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Abstract

This paper considers stochastic first-order algorithms for minimax optimization
under Polyak-Lojasiewicz (PL) conditions. We propose SPIDER-GDA for solv-
ing the finite-sum problem of the form min, max, f(z,y) = 3 30, fi(z,y),

where the objective function f(x,y) is p,-PL in x and uy—PL in y; and each
fi(z,y) is L-smooth. We prove SPIDER-GDA could find an e-approximate solu-
tion within O ((n + /1 Kz 15) log(1/€)) stochastic first-order oracle (SFO) com-
plexity, which is better than the state-of-the-art method whose SFO upper bound
is O((n + n*3k,k2)log(1/€)), where ky £ L/p, and ky, = L/pu,. For the
ill-conditioned case, we provide an accelerated algorithm to reduce the computa-
tional cost further. It achieves O((n + /i kgky) log?(1/ €)) SFO upper bound
when £, 2 \/n. Our ideas also can be applied to the more general setting that
the objective function only satisfies PL. condition for one variable. Numerical
experiments validate the superiority of proposed methods.

1 Introduction

This paper focuses on smooth minimax optimization problem of the form

min maxfxy Zfzxy (1

rER yERd

which covers a lot of important applications in machine learning such as reinforcement learning [10,
42]], AUC maximization [13| 24, 48]], imitation learning [J5, 32], robust optimization [11l], causal
inference [28]], game theory [6,29] and so on.

We are interested in the minimax problems under PL conditions [9} 132} 145]]. The PL condition [35]]
was originally proposed to relax the strong convexity in minimization problem that is sufficient for
achieving the global linear convergence rate for first-order methods. In machine learning community,
it has been successfully used to analyze the convergence behavior for overparameterized neural
networks [23]], robust phase retrieval [40] and a plenty of fundamental models [[18]. There are many
popular minimax formulations only satisfy PL condition, but lack strong convexity (or strong concav-
ity). The examples include PL-game [32], robust least square [45], deep AUC maximization [24] and
generative adversarial imitation learning of LQR [5}132].

Yang et al. [45]] showed that the alternating gradient descent ascent (AGDA) algorithm linearly
converges to the saddle point when the objective function satisfies two-sided PL condition. They also
proposed the SVRG-AGDA method for the finite-sum problem (IJ), which could find e-approximate
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Table 1: We present the comparison of SFO complexities under two-sided PL condition. Note that
Yang et al. [45] named their stochastic algorithm as variance-reduced-AGDA (VR-AGDA). Here we
call it SVRG-AGDA to distinguish with other variance reduced algorithms.

Algorithm Complexity Reference
GDA/AGDA O (nkgki log (1/€)) Theorem B.1} [43]
SVRG-AGDA O ((n+n?3kyk2)log (1/e)) [43]
SVRG-GDA O ((n+n?3k,k2)log (1/e)) Theorem [C.1
SPIDER-GDA O ((n + V/nrgk2) log (1/€)) Theorem
O (Vnkahylog® (1/e)) , Vi S iy
AccSPIDER-GDA  { O (nk, log® (1/e)) , Ky SV S Kaky; Theorem 5.1
@ ((n + \/ﬁnxni) log (1/6)) . Raky S /M.

solution within O ((n + n?/ ®kpriy) log(1/€)) stochastic first-order oracle (SFO) calls’| where r,
and r,, are the condition numbers with respect to PL condition for x and y respectively. The variance
reduced technique in the SVRG-AGDA leads to better a convergence rate than full batch AGDA
whose SFO complexity is (’)(nnwﬁsf} log(1/ e)) However, there are still some open questions left.
Firstly, Yang et al. [45]]’s theoretical analysis heavily relies on the alternating update rules. It remains
interesting whether a simultaneous version of GDA (or its stochastic variants) also has similar
convergence results. Secondly, it is unclear whether the SFO upper bound obtain by SVRG-AGDA
can be improved by designing more efficient algorithms.

For one-sided PL condition, we desire to find the stationary point of g(x) £ max, cga, f(z,9),
since the saddle point may not exist. Nouiehed et al. [32] proposed the multi-step GDA method that
achieves the e-stationary point within O (k2 Le 2 log(#, /€)) numbers of full gradient iterations. The
similar complexity also can be obtained by AGDA [45]]. Recently, Yang et al. [47]] proposed the
smoothed-AGDA that improves the upper bound into O(k, Le~2). Both multi-step GDA Nouiehed
et al. [32] and smoothed-AGDA [46] can be extended to online setting [[14]], but the formulation (TJ
with finite-sum structure has not been explored.

In this paper, we introduce a variance reduced first-order method, called SPIDER-GDA, which
constructs the gradient estimator by stochastic recursive gradient and the iterations are based on
simultaneous gradient descent ascent. We prove that SPIDER-GDA could achieve e-approximate
solution of the two-sided PL problem of the form (1) within O((n + v/n k.x2)log(1/€)) SFO
calls, which has better dependency on n than SVRG-AGDA [45]]. We also provide an acceleration
framework to improve first-order methods for solving ill-conditioned minimax problems under PL
conditions. The accelerated SPIDER-GDA (AccSPIDER-GDA) could achieve e-approximate solution
within O((n + v/ kzky)log®(1/€)) SFO call when £, 2 \/n, which is the best known SFO
upper bound for this problem. We summarize our main results and compare them with related work
in Table|l] Without loss of generality, we always suppose £, 2 k. Furthermore, the proposed
algorithms also work for minimax problem with one-sided PL condition. We present the results for
this case in Table 2l

2 Related Work
The minimax optimization problem (1)) can be viewed as the following minimization problem

min {g(:z:) 2 max f(x,y)}.

zERz yeR%

A natural way to solve such problem is the multi-step GDA algorithm [21} 25| [32} 36] that contains
double-loop iterations in which the outer loop can be regarded as running inexact gradient descent on

*The original analysis [45] provided an SFO upper bound O ((n + n*/® max{x3, x} }) log(1/e€)), which
can be refined to O ((n + n?* 3k, k) lgg(l/e)) by some little modification in the proof.
*In this paper, we ues the notation O(-) to hide the logarithmic factors of ., %, but not 1/e.



Table 2: We present the comparison of SFO complexities under one-sided PL condition.

Algorithm Complexity Reference
Multi-Step GDA O(nk? Le 2 log(ky /€)) (32]
GDA/AGDA O (nk2Le?) Theorem [B.2} [43]
Smooothed-AGDA O (nkyLe?) [47]
SVRG-GDA O (n+n??k2Le?) Theorem|F. 1]
SPIDER-GDA O (n+ /nk2Le?) Theorem 6. 1]
O (VnkyLe ?log(ky/€)), Vn S ky;
AccSPIDER-GDA O (nLe?log(ky/€)) , iy SVNS KL Theorem|6.2
O (n+ /nk,Le?), Ky S A/m.

g(x) and the inner loop finds the approximate solution to max, cga, f(z,y) for a given x. Another
class of methods is the two-timescale (alternating) GDA algorithm [9, 21} 44| 45]] that only has single-
loop iterations which update two variables with different stepsizes. The two-timescale GDA method
can be implemented more easily and typically performs better than multi-step GDA empirically.
Its convergence rate also can be established by analyzing function g(x) but the analysis is more
challenging than the multi-step GDA.

The variance reduction is a popular technique to improve the efficiency of stochastic optimization
algorithms [2H4, [7, [8 [12] [16} [17) 19} 27} 31} 133}, 34| [37H39. 43|, 491 [50]. It is shown that solving
nonconvex minimization problems with stochastic recursive gradient estimator [[12, (16} 34} 43|51]]
has the optimal SFO complexity. In the context of minimax optimization, the variance reduced
algorithms also obtain the best-known SFO complexities in several settings [, [15} 25 1261 |41} 45]].
Specifically, the (near) optimal SFO algorithm for several convex-concave minimax problem has
been proposed [[15} 26], but the optimality for the more general case is still unclear [25] 45].

The Catalyst acceleration [20] is a useful approach to reduce the computational cost of ill-conditioned
optimization problems, which is based on a sequence of inexact proximal point iterations. Lin
et al. [22] first introduced Catalyst into minimax optimization. Later, Luo et al. [26], Tominin
et al. [41], Yang et al. [46] designed the accelerated stochastic algorithms for convex-concave and
nonconvex-concave problem. Recently, Yang et al. [47] also applied this technique to one-sided PL
setting.

3 Notation and Preliminaries

First of all, we present the definition of saddle point.
Definition 3.1. We say (z*,y*) € R% x R% is a saddle point of function f : R% x R% — R ifit
holds that f(x*,y) < f(z*,y*) < f(x,y*) for any x € R% and y € R.

Then we formally define the Polyak-Lojasiewicz (PL) condition [35]] as follows.
Definition 3.2. We say a differentiable function h : R — R satisfies u-PL for some p > 0 if
[Vh(2)||> > 2u(h(z) — min, cga h(2')) holds for any z € RY.

Note that the PL condition does not require the strongly convexity and it can be satisfied even if the
function is nonconvex [[18]].

We are interested in the finite-sum minimax optimization problem (1) under following assumptions.
Assumption 3.1. We suppose each component f; : R% x R% — R is L-smooth, i.e., there exists a
constant L > 0 such that |V f;(z,y) — V fi(z',y/)||* < L2(||lz — 2/||* + ||y — ¥/||?) holds for any
z, 2’ € R% andy,y € R%.

Assumption 3.2. We suppose the differentiable function f : R% x R% — R satisfies two-sided PL
condition, i.e., there exist constants i, > 0 and p,, > 0 such that f(-,y) is pz-PL for any y € R
and — f(z,-) is j1,-PL for any x € R%.




Under Assumption [3.T]and[3.2] we define the condition numbers of problem (I)) with respect to PL
conditions for = and y as k, = L/, and Ky 2L/ [y TESpECtively.

We also introduce the following assumption for the existence of saddle point.

Assumption 3.3 (Yang et al. [45]). We suppose the function f : R% x R% — R has at least one
saddle point (z*,y*). We also suppose that for any fixed y € R%, the problem min,cga, f(z,y)
has a nonempty solution set and a finite optimal value; and for any fixed x € R%, the problem
max, cpdy f(z,y) has a nonempty solution set and a finite optimal value.

The goal of solving minimax problem under two-sided PL condition is finding an e-approximate
solution or e-saddle point that is defined as follows.

Definition 3.3. We say x is an e-approximate solution of problem (1)) if it holds that g(x) — g(x*) < ¢,
where g(z) = max, cga, f(T,y).

Definition 3.4. Under Assumption we say (xz,y) is an e-saddle point of problem (/1)) if it holds
that ||z — 2*||? + ||y — y*||* < e for some saddle point (z*,y*).

We allow the saddle point does not exist for the problem with one-sided PL condition. In such case, it
is guaranteed that g(z) = max,cga, f(,y) is differentiable [32) Lemma A.5] and we target to find
an e-stationary point of g(z).

Definition 3.5. If the function g : R% — R is differentiable, we say x is an e-stationary point of g if
it holds that ||Vg(x)| < e.

