6 Appendix: Omitted Technical Details

In this section, we provide proofs for all the claims made in the main body of the paper, additional
supporting propositions and lemmas, and also omitted details of the implementation of our algorithm.
The proofs are provided in the order in which the corresponding statement appears in the main body.
In Section 6.1, we prove the properties of our problem. We again emphasize that these properties are
crucial to achieving our goal of a scale-invariant algorithm for (P). Section 6.2 contains the proofs of
all our results pertaining to the convergence analysis of Algorithm 1, with proofs of the growth rate
of the scalar sequences {a;}, {a¥}, and A} grouped separately in Section 6.3, owing to their more
technical nature.

6.1 Omitted Proof from Section 2: Properties of Our Objective

Proposition 2.1. Given f : R} — R as defined in (2) and x* € argminx@Ri f(x), the following
statements all hold.
a) Vf(x*)>0.
b) Fxt) = —L[Ax g = —11Tx".
. * 1
c) forall j € [n], we have x} € [07 HA:JH%}'

1 1 * 1
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Proof. We recall the first-order optimality condition stated in Inequality (1): for all x > 0, we have
(Vf(x*),x — x*) > 0; we repeatedly invoke this inequality in the proof below.

1. Suppose there exists a coordinate j at which Proposition 2.1 (a) does not hold and instead,
we have V; f(x*) < 0. Consider x > 0 such that z; = z7 forall i # j and let z; = 27 + ¢
for some € > 0. Then, Inequality (1) becomes V, f(x*) - € > 0. Under the assumption
V; f(x*) < 0, this is an invalid inequality, thus contradicting our assumption.

2. From Proposition 2.1 (a), we know that V f(x*) > 0. If V, f(x*) > 0, and if z} > 0, then
by picking a vector x such that x; = x7% for j # i and x; = 7 — v forany v € (0, z}), we
violate Inequality (1). Therefore it must be the case that if V; f(x*) > 0, then z} = 0. Thus
we have

0= (x*Vf(x")) = (x*, ATAx* — 1).
Therefore, f(x*) = 1(x*, ATAx*) — 17x* = -2 (x*, ATAx*) = —11Tx".

3. From the proof of Proposition 2.1 (b), we have (x*, V f(x*)) = 0. We also have x* > 0
and, from Proposition 2.1 (a), that V f (x*) > 0. Therefore, if x7 > 0 for some coordinate 4

then it must be that V; f(x*) = 0. That is, 1 = (A.;, Ax*). Combining this equality with
the fact that A and x* are both coordinate-wise non-negative gives

1= (A, AXY) > (Ay, Aiy),
which implies 7 < W for all coordinates 3.
013
4. The lower bound follows immediately by combining Proposition 2.1 (b) and Proposi-
tion 2.1 (¢). For the upper bound, we need to find a feasible point X and compute the

function value at X, since f(x*) = miny>o f(y) < f(X). Let X = ey, for some v > 0.
Then,

1
F&) = 577 A5 = -

Let v = Then, f(X) = —m. We pick k = arg min;e,) || A2, therefore
1

D
A3
. .
x*)< —=——1 __ _ agclaimed.
f( ) 2min;e ) A2
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6.2 Omitted Proofs from Section 3: Analysis of Algorithm
6.2.1 Proofs from Section 3.1: Results on Upper and Lower Estimates

We first show the results stating Uy, and Lj, are indeed valid upper and lower (respectively) estimates
of the Lagrangian.

Lemma 3.1. For Uy, as defined in Eq. (10), Lagrangian defined in Eq. (3) and X}, € R} in Eq. (8),
we have, for ally € R™, the upper bound Uy (y) > L(Xk,y).

Proof. By evaluating the Lagrangian described by Eq. (3) at x = X, and by definition of ), from
Egq. (9), we obtain the following upper bound on the Lagrangian at (X, y).

N N 1 N
LR, y) = (A%, y) — 5 llylE - 17

1, 0 o1 1
*Z [Axu = 5P =175 = ()

ze[k
< Ikwk(Yk) - §||y —yill3 = Ur(y),

where the final steps are by strong convexity of ¢ and by Eq. (10). O

We emphasize that y here can be random since this is a deterministic statement.

Lemma 3.2. For Ly, defined in Eq. (17), for the Lagrangian in Eq. (3) and y}, in Eq. (8), we have,
for afixedu € X, the lower bound EL(u,y}) > ELyj(u), where the expectation is with respect to
all the random choices of coordinates in Algorithm 1.

