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Abstract

We consider the online restless bandits with average-reward and multiple actions,
where the state of each arm evolves according to a Markov decision process
(MDP), and the reward of pulling an arm depends on both the current state of
the corresponding MDP and the action taken. Since finding the optimal control
is typically intractable for restless bandits, existing learning algorithms are often
computationally expensive or with a regret bound that is exponential in the number
of arms and states. In this paper, we advocate index-aware reinforcement learning
(RL) solutions to design RL algorithms operating on a much smaller dimensional
subspace by exploiting the inherent structure in restless bandits. Specifically, we
first propose novel index policies to address dimensionality concerns, which are
provably optimal. We then leverage the indices to develop two low-complexity
index-aware RL algorithms, namely, (i) GM-R2MAB, which has access to a generative
model; and (ii) UC-R2MAB, which learns the model using an upper confidence
style online exploitation method. We prove that both algorithms achieve a sub-
linear regret that is only polynomial in the number of arms and states. A key
differentiator between our algorithms and existing ones stems from the fact that our
RL algorithms contain a novel exploitation that leverages our proposed provably
optimal index policies for decision-makings.

1 Introduction

Restless multi-armed bandits (RMAB) [[64]] have been used to model a variety of sequential decision
making problems such as congestion control [[7, 6], job scheduling [51} 135,13} 168]], wireless communi-
cation 57,1211 19, 20} [71], healthcare [23} 14441147} 148\ 140]], queueing systems [28, |32} |5, [16} 42, 41]],
and cloud computing [17,152L167]]. In RMAB, there is a collection of IV arms, each of which is endowed
with a state that evolves independently according to a two-action Markov Decision Process (MDP)
[S5]. If the arm is “pulled” or “activated” at any moment in time, it advances stochastically according
to one transition kernel, and if not, then it advances according to a different kernel. Rewards are
generated with each transition, and the goal is to maximize the expected total reward over an infinite
horizon, subject to a constraint on the number of arms activated at any moment in time.

A critical limitation of classical RMAB frameworks is that only two actions, either pulled or not pulled,
are allowed for each arm. This is restrictive since the decision maker in many applications often
has access to multiple actions for each arm [40, [18]. To this end, we consider an under-examined
generalization of RMAB that allows for multiple actions per arm with different degrees of costs, which
we call the restless multi-action multi-armed bandits, dubbed as R2MAB, in the infinite-horizon average-
reward setting. Our objective is to develop simple reinforcement learning (RL) algorithms to solve
R2MAB without knowing the underlying MDPs associated with each arm. Although RMAB or R2MAB has
found its success in many applications as aforementioned, the fundamental theoretical understanding
of how to develop low computation-complexity and order-of-optimal regret RL algorithms, two of
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the most important performance metrics for online restless bandits, remains in its infancy so far. In
particular, three important aspects of RL algorithms for RMAB or R2MAB deserve special attentions:

> First, most upper confidence bound (UCB) based policies [45} 160} 46l 59] for RMAB often leverage
a heuristic policy in the exploitation phase, e.g., constantly pulling one arm, which does not have
any performance guarantee. Hence, these policies may not perform close to the offline optimum.
This is partially due to the fact that finding an optimal solution for RMAB is PSPACE-hard [54]],
hence infeasible. The fundamental challenge lies in the explosion of state space and the curse of
dimensionality prevents computing optimal policies. Though Whittle index policy [64] is a powerful
tool to address the state space explosion, finding the Whittle index is typically intractable [51].

> Second, existing RL algorithms with a theoretical guarantee of a sub-linear regret upper bound,
e.g., colored-UCRL2 [53]], suffers from an exponential computational complexity, and the regret
bound is exponential in the number of states and arms. This is due to the fact that it needs to solve
Bellman equations with an exponentially large space set. Likewise, the class of Thompson sampling
based algorithms [38},137]] provide theoretical guarantees in the Bayesian setting, where the updates
can be computationally expensive, especially when the likelihood functions are complex.

> Third, although the design of low computation-complexity solutions for online RMAB has been
gaining attentions, e.g., [25} 8, [15} 139} 162} 165l 156l [66], many challenges remain unsolved. For
instance, [25, 8} [15) [39] 156] lacked finite-time performance analysis and these multi-timescale
stochastic approximation algorithms often suffer from slow convergence. [65, 66] focused on the
finite-horizon setting, which makes their approach not directly applicable to ours since the average
reward setting studied in this paper is more challenging to analyze compared to the finite-horizon
setting, which necessitates different proof techniques. [62] achieved a low-complexity policy but is
constrained to a specific birth-death Markovian model and is not easy to be directly generalized.

The lack of a fundamental understanding on how to design efficient RL algorithms for R2MAB in the
infinite-horizon average-reward setting that consider the above three aspects in terms of provably
optimal policy, computational complexity, exponential pre-factor in the regret bound, and sub-linear
regret performance guarantees, motivates us to fill the gap by advocating index-aware RL solutions
in this paper. Specifically, our index-aware RL solutions operate on a much smaller dimensional
subspace by exploiting the inherent structure encoded in R2MAB problems. This requires us to first
design low-complexity provably optimal index policies for R2MAB, and then RL algorithms that
leverage the structure of provably optimal index policies in the exploitation phase for decision-
makings so as to reduce the high computational complexity and exponential factor in regret analysis.
Our main contributions in this paper are summarized as follows:

o To address the dimensionality concerns in R2MAB, we first develop low-complexity index policies
for R2MAB when the underlying MDPs are known. In contrast to the celebrated Whittle index
policy, which requires the notoriously difficult-to-verify indexability condition, we bypass the task of
deriving index policies by taking a more general linear programming (LP) approach, and hence is
computationally efficient. We show that our proposed index policy is asymptotically optimal.

e We develop two index-aware RL algorithms for infinite-horizon average-reward R2MAB, namely, (i)
GM-R2MAB, a generative model based approach that obtains samples initially then creates the model;
and (ii) UC-R2MAB, an online approach wherein the model is updated as samples are obtained. Both
algorithms follow a two-stage pattern of model construction and an index policy based solution.
The algorithms solve an extended linear programming (ELP) problem from which we construct the
provably optimal index policies to be executed during the exploitation phase in both algorithms.
The key differentiator between our index-aware RL solutions and aforementioned state of the arts
stems from two perspectives: (a) our index-aware RL solutions are computationally appealing since
our index based solutions are merely based on solving an ELP, which is exponentially better than
state-of-the-art methods such as colored-UCRL2; (b) our index-aware RL solutions contain a novel
exploitation phase by leveraging our proposed provably optimal index policy for decision-makings,
rather than using a heuristic one or black-box oracle in aforementioned existing algorithms.

e We provide the first-ever regret analysis for infinite-horizon average-reward R2MAB. We show
that the above key differentiators in the design of GM-R2MAB and UC-R2MAB, contribute to their
@(\/T) regret, which is only polynomial in the number of arms and states. It is worth noting that
GM-R2MAB and UC-R2MAB achieve low computational complexity and a sub-linear @(\/T) regret
with a polynomial pre-factor all at once, while none of aforementioned state of the arts achieve so.



2 Model Description and Problem Formulation

We consider the restless multi-action multi-armed bandits (R2MAB) problem in continuous time. There
are a total of N arms. Each arm n € N is described by a MDP (S, A, P,,, r,), where S is the state
space, A is the action space, P, (s’|s, a) indicates the probability of reaching state s’ by taking action
a in state s, and 7, (s, a) is the reward of each state-action pair (s, a). We assume that S and A are
finite sets with cardinalities .S and A, respectively. Our results and analysis will still apply when each
arm has its own sets of states and actions; so, without loss of generality, we will simply assume that
all arms share the same state and action sets. We consider the unichain MDPs in this paper, which in
fact is known to be necessary to guarantee the existence of stationary policies for the infinite-horizon
average-reward R2MAB (and MDPs) regardless of initial states [S5) 3]. We refer to action a = 0 as
passive action and any action a > 0 as an active action. Moreover, using the standard terminology
from the restless bandits literature [64]], we call an arm active when an active action is applied to it
and passive otherwise. A cost is incurred when action a is applied to arm 7 in state s. For abuse of
notation, we denote the cost as a itself. We assume that the maximum cost to activating arms at any
moment in time is B, which we call the activation budget.