4 A Faster Algorithm for the Two-Sided PL Condition

We first consider the two-sided PL conditioned minimax problem of the finite-sum form (1)) under
Assumption[3.1] [3.2]and [3.3] We propose a novel stochastic algorithm, which we refer to as SPIDER-
GDA. The detailed procedure of our method is presented in Algorithm[I] SPIDER-GDA constructs
the stochastic recursive gradient estimators [12] 31] as follows:

1
Go(Te s Ye k) =5 Z (Vafil@ew, yek) — Vafi(@p—1,Yep-1) + Go (@ p—1,Yr,p-1)),
1E€S,

Gyt ye k) Z% Z (Vyfi(@ew yer) = VyfilTep—1,Yen-1) + Gy(@e -1, Yr,p—1))-
i€Sy

It simultaneously updates two variables x and y by estimators G, and G, with different stepsizes
7. = ©(1/(k2L)) and 7, = O(1/L) respectively. Huang et al. [16], Luo et al. [25], Xian et al. [44]
have studied the SPIDER-type algorithm for nonconvex-strongly-concave problem and showed it
converges to the stationary point of g(z) = max, cga, f(,y) sublinearly. However, solving the
problem minimax problems with two-sided PL condition desires stronger linear convergence rate,
which leads to our theoretical analysis be different from previous work.

We measure the convergence of SPIDER-GDA by the following Lyapunov function

A
Ver 2 glaes) = 9(a%) + 5 (9(@en) = f (e yer)),
Y

where z* € argmin, cga, g(x) and A = ©(x2). We can establish recursion for V; ;. as follows

7 M\ = AT, M\ =
x 2 x 2
Vo 5o (2= ) DGl =55 (25 ) X 16wl

k=0

EVix] <E

Using the above inequality by setting M = B = y/n leads to the estimators G, (&, §;) and
Gy (&, §i) be sufficiently close to the exact gradient and converge to zero linearly, which indicates
g(Z+) also converges to g(z*) linearly. We formally provide the convergence result for SPIDER-GDA
in the following theorem and its detailed proof is shown in appendix.

Theorem 4.1. Under Assumption and we run Algorithm [I[|with M = B = \/n,
Ty = 1/(5L), A\ = 32L% /2, 7, = 7,/(24N), K = [4224/(puo7,)] and T = [log(1/e)]. Then the
output (T, yr) satisfies g(Z1) — g(x*) < e and g(Z7) — f(Z1,yr) < 24€ in expectation; and it
takes no more than O ((n + \/nk.k3) log(1/€)) SFO calls.



Algorithm 1 SPIDER-GDA (f, (20, o), T, K, M, B, 74, 7y)
1: Zg = To, Y = Yo
2: fort=0,1,...,7 —1do

30 X0 = T, Y0 = Yt

4 fork=0,1,..., K —1do

5 if mod (k, M) = 0 then

6: G (@t g, Ytk) = Vaf (Teks Ye k)

7 Gy(@ep, Yer) = Vo f(@er, Yek)

8 else

9 draw mini-batches S; and S, independently with both sizes of B.

10: Go (Tt ks Yrk) = 5 >ies, Vafi(ew, ytw) — Vafi(Ter—1,Yth—1) + Go(Tt -1, Ye,h—1)]
11 Gy(@ek, yek) = 5 Lies, [Vofilzer, yer) = Vyfi(@er—1,ye0-1) + Gy(@ep-1, Yee-1)]
12: end if

13: Tt 1 = To o — ToGo(Te s Ye k)

14: Ytkt1 = Ty + TyGy(Te ks Ui k)

15:  end for

16:  choose (Zi4+1, Jet1) from {(z 1, yt,k)}kf,(;ol uniformly at random.
17: end for

18: return (Zr, )

Algorithm 2 AccSPIDER-GDA
1: ug = 29
2: fork=0,1,...,K —1do
(Tht1,Yr+1) = SPIDER-GDA(f(2,y) + 5o — ug||?, (x5, yx), T, K, M, B, 7, 7,)
4 upgr = Tpr +Y(Trpr — 2k)
5: end for
6: option I (two-sided PL): return (zx, yx)

w

7: option II (one-sided PL): return (Z, §j) chosen uniformly at random from {(zy, yk)}ii_ol

Our results provide an SFO upper bound of O((n 4 y/nk, ) log(1/€)) for finding an e-approximate

solution that is better than the complexity O((n + n?/®kyx2)log(1/e)) derived from SVRG-
AGDA [43]]. It is possible to use SVRG-type [/} 149] estimators to replace the stochastic recursive
estimators in Algorithm [I} which results the algorithm SVRG-GDA. We can prove that SVRG-
GDA also has O((n + n*/®k,r2)log(1/€)) SFO upper bound that matches the theoretical result of
SVRG-AGDA. We provide the details in Appendix[C]

S Further Acceleration with Catalyst

Both the proposed SPIDER-GDA (Algorithm [I)) and existing SVRG-AGDA [45]] have the com-
plexities more heavily depend on the condition number of y than the condition number of x. It is
natural to ask can we make the dependency of two condition numbers balanced like the results in
the strongly-convex-strongly-concave case [22, 125 41]]. In this section, we show it is possible by
introducing the Catalyst acceleration.

To make acceleration possible, we need to assume the uniqueness of the optimal set for inner problem.

Assumption 5.1. We assume the inner problem max, cga, f (z,y) has an unique solution.



We proposed the accelerated SPIDER-GDA (AccSPIDER-GDA) in Algorithm [2]for reducing the
computational cost further. Each iteration of the algorithm solve the following sub-problem

, B 2
min max Fj £ min z)+ ||z — . 2

seRis yeRiy k(@) z€Rdz {g( ) 2 = )
by SPIDER-GDA (Algorithm [T)). AccSPIDER-GDA has the following convergence result if the
sub-problem attain the required accuracy.

Lemma 5.1. Under Assumption 3.1} 3.2l and 3.3} we run Algorzthmgby B = 2L, v = 0 and the
appropriate setting for the sub-problem solver such that E| ||xk — Z|[* + |lye — G|?] < 6, where
(Zk, Ur) is a saddle point of Fi,_1 (k > 1) and we set the precision

_ Haz €
0= 11(pe +4L)L ®)

Then it holds that

k
Elg(zr) —g(a)] < (1 - 2ﬁu—|ic,uz> (9(z0) — g(a*)) + %

The setting 5 = ©(L) in Lemma|5.1| guarantees the sub-problem (2)) has condition number of the
order O(1) for x. It is more well-conditioned on x, we prefer to address the following equivalent
problem

max min Fj(z — min max Fi(z, 4
yeR% wERdw k(m9) = yERdy:L’G]Rdm{ k(z,y)}- 4)

Since (@) is a minimax problem satisfying two sided PL condition, we can apply SPIDER-GDA to
solve it. And we can show that under Assumption the saddle point (Z, g ) of each Fj,_1(k > 1)
is unique (see Lemma|E.2]in appendix) and we are able to obtain a good approximation to it.

Lemma 5.2. Under Assumption[3.1| B-2]and[3:3} if we use Algorithm([I]to solve each sub-problem
max, cga, Milgyerde Fi(v,y) (@) with § = 2L, M = B = \/n, 7, = 1/(15L), A = 288, 7, =
To/(24N), K = [4224/(py1y)], T = [log(1/dk)], then it holds that

Elllzes1 — Exrall® + lyesr — G 1] < 7236620k El|mx — Zxll® + [lyx — Fx)1°],
where (Zy, Ui ) is the unique saddle point of Fy,_1(k > 1).

For a short summary, Lemma 5.1 means Algorithm [2|requires O(r,, log(1/€)) numbers of inexact
proximal point iterations to find an e-approximate solution of the problem. And Lemma [E-T|tells us
that each sub-problem can be solved within a SFO complexity of O (n + \/nk,)log(1/dy)). Thus,
the total complexity for AccSPIDER-GDA becomes O((nk, + v/nkzky) log(1/€)log(1/6y)). Our
next step is to specify d; which would lead to the total SFO complexity of the algorithm.

Theorem 5.1. Under Assumption[3.1) 3.2 B-3|and[3.1)if we let v = 0, 8 = 2L and use Algorithm|[]]
1o solve each sub-problem max, cga, mingcga. F (z,y) (EI) with M, B, 7., 7y, K defined as Lemma

[5.2land T), = [log(1/6)], where

1 1 (B=L)pyd .
72362 mm{w 1682Nlan—an_1% [ ° k=1

O = (&)

Sty =
14472£2 (9(w0)—g(z*)) k=0,

and d is followed by the definition in (3)). Then Algorithm@can return x i such that g(x g )—g(z*) < e
in expectation with no more than O((nk, + \/nkzky)log(1/€)log(kyky/€)) SFO calls.

Lemma [5.1] does not rely on the choice of sub-problem solver, we can apply the acceleration
framework in Algorithm 2] by replacing SPIDER-GDA with other algorithms. We summarize the
SFO complexities for the acceleration of different algorithms in Table 3]

6 Extension to One-Sided PL Condition

In this section, we show the idea that SPIDER-GDA and its Catalyst acceleration also work for
one-sided PL condition. We relax Assumption [3.2]and [3.3]to the following one.



Table 3: Accelerated results for different methods under two-sided PL condition.

Method Before Acceleration After Acceleration

GDA O(nkgr2 log(1/e)) o (nkakylog®(1/€))

o (’I’L2/3I€11‘iy 10g2(1/e)) . 3 <Ry,

SVRG-GDA  O((n +n*?k,k2)log(1/e)) 10) (nkelog?(1/e)), Ky SnY3 < koky;
no acceleration, Kaky S nt/3
O (Vitkary log(1/6)) , Vil S iy
SPIDER-GDA O ((n + /nkqk;) log(1/€)) o (nkalog®(1/e)), Ky SN S Keky;
no acceleration, Kaky S /M.

Assumption 6.1. We suppose that — f (x, ) is j,-PL for any x € R%; the problem max,cga, f(7,)

has a nonempty solution set and an optimal value ; g(z) = max, cgd, f(x,y) is lower bounded, i.e.,
we have g* = inf cpa. g(z) > —o0.

We first show that the SFO complexity of SPIDER-GDA outperforms SVRG-GDAE]by a factor of
O(n!/%) in Theorem

Theorem 6.1. Under Assumptlon-and ,LetT =1and M, B, 1, Ty, X as defined in Theo-
rem.and K = [64/(1,€%)], then Algorithm I can guarantee the output & to satisfy | Vg(2)| < e
in expectation with no more than O(n + f/-@ Le=2) SFO calls.

The AccSPIDER-GDA also performs better than SPIDER-GDA in one-sided PL condition for ill
conditioned case. In the following lemma, we show that AccSPIDER-GDA could find an approximate
stationary point if we solve the sub-problem sufficiently accurate.

Lemma 6.1. Under Assumption[3.1|and|[6.1] if it holds true that E[||xy, — &> + |lyx — 9xl|?] < 6
for some saddle point (Zy, i) of Fr—1 (k > 1), where

€2

" 8Lry (22, + 1) ©

Let 3 = 2L, then for the output (Z,9) of Algorithm[2] it holds true that

A 88(g(xo) —g*) | €
E|[Vg(a)|? < OE) 290

Compared with two-sided PL condition, the analysis of AccSPIDER-GDA is more complicated since
the precision Jy at each round are different. By choosing the parameters of the algorithm carefully,
we obtain the following results.

Theorem 6.2. Under Assumption[3.1] [6.1] and 5.1 if we run Algorithm2|by v = 0, B = 2L and use
Algorithm|l|to solve each sub-problem maxyeRdy ming ega. Fi(2,y) (2) with M, B, 7,7, A, K
and Ty, (dependent on §) as in Theorem[5.1|and 6 is followed by the definition in Lemma- 6.1} then
Algorithm|2|can find & such that ||V g(Z)|| < € in expectation within O((n + v/nk,)Le =2 log(k, /€))
SFO calls.