Proof. First, evaluating Eq. (3) at y;, gives
~ ~ 1.
L(u,y) = (Au,yx) —1Tu - §||Yk||§-

Taking the expectation on both sides, applying the definition of ¥, convexity of & 2 and Jensen’s

2 H :
inequality, and adding and subtracting A%]E Dicm Wi(AX, Y1) + A%ﬁo(u) gives

_ 1
E,C(ua Yk) > IkE Z a; |:<All, yz> - ]-Tu - 2|y1||g:|
Li€[k]

— LB | ¥ | (Augi) - 1Tue gl | + Bl - L Elonw)

Li€[k]

+ Aik]E ez[k] ai(Au,y; —¥;_1)

We continue the analysis as

~ 1 1
]E‘C(uayk) > IkE[¢k(u)] - IkE [(bo( ) + 7 Z CL7 Au7y1 yz 1 ]E Z atHyZHQ
i€[k] i€[k]

> L Elola)] +E | - xuu}—im%(“)”ﬁ 2 astAuyi =5

k

i€ (k]
_ LE Z ailly:ll?
24, & IR
i€ k]
= ELk(u)7
the first step comes from Eq. (13), the second step comes from Eq. (16), and the final step comes
from Eq. (17). O
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6.2.2 Proofs from Section 3.2

We now describe three technical propositions that bound terms that show up in the proof of our result
on bounding the scaled gap estimate.

Proposition 6.1. For 1, defined in Eq. (9), with {a}} defined in Eq. (7), we have for all k > 1,
1
mww—wkum]><¢{wam»—ﬂywaqim}

+2 of — ) [ty A = Jval — 17

Ak 1
vk — ye—1ll3-

Proof. Evaluating vy, and 1,1 as defined in Eq. (9) at y; and subtracting, we have
Yrye) = vror () = ap(A Ty - Lo — (= Dxicn) = Sllal3. @0)
Next, applying strong convexity of ;1 at y; and y;_1 while using the fact that y;_; minimizes
Vg1 gives
Ye—1(Yk) = Yr-1(yr-1) < —%AkAHYk — Y13 (21
To complete the proof, it remains to add Eq. (20) and Inequality (21). O

Proposition 6.2. The random function ¢y, : X — R, k > 2, defined in Eq. (15) satisfies the following
properties, with Xy, Y, and 'y, evolving as per Algorithm 1.

a) It is separable in its coordinates: ¢y(x) = 3, c(, O, (2;5), where, for each j € [n], we

deﬁne G0, (x5) = 192 () — [x],)2 61, (25) = ara;(AT¥o — 1); + o s (x;), and for

>

On,j () = Pr-1,(x;) + narlj—; (ATy,  — 1,z5.€;,). (22)

b) The primal variable xy, is updated only on the j,tch coordinate in each iteration: xj =
Xip—1 + v€j, for some v, and [xi); = [Xp_1]; for j # Jr.
c¢) Fora fixed x € X and for k > 1, we have, over all the randomness in the algorithm,

E[pr(x)] = E[po(x)] + > B [(ATy;,; —1,x)] . (23)

i€ (k]

Proof. In the statement of Proposition 6.2 (a), the claim about separability of ¢y and ¢; can be
checked just from the definitions of ¢¢ ; and ¢; ;. We prove the claim of coordinate-wise separability
for k > 2 by summing over j € [n] both sides of Eq. (22). We can compute this sum via following
observation, which concludes the proof of Proposition 6.2 (a).

T—= T—=
> arl— ATy — 1 zje;) = a(ATY, — 1xj,e;,).
J€[n]

From Proposition 6.2 (a), we may therefore define, for j # jp,
[xilj = arg min . ;(u) = arg min G5 (u) = (el
Therefore, [xx]; = [xx—1]; for all j # j, thus proving Proposition 6.2 (b). To prove Proposi-

tion 6.2 (c), we use induction on k. The base case holds for k = 1 by the definition of ¢;(x). Let
Proposition 6.2 (c) hold for £ > 1. Then, by the definition of ¢y, as in Eq. (15), we have

or(x) = dp_1(x) + nax(ATy,_; — 1,2j,e;,), forall k > 2.
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Let Fj_1 be the natural filtration, containing all the randomness in the algorithm up to and including
iteration k — 1. Taking expectations with respect to all the randomness until iteration k£ and invoking
linearity of expectation, the inductive hypothesis, and the tower rule E[ - | = E[E[ - |Fj_1]], we have

