A Pseudo-Code for Algorithms

Algorithm 2 Value Iteration (with Min-Max Oracle)

IHPUtS: S7X7y;r7gap7’77T
Outputs: v(7)

1: Initialize v(°) arbitrarily, e.g. v(®) =0

2: fort=1,...,Tdo

3: for s € Sdo

4: v (g) = min max E [r s, z,y) + yo® S’}
(s) zeX yeY:g(s,z,y)>0 S'~p(-|s,z,y) ( y) + (S

5: return v(7)

Algorithm 3 Nested GDA for stochastic Fisher Markets with saving
Inputs: v, T, b, q,1,, Nxs Tp, Tx, p?, X (©), 30)
Output: (p(), X )T,

1: fort=1,...,7, do

2: fors=1,...,Tx do

) ¢ b — B (t)
3: Foralli € [n], z;’ = wg ) + nx | —r———~ Vi (.7:7 ;ti)
ov(T,b
6 Foranie o = 5+ ax (~logua i) 4 TR
5 (X(t)ﬁ(t)) = H{(X,ﬁ)eRixmxR::X~p<t—1>+ﬁgb} ((X(t),ﬁ(t)))

6 p¥ =Ty (p(H) = 1p(1 = i) ‘Ez(-t)))
7: return (p®, X(t))tT:’"1

B Omitted Results and Proofs Section [2]

We first note the following fundamental relationship between the state-value and action-value func-
tions which is an analog of Bellman’s Theorem [66] and which follows from their definitions:

Theorem B.1. Given a stochastic min-max Stackelberg game (S, X, Y, (%) r, g, p, ), forallv € V,
q€Q my € X% and my € Y5, v = 0™ and q¢ = q"=" iff:

v(s) = q(s,m(8), Ty(s)) (14)
q(s,z,y) = E [r(s,z,y) +yv(S")] (15)

§'~p(-|s,®,y)

Proof of Theorem[B.1| By the definition of the state value function we have v *"¥ =
q;(8,T2(8), my(s)), hence by Equation (14) we must have that v; = v]"". Additionally, by
Equation (IE) and the definition of the action-value functions this also implies that ¢, (s, z,y) =

T Ty

g " (s, %, y) O

Theorem 2.1. (7}, ;) is a recSE of GO of v™=Tv ff it induces a value function which is a fixed

point of C: i.e., (g, 7. ) is a Stackelberg equilbrium iff, for all s € S, (C’v";";) (s) = v™="u(s).

Proof of Theorem[2.1, We prove one direction, the other direction follows symmetrically. (Fixed
Point = recursive Stackelberg equilibrium) Suppose that a value function v™="y which is induced
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by a policy profile (7}, 7r*) is a fixed point of C, we then have for all states s € S:
o™ = (Comem ) (s) (16)

= min max E r(s,x,y) + v ="u (S’ 17
zeX yeY:g(s,z,y)>0 S'~p(:|s,z,y) ( v+ (5) (1n

= min max q”;";(S, x,y) (18)
zEX yeY:g(s,x,y)>0

Hence, by Deﬁnition (7%, 7r*) is recursive Stackelberg equilibrium.

O
Lemma 2.2. Suppose that f,h: X xY = R, g : X x Y — R? are continuous functions, and X,
are compact sets. Then |m1nm€;( maXyey.g(z,y)>0 f (T, Y) — MiNgexy MaxXycy.g(z,y)>0 M(T y)|

S maX(m,y)GXXy |f(wa y) - h(CE7 y)|

Proof of Lemma[2.2] Let (x*,y*) be a Stackelberg equilibrium of
mingex MaXyey.g(m,y)>0 f(x,y), and (x’,y’) be a Stackelberg equilibrium of
Milgex MaXyey.g(z,y)>0 M(T,y).  Additionally, let § € argmaxyey.ga >0 f(T5Y),
then by the the definition of a Stackelberg equilibrium, we have f(z*,y*) =
minyey maXgex:.g(x,y)>0 f(mv y) < maxyey g(x’,y)>0 f(.’l) y) = f(.’]l’, g)’ and
W', y') = maxyey.g(a y)=0 h(@',y) > (@', y).

Suppose that mingey maxyey.g(a,y)>0 f (2, y) > MiNgey MaXyey.g(z,y)>0, 1T, y) this gives
us:

B e g e TP TR 5 MY "
=[f(z",y") — h@', )| (20)
<|f(@'g) - @' y)| @n
<|f(@,y) - h(a',9)] (22)
< omax f(@y) = hiz,y)l (23)
The opposite case follows similarly by symmetry. O

Theorem 2.3. Consider the operator C' associated with a stochastic Stackelberg game G©). Under
Assumption C'is a contraction mapping w.r.t. to the sup norm ||.|| ., with constant .