We can directly set 8 = 0 for Algorithm[2]in the case of very large n and in this case AccSPIDER-
GDA reduces to SPIDER-GDA. The summary and comparison for the complexities for the one-sided
PL condition is shown in Table E} Besides, the algorithms of GDA and SVRG-GDA also can be
accelerated with Catalyst framework and we present the corresponding results in Table [4]

*The complexity for finding an e-stationary point of SVRG-GDA in presented in Appendix



Table 4: Acceleration for different methods under one-sided PL condition.

Method Before Acceleration After Acceleration
GDA O (nkjLe?) O (nkyLe > log(ky/€))
@] (n2/3f€yLe*2 log(ny/e)) , '3 <k,
SVRG-GDA O (n+n*/*k3Le?) 4 O (nLe?log(x, /o)) | Ky <3 < K2
no acceleration, Ky S nt/3.
o (\/ﬁ"fyLe_2 IOg(”y/e)) s VNS Ry
SPIDER-GDA O (n+ /nk,Le ?) O (nLe ?log(ky/e)), Ky SN S K
no acceleration, Ky S /m.

7 Experiments

In this section, we conduct the numerical experiments to show the advantage of proposed algorithms
and the source code is availableﬂ We consider the following two player Polyak-t.ojasiewicz game:

1 1
. A LT T T
min max f(z,y) = —x Pr — - z Ry,
ze]RdyeRdf( v=5 59 Quta Ry

where

1 n 1 n 1 n
P==% pp, Q=—> aqq and R=-3% rr/.
i=1 =1 i=1

We independently sample p;, ¢; and 7; from N (0, Xp), N (0, X¢) and NV'(0, X ) respectively. We
set the covariance matrix X p as the form of U DU T such that U € R*" is column orthogonal matrix
and D € R"*" is diagonal with r < d. The diagonal elements of D are distributed uniformly in
the interval [p, L] with 0 < g < L. The matrix ¥ is set by the similar way to X p. We also let
Yr = 0.1VV' T, where each element of V € R4*¢ is sampled from A/(0, 1) independently. Since
the covariance matrices ¥ p and X, are rank-deficient, it is guaranteed that both P and () are singular.
Hence, the objective function is not strongly-convex and not strongly-concave, but it satisfies the
two-sided PL-condition [18]]. We set n = 6000,d = 10, » = 5, L = 1 for all experiments; and let p
be 10~ and 10~ for two different settings.

We compare the proposed SPIDER-GDA (Algorithm|I)) and AccSPIDER-GDA (Algorithm 2)) with
the baseline algorithm SVRG-AGDA [45]. We let B = 1 and M = n for all of these algorithms and
both of the stepsizes for x and y are tuned from {107*,1072,1073,1074,107°}. For AccSPIDER,
we set 8 = L/(20n) and v = 0.999. We present the results of the number of SFO calls against the
norm of gradient and the distance to the saddle point in Figure [I|and Figure 2} It is clear that our
algorithms outperform than baselines.

8 Conclusion and Future Work

In this paper, we have investigated stochastic optimization for PL conditioned minimax problem
with the finite-sum objective. We have proposed the SPIDER-GDA algorithm, which reduces the
dependency of the sample numbers in SFO complexity. Moreover, we have introduced a Catalyst
scheme to accelerate our algorithm for solving the ill-conditioned problems. We improve the SFO
upper bound of the state-of-the-art algorithms for both two-sided and one-sided PL conditions.

However, the optimality of SFO algorithms for the PL conditioned minimax problem is still unclear.
It is interesting to construct the lower bound for verifying the tightness of our results. It is also
possible to extend our algorithm to online setting.

>https://github.com/TrueNobility303/SPIDER-GDA
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A Some Useful Lemmas

In this section, we provide some lemmas which are useful in the following proofs.
First of all, we define three notations of optimality.
Definition A.1. We say (z*,y*) is a saddle point of function f, if for all (x,y), it holds that

fa®y) < fl@"y7) < fla,y").
We say (z*,y*) is a global minimax point, if for all x € R% |y € R%, it holds that

f@®,y) < fa"y") < max f(z,y).
y' R

And we say (z*,y*) is a stationary point, if it holds that
Vaf(z®,y") = Vyf(",y") = 0.

For general nonconvex-nonconcave minimax problem, a stationary point or a global minimax point
is weaker than a saddle point, i.e. a stationary point or a global minimax point may not be a saddle
point. However, under two-sided PL condition, the above three notations are equivalent.

Lemma A.1 (Yang et al. [45] Lemma 2.1]). Under Assumption[3.2} it holds that

(saddle point) < (global minimax point) < (stationary point).
Further, if (x*,y*) is a saddle point of f, then
max f(z*,y) = f(z",y") = min f(z,y").
yERY z€R
and vice versa.

It is well known that weak duality always holds.

Lemma A.2 (Nesterov [30, Theorem 1.3.1]). Given a function f, we have

max min f(x < min max f(x,vy).
Jnax min f(z,y) < Jnfy max f(z,y)

It is a standard conclusion that the existence of saddle points implies strong duality. Since strong
duality is important for the convergence of Catalyst scheme under PL condition, we present this
lemma as follows.

Lemma A.3. If (z*,y*) is a saddle point of function f, then (x*,y*) is also a global minimax point
and stationary point of f, and it holds that

max min f(x = f(z*,y") = min max f(z,vy).
Jnax min fla,y) = f(a%,y") = min max f(z,y)

Lemma A.4 (Yang et al. [45, Lemma A.1]). Under Assumption then f(x,y) also satisfies the
following quadratic growth condition, i.e. for all x € R% 1y € R%, it holds that
. M * 2
fz,y) — min f(z,y) > Z=|la™(y) — 2],

My o
max f(l’,y)*f(l’,y) Z i“y (x)fy”za
yERY 2

where x*(y) is the projection of y on the set arg min, cpa, f(z,y) and y*(x) is the projection of
on the set of arg max, cga, f(z,y).

Also, we analyze the properties of function g(z).

Lemma A.5 (Yang et al. [45] Lemma 2.1]). Under Assumption then g(x) satisfies p,.-PL, i.e.
for all x we have

IVg(@)|* = 2u2(9(z) — g(a)).
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Lemma A.6 (Yang et al. [43] in the proof of Theorem 3.11). Under Assumption|[3.2]and[3.1] then for
all x,y it holds true that

V. f (2, y) — Va(@)|? < %@(z) — (@, y)).

Y

The above lemma is a direct result from quadratic growth property implied by PL condition and
L-smooth property of function f(z,y). Using the definition of z,-PL in y, we can also show the
relationship between ||V, f(z,y) — Vg(x)||? and ||V, f(z,y)||? as follows.

Lemma A.7. Under Assumption[3.2land[3.1] then for all x,y it holds true that

L2
IVaf(z,y) = Vg(2)|* < Ellvyf(ﬂc,y)\l2

Y

Lemma A.8 (Nouiehed et al. [32) Lemma A.5]). Under Assumptionand then g(x) satisfies
(L + L?/py)-smooth,that is, it holds for all x, ' that

L2
V() - Vo(@)|? < (L+ M) o — /|2
Yy

Further, noting that L/, > 1, it implies that g(z) is (2L / j1,))-smooth.

Lemma A.9 (Nouiched et al. [32} Modified from Lemma A.3]). Under Assumption [3.2] and
suppose (x*,y*) is a saddle point of f. Denote the operator y*(-) as the projection onto the optimal
set of arg max, cgay, f(z,y), then it holds true that

ly* (2) = y*|I* < ?|\$—x*|\2~
Yy

Proof. The proof is similar to the proof under strongly-convex-strongly-concave setting.
L2||lz — 2| 2 [Vy f (2, y7) = Vy f (@, 5|2
= IVyf e,y
> 2 (g o) ~ o))
> pylly™ (z) =y 1%,

where the first inequality is due to L-smooth of f, and the second line relies on V, f(z*,y*) = 0.
The second inequality relies on PL condition in y and in the last inequality we use the quadratic
growth property by Lemmal[A.4] O

B Two-timescale GDA matches AGDA

As a warm-up, we study GDA as well as AGDA with full gradient calculation in this section. After
that, it is easy to extend the analysis when we are using a gradient estimator constructed by some
variance reduction framework instead of the full gradient.

Algorithm 3 AGDA (f, (zo,%0), K, 7o, Ty)
fork=0,1,...,K —1do
Th1 = Tk — ToVa f(Th, Yr)
Yk+1 = Yk + 7y Vy f (Trs1, U)
end for

option I (two-sided PL): return (zx, yx )
option II (one-sided PL): return (&, ) chosen uniformly at random from {(, yx) }1y"
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Algorithm 4 GDA (f, (zo, y0), K, 7o, Ty)
fork=0,1,...,K —1do
Tpr1 = Tk — T2 Ve f(Tr, Yk)
Yk+1 = Yk + 7y Vy [Tk, yr)
end for

option I (two-sided PL): return (zx, yx)
option II (one-sided PL): return (Z, §j) chosen uniformly at random from {(zy, yk)}kK;ol

B.1 Convergence under Two-Sided PL condition

Under two-sided PL condition, it is known that AGDA [45]] can find an e-approximate solution to
a saddle point with a complexity of O(n#, k2 log(1/€)) when k, 2, k,. However, the authors left
us a question that whether GDA can converge under the same setting. We answer this question
affirmatively in this section. We show that the same convergence rate can be achieved by GDA
algorithm with simultaneous updates.

We define the following Lyapunov function as suggested by Doan [9]:

ATy
Vi Z.Ak-i-Tin,

Y

where A, = g(xy) — g(z*), Br = g(vx) — f(xk, yx). Then we can obtain the following statement.

Theorem B.1. Suppose function f(x,y) satisfies L-smooth, p,-PL in «, p1,-PLiny. Let 7, = 1/L,
A .:ﬁ6L2/,u§ and 7, = 7,/(22)), then the sequence {(xx,yr)}_, generated by Algorithm
satisfies:

k
Vit1 < (1 — ugﬂc) V.

Proof. Since we know that g is (2L%/11,,)- smooth by Lemmal[A.8] let 7, < f1,,/(2L?), we have

2

L
9(@rt1) < glaw) — (™) + Vglar) " (@r1 — 2i) + ?”karl — x)?
Yy

< glaw) = 7 V9(er) Vel (wrs ) + 5V S ) | @

Tz T
=g(xx) — EHVQ(%)HQ + 5\W9($k) — Vo f (k. yr)|%
which implies
Ty 2 Ty 2
A1 < A — EHVQ(%)H + EHVQ(?%) — Vo f (o, yr)lI” 8

Using the property of L-smooth, we know that the difference between f(zx,yx) and f(zr+1, Yr+1)
can be bounded. Noting that 7, < 1/L, we can obtain

L
F@eye) — F@rgn, vn) < —Vof @rye) | (e — o) + 5\\%“ — z)?

2L
= 7|V f (o, yi) I” + =51V f (ns ) I ®

37y

< 7||vmf($k7yk))H2
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Let 7, < 1/L, then we have

f@rr1,uk) — F(@ra1, Yrr1)
T L 2
<=Vyf(@rt1,y6) W1 — yx) + §||yk+1 — Ykl

-
< - Tyvyf(xk+1ayk)Tvyf(xkayk) + §y|\vyf($kvyk)||2

= = 2V, f e gl + LNV i) = Vo (rin o)l (10)
< — 2|, fan y)l? + Vo f e un) = Vo f @, o)l

< = 9y fan g + 772 L2 f ()|

< = DV S ) I+ 7V f s )1,

where in the first inequality we use f is L-smooth, and we use 7, < 1/L in the second one and
Young’s inequality of —||a — b[|* < $|al|* + [|b]|? in the third one.

