~TI<I}€1£1KE(]C(0 is,a) — f(0%;s a)) .
Thus, we can get
Jmin E(f(0%:s.0) — f(0°:5.a))’
< (n + (1 +7)C5Cyn\/mlog(K/5)T? + 1”_%)
(K —1)(2+7)*C3mlog(K/8)1 T x~ (1—17) 26)
% log[ = }/L; (Uk—l)%}
oot (R R) (I = T) o+ Ty Mo - B
+
(Cir 0p)
Notice that (v%)> is increasing, S . ((ijj))i > (K( j)(ll);’) and thus
(L+B)Re7 /7 v (1-7) (L+BR;  (@FTHE (148
[ (WK)i2 }/{;(Uk—l)é} SE-D0—) wh)p SE-Du- P
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On the other hand, from Lemma ] with high probabilities, v* < (2 + +)2C2m log(K/d)k when
k < K, and then we can get

K

k—1y3 1 2(K'~/2 — 1=/ K1-o/2
k;rl/(v e k; Co(mloa(K/0)k)*2 = aCo(mlog(K/3))72 = aCo(m log(K/0))o%"
(28)

where we used K > 27-5 T to get 2(K1=¢/2 — T1=2/2) > [1-a/2 Combing (7). [8) and (26),
we are led to

min E(f(@k; s,a) — JE(B*; s,a))2

1<k<K

< min E(f(6";:5,0) ~ f(6";5.0))°

2 n+nB (K —1)(2+v)*Csmlog(K/J)
< ((1 +7)C3Cyn/mlog(K /6T + (1_7)(1_5)> x log [ - 7
w(2 +7)CoCrLmlog(K/8)] 5
(1-mA-BvVwm

a+1 2LT
+ (1= B)2(1+7)CoCsCalmlog(K/8)) 5 “—= /K '~/

(2 4 7)CoC3Crwky/Lmlog & (mlog(K /5))*/? ST Ko

Vo (l=7)
+ W(Cﬁ ) PLP/mlogmlog (K /0)
4/374 274 LTL‘FCO(W log(K/6))/2 2(2 +7)Crwy/Imlog(K/5)
+ Cyw /37, W-FC%Q} L*m) + (1_,7)K17a/2 + (K =T)(1—7)

x Co(mlog(K/6))*/?/K' =/ + Ko

+

Letting

cl(manvaaTa K) = <(1 + 7)03047]\/WT2 + (177+775>

—7)(1-5)
(K-1)(2+ ’Y)QC?mlOg(K/d)}Co(mlog(K/é))%
2w(2 + 7)CoCr L[mlog(K/8)] ="
1= -BVw
N LT“}ZCO(m log (K /8))*/? n 2(2 + v)Crwy/Lmlog(K/0)
1—7 (K_T)(l _7) (29)
+ (1= 5201 +7)CoCaCalmlog(K/8) "+ =

2(2 + 7)CoC3Crwiky/ Lmlog & (mlog(K/6))*/?

cs(m,w,a, K) := ,

Va(l—7)
— wVL(1 - p) 1/
ca(myw, K) := B (03(2 + 7w L3 /mlogmlog(K/6)

+ C’4w4/3L4\/mlogm + O5w2L4m),

xlog{

co(m,n,w,a, T, K) :=

which complete the proof.
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C Proof of Proposition 2|

The proof is similar to the the proof of [Theorem 5.6,[53]]] and is presented here for completeness.
With the Cauchy’s inequality,

E(f(6%s,a) — Q" (s,a))” < 3E(f(6";5,a) — f(6";5,a))”
+3E(f(6%; 5,a) — f(6%;5,a))" + 3E(f(6":5,a) — Q7 (s,a))”. (30)
With (Theorems 5.3 and 5.4 in [8]] and w = ©(m~1/2), we have

E(f(6%;5,a) — f(";5,0))" = O(m~1/?)
with probability at least 1 — 4.

Notice that that f(6*; s, a) is the fixed point of r, . T=(-) and Q*(s, a) is the fixed point of 7 (-),
respectively. For any (s, a), we thus have

1/(6%55,0) = Q" (s,0)| = | f(6";5,0) =TIz, ,, T(Q" (5, 0)) + sy, T(Q" (s5,0)) — Q*(s, )|
= [Projz, , T=(f(6";5,a)) =z, To(Q" (s,0)) + 11z, ,, Tx(Q7(5,0)) — Q*(5,a)]

= [Projz, , T=(f(6":5,0) =, To(Q"(s,0)) + 1, (Q"(s,a)) — Q"(s,a)]
<1£(0%5,a) = Q" (s, a)| + [lry,,.(Q"(5,0)) — Q" (s, a)],

where we used that fact that ITx,, 7 (-) is y-contract. Hence, we are led to

* * |H]'—V,m (Q*(87a’)) - Q*(87a’)|
‘f(evsaa)_Q(Saa”S 1_7 .

