Nest Your Adaptive Algorithm for Parameter-Agnostic
Nonconvex Minimax Optimization

Junchi Yang* Xiang Li*
Department of Computer Science Department of Computer Science
ETH Zurich, Switzerland ETH Zurich, Switzerland
junchi.yang@inf.ethz.ch xiang.1li@inf.ethz.ch

Niao He

Department of Computer Science
ETH Zurich, Switzerland
niao.he@inf.ethz.ch

Abstract

Adaptive algorithms like AdaGrad and AMSGrad are successful in nonconvex
optimization owing to their parameter-agnostic ability — requiring no a priori
knowledge about problem-specific parameters nor tuning of learning rates. How-
ever, when it comes to nonconvex minimax optimization, direct extensions of
such adaptive optimizers without proper time-scale separation may fail to work
in practice. We provide such an example proving that the simple combination
of Gradient Descent Ascent (GDA) with adaptive stepsizes can diverge if the
primal-dual stepsize ratio is not carefully chosen; hence, a fortiori, such adaptive
extensions are not parameter-agnostic. To address the issue, we formally introduce
a Nested Adaptive framework, NeAda for short, that carries an inner loop for
adaptively maximizing the dual variable with controllable stopping criteria and an
outer loop for adaptively minimizing the primal variable. Such mechanism can
be equipped with off-the-shelf adaptive optimizers and automatically balance the
progress in the primal and dual variables. Theoretically, for nonconvex-strongly-
concave minimax problems, we show that NeAda with AdaGrad stepsizes can

achieve the near-optimal O(e~2) and O(e~*) gradient complexities respectively in
the deterministic and stochastic settings, without prior information on the problem’s
smoothness and strong concavity parameters. To the best of our knowledge, this is
the first algorithm that simultaneously achieves near-optimal convergence rates and
parameter-agnostic adaptation in the nonconvex minimax setting. Numerically, we
further illustrate the robustness of the NeAda family with experiments on simple
test functions and a real-world application.

1 Introduction

Adaptive gradient methods, whose stepsizes and search directions are adjusted based on past gradients,
have received phenomenal popularity and are proven successful in a variety of large-scale machine
learning applications. Prominent examples include AdaGrad [17], RMSProp [31], AdaDelta [84],
Adam [41]], and AMSGrad [69], just to name a few. Their empirical success is especially pronounced
for nonconvex optimization such as training deep neural networks. Besides improved performance,
being parameter-agnostic is another important trait of adaptive methods. Unlike (stochastic) gradient
descent, adaptive methods often do not require a priori knowledge about problem-specific parameters
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(such as Lipschitz constants, smoothness, etc.)E] On the theoretical front, some adaptive methods can
achieve nearly the same convergence guarantees as (stochastic) gradient descent [[17,[79}169].

Recently, adaptive methods have sprung up for minimax optimization:

i e f(2.1) 2 BLF(5.:6). ®

where f is [-Lipschitz smooth jointly in = and y, ) is closed and convex, and £ is a random vector.
Such problems have found numerous applications in generative adversarial networks (GANs) [25 4],
Wasserstein GANs [4], generative adversarial imitation learning [32], reinforcement learning [14} 60]],
adversarial training [[74], domain-adversarial training of neural networks [21] , etc.

A common practice is to simply combine adaptive stepsizes with popular minimax optimization
algorithms such as Gradient Descent Ascent (GDA), extragradient method (EG) and the like; see
e.g., [231127, 24]. It is worth noting that these methods are reported successful in some applications
yet at other times can suffer from training instability. In recent years, theoretical behaviors of
such adaptive methods are extensively studied for convex-concave minimax optimization; see e.g.,
(6L 3LTL 8L [72) 221158 [15]. However, for minimax optimization in the important nonconvex regime,
little theory related to adaptive methods is known.

Unlike the convex-concave setting, a key challenge for nonconvex minimax optimization lies in the
necessity of a problem-specific time-scale separation of the learning rates between the min-player
and max-player when GDA or EG methods are applied, as proven in [82, |50} [70, [8]]. This makes
the design of adaptive methods fundamentally different from and more challenging than nonconvex
minimization. Several recent attempts [28, 133} 34] studied adaptive methods for nonconvex-strongly-
concave minimax problems; yet, they all require explicit knowledge of the problems’ smoothness
and strong concavity parameters to maintain a stepsize ratio proportional to the condition number.
Such a requirement evidently undermines the parameter-agnostic trait of adaptive methods. This then
raises a couple of interesting questions: (1) Without a problem-dependent stepsize ratio, does simple
combination of GDA and adaptive stepsizes still converge? (2) Can we design an adaptive algorithm
for nonconvex minimax optimization that is truly parameter-agnostic and provably convergent?

In this paper, we address these questions and make the following key contributions:

* We investigate two generic frameworks for adaptive minimax optimization: one is a simple
(non-nested) adaptive framework, which performs one step of update of x and y simulta-
neously with adaptive gradients; the other is Nested Adaptive (NeAda) framework, which
performs multiple updates of y after one update of z, each with adaptive gradients. Both
frameworks allow flexible choices of adaptive mechanisms such as Adam, AMSGrad and
AdaGrad. We provide an example proving that the simple adaptive framework can fail
to converge without setting an appropriate stepsize ratio; this applies to any of the adap-
tive mechanisms mentioned above, even in the noiseless setting. In contrast, the NeAda
framework is less sensitive to the stepsize ratio, as numerically illustrated in Figure T}

* We provide the convergence analysis for a representative of NeAda that uses AdaGrad
stepsizes for x and a convergent adaptive optimizer for y, in terms of nonconvex-strongly-
concave minimax problems. Notably, the convergence of this general scheme does not
require to know any problem parameters and does not assume the bounded gradients. We

demonstrate that NeAda is able to achieve 6(6_2) oracle complexity for the deterministic
setting and O (e~*) for the stochastic setting to converge to e-stationary point, matching best
known bounds. To the best of our knowledge, this seems to be the first adaptive framework
for nonconvex minimax optimization that is provably convergent and parameter-agnostic.

* We further make two complementary contributions, which can be of independent interest.
First, we propose a general AdaGrad-type stepsize for strongly-convex problems without
knowing the strong convexity parameters, and derive a convergence rate comparable to SGD.
It can serve as a subroutine for NeAda. Second, we provide a high probability convergence
result for the primal variable of NeAda under a subGaussian assumption.

2For distinction, we use “parameter-agnostic” to describe algorithms that do not ask for problem-specific
parameters in setting their stepsizes or hyperparameters; we refer to "adaptive algorithms" as methods whose
stepsizes are based on the previously observed gradients.
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Figure 1: Comparison between the two families of non-nested and nested adaptive methods on
function f(z,y) = —1y? + 2zy — 222 with deterministic gradient oracles. r = n¥ /n® is a pre-fixed
learning rate ratio.

* Finally, we numerically validate the robustness of the NeAda framework on several test
functions compared to the non-nested adaptive framework, and demonstrate the effectiveness
of the NeAda framework on distributionally robust optimization task with a real dataset.

1.1 Related work

Adaptive algorithms.  Duchi et al. [17] and Streeter and McMahan (73] introduce AdaGrad
for convex online learning and achieve O(\/T ) regrets. Li and Orabona [48] and Ward et al. [79]

show an O(e~*) complexity for AdaGrad in the nonconvex stochastic optimization. There are an
extensive number of works on AdaGrad-type methods; to list a few, [59] 145, [2, 39 165]. Another
family of algorithms uses more aggressive stepsizes of exponential moving average of the past
gradients, such as Adam [41] and RMSProp [31]]. Reddi et al. [69] point out the non-convergence of
Adam and provide a remedy with non-increasing stepsizes. There is a surge in the study of Adam-
type algorithms due to their popularity in the deep neural network training [83} 11} 51]. Some work
provides the convergence results for adaptive methods in the strongly-convex optimization [[78 44, 162].
Line search and stochastic line search are another effective strategy that can detect the objective’s
curvature and have received much attention [75} [77, [76]. Notably, many adaptive algorithms are
parameter-agnostic [17, 169 [79].

Nonconvex minimax optimization.  Stationary convergence of GDA in NC-SC setting was first
provided by Lin et al. [50], showing O(e~2) oracle complexity and O(e~*) sample complexity with
minibatch. Recently, Chen et al. [10] and Yang et al. [82] achieve this sample complexity in the
stochastic setting without minibatch. GDmax is a double loop algorithm that maximizes the dual
variable to a certain accuracy. It achieves nearly the same complexity as GDA [64]]. Sebbouh et al.
[70] recently discuss the relation between the two-time-scale and number of inner steps for GDmax.
Very recently, Li et al. [47] show that time-scale separation is necessary for GDA to converge to
Stackelberg equilibrium. Besides NC-SC setting, some work provides convergent algorithms when
the objective is (non-strongly) concave about the dual variable[85} 155/ [81]]. Nonconvex-nonconcave
regime is only explored under some special structure [S3] [15]], such as Polyak-t.ojasiewicz (PL)
condition [19]]. All algorithms mentioned above require prior knowledge about problem parameters,
such as smoothness modulus, strong concavity modulus, and noise variance.

Adaptive algorithms in minimax optimization. = There exist many adaptive and parameter-
agnostic methods designed for convex-concave minimax optimization as a special case of monotone
variational inequality [6} 3} [1} (18} 72} 122 |58} [15]]. Most of them combine extragradient method, mirror
prox [63] or the like, with AdaGrad mechanism. Liu et al. [52]] and Dou and Li [16] relax convexity-
concavity assumption to the regime where Minty variational inequality (MVI) has a solution. In these
settings, time-scale separation of learning rates is not required even for non-adaptive algorithms. For
nonconvex-strongly-concave problems, Huang and Huang [33]], Huang et al. [134]], Guo et al. [28]]
propose adaptive methods, which set the learning rates based on knowledge about smoothness and
strong-concavity modulus and the bounds for adaptive stepsizes.