The decision-making scenario is as follows. At any moment in time ¢, each arm can be either active
or passive. When action a,,(t) = a is applied to arm n in state s,,(t) = s, it takes an exponentially
distributed amount of time to transition to state s’ with rate P, (s, a, s'), Vs, s’ € §,a € A. Decision
epochs/time are defined as the moments when the state of an arm changes. A policy determines what
actions to be applied to each arm at each decision epoch, with the restriction that at most B activation
budgets can be used for activating arms. After receiving an action, each arm incurs an immediate
reward r,,(t) = r,,(s, a), which is a random variable with support [0, 1] and mean 7, (s, a). Without
loss of generality, we further assume that only active arms yield rewards, i.e., 7,,(s,0) = 0,Vs € S.

Remark 1. In general, there are two reward models considered in RMAB literature: (1) Model 1: All
arms yield rewards no matter activated or not; and (2) Model 2: Only activated arms yield rewards.
Both models have been widely used and risen in different applications. For example, Model 1 is
widely adopted for queueing problems [|16] 17, 128 32]], where all queues incur hold costs, along with
others [5) 1151 125]139]. Model 2 is widely adopted for cognitive radios [19, 120, 121} |45)], where rewards
are generated only on the state of selected channels, along with many other learning augmented
RMAB settings [2) 159160, 1621 165]]. These two models are similar without fundamental differences as
discussed in [2]], and they are exactly the same under the assumption that r,,(s,0) = 0,Vs € S. Our
proposed solutions in this paper hold for both models.

Let IT be the set of all possible policies for the considered R2MAB problem and 7 is a feasible policy in
I1, satisfying w € II : F; — A", where F; is the sigma-algebra [58]] generated by random variables
{sn(h),an(h) : Vn € N, h < t}. The objective of the decision maker is to maximize the expected
long-term average reward of activating arms subject to the activation budget constraint, i.e.,

1 T N N
R2MAB: max liminf K. ( /t_oz:lrn(t)dzf), subject to ;an(t)SB, Vi, (1)

When the underlying MDP (i.e., transition kernel and reward function) of each arm is known, the
R2MAB problem (1) in theory can be solved using relative value iteration [55, [12]]. Unfortunately, this
approach suffers from the curse of dimensionality [10l |12], and lacks of insights for the solution
structure. When the underlying MDPs are not known, off-the-shelf RL algorithms are either computa-
tionally expensive or without an @(\/T ) regret guarantee. In the remainder of the paper, we first build
a low-complexity index based policy for (I)) with optimality guarantee when the MDPs are known
in Section[3] and then design index-aware RL algorithms for (I that not only are computationally
efficient but also achieve an @(ﬁ) regret when the MDPs are unknown in Section

3 An Index-based Policy and Asymptotic Optimality

Rather than solving (1) exactly, we instead construct an index based policy for the original R2MAB
that we prove to be asymptotically optimal. To describe our index policy design in Section[3.1} we
first need to introduce the following linear programming (LP), in which the decision variables are the



occupancy measures [3] of the controlled MDP processes:

N
LP(P,, 7Ty, Vn): Hslﬁx Z Z wn (s, a)T(s,a) 2)
n=1(s,a)eSxA

N
subject to Z Z awy(s,a) < B, 3)

n=1 (s,a)eSxA

an(sva) = Zzwn<slva/)Pn(s/aa/as)a vn GNa 4)

rd

Z wn(s,a) =1, wy(s,a) >0, YneN,seS,ac A (5
(s,a)eSXA

One can arrive at the LP (2)-(5) by replacing all random variables in the relaxed version of (T)) in which
the activation cost at time ¢ is limited by B on average, with their expected values via introducing
a new set of variables w, (s, a), which are called occupancy measures [3]] of the controlled MDP
corresponding to arm n. Specifically, the occupancy measure €2, of a stationary policy 7 for the N
controlled infinite-horizon MDPs is defined as the expected average number of visits to a state-action
pair (s, a), i.e.,

T
Q, = {wn(s,a) = Tlim %EW (/ U(sn(t) = s,a,(t) = a)dt) :neN,seS,ac A} .

=1

It can be easily checked that the occupancy measure satisfies E(S’a) wp(s,a) = 1, and hence
wn, Vn € N is a probability measure. To this end, (@) represents the fluid transition of the occupancy
measure, which holds due to the ergodic theorem [19] for finite MDPs [61]]; and (3)) follows the fact
that the occupancy measure is a probability measure. Thus the feasible set of LP (2)-(3) is non-empty.
We denote the optimal solution to the LP as Qe = {wi(s,a):neN,seS,ae A}, and

the corresponding optimal value as V* := 3", | >=(, ) wy (s, a)ry(s, a), which serves as an upper
bound on the reward of the original R2MAB (T}
Lemma 1. The optimal value achieved by the LP (2)-(3)) is an upper bound of that of the R2MAB (T).

3.1 An Index Based Policy

Unfortunately, the solution to the LP ([2)-(5) does not always provide a feasible decision to the original
R2MAB (). This is because the activation budget constraint in (I) must be met at all time, instead of
just in the average sense as in (3). Exacerbating this problem is the fact that the average constraint
may be violated severely during the decision epochs, resulting in poor policy performance. We
overcome these challenges by introducing a computationally appealing index policy that we prove
to be asymptotically optimal. Specifically, our index policy is derived from the optimal solutions
Q- = {w}(s,a)} and the index assigned to arm n in state s, (¢t) = s at time ¢ is defined as

Lo(s) = 3 Lalsa)im(0)

& Tweavils.d)

(6)

.y w,(s,a)

o Za’EA W:L(S7a/)
in state s,,(t) = s at time ¢ [3] when ), 4wy (s,a’) > 0, and otherwise arm n can be simply
made passive. Hence, the index of arm n in @ represents the expected obtained reward of activating
arm n in state s. To this end, we rank all arms based on their indices @ in a non-increasing order,
and activate the set of highest indexed arms, denoted as N (¢) C N, such that the corresponding
activation cost of arms in V(t) is within the activation budget B, i.e., >, c nr() an (Sn(t)) < B. Here

a’ (s, (t)) is the action for arm n, which is determined according to the probability &, (s, a) based
on its current state s, (t) = s at time ¢. When multiple arms share the same indices, we randomly
activate one arm and allocate the remaining activation costs across all possible actions according to
the probability &, (s, a). All remaining arms are kept passive in case they have zero indices. We call
our index based policy, ERC, since it ranks arms by Expected Reward and pull arms constrained by
activation Cost. We denote the resultant index based policy as 7* = {7}, n € N'}.

where &, (s, a) represents the probability of applying action a,,(t) = a to arm n



Remark 2. Unlike Whittle-based index policies [64} 131} 128 72} 139, 67)], our ERC does not require
the indexability condition, which is often hard to establish especially when the transition kernel of
the underlying MDP is convoluted [51|]. Like Whittle policies, our ERC is computationally efficient
since it is merely based on solving a LP. We remark that [|61|] also considered average-reward
R2MAB, however, only one action can be chosen deterministically for each state with no difference
in activation cost. Hence it cannot be generalized to ours since we consider a randomized policy
for each state with heterogeneous activation costs across different actions. Finally, another line of
works [34] 165 66| 169, [70] designed index policies without indexability requirement for finite-horizon
restless bandits, and hence cannot be directly applied to our infinite-horizon average-reward R2MAB.

3.2 Asymptotic Optimality

We now show that ERC is asymptotically optimal in the same asymptotic regime as that in Whittle
[64]] and many others [63} 61, [72]], where all N arms are generalized to N classes, and both the
number of class-n arms and the activation budget B are scaled by p, with their ratio holding constant.
Denote X (7*, s, a;t) as the number of class-n arms at state s taking action a at time ¢ under ERC
7*. We will be interested in this fluid-scaling process with parameter p, and define the expected

long-term average reward as V. := liminfr_,oc ~Er+ (ftil PO > (s,a) Tn(Ss G)Mdt).

Our ERC 7* is asymptotically optimal only when VX, > V? Vr € II. Before presenting our main
result in this section, we first state the following technical condition called “global attractor” [63].

Definition 1. An equilibrium point X**/p under ERC ©* is a global attractor for the process
XP(m*;t)/p, if, for any initial point X?(7*;0)/p, the process X (m*;t)/p converges to XP* / p.