Proof of Theorem[2.3] We will show that C' is a contraction mapping, which then by Banach fixed
point theorem establish the result. Let v, v’ € V be any two state value functions and ¢, ¢’ € Q be
the respective associated action-value functions. We then have:

[Cv = Cv'|| (24)
< max |l 2 8,%,y) — mi a (s, , 25
< max min yey:gn(as’i(’y)zof]( y) Inin yey;ﬁ,r}c(,y)zoq ( y) (25)
= ma & s, z,y) —q'(s,@ Lemmal2.2
> r‘?ESX (w,;l)leg((xy |Q( ) 7y) q ( ) 7y)‘ (
(26)
< max max r(s,z,y) +~yv(S")] — E r(s,x,y) + v’ (S’
T SES (x,y)EXXY |S'~p(-|s,x,y) [ ( y) v ( )] S’ ~op(-|s,2,y) [ ( y) v ( )]
(27
<max max v(8") — ~v' (S’ 28
T SES (2,y)€X XY | S ~p(-|s,2,y) (87 — v (57)] (28)
<~ymax max v(S" —v' (S’ ’ 29
=7 SES (x,y)EX XY S’Np(-|s,m7y)[ ( ) ( )] ( )
=T, 2 s) —v'(s 30
7?6?(m,$e§Xy|v( ) v ( )| ( )
:7|‘U_U,||oo (31)
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Since v € (0, 1), C is a contraction mapping.
O

Theorem 2.4. Consider a zero-sum stochastic Stackelberg game G0, Under Assumption G
has a unique value function v™="v associated with all recSE (7}, 7\';) which can be computed by

iteratively applying C to any initial state-value function v©) € V: i.e., lim,_, o, v") = vy,

Proof of Theorem[2.4) By combining Theorem [2.3] and the Banach fixed point theorem [57], we
obtain that a fixed point of C exists. Hence, by Theorem [Z, a recursive Stackelberg equilibrium of
(S, x,), w® r g, p, ~) exists and the value function induced by all recursive Stackelberg equilibria
is the same, i.e., the optimal value function is unique. Additionally, by the second part of the Banach

fixed point theorem, we must then also have lim;_, o, ) = T2y, O

For any ¢ € Q, we define a greedy policy profile with respect to ¢ as a pol-
icy profile (mg,my) such that w5 € argmingey MaXyey:g(s,z,y)>0 (8, €, y) and my €
Arg MaxX, ¢y (s =% (x),4)>0 q(s, m%(x),y). The following lemma provides a progress bound for
each iteration of value iteration which is expressed in terms of the value function associated with the
greedy policy profile.

Theorem 2.6 (Convergence of Value Iteration). Suppose value iteration is run on input G. Let
(75, ;) be recSE of G with value function vy, UnderAssumptionl]._], if we initialize v (s) = 0,

forall s € S, then for k > ﬁ log Eﬁ“jz), it holds that v®) (s) — v™="v(s) < e.

* %
,U‘Il'wﬂ'y

Proof of Theorem First note that by Assumption|1.1, we have that

= 2. Applying

the operator C' repeatedly and using the fact that v™=™v = Cv™=™s from Theorem we obtain

[o®) — vy | o (32)

= [|(C)Fo® — (C)Fv™=™y | (33)

<A@ — v (34)

= Y™™ (35)

< b (36)
-

where Equation |i was obtained as v(®) = 0 Since 1 — x < e~ * for any = € R, we have
P = (L= (L) < () < e
Thus, for any s € S

o) (s) — v (s) < o) — 0T

_ k Tmax
=7
< e~ (1=y)k Tmax
< -

Thus it suffices to solve for & such that

e~ (1=mk Tmax
L—v

which concludes the proof. O

C Omitted Results and Proofs Section 3|

Our characterization of the subdifferential of the value function associated with a Stackelberg
equilibrium w.r.t. its parameters relies on a slightly generalized version of the subdifferential envelope
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theorem (Theorem Appendix |C)) of Goktas and Greenwald [6], which characterizes the set of
subdifferentials of parametrized constrained optimization problems, i.e., the set of subgradients w.r.t.
x of f*(x) = maxycy.p(a,y)>0 f(x,y). In particular, we note that Goktas and Greenwald’s proof
goes through even without assuming the concavity of f(x,y), h1(x,y),. .., hqs(x,y) in y, for all
zcdk.

Theorem C.1 (Subdifferential Envelope Theorem). Consider the function f*(x) =
MaXyey h(wy)>0 / (@, y) where f + X xY = R and h : X x Y — R%L Let Y*(x) =
arg MaXyey.p(z,y)>0 f (T, Y). Suppose that 1. f(x,y), hi(x,y), ..., ha(z,y) are continuous in
(z,y) and * convexin x; 2. Vo f,Vghi, ..., Vghg are continuous in (x,y); 3. Y is non-empty
and compact, and 4. (Slater’s condition) Ve € X,3y € Y s.t. gp(x,y) > 0, forallk =1,...,d.
Then, [* is subdifferentiable and at any point & € X, 05 f*(X) =

d
conv U U {V:cf (Z,y"(@) + ) MN(Z. ¥ (@) Vays (2, y*(ff))} ;
y* (@) ey*(@) A (z,y* (&) A (Z,y* (@) k=1
(37
where conv is the convex hull operator and N*(z, y*(x)) = (A} (&, y*(Z)), ..., \i(&, y @)’ e
AN (Z,y*(Z)) are the optimal KKT multipliers associated with y*(x) € Y*(Z).