2 Non-nested and nested adaptive methods

In this section, we investigate two generic frameworks that can incorporate most existing adaptive
methods into minimax optimization. We remark that many variants encapsulated in these two
families are already widely used in practice, such as training of GAN [24], distributionally robust
optimization [71], etc. These two frameworks, coined as non-nested and nested adaptive methods,
can be viewed as adaptive counterparts of GDA and GDmax. We aim to illustrate the difference
between these two adaptive families, even though GDA and GDmax are often considered “twins”.

Non-nested adaptive methods. In Algorithm[I] non-nested methods update the primal and dual
variables in a symmetric way. Weighted gradients m} and m{ are the moving average of the past
stochastic gradients with the momentum parameters 5% and Y. The effective stepsizes of  and y

are 1° /y/v¥ and 1Y /\/v{, where the division is taken coordinate-wise. We refer to n* and ¥ as
learning rates, and v, v are some average of squared-past gradients through function . Many
popular choices of adaptive stepsizes are captured in this framework, see also [69]:

t
(GDA) B =0; ¥ (vo,{g7}'o) =1, (AdaGrad) B =0; ¥ (vo,{g7}sg) =v0+ Y g7,
1=0

(Adam) % (vo, {g7}i—o) =70+ (1 =~ ZWt ‘g2,
(AMSGrad) ¢ (vo, {g?}'_o) = max ™ lug+ (1 -7 va g2,

=0,...,t
B i=0

Algorithm 1 Non-nested Adaptive Method  Algorithm 2 Nested Adaptive (NeAda) Method

1: Input: zq and yg 1: Input: xo and y
2: fort=0,1,2,...do 2: fort=0,1,2,...do
3:  sample & and let 3: fork=0,1,2,... until a stopping criterion is
¥ = Vo F (24, y1; &) and satisfied do
gf = VyF (2, ;&) 4: sample ff and gi{k = VyF(zs,yfs éf)
4: // update the first moment 5 mi/’kﬂ = ﬁymgk +(1— ﬁy)gf’k
mi = B*mf + (1 — 8%)gf and 6: vy 1 = OV (U%{O, {(gfz)2 f:o)
mi = BYm{ + (1 - pY)g/ 7: yf-’_l =y + 7/::7mzk+l
5. // update the second moment g end for o
ZZ+1 ; z EZ(;, iggz)) i= o)) and 90 vl g=0fandmy o =m{,
t+1 0:{(9/)*}izo 10:  sample & and ¢gf = VxF(a:t,ny;St)
o e a1 mEa =i (- et
o 12 vf = 07 (68, {(67)}eo)
Yi+1 = Yt + \/?mtJrl 130 Zpp1 = 2 — \/Zifjmtz—&-l
7: end for 14: end for

Nested adaptive (NeAda) methods. NeAda, presented in Algorithm 2] has a nesting inner loop
to maximize y until some stopping criterion is reached (see details in Section [3). Instead of using a
fixed number of inner iterations or a fixed target accuracy as in GDmax [50} 64], NeAda gradually
increases the accuracy of the inner loop as the outer loop proceeds to make it fully adaptive.

We refer to the ratio between two learning rates, i.e. n¥/n%, as the two-time-scale. The current
analysis of GDA in nonconvex-strongly-concave setting requires two-time-scale to be proportional
with the condition number x = [/, where [ and p are Lipschitz smoothness and strongly-concavity
modulus [50, 82]]. We provide an example showing that the problem-dependent two-time-scale is
necessary for GDA and most non-nested methods even in the deterministic setting.

Lemma 2.1. Consider the function f(x,y) = 24+ Loy — 2 ° 22 in the deterministic setting. Let
rn® = nY. (1) GDA will not converge to the statzonary point when v < L?:
T—1
Veof(xr,yr) = Vaf(2o,y0) H [147"(L* —7)].
t=0



(2) Assume the averaging function Y* and 1Y are the same, and satisfy that for any 7, if v¥ = Tv!
and (g7)* = T(gi’)z’ then vy, = Ty, . With ﬂz_: BY, v§ :.Ug = 0 and m§ = my = 0 (which
are commonly used in practice), non-nested adaptive method will not converge when r < L:

T—1

Ln*
vxf(xTv.T) vaf(x ’ ) 1+ x(l—ﬁz)(L—’l")
Y 0, Y0 E) { N

Whenr = L, fo(ajtvyt) = vxf(x07y0)f0r all t.

Remark 1. Most popular adaptive stepsizes we mentioned before, such as Adam, AMSGrad and
AdaGrad, have averaging functions satisfying the assumption in the lemma. Any point on the line
y = Lx is a stationary point for the above function, and the distance from a point to this line is
proportional to its gradient norm, so the divergence in gradient norm will also implies that of iterates.
In the proof, we will also show that the averaged or best iterate will still diverge under the same
condition. The lemma implies that for any given time-scale r, there exists a problem for which the
non-nested algorithm does not converge to the stationary point, so they are not parameter-agnostic.

We compare non-nested and nested methods combined with different stepsizes schemes: Adam,
AMSGrad, AdaGrad and fixed stepsize, on the function: —%yQ + 2zy — 222, In the experiments
of this section, we halt the inner loop when the (stochastic) gradient about y is smaller than 1/¢
or the number iteration is greater than t. We observe from Figure [I] that the thresholds for the
non-convergence of non-nested methods (r = 2 for adaptive methods and r» = 4 for GDA) are exactly
as predicted by the lemma. Although the adaptive methods admit a smaller two-time-scale threshold
than GDA in this example, it is not a universal phenomenon from our experiments in Section [4]
Interestingly, nested adaptive methods are robust to different two-time-scales and always have the
trend to converge to the stationary point.

3 Convergence Analysis of NeAda-AdaGrad

In this section, we reveal the secret behind the robust performance of NeAda by providing the
convergence guarantee for a representative member in the family. For sake of simplicity and clarity,
we mainly focus on NeAda with AdaGrad. Adam-type mechanism can suffer from non-convergence
already for nonconvex minimization despite its good performance in practice. Our result also sheds
light on the analysis of other more sophisticated members such as AMSGrad in the family.

NeAda-AdaGrad: Presented in Algorithm 3] NeAda-AdaGrad adopts the scalar AdaGrad scheme
[73] for the z-update in the outer loop and uses mini-batch in the stochastic setting. For the inner loop
for maximizing y, we run some adaptive algorithm for maximizing y until some easily checkable
stopping criterion is satisfied. We suggest two criteria here: at ¢-th outer loop: (I) the squard gradient
mapping norm about y is smaller than 1/(¢ + 1) in the deterministic setting, (IT) the number of inner
loop iterations reaches ¢ + 1 in the stochastic setting.

Algorithm 3 NeAda-AdaGrad
1: Input: (xzg,y-1), vo > 0,7 > 0.
2: fort=0,1,2,....,T —1do
3:  from y;_; run an adaptive algorithm A for maximizing f(x, -) to obtain y;

(a) stopping criterion I (deterministic): stop when [|y; — Projy, (y: + Vy f (2, y:))I” < 77

(b) stopping criterion II (stochastic): stop after ¢ + 1 inner loop iterations.
12 .
4 v =v Hﬁ Zf\il V. F(ze, y; §§)H where {¢}M, are i.i.d samples

M ;
5: Ti41 = T — 7& (ﬁ Zi:l VzF(xhytagz))
6: end for

For the purpose of theoretical analysis, we mainly focus on the minimax problem of the form (T)) under
the nonconvex-strongly-concave (NC-SC) settin formally stated in the following assumptions.

3Note that for other nonconvex minimax optimization beyond the NC-SC setting, even the convergence of
non-adaptive gradient methods has not been fully understood.



Assumption 3.1 (Lipschitz smoothness). There exists a positive constant | > 0 such that

max { [V f (z1,91) = Vaf (x2,92) ||, IV f (z1,51) = Vi f (22,92) | } < Uller — 22l + [y — vell],
holds for all 1, x5 € R, y1, y2 € ).
Assumption 3.2 (Strong-concavity in y). There exists > 0 such that: f(x,y1) > f(x,y2) +
(Vyf(,91), 01 — y2) + 5llyr — v2l”, Ve € RY, g1, 0 € V.
For simplicity of notation, define x = [/p as the condition number, ®(z) = maxycy f(x,y) as
the primal function, and y*(z) = arg maxy, f(x,y) as the optimal y w.r.t z. Since the objective is

nonconvex about z, we aim at finding an e-stationary point (z, y;) such that E||V . f (x, y¢)|| < €
and E|jy; — y*(z¢)|| < €, where the expectation is taken over the randomness in the algorithm.

3.1 Convergence in deterministic and stochastic settings

Assumption 3.3 (Stochastic gradients). V,F(z,y;§) and NV F(x,y;§) are unbiased stochastic
estimators of V. f(z,y) and V, f (x, y) and have variances bounded by o* > 0.

We assume the unbiased stochastic gradients have the variance o2, and the problem reduces to the
deterministic setting when 0 = (0. Now we provide a general analysis of the convergence for any
adaptive optimizer used in the inner loop.

Theorem 3.1. Define the expected cumulative suboptimality of inner loops as & =
E the output from Algorithm|3|satisfies

E 32_01 W} . Under Assumptions and .

T-1

1 AA+E) vivAFE 2/(A1 &)
E |2 S IV 2] < 2AEE) L 0 A+

+ + =
T ~ VT VT (MT)i

where A = % + (% + 25177) {1 + 2log (POly (T,S, %’ \/%,/iln,vo, %))}

Remark 2. The general analysis is built upon milder assumptions than existing work on AdaGrad
in nonconvex optimization, not requiring either bounded gradient in [|79] or prior knowledge about
the smoothness modulus in [48|]. This theorem implies the algorithm attains convergence for the
nonconvex variable x with any constant 1 > 0 and vy > 0 that does not depend on any problem
parameter, so it is parameter-agnostic.