E[or(x)] = Elpr—1(x)] + naxE [[E(AT ¥,y — 1, 2j,€;,)|Fr-1]]

=Elpo(x)]+ > aE[(ATy, —1,x)] +aEATy,_, —1,%)
i€lk—1]

=E [¢o(x)] + Z a; K [<ATE—1 - 17X>] )

i€ k]

which finishes the proof of Proposition 6.2 (c). O

Proposition 6.3. For all k > 2, the random function ¢, : X — R, k > 2, defined in Eq. (15)
satisfies the following inequality, where x;, and y,, evolve according to Algorithm 1.

_ 1
b (xk) — de—1(xk—1) > ar, (N(ATY,_; — 1, [xi]j.€5,)) + 2 1k = Xp—1la-

Proof. We have, using x = xy, in Eq. (15), that
Ok (Xk) — Pr—1(xx) = nak<ATyk71 — 1, [x]j.e)i)-
Applying Eq. (16) to ¢, at x;, gives
1
-1 (%) = dr—1 (k1) > 5|6 = X613
Adding these inequalities completes the proof of the claim. O

We now use the preceding technical results to bound the change in scaled gap.

Lemma 3.3. Consider the iterates {xy.} and {y} evolving according to Algorithm 1. Let n > 2
and assume that a1 = % and a1 > (n — 1)ag, while for k > 3,

2nl.5

nag—1 \/Ar-1

, ) (18)

n—1 2n

Then, for fixedu € X, any v € R™, and all k > 2, the gap estimate Gy, = Uy, — Ly, satisfies
E(AxGr(x,y) — Ap-1Gr-1(x,y))

Ay Ap_1 1 1
<-E (2}’ - YkH% - Hy - Yk71||§ - 5153”X - chfo + §EHX - ka1||§\

ap < min(

2
— apE(A(X — X1), ¥k — Yi—1) + b1 E(A(X — Xp—1), Yi—1 — Yi—2)

1 1
- iAkAEHYk —yi-1l3 + ZAkszHYk:q — yi—2|3.

Proof. Using Gy, = Uy, — Ly, Uy, from Eq. (10), and Ly, from Eq. (17), we have
ArGr(u, v) = ¥r(yr) — dr(xx) + ¢o(u)
T (LI S W PN SRR St P14
i€[k] i€[k]
Therefore, the difference in scaled gap between successive iterations is
ApGr(u,v) = Ap1Gr1(w,v) = [Vr(ye) = Ye-1(Ye-1)] = [0r(xk) — Pr—1(xk-1)]

Ap_1
2

Ay,
- 7||V—y1e||§+ v —yi-1l3

1 1 (24)
= gl =iz + Sl = xiallz

_ ag
—ap(AW,yr — V1) + 7“)’/@”3-
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Based on the above expression, to prove the lemma, it suffices to bound the expectation of

T (w) < [ (ys) = Y1 (Ya1)] = 06 000) = b1 (1)) — an (Aw ye = Fi o) + 5 vl

(25)

First, we take expectations on both sides of the inequality in Proposition 6.3 by invoking E[ - | =
E[E[ - |Fx—1]] as before, where Fj_1 denotes the natural filtration. By using the fact that x;_; is
updated only at coordinate jj, (as stated in Proposition 6.2 (b)), we observe the following for the term
from the right hand side of Proposition 6.3.

E [<ATyk—1 -1, [Xk]jkejk”
=E [(A'y,_ — 1,xx —x5-1)] +E [E ATy, — 1, [x-1]j,€5) | Fr1]]
1
=E [<ATyk71 —1,x, — Xp-1)] + EE [<ATy,H —1,%x-1)]
=E [(ATy,_; —L,x, — (1 —1/n)xs_1)] . (26)
Therefore, we have from Proposition 6.3 and scaling Eq. (26) by —nay, that
1

~E[fr(xk) = $p-1(xx-1)] < = SE [Ixe — 301 [3]

—axE [(ATy,ﬁl —1,nx; — (n— 1)xp-1)] . 27

We now bound the expectation of the term involving differences of vy, by taking expectations of both
sides of Proposition 6.1.