Theorem C.2 (Subdifferential Benveniste-Scheinkman Theorem). Consider the Bellman equation
associated with a recursive stochastic optimization problem where r : S X X x Y — R, with state
space S and parameter set X, and v € (0,1):

v(s,x) = max r(s,x,y) + v(S', x } 38
( ) yey:g(smc,y)ZO{ ( v) PYS’NP(-Isvw,y)[ ( ) %%)
Suppose  that  Assumption holds, and that 1. for all s €
S,y € Y, r(s,z,y), g1(s,z,y),...,94(s,x,y) are concave in w,

2. Var(s,z,y),Vegi(s,2,Yy),...,Vega(s,x,y),Vep(s' | s,x,y) are continuous in
(s,8',x,y), 3. v(s,x)is convex in x 4. Slater’s condition holds for the optimization problem, i.e.,
Vee X, s€S8,FyeVstgi(s,x,y) >0, forallk=1,...,d

Let Y*(8, &) = MaXyey.g(s,z,y)>0 {7 (5,2, Y) + Y Esp(|s,y) V(8 @)]}, then v is subdifferen-
tiable and Oxv (8, &) =

conv U U {er (s,2,9"(8,2)) +7Va _ E _[w(S @)
y* (5.8)EV" (5,8) Ny (.8.5" (5.8)) €A* (s.8.3" (&) Soplledyr(s:2)
d
+3 Ni(8, 2,97 (5, 8)) Vagk (5, 2,y (s, 2))
k=1

(39)

Suppose additionally, that forall s,s8' € S,x € X, y*(s,x) € Y*(s,x) Vop(s' | s,x,y*(s,x)) >
0, then Oxv(s, &) =

conv U U {er (s,Z,y"(s,T)) +, E [Vav(S,2)]
¥ (3,8)EV*(8,8) AL (5,8,5" (5,8)) EA* (5,8,y" (&) ~pCls.@y"(s2)
d
+v E  [0(S,&)Valog(p(S' | s &,y"(s,2)] + Y A(s,2,y"(5,8))Vagr (5,2, y" (s, 2))
S,NP('Isvm)y*(s7m)) k=1

(40)

where  conv  is the convex hull operator and XN*(s,Z,y*(s,,T)) =
Ai(s,2,y"(s,Z)),..., Ni(s, @, y" (s, £)))" € A*(s,Z,y* (s, &)) are the optimal KKT multipliers

A~

associated with y*(s, ) € Y*(s,Z).
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Proof of Theorem|C.2 From Theorem[C.I, we obtain the first part of the theorem:

Ozv(s, &) 41)
= conv U U {er (s,Z,y"(s,Z)) + Vg E [v(S', )]
(e B eV (8 B N* (0 5 k(8 5 (o 5wl & s'~p(-|s,z,y*(s,Z))
y*(8,2)EV*(5,2) A;(5,2,y*(s,@))EA*(5,2,y*(8,T))
d
+Z/\Z(s,5,y*(s,a?))vwgk(s,%,y*(s,:ﬁ))}) . (42)
k=1

By the Leibniz integral rule [67], the gradient of the expectation can instead be expressed as an
expectation of the gradient under continuity of the function whose expectation is taken, in this case
v. In particular, if for all 5,8" € S,z € X, y*(s,x) € YV*(s,x) Vup(s' | s,z,y*(s,x)) > 0 we
have:

x Sl) 43
Srn s ) [v(S', z)] (43)
= Vw/ p(z|s,x,y)v(z,x)dz (44)
zeS
= / Valp(z | 8,2, y)v (2, z)]dz (Leibniz Integral Rule)
zeS
) (45)
= / p(z | s,2,y)Vzv(z, ) +v(z,2)Vap(z | 8,2,9)]dz (Product Rule)
zeS
) (46)
= [ lsanTantea) oz eipie | sy VAT 20 g, oz | 5,2,9) > 0)
z€ES p(Z I saway)
47
= / [p(z | 8,2, y)Vav(z, ) +v(2,2)p(2 | 8,2,Y)Vzlogp(z | s,z,y)]dz (48)
zeS

_ / p(z | 5,2, y)Vov(z @) dz + / w(z,2)p(z | 5,2,9)Va logp(z | 5, 2,y)] dz
zEeS z€S

(49)
= E [Vev(S', x)] + E [v(S',2)Vylogp(S' | s, x,y)) (50)
S'~p(-|s,2,y) S’ ~p(-|s,x,y)
This gives us 0zv (s, &) =
o U U {er(s,a,y*(s,ﬁ)) T 8oy (5:8) [Vor(S'.2)

y*(8,8)EV*(5,8) N (s,8,y*(5,2))EA*(5,2,y* (2))

d
+7 S/N,JHSE . [0(S',2)Valog (p(S" | 5,2,y"(s,2))] + > A5, 2,47 (5, 2))Vags (s, 2,y (s, Z)) })
,Z, s, T 1
(51)

O

Note that in the special case that the probability transition function is repre-
senting a deterministic recursive parametrized optimization problem, v(s,x) =
maXycy:g(s,z,y)>0 {T(S,(L‘,y)+’}/[U(T(S,Il}7’y),$)]} ie., p(sl | Saw7y) € {071} for all
s,8 € S,z € Xy € Y,and7 : § x X x Y — S is such that 7(s,x,y) = ' iff
p(s’| s,x,y) = 1, the CSD convexity assumption reduces to the linearity of the deterministic state
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transition function 7 (Proposition 1 of [|68])). In this case, the subdifferential of the Bellman equation
reduces to

Dzv(s, &) (52)
= conv U U {Var (8,2,y"(s,Z)) + YVa1(8,Z,y)Vsv(7(8, Z,y), X)
y*(s,@)eY* (s,@) X (s,8,y* (s5,8))EA* (5,8,y* (5,&))
(53)
d
+Va0(r(s, ), &) + Y _ Ai(8,2,47(5,2))Vags (s, 2,y (s, @)}) (54)
k=1
Theorem 3.1. Consider a zero-sum stochastic Stackelberg game G, where X = {x € R" |

i(x) <0,...,qp(x) <0}and Y = {y € R™ | ri(y) > 0,...,r(y) > 0} are convex. Let
Low(y:N) = 7(5,2,9) + Y Es/np( s,y V(S 2)] + iy Megi(s, @, y) where Cv = v.