Remark 3. Another benefit of this analysis is that the variance o appears in the leading term T-1,
which means the convergence rate can interpolate between the deterministic and stochastic settings.

It implies a complexity of 6(6_2) in the deterministic setting and 6(6_4) in the stochastic setting

for the primal variable as long as the accumulated suboptimality for the inner-loops & is (5(1),
regardless of the batch size M. However, M can control the number of outer loops and there affect
the sample complexity for the dual variable.

In the next two theorems, we derive the total complexities, in the deterministic and stochastic settings,
of finding e-stationary point by controlling the cumulative suboptimality £ in Theorem for
subroutine A with specific convergence rate. In fact, we can also use any off-the-shelf adaptive
optimizer for solving the inner maximization problem up to the desired accuracy. Note that (stochastic)
GDmax fixes each inner-loop’s accuracy or steps to be related with y, £ and € so that £ can be easily
bounded [50}164]. In contrast, since we do not have access to the problem parameters and €, Algorithm
[3| gradually increases the inner-loop accuracy. In the proof of the following theorems, we will show
that with our proposed stopping criteria and desired subroutines, £ is bounded by O(log T').

Theorem 3.2 (deterministic). Suppose we have a linearly-convergent subroutine A for maximizing
any strongly concave function h(-):

Iy = y*11> < ar(1 — a2)¥|ly° — y* ||

where y* is k-th iterate, y* is the optimal solution, and a; > 0 and 0 < ay < 1 are constants
that can dend on the parameters of h. Under the same setting as Theorem with o = 0, for

Algorithm|3|with M = 1 and a subroutine A under stopping criterion I, there exists t* < 9] (6’2)
such that (zy, Y+ ) is an e-stationary point. Therefore, the total gradient complexity is O (672).



Remark 4. This complexity is optimal in € up to logarithmic term [|86l], similar to GDA [50]. Note
that many adaptive and parameter-agnostic algorithms can achieve the linear rate when solving
smooth and strongly concave maximization problems; to list a few, gradient ascent with backtracking
line-search [75)], SC-AdaNGD [44|] and polyak stepsize [30, 54) 66]EI Here we can also pick more
general subproblem accuracy in criterion I that only needs to scale with 1/t.

Theorem 3.3 (stochastic). Suppose we have a sub-linearly-convergent subroutine A for maximizing
any strongly concave function h(-): after K = k + 1 iterations

billy® — y*[|* + be
k b)

Elly® —y*|> <

where y* is k-th iterate, y* is the optimal solution, and by, by > 0 are constants that can depend on
the parameters of h. Under the same setting as Theorem for Algorithm |3\ with M = ¢=2 and

subroutine A under the stopping criterion II, there exists t* < O (6*2) such that (xy«, yg+) is an
e-stationary point. Therefore, the total stochastic gradient complexity is O (6*4) .

Remark 5. This O (6’4) complexity is nearly optimal in the dependence of € for stochastic NC-SC

problems [46]]. Here we set M = €2 for the simplicity of exposition, and a similar result also holds
for gradually increasing M. The sublinear rate specified above for solving the stochastic strongly
convex subproblem can be achieved by several existing parameter-agnostic algorithms under some
additional assumptions, such as FREEREXMOMENTUM [l/2l] and Coin-Betting [|13 E Parameter-free
SGD [9] is partially parameter-agnostic that only requires the stochastic gradient bound rather than
the strongly-convexity parameter. Mukkamala and Hein [62]] and Wang et al. [[78|] introduce the
variants of AdaGrad, RMSProp and Adam for strongly-convex online learning, but they need to know
both gradient bounds and strongly-convexity parameter for setting stepsizes. We will show in the
next subsection that AdaGrad with a slower decaying rate is parameter-agnostic. We note that the
analysis of this theorem is not the simple gluing of the outer loop and inner loop complexity, but
requires more sophisticated control of the cumulative suboptimality &.

With the popularity of computational resource demanding deep neural networks, in both minimization
and minimax applications, people find high probability guarantees for a single run of an algorithm
useful [40,49]. Given the lack of such guarantee in the minimax optimization, we provide a high
probability convergence result for NeAda-AdaGrad in Appendix|C] which shows a similar sample
complexity as Theorem [3.3]under the subGaussian noise.

3.2 Generalized AdaGrad for strongly-convex subproblem

We now introduce the generalized AdaGrad for minimizing strongly convex objectives, which can
serve as an adaptive subroutine for Algorithm [3| without requiring knowledge on the strongly convex
parameter. We analyze it for the more general online convex optimization setting: at each round ¢, the
learner updates its decision x;, then it suffers a loss f;(z;) and receives the sub-gradient of f;. The
generalized AdaGrad, described in Algorithm[4] keeps the cumulative gradient norm v, and takes
the stepsize n/v$* with a decaying rate « € (0, 1]. When o = 1/2, it reduces to the scalar version of
AdaGrad [73]]; when o« = 1, it reduced to the scalar version of SC-AdaGrad [62].

Theorem 3.4. Consider Algorithm {| for online convex optimization and assume that (i) fi is
continuous and pi-strongly convex, (ii) X is convex and compact with diameter D; (iii) || g:|| < G for
every t. Then for 0 < o < 1 with any n) > 0, the regret of AlgorithmH|satisfies:

T-1

T—1 l—a
max » (fi(z:) = fi(z)) < ca +da (Uo +> |gt2> ;
=1

cx
A

4Lf:vy [44] needs to know the diameter of ). Hazan and Kakade [30], Loizou et al. [54], Orvieto et al. [66]
use polyak stepsize which requires knowledge of the minimum or lower bound of the function value. AdaGrad
achieves the linear rate if the learning rate is smaller than O(1/1), and O(1/k) rate otherwise [80].

SFREEREXMOMENTUM [[12] and Coin-Betting [13] can achieves O(log k/k) convergence rate when the
stochastic gradient is bounded in ). If the subroutine has additional logarithmic dependence, it suffices to run
the subroutine for  log?(t) times using criterion II (see Appendix @)



Algorithm 4 Generalized AdaGrad for Strongly-convex Online Learning

: Input: g, v9p >0and0 < a < 1.
fort=0,1,2,...do

receive g; € Of; ()

Ver1 = v+ ||gel|?

Tey1 = Px (1 — Ugilgt
end for
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Figure 2: Comparison between the two families of non-nested and nested adaptive methods on
McCromick function with stochastic gradient oracles. ¢ = 0.01, n¥ = 0.01 and r = n¥ /n".

and for o = 1 withn > %j’

T-1

T-1
max » (fi(zi) = fi(z)) < ca + dalog <Uo + ) ||9t||2> ;

cx
A =1

where c,, and d, are constants depending on the problem parameters, o and 1.

The theorem implies a logarithmic regret for the case o = 1, but the stepsize needs knowledge about
problem’s parameters p and G; similar results are shown for SC-AdaGrad [62]] and SAdam [78]].
When o < 1, the algorithm becomes parameter-agnostic and attains an O (T ~%) regret. Such
parameter-agnostic phenomenon for smaller decaying rates is also observed for SGD in stochastic
optimization [20]. Proving the regret bound for the generalized AdaGrad with o < 1 in the online
setting is challenging, since the adversarial g; can lead to a “sudden” change in the stepsize. In the
proof, we bound the possible number of times such “sudden” change could happen.

To the best of our knowledge, this is the first regret bound for adaptive methods with general decaying
rates in the strongly convex setting. By online-to-batch conversion [38], it can be converted to
O(T~*) rate in the strongly convex stochastic optimization. Xie et al. [80] prove the O(1/T")
convergence rate, or a linear convergence rate when the smoothness parameter is known, for AdaGrad
with & = 1/2 in this setting, but under a strong assumption — Restricted Uniform Inequality of
Gradients (RUIG) — that requires the loss function with respect to each sample £ to satisfy the error
bound condition with some probability.

4 Experiments

To evaluate the performance of NeAda, we conducted experiments on simple test functions and a
real-world application of distributional robustness optimization (DRO). In all cases, we compare
NeAda with the non-nested adaptive methods using the same adaptive schemes. For notational
simplicity, in all figure legends, we label the non-nested methods with the names of the adaptive
mechanisms used. We observe from all our experiments that: 1) while non-nested adaptive methods
can diverge without the proper two-time-scale, NeAda with adaptive subroutine always converges; 2)
when the non-nested method converges, NeAda can achieve comparable or even better performance.
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Figure 3: Experimental results of distributional robustness optimization task on synthetic dataset.

4.1 Test functions

In Section |2} we have compared NeAda with non-nested methods on a quadratic function in Figure
and the observations match Lemma 2.1l Now we consider a more complicated function that is
composed of McCormick function in z, a bilinear term, and a quadratic term in y,

f(z,y) = sin(z1 + 22) + (21 — 22)* — 2331 + gxz + 1+ zy1 + w2y — %(y% +43),

For this function, we compare the adaptive frameworks in the stochastic setting with Gaussian noise.
As demonstrated in Figure[2] non-nested methods are sensitive to the selection of the two-time-scale.
When the learning rate ratio is too small, e.g., n¥/n® = 0.01, non-nested Adam, AMSGrad and GDA
all fail to converge. We observe that GDA converges when the ratio reaches 0.03, while non-nested
Adam and AMSGrad still diverge until 0.05. Although non-nested adaptive methods require a smaller
ratio than GDA in Lemma [2.1] this example illustrates that adaptive algorithms sometimes can
be more sensitive to the time separation. In comparison, NeAda with adaptive subroutine always
converges regardless of the learning rate ratio.