E[vr(yr) — ¥r-1(yr-1)] < —Az_lE s = yr-all3] - %]E [lyxl3] 28)
+a,E [(ATyk —1,nx; — (n— 1)xp_1)] .
By taking expectations on both sides of Eq. (25), we have
E[Tx(w)] = E [¢r(yr) = Vk—1(Yr-1)] — E [r(xk) — dr—1(Xk-1)]
- aE [(Awyi = i 0)] + S E [lyal] 29)
Combining Eq. (27), Eq. (28), and Eq. (29) then gives
B[T(w)] < — B [lye — v 115] - 5 (s~ xx1l3] 50

+ aiE [(AT(yk = V1), nx — (n— 1)xp_q —u)].

Recall that by the assumption in the statement of the lemma,

Yi-1 =Yk-1+ (V=1 — Yr—2)-

ak—1
ag
Plugging into Eq. (30) and rearranging, we have

E[Ti(w)] < — 241

1
E [llyx — yr-1l3] — §E [lIxx — xk-1/lA]
+ (n = DarE (AT (yr — ye—1), Xk — Xp—1)] — nar_1E [(AT (ye—1 — Yr—2), Xk — Xp—1)]

+ arE [(AT (ye — Yi-1), %6 — 0)] — ap1E [(AT (yro1 — yr—2), Xp—1 — 0] .
€29
To complete the proof, we need to bound the terms from the first two lines on the right-hand side of
Eq. (31). First, observe that, by the coordinate update of x; and Young’s inequality, V3 > 0,

(AT (yk — Y1)y Xk — Xp—1) = (Y — Y1, A(xp — Xp_1))
= (Y& — ¥e—1, Ay ([xk]j, — [xr-1]51))

3 1
< vk —yrall3 + %llA:ij%l[Xkbk — [xr—1l5)?

B 1
= §||Yk —yr1l3 + %llxk — Xp—1l[A- (32)
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By the same token, Vy > 0,

1
—(AT(yE-1 — Yr-2), Xk — Xp_1) < gHYk—l — Vi—a|3 + a”xk — Xp—1//a- (33)

VAk-1

Recalling that, by the choice of step sizes, (n — 1)a; < nag_1 and aj < 5, — > We can verify that
for 8 = 2(n — 1)ay and v = 2nag_1, the following inequalities hold:

Aj_
(n—1)arf — Ap—1 < — k2 L
(n—1Dar  nap—1 (34)
+ 1.
B Y
Combining Equations (31)—(34),
E[Tk(u)] < — 2ELE|y, — 21 L n2a. 1 2E _ 2
[Th(u)] < (lye = ye—1ll2] + n"ax—1"E[[[ys—1 — yr—2ll3]
+ apE [(AT (ye — yo-1), %k — 0)] — ap—1E [(AT (yro1 — yr—2), Xe—1 — u)] .
(35)
It remains to combine Eq. (24), Eq. (25), and Eq. (35). O

Lemma 3.4. Givenafixedu € X, anyv € R™, yo = yo, and X1 and y; from Algorithm 1, we have

1 A
A1Gi(u,v) = a1 (AT (y1 — yo),x1 — u) + ¢o(u) — o(x1) — lu— x1|[a — 71\\‘/ — yill3-
Proof. Evaluating Eq. (10) and Eq. (17) at k = 1 gives
_ Ay 2
ALUL(v) = ¥1(y1) = v = yalla, (36)
1 a
ALy (w) = ¢1(x1) + 5 llu— x1]a — do(u) + a1 (Au, y1 — ¥,) — 31||Y1||§- (37

By definition of v; from Eq. (9), ¢ from Eq. (12), and the assignment a} = a;, we have

a
P1(y1) — d1(x1) = —?1HY1||§ +a1(y1, Axy) — al'x; — $o(x1) — a1<ATyo —1,x1)

ai
= *3”3’1”% +a1(A(y1 — yo), X1) — ¢o(x1),
where we have used that yo = y(, which holds by assumption. To complete the proof, it remains to
subtract Eq. (37) from Eq. (36) and combine with the last equality. O

Theorem 3.5. [Main Result] Assume that n > 4. Given a matrix A € RT’X", e > 0, an arbitrary
xg € X andyoy = yo = Axq, let x}, and Ay, evolve according to SI-NNLS+ (Algorithm 1) for k > 1.
For f defined in (2), define x* € argmin, - f(x). Then, for all K > 2, we have