Suppose  that  Assumption holds, and that 1. for all s €
S, maxyey:g(s,m,y)zo {'I’(S, mvy) + ’YES/NP(~|s,m,y) [U(S/,Zl})]} s con-
cave x, 2. Var(s,z,Y), Vagi(s,2,Y),. .., Vaga(s, x,y),

yr(s,x,y) ygl(s,x,y),...,Vygd(s,m,y) exist, for all s € S,x € X,y € ),
4. p(s' | s,x,y) is continuous and differentiable in (x,y), and 5. Slater’s condition holds,
ie,Vs € S,x € X,3y € YV s.t. gp(s,z,y) > 0, forall k = 1,...,d and r;(y) > 0, for all
j=1,...,1, and 3x € R" s.t. q(x) < 0forallk =1...,p. Then, there exists p* : S — R,

A* S x X — ]Ri, andv* : S x X — ]Rl+ s.t. a policy profile (7}, ) € XS x VS is a recSE of
G only if it satisfies the following conditions, for all s € S:

P

VaLa s ()(y(8), X (8,75(5))) + > pi(8)Vaar(ms(s) = 0 ®)

k=1
VLo my(s) (15 (8), A (s +ka 8,75(8))Vari(my(s)) = 0 ©)
px(8)qr(my(s)) =0 ar(my(s)) <0 Vkelp] (10)
gr(s,m5(s),my(s)) =0 AL(s,m5(8))gk(s, 75 (s), 7y (s)) =0 Vkeld (11)
Vi(s,75(5)) Vark () (s)) = 0 re(mi(s) 20 Vkell] (12)

Proof of Theorem 3.1 By Theorem and Theorem we know that (7, ) is a recursive
Stackelberg equilibrium iff

V™™ (5) = (Cv"y”;) (s) . (55)

Note that for any policy profile (7, 7r.;) that satisfies V™ (s) = (Cv"'y";) (s) by DeﬁnitionE
we have that (7w (s), 7

*

»(8)) is a Stackelberg equilibrium of

min max r(s,x,y) + E v(S’ }
z€Xy€y:.f1(5@4/)>0{( v) ryS’Np(-\syw»y)[( )

forall s € S.

Fix a state s € S, under the assumptions of the theorem, the condltlons of Theorem@] are satisfied
and u*(s, ) = maxycy. g(s..9)>0 {r(s,z,y) + YEs'wp(|s,zy) [v(S')]} is subdifferentiable in
x. Since u* (s, x) is convex in x, and Slater’s condition are satlsﬁed by the assumptions of the theo-
rem, the necesssary and sufficient conditions for 7 (s) to be an optimal solution to minge x u*(s, )
are given by the KKT conditions [69] for minge x u*(s, ). Note that we can state the first order KKT
conditions explicitly thanks to the subdifferential Benveniste-Scheinkman theorem (Theorem [C.2).
That is, 7, (s) is an optimal solution to mingex u*(s, ) if there exists p*(s) € R such that:
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p

VaLsrs(s) (Y (5,75(5), X (s,75(5), 3" (5, 75(5)) + Y #i(8) Vaar(my(s)) = 0 (56)
k=1

pr(8)ar(my(s)) = 0 vk € [p]

(57)

k(75 (s)) <0 Vk € [p]

(58)

where y*(sv 7‘-;(8)) € arg maxyey:g(s,ﬂ-;(s),y)zﬂ {T<S7 7‘-;(8)7 y) + PY]ES/Np("S,Tr;(S),y) [U(Sl)]}
and

* * * * * * * * * * * * T
N (5, 5(5), 4" (5, 75(5))) = (N (5, 5(8), 7 (5, W5 (8) -, A, w3 (), " (s, ma ()T €
A*(s,75(8),y*(s,wk(s))) are the optimal KKT multipliers associated with y*(s, 7% (s)) €
Y*(s,w}(s)) which are guaranteed to exist since Slater’s condition is satisfied for
maxyey:g(s,m,y)zo {T(Sv T, y) + 'YES’Np(~\s,m,y) [U(S/)]}
Similarly, fix a state s € S and an action for the outer player € X, since Slater’s condition is
satisfied for maxyey.g(s,zy)>0 {7(S: T,Y) + ¥ Eg/mp(|s,z,) [V(S)]}, the necessary conditions
for 71';(3) to be a Stackelberg equilibrium strategy for the inner player at state s are given by the
KKT conditions for maxyey.g(s,a,y)>0 {r(s, z,Y) +YEs p(|s,2,y) [V(S)] } That is, there exists
A*(s,x) € RY and v*(s, ) € R, such that:

l

VyLoa(my(s), X"(s,2)) + Y vi(8)Vars(my(s)) =0 (59)
k=1

gr(s,z,my(s)) >0 VEk € [d] (60)

Ne(8, @) gk (s, @, 7, (s)) =0 Vk € [d] (61)

vi(8,2)Vari(my(s)) =0 vk € [l (62)

rp(x) >0 vk € [1] (63)

Combining the necessary and sufficient conditions in Equations (56) to (58) with the necessary
conditions in Equations (59) to @), we obtain the necessary conditions for (7, ;) to be a
recursive Stackelberg equilibrium.