4.2 Distributional robustness optimization

To justify the effectiveness of NeAda on real-world applications, we carried out experiments on
distributionally robust optimization [71], where the primal variable is the model weights to be learned
by minimizing the empirical loss while the dual variable is the adversarial perturbed inputs. The dual
variable problem targets finding perturbations that maximize the empirical loss but not far away from
the original inputs. Formally, for model weights x and adversarial samples y, we have:

n
min  max  f(zy), where f(z,) == file ) — vy — vill
T y=[y1,Yn] n

where n is the total number of training samples, v; is the i-th original input and f; is the loss function
for the i-th sample. ~ is a trade-off parameter between the empirical loss and the magnitude of
perturbations. When + is large enough, this problem is nonconvex-strongly-concave, and following
the same setting as [71} [70], we set v = 1.3. For NeAda, we use both stopping criterion I with
stochastic gradient and criterion II in our experiments. For the results, we report the training loss
and the test accuracy on adversarial samples generated from fast gradient sign method (FGSM) [26]].
FGSM can be formulated as x,qy = = + € - sign(V, f(x)), where ¢ is the noise level. To get
reasonable test accuracy, NeAda with Adam as subroutine is compared with Adam with fixed 15
inner loop iterations, which is consistent with the choice of inner loop steps in [71], and such choice
obtains much better test accuracy than the completely non-nested Adam. Our experiments include a
synthetic dataset and MNIST [43] with code modified from [56]].

Results on Synthetic Dataset. We use the same data generation process as in [71]. The inputs
are 2-dimensional i.i.d. random Guassian vectors, i.e., z; ~ N (0, I), where I5 is the 2 x 2 identity

matrix. The corresponding y; is defined as y; = sign(||z;||, — v/2). Data points with norm in range
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Figure 4: Results of distributional robustness optimization task on MNIST. € is the noise level.

(V2 /1.3, 1.3v/2) are removed to make the classification margin wide. 10000 training and 4000 test
data points are generated for our experiments. The model we use is a three-layer MLP with ELU
activations.

As shown in Figure[3(a)] when the learning rates are set to different scales, i.e., n* = 0.01,7¥ = 0.08
(red curves in the figure), both methods achieve reasonable test errors. In this case, NeAda has higher
test accuracy and reaches such accuracy faster than Adam. If we change the learning rates to the
same scale, i.e., n” = 0.01, 7Y = 0.01 (blue curves in the figure), NeAda retains good accuracy while
Adam drops to an unsatisfactory performance. This demonstrates the adaptivity and less-sensitivity
to learning rates of NeAda. In addition, Figure [3(b)]illustrates the convergence speeds on the loss
function, and NeAda (solid lines) always decreases the loss faster than Adam. Note that Adam with
the same learning rates converges to a lower loss but suffers from overfitting, as shown in Figure [3(a)]
that its test accuracy is only about 68%.

Results on MNIST Dataset. For MNIST, we use a convolutional neural network with three
convolutional layers and one final fully-connected layer. Following each convolutional layer, ELU
activation and batch normalization are used.

We compare NeAda with Adam under three different noise levels and the accuracy is shown in
Figures f(a)]to Under all noise levels, NeAda outperforms Adam with the same learning rates.
When we have proper time-scale separation (the red curves), both methods achieve good test accuracy,
and NeAda achieves higher accuracy and converges faster. After we change to the same learning rates
for the primal and dual variables (the blue curves), the accuracy drop of NeAda is slighter compared
to Adam, especially when € = 0.1. As for the training loss shown in Figure #(d)] NeAda (the solid
curves) is always faster at the beginning. We also observed that with proper time-scale separation,
NeAda reaches a lower loss.

5 Conclusion

Both non-nested and nested adaptive methods are popular in nonconvex minimax problems, e.g., the
training of GANs. In this paper, we demonstrate that non-nested algorithms may fail to converge
when the time-scale separation is ignorant of the problem parameter even when the objective is
strongly-concave in the dual variable with noiseless gradients information. We propose fixes to this
problem with a family of nested algorithms—NeAda, that nests the max oracle of the dual variable
under an inner loop stopping criterion. The proper stopping criterion will help to balance the outer
loop progress and inner loop accuracy. NeAda-AdaGrad attains the near-optimal complexity without
a priori knowledge of problem parameters in the nonconvex-strongly-concave setting. It can be a
future direction to design parameter-agnostic algorithms for nonconvex-concave minimax problems
or more general regimes by leveraging recent progress in nonconvex minimax optimization and the
adaptive analysis in this paper. Another interesting direction is to investigate the convergence behavior
of Adam-type algorithms with general decaying rates in the strongly convex online optimization.
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A Helper Lemmas and Proofs for Section 2]

A.1 Helper Lemmas

Lemma A.1 (Lemma 4.3 in [50] and Lemma A.5 in [64]). Under Assumptions[3.1|and 3.2} define
®(z) = maxyey f(z,y). Define y*(z) = argmax,cy f(z,y). Then y*(-) is k-Lipschitz with
K= ﬁ, ®(-) is L-smooth with L := 1 + lk and V®(x) = V. f (z, y*(x)).

Lemma A.2. Let x4, ..., x7 be a sequence of non-negative real numbers, 1 > 0and 0 < o < 1.

Then we have w -
T

S xt o ( > .

(g_p) 2 (Shes ) Sia 4"

T . Zi—ﬂ:t)
fz—:(zk 1ﬂ?k> <1+1g< 1 .

Remark 6. The case o = 1/2 has been noticed in [3)], and the upper bound in the case o = 1 has
already been noticed in [[79]. Here we we extend it to 0 < o < 1.

When o« = 1, we have

Proof. For the first inequality, we have

T T

Z t Tt _ > Z Txt __ ETthl Tt __ (i%) 7a'
t=1 (Zk:l xk) t=1 (Zk:l a”k) (Zt:l xt) t=1

For the second inequality, we follow a similar procedure as in the proof of Lemma 3.5 of [5]. First
consider the case 0 < « < 1. By Bernoulli’s inequality, as y < 1 and 0 < a < 1, we have

1—(1—a)y>(1—1y)'~“ Denoting S; = 22:1 xy, and Sy = 0, by replacing y with x;/S;, we

have -
Tt
l—-a)—<1—-(1—— .
1-ag<i-(1-%)

Multiplying both sides by S}~ then we have

(1— a)@ <SPSl

Summing over the inequalities for ¢t = 1, ..., T" gives us the desired result. For o = 1, it is proved by
[79]. O

Proposition A.1. If 22 < (a; + as) (a3 + a4 log(asa; + asazr)) with x, a1, az,as, as,as > 0
and ag > 0, then

< 2y 16a3a3as + 3asa3
a2

Proof. The proof is similar to Lemma 6 in [48]. If asx < a1, we have < aj/as. Assume
asx > ai, then
22 < 2a0x (a3 + aqlog(2asaz1)) < 2a0x (a3 + a4\/m) ,
which implies
x < 2as0a3 + 2a2a4V 205008 = z? < 8a2a3 + 16a2a4a5x

Solving this, we get

r < 8adajas + \/64agaja§ + 8ajai < 16asajas + 3a3a3.
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Proposition A.2. Assume x;,a;,by > 0, fort =0,1,2, ..., and x4y < ayxy + by, then we have

oy < (Tl_fat>xo+z ( H > bi+bro1, T>2

t=0 1=t+1

Proof. Let’s prove it by induction. It is obvious that this inequality holds for 7" = 2:
To = a1x1 + bl = a1a9xo + a1b0 + bl.

Assume this inequality holds for 7, then
T—1 T—2 / T-1
Tr41 <ar l(H at) zo+ Y ( II ai) by +br—1
t=0 t=0 \i=t+1
T T-1/ T
= (Hat) xo + Z < H ai) by + br.
t=0 t=0 \i=t+1

+ by

O

Lemma A.3. Assume x; > 0, fort = 0,1,2,..., and 411 = arx¢/(t + 1) + az/(t + 1), then we
have

T
Z x < ag(1+4logT) + age + zpe™
t=0
Proof. By Proposition[A.2] we have

T

T t—1 t—2 t—1
ay ai a2 a2
prste o) ¥ [( i+1 $O+i:0 j j+1 i+1+t

t=0 t=2 | \i=0 j=i+1
T t—2 t—1 o a9 T as
—+> 2| 1T 3131 +> 5 )

t=2 | i=0 \j=i+1

T t—1

=x9 + To E H T
t=1i=0

We note that 23:1 %2 < ay(141logT) and

T t—1

T at
$02H2+1 xoz t! <l‘0€

t=1 i=0

where the last inequality can be derived from Taylor expansion of exponential function. Then it
remains to bound the third term on the right hand side of (Z). We can upper bound it by noticing

>

t=2 [i=0 \j=i+1

t—2 t—1 T-1T-t [i4+t—1 1

ai
y+1 le =2 ) ) Hj+1 7

t=1 i=1 \ j=i

T-1 T—t i+t

1 1 1
oy (T 10
t=1 i=1 j=t J Jj=i+1 J
T-1 t t T T-1 t
_ aj 1 1 aj o
—0227 HE— H j)<a2 7 (t|)§02€17
t=1 j=1 j=T—t+1 t=1



where in the third equality we use % (H;J:;l % — H;z 41 %) = H;g %, the last inequality can be

derived from Taylor expansion of exponential function; and to see the first equality, the left hand side
is the sum of the following

a1
ags X &5
2
a1 3 a1 az a1
2 2 3 4 2 3 4 3 4
Q1 o Ly G1 G2y Q1 s ..y O1 as ay
al e al az al e a1 2 1 al 2 ail
Az X 5 X oo X 3 X3 XX g T3 X731 X7T 7T-1X7T>

and on the right hand side we sum them by each diagonal.