Combing (9) and (TT), we can see that

T, STy
f(@r, yk) — f(@rt1, Ypt1) < —j’l\vyf(xk,yk)llz + 7||me(93kayk)||2- (In
Now we can describe how By,41 declines compared with By, using (7) and (TI)), we have
Bit1 = g(@it1) — g(aw) + g(z) — f(@r, ye) + f(@r, yr) = [ (@11, Yes1)
T 9 Tz 9
< B — 5 Vo)l + S IVg(zr) = Vaf (e, yn) (12)

T, 5Tx
Ty ) P + S )

Using the inequality ||V, f (2, y)||? < 2|lg(ze)||* + 2/|Vg(zr) — Vi f (2r, y&)||?, we have

97, 117, T,
Bt < B+ 2 Va0l + 2 Vg(a) — Vo fe w2 — 219, f )
By Lemma[A5] Lemmal[A.6|and Assumption[3.2] we have

IVg(zi)I? > 2pa(g(zr) — g(z*)),

IV o () — Vo)l < %@(m — Fanm), (13)
Yy

IV f (s y) I > 20y (9(2n) = f (2, 1))
Since we let 7, = 1/L, A = 6L? /2 and 7, = 7,/(22)), we can obtain
ATy

Y

ATy INTL \ T
S (R KO

Ty y

Vir1 = Aky1 + Bi+1

11T\ 7o ATy
+ (1 + ) Vo f s i) = V(@) P = SEVy S (e i) |2
T, ) 2 4 (14)

A A 11A L? A
SAk— (1— 9 Tx>7xﬂx«4k+7-x6k+ <1+ T$> i Bk_MBk

Ty Ty Ty Hy 2

Mo Ty HyTy )\TI

< (1_ HaTx _ Hyly\ A
< (1-5) 4 (- 57) 22,

Ty
Ha Ty
< (1T,
( 2 ) F

where in the second inequality we use 117,/ Ty <1 /2 by the choices of 7, Ty and A, while we use
the fact that 37, L2 /1, < AT pu,,/2 in the third one and p1, 7, < 1,7, /2 in the last one.

O
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Now we show that the convergence of V), is sufficient to guarantee the convergence to a saddle point.
Corollary B.1. Suppose function f(x,y) satisfies L-smooth, jio-PL in x, p,-PLin y and ko 2 K

Define T, T, as in Lemma ,then then the sequence {(xi,yx)}r_, generated by Algorithm
satisfies:

2ck 4 88
ek — 21 + s — I < max {2 By, (15)
= ver " VU iy
where ¢ = 1 — p,7,/2. Further, Algorithm {| can find an e-saddle point with no more than
O(nkqkg log(kaky/€)) stochastic first-order oracle calls.
Proof. The proof is similar to the proof of Theorem 3.2 in [45]].

By Lemmaand the fact that 272L% < 1, 7, < uy/(QLQ) and 7, < 1/L by the choices of 7, 7,
we can see that

leksr — 2ll® + ks — yall®
= T2V f (s yn) I + 7o Vo f (2, )12
= 7o Vaf (@, yo)II” + 7o IV f (@r yx) — Vi f (2r, v (20) ||
<NV f (@rs yi) I + llyn — v* () [P
<272|\Vg(xp)lI” + 277V g(wr) = Vaf (@, yi) I + llyx — v ()|
< 2k — 2| + 2lly — y* (z1) — yil? (16)
< iAk + in

Ha Hy

4 8 eTe \F
<max{,8} (1—'u T) Vo,
Kz Hy 2

where in the last inequality we use At /7, = 1/22. Then we have

LT\ /2 4 88
fowsr =l + s ol < (1= 25%) 7 Joma {2 S,
2 Ha My
For n > k, we obtain
n—1
= il + lgn — vl <D lNwins = ll* + [lgir1 — will?
i=k
4 88 = T\ /2
< ZInaX{7 } VOZ (1 — u)
Ha Pt 2

Hy
k/2
< ¢ 2max{4,88}]/0,
1—y/e Kz Hy

where ¢ = 1 — p, 7, /2. We know that when n — oo, we have (x,,,y,) — (z*,y*) where (z*, y*)
is a saddle point, Taking square on both sides completes our proof.

O

B.2 Convergence under One-sided PL condition

When f is nonconvex in z, we have the following theorem for GDA.
Theorem B.2. Suppose function f(x,y) satisfies L-smooth, y,-PLiny. Let 7, = 1/L, A = 4L/ ui
and 7, = 7,/ (18X), then the sequence {(x1, yi) }+—q generated by Algorithmsatisﬁes,
K—1
1 288L3
IVg(aw)l® <

7a = 2
K — K,uy

Vo.
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Furthermore, if we choose the output (%,7) uniformly from {(mk,yk)}fg(}, then we can get
[Vg(2)|| < e with no more than O(nk;, L/€) first-order oracle calls.

Proof. Using equation (8)) and Lemmathat IVg(xx) — Vaf(xr, yr)l|? < 2L2By /py,we have
7. L?

Apir < Ag — %nvg(ka? n Be. (17)

y
Further, using equation (I2), we have

97, 117, T,
Biy1 < Bi + THV!J(CI%)H2 + = IIValzk) - Vo f (e, yi) 1> — Z‘”HVyf(xk,yk)HQ

117, L? T,
By — “?‘; Y B, (18)

97
Yy

Ly T, 972
< (1= By + 22 V() 2

where we use Lemma and PL condition in y in the first inequality and 117, L/, < p, 7, /4 by
the choices of 7, 7,. Thus,

PyTy \* 97z = I 2
Be< (1-10) By T2 3 (1= B Vg 2
i=0

Plugging into (17)),

xT :cLQ k 9 12L2 -— k—il
Asr € Ax = S| Vg + TT (1- ) B + TM > (1-E) T e
Y =0

Telescoping and noticing that 1872 L* /7, u2 < 7, /4 and X = 4L* /12, we have

Ta K o  ToL? P Py Ty \ *
Agi1 < Ao — e} Z Vg(xr)||” + T Z (1 - T) Bo
k=0

k=0 Y
9r2r2 Kt Ly T
+ = 22(1— SL) Vg
Py 5320
g2 K1 T
—Ao—*ZHVg (@)ll? + (1-F) B
k=0

5 K—1
uTy \ F 187’21)2
«%——an 2 + (1-22) 5 an )
k=0 i=
Te o  TL? Kl Ly Ty \ * 1872L2 9
SAOfEvam)n + (1- ) B > IV
k=0 Py =0 TyH U k=0
A1, L?

< Ao - *ZHVQ o)+

2
k=0 TyHy
K
_y _ = 2
=Vo— =3[ Vglan) .
k=0
Rearranging and noticing that Ax 1 > 0, we can see that

1 2 4VO
K+1Z||V9 zR)|” < W

which is equivalent to the desired inequality. O
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Algorithm 5 SVRG-GDA (f, (xo, y0),T, S, M, B, 75, Ty)
11 Zo = o, Yo = Yo
2: fort=0,1,..., 7T —1do
3: fors=0,1,...,5—1do

4: Ts0 = Ts,Ys,0 = Ys

5: compute V,, f(Zs, Us) = = >y Vaufi(Zs, Js)

6: compute Vy, f(Zs,7s) = = >iey Vy fi(Ts, Us)

7: for k=0,1,....M —1

8: draw samples S, S, independently with both size B.

9: G.t(xs,kv ys,k) = % Ziesz [vxfi(zs,ka ys,k) - va:fv(fea gs) + vmf(i'sy ge)]
10: Gy(xs,lca ys,k) = % ZiGSy [vyfi(xs,ka ys,k) - V:L’fi(f'm gs) + vzf(i'sy gs)]
11: Tsk+1 = Tsk — Twa(xs,ky ys,k)

12: Ys,k+1 = Ys,k + TyGy(xs,kv ys7k)
13: end for

14: Es+1 = Ts,M, gerl = Ys,M

15:  end for

16:  choose (¢, y:) from {{ (2.1, ys k) }oly' }5=, uniformly at random.

I7: Zo =T, Yo = Yt
18: end for

19: return (zp,yr)

C Convergence of GDA with SVRG Gradient Estimators

In this section, we will show the convergence rate of GDA with SVRG gradient estimators is O((n +
n?/3k4k2) log(1/€)), which is faster than the result of O((n + n?/® max{x3, k3 })log(1/¢)) given
by SVRG-AGDA Yang et al. [45]. Plus, we can prove that the same convergence rate can be achieved
by AGDA with similar techniques since in our algorithm we set 7, < 7, therefore x;, changes much
slower than yy.. The reason for unbalanced step sizes lies in that g(z) is (L + L?/u,)-smooth by
Lemma Thus, we can regard that the condition number of solving problem max, cga, f (z,9)
is O(k,) while that of solving min,cga, g(x) is O(kzky). Thus, it is reasonable that the total

complexity has a factor of O(k,, ng) The algorithm is described in

For the innermost loop about subscript k£ when ¢ and s are both fixed, we define the Lyapunov function
as follows:

AT, _ _

Vs,k = -As,k' + Tst,k' + Cs,kH$s,k - 375”2 + ds,k'”yk - ys||27
Yy

where As , = g(xsx) — g(2*) and B, = g(zs1) — f(%s,k, Ys k) and cs i, ds , Will be defined
recursively with ¢5 yr = dg a7 = 0 in our proof. Then we can have the following lemma.
Lemma C.1. Under Assumption and if we let 7y = v/(Ln®), X = 14L*/p2 and 7, =
7,/(22)), where v = 1/(176(e — 1)),0 < o < 1; let B = 1,M = |n®*/2/(2v)|. Then for
Algorithm[3] the following statement holds true:

ATy
16 ||Vyf(xs,k7 ys7k) HQa

where As j, = g(s.x) —g(z*) and By = g(xs 1) — f (@5 k, Ys k). Above, the definitions of c; 1, ds k
is given recursively with cs v = ds pr = 0 as:

Ty
E[Vskt1] < Vs — §||V9(xs,k)H2 -

3r2L2 AT Ty L
s = Csp1(1 +Tam1) + (Cs,k+17_$2 + T;) L? + (ds,kJrlT; + 7-27-,,> L2,
Yy
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212 ANy Ty L
ds i = dgp1(1 + 7y72) + <Cs,k+1T§ + 371> L? + <d5,k+1T§ + T2Ty> L?.