O

If additionally, the objective of the inner player at each state s € S, r(s,z,y) +
YEs/wp(|s,z,y) [V(S’, )] is concave in y, then the above conditions become necessary and sufficient.
The proof follows exactly the same, albeit the optimality conditions on the inner player’s policy
become necessary and sufficient.

Theorem C.3 (Recursive Stackelberg Equilibrium Necessary and Sufficient Optimality Conditions).
Consider a zero-sum stochastic Stackelberg game G, where X = {x € R" | ¢1(x) <0,...,¢gp(x) <
0tandY = {y e R™ | r(y) > 0,...,r(y) > 0} are convex. Let L (y,A) = r(s,x,y) +
YEs op(|s,zy) [V(S, sc)]—!—zz:l Mgk (8, @, y) where Cv = v. Suppose thatAssumptionlEholds,

and that 1. for all s € S,y € Y, maXyecy.g(s,z,y)>0 {r(s,:&y) +YEsiwp(|s,2,y) [v(SQ:c)]}
is comvex in x and r(s,x,Y),01(8,2,Y),...,94(8,2,y) are concave in y for
al * € X and s € S, 2. Vur(s,z,y),Vzgi(s,z,y),...,Vagi(s, x,y),
Vyr(s,x,y), Vygi(s, 2, y),...,Vyga(s,x,y) exist, for al s € S,z € Xy € ),
4. p(s’ | s,x,y) is continuous and differentiable in (x,y) and CSD concave in y, and
5. Slater’s condition holds, i.e., Vs € S,x € X,3y € Y s.t. gr(s,x,y) > 0, forallk =1,...,d
and rj(y) > 0, forall j = 1,...,1, and 3x € R" s.t. qp(x) < Oforallk = 1...,p. Then,
there exists p* : & — R, A* 1 S x X — le_, andv* : S x X — Rﬂ_ s.t. a policy profile
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(72, 71';;) € X° x VS is arecSE of G only if it satisfies the following conditions, for all s € S:

VaLsns(s)(my(8), XN (8,75(5)) + D 1i(8)Vaar(my(s)) = 0 (64)

k=1

l

VyLsms(s)(my(8), X" (8.75(8)) + D vii(s,75(8)) Vara(my(s) = 0 (65)

k=1
Hi(8)ar(my(s)) =0 a(mi(s)) <0 Vkelp] (66)
g (8,75 (8), 7y (s)) = 0 Ae (8,75 (8))gr(s, 75 (s), 7y (s)) =0 VE€[d  (67)
V(8,75 (8))Vark(my(s)) =0 re(ma(s)) >0 Vkel[l] (68)

D Omitted Results and Proofs Section 4l

Before, we introduce the stochastic Stackelberg game whose recursive Stackelberg equilibria corre-
spond to recursive competitive equilibria of an associated stochastic Fisher market, we introduce the
following technical lemma, which provides the necessary and sufficient conditions for an allocation
and saving system of a buyer to be expected utility maximizing.

Lemma D.1. Consider a stochastic Fisher market F such that the transition probability func-
tion p is continuous in B; and independent of x;. For any price system p € R‘ixm, a tuple
(xf,0F) € Rixm x R consisting of an allocation system and saving system for a buyer i € [n],
given by a continuous, and homogeneous utility function u; : R x T — R representing a locally

non-satiated preference, is expected utility maximizing constrained by the saving and spending con-
strains, i.e., (x},B7) is the optimal policy solving the following recursive Bellman equation v;(s) =
AX (@, 6:) R iy p (5)+5:<bs {“i (@i 8:) + Y E b ,a)~plcls,(8:,87 (o)) Vi (T, 0" + Biy @')] }
only if we have for all states s € S, =} (T, b,q) - p(T',b,q) + 5; (T, b, q) < b;, and,

ou; *

e (@i(s)iti)  wy(xr(s):ty) .

zi(s) >0 = —2 = — Vi € [m (69)
it2) B b A !

i (T + B2 (s). )] 70)

5:(5)>0 = SiGs)

= E
798; @)

If additionally, u; is concave and p is CSD concave in (x;, 0;), then the above condition becomes
also sufficient.

Proof of Lemma Fix a buyer i € [n]. Throughout we use b + ; as shortcut for b + (3;,0_;).
Suppose that v solves the following recursive Bellman equation:

vi(s) = max w; (T4, 8;) +y E vi(T', b + f;, 4’
( ) (mL/BL)ERT+1mLp*(S)+ﬁLSb’L { ( ) (T/vb/vql)’\’p("Sv(ﬁinﬁii(s))) [ ( )]

(71)

Define the Lagrangian associated with the consumption-saving problem:

max u; (2, t;) + E V: T/ab/+ﬁi7q/

(mi,ﬂi)ERr+1:mi»p* (8)-‘1—,8L§b1 { ( ) 7 (T,ab/ﬂq,)’\’p(‘lsﬂ(ﬁivﬁiqj(S))) [ ( )]
(72)

as follows:
L(xi, Bi, A\, ;) = u; (x5 8;) + E vi(T', b + Bi, q'

(@3, B2, %, i p) = s (33 :) 7(T'J)/,q/>~za<~|T,b,q,<5i,ﬁ:,-,<s>>>[ 3 b @)