Remark 3. The global attractor indicates that all trajectories converge to X”*. Though it may be
difficult to establish analytically that a fixed point is a global attractor for the process [61|], such
assumption has been made in [63| 311161, |72] 124] and is only verified numerically. Our experimental
results in Appendix[E] show that such convergence indeed occurs for our ERC T*.

Theorem 1. Our ERC 7* is asymptotically optimal under Deﬁnition ie,lim, .o V-V’ . =0,
where w°P* represents the optimal policy for the original R2MAB ().

4 Index-aware Reinforcement Learning Solutions

We now consider to learn the R2MAB when the transition kernel P,, and reward function r,,,
Vn € N are unknown. Our goal is to provide low-complexity index-aware RL algorithms and
determine their finite-time performance measured by the regret [43]], which is defined as follows:

Definition 2. The regret of policy 7 is defined as the expected gap between the offline optimum, i.e.,
the best policy under which both the transition kernels and reward functions are known, and the
cumulative reward of the arm selecting algorithm, i.e., Reg(m,T) := Tu°P* — E.[R(rw,T)], where
p(m) :=limy o0 FE[R(7, T)] = limp_,00 %E[Zszl Zgzl T (t)] is the expected average reward
under policy w, and p°P' := sup,. u(w) is the optimal average reward, which is independent of the
initial state for MDPs with finite diameter [55].

Remark 4. Since finding the offline optimum for R2MAB is intractable, we characterize the regret
with respect to the ERC index policy. This is due to the fact that our ERC index policy is asymptotically
optimal. Similar definition appears in [2} |65|]] when learning Whittle index policy for RMAB.

4.1 GM-R2MAB: Generative Model Based Index-Aware Reinforcement Learning

We first introduce a generative model based R2MAB learning algorithm called GM-R2MAB, which
contains two phases: (i) the exploration phase (lines 1-3 in Algorithm [I) and the exploita-
tion phase (lines 4-6 in Algorithm [T). During the exploration phase, GM-R2MAB samples each
state-action pair (s,a) for J(T') times (J(T) to be specified later) for each arm n, counts the
number of times T, (s, a,s’) for each transition to the next state s’, and constructs an empir-

ical model of transition kernel and reward function, denoted by P,(s|s,a) = %j‘f)sl) and

n(s,a) = i ST (s, a; W)L (sp(h) = s,an(h) = a), ¥(s,a,s'),n € N, respectively.
Using these empirical estimates, GM-R2MAB creates a set of plausible MDPs such that the transition



kernels and reward functions are close to the true ones, which are defined as

M={M,=(S, A, P,,i,): |15n(s'|s,a)—lf’n(s'|s,a)\ <6,7n(s,a) =", (s,a)+8,Yn,s,a}, (7)

where § = \/2J%T) log QSAIXJ(T) for n € (0,1) is built using the Hoeffding inequality [49].

Algorithm 1 GM-R2MAB

Requlre Time horizon T, learning function J(T') < T.
:forn=1,2,.... N do
Observe arm n until there are J(T") visits of pairs (s, (t) = s,a,(t) = a), Vs € S,a € A.
end for
Construct the set of plausible MDPs M as in ;
Compute the corresponding ERC index policy 7* by solving ELP(M);
Execute 7* to the end.

AR AN S

In the exploitation phase, GM-R2MAB computes the ERC index policy 7m* by performing optimistic
planning. In other words, GM-R2MAB selects an optimistic transition kernel, an optimistic reward
function, and an optimistic policy to maximize the objective function while satisfying the constraints.
More specifically, it can be expressed as the following optimization problem,

(15 = {]E’n,Vn}, m*) = argmax,; < LP(P,, 7, Vn). (8)

To solve (8), GM-R2MAB uses Extended LP (ELP) by leveraging the state-action-state occupancy
measure z,, (s, a, s') defined as z, (s, a, s') = P,(s'|s, a)wy (s, a) to express the confidence intervals
of transition probab111t1es The descrlptlon of ELP is provided in Appendlx [A] Once we compute
{2},Vn}, the probabilities &, (s,a) and hence the indices Z,(s) in (6) are recovered from the

$,a,8 )7 s,a
Ez“':' es #nl ()S g(s ) ) , from which we can construct our
beA,s’eS ﬂ

ERC index policy 7*, and execute 7* to the end.

computed occupancy measures as Z,, (s) :=

4.1.1 Regret Analysis of GM-R2MAB

To characterize the regret, we first introduce the definition of ergodicity coefficient [4, [2]. For ease
of readability, we denote the state for all arms as a stacked vectors € S N.= [s1,82,...,5N], the
corresponding actions under policy 7* as 7*(s), and the unknown MDPs as © := [0, 05, ...,0y]
with 6,, := (P,,,,). The transition kernel of the stacked system is then Pg(-|s, 7*(s)),Vs € SV.
Definition 3. Dp, := 1 —ming g >, v min{Po(z[s, 7*(s)), Po(z|s’, 7*(s'))} is defined as the
ergodicity coefficient of Pg, and D := supg D p,, as the maximum value.

Theorem 2. The regret of GM-R2MAB with J(T) = O(T"/?) satisfies:

Reg(n*,T) = 0O (x/f (SAB + 1BN log 45 ANT)) . )

— D n

The regret comes from the explortation and exploitation phases in GM-R2MAB, respectively. Specif-

ically, the first term O(SAB+/T) in (@) is the worst regret from explorations of each state-action
pair under the generative model with J(T") time steps for sampling, and the second term comes from
the policy execution phase of GM-R2MAB due to MDP model mismatch. The proof of Theorem [2]
differs from the traditional analysis framework of generative based RL for restless bandits [[62}65]],
particularly in the way to track regrets due to model mismatch. We leverage the form of Bellman
equations of long-term average MDPs and transfer the regret to the difference of relative value
functions. This enables us to track the regret relying only on the first moment behavior of transition
kernels. However, [62] depended on higher order moment behavior of transition kernels to track
regrets. The higher moment behavior is typically hard to analyze for a general MDP other than
the birth-and-death process considered in [62]. [65]] tracked regrets by leveraging the optimistic
properties of a linear system, which is only applicable to the finite-horizon setting considered in [65]].

i1

Remark 5. We emphasize that although GM-R2MAB has a similar form as the “explore-then-commit
policy [26], a key differentiator between our GM-R2MAB and state-of-the-art methods stems from two
perspectives. First, GM-R2MAB has access to a generative model and samples are taken initially to



Algorithm 2 UC-R2MAB

Require: Initialize C°(s,a) = 0, and PO(s'|s,a) = 1/S,Yn € N,s,s' € S,a € A.
1: fork=1,2,--- /K do
2:  Construct the set of plausible MDPs MF as in ;
3:  Compute the corresponding ERC index policy 7** by solving ELP(MF);
4:  Execute 7** in the current episode.
5: end for

estimate a model. As a result, GM-R2MAB only needs to solve an ELP once to construct a policy,
which is computationally efficient. This is in contrast to the state-of-the-art colored-UCRL2 [53]],
which needs to solve a recursive Bellman equation to derive the policy. One contribution here is to
determine the right choice of J(T'), which plays a key role in balancing the tradeoff between model
accuracy and complexity. Second, GM-R2MAB executes our proposed provably optimal ERC index
policy in the exploitation phase rather than using a heuristic one as in state of the arts [45}160, 46} 59].
This contributes to the polynomial prefactor in the regret, compared to an exponential one in colored-
UCRL2. Finally, we note that such a generative model based approach has also been used in the
context of CMDPs [29} 30] and restless bandits [62,165]. However, they considered either a finite-time
[29, 165] or a discounted setting [30], and hence cannot be directly applied to the infinite-horizon
average-reward setting studied in this paper. Furthermore, [29} 30] focused on the sample complexity
analysis, which is not directly translatable to the regret [22]. Though Restless-UCB [62] operated
in a similar manner as our GM-R2MAB, it depends on the performance of an offline “black-boxed”
oracle approximator in the exploitation phase, while our GM-R2MAB leverages an explicit and provably
optimal ERC index policy.