A.2 Proofs for Section

Proof for Lemma2.1l Note that V. f(z,y) = —L?*z + Ly and V, f(z,y) = Lz — y. Then we
have

Vol (@es1, Y1) = — L1 + Ly

n* rn®
=L |z, — —m¥| + L + —=m/
|: t \/Uitz t:| Yt \/’Uiég t
L2 T Lrn®
frd —Lth + Lyt + T] x ,,Mrl y

my; + m;.
NN

GDA. Withof =0 =1, m¢ = —L%x; + Ly, and m{ = Lxy — y;,
Vo f(Tes1,Ye41) = —L?z + Ly, + Lan(_LQUUt + Lys) + Lrn™(Lay — yt)
= (—L2xt + Ly ) (1 + L277m —rn®)
(1+ L*n" = rp")Va f (@4, ye)-

Adaptive methods. Note that (g¥)% = L?(g7)?, so by our assumption, v¥ = L2v{ for all ¢. Also,
with 5% = Y, we have

mi o+ rm = BEmi_y + (1= B)(~ L2 + Ly) + 8% mi_y + (1 = 57)(Lar — 1)
= B7(my_y +rmi_y) + (1= 7 ) (1= B*)Vaf (a1, ).

Recursing this with

XL

Ln

Vol

Vo f (i1, yer1) = Vaf (T, yt) + (mf +rm{), and mg=mg =0,

when » < L we have

T—1
Ln”®
Vot (orsyr) > Vo F (50, 0) [H (- 8L -7
T T 0 0 t:HO \/E

Averaged and best iterate. We note that the distance from a point (x, y) to the line y = Lz, the

set of stationary point, is ‘;;;ﬂ that is proportional to |V, f (z, y)|. Therefore, the iterate converges

to the set of stationary point if and only if the gradient about x converges to 0. This also explains the
best iterate will not converge to the set of stationary point for GDA with » < L? and for adaptive
methods with » < L. Average iterate will not converge under the same condition by observing that
if an iterate (¢, y;) is on the one side of the line y = Lz, the next iterate (2411, y:+1) Will stay on
the same side. Without loss of generality, assume (x¢,y;) is on the right of the line y = Lz, i.e.,
y; < L. By the update of GDA,

Tip1 =z + 0" (L2 — Ly),  yep1 = ye + 0" (Lay — yr),
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we have y;11 < Layyq as r < L2. For adaptive methods, by the recursion of m¥ and m}, if
ys < Lz, forall s < ¢, we have —mi > me{. The update of adaptive methods can be written as:

X

L(—mf) Yt+1 = & m%-
L«/vi’ T «/vf

Then y;11 < Layyg asr < L?. Now we conclude that the iterate will always stay on the one side of
liney = La.

Tiy1 = Tt + Yt +

O

B Proofs for Section

B.1 Proofs for NeAda-AdaGrad
Proofs for Theorem

Proof. Part of the proof is motivated by [79]. By the smoothness of ® from Lemmal[A.T] we have
D(z141) < B(w) + (VO(20), Tpp1 — @) + Kll|ze1 — 2]

= (I)(xt) - <V(I)({Et), \/’Uti-‘rl ( ZV f xtaytagt)>> Kln

2

ZV f( xtaytagt)

Note that |
E£ <V(D(-Tt)7vzf($tayt) B ﬁzz vxf(xtayta§§)> -0
t Vi + IV f @y + 02 /M
Therefore,
n

1 1
- B V(I) t \Y ts Yt3 Gt
= [(\/Ut+||Va:f(~’6t7yt)||2+02/M M) < ( Z o f (T, Y5 &4 )>]

(V@(wt),vmf(xt,yt» I\ﬁZszf xtvyﬁgt H
Voo + [V f (e, w)|? + 02 /M (]

Now we want to bound the first term on the right hand side and let’s denote it as K. First we note that
VU1 — Ve + Vo f (@, 52) 2 + 02 /M

VO 0+ Ve f (e, ye) |2 + 02 /M ‘
(Vo = Voo + V2 @y P+ 07 /8 (ot + Vo + [Vl @ P +0°/M )
Vv + Ve f @y 2 + 02 /M (\/Ut+1 + Vv + Ve f (2, y0) 12 + UQ/M
|2 32 Ve f ey )| = Vo f (e m0)||? — 0% /M
VOGN0 A IV F @0l + 02 (/s + /o + Ve Gy [P+ 0?/M)
HZ\/[Z \ f xt7yt7€t H Hv f ‘rhyt H) (||MZ v f(xtaytvgt || + ||v f(xtvyt ||) _UQ/M
\/'UtJrl\/Ut HIVaf (@, ye)l|? + 02 /M (\/Ut+1 + \/Ut + Ve f(ze, ye)|I? + UQ/M)

- max{ 2 2 Vad @y €] = Ve (g0l o /M }
B Voo Ve f @y [P +02/M o y/oe+ [Vaf (e, g2 +02/M

3

+ klnEe, [

1 1
Ve + IV f (@ y) P+ 02/M /01

IN
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where in the second equality we use the definition of v,. Therefore we have

57 i Vaf (e, v E)|| = 1Vaf @, y) I IV (@) || 37 i Vo f (e, yes &) H

Kgmax{

VUt+1 \/Ut + |V f(ze, ye)l|? + 02 /M
Sl Ve@) ||| X Ve @y )]
VOV v+ Vo f@ey) P +02/M | |

“

13

s . 12 2 o?/M
By Young’s 1nquahty ab < gya® + A with A \/vt+|\v¢f(zt,yf,)\|2+02/M’ a
N3 =i Ve f (@eysg) | =1 Ve f@ey) [V and b — |37 =, Ve F(mey6)) ||
VoitIVe f (@eye) |2+02 /M VO
right hand side of (@) can be upper bounded by

, the first term on the

o | VA VTP o (|l S0 Ved e 0] = 1V i)l 1901 |
“ i /M Vot IV Gyl + 02/

. o2 /M (H;,zivmf(mt,yt;fbuy
| Vo Vel G P+ o7/ Vo

IV () |2Ee, || 3 Vaf (1,96 6) — Vo f (26, 90)|| | 32 Vo f (e, w5 )|

>2

A02 Jor+ Ve (e, y)? + 02/M m Fe. Ver1
V() N HMZ Vo (e, ye: €]
B 4\/'Ut+Hv f(xt7yt)H2+0-2/M W Vt+1
imi ’ i i 2 Vel
Similarly, by Young’s Inequality with A = O f(zi]Z,)HerUz/M = \/thIV.W:[f(mf, BT

” Ly, sz(zt,yﬁgi)H

and b = Jor , the second term on the right hand side of (4) can be upper bounded by
I o 2
g | Vo E Vel @ y)lP +0°/M FrlIVe (@)l
) 102/ Vo TV foe g E T 20
[ , 2
]Eg 1 Hﬁzz vaf(xtaytvgz)H
Vo + Ve f (e yn) |2+ 02 /M VOt
[V ()|* 37 3, Vi f(@e s €)1
+ Ee,
T 4o+ Ve f @y P+ o2 /M f Vi1
Therefore,
HV(I)(:Et)HQ HMZ v f xtaytagt H
+ Ee,
= ot Vol (@90l + 02/ VTR Vot
Plugging this into (3),
n
V()| N HMZ Vol (e ys €))7
4\/Ut HIVaf (@, ye)l|? + 02 /M \/7 V41
112
(VO(x1), Vo f (4, y1)) + winEe 37 i Vaf (@, yes €|
Vo + [Vaf(ze, ) |2 + 02 /M i Vig1
< (o + i) B | i Vs i D) Ve )
M v 2ot Ve )P o2/
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Vo f (e, ) — VO(z,)|2
2/t + [ Vaf (e, yo) |2 + 02/M’

where in the second inequality we use ||a|?/4 — (a,b) < —||b]|*/2 + ||a — b||?/2. Apply the total
law of probability,

S

&)

IV f (e, u0) |2 1
Voo + Vol @o )P + 0% /M

||]M Z vxf xtaytagt H

®(xp) — min, <I>(3:) ( )
= n|E
> " NaTi + Kin Z e
\Vaof(ze,ye) — V()|
Z (6)
2o+ Vo f (@ y) |2+ 02 /M
Denote
T-1 T
= ||V:z:f($tayt)||2
Z = V. , ’ 7
tz: |V f(xe, v || Zo \/vt + Vot (e, ye) |2 +02/M]

T-1

DéEZ
t=

By Lemma[A.2]with o = 1,

H M Z va:.f(xtyyt7 )H2‘| A IE:Tfl Hv:cf(xhyt) . V(I)(xt)HQ
¢ ; 2\/vt+Hvxf(xtvyt)‘P‘FO'Q/M.

Vt41

I3 i Vaf @,y €D
D <E 1+10g<1—|—tz; o
§1+]E log (1 ||f xt’yt’gt || +Z ||MZ V f(xtaytvgt) va(xtvyt)||2>‘|
Vo
i _ ) 1/2
<1+ 2E |log (1 + Z+ ZtTZOI Hﬁ Zz fo(vat,yt;fz) - vzf($t7yt)”2>
0
_ VZ VST S Vaf @y €) — Vo (@)
<1+ 2E log(lJr\/%Jr T
{\/E S Ve f (e ye &) — xf(xtayt)Hz]
<1+ 2log 1+ \/170 NG
<1+210g l—Q—E[\/Z]_'_\/m <1+210g 1+M+ﬂ
8 Vi N Vi | Vudl )’

where in the fourth inequality we use (a + b)'/? < a'/? 4 b/2 with a,b > 0, the fifth and sixth
inequalities are from Jensen’s inequality. Also, by /-smoothness of f,

T-1 T_1
IVet e y) = VO Cllye =y @)l*]
Q= <E — PR g (7
tz:; 2o+ [IVe f e, yo) [ + 02 /M ; 2,/0o
Also
T-1

Hv f(xtayt)Hz
Y E
= \/Uo+z H]MZ Vo f (T, yri &) || —|—Z DIV f (2, y)|12 + 02/M
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E ||Va:f($t7yt)||2
= oo+ 350 IV up) 12 + 2500 Ve () — 2 3 V(o mas €2 + 02/ M

A

_\/Uo +3Z+ 250 20 IVaf (@i, yi) = 25 S Vaf (@, yis €)% + 02/M
(elva1)