Hy

Proof. Since s is fixed in thie lemma, we omit subscripts of ¢ in the following proofs, then the
Lyapunov function can be written as:

ATy _ _
Vk:Ak+7f6h+%m%_ﬂﬁ+mm%_yW'
Yy

Before the formal proof, we present some standard properties of variance reduction. We denote the
stochastic gradients as:

Gz, yi) = % Z (Vaofilzr,ye) — Vo fi(Z,7) + Vo f(Z,7))
€8,

and
1 o _
i€S,
Then we know that the stochastic gradients satisfy unbiasedness that
ElGa(wk,yk)] = Vo f(zi yr) and  E[Gy(zk,yi)] = Vy f(@r, Yi)-

And we can bound the variance of the stochastic gradients as follows:

E||Gy(zk, yk) — Vo f (xr, yr)||?
= E|Vafilze,yx) — Vo fi(@,9) + Vo f (2,9) — Vo f (@, ye) |
< E|Vafi(@r yr) — Vo fil@, 7)1
< LBy, — 2|°] + L*E|lyx — 1>

19)

Similarly, we have
E||Gy(zk, i) — Vyf(@w ye)l® < L*Ellz, — z|* + L*Ellyx — | (20)

Equipped with the above properties of SVRG, now we can begin our proof of Lemma|[C.1]
Since we know that g is (2L?/p,)-smooth by Lemma|A.8|and 7, < 11,,/2L?, we have

I 212
Blg(or1)] < E |gfn) + Va(on) on1 — 1) + 2 fiogss — mkn?}

L Yy
[ T Tng 2
<E|g(zr) — = Vg(zr) ' Gu(zr, yr) + p |Gk, yr) ||
L Yy

<E :g(ka) — 1:Vg(xr) " Vaf (Tr, yr) + %Hvxf(xk,yk)ﬂﬂ

r 2L2
+E |2

2

1Go @k, yk) — Vo f (xr, yn)|)?
Hy -

=E [g(@x) = ZIVg@)l? + FVg(er) = Vol (@r o) ]

(722
+E| =

||Gw($k7 yk) - wa(xk’yk)ﬂg )
Y i

where we use 72L? < p,, in the third inequality. Also, we have

Elf(zr, i) < E [ f(@he1,y6) — Vol (@r, yp) T (Trs1 — 25) + %ka+1 - $k||2]

: 2L
— B | flawir, ) + 25 o) Golon ) + Gl P

=E | f(xrt1.Y6) + ol Vaf (@r, yp)||* +

TiL
2

||vwf<xk,yk>|2}

20



2L

$2 1Go 2k, yk) — Vo f (xh, yn)|?

+E|

3T 9 TIQL 9
<E|f(@ps1,ye) + 7||fo($k,yk)\| + THGz(xk,yk) — Vo f (e, un)ll*|

where we use the quadratic upper bound implied by L-smoothness in the first inequality and 7, < 1/L
in the second one. Similarly,

L
E[f(zr+1,yx)] < E {f(l”mhykﬂ) — Vyf (@rr1,y6) " Y1 — ye) + §Hyk-+1 - ykﬂ

2L
=E |:f(xk+l,yk+1) — 1y Vy f (@1, y0) T Gy (Tn, yi) + yTHGy(l’k, yk)||2]

<E [f(wk+1,yk+1) — 7y Vy (@1, y0) " Vo f (@, ye) + %|\Vyf(wk7yk)||2]
(2L

yTHGy(l’k,yk) - Vyf(mk,yk)HQ]

= E [f(@ren 1) = 2IVof @rin w0l

r 2
T, 1oL
+E §y||vyf(wk+1,yk)—Vyf(a?k,yk)||2+ 1“'2 ||Gy(:ck,yk)—Vyf(xk,yk)HQ]

<E [f($k+1,yk+1) - 7;TyHvyf(«’lclwrl,yk)||2]

7_2

I L
+E |7y Vy f(@hs1,y) — Vo f (@e, ye) >+ 1“'2 ||Gy($k,yk)*Vyf(xk,yk)HQ]

]
SE[f@rs,yer) = ZIVyf @ern, u)l’]

[ 2L

+E [n 2 PG ) + 51y o) = Vo o )|

:
<E [f@rrn,ur) = 29y f@rer, )| + 72l Vo f @yl

[ 2L
+E |72 L||Ga(zk, yi) — Vo f (me, yi) > + yTHGy(JUmyk) - Vyf(xmyk)HQ] -

Above, the first and fou-rth inequalities are both due to L-smoothness; the second one follows from
7y < 1/L; the third one uses the fact that —E([[|a — b|?] < —3E[||a|?] 4+ E[||b]|?]; the last one relies

on E[||Gu(zr, yr)[I?] = ElIVaf(zr, y0)||* + [IGa(@k, yx) — Vo f (x,yx)||?] and the choices of
Tz, Ty- Summing up the above two inequalities, we obtain

2
Bl o )] < B o i) + 2NV f il + ZEE (Gl ) = Ve o)

2L
|- IVl + 251Gy o) = Vi f ol
Combing with inequality (21]), we can see that
T, T,
B[] < E [Br = S IVo(@o)l? + 5 Vg(er) = Vo (e o)

[T 57,
FE |~ 219, ol + 21V ol
2L 572 L*
+E | =Gy (2, yr) = Vi f (@ ye) |2 + =

2 2y

|G (2r, yr) — V;cf(l‘k,yk)HZ]

97 117,
<E |Bot FIValonl? + S5 [Valan) - Vs o)l

[T
+E |~ 2|V, f el

2L 5r2L>
+E Z/2 HGU(xkayk) _vyf(xk:ayk)HQ—’— 22 HGw(xk:ayk) —me(xkvyk)HQ 5
Yy

(22)
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where we use E||V, f(zr, yi) > < E||Vg(xi)||? + E||Vg(zk) — Vi f(zk, yx)||*. Using Young’s
inequality as equation (37) and (38) in [43], we have

Ellzgir —2)|* < E[72)Go(xr, yk) — Vi f (@, yi)|1?]
_ Tz
B remlon = ol + (24 ) 192l
gg!
Ellyrsr = 7lI* < E [5Gy (@, yk) = Vi f (@, y0) 1]
_ T,
&+ rl =7+ (72 + 2 ) 19, ol
where 71, 2 are two positive constant in Young’s inequality which will be chosen later.
Then, using equation (T9), 20), @I)), (22), we have

AT,
EVer] =E {Alﬁl + T—“"Bkﬂ + e llzrrr — 20 + drga lyrsn — Z7|2}
Y

ATy AT\ Ta
<At 20— (10 25 Ty

Ty Y

11T, \ 7o
+ (14 222) 219 o) - Vol

Y

ATy 27‘3[12 BAT,
=29, f+ 2 (1+ )Gm,yk)vzf(xk,yk)n?

Y 4y

)\TIT
S HG (fﬂk,yk) yf(xkayk)||2

+ E[Ck+1 k41 — 21 + disa llyesr — 7117
I\ 11X
v - (1— ) ™ | Vg |? + (1+ )
T, 2 Ty

Y

T
e} Vo f @k, yi) — Vg(zi)|?

AT
X% 19, @)+ s ( I ) 192 () |2

+ di1 (T + > IVy f (@, ye) I

9)\7z Ty 117\ 7s
<V (1= 25) Zivgol + (14 227) ZI9. o) - Vot

Yy Yy

)\Tm
Ao\ (o gl + desa ( 2+ ) 1V, £z )2

)
ey ( n 7j) Vg2

Tx
o0 ( T 71) V0 f (s 5) — V(w2

o (@i yn) I

Ty 3Ty
< Vi~ Vg + VS ) - Vol -
dis ( s ) 19, £ ) |2 + 26001 ( 7) V(e

9 <T + ) IV f @, i) — Va1,
23)

where the second last inequality relies on
IV f (@i, y)lI* < 20V g(z)|? + 2/ V(zr) — Vaf (@, yp) %

in the last inequality we use 11\, /7, < 1/2 by our choices of \, 7, 7,; the second equality is due
to the definition of cx 11, di+1.
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Now we define e, = max{cg, d;,} and we bound ey, by letting v; = AL/n®/? and vo = L/n®/2.
Then according to the definition of ¢y, dj given by our definition, we have
324 )\TzTng

+

er < (1+ 7172 + TjLz)ek_H + 5

Hy
<A +7yy2 + TSLQ)ekH + Ty2L3

_ v V2 Li?
- 1+n3a/2+nﬁ +n2a
2v Li?
<(1+ T3ajz | Gkt + e
where we use 7, < 7, and 17, < 27, in the first; the second inequality is due to 2L/ fy < 7'5 /6
and A7, < 7,/4 ; we plug in 7, = v/Ln® in the third line; we use v < 1 in the last inequality.
Since M = [n?*/?/(2v)] and cpr = dpy = 0, if we define § = 2v/n3*/2, then
2 M _ _
< Lv? (1+0) 1 < Lv(e—1)

0= 0 — 2po/2 24
Since ex41 < ey, we know that e, < eg, then
T, 1
d 7'2—|—y)§€ (7' +)77
bt < Yy o\ 2 Y
< Lv(e—1) n 1
= Toperz \WT )T (25)
vie—1) v
=5 (e 1)
<v(e—1)1y,

where we use dj 1 < e in the first inequality and in the second one, and in the third line we
plugin 7, = v/(Ln®) and y2 = L/n®/2. The last inequality follows from v/n3*/2 < 1.

Similarly, note that 7; > 2 and 7, < 7, by the choices of 7, 7, then we have
5 Ta 1 1
e (7o +— | <eo|Tat+— | <eo|Ty+— |7 <3vie—1)7,. (26)
At 7 V2
Plugging (23) and (26) into 23),
T 3Ty
EVit1] < Vi — ZHVQ(%)HQ + = Ve f () = V()| -

+vle =17y [Vy f (@r, ye) | + 2v(e — D7l Ve |
+2v(e — D)7 ||Va f (zr, yr) — V()|
If we let v < 1/(176(e — 1)), then we can verify that the following statements hold true:

ATy
1 IVy f (@, yi) |12

ATy

vie—1)1, < AT ,
8

2v(e — 1)1, < T—Sx

Thus,
ATy

Tx Ty
EVit1] < Vi — §||V9($k)||2 + ?vaf(xkyyk) — V()| — 3 ”Vyf(xkayk)HQ‘
Using Lemma and y,,-PL condition in y and plugging in A = 14L?/ “12; yields

T ATy
?Hvxf(ffk,yk) — Vg(z)|? < 16 IV f (s ye) |-
Thus,
Tw ATy
E[Vk+1] <V — gHVQ(CUk)”Q - T6||Vyf($k»yk>||2
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Now it is sufficient to show the convergence of SVRG-GDA.

Theorem C.1. Under Assumption[3.2)and[3.1] if we let SM = [8/ (7)1, T = [log(1/€)] and
M, B, 1., T, defined in Lemma@ then the following statement holds true for AlgorlthmEl

1 )\a:” )\a:
E|:At+1+:3t+l] < (-At+ ~ 5’),

Y Ty

where A, = g(x;) — g(x*) and By = g(x;) — f(x4,y:). Furthermore, let o = 2/3, then it requires
O((n+ n2/3/€z,‘£§) log(1/€)) stochastic first-order calls to achieve g(x) — g(x*) < € in expectation.

Proof. By Lemma|[C.T]and Lemma[AJ3|that g satisfies 1,-PL in  and Assumption [3.2]that function
f satisfies p1,,-PL in y, we have

Lo Ta HyTy ATz
As ke —
4 ok 8 7y

xTx
E[Vs,k+1] S Vs,k - Bs,k S Vs,k - N4 Vs,k»

where in the last inequality we use p,7,/4 < u,7,/8. Telescoping for k = 0,1,...,M — 1 and

s=20,1,...,5 — 1 and rearranging, we can see that in round ¢, it holds that
S—1M-1 ]
SM PIDIRZ 7(‘7070 —Vs,m) < 5 Vo0,
s=0 k=0

where the last inequality is due to the choice of S.