~ ~ 1 . 2 * o *]|2
E|(Vf(Xk), Xx —x*) + = [|A(Xx —x*)||2] < 200() _ [lxo —x"J[a
2 fiK’ flK

5oz n)2
When K > %nlogn, we have Ay > %. If po(x*) < |f(x*)|, then for K > %nlogn—!—

67%, we have E[f (Xx) — f(x*)] < | f(x*)|. The total cost is O (nnz(A)(logn + %))

Ag—2
4

Proof. Observe that, by the choice of step sizes, n?a;_; <
bound in Lemma 3.3 and combining with Lemma 3.4, we have

EL4K(}K(U7VH

, Vk > 3. Thus, telescoping the

A 1
<¢o(u) — TKE[IIV - vkl - 3E[lu~ xkl[a] — axE[(A(u - xK),yx —¥yK-1)]  (38)
Ag_1

T Ellyx = yreall3] +n*ar Elllyr = yoll3] - Eléo(x)]-
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We first show how to cancel out the inner product term with the negative quadratic terms. Observe
that, V3 > 0,

—ak(A(u—xg),yk —Yk-1) =—ax Y _(Yx — Yr-1) Ay(u; — [xk];)
j=1

np 1
Sare (T s —yreal3+ g5l =l ).

where the last line is by Young’s inequality. In particular, choosing 8 = 2ax, we have %a gnfb =
na?., which is at most Ai’l , by the choice of step sizes in SI-NNLS+. Thus, since ¢g(x1) =

1l1x1 — %04, Eq. (38) simplifies to
E[Ax Gk (u, V)]

A 1 39)
<go(w) — ZEElIv - yxl3) - 7Bl - xxl[3] + na1 Ellly: = yol3l - Elgo(xa)].

Since —1E[[lu — xx||3] < 0, we can ignore it. Let us now bound n?a1?(|y1 — yoll3 — ¢o(x1). By
definition of x; and ¢;, we have x; = xg — a; A" (A Tyy — 1). Further, from Eq. (9) and Eq. (6),
as we have y; = Ax; and yo = Axg, we can simplify the terms to bound as follows.

n?aflly: — yoll3 — do(x1)
:a12<n2a12HAA71(ATYO —1)3 - %HA*l(ATYO - 1)”3\)
<or? (a2 A 2ATAA A E A Tyo — DB 314 H(ATye — 1))
<o’ A H(ATyo - DI (nar? - 1),

where the reasoning behind the first inequality follows from the definition of spectral norm
and that [|AA"Y2|2 = A (A"Y2ATAA~Y/2); the last inequality follows as the matrix

A~Y2ATAA~1/2 has all ones on the main diagonal, and thus its trace is at most n, and since
it is positive semidefinite, its spectral norm is at most its trace. As a; = —L__ we conclude that

V2nls)
n?a1?||y1 — yoll3 — ¢o(x1) < 0. Thus, Eq. (39) simplifies to
A
E[Ax G (u,v)] < Elgo(w)] — ZE[lv — y«l3. (40)

By construction, Gap, (Xk,¥x) < Gg(u,v). Further, by Inequality (5), f(Xx) — f(x*) +
A (xx — x*)||* < Gapy¥ (Xk, ¥k ). Hence, we can conclude from Eq. (40) that

- 1 ~ x* xg — x|
B[ (%) — £6) + A G — )17 < 220 = o xla

On the other hand, for u = x* and v = y* = Ax*, Gap}" (Xx,yx) > 0, and, recalling from
Eq. (6), Eq. (8), and Eq. (9) that yx = AXg, we can also conclude from Eq. (40) that

I Po(x*) _ lxo —x*[A
E|SlIAGK - x)3] < - . 42
3G ) 3] < 2 = X @2)
By Proposition 2.1 (b), f(x*) = —41Tx* = —1||Ax*||3. Using this identity, one can verify that,
VX,
* 1 * *
FO0) = FO) + SlALG = x5 = (ATAx — 1,x - x)
= (Vf(x),x —x*).
Hence, summing Eq. (41) and Eq. (42), we also have
~ o\~ N 1 ~ N 2¢o(x* xo — xX*||%
B[V (i), e — ) + LA G —x)|?] < 2200 o Tl
2 Ax A
Finally, the bound on the rate of growth of Ay, is provided in Appendix 6.3. O
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The reason A does not show up in the final bounds (thereby rendering our algorithm “scale-invariant™)
is because Proposition 2.1 allows bounding |xo — x*||3 by |f(x*)| where we crucially use the non-
negativity of A and x. This does not seem possible for general A. However, an additive (as opposed
to multiplicative) error bound can be obtained even with the more general A with only small updates
to the analysis. This bound would necessarily depend on the scale of A. The choice of the regularizer
1| - —x0||4 is also crucial here.