4.2 UC-R2MAB: Online Index-Aware Reinforcement Learning

The GM-R2MAB approach operates in an “offline” manner in the sense that it first estimates a model
by sampling every state-action pair in the system for a certain number of times, and then computes a
policy to be executed throughout the exploitation phase. Unfortunately, such an “offline” approach
may not be feasible in many real-world applications since some states may not be reachable without
executing the policy. To this end, we further develop an “online” approach, dubbed as UC-R2MAB,
via interleaving the process of collecting samples from the environments and model updates, which
is summarized in Algorithm[2] Specifically, UC-R2MAB operates in an episodic manner where each
episode consists of I consecutive frames. Let K be the total number of episodes until time 7', hence
we have T = K H. Denote the k-th episode as H, and let 7, be the time when it starts.

At the beginning of each episode, i.e., 7, Vk, UC-R2MAB estimates the true transition kernel and the

O '(s,a,8)

Ak —
e CF Ty 1y Tn(5:0)

true reward by the corresponding empirical averages as P¥(s'|s, a) =
k=1 H

—— 3" 3" ru(s,a)1(s%(h) =s,al (h) =a), where C¥~1(s, a) is the number of visits
max{Cr " (s,a),1} o W n n n

to state-action pairs (s, a) until 73, and C5~1(s, a, s’) is the number of transitions from s to s’ under
action a, satisfying C¥(s,a) = Ck~1(s,a) + Y1, 1(sk (h) = 5,0k (h) = a), and C¥(s,a, ') =
Ck-1(s,a, s’)+Zf=1 1(sk(h+1) = §'|sk(h) = s,ak(h) = a),V(s,a) € Sx Aand V(s,a,s’) €
S x A x S, V¥n, where sk () is the state of arm n at the h-th time frame in episode k.

Similar to GM-R2MAB, UC-R2MAB creates a set of plausible MDPs using these empirical estimates for

each episode as in (7) by replacing J(T') with C¥~!(s, a) for each arm n. Thus for 5 € (0, 1), the
set of plausible MDPs in the k-th episode is defined as

MP={ M= (S A By 7 )Py (s |s,0) = Py (s']s,0) | <85 (s,a), 7 (s,0) =7 (s,0) + 03 (s,0)}. (10)

where 8 (s, a) = \/201@711(5 2 log 4SANE7]€71)H is built using the Hoeffding inequality [49].

Once constructing the model, UC-R2MAB computes the ERC index policy 7** in episode k by solving
an ELP, which is described in Appendix[A] Specifically, it solves the following optimization problem,

(P* = {PF vn},n*k) = arg Max ke o LP(PF 7 Wn), a1

n'' n



from which it recovers the indices Z*(s) to construct ERC and then execute the index policy to the
end of this episode. This is the same problem as in (8) except for substituting M with M*.

This algorithm draws inspiration from the infinite-horizon algorithm UCRL [36], which uses the
sampled trajectory of each episode to update the plausible MDPs of next episode. The major
difference that distinguishes our UC-R2MAB is that UC-R2MAB deploys the proposed ERC at each
episode, and thus results in solving a low-complexity ELP, which is exponentially better than that of
UCRL-based algorithm [36] that needs to solve extended value iterations.

4.2.1 Regret Analysis of UC-R2MAB
Theorem 3. The regret of UC-R2MAB satisfies:
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Reg({m**,Vk},T) = O (ﬁ (2 1-D & n

Though the design of UC-R2MAB is inspired by UCRL type algorithms, the regret analysis of
UC-R2MAB differs from colored-UCRL2 [53]], a state-of-the-art method for online restless bandits.
The major difference comes from the fact that UC-R2MAB leverages the relative value function of Bell-
man equation for long-term average MDPs to track regrets caused by model mismatch as GM-R2MAB.
There are also recent Thompson sampling based results [2] on characterizing Bayesian regret for
RMAB while using techniques reminiscent of UC-R2MAB. The sub-linear regret in [2]] was achieved by
upper bounding the number of episodes to be v/T" under a specific requirement for the length of each
episode. In contrast, UC-R2MAB directly bounds the sum of regret from each episode without such a
episode length constraint.

Remark 6. Similar to the state-of-the-art colored-UCRL?2 [53] and Thompson sampling based
algorithms [37, 38| [2l], our UC-R2MAB also operates in an episodic manner and achieves an O(\/T)
regret. However, the colored-UCRL?2 is known to be computationally expensive and the regret
is exponential in the number of arms and states. Likewise, Thompson sampling based methods
provide theoretical guarantees in the Bayesian settings and need to implement a computationally
expensive method to update the posterior beliefs due to the complex likelihood functions. In contrast,
our UC-R2MAB is computationally appealing since it only needs to solve an ELP in each episode,
from which UC-R2MAB constructs and implements our proposed ERC index policy. The regret of
UC-R2MAB is polynomial in the number of arms and states, which is exponentially better than that
of colored-UCRL2. Finally, we remark that the multiplicative “pre-factor’ that goes with the time
dependent function in the regret of UC-R2MAB is smaller than that of GM-R2MAB. This is due to the
fact that UC-R2MAB operates in an episodic manner while GM-R2MAB only samples once initially. This
leads to a higher computation complexity of UC-R2MAB, which is O(NSAK) compared to that of
GM-R2MAB, which is O(NSA).

S Experiments

In this section, we present some of our experimental results. We also demonstrate the utility of our
GM-R2MAB and UC-R2MAB by evaluating them under two real-world applications of restless bandits.

5.1 Experiments on Constructed Instance

Instance construction. We consider a setup with 10 classes of arms. The state space is S €
{0,1,2,3,4,5,6,7,8,9,10}. Class-n arm arrives with rate 3n forn = 1,--- | 10, and departs with
a fixed rate of ;1 = 20. Since Whittle index policy is only designed for RMAB with two actions, we
evaluate our algorithms under two settings: (1) two-action setting; and (2) multi-action setting. For
two-action setting, we consider a controlled Markov process in which states evolve as a specific
birth-death process, i.e., state s only transit to s+ 1 or s — 1 with probability P(s,s+1) = A\/(A + p)
and P(s,s — 1) = pu/(X + p). For active action, class-n arm generates a random reward 7, (s) ~
Ber(spy,), with p,, uniformly sampled from [0.01, 0.1]. The activation budget is set to 0.3N, where
we vary the number of arms N from 50 to 350. For the multi-action setting, we consider a total
of 3,5, 10 actions, and the state of arm n transition to any state in S with a randomized non-zero
transition probability. We only present results with 10 actions and provide other results in Appendix [E]
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Baselines. We compare our ERC index policy with Whittle index policy (Whittle) [64]], a priority
policy (Priority) [61] and a lagrangian based policy (Lagrangian) [40]. We compare our RL solutions
GM-R2MAB and UC-R2MAB with a Q-learning based policy (MAIQL) [39], a Thompson sampling
policy (TS) [38], Restless-UCB [62]], and a set of learning Whittle index based policy including
Fu [25]], AB [8]] and NeurWin [[50]. Note that we do not include results of colored-UCRL2 in our
comparions since it is known to suffer from a high computational complexity and is outperformed
by existing policies, e.g., Restless-UCB [62]. For ease of readability, we only present results of
two “online” baselines for comparisons. More experimental results and the parameter settings for
baselines are provided in Appendix [E]

Asymptotic optimality. We compare the rewards obtained by an index policy with that from the
theoretical upper bound obtained by solving the LP (2)-(5). We call the ratio between this award
difference and the number of arms as the optimality gap. From Figures [[|and 2] we observe that all
policies are asymptotically optimal, which is consistent with their theoretical performance guarantees.
Our ERC slightly outperforms these baselines in terms of the vanishing speed of optimality gap.

Regret and running time. The accumulated regrets are presented in Figures[3]and ] where we use
the Monte Carlo simulation with 1, 000 independent trials of a single-threaded program on AMD
Ryzen 5800x desktop with 64GB RAM. For simplicity, we choose 200 arms and a time horizon of
T = 60,000 slots. Each episode consists of 2, 500 slots. We observe that UC-R2MAB achieves the
lowest cumulative regret and is better than our “offline” method GM-R2MAB. This is consistent with
our theoretical analysis (see Remark[6). A key observation is that for a large horizon T, our “offline”
GM-R2MAB even outperforms the “online” MAIQL. This is because GM-R2MAB leverages our proposed
provably optimal ERC index policy in the exploitation phase. We also compare the average running
time of these algorithms. For two-action (10-action) setting, the average running time of GM-R2MAB,
UC-R2MAB, MAIQL and TS is 86s (144s), 308s (607s), 348s (702s) and 359s (681s), respectively. It
is clear that our GM-R2MAB and UC-R2MAB are more efficient in running time. These improvements
come from the intrinsic design of our algorithms that merely need to solve an ELP, while TS needs to
solve Bellman equations.