The above inequality is exactly equivalent to what we want to prove:

- ATe ATy
E |:At+1+:3t+1] < (At—i- T B)

Y Ty

Note that we have M = O(n3*/2) and § = O(k,k2/n*/?), then the complexity is

o <(n + SM + Sn)log C)) =0 <(n + (n® +n' " ?)kyk2) log (1)) .

Plugging in o = 2/3 yields the desired complexity and it can also be seen that it is also the best
choice of o

O

D Proof of Sectiond

In this section, we show that why SPIDER type stochastic gradient estimators outperforms SVRG
with complete proofs. Using recursive updates by SPIDER, the variance of gradients are under
control.

Lemma D.1 (Fang et al. [12| Modified form Lemma 1]). In Algorithmm it holds true that

9 k
EHIGw(%yk)—wa(%yk)l\z]S% > (REG (s, yp)IIP] + myEIGy (25, 4p)II°])

j=(np—1)M

2 k
E[Gy(@r, yr) = Vo f (@r, i) %] < % Y (RENGa(zs, )" + myElIGy (25, 9)II%))

j=(ng—1)M

where ny, = [k/M] and (np, — 1)M < k < npM — 1.

The following lemma describes the main convergence property of SPIDER-GDA.

Lemma D.2. Under Assumption[6.1|and[3.1} setting all the parameters as defined in Theorem
then it holds true that

- N . - 64 ATy
I s o) | + NV G )] < B[4+ 28]

x Ty

where Ay = g(i) — g(z*) and By = g(&1) — f(&+,t).
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Proof. First of all, we fix ¢ and analyze the inner loop. We define the Lyapunov function as:

Y
Vi = Ae i + TBt,k,

Yy
where Ay i = g(ze) — g(x*) and By, = g(@e ) — f(10 Yek)-

For simplification, we omit the subscripts ¢ when there is no ambiguity. Note that g(x) is (2L?/u,)-
smooth, we have

E[g_(xk+1) —g(z")]

. L?
<E |gfon) = 9(a") + Valon) (o~ 20) + - awa = ol
L Y
L3272
TG o)

Y

— E [g(an) — 9(e") — 72 Vg(an) T Galans i) +

- 2.2
=E |g(z1) — g(z*) — 7(Vg(zr) — Go(2k, y&)) | G (T, yi) + (LM T — Tz) ||Gz(33k73/k)||2]

Y

[ * Tx 2 LZT{E
<E |g(wx) —g(z )+5\|Vg(wk)—Gx(xk,yk)H + o

< E [gen) — o(a") + 7l Vg(an) — VS (ons 1) ]
+E [l Gl i) = Voo (s ) |2 = =21 G ) 2]

Tz

=) 16t )P

Y

27)

where the second inequality follows from the fact that E[a"b] < 1E[[lal|?] + 1|/b]|; the third
inequality is because we have 7, < y,,/(4L?). Similarly, we can show that

E[f(xk, yk) — f(Trt1, 98]

L
<E|-Vaof(@r,ye) (The1 — o5) + §||33k+1 - $k||2}

[ 2L
=E |7 Vo f (e yr) " Golar, yr) + I2||Gz($k>yk)||2]
I 2

T

1) Gt

T
<E _EHVIf(xk,yk) - Gw(xkayk)||2 + ZTwHGw(xk’yk)H2:| ’

B [ (T f s i) — G 1)) T G ) + (

and

E[f(xkﬂ, Z/k) - f($k+17 yk-i—l)}

L
<E |-V, f(@ri1,96) " (Yrt1 — yr) + §||yk+1 - yk|2:|

i T 7'33L 2
=E | -7, Vyf(@r1,yx) Gy(or, yr) + THGy(xkayk)H

2

—E|-r(V e TG nl G 2
= Ty (Vyf(@rr1, k) — Gy(@r, yx))  Gy(Tr, yr) + 5 Ty |Gy (zr, ye) |l

Ty

2
- 7oL
<E é”HVyf(ka,yk) — Gy, ye)|* + (.112 9 ) Gy (x, o)

<E [V f (@, ur) — Gy, o) I* + 7y IV f (@r, wk) = Vi f (@1, ve) 1]

’7'2L T.
(’3 - 2) ||Gy<xk,yk>||2]

< E [ IVyf(@n,ye) = Gylaw, yi)I* + 772 L2 G (e, yi) 1]

+E
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2L
+E [(2 - 2) ||Gy<mk,yk>||2]

]
<[5V (@) = Golons )P + 7all Gl i) |2 = 2 1Gy s )]

where we use 7, < 1/(2L) and 7, < 1/L and Young’s inequality.

Summing up the above two inequalities, we have
B{f (@r, i) = F (@i, yne)) < B | ZIVof (@r ) = Gl un)|? + 37l G ) P
+E [5 19, (@0, 1) = Gylan g = Gy (s )] -
Combing with inequality (7)), it can be seen that

=Elg(@r41) — f(Trs1,Yrr1)]
< Elg(zrr1) — g(xr) + 9(zx) — f(@r,y6) + f(@r,y6) — (a1, Yrt1)]

37
<E |+ 7l Valan) = Vafan, )l + 22 1Gutin ) = Vot or, )l

]
FE Gy (n 1) = Tof )P = Gy, o) |2 + 372 |G, ) |7]

Therefore, using 247, < 7, and inequality again, we obtain

ATy
EVkt1] =E [AkJrl + :Bk+1]

Y

ATy ATy
<E A+ 2280+ (2 22 ) [glan) - Vs o]

y y
3)\7'5
27T,

+E (Tz+ ) ||Gz($kayk_vxf('rkayk)”ﬂ
L Yy

[ 3)\7'7? T
{E ( —) ||Gz<xk7yk>||2]

xT
Ty 4

ATy
+E [ 6, on. ) =V fon )~ 221G, o)

ATy
Ty

<E [Ak + By +27:||Vg(zr) — Vo f (7, yk)ﬂ

5Ty Tx
+ 8| TGt ) = VS o)l - TG (o)l

ATy
+E Gy k) = Vi ol = Gy ol

Furthermore,

212 o
EVe1] <E {vk + 2P, Sl

Y

5Ty T
+E | 22 Glion, 1) = VoS on )l = o) P
9 ATy 9
+E | MGy (r, yx) — Vi f (r, y) | - Gy (r, &)

5Ty Ty
<E |:Vk + 7||Gx($k7yk) — Vo f (e, ye)lI* — 8||Gw(xkayk)||2:|

I,
8

ATy
8

TE [ 1y (i) — Vo, )l — ||Gy<wk,yk>||ﬂ .
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Above, the first inequality follows from Lemma|£z7| and the second inequality uses Young’s inequality
that E[||a — b]|?] < El||la||? + ||b]|?] and X\ = 32L //‘3'

Now, plug in the variance bound of Spider given by Lemma[D.T|and B = M, we have

500\ 732 & , Ta )
EVies1] <E | Vi + (2 + 8) M (ZI)M G (25, y5)II° = g G (zn, g
j=(nk—

5  OX\ 7.T2L2 k ATy
‘R (2+8> LS G uIE - SR Gy )P

j=(ne—1)M J
BATSL? & T
<E | Vi +—+ > G y)IP = NGl yp) 1P
aM 8
j=(nk—1)M ]
AT, T2L? k AT,
FE | S Gyl )P — S Gy )P
j=(nr—1)M ]
Now we telescope for i = (n — 1)M,--- | k.
EVer1] < E Vi, -1)n]
[ & i
SATSL? Ta
+E[ Y S G ) - Gl I
_i:(nk—l)M j:(nk—l)M
[ i 272
ST, TSL )\Tz
+E[ Y > 6, )P~ A Gy )P
Li=(n—1)M \j=(np—1)M
k
SATS L2 Ta
<E Voot Y ( =G|~ 8||Gm<xj,yj>||2>
j=(nr—1)M
k 272
SAT, TS L )\Tx
+E| Y (IIG (25, 9)I1° = =2 NGy (2, 95)ll >
j=(nr—1)M
T, k AT, b
e D DI [ COR | R S M eann i
j=(np—1)M j=(nk—1)M
where we use A72L? < 1/20 and 7, L? < 1/20 in the last inequality.
From now on, we need to write down the subscripts with respect to ¢. Telescope for k =0, - , K —1.

EV. k] <E

/\Tz
Vto—* Z |G (e hs ye6)|1* — Z |Gy (s 15 Yeio) | ]

Noting that we choose (Z;41, §i+1) from {(z¢ k, yt,k)} k;0 uniformly at random, we have

T - - ATy - ATy =
B[ G gl + 2G| < B[4+ 228). a9
Y
Additionally, denote random variable &; as the index from k£ = 0,1,--- , K — 1 that is chosen as

(Z4+1, Yt+1)» it holds that

El|Ga(Et41, Ge41) — Vo f (Fes1, Ges1)]]

&t

L*7; 2
<E|FE Y
j:(nﬁt 71)M
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L272M =
TB Z E”G I]7y] ||2

K—1
L2T2

23 BG ()
=0

= L*72E| Gy (Zes1, Ge1) 1%

IN

where we use Lemma [D.T] again in the first inequality; the second inequality holds because the
probability that ng, = 1,2,--- , nk is less than or equal to M /K. Similarly,

E|Ga(Zi41, Gi41) — Vaf (@rg1, Gea)|)? < LP72E| G (F g1, 1) |-

Now it is sufficient to show that

E[IVaf (@er1s Ges )| + M Vy [ (@er1, Gos1) %]

S ER(Vef (Frs1, Ger1) — Ga (@, Gr)[I” + 201G (s, Ger1)1I]

+ B2V f(Fri1, Gi41) — Gy(@err, G 1P + 201Gy (Frgr, Gern)|1?)
<201+ L2TE[|G o (Zot1, Ger1)IP] + 2201 + LAT)E[|Gy (Ze11, Ge1)||°]
<AE(|Go(Tet1, Ger1)|* + ANE( Gy (To41, Gerr) ||
< 61;(E [let ?Bt:| )

T y

where we use inequality (28) in the last line.

Equipped with the above lemma, we can easily prove Theorem &1}

D.1 Proof of Theorem[d.1]

Proof. Using the properties of PL condition, it holds true that

_ Ay -
E | A1 + T3t+1

Y
[ . AT,
<E (Zes )1 + 5——IVy f (@41, Gesr) | ]
L 4Ha 21yTy
<E _ (Zes1)|I> + 48My|vyf(ft+1,:&t+1)|2}

1 5 1 5 N -
B |1V Gt )P+ Vol i) - Vg<:ct+1>|2}

+E {48 IVy f(Zes1, Gerr)l| }
<E |:||fo(3~%+1 ?]tJrl)H2 + ( L + LZ) IV f(Zis1 th+1)||2]
i ’ A8py  pepz) ’
3312

1 ~ ~ ~ ~
<E [uHsz(fUHl, Ger1) || + |Vyf(xt+1’yt+1)|2}

324,13

33
< ;]E IV f (Zes1s Gea) I + MV f (Tegr, Gesr) 7]

2112 ~ ~
< E [At + AT Bt:|

,uac Tx Ty

< f]E [Aﬁ AT“”B}.