6.3 Omitted Proofs from Section 3: Growth of Scalar Sequences

In this section, we use the properties of {a;} and {a¥} to obtain our claimed rate of growth of Aj,.
Note that in any iteration k£ > 2 of Algorithm 1, there are two possible updates to aj, which we name
as follows.

Type I update: aj 1 = nakl (43)
”—
VA

Type Il update: a1 = Tk (44)
n

Obtaining a handle on the growth rate of Ay requires controlling the number of updates of both types
specified above. At a high level, the idea behind obtaining such a bound is that if the algorithm had

only Type II updates, we would have Ay > Q(ﬁ—z), we then go on to show that we cannot have more
than %n log n Type I updates since those make a; grow too fast. We formalize this intuition in the
following lemmas.

Lemma 6.4. In Algorithm 1, we have, for k > 2, that a1 > ay and Apy1 > Ag.

Proof. Notice that for all k, we have a;, > 0, which implies that Ay def Ay + ag1 satisfies
nar  VAx )

Agy1 > Ap. To check the non-decreasing nature of ay, we recall that a1 = min (n—l’ 5

In the case that VQ‘;‘L’“ > %, we have ai41 = :ﬁ’“l > ay, as claimed. Consider the other case

with ap41 = —Vz‘z’“, and suppose, for the sake of contradiction, that a1 < aj. Chaining this
inequality with the assumed expression for a1, scaling appropriately, and squaring both sides gives
Ay, < 4n®a}. Plugging this into Ay, = Ag_1 + ay, and solving for aj, from this quadratic inequality

. . . . 14+4/14+16n2A;_ Aj
(and further invoking the nonnegativity of ay), yields a, > V gnzn > \/2; L. However,

. . . VA A
this contradicts a; = min (”a’“‘l r 1> < m O

n—1 7 2n — 2n

Lemma 6.5. Consider the iterations {sk} in which Algorithm 1 performs a Type Il update as, 11 =
2 for c; = 36.

Proof. We prove this claim by induction. First, notice that s;; > k + 1 for any k. Recall our
initialization a7 = A; = ﬁ By combining this with the monotonicity property stated in

Lemma 6.4, we have as, > as = 7

ﬁ > 0. By using Lemma 6.4 again, we have, in a similar
fashion, that A;, > Ay =

fn2 -+ fnl 52 o L —=z» which proves the base case for induction.

Assume that for some k& > 1, we have the induction hypothesis A, > 1n2 and as, > 5 \ﬁ s———. Then,

combining the monotonicity of Ay from Lemma 6.4 with the fact that the algorithm performs a Type

\/As — £/ s
IT update on ay, , we have ag, , = 2’1:” L > T \ﬁng By again applying monotonicity
of Ay and the induction hypothesis about aj, we have ASHrl =Ag 1t ag,, > A tas,,, >
2k>+/eik > (k+1)2 O

2ci1n? cin?

Lemma 6.6. If at some kgh iteration of Algorithm 1, we have that
1

n—1
U 45
Aky > NG ko 2 45)
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then for all k > kg, we have that

k—1—ko+n (k — ko +n)?
— Ay > — 4
W= 2\/c1n? b= cn? (46)

for c; = 36.

Proof. We prove the claim by induction. First, the base case is true for k = kg by our assumption on
ay, and Ag,. Assume the induction hypothesis a; > % and Ay > w for k > k.
We now discuss how a;, changes with the two types of updates.

If the algorithm performs a Type I update on ay, then, by definition, ay+1 =
assumed lower bound on ay, we have, when k > kg, that

nak k—l—k0+n>k—k0+n
— 2/cn(n—1) —  2\/cin?

we have,

Q41 =

Similarly, given that A; > (kfﬂ

(k — ko +n)? k—k0+n>(k+1—ko+n)2
cin? 2/cin? cin? '

If, on the other hand, the algorithm performs a Type II update on ay, then we have

\/Ak->/€7ko+n
2n —  2y/cn?

This completes the induction. O

Apt1 = A+ agr >

Q41 =

As we saw in Lemma 6.6, after the k§" iteration - starting at which Inequality (45) holds - A}, grows
fast. We therefore need to estimate the number of Type I updates before the k" iteration.