+ A(bi — xip) + Z 1iTi5 + fmt1 B (73)
J€[m]
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v (T,b,q) = max iz, ti)+y  E [T, + Bi,q)]

(wi,ﬁi)ERil+1:wi~p* (b)+B:<b; (T,0',q")
Assume that for any state s € S, we have b; > 0. We can ignore states such that b; > 0 since at
those states the buyer cannot be allocated goods, and can also not put aside savings. Then, Slater’s
condition holds and the necessary first order optimality conditions for an allocation x;(s) € R,
saving 37 (s) € R, and associated Lagrangian multipliers \*(s) € Ry, p*(s) € R™™! to be
optimal for any prices p(s) € R’ and state s € S are given by the following pair of KKT conditions
[69] for all j € [m]:

ou; , . . .
8“ (7 (s);ti) — A*(s)pj(s) + W (s)=0 (74)
Lij
0 * AN} %/ % N N
Y98, v gy T+ B )] = N (8) + i () = 0 (75)

Additionally, by the KKT complimentarity conditions, we have for all j € j, pjzj; = 0 and
187 = 0, which gives us:

Ou; . ,
L(@i(s)it) =N (s)ps(s) =0 Wje[m]  (76)
xz’j

Bi(s)>0 = v BT 5L)] - (s) =0 Yielm] (D)

Re-organizing expressions, yields:

Ou; .
2 (22 (s); 1)

T;(8) >0 = ' = Vi € [m] (78)

p;(s)
5(8)>0 = N() vz BT 4 6] (19)
Using the envelope theorem [[70, [71]], we can also compute gz: (s) as follows:
‘ZZ (5) = A"(s) (80)
We note that for all states s € S, 88’;: (s) is well-defined since A*(s) is uniquely defined for all states

by Equation (78). Hence, combining the above with Equation and Equation (79), we get:

Ou; .
Qs (a7 (s): 1:)

r;(8) >0 = ' = Viem]  (81)

pj
B (s) >0 — ey =n D B AT+ 8 q) (82)
‘ ob; 7351‘ (Ta) 0

Finally, going back to Equation (74), multiplying by ;(s) and summing up across all j € [m], we
obtain:

> a8 (@i (8)its) = N (s)py(8)aly(s) + ity (s) = 0 (83)
je€lm] Y

Using Euler’s theorem for homogeneous functions on the partial derivatives of the utility functions,
we then have:

ui(x}(8)it:) — A*(8) Y pj(s)aj;(s) + pizi;(s) =0 (84)
J€[m]

Additionally, the KKT Slack complementarity conditions, we have A*(s)(b; — f5(s)) =
A(8) 2 jerm Pi(8)a;(s):

ui(7(s);ti) — A" (8)(bi — i (s)) =0 (85)
NI CHCOR)
A (S) - bz _ 61*(3) (86)



Combining the above conditions, with Equation (98), and adding to it Equation (82), and ensuring
that the KKT primal feasibility conditions hold as well, we obtain the following necessary conditions
that need to hold for all states s € S:

ou *
e (@i(s)iti)  wy(xr(s):ty)
* oxij Uy i s .
ls) >0 — DB wleilet vieln @7
ovy 9]

pi(s) >0 = (T + 5] (s), )] (88)

ob; ()= Waﬁz (T/IE /)[

If additionally the transition probability function p is CSD concave in 3;, then v; is concave and the
utility maximization problem is concave, which in turn implies that the above conditions are also
sufficient.

O

Theorem 4.1. A stochastic Fisher market with savings F in which U is a set of continuous and
homogeneous utility functions and the transition function is continuous in 5; has at least one recCE.
Additionally, the recSE that solves the following Bellman equation corresponds to a recCE of F:

v(s) = min max Z Gpj + Y, (bi — Bi) log(ui (i, t:))

pe]Rvn (X 6)6Rn><(7n+1) X +B<b Ze[n]

1) (T, b + B, ¢ 13
7(Tf,b/,q')~p<.|s,m[ ( B.q)]  (13)

Proof of Theoremd.1] Fix abuyer i € [n]. Suppose that v* solves the following Stochastic Stackel-
berg game:

v(s) = min max Z q;p; + Z (b; — Bi) log(u; (i, t;))

PER (X, B)GR”X("L+1) Xp+ﬁ<b ] i

E o(T', b + B,q 89
’Y(T/,b’¢q/)~p('|s,,@)[ ( IB )] ( )

Define the Lagrangian associated with the following optimization problem:

min max Z q;p; + Z — f3s) log(u; (s, t;))

PERY (X B)eR* " T . X ptB<b

FE€[mM] i€[n]
+ E (T, + 8,4 90
7(T’Jr’yq’)Np(-\Sﬁ)[ ) B.q) ©0
as follows:

Lp. X, B, = qpj+ > (b — i) log(ui(xi, t;)) + v DE s (T, + B, q")]

j€[m] i€[n] (@)~p(]2.6)
+ Y Aibi—mi-p+Bi) 1)

jE€[m]

By Theorem [3.1] the necessary optimality conditions for the stochastic Stackelberg game are that

for all states s € S there exists p*(s) € R™*(m+1)_and v*(s) € R agsociated with the
non-negativity constraints for (X (s), 3(s)), and p respectively, and A*(s) € R’ associated with
the spending constraint for (X (s), 3(s)) such that:

ZA* vi(s) =0 Vi € [m]
]