Ty
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Above, in the first inequality we use the definition of PL condition; in the the second we plug in
ATy /Ty = 1/24; the third one is due to Young’s inequality; the fourth one follows from Lemma
the fifth and sixth ones are both trivial; in the second last one we use Lemma [D.2]and in the last one
we plug in our choice of K. Therefore, to find & such that g(&) —g(z*) < eand g(z) — f(Z,§) < 24e
in expectation, the complexity is

) ((n + MK)log (i)) =0 ((n + K+/n)log (1)) =0 <(n + Vnkgkl) log (1))

E Proof of Section

O

In this section, we present the convergence results of AccSPIDER-GDA when v = 0, now F}; can be
written as:

: B
min max Fi(z,y) £ f(z,y) + = ||z — 2%
z€Rx ycRYY 2

First of all, we take a closer look at F}. The regularization term [ transforms the condition number
of the problem.

Lemma E.1. Given 8 > L, the sub-problem Fy(z,y) is (8 — L)-PL in x, p,-PL in y and (8 + L)-
smooth if f satisfies L-smmoth and p,-PL in x.

Strong duality also holds for sub-problem F(z,y) since its saddle point exist.

Lemma E.2. Under Assumptionand given B > L, the sub-problem Fy(x,y) has a unique
saddle point.

Proof. Denote Gy (z) = max, cgdy, Fi(z,y). According to Assumption the inner problem
max, cga, F(z,y) has a unique solution y*(x).

Additionally, it is clear that F(x, y) is strongly convex in x for 5 > L. Hence, we know that G, ()
is strongly convex since taking the supremum is an operation that preserve (strong) convexity and .
In this case, the outer problem min, cga. G (x) also has a unique solution z*.

Above, the point (z*,y*) is a unique global minimax point of Fy(z,y). And the global minimax
point of F(x,y) is equivalent to a saddle point of F(x,y) by Lemma O

From now on, throughout this section, we always (Z, §x) be the saddle point of F},_ for all & > 1.

Next, we study the error brought by the inexact solution to the sub-problem. The idea is that when
we can controls the precision of Fj, with a global constant §, then the algorithm will be close to the
exact proximal point algorithm. We omit the notation of expectation when no ambiguity arises.

Lemma E.3. Suppose v, 11 satisfies E||| 11 — Tri1||?] < 8 for any saddle point (Zj.41, Grr1) of
F}., then it holds that

2
E[Fre(@ke1, Ort1) = Fi(@rtr, Ge1)] < (f(;—L)L)é

Proof. Lemmatells us that Fy,(Zg4+1, Jk+1) = mingepd. Fi (2, r41), thus, we have

E[Fe(hq1, Urs1) — Fr(Trsr, Urg1)]
= E[Fi(Trs1, Jrr1) — félﬁg Fy(z, Grt1)]
1

< mE[||VIFk(xk+hgk+l)”2]
1

= mE[IIVka(xHu Tes1) — VaFe(Foi1, Grg1)|?]
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where the first and third inequalities rely on Lemma that Fi(x,y) is (8 — L)-PL in x and
(8 + L)-smooth and the second equality is dependent on the fact that V. Fi,(Zx+1, x+1) = 0.

O

We can see that when we can find a d-saddle point of F}, then we can approximate g(z) well.

Lemma E.4. Suppose .1 satisfies E||xy41 — Txa1]|? < 8 for any saddle point (Ty11,Yrv1) of
F}., then it holds that

Elg(@r+1) = 9(Zr41)| < (m + g) 5.

Proof. By definition we know the relationship between g(x) and F(x,y) is given by:

. B
g(z) = max f(z,y) = Fy(2, Gr1) — = |lz — 2.
yeRd’y 2

Thus,
Elg(wri1) — 9(Try1)]

- 15} - N B .
=M(muﬂhmﬂ>—2mmq—mw (A iion) - Dl -

<E [Fk(afkﬂ,@kﬂ) — Fi(Zpa1, Y1) + §||$k+1 - 5k+1||2]
(B+L)3? B
S(%ﬂL)+2)&

where the second inequality follows from the triangle inequality of distance and the third inequality
follows from Lemma[E3]

O

When the sub-problem is solved precisely enough, we can show that g(z) decreases in each iteration.

Lemma E.5. Suppose x.y1 satisfies E||xj1 — T141]|? < 6 for any saddle point (x4 1, Jrs1) of
F}., then it holds that

(B + L)Qé}
28-1) "

Elg(zxi1) — g(«")] <E |g(x) — g(2") — §”$k+1 —ap* +

Proof. Consider the following inequalities:

* [ ~ * 6
Elg(zit1) — 9(@")] = E | Fi(@k41, Jrt1) — g(7) — gHﬂfk-H — a?
o o P B+ L)%
<E _Fk($k+1,yk+1) —g(@") - 5\\%“ — x| + (2(5 — )L)
[ B >, (B+L)%
<E —g(z*) - 2 - At
where in the first inequality we use Lemmal|E.3] the second inequality is because we know it holds
that Fy (Zr+1, Tk+1) < Fr(xk, Grr1) = g(zk). -

Now, we consider how g(xy,) converge to g(z*) when precision ¢ is obtained.
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Lemma E.6. Suppose v,y satisfies E||xj11 — T41/|? < 6 for any saddle point (Tx11, Jxs1) of
F},, then it holds that

2
Elg(zr+1) —g(@")] < E |g(zx) — g(2*) — $”v9(=’ik+1)”2 + (m * g) 6] .

Proof. The proof is based on Lemma [E-3]

r L)2%5

Elg(zg+1) — g(@")] < E |g(xx) — g(z") — §||$k+1 — a|* + (26(;—2)]
c 25
<E|g(xg) — 9(55*) - g”jlcﬂ - IkHZ + éka-H - £k+1H2 + (25(;‘[1)11)}

1 - (B+L)? B
=E |g(zk) — g(z") — = || V9g(Trt1 2+( + é|,
(@) = 9(0") = 35 1Va(e) |+ (5555
where the second inequality relies on the fact that —|ja — b]|? < %]|a||* + ||b]|*. In the last equality
we use the fact that (Zy41,Yr+1) is also a stationary point by Lemma |A.1) which implies that

Vg(Tri1) + B(Zry1 — 2) = 0.

O

E.1 Proof of Lemmalf5.1l

Proof. Noting that g(z) satisfies /1,-PL by Lemma[A.5|and using the result of Lemma[E.6] we can
see that

Elg(zi41) — g(a")] <E |:g(l'k) —g(z*) - ﬁnvg(g}m)w + ((5 + L>) . 5) 5}

206~ L
<E {g(ﬂvk) —g(z") - %(g(i“m) —9(z")) + ((f; Lz) + ﬁ) 5} :

Using Lemmal[E4] we obtain

Elg(@es) — g(*)] <E [gm) ~9(a") = 55 (o) — gla) + (1 + ﬁ) ((f; Lz) LB ) 5] .

Rearranging,

Blgtorn) - o) < B[ (1- 32 ) ota — o) + (LEEL 4 2 8]

Let ¢ £ p1,/(28 + p.) and telescope, then we can obtain that

k—1
Blgon) — os")) £ (1= 0" (g(a0) — 90 + (LEEL 4 2) 55 (- 0

2(8-1L)
L )
< - Maten) —gle) + (T2 + )2
Plugging in (3, J yields the desired statement, O

Now we show that how we can control the precision of the sub-problem § recursively to satisfy the
condition ofLemma.thatIE llzx — x| + |lyx — 9x]|?] < 9 holds for all k& > 1.

Before that, we need the following lemma showing that when ||z, — z41]| is small, then the distance
between the saddle points of F}, and Fy41 will be also small. Denote (Z, g ) be a saddle point of
sub-problem Fj_q and (Zx+1, Jx+1) be a saddle point of sub-problem F}.

Lemma E.7. Ifwe let 3 > L, then it holds true that
2

4p
(8= Lyny

[1Ert1 — Zell® + Tk1 — Gell® < |k — zp—1].
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Proof. Noting that F},_1 is (8 — L)-PL in 2 and y,,-PL in y by Lemmal[E.T|and using the quadratic
growth condition by Lemma[A.4] we have

B—L

7 Zks1 — Zxl|? < Fye1(Zps1, Tk) — rél]é{il Fro1(2,0%) = Froe1(Zrt1, Uk) — Froo1(Tk, U
weRde

%”gk+l — gl < Tgﬂ%gg Fo1(Tr,y) — Fee1(Th, Orr1) = Fae1(Zk, Or) — Fr—1(Th, Urg1)-
y Ly

Combining the above two inequalities, we can see that
B8—1L

2
< Foe1(Zrv1, Tk) — Foo1 Tk, Grot1)

- ~ Ly o~ _
|Zrs1 — Zl|® + 7y|\yk+1 — l?

- . B . B -
= F(Trs1,Ur) + §||$k+1 — x| - §||$k+1 — ap||?
. B . B -
— F(Zh, Jrg1) — §||Jfk —zp |+ 5”% -z )?

B - B - B . B .
< §H$k+1 —zp]? - §ka+1 — i |® — §||$k -z |? + §||3?k — ap||?

= B(Frs1 — Tn) " (wk — Tp1)
B-L, . . B2
< = 12 — 2] + 5-1L

where the second inequality is based on Fy(Zgi1,9k) < Fr(Trt+1,Tk+1) < Fr(Zk, Grt+1) by
(Zk+1,Ux+1) is a saddle point of Fy. In the last inequality we use Young’s inequality. Rearranging,

||"Ek‘ - xk}71||27

— L 2
P T 1@k = Ikl® + %Hﬂkﬂ — l* < ﬁﬁ_ 7l = zp-1®.
Since we have (8 — L)/p,, > L/4 > p,,/4, we can obtain that
8 . _ _ 4p° 2
|1 = Tal® + Gk — Gnll* < [z =zl
(B— L)y

An additional bound is for the use of the base case, i.e. kK = 0.
Lemma E.8. Ifwe let 5 > L, then it holds true that

- _ 2 .
w0 — 1| + [lyo — 4]|* < ;(g(wo) —g(x"))
Yy

Proof. Note that F} satisfies (8— L)-PL in z and p,,-PL in y. We can bound ||zo — &1 ||* 4 ||yo — 9112
as follows:

B8—1L N . ) - _ o
—5— llzo — #1]|* < Fo(zo,91) — min Fo(z, 1) = Fo(zo, 1) — Fo(Z1, 1),
2R

%HZ/G —inll? < max Fo(Z1,y) — Fo(Z1,y0) = Fo(Z1,91) — Fo(Z1, 0)-
yeR%Y

Combining the above two inequalities, we have
B—1L

2
< Fo(wo, 91) — Fo(Z1,90)

~ H -
7o = 2 + E2 g0 —

= Flao.dn) — F(Erw) - 2o — 1

< f(zo,91) — f(Z1,%0)

< max f(zg,y) — min f(z,yo)
ye]Rdy zERd
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= ma x — min ma; x + min ma T — min f(x
max f(zo,y) — min max fl,y) + min [nax f(z,y) — min f(z,y0)

< g(wo) — g(z"),

where we use the definition of g and the fact that min, cge. max, cga, f(2,y) > mingepa. f(,yo)
in the last inequality. Rearranging and noting that 8 — L > L > p,,, we finish the proof. O

E.2 The Proof of Lemmal[5.2]

Proof. Recall we solve the sub-problem:

max min Fi(z,y) = — min max {—Fy(x .
yERdy IERdm k( 7y) $ERdTr yeRdy{ k( ay)}

Itis p1y-PL in y and L-strongly-convex in x and thus clearly satisfies L-PL in .

We define Hy(y) = minger,, Fi(v,y). By Lemma and|A.5| we know that H}(y) is also f,-PL
in y and it is 12L-smooth since Fj, is 3L-smooth.