5.2 [Experiments on Real-World Datasets

We demonstrate the utility of GM-R2MAB and UC-R2MAB by evaluating them under two recently studied
applications of restless bandits: wireless scheduling with two actions, and tuberculosis care with
multiple actions. Due to space constraints, we relegate the detailed descriptions of these two problems
to Appendix [E]

Wireless scheduling over fading channels [1]]. A wireless client is modeled as an arm, which has
some data to transmit. Each arm suffers from 1 unit holding cost in each time slot until the data
is transmitted. The quality of wireless channel, either good or bad, via which data is transmitted
determines the amount of transmitted data and varies over time. The goal is to maximize the negative
of total holding cost. We adopt the settings in [[1]], where 1 out of 10 arms is activated at any moment
in time. The regret is shown in Figure 5] It is observed that UC-R2MAB outperforms all baselines.
Importantly, UC-R2MAB has a sub-linear regret guarantee while the best-performing baseline MAIQL
lacks of finite-time analysis. Since the environment is dynamically changing over time, it may be
hard to build a perfect simulator and hence UC-R2MAB is preferable than the offline GM-R2MAB.

Tuberculosis care in India [40]. A health worker takes three actions on 200 patients to improve
their adherence over a course of 6 months. Each action has varying cost and effectiveness: cheap
(call patients), semi-expensive (visit patients) and very expensive (escalate patients). The goal is
to maximize patients’ adherence subject to a daily time budget due to the limited worker time
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and resources. We adopt the settings in [40] with the budget being 20 and the reward defined as
adherence level /3. From Figure @ we again observe that UC-R2MAB achieves a sub-linear regret and
outperforms all baselines.

6 Conclusion

In this paper, we developed two low-complexity index-aware RL algorithms, GM-R2MAB and
UC-R2MAB for online infinite-horizon average-reward restless multi-action bandits. We proved
that both algorithms achieved a sub-linear regret that is only polynomial in the number of arms
and states. Our key design to reduce both the computational complexity and exponential factor in
regret analysis is via exploiting the inherent structure encoded in restless bandits and leveraging our
proposed provably optimal index policies for decision-makings.
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Ethics Statement and Societal Impacts

Our research shows how our proposed two low-complexity index-aware RL algorithms, GM-R2MAB
and UC-R2MAB perform in the setting of online infinite-horizon average-reward restless multi-action
multi-armed bandits. Our main contributions are primarily analytic in nature, i.e., mainly in the theory
part. The evaluation of our algorithms are conducted through a combination of mathematical analysis
(e.g., finite-time analysis) and simulations. For sake of exposition and reproducibility, we leveraged a
public dataset of the TB care in India [40]], which are interpreted and leveraged without specialist
medical-care domain knowledge, and without private human information (patients are divided into
four types with a ratio, and other parameters are synthetic). However, the proposed methods are
potentially relevant to any scientific application that can be formulated as a R2MAB framework. As for
societal impact of our work, we highlight the need for specific information about involved individuals,
or network metadata, which may lead to privacy issues and we hope to raise awareness of these
potential issues of privacy.

One limitation of the method may come from the above discussions regarding the technical assumption
of “global attractor” to prove the asymptotic optimality of ERC index policy. Though this is a standard
assumption and widely used in the literature, it is hard to be established analytically. A possible
direction or an open problem is to establish a sufficient condition to rigorously establish the global
attractor property.
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A Extended Linear Programming (ELP)

In this section, we present the auxiliary formulation of the extended LP (ELP). As claimed in the
main paper, an ELP serves as a proxy to solve (8) and (T1). The ELP leverages the state-action-
state occupancy measure z, (S, a, s’) defined as z,(s,a,s’) = P,(s'|s,a)wn (s, a) to express the
confidence intervals of the transition probabilities. Specifically, the ELP(M) for GM-R2MAB in (8) is
defined over z as follows:

N
ELP(M) : max Z Z Z 2n(8,a,8 ) (s, a)

M, eM,n
t n=1(s,a)eSXAs'€S
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The first three constraints directly come from (@)-(5) by substituting the state-action occupancy
measure {w, (s, a), Vs, a,n} by the state-action-state occupancy measure {z,(s, a, '), Vs, a, s’, n}.
The last two constraints enforce that the transition probabilities should be inside of the confidence ball
M={M, = (S, A, Py, 7) : |Po(s']5,a) — Pu(5'|s,a)| < 6,7n(s,a) = in(s,a) 4+ 8,Yn, s,a} as
defined in (7). The ELP for solving UC-R2MAB in at each episode is same as ELP(M) except
for replacing M to MF.

B Proofs in Section

In this section, we prove Lemma[T]and Theorem [T] of our proposed ERC index policy in Section[3] To
prove Lemmal[T} we first show the feasibility of the LP in (2)-(5).

B.1 Feasibility of LP in (2)-(3)

Since the LP in (2)-(5) is invariant with a scaling factor p > 0, we define X£(s, a) := pwy (s, a) as
the average number of class-n arms in state s taking action a for the scaled system, and let =2 (s, a; )
as the fluid process of X£(s, a) at time ¢.

If there exists a policy 7 such that the stochastic fluid process z£ (s, a;t) has a unique invariant
probability distribution with finite first moments, then the feasible set of LP in (2))-(3)) is non-empty.
We denote the optimal solution to the LP as Qe = {wi(s,a):neN,seS,ae A}, and

the corresponding optimal value as V* := 32" >y wr (s, @)rn(s, a) such that V* > —occ.

n=1

Proof. We denote f:zo xf (s,a; T)dr as the total aggregated amount of fluid on action « in state s
for class-n arms during the interval (0, ¢]. Then we can write the following sample-path construction
of process xf (s;t) := > xh (s, a;t):

t
wh(sit)=af(s0+ D 2 / (s T)dr

(s,a")ES XA =0

fluid in
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t
_ Z Z)\n(s,a,s')(t) / xﬁ(s’ 7')d7'7 Vn S N, (13)
7=0

(s",a)eSxA

fluid out

where Z*n(s":0"9) (1) are Poisson processes with rate A, (s, a’, s). Specifically, A, (s, a’, s) repre-
sents the transition rate for class-n arm from state s’ to state s when action « is taken. The ergodic
theorem [19]] indicates that

T

lim — b (s,a;7)dT = XL (s,a) = pwn(s,a) > —oo.
T—o0 0

In addition, we have Z*»(5:@5) (¢) /t — X\, (s,a, ") o< P,(s,a,s') as t — co, which is proportion
to P, (s, a, s'). Therefore, diving t* to both sides of (T3)), we have

0= Z P.(s',a,8)w,(s',a) — Z P, (s,a,s )wy(s,a)

(s',a")eSx.A (s',a)eSxA
= Z P.(s',a,8)w, (s, a) an s, a)
(s",a’)eSXA

from which we obtain the constraint in (@). Hence, the feasible region is not empty and thus there
exists optimal solution such that V* > —oc. O

B.2 Proof of Lemmall]

Lemma 2. The optimal value achieved by LP in (2))-(3) is an upper bound of that of R2MAB in (T)).

Proof. According to [3]], the LP in ([2)-(3) is equivalent to the relaxed problem in Section[3] It is
sufficient to show that the relaxed problem achieves no less average reward than the original problem
in (). The proof is straightforward since the constraints in the relaxed problem expand the feasible
region of the original problem R2MAB in (T). Denote the feasible region of the original problem as

N
r:.= {an(t), vt
n=1

> an(t) < B},

and the feasible region of the relaxed problem as

llzrrn—folip E{/t z:lan(t)dt}<B}.