92)
bi —B7(8) Oui (i N o N . .
W@ (s)) Dz (7 (s)iti) — Af(s)p;(s) + pi;(s) =0 Vi € [n],j € [m]
93)

~ log (us(ai (s))) + 72

55 B DT (). = Xi(8) + iy () =0 Vi€ o]

(94)
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Note that by Theorem we also have 17, 1)(8)B;(s) = u7, ) (8)af;(s) = 0 which gives us:

pi(s) >0 = ¢; — Z A (s)zi;(s) =0 Vi € [m] (95)
i€[n]
r;;(8) >0 = w(@ () Oz

7

(z7(s)) — A (s)pj(s) =0 Vi€ [n],j € [m]

(96)
Bi(s) >0 = —log(wi(xi(s)it)) +55 B [o(T", 6"+ B"(s), q)]
= A (8) + Wimyr)(8) =0 Vi€ [n] (97)
Re-organizing expressions, we obtain:
pi(8) >0 = ¢; = Y N (s)aj(s) Viem]  (98)
1€[n]
ou; *
. u;(xf(8)) {)T(wz (s)) . .
25:(8) >0 = —— TN (s) = ———— Vi€ [n],j € m
() b T e g € dm
99)
Bi() > 0 = —log(w(@}(s) + 55 E (T + 8 (s).q)]
- A (s)=0 Vi € [n] (100)
Using the envelope theorem, we can compute gTvi as follows:
ov*
o (s) =log (u;(xf(s);t;)) + Al (s) (101)
Once again note that g—; is well-defined by Equation 1@'
Re-organizing expressions, we get:
v
Ai(8) = - (s) —log (us(@; (s); 1)) (102)
Combining Equation and Equation (I00), we obtain:
* * a *
5i() > 0 = —log (m(a(s):t) + 155 E (b +B(s).q)
— gg (s) + log (u;(xf(b);t;)) =0 Vi € [n] (103)
v
* !’ gt * n Yy _ :
Bi(s) >0 = 'yaﬂi (T/7IE7q/) (T, b + B*(s),q")] o, (s)=0 Vi € [n] (104)
v 0
* =~v— E T b + 3 ! J 1
Bie) >0 = Se) =155 E (o0 +F(s). ) Vi€ ln) (105)

Going back to Equation @), multiplying both sides by z};(s) and summing up across all j € [m],
we get:

bi — ;k * a i * * *
S0 LS s) g i () - Xi(e) Y pils)al(s) =0 (106)
j€lm] T jeim) " j€lm]
bi — B} (s) . . . ,
ui(a:*f(s)t-)ui(xi (s)iti) — Ai(s) Z pj(s)xj;(s) =0 (Euler’s Theorem)
e j€m]
’ (107)
bi — Bi(s) = Ai(s) Y pj(s)a;(s) =0 (108)
J€[m]
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By Theorem we have that A7 (s) (bi = 2 jem Pi(8)a;(s) — ﬂj(3)> = 0, which gives us:

by — B; (s) = A7 (s) (b — Bj (s)) =0 (109)
Ai(s) =1 (110)

Combining the above with Equations (98)) to (I00) we obtain:

pi(s) >0 = ¢; = aj(s) Vi € [m] (111)
i€[n]
Ou; *
. u;(xf(s)) BTJ(wz (8);ti) ) )
rj;(s) >0 = b= 5 (s) = ) Vie[n],jem] (112)
* v _ i /ot * / .
55)>0 = G0 =15 (BT B Vie (113)

Since the utility functions are non-satiated, and by the second equation, the buyers are utility
maximizing at state s over all allocations, we must also have that Walras’ law holds, i.e., p -

(q — Yien] :ci) — 2 ie[n) Bi = 0. Walras’ law combined with the first equation above then imply

the second condition of a recursive competitive equilibrium. Finally, by Lemma[D.T] the last two
equations imply the first condition of recursive competitive equilibrium.

O

E Experiment Details

E.1 Stochastic Fisher market without interest rates

For the without interest rates setup, we initialized a stochastic Fisher market with n = 2 buyers and
m = 2 goods. To simplify the analysis, we assumed deterministic transitions such that the buyers get
a constant new budgets of 9.5 at each time period, and their types/valuations as well as the supply of
goods does not change at each state, i.e., the type/valuation space and supply space has cardinality 1.
This reduced the market to a deterministic repeated market setting in which the amount of budget
saved by the buyers differentiates different states of the market. To initialize the state space of the
market, we first fixed a range of [10, 50]™ for the buyers’ valuations and drew for all buyers i € [n]
valuations 6; from that range uniformly at random at the beginning of the experiment. (We scaled
the valuations differently for different markets to ensure positive utilities though.) We have assumed
the supply of goods is 1,, and that the budget space was [9, 10]”. This means that our state space
for our experiments was S = {(01,02)} x {1,,} x [9, 10]™. We note that although the assumption
that buyers valuations/type space has cardinality one does simplify the problem, the supply of the
goods being 1 at each state is wlog because goods are divisible and the allocation of goods to buyers
at each state can then be interpreted as the percentage of a particular good allocated to a buyer. We
assumed initial budgets of b(°) = 10,, for buyers.