Turing back to (30),
]E(f(Bk;&a) — Q*(s,a))2

~ R . 9 “(s,a)) — Q*(s,a))?

Note that E(f(8%;s,a) — f(67;s, a))2 has been bounded by Proposition [I| we then proved the
result.

D Proofs of Technical Lemmas

D.1 Proof of Lemma/[2]

Given a fixed integer T, direct calculations give us
k- k=T
E(h(o Skaak7sk+1aak+1) | g )

= Z P(sp = s | sk—r,ax—1)P(a, s’ da’|s)

s,s'€S,a,a’ €A
X ng(@k_T; o(s, a)) A (Ok_T; s, a, 5',a'>
= Z ,u(s)’P(a,s’,a’|s)V9f<0k7T;qb(s,a)) x A (9 ;8 a, s a) G

s,8’€S,a,a’c€ A

> PlasdIs)(Pls =5 | sioriak1) = ul(s)Vof (65T (s,0))

s,8’€S,a,a’ €A
x A (Hk_T;s,a,s',a'> .
Notice that the following expectation

Z ﬂ(s))P(a,s',a’\s)Vef(Bk_T;(b(s,a)) A (Hk Tosa,s a) =h(" 7).

s,8’€S,aa’€A
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The Markovian property tells us > ¢ |P(sp = s | sp—7, ax—1) — p(s)| < £p”. Due to that fe
Fuans Vof (6°7:6(5,0)) = Vof (6™ 6(s.a)) . With Lemmalt| |Vo (6" Ts0(s.)) || <
C3+/m and

B (64 Tis 0,50 ) [ = |F(O4 T 6(s.)) = (s, ) = (0" i (s, )|

[ K
§ (2+’Y)C4 IOg ?7

with probability at least 1 — 2§ — 3L? exp(—Cgmw?/3L).

D.2 Proof of Lemma[3]
With the definition of the stationary point, we have (h(0*)7 0_ 0*) > 0. Therefore, we are led to
(h(6),0 — 67) > (h(8) —h(67),0 — 67)
=E[(A(s,a,5',d';0) — A(s,a,5',a’;0"))) x Vo f(80;5,a),0 — 07) | "]
=E[(f(8;5,a) — f(8%;5,a)) x (Vaf(8o;5,a),0 —0%) | 6™]
_WIE[( (0;5",a") — f(g*;sf,a’)) x (Vo f(0o;s,a),0 —0%) | einit]
=E[|f(8:5,0) = f(6":5.a)f” | 6™]
—E[(f(8:5'.a") = (875 ) x ((8:5,0) — f(6755,0)) | 6]
> (1= )E[|f(8;5,a) — f(67;5,a)] | 6™],
where we used
E[(f(e;slﬂl) — f(07:5'.d)) (f(8;5,a) — f(67;5,a)) | ainit}
<E [f(@ s',a') = f(6%;5,d) | 01““} -E[f(H;S,a) — (0% 5,q)) | 01nitj|

)
(

and
E[f(6:5,a) = f(0%;5,') | 6™ =E|[(8:5,a) — f(6";5,0)) | 6]

for the same distribution for s, a and s’, a’. Furthermore, with Assumption 3, we then proved the
result.

D.3 Proof of Lemma[d]

Recall m* = (1 — ) Zf;ll BE—1-igi and v* > v! > w > 0, we then have

Jm* |2 /0" < ( ||25k =igl (v*)3 |2

a) k—1 4 k—1 4 '

< (1= 8200 pr1I) T g gl )2 ok
j=1 j=1

<(1-p) i k=13 g7 2ot

k—1 _ )

=(1-8)- Y B gl |2 /o
=1

b) ;_1 S ,

=Z(1-p8)- > B gl |20
j=1
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where a) uses the fact Zfl 1(Zk 11aj )2 < ZL 1 Zk a2 Zf 11be with a; = B2 and
b ; = g* gi/(vk)% forany i € {1,2,...,d}, and b) is due to v/ < v* when j < k — 1. Then
we get

K k1 K—-1K-1

Z 5k_1_]Hg]H2/,UJ — Z Z 5k—]||g.]||2/’u]
k=1j=1 =1 k=i

K-1K-1

j=1

K—1
L ) 1 . .
E—j11adll2 /4. J(|2 /9yJ
> 3 AN < 7 3 1P
=J Jj=

Combining the inequalities above, we then get the result. To get the second bound, we used Lemma 7]
below.