It is clear that the relaxed problem expands the feasible region of original problem in (I), i.e., I' C IV,
Therefore, the relaxed problem achieves an objective value no less than that of the original problem
in (I)) because the original optimal solution is also inside the relaxed feasibility set. This indicates the
LP in (2)-(3) achieves an optimal value no less than that of (T). O

F/::{ n(t),Vt

B.3 Proof of Theorem/[T]

We define the expected long-term average reward with scaling parameter p as

V*:—hmmf ]E,r* / ernsa (m* sat)dt

nlsa) P

Theorem 4. The proposed ERC index policy 7* is asymptotically optimal under the global attractor
condition in Definition[l] Specifically,

lim VA — V%, =0,

p—r00

where TP represents the optimal policy for R2MAB in (T)).
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The key of this proof relies on showing that the fluid process X0(mTit) converges to {wZ, ¥n} under

the proposed ERC index policy 7* when p — oo. Since the {w ,Vn} is an optimal solution of the
LP, according to Lemma 2] the proposed ERC index policy 7* achieves no worse average reward
compared to the optimal policy 7%, i.e., lim,_,o V£. — V,,. > 0. One the other hand, it is always
true that lim,,_, . V£, — V’,,, < 0 by the definition of 7°P". This will give rise to the desired result.
To prove Theoremm we first introduce some auxiliary definition and lemmas.

Definition 4 (Density dependent population process [27]). A sequence of Markov process X? on
%Nd(d > 1) is called a density dependent population process if there exists a finite number of
transitions, say L C N9, such that for each { € L, the rate of transition from X to X? + {/p is
pfe(XP), where fo(-) does not depend on p.

To show the convergence of the density dependent population process, we consider F' the func-
tion F(x) = ) ,c,lfe(x) and the following ordinary differential equation 2(0) = zo and
Zpo(t) = F(24,(t)). The following lemma shows that the stochastic process X?(t) converges
to the deterministic x(t).
Lemma 3. [27] Assume for all compact set E C R, Y, |¢|sup, fe(z) < oo, and F is Lipschitz on
E. Iflim,_,o, X?(0) = x¢ in probability, then for all t > 0:

lim sup |X*?(s) — x(s)| = 0, in probability.

p—r 00 s<t

The following lemma shows that under the global attractor property of function F', the stationary
distribution of the stochastic density population process converges to the dirac measure of the global
attractor.

Lemma 4. [27] If F' has a unique stationary point x* to which all trajectories converge, then the
stationary measures (P concentrate around x* as p goes to infinity:

lim ¢* — g,
p—00

where 0~ is the dirac measure in x*.

Provided these lemmas, we are now ready to prove Theorem 4]

Proof. We denote A7 (s) as the set of all combinations (m, j),m € N,j € S such that class-m
arms in state j have larger indices than those of class-n arms in state s under the ERC index policy 7*.
The transition rates of the process X7 (7*;t)/p are then defined as

€n,s €n, s’ ’
x—x— —=+4 —=—atrate » P,(s,a,s )z’ (s,a), (14)

where ZaeA\{O} azf(s,a) = min (pB — Z(m,j)eA;;*(s) ZaEA\{O} az? (j,a), O) ,and e, s €

RS*1 is unit vector with the s-th position being 1.

It follows that there exists a continuous function fy(z) to model the transition rate of the process
XP(m*;t) from state x to x + ¢/p, V¢ € L according to (T4), with £ being the set composed of a
finite number of vectors in N®V, Hence, the process X”(7*;t)/p is a density dependent population
processes according to Deﬁnruon[z_f}

Note that the process X (7*;t) can be expressed

dxr t
% F(X?(n%;1)),
with F'(-) being Lipschitz continuous and satisfying F'(X?(n*;t)) = >, £f¢(X?(7*;t)). Under

the condition that the considered MDP is unichain, such that the process

XP(n*st
% has a unique

invariant probability distribution ¢”., which is tight [61]]. Thus, we have (7. (W) converge

XP(n*5t)
P

T*)
to the Dirac measure in X”*/p when p — oo, which is a global attractor of
Lemma] Therefore, according to the ergodicity theorem [[19]], we have

XP(7*,s,a) XP(m*,s,a)
p P n )99 n 59y
Jim V. = lim. E > > <) T (s, @) =2

n= 1sa€S><AM€X P p

according to
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N

=Y. Y rals,a)w(s,a)
n=1(s,a)ESx A

> lim V’,,.,
p—r00

converges to the Dirac measure in

where the second equality is due to the fact that ¢”. (W)

X#*/pwhen p — oo under the global attractor condition. O

C Proof of Theorem 2]

In this section, we prove the regret of GM-R2MAB in Theorem 2] The “explore-then-commit” structure

of GM-R2MAB enables us to decompose the regret Reg(7*,T) into the exploration phase and the

exploitation phase. To this end, we divide the total time horizon 7" into the exploration part 7} and

the exploitation part Ts, respectively, i.e., T' = T} + T». Then the total regret can be expressed as
Reg(n*,T) = Reg(T1) + Reg(n*, T3).

In the following, we derive the regrets for these two parts, respectively.

C.1 The Regret of the Exploration Phase

In the exploration phase, each state-action pair (s, a) for each arm n is sampled for J(T) times
according to a generative model. To this end, we can easily bound the regret of the exploration phase
Reg(T1) since the gap between the optimal policy and the random policy at each time is bounded,
which as presented in the following lemma.

Lemma 5. Since the reward is bounded and not greater than one, the regret in the exploration phase
can be bounded as

Reg(Ty) = O (SABJ(T)).

Proof. The result directly follows from the subsequent two facts. First, there are [V arms with a
total number of state-action pairs S A and to guarantee each state-action pair being sampled for J(T")
times, it requires S AJ(T') activation resource. Second, at any moment in time, a maximum number
of active arms will not exceed B. O

C.2 The Regret of the Exploitation Phase
The regret of the exploitation phase characterizes the accumulated reward gap when the optimal
policy 7°P¢ and the learned policy 7* are executed, respectively, which is defined as

Reg(m*, Ty) := E[R(7°P", Ty)] — E[R(7*, T»)).

During the exploitation phase, two possible and disjoint events can occur. The first event is called the
failure event, which occurs when the true MDPs { M, } lie outside the plausible MDPs set M that we
construct in line 4 of GM-R2MAB, i.e., in (7). The second event is called the good event when the true
MDPs {M,, } lie inside the plausible MDPs set M. Therefore, the regret of the exploitation phase
can be decomposed into two parts as follows

Reg(m", Tz) = Reg(n", To)E[L({ M, } & M)] + Reg(r", T2)E[L({ M, } € M)].
C.2.1 Regret Conditioned on the Failure Event

Specifically, we define the failure events as follows:
Ep = {3(s,a),n, | Pu(s'|s,a) — Bu(s'|s,a)| > 5},
and
& ={3(s,a),n, |Tn(s,a) — Fn(s,a)| > 6},

which indicate that the true parameters are outside the confidence intervals. We denote the correspond-
ingly complementary events as £ and £, respectively. Therefore, we have {M,,} ¢ M := &, UE,,

{M,} € M := & N &S Given these, we first characterize the probability that the failure event
occurs.

19



Lemma 6. Provided that § := \/2J%T) log <2SAJZJ(T) ) we have

n
Pr({M,} ¢ M) < NGak

Proof. By Chernoff-Hoeffding inequality [33], we have

/ P < n
Pr(|Pn(s |s,a) — Py(s']s,a)| > 5) < 7SANJ(T)

By leveraging the union bound over all states, actions and number of arms, we have

N
Pr({M,} ¢ M) < 33" Pr(IPa(s']s,a) — Ba(s']s,a)| > 9)

n=1 (s,a)

N

n=1 (s,a)

Using Lemmal[6] we characterize the regret conditioned on the failure event.

Lemma 7. The regret conditioned on the failure event is given by

2BT5n
J(T)

Reg(m", To)E[L({ My} ¢ M)] < -
Proof. According to Lemma 6] we have

2BT2’/]
J(T)°

where the first inequality comes from the fact that at any time the regret is upper bounded by B
because a maximum number of B arms can be pulled at any time. O

Reg (™, TL)E[L({Mn} ¢ M)] < BLE[L({M,} ¢ M)] <

C.2.2 Regrets Conditioned on the Good Event

Provided Lemma[6] we have that the probability that the true MDP is inside the plausible MDPs
set, i.e., {M,} € M, is at least 1 — % Now we consider the regret conditioned on the good
event {M,} € M. To characterize the regret, we recap some notations. For ease of readability,
we denote the state for all arms as a stacked vector s € SV := [s1, 82, ...,5n], the corresponding
actions under policy 7* as 7*(s), and the unknown MDPs as © := [01,0s,...,0x] with 0,, :=
(P, 7). The transition kernel of the stacked system is then Pg (-|s, 7*(s)), Vs € S. The ergodicity
coefficient [4, 2] of Pg is Dp, := 1 —ming ¢ >, - ov min{ Pe(z]s, 7*(s)), Pe(z[s’,7*(s’))}, and
D := supg Dp, as the maximum value. Since the dynamics of the arms are independent, the
definition of contraction factor implies that a sufficient condition is that for every arm, and every pair
of state-action pairs, there exists a next state that can be reached from both state-action pairs with
positive probability in one step.