According to Theorem [4.1] We know that SPIDER-GDA makes sure

. 1
E {HkJrl(ykJrl) — Hyy1 (Y1) + 21 (Fr1 (Tt Yua1) — Hk+1(yk+1))}

LHS

N 1
<oLE |:Hk+1(yk+1) — Hi1(ye) + 21 (Fg1(zr, yr) — Hk+1(yic))] .

RHS

For the left hand side (LHS), we bound it according to

5 2 .
Elyrt1 — Grs1l® < IE[Hk’+1(yk’+l) — Hyy1(Yrs1)] (29)
Yy

(where we use the y1,-PL condition in ) and

Ellzs1 — x|
< 2E[[|wps1 — = (yrr)* + 12" (Wis1) — T |I]

= 2E[[Jzrr1 — 2" (yr+) 12 + |2 (Y1) — 2 (Gr)|I°] (30)
< 2E([|wps+1 — 2 (yrr1)1* + 18E[||yrs1 — Trrl?]
4 36 N
< ZE[Fk+1(xk+la Yrt1) — Her1(yrs1)] + ;E[Hk+1(yk+l) — Hiv1(yr+1))]s
Y

where we use Lemma|A.9]in the second last inequality and the PL condition of Fy(z,y) and Hy(y)
in the last one. Summing up (29) and (30), we have

Ellyr1 — Grs1I? + l12rs1 — T ll?]

4 38 5
< Z]E[Fk-}-1($k+17yk+1) — Hyq1(Yra1)] + ;E[Hk+1(yk+1) — Hyy1(Yra1))]
Yy
< % x LHS
Hy
< 9% . Rus.
Hy

For the right hand side (RHS), we bound it using

- 1
RHS = Hy 1 (Grs1) — Hrg1(yr) + 21 (Frs1 (ke yr) — Hi1(yr))
1

48L|Wsz+1($k,yk)H2

1
< 5 [IVHe ()1 +
Hy
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1 . 1 "
= T||VHk+1(yk) — VH1 (G112 + == I Ve Frt1 (k. yk) — Vo Frg (2 (y), ye) |I?
Ly 48L
7212 i 3L .
< s —yk+1||2+1—6||xk—x (yx)|?
Y
7212 . 3L . 3L, ... .
< lye — Gk |® + §||a:k — Zpgr | + @HSU (Trs1) — =" (yi) I”
7217 .9 L ~ 5 27L e
< Yk — Jes1 ™ + ﬁka — T ||° + YIka — U1
Y

Above, the first inequality is due to the PL condition of Fy(z,y) and Hy(y); the second inequality
follows from Hy,(y) is 12L-smooth and Fy,(z,y) is 3L-smooth; the third one directly follows from
the Young’s inequality; the fourth inequality uses Lemma and the fact that Fy(x,y) is L-PL in
and 3L-smooth.

Therefore, we obtain
Elllyrr1 — Gr1l® + 2rs1 — Exrall?) < 6. lyw — Grsr |12 + 12k — Zeaa 1),
where

8y, = 7236k 0. (31)

Now it is sufficient to control § recursively.

Lemma E.9. [fwe solve each sub-problem Fy, with precision 6y, as defined in Theorem[5.1] then for
all k it holds true that

Ellxr — 2k + llye — Gxl* < 0.

Proof. We prove by induction. Suppose we the following statement holds true for all 1 < k' < k
that we have

Ellww — 2wl + llyer — g [* < 6,
Then, by Lemma[5.2] we have

Elllzk+1 — ExtalI” + llyes1 — e ]’]
< O(llzr = T l” + e — G |”)
< 204 (|l — Zxll + g — Gell*) + 205 (1241 — 21l + |Gar1 — Gull?)
8620,
(B = L)y
where ¢, follows from (31) and we use the induction hypothesis and Lemmain the third inequality.
Note that our choice of J;, and the relationship between d;, and §;, satisfy
8820 llxx — JCk—1||2} <9
(B—L)py -2

< 26,0 + lzr — zr_1]|%

max {25;5,

Therefore, we can see that

Ellzxi1 — ZrpalI” + lyrs1 — Grrall®] <6,
which completes the induction from % to k + 1. For the induction base, using Lemma[E.§| we have
Elllzy = 21)* + lly = 511*) < 35|20 — 211 + llyo — 7 [1*)
2%
Hy
<4

(9(z0) —g")
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E.3 Proof of Theorem 5.1

Combing Lemma[5.1] Lemma[5.2]and Lemma|E.9] we can easily prove Theorem[5.1]

Proof. Note that each sub-problem Fj, is 3L-smooth, L-PL in = and p,,-PL in y for 3 = 2L. Now if
we choose

K = [((26 4 pe)/1a) log(2/€)] = O(kglog(1/€)),

then by Lemma [5.1]it is sufficient to guarantee that E[g(zx) — g(z*)] < €, while solving each
sub-problem F}, requires no more than T;, < a(n + /nky)log(k,/d) first-order oracle calls in
expectation by Lemma[5.2] where a is an independent positive constant.

Now we telescope the inequality in Lemma[E.5]and we can obtain

K-1 2
> B [lnwn —anl’) < Slota0) ~0') + Gy 62

Note that we have

_ 2 - 9
(% < w X max {4, 16Hy”xk§ e | } < w X <4+ 16’%”3%5 Tr—1]| ) ’
2

by the choice of d, forall £ > 1 , where w = 7236/&5. Denote C' = a(n + y/nk), then

K
=1To + ZTk
k=1
* K
< Clog <w “ M) Y log <iy)
Opty 1 O
K ) , (33)
—9 16 — zp
< Clog wxw +CZIOg wx 4k, + Ky llze — ra|
Opty et k)
K 2 5
- 1 o
< Clog (wx 2@ =90 | opetog (wx 3 (s, + 205z —Tema
Opty Pt )
2ky(9(z0) — 9%) — 1662 ||zs — 1 |?
:Clog(wxy—)+CKlog wxz<4,€y+ y ) .
5My P )

Above, the second inequality relies on the choice of §; and the third inequality is due to the fact that
(IT7, z)Y/™ < 2377 | 2;, which implies that }°)_, log@; < nlog (£ S0, ;).

Lastly, we use (32) and notice that § (3) is dependent on ¢, x, and w is dependent on ,, to show the
SFO complexity of the order

O((nky + vVnkgky) log(1/€)log(kyky/€)).

F Proof of Section

First of all, we show the convergence of SVRG-GDA and SPIDER-GDA under one-sided PL
condition as studied in Section[6l We reuse the lemmas under two-sided PL condition. It is worth
noticing that we can discard the outermost loop with respect to restart strategy for both SVRG-GDA
and SPIDER-GDA, i.e we set 7" = 1 in this setting.
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F.1 SVRG-GDA under one-sided PL condition

For SVRG-GDA, we have the following theorem.

Theorem F.1. Under Assumption[6.1|and[3.1} let T = 1 and M, 7,,T,, \ defined in Lemma[C.1}
a=2/3, SM = [8/(1.€%)]. Algorithm|2|can guarantee the output 3 to satisfy |[Vg(2)|* < € in
expectation with no more than O(n + n? 3H§L6_2) stochastic first-order oracle calls.

Proof. Telescoping fork =0,...,M —1and s =0,...,5 — 1 for the inequality in Lemma[C.T}

1 S—1M-1 ]V
2 < 0,0
i 2 2 EllVa(el < =

s=0 k=0

Note that we have M = O(n3*/?) and if we let SM = [8/(7,¢?)], then S = O(Lk2/(n*/?€?)),
so the complexity is

€

2L oy 1—a/2
0(n+SM+sn)=0<n+“y (n - )>.

Plugging in o = 2/3 yields the desired complexity. O
F.2 Proof of Theorem [6.1]

Similarly to SVRG-GDA, we can also analyze the convergence of SPIDER-GDA.

Proof. 1t is almost direct result of Lemma Denote (&, ) the output, then
E|[Vg(@)|* < 2E[|Vof (@, )I* + Vo f(@,5) - Vg(@)]?]

2
SMHWNMW+ZVJ@MF

Yy
< 2E[||Va f(&, )1 + A Vy f (&, 9)]7]
32 -
< TxK]E {AO +BO} ’

where the first inequality follows from Young’s inequality; the second one relies on Lemma[A.7} the
third one uses the definition of A and the last one uses Lemma[D.2}

Since 7, = O(1/(x2 L)) and M = B = \/n, the complexity becomes:

0(ns Y1) Zony VLY
(v 22) -0+ %)

To€2

O

Above, we have show that the complexity of SVRG-GDA is O(n + n?/ 3/{3[&’2) and the complexity
of SPIDER-GDA is O(n + v/nr2 Le~?) "l Thus, we can come to the conclusion that SPIDER-GDA
strictly outperforms SVRG-GDA under both two-sided and one-sided PL conditions. In the rest of
this section, we mainly focus on the complexity of AccSPIDER-GDA under one-sided PL condition.

In the following lemma, we show that AccSPIDER-GDA converge when we can control the precision
of solving each sub-problem with a global constant J.

%To be more precise, our theorem only suits the case when 1/ (K§L62) > /n for SPIDER-GDA. If not, we
can directly set K = 2M to achieve the same convergence result.
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F.3 Proof of Lemmal6.1]

Proof. Similar to the proof under two-sided PL condition, we begin our proof with Lemma[E.6] We
can see that

i 2
Elo(ane)] < E |g(a1) - 590Gl + (£ + 7)o

<E|g(ay) - %nvmmn?

- 2
+E _iHVg(i’k+l) — Vg(zes1)|? + <é€ﬁ+_[%) + g) 5}

A
=
=

. .
(k) — @IIVQ(%H)II2

T L? - L

_ ' )
<E [g(or) = g Vot + (m,ﬂ ! é?;— 5+5)7)

where we use the fact that —||a — b]|? < ||al|? + [|b]|* in the second inequality, g(x) is (2L?/s,,)-
smooth in the third one and ||Zj. 41 — zx+1]|? < § in the last one. Telescoping for k = 0,1,2,..K —1
we can see that

1w 2 - L2 (B+L? B
5 2 EIVsl] < otwo) o0+ (505 + 3515 3) <)
<&lote) 0"+ (54 451+ 5) 4]

Divide both sides by K, then

= 86(g(x0) — g°) L2 (B+L? B
?,; [IVg(ze)|*] < [ i +8/B(2#yﬁ+2(ﬁ_m+2>5]

Plugging the choice of § yields the desired inequality. [
F.4 Proof of Theorem

Combing Lemmal[6.1] Lem% and Lemw we can easily prove Theorem [6.2] We remark

that both the proof Lemma|5.2|and Lemma only uses the PL property in the direction of y, so
they can both be directly applied to the one-sided PL case.

Proof. Note that each sub-problem Fj, is 3L-smooth, L-PL in = and p,,-PL in y for 3 = 2L. Now if
we choose

K = [168(g(x0) — g")/€*] = O(Le?),

then by Lemma-lt is sufficient to guarantee that E[||g(£)]|]] < e, while solving each sub-problem
F, requires no more than Tj, < a(n + \/nk,) log(k,/dy) first-order oracle calls in expectation by
Lemma[5.2] where a is an independent positive constant.

Therefore, using (32), and noticing that § (6 is dependent on €, 5, and w in is dependent on
Ky to show the SFO complexity of the order

O((n + Vnky)Le 2 log(ky /€)).
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