Since the state space is continuous, the value function has continuous domain in the stochastic Fisher
market setting. As a result, we had to use fitted variant of value iteration. In particular, we assumed
that the value function had a linear form at each state such that v(T', b, q; a, c) = a”'b + ¢ for some
parameters a € R™, ¢ € R, and we tried to approximate the value function at the next step of value
iteration by using linear regression. That is, at each value iteration step, we uniformly sampled 25
budget vectors from the range [9, 10]™. Next, for each sampled budget b, we solved the min-max
step given that budget as a state. This process gave us (budget, value) pairs on which we ran linear
regression to approximate the value function at the next iterate.

To solve the generalized min-max operator at each step of value iteration, we used the nested
gradient descent ascent (GDA) 6] (Algorithm[3) along with JAX gradients, which is not guaranteed
to converge to a global optimum since the min-max Stackelberg game for stochastic Fisher markets is
convex-non-concave. Then, we have run value iteration for 30 iterations. We ran nested GDA with
learning rates 7y = 1.4, 7, = 1.5 x 10~ for linear, 1y = 1.5, 7,, = 6.5 x 10~* for leontief, and

nx =14,m,=5x 1073 for Cobb-Douglas. The outer loop of nested GDA was run for T, = 60
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iterations, while its inner loop was run for T'’x = 100 iterations, and break from the nested GDA if
we obtain an excess demand with norm lower than 0.01. We depict the trajectory of the average value
of the value function at each iteration of value iteration under nested GDA in Figure

E.2 Stochastic Fisher market with interest rates

For the with interest rates setup, we initialized a stochastic Fisher market with n = 5 buyers and
m = 5 goods. This time, we implemented a stochastic transitions. Though buyers still get a constant
new budgets of 9.5 at each time step, and their types/valuations as well as the supply of goods
does not change at each state, their savings from last time step may decrease or increase according
to some probabilistic interest rates. In specific, at each time step, we consider five interest rates
{0.9,1.0,1.1,1.2,1.5}, each with probability 0.2. Thus, we have a stochastic market setting in
which the amount of budget possessed by the buyers at the beginning of each time step differentiates
different states of the market. To initialize the state space of the market, we first fixed a range of
[0,1]™ for the buyers’ valuations and drew for all buyers ¢ € [n] valuations 6; from that range
uniformly at random at the beginning of the experiment. (We scaled the valuations differently for
different markets to ensure positive utilities though.) We have assumed the supply of goods is 1.,
and that the budget space was [9,10]™. This means that our state space for our experiments was
S ={(01,62,05,604,05)} x {1,,} x [9,10]". We note that although the assumption that buyers
valuations/type space has cardinality one does simplify the problem, the supply of the goods being 1
at each state is wlog because goods are divisible and the allocation of goods to buyers at each state
can then be interpreted as the percentage of a particular good allocated to a buyer. We assumed initial
budgets of b(?) = 10,, for buyers.

Since the state space is continuous, the value function has continuous domain in the stochastic Fisher
market setting. As a result, we had to use fitted variant of value iteration. In particular, we assumed
that the value function had a linear form at each state such that v(T', b, q; a, ¢) = a’'b + ¢ for some
parameters a € R™, ¢ € R, and we tried to approximate the value function at the next step of value
iteration by using linear regression. That is, at each value iteration step, we uniformly sampled 25
budget vectors from the range [9, 10]™. Next, for each sampled budget b, we solved the min-max
step given that budget as a state. This process gave us (budget, value) pairs on which we ran linear
regression to approximate the value function at the next iterate.

To solve the generalized min-max operator at each step of value iteration, we used the nested
gradient descent ascent (GDA) 6] (Algorithm[3) along with JAX gradients, which is not guaranteed
to converge to a global optimum since the min-max Stackelberg game for stochastic Fisher markets
is convex-non-concave. Then, we have run value iteration for 30 iterations. We ran nested GDA
with learning rates nx = 1.7, 7, = 2 x 10~ for linear, 5 = 2,7, = 5 x 10~° for leontief, and
nx = 1.8,n, =25X 1072 for Cobb-Douglas. The outer loop of nested GDA was run for T, = 60
iterations, while its inner loop was run for T'x = 100 iterations, and break from the nested GDA if
we obtain an excess demand with norm lower than 0.01. We depict the trajectory of the average value
of the value function at each iteration of value iteration under nested GDA in Figure

E.3 Other Details

Programming Languages, Packages, and Licensing We ran our experiments in Python 3.7 [[72],
using NumPy [73]], CVXPY [74], and JAX [[63]|. Figure[T]and Figure 2] were graphed using Matplotlib
[75].

Python software and documentation are licensed under the PSF License Agreement. Numpy is
distributed under a liberal BSD license. Matplotlib only uses BSD compatible code, and its license is
based on the PSF license. CVXPY is licensed under an APACHE license.

Implementation Details In our execution of Algorithm 3, in order to project each allocation
computed onto the budget set of the consumers, i.e., { X € R*™ | Xp < b}, we used the CVXPY
with MOSEK solver with warm start option, a feature that enables the solver to exploit work from
previous solves.

Computational Resources Our experiments were run on Google Colab with 12.68GB RAM, and
took about 8 hours to run the Stochastic Fisher market without interest rates experiment (for each
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utility function class) and about 8.5 hours to run the Stochastic Fisher market with interest rates
experiment (for each utility function class). Only CPU resources were used.

Code Repository The data our experiments generated, and the code used to produce our visual-
izations, can be found in our code repository (https://github.com/Sadie-Zhao/Zero-Sum-Stochastic-
Stackelberg-Games-NeurIPS).
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