Let g denote the proposed ERC index policy corresponding to the transition model © and Fg be the
controlled transition matrix under policy 7g. Denote ye as the average reward of policy me and ue
does not depend on the initial state and satisfy the average reward Bellman equation [3} 55],

pie + Fo(s) = R(s,m5(s)) + [PoFol(s), VseSN, (15)
where Fg(s) is the relative value function.

Lemma 8. [2] For any O, we have that 0 < po < B and span(Fg) < %.

Define 1Pt as the optimal average reward achieved by the optimal policy 7°P* and p* as average
reward achieved by the learned policy 7* for the true MDP {S, A, P,,, r,,, Vn € N'}. Define ji* as the

optimistic average reward achieved by the learned policy 7* for the optimistic MDP {J\Z/n, Yn € N'}.
Then we have the following lemma to upper bound the regret conditioned on good event.
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Lemma 9. The regret for the exploitation phase conditioned on the good event can be expressed as

T>
Reg(r', TJB[L({M, } € M)] < | S [PoFl(se) ~ Folsunn) | + 1o g
t=1
where © is the parameter of the optimistic MDP {]\;[n, Vn € N}
Proof. The proof goes as follows:
Reg(n", To)E[1({ My} € M)]
T
= Tou =) " R(s(t), 7" (s(t)))
t= .
= Top®" — Tofi* + Toji* =Y _ R(s(t), 7*(s(1)))
t=1
< Tyt = 3 RGs(0), 7 (5(0)
®) . - &
= D R(s(t), 7 (s(1) + ) _[PaFal(se) = Falsi) = D Ris(t), " (s(1)))
t=1 t=1 t=1
T
9> [PoFal(se) — Fals)

Tz_
= [PoFgl(st) — Fg(sis1) + Fo(sis1) — Folst)

T>
= [PoFol(st) — Fg(si41) + Fo(smy41) — Folst)
t=1

(@) &2 2B
< Z[PéFé](St) — Fg(st+1) +
t=1

1-D°
The inequality (a) holds due to the fact the optimistic average reward ji* for the optimistic
MDPs {M,,}V_, is no less that the optimal average reward ;°P! for the true MDP. (b) directly

follows the Bellman equation in (I3). (c) is due to the fact that ZtTil R(s(t),7*(s(t))) =
T>

21 R(s(t),7*(s(t))), and (d) follows from Lemma O

Lemma 10 (Azuma-Hoeffding inequality [[L1]). Let X1, X5, be a martingale difference sequence
with | X;| < ¢ for all i. Then for all € > 0

n 62
P X; > < — .
(; , e>_cxp( W)

We are now ready to characterize the regret conditioned on the good event.

Lemma 11. Conditioned on the good event, the regret is given by

w1 010 25 s E2T).

with a probability larger than 1 — ( ;537 3,

Proof. Define X; = E[[PgFg|(s¢) — Fg(si+1)]. We have
T>
Reg(*,Ty) < th.

t=1
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Due to the fact that
E[[PsFal(st) — Fg(st+1)]

BN
ZE |Pa(s'[s,a) = Pu(s']s,a)1] <

D 1-D’

we have |X;| < % Because E[Xt\sl,al, ...,8t,a;] = 0, X; is a sequence of martingale

difference due to the Bellman equation in (T5). Applying Azuma-Hoeffding inequality yields,

/ ASNAT n
pr (ZXt = Tlog — ) = <4SNAT)

Hence, conditioned on good event we have

BN | 4SNAT
Reg(’ﬂ'*vTQ) S @) <1—D TlOg 77) .

According to Lemma Lemma and Lemma when J(T') = VT, the total regret is given by
BN 4SANT> )

Nl

C.3 Total Regret

log

Reg(r*, T) = Reg(T}) + Reg(r*, T3) = O <ﬁ (SAB + 2 -

This completes the proof of Theorem [2]

D Proof of Theorem

D.1 Regret Decomposition

We begin by showing that the cumulative regret can be decomposed into the sum of regrets incurred
during each episode. For simplicity, we denote c¥ (s, a) := Y1 1(sk (h) = s,k (h) = a) as the
state-action counts for (s, a) in episode k. Then, we define the regret during episode k as follows,

Reg(7**) := Hpu°Pt — ZZC (s,a)Tn(s,a).

(s,a) ™

The relation between the total regret Reg({7**, vk}, T) and the episodic regrets Reg(7*") is as
follows.
Lemma 12. The regret of UC-R2MAB is upper-bounded by

K
Reg({m** ¥k}, T) < ZREg(W*’k) +4/Tlog M,
n
k=1

1
2

with probability at least 1 — (g4xr)?-

Proof. Let CX (s, a) be the total number of visits to (s, a) until frame T under policy {7** Vk}.
Using Azuma-Hoeffding’s inequality, we have

4SANT n 3
*,k K = o
]P’(R({ﬂ VERT) < g g Cl (s,a)Tn(s,a) 4T log ” > < (45 NT) .

n (s,a)
Therefore, we have
Reg({W*}kaVk}a T) = Tuopt — R(n*,T)

< T =33 O (s, a)ia(s, ) + | [Tlog 2200
n
n (s,a)

K
:Z (%) 4+ /T log 4SANT
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D.2 Bounding the Episodic Regrets

We now bound the regrets Reg(7**). Denote the true MDP as M := {S, A, P,,,r,,Vn € N}.
Consider the confidence ball M* := {MF, ¥n}. We further decompose the episodic regret into two
parts, (i) the good event set { M € MF*}, and (ii) the failure event set { M ¢ MP*}. Thus,

Reg(7**) = Reg(n*")E[L(M € M"*)] + Reg(r**)E[L(M ¢ M")].

Next we bound these two parts separately.

D.2.1 Regret when confidence ball fails

The failure events occur when the true transition kernel and reward are outside the confidence balls,
i.e.,

Ek = {3(s,a),n, |Pa(s'|s,a) — PE(s'|s,a)| > 6 (s,a)},
EF . = {H(S,a), (s, a) — ¥ (s,a)| > 6%(s,a)}.
The cumulative probability that the failure events occur is bounded as follows.
Lemma 13. We have

P(M ky < 1 __
( ¢ M )_ (k 1) s
when 5ﬁ(8, a) = \/205 11(87(1) ]0g(4SAN(k—1)H )

Proof. By Chernoff-Hoeffding inequality [33], we have
y g Ineq y

/ _ Dk k < 4
B(Pu(s'ls,a) = Pa(s'ls, )| > dns,0)) < g — g

Using union bound on all states, actions and users, we have

P(M ¢ MF) Z Z P(|P,(s']|s,a) — PE(s'|s,a)| > du(s,q))

+Z Y B(7u(s,a) = #(s,a)| > 8u(s,a))

n=1 (s,a)
Ui
< — .
~(k—-1)H
O
Lemma [[3]immediately yields a bound on the cumulative regret when the confidence balls fail.
Lemma 14. By lettingn < 55 B, We have
1
ZReg(w*’k)IE[]l(M ¢ MF)] < 5\/T.
Proof. By Lemma. we have
K
ZReg POE[(M ¢ MO <Y 0D 0D clhils a)E[L(M ¢ M5
k=1 n (s,a)
K
< HBE[L(M ¢ M")]
k=1
d 1
< BY (E[L(M ¢ M")] < BIVT < VT,
t=1
where M is the plausible MDPs at time ¢, similar to the definition of M* for each k. O
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D.2.2 Regret when true MDP is within the confidence balls

About the regret conditioned on good event, we have following lemma.
Lemma 15. We have

M=

Reg(m*ME[L(M € M")] < [ParFanl(st) — For(si1)-

t

Il
-

Proof. This result follows directly from the definition of episodic regret in Lemma[9] O

Lemma 16. Conditioned on the good event, we have the regret bounded as

2v2B 4SANT
ZReg SPE[L(M € MF)] < ) log ; -V NT.