Lemma 7 ([10,31]) For w < a; < a, we have

Directly using Lemma[7]and Lemma[I0} we then get the results

D.4 Proof of Lemma/[3]

Notice that

E[(0F - 6",8")/(" )| =E[(6" - 0" 1n)/(v" )3 ]
+E[(6" — 07, g" — bh)/ (")}, (32)
We have known that (8% — 0%, gk

k) (k1
consider the term E {(Ok

)2, which can be bounded by Lemma Now we
— 6", hF)/(vF-

)% Direct calculation gives us
E[(6° - 67, h*) /()3 | ZE[(6" — 67, h(6")) /(" 1)} ]
. | (6% — 67, {hk fH(&""T;sk,ak,skﬂ,am)}) |

+

("3

I

10" =07 B0 sk aas s i) — B(0* D)) |
’ (1)

I
+E[ (6" - 0", [n(*"") ~n(6")]) | /()1 ],

(33)

I

where a) depends on the fact that h”
H(gk}—T

h(6*) + h* — h(e* T

; Sk Gk, k1, Gpr1) — h(0"T) + h(O"T) —

Sk Qky Sk1, Q1) +
h(6%). Note that, with probability at least

21



1 — 26 — 3L2 exp(—Cemw?/3L), we have

[ -0 ]|
< ||E <9k;sk,ak,sk+1,ak+1> ng(@k;qb(sk,ak))

-A (gk_T§ Sk Ak, 5k+17ak+1> Vol (05" 6(sk,ar))|
< ||3 <0k;sk,ak,sk+1,ak+1> ng(@k;qb(sk,ak))

~A (9k_T; Sk, Qg 8k+1,ak+1) Vo (6" ¢(sk,an))|
G~k NP N
SNA (0% 5k, an, Sky1, arg1 ) — A (07 755k, Ak, Skr1s ary1 ) || - [ Vo f (0 ¢(sk, ar))l|

b) ~ ~ -
< (IVof (8" d(sk. an) | + Vo (0" d(sir1,arsr))ll) x 16 — 7T - [|Ve [ (6" 6(y))]

< (147)C3Csy/mlog(K/5)|0" — 6",

where a) used Vo (6"~ T) = Vo £(6%), and b) is from Lemma Thus, with the same probability,
we have

1< (14 9)CsCry/mlog(K/0) x E[[|6* — 07| - 6" — 87|/ (v"1)}].

With definition of h and the same procedure of the bound for 7,

1 < (1+9)CsCi/mog(K/0) x E[[|6* — 07| - 6" — 7|/ (v"1)}].

With Lemma 2] we can get

K N

I < (24 v)C3Cwk1/ Lmlog ?pT /(Uk—1)§
+ R K 1 1
< (2 v)C3CywkA [ Lmlog 5 0 /(w)g_

with probability at least 1 — 2§ — 3L? exp(—Cgmw?/3L). Combing the bounds I and III together,
we have

T ||0k: _ B*H . ||0k:+17h _ ekth
I+ 100 < (1+7)C3Cy/mlog(K/d) x ZE{ i }
h=1

()

< 2(1 4 v)C3Cym/mlog(K/J) x iE[”ek — 0l ||mk7h”} (34)
=R ENCEE
where we used the following estimate
|67 — 6| = [Projy (0" —ym*~"/(u" ")) — Projy (6" ")|| < "/ (0" ")3.
The Cauchy-Schwarz inequality then gives us
Z ||19 9*H [m Z 16" — 67| [lm*~"|
I (k- h% VE=1)1/2 (pk=h)1/2
T
H9k —07|* | [lm* | WL [m*"?
<Z( k-1 + vk—h )SZ(W+ vk—h ) 35)

h=1

Combining (33), (34), (33) and (12)), we then get the result.
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D.5 Proof of Lemmal6

Obviously it holds that

(6% — 6%, m") <0k—0*,mk>> <<0k—0*,mk> <ek—0*,mk>>
f LaELAELIRA R (A L LA :
( (vh)3 ) ( wnr )" (vh)3 (v1)3

I II

We first consider the term II. With the Cauchy’s inequality, we are led to

1

I < ||6F — 6| - [lm"|| - (1/(v" )% — 1/(v*) %)
< w(2+7)Cry/Imlog(K/8)(1/(vF 1) % —1/(vF)3),

with probability at least 1 — 26 — 3L? exp(—Cgmw?/3L). We use a shorthand notation A :=
E((0* — 6*,gF)/(v*~1)2) and then get

I=E((6" - 0", Bm" "+ (1- 5)g")/(")})
=(1-8)-A+ (0" — 6", m" ) /(vF )3

=(1-p) A+ 80" — 0", m ) /(vF )T 4 g(F — 0F T mP Yy /(oF )2
LBy A+ IO — 0 mb /() 4 04— 0¥ - o)
21— B)- A+ AOF — 0% mE (1)) 1 Bt 2/
(1=B)-A+ 80" — 0", m "~ /(vF 1) 7) + B lm* 1|2/ (),

where a) uses the Cauchy’s inequality, and b) depends on the scheme of the algorithm. Taking
expectations on both sides of I, we are then led to

1< (1-BE((6" - 0°,85)/(*1)1) + B o1 + BB (Jm* |2/ ("))

Combination of the inequalities I, IT and Lemma 5] gives the final result.

IN
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