B[ \foo + 32+ 25070 [Vaf (@) — 2 500 Vaf (w112 + a?/M}

: (1/7) N CY))
B+ 3EVE] + o VI + 2[5 02 VRSBV + 20TV

where in the fourth inequality we use Holder’s inequality, i.e. E[X?] > % with

1/2
X = —— Z : and
Vvo+3Z+2 T 4 Ve f(2ryn)— 37 25 Vaf (@ryns€l) |12+02 /M

_ . 1/4 )
Y = (v0+32+ 25050 IVa s (o) = 2 i Ve (@royii )12 +02/M) , and in the

fifth inequality we use (a + b)'/2 < a'/? 4 b'/? and Jensen’s inequality. Plugging the bounds
for C, D and @ into (6),

(iv2))
V0 + 3EVZ]| + 20T /VM

2 (®(xp) — min, (x)) 4o E[VZ] ovT
< g +<m+2ﬁln> 1+210g<1+ =+ U0m> w3
(®)

Now we want to solve for E[v/Z]. Denote A = ®(z() — min, ®(z). By Proposition we have

Vo | 432A% 20T 32 900 o 402 2
EVZ] < ¥—+4+ —— 432 (1+ — ! — | +108&7.
[ ]*3+n2 +3ﬁM+3 +v0 R+ o ) +1088

We plug this loose upper bound into the logarithmic term on the right hand side of () and denote the
right hand side as A + £. Then we solve the inequality

Ev7)
Vo + 2EVZ] + 20T /M ~ T

which gives rise to
E[VZ] <2(A+€) + (vf + 203 TIM 1) VATE, ©)

Note that

2A 4o A o 1
A= — —— + 2kl ) [1—&—210 (Pol (T,E,,,ml ) ,))}
n ( i n g y NG 1, Yo %

Proof for Theorem[3.2] Now we state Theorem [3.2]in a more detailed way.

Theorem B.1 (deterministic). Suppose we have a linearly-convergent subroutine A for maximizing
any strongly concave function h(-):

Iy =y [I* < ax (1 = a2)*[|y° - y*|I?
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where y" is k-th iterate, y* is the optimal solution, and a; > 0 and 0 < ay < 1 are constants that
can depend on the parameters of h.

Under the same setting as Theorem[3.1|with a = 0, for Algorithm[3|with subroutine A under criterion
I |y — Projy(ye + Vi f (ze, 1)) |]? < t+1’ and M = 1, there exists t* < O( %) such that

(x4, yg» ) is an e-stationary point. Therefore, the total gradient complexity is 0] (e )

Proof. For convenience, we denote G (z, y) = ||y— Pro_]y(erVy f(z,y))| as the gradlent mapplng
about y at (z, y). From Theorem 3.1 in [67] and Lemma 10.10 in [7], we have #5 [y — y* ()| <

|Gy (z,y)|| < (24 1|y — y*(z)||. With criterion I, £ can be bounded as the following

Z 21+ 1)2(1Gy f (@, o) |2 <n2u+1>”§ L _ K24+ 11 +1ogT)
— 2u2\/vy T2y Ht+l T 2/t ’

where in the first inequality we use the strong concavity. By setting 0 = 0 and A/ = 1 in Theorem[3.1]
we have
T—1
1 4(A+E)?  Ju(A+E)
f E Hvzf(xtayt)HQ < T + T )

where A+ & = 0 (M + 20 + kln + %) We use O(+) to include the problem

parameters in O(+), and similarly 7 (+) ignores the logarithmic terms. Second, we need to compute
the inner-loop complexity. At (¢ + 1)-th inner loop, we need to bound the initial distance from y; to
the optimal y w.r.t x4y 1.

lye = 5" (@e)I” < 2llye —y* @O)* + 2lly™ (@e) — ¥ (241) 2

I+1
< 206, ol +2~2||xt ~ zua?

2(1 +1)2 1 229 1+1)2

(+1) n ||v Fanu)? < HED7 o

w2 i1 Vit
where in the second inequality we use Lemma E], and in the third we use x;y; update rule.
Therefore subroutine A takes O (i log(l/t)) iterations to find y;41 such that |Gy (2441, ye+1)]]? <
(24 D2 ||lysr1 — y* (eg1)]1? < t+2 Then we note that

!

2 - 2 o, (14+1)? 2
Vo f @ y)lI? + lye — y* @)l < D (I Vaf (@)l + 2 |Gy f (e, yo)|

t=0

<A(A+E? + Voo(A+E) +

~
Il
o

( +21)2(1 +log T).

So there exists ¢ < ﬁN(((A +E)% 4 Vuo(A+E) + (k* +1/p?)) €2) such that |V, f (2, y) || < €
and ||y, — y*(z,)|| < €. Therefore the total complexity is & ((<A+5) + \/%(AJFS) + (l+1)2) 6_2)

as praz
P(zg)—ming &(z) &2 (1+1)*
with A+ € = ﬁ(—" ; +20 +kln+ =& Too )

O

Remark 7. As long as we use the stopping criterion ||y, — Projy,(ys + Vi f (ze,3¢))[]* < t—‘%l’ the
exact same oracle complexity as above can be attained for the primal variable, regardless of the
subroutine choice. The convergence rate of the subroutine (not necessarily linear rate) will only
affect the oracle complexity of the dual variable.

Proof for Theorem[3.3] Now we state Theorem [3.3]in a more detailed way. Here we consider more

general subroutines with 5(1 /k) convergence rate. When the subroutine has the convergence rate
O(1/k) without additional logarithmic terms, it reduces to the setting of Theorem [3.3] The proof of
the theorem relies on Lemma[AJ3]
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Theorem B.2 (stochastic). Suppose we have a sub-linearly-convergent subroutine A for maximizing
any strongly concave function h(-): after K = klog? (k) + 1 iterations

billy® — y*[I* + b2
k b

K 2
Elly™ —y"|I" <
where y* is k-th iterate, y* is the optimal solution, p € N is an arbitrary non-negative integer and

b1, ba > 0 are constants that can depend on the parameters of h.

Under the same setting as Theorem for Algorithmwith M = ¢ 2 and subroutine A under
the stopping criterion: at t-th inner loop the subroutine stops after tlog? (t) + 1 steps, there exists

t* <O (6_2) such that (x4, Y+ ) is an e-stationary point. Therefore, the total stochastic gradient
complexity is O (6_4) .

Proof. First we note that

lye — v (@er)1* < 2llye — v (@)I” + 20y™ (ze) — y* (s I* < 20lye — y* (o) |* + 26777

By the convergence guarantee of subroutine A, after ¢ log? (¢) + 1 inner loop steps, it outputs

" b —y* (24 24 2b —y*(x)||? + 262120y + b
]E”yt—i-l —y ($t+1)||2 — 1||yt Y (tf-‘rl)” 2 < 1||yt Y ( t)”t N0 2. (10)
Taking expectation of both sides and by Lemma[A3] we have
T
EZ llye — y* (@0)]|? < bs(1 +logT) 4 bse®® + X2, (11)
t=0

with b3 = 2k21?b; + by and X denotes ||yo — ¥*(70)]||?. Then

5:

E — g <
2% ;Ilyt y*(z)|I” < NG

By setting M = ¢~2 in Theorem[3.1] we have

[b3(1 + IOg T) + b362b1 + X0€2b1] .

ﬂ

2(A+5)+U§N/A+g 2 /(A+ E)oe
VT VT T% ’

1 T—1
E [y 7 2 IVaf @ u)l2] <
t=0

where A = ¢ ( 2@o)—mine ®@) | (20 kIn) (1 + by) ). Therefore,
n VM

T-1
1
E T Z [Vaf(ze, y)l? | + 4| E
=0
< 2(A+¢€) voi\/A—i-E 4 2¢/(A+E)oe N Vb3(1 +1ogT) + bge2br + Xpe2hr
T VT VT T3 VT '

By setting the right hand side to €, we need T =
O(((A+ &)+ Jog(A+ E)(1+ ) + by + (bs + Xo)e*) e72) outer loop iterations. Since
M = e 2, the sample complexity for x is Te=2 = O(e~*). Since the inner loop iteration is at most

Tlog? T + 1, the sample complexity for y is T2 log? T 4+ T = O(e™4).

3 —y*(x»n?]

t=0

O

Remark 8. The same sample complexity for the primal variable can be attained as above, as long as
(Z0) holds. The choice for the subroutine will affect the number of samples needed to achieve (I0),
and therefore the sample complexity for the dual variable. Although the complexity above includes
an exponential term in by, we note that by = 0 in many subroutines for strongly-convex objectives
[12]168, 42]].
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B.2 Proofs for Generalized AdaGrad
Proof of Theorem 3.4]

Proof. We separate the proof into three parts.

Part I. From the update of Algorithm[] we have for any z € X
2

2
Ui
41 — ] = = o = 2* + - llgell* -

x 77g T
t— t —
,Ua

2
an <gt7xt - x>
t+1 Vit

Multiple each side by v, 1,

2
n
vl = al® = vl — 2l + ——llgll* = 2n{ge 21 — ).
t+1

By strong convexity,
fuw) = fulw) < (g w0 = 2) = Ellow —

Plug it into the previous inequality,

2
n *
vl = al® < vl — 2l + ——llgl® = 2nlfi(z0) = fule™)] = npllze — 2|,
t+1
Telescope fromt =0to T — 1,
T—1 T—1 T—1 -
20 ) [fe(xe) = fe(@)] < vftfwo — 2 —vfllor — 2 = Y [of —viyy +nn] llze —al® + Y —allgell*.
t=0 t=1 t=0 t+1
12)

Part II. In the part, we focus on the second term on the right hand side of the previous inequality.
For convenience, we denote

By = vy — v —np.
Denote set S = {t : By > 0}. We will first bound the number of ¢ for which the coefficient B is
positive, i.e., |S|, for the case 0 < o < 1. We note that

a o @ vt + |19 2\
By = (0 + ge|2)* — vf — = [(””) —1}—W

Ut

2 a 2
<0 <1+a|gt _1> = llgell o (13)

— )
(0 ’Utl «

where in the inequality we apply Bernoulli’s inequality, i.e., (1 + x)" <14 rz with0 <r < 1 and
x > —1. If By is positive, it leads to

7 —a

B, >0 <« |gl*> %vg (14)
7] —

— gl > g (s)

This means ||g;|| is not small once we observe B; > 0. Since ||g;||> < G?, if the right hand side of
is larger or equal to G2, then B; can not be positive, i.e.