Proof. From Lemma we can rewrite the summation over Reg(7**) as follows:

K H
ZReg *k MEM) [P(:)kFékKSt)_Fé)k(St-&-l)
k=1 h=1
(a) K H
gZZ‘[PékFék](st) For(si11)
k=1 h=1
o K M
SZZ?F’”( ox ‘ ok (-[st,ar) — P®k<|5t7at)H
k=1 h=1
© B K AN
k
< Top 22D 2Wi(sa)
k=1 h=1n=1
T N
2B 1 A4SANT
< I
< 255 oo A

7
2B ASANT &

< T(ol

T log ; E \/CL(s',a")

(d) 24/2B 4SANT
< T
SR e TS [F ct

2v/2B 4SANT JNT.

¢
—1-D n

where (a) follows since E [25:1 Zthl[PékFék](st) — Fék(St+1):| = 0, (b) follows standard
linear algebra manipulation [2]], (c) follows due to the good event occurs, (d) follows Cauchy-
Schwartz inequality and (e) uses the fact that Efy:l 2 (s.0) Cr(s,a) < NT. O

D.3 Total Regret.

Combining the results in Lemma[I2] Lemma[I3] Lemma[I4]and Lemma[I6] we obtain the result in
Theorem[3] i.e.,

Reg({7** Vk},T) = O (ﬁ ( 2f BVN log 4SANT>> .

2 1-D n
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E Additional Numerical Results

Complementary to the experimental results shown in Section [5] we present additional numerical
results in this section.

Optimality gap. Besides the results for two actions and 10 actions, we now provide the optimality
gap for 3 actions and 5 actions in Figures[7]and 8] respectively. Again, we observe that our proposed
ERC index policy is asymptotically optimal and outperforms baselines in terms of the vanishing speed
of optimality gap.

Global attractor. As indicated in Remark [2]in the main paper, the asymptotic optimality of our
proposed ERC index policy is under the definition of global attractor as in state of the arts [63, 31} 161}
72 24]. In Figure[9] we consider the case that there are two actions for each arm, and randomly pick
three state-action pairs (3, 1), (2, 1), (8, 0) for illustration. As we can see that the occupancy measure
of arm 1 for state-action pair (3, 1) indeed converges. Similarly for arm 3 with state-action pair (2, 1)
and arm 6 with state-action pair (8, 0). Similar observations can be made for other number of actions,
e.g., 5 actions in Figure Therefore, the convergence indeed occurs for our ERC index policy 7*
and hence we verify the global attractor condition.

The number of arms. We consider the same setting as in Section in the main paper, and
investigate the impact of the number of arms. The optimality gap comparison with 2, 3, 5, and 10
actions are presented in Figures Again, we observe that all policies are asymptotically optimal.
Though the optimality is established in the asymptotic regime (i.e., a large number of arms), we
observe that the optimality gap of each polices quickly decreases and gets close to zero.

Regret. We consider the same setting as in Section [3]in the main paper. Figures [I5]and [I6]present the
accumulated regrets when there are 3 and 5 actions, respectively, supplementary to the results for 2
and 10 actions in the main paper. Again, we observe that UC-R2MAB achieves the lowest accumulative
regret. Furthermore, when 7' is large, our “offline” GM-R2MAB outperforms the “online” MAIQL.

In addition, as mentioned in Section[5.1] there are several learning based solutions that are designed
for the conventional restless bandits with binary actions. We categorize them by “offline” or “online”
solutions. First, Restless-UCB [62] is an “offline” learning solution, and hence we compare it with
our GM-R2MAB. As shown in Figure[I7} our GM-R2MAB outperforms Restless-UCB. One reason is
that GM-R2MAB leverages our proposed provably optimal ERC index policy in the exploitation phase.
Second, there is a set of “online” learning algorithms for restless bandits, in particular, learning the
celebrated Whittle index policy, e.g., Fu [25], AB [8], WIQL [[15], NeurWin [50] and a Thompson
sampling policy (which we denote as TS2) [2]. For Fu, AB and WIQL, we consider that the discount
factor is o = 0.99, learning rates are initialized to y(0) = 0.01 and n(0) = 0.01, and are decayed by
half every 1, 000 time steps. The exploration and exploitation parameter is set as ¢ = 0.05. Finally,
NeurWin is a neural network based approach. We adopt the same setting as in [S0]. Specifically,
the neural network is fully connected and consists of 1 input layer, 1 output layer and two hidden
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Figure 21: Regret for
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Figure 19: Regret for 2
actions with 200 arms.

layers. In the two hidden layer, there are 16 and 32 neurons. The output layer has one neuron and
input layer has 11 neurons. ReLU activation function is used for the two hidden layers. The initial
learning rate is set to L = 0.001, with the Adam optimizer employed for the gradient ascent step.
The discount factor is 8 = 0.99 with an episode horizon of 100 timesteps. Each mini-batch consists
of five episodes. From Figure[T8] we again observe that our “online” UC-R2MAB outperforms these
baselines. More importantly, our UC-R2MAB is designed for restless bandits with multiple actions, as
motivated by many practical applications, while these baselines are only for binary-action settings
since they focus on learning the Whittle index policy.

In addition, we consider 2 and 10 actions, with 200 and 2,000 arms. The corresponding accumulated
regrets are shown in Figures [T9}22] We also compare our algorithms with a state-of-the-art method
named LPQL [39]. Again, we observe that UC-R2MAB achieves the lowest accumulative regret. We
also compare the average running time of these algorithms. For two-action (10-action) setting with
a total of 200 arms, the average running time of GM-R2MAB, UC-R2MAB, MAIQL, LPQL, and TS is
86s (144s), 308s (607s), 348s (702s), 314s (623s) and 359s (681s), respectively. Similarly, when the
total number of arms is 1,000, the average running time with two-action (10-action) of GM-R2MAB,
UC-R2MAB, MAIQL, LPQL, and TS is 114s (188s), 443s (813s), 512s (912s), 470s (947s) and 560s
(901s), respectively. Finally, when the total number of arms is 2,000, the average running time
with two-action (10-action) of GM-R2MAB, UC-R2MAB, MAIQL, LPQL, and TS is 179s (261s), 703s
(1187s), 810s (1354s), 724s (1247s) and 823s (1340s), respectively. It is clear that our GM-R2MAB and
UC-R2MAB are more efficient in running time.

Additional algorithm settings. In the main paper, we compare with a Thompson sampling pol-
icy (TS) [38]. In this policy, we set the prior distribution to be uniform over a finite support
{0,0.1,0.2,...,0.9,1.0}.

Wireless scheduling over fading channels [1]. The problem of wireless scheduling over fading
channels were studied in a recent paper [1]. In this problem, a wireless client is modeled as an arm,
which has some data to transmit. Each arm suffers from 1 unit holding cost in each time slot until the
data is transmitted. The quality of wireless channel, either good or bad, via which data is transmitted
determines the amount of transmitted data and varies over time. The goal is to maximize the negative
of total holding cost. Finding the Whittle index through theoretical analysis is difficult, even for the
simplified cases when the channel quality is i.i.d.. We adopt the settings in [1]], where 1 out of 10
arms is activated at any moment in time.

Tuberculosis care in India [40]. In this problem, a single community health worker can manage up
to 200 patients throughout the course of 6-month antibiotic regimen, monitoring and encouraging
patients to take their daily medication. A health worker takes three actions to improve their adherence
over a course of 6 months. Each action has varying cost and effective: cheap (call the patient),
semi-expensive (visit the patient) and very expensive (escalate the patient). The goal is to maximize
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Figure 23: Wireless scheduling. Figure 24: Tuberculosis care in India.

patients’ adherence subject to a daily time budget due to the limited worker time and resources. We

adopt the settings in [40] with the budget being 20 and the reward defined as adherence level /3. More
details can be found in [40].

In addition, the accumulated regret comparisons using real-world datasets between UC-R2MAB,

MAIQL and LPQL are presented in Figures[23|and[24] respectively. We again observe that UC-R2MAB
achieves a sub-linear regret and outperforms all baselines.
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