1
2 11—
Moias gz o Ut2<aG) .
a np

On the other hand, because v; 11 = v; + ||g: %, (15) implies that once we observe B, > 0, v; will
increase by at least %vé_o‘. Therefore, it can be positive for only finite times, i.e.,

(agz)ﬁ G2 1
oala TI—a

18] < At = ( 2;&) —. (16)
o Yo (np) 1= v,
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Even when B, is positive, its value is bounded above from (T3),

2 2
a aG
B < al” _, o oG (17)
vy U

Now it is left to discuss the case « = 1. When oo = 1,
By = v +vip1 = np < ||gell? = np < GF —npe.

Therefore, when 1 > %2, we have B; < 0 for all ¢.

Part III.  In this part we wrap up everything for two cases: i) 0 < o < 1; ii) a = 1. From equation

™.

T-1 T-1
1
2 Y [filz) = fi@)] S0OD*+ > BD*+107 Y —— gl (18)
t=0 tes =0 Vt+1
Case 0 < o < 1. ByLemmal[A.2] (I6) and (I7),
7
2772 fe(e) )}<U?D2+ZBD2 1_ Uy
tes
2—«
o a(aG?) =« n? o
< (o +G)DP 4 —

(np) 7= vg

Casea=1. Wehave B; < 0Oforall tasn > %2 Then by Lemma

T—1 )
23" [fule) — i) < (v + G2)D? + 7 log <Z v0|gt| ) |
t=0

O

1 L
Remark 9. We note that the regret bounds contain a constant term |~ T—=, which increases exponen-
tially as o approaches 1. However such term is common even in the convergence result of SGD with
a non-adaptive stepszze in strongly-convex stochastic optimization; e.g., Theorem 1 in [|61|] and

Theorem 31 in [20)] both contain a term that will not diminish before © (u 1*@) iterations.

C High Probability Convergence Analysis

We provide a high probability convergence guarantee for the primal variable of NeAda-AdaGrad (Al-
gorithm [3). We make two additional assumptions, which are standard for high probability analy-
sis [49, 40], one on the norm-subGaussian [36]] noise and another on the bounded gradient.

Assumption C.1 (Bounded gradient in ). There exists a constant G > 0 such that for any x and v,
IVaf(z, )l <G

Assumption C.2 (Unbiased norm-subGaussian noise). V,F(x,y;£) is the unbiased stochastic
gradient, and we have

E¢ [exp (| Vo F(2,y:€) = Vo f(2,9)]?/0%)] < exp(D).

Remark 10. 7o deal with multi-dimensional random variables, norm-subGaussian is a common
assumption in high probability analysis [49) 140,37, 157]. If a random vector is o-norm-subGaussian,
then it is also o-subGaussian (vector) and has the variance bounded by o2.

Theorem C.1. Under Assumptions and assume there is a subroutine A that in
the t-th outer loop, with probability at least 1 — 0, returns y; after t + 1 steps and guarantees
lye — () ||> < Olog 1/8)/(t + 1). If we use Algorithmwith stopping criterion II, then with
probability at least 1 — 56 and vg > 0, we have

3202

1= 1 A2 A
IV Sl < 52 <2lmz+ n) 87 (zmn+ n) + 2% 10g(1/5)
t=0
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+10¢11% (1 + log T') log (T? /)

1 |8V20 ( A) 24T
+ — | —— [ 2lkn + — ¢ 1o
ﬁLW‘ T Ve

where A = maxo<i<r—1 P(z;) — 0* < O( log(T) log(T/(S)), d is dimension of x; and c1, co are
constants.

Remark 11. The complexity requirement for the subroutine A is O(1/T) with logarithmic terms
onl / d for the strongly concave subproblem. This can be achieved by [35] 129] EI although they both
require knowledge of the strong convexity parameter.

Remark 12. The theorem implies an O(e~*) sample complexity for the primal variable as long as the
stopping criterion is satisfied. We do not provide the complexity for the dual variable, because it needs
case-by-case study depending on the subroutine under this criterion. The analysis for this theorem is
motivated by recent progress in high probability bound for AdaGrad in nonconvex optimization [40)].

We first present the following helper lemmas for the proof.

Lemma C.1 (Lemma 1 in [49]). Let Zy,--- , Z7_1 be a martingale difference sequence (MDS)
with respect to random vectors &g, - - - , &1 and Yy be a sequence of random variables which is
o (&0, ,&—1)-measurable. Given that E [exp (Z2/Y?) | &0, &—1] < exp(1), for any X > 0
and § € (0,1) with probability at least 1 — §,

Zzt < )\ZY2 —1og (1/9).

Remark 13. In Theorem we consider mini-batch noise, i.e., in the t-th step, we sample M i.i.d.
random noises, and the noise £; satisfies Assumption fori=1,..., M. For ease of exposition
of our proof, we note that Lemma implies the following result. Assume Z§, - ,Z%{l isa

martingale difference sequence with respect to £+ - - ,E}Vﬂ | (the order within a mini-batch { Z;} M,
can be arbitrary), Yy is o (&5, -+, &M ) measurable, and E [exp ((ZZ)Q/?Q) | €0, ,5%1} <
exp(1). Then denoting Z; = ﬁ ZM

7

| Z%, with probability at least 1 — §, we have

M'ﬂ

T-1
~ 1
< 24— .
< Ath + 337 loa(1/9) (19)

Lemma C.2 (Corollary 7 in [36]). Let random vectors X1,...,X, € RY, and corresponding
filtrations F; = o (X1, ..., X;) fori € [n] satisfy that X; | F;_1 is zero-mean o;-norm-subGaussian
witho; € Fi_1. i.e,

t2

E[X:| Fii1] =0, P(|X;|| >t|Fii1) <2 277, VteR,Vicln].

There exists an absolute constant ¢ such that for any § > 0, with probability at least 1 — 6 :

~ 2d
2]og —.
;ol og

Lemma C.3. Under Assumption For § € (0, 1), with probability at least 1 — 4,
2

co? 2dT
< —log|— |,
M 1)

<c-

Zv F xt7yt7§t) vwf(xt’yt)

0<t<T 1

where c is an absolute constant and d is the dimension of x;.

Proof. Firstly, using Lemma|C.2] we have the probability for
2

<k

M

1 )

iV E VmF(xt,yt;éi) - V:rf(xt, yt)
i=1

8Jain et al. [35], Harvey et al. [29] both assume bounded stochastic gradient.
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is at least 1 — 2d exp ( ) for some absolute constant cyg. Then we have

1
P —
' M

VxF(:vt,yt;éi) — Vaof(xe, )| >k

nM:

max
0<t<T—1

M
1 .
= Pr |thereexists 0 <t < T — 1, s.t. i vaF(l‘t, y;&) — Vaf(xe,y)|| >k
i=1
T-1 | M 2
<> Pr MZVxF(mtayﬁfz)_fo(xtayt) >k
t=0 i=1
T-1
kM kM
S 2deXp (22> = 2dTeXp (22> .
— ko o
Letting k = COU log (24L) gives us the desired resul. O

Proof of Theorem[C.Il Using the inner loop algorithm we assumed, with probability at least 1 —

2
§/(t+1)2, we have |y, — y*(z)|)* < Cllog(t(iitl)m), where ¢, is a constant. Then

crlog ((t+1)%/9)

Pr [Hyt—y*(%)HzS forallt=0,..., 7T —1

t+1
T-1 2
. cylog ((t4+1)2/6
=3 Pr |y -y @) > ( )
t+1
t=0
-1
) SRS
2
— (t+1)
>1—24.
Cc1 10, 2
We will use |y, — y* (z,)||* < w rt=0,. — 1 throughout the proof. For the
simplicity of notion, we denote the stochastic gradient as Vx f (xt, Yp) = r %1 Vi F (g, ys; £L).

We start by the smoothness of the primal function. According to Lemmal[A.1] ®(z) is smooth with
parameter [ + [k < 2[x, and

Bars2) = B(e0) < = (9. T, V000 + 1 |7 Fow )|
~ A | f G+ |9 )|
+ \/qzﬁ<vxf(xt,yt) = Vo (e y0), Vel @) )
(Va0 ) = V), Vi F e 0) = VS (e 0))
+ \/in<vgcf(xt,yt) — VO(,), Vo f (1, 01))-
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Multiplying both side by ¥~ n * and telescoping throught = 0, ..., T — 1, we have

T-1 T— Ut+1 T-1 I _ 9
IV f e, w0)] (241)) + VT e un)
; ty Yt go n t+ Z\/@ ty Yt
(A) (B)
T-1

+ Z<fo($t7yt) — Vaf (@6, ye), Va f (a1, yt)>
t=0

© 20
—_— R (20
+ Z<sz(xt»yt) — V®(x1), Vo f (e, ) — Vi f (@1, yt)>
t=0
(D)
T—1
+ Z<sz(117ta yt) — VO (21), Vo f (4, y1)) -
t=0
(E)
There are 5 terms to bound:
1. Term (A):
Firstly, we will bound A. Denote A; = ®(z;) — min, ®(z). By smoothness of ®(-) and telescoping
Ar — Ay

T-1 T-1
n 2 n Y
< — \V4 + \V/ \V4
> ;:O Ui IV f(ze,ye)l] ;:0 Ut+1< of(Te,yt) o f(xe, Y1), me(xt,yt)>

@) (i)

—I—Z ij HV Fxe,yr) H2+j01 \/IZ?<V fze,ye) — V‘I)(xt),vxf(xt,yt)>.

(i) (iv)

Term We can bound this term by

T-1
= ; %<V1f(l'tayt) — Vo (e, ye), Vo f (a1, yt)>
T-1
n n ~
* v (\/UT+1 - \/@> <wa(fﬂt,yt> - V:vf(xtayt),vwf(a?t,yt)>
T—1
< 2 %<me($t7yt) — Vo f (@, 90), Vo f (a1, yt)>
—&-ETEf (HV F@e,ye) — Vo f (@, ye) +||V Flae,u) ) (77_ n )
= | | | VO
T-1
Ul -
< > ﬁ<vxf(xt,yt) — V@), Vol (o w))
)
+ N (G2 +  max Hvzf(;z;t y) —V f(mt Yt) 2)
2\/vg t=0,...,T—1 ’ x ) )

(vi)
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where the first inequality is by Cauchy-Schwarz and Young’s inequality. Note that |/v; {1 > /v;.
The second inequality is by bounded gradient and telescoping the sum. The term (v) above can be

bounded by Equation with Z, = \/TT<sz(:rt, Yt) — fo(:rt, Yt), Vo f (x4, yt)> and Yt2 =

252 2 ; ; i=1,..., .
nvt IVaf(ze,y)I”. {Z; = %t <V$f(wt,yt) = Vo F (x4, 915 61), vmf(xt7yt)> t:(l)’,,,,é\“/[71 1s a
martingale difference sequence (the order within a mini-batch can be arbitrary) as

E [Ztl | ‘Fbefore} =0,

[|ZI| ‘ -Fbetore <E |: ||v:cf(ztvyt) - va(xtvyt;ﬁg)HQ + ”fo(xtyyt)”2> | ]:before:|

A

_2\F(U +G?) <

Then with probability at least 1 — 4, term (v) < 3)\0 Zt 0 o ||V Flzn )| + <37 log(1/6),
where \ will be determined later. The second term (vi)) can be bounded by Lemma|C.3] that is with

probability at least 1 — 4, term (vi) < 57~ ( 02" log QdT) with an absolute constant cs.

Term (i)+(i) Combining these two terms:

T-1

n 2
term (i) + (i *Aaz *IIV Flae,y)ll” - IV f(@e, yo)ll
0+ @ - z ol = Y S
2 2dT
L rog(1/8)+ G2+ 2% 1og 22 ).
+ a7 1os(/0) + 2WO< TR
For the first two terms, we have:
3 T—1 7’]2 T—1 7’]
x2S LV f (@ y) | — Vo f(ze,y)|?
4 ; o || f( t yt)“ ; \/m” f( t yt)”
T-1 T-1
3 772 2 /Yo 2
< *)\ 2 —_— vz - v’t )
=7 g ; " IV f (e, ye)ll Z Viet IV f (e, yo)ll
T-1 T—
3 n? 174/Vo
= E/\UZ Z v—||fo(a:t,yt)||2 - Z ||fo($t,yt)||
t=0 ! t=0
— (/0 0T
0 0
3 (B Y 9 o)
=0 Ut Ut+1
3 V00 ! n? n
< )\02—O> LV f (e, y0)|)* + —=G2.
< (P =) X TIves ol +

By letting A = \/:, we can get rid of the first term. Therefore,

cano?

t G* + log(1/6) + 1
erm*—f— 2\/» 4M,\/>0g(/) 2]\4\/%og
Term (ilj) We can use Lemma[A.2]with o« = 1 (the second inequality below):

term (i)
<t ke |
S LR ( + Z v acf Zt, Yt

< lkn? (1 + log (vlo <1}0 + TZ:AHVJf(xt,yt)’r)))
t=0
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T-1 N 5
<lk <1+log (voJr ZHsz(zt,yt) ) logv0>
t=0
T—1 T-1 " 2
< I (1 + log ( +2 3 IVaf @)l +2 || V@) = Vs (@) ) - logvo>
t=0 t=0

1+ log (vo +2G?T + 2T ,_nax 1Hvzf(xt, yt) — Vo f(ze, ye)

2
) — log v0>

where we use ||z + y||* < 2||z||* 4 2]|y||? in the third inequality, and by Lemma with probability
1 — 6, we have the last inequality.

1
Vo Vo M o8 0

2G*T  2¢5T0? 2dT
< lkn? <1+log(1+ p 29 )),

Term We divide this term into two parts by Young’s inequality:

T-1
term (iv) = Z<me(mt,yt) — V&(x), \/vaf(xt,yt)>

Vt41
1< s 12 - 2
< 5 Z”vmf(xtvyt) = Ve(x)||” + By Z a”vmf(xtvyt)
=0 t=0

The second term can be upper bounded by the same derivation as we bound term (fii). As for the first
term, we have

T-1
vazf(xhyt — VO(xy)] < 1? ZHyt
t=0

<l2§: c1 log ((t+1) /5)
- prd t+1

c1 log T2/5)

2
= Z t+1
< 0112 (1 +logT) log (T°/5) .

In total Summarizing the above bounds, we have

3N 3no? cono? 2dT cl? 9
Ar — Ag < log(1 log— 4+ — (1 +logT) log (T
T 0= 3 T]OG Ry o og(1/0) + oM g 5 (1+1logT)log (T%/6)

1 2G*T QCQUT 2dT
lk+=|n*(1+1log(1 log— ) ).
+(m+2>n<+og(+ I + vl og 5))

And A has the same upper bound as above, which is O(log(T)log(T/d)). Let us go back to
term (&), where we have

T-1 —
term @ = Z 1;;+1 (At — At+1)

t=0

T—1
\/ 1
< #Ao + p Z Ay (Vi — Vo)
=1

T—1
v/ 1
< —:1A+5A§ (Vorrs — v/or)
t=1

— VIT A,
0
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2. Term (B):
We can bound this term by Lemma[A 7] (the second inequality):

T
term (B) < Ixn <\v} + \/W ‘sz(xtayt)

2)
T-1
< 2lkn, | vo + ZHfo Ty, yt)H = 2lkn\/uT.

3. Term (C):

We can apply Equation with Z, = <V flze,ye) — me(xt,yt),vzf(xt,yt)>, 37;2 =

02 ||V f (e, ye)||” and X = then with probability 1 — 4,

30.2 ’
1 30
2
term (@) < 4 ;nvmﬂxt,yon + 7 log(1/6),
where the first term can be moved to the LHS of Equation (20).

4. Term (D):

Using Equation with Z, = <V1.f(xt,yt) —V(2,), Vo f(ze, y) — wa(a:t,yt)>, Y2 =
02|V f (@, y:) — VO(2)||* and A = 1/02, we have with probability at least 1 — 4,

T—-1
3 o?
term (D) < 2 3"V f (e, 1) — V()| + 7 lo(1/9)
t=0
2 T-1

< vl + 2 og(1/9)
- ﬁ i c1 log ((t+ 1)2/5) o2

—log(1/6
ST 1 + 77 los(1/9)
3Cll2 2 0'2

< (1+1logT)log (T°/6) + i log(1/6).
5. Term (E):
By Cauchy-Schwarz and Young’s inequality, we have

= =
term () < o ;nvmf(xt,yt) = Vo(m)|* + 5 ;nvzf(xt,yonz

cil?
< % (1+1ogT) log (T2/6) + Z 192 e ) 2
where the second term can be moved the LHS of Equation (]7_0[)

Summarizing the terms (A}, (B}, (C), (D) and (E), we can re-write Equation (20) as
T-1
1
1 S IV f@ey)|* < (2lm7 + ) ST+ 22 log 1/6) + 761l2 (141logT)log (T?/6) .
t=0

It remains to handle /vt in the RHS:

T—1 _ 2
Vor = 4| vo + ZHme(xt»yt)
t=0
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2

T—1
= 4| vo + ZHVJ(%%) + Vo f(@e,ye) — Vaf (o, ye)

t=0

T-1 T-1 _ 2
< \|vo+2 Z IV f (e )| + 2 ZHvzf(xtvyt) = Vaf(@e, yt)

t=0 t=0

T-1 2

) _
<\ 2 LIV )l 27 g |9 a0 = Vot
T-1 _ 2

< Vi 2 IVl + %T e Vo Fonu) = Vof(anw)|

T—1

2¢oT 2dT

< Vo + 4| 2D Ve f (@)l log —,
< Vv + t=0||v f@ey)ll” +o %8S

where the last inequality holds by Lemma [C.3] With this, in total,

1 T-1 ) A T-1 )
3 LIl < V2 (204 2) | [ STV Al

=0 t=0
A 2coT 2dT
+ (QZnn + 77) <\/%+ o ;24 log 6)
io?

M

+ 2% 10g(1/5) + chﬂ (1 + log T) log (T2/5) .

Regarding this inequality as a quadratic of \/ Zth_ol Vf (24, :)||> and solving for its positive root,
we have

T-1
Z||fo($t7yt)||2
t=0

2
oo ) )

<{ 2v2 <21m] L2 ,
+ 49 log(1/6) + 2c1l? (1 4+ log T) log (T2/96)

Ui

A2 A 2,7 .~ 2dT
g32(2mn+n) +8<2lm7+n) <\/170+U 5\24 10g6>

3202
M

which gives us

+ log(1/6) 4+ 10c11* (1 + log T') log (T?/5)

T—1 2
1 9 1 A A 3202
il < = =2 =
7 ;ZOHfo(fEt,yt)H <z [32 <2mn+ 77) + 8/v9 (2l/~m+ 77) + 7 log(1/6)

—l—L 820(21& +A> cloﬁ
Var \"MT VRS

+10¢11% (1 + log T') log (T? /) N
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