Lemma 6.7. There are at most %n log n Type I updates (Equation (43)) performed before the k"
iteration (the first iteration at which Inequality (45) holds).

Proof. Suppose there are n; Type I updates performed by Algorithm 1 before the k" iteration, when
Inequality (45) starts to hold. Further, by Lemma 6.4, a;, is monotonically increasing (for both types

of updates). Then, when considering Type I updates (Equation (43)), we have aj, > (L) as =

-1
(%) . ﬁ In order for a, > 127}2, we only need to have n; > log n (%2)) Ina
similar fashion, combining the monotonicity of Ay from Lemma 6.4 with the Type I update rule, we

have ,
n n n \™ ()™
A, > S R S n=’
ko_a2< + 1+(n1) + +(n1) )> JInZs

2.5

So, in order to have Ay, > 36 per Inequality (45), we only need to have n; > 1og7 (2 s f)
By using the approximation 1 + =z < e* and combining the above two bounds, we get as soon as
ny > 3nlogn, the inequality (45) holds. O

(k—5nlog n)?
= 36712

Proposition 6.8. [Rate of change of Ay ] When k > gn logn, we have Ay,
Proof. Let there be t; Type I updates and ¢ Type II updates before the first iteration at which
Inequality (45) holds, and let us call this iteration ky. By the result of Lemma 6.7, we have

2
t1 < %nlog n. By the result of Lemma 6.5, we must have Ay, > % and ap, > 2%722

meet the requirement in Inequality (45) then, we can see that t5 < n. Therefore, kg = t; + t2 <
2n logn+n <3 51 log n. Having reached the kS iteration, the result of Lemma 6.6 applies, and we

have Aj > (k= ko) . O

cin?

To
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6.4 Omitted Proofs from Section 4: Restart Strategy
To establish local error bounds, we start with the observation that (P) is equivalent to a linear
complementarity problem.

Proposition 6.9. Problem (P) is equivalent to the following linear complementarity problem, denoted
by LCP(M, q).
Mx+q>0, x>0, (x, Mx+q) =0, 47)

where AT"M = ATA andq = —-A"'1.

Proof. Observe first that, as A~! is a diagonal matrix with positive elements on the diagonal, the
stated linear complementarity problem is equivalent to

Vix)>0,x>0, (Vf(x),x)=0. (48)

By Proposition 2.1, these conditions hold for any solution of (P). In the opposite direction, suppose
that the conditions from Eq. (48) hold for some x. Then applying these conditions for any u > 0

gives
(Vf(x),u—x) =(Vf(x),u) >0.
But (V f(x),u — x) > 0 is the first-order optimality condition for (P), and so x solves (P). O

For r(x) = ||R(x)]|a, & quantity termed natural residual [31], local error bound is obtained as a
corollary of the following theorem.

Theorem 6.10 ([31], Theorem 2.1). Let M € R"*™ be such that LCP(M, 0) has 0 as its unique
solution. Then there exists > 0 such that for each x € R™, we have r(x) >
is a solution to LCP(M, q) that is closest to x under the norm || - ||.

Theorem 6.10 applies to our problem due to the nonnegativity (and nondegeneracy) of A and
choosing || - || = || - ||a. By arguing that Theorem 3.5 provides an upper bound on r(Xg), i
expectation, we then obtain our final result below.

Proposition 6.11. For any x € R7, r(x) < \/2n(f(x) — f(x*)), where x* € argming, g f(u).

Proof. Given x € R}, consider % defined as % = x; — Rj«(x), where j* =
argmax; <<, |R;(x)| - [ A.jll2, and &; = z; for j # j*. Then observing that

12
F5) 60 = Ve F0((8] — e+ 12925 g

1 1
< = SR P A5 < f%IIR(X)Hi,

and combining with f(X) > f(x*), r(x) = ||[R(x)|/a, the claimed bound follows after a simple
rearrangement. O

Theorem 4.1. Given an error parameter € > 0 and xy = 0, consider the following algorithm A :

A : SI-NNLS+ with Restarts

Initialize: k = 1.

Initialize Lazy SI-NNLS+ at Xj_1.

Run Lazy SI-NNLS+ until the output X5, satisfies r(x5) < 2r(xx_1).
Restart Lazy SI-NNLS+ initializing at xj, = i’;(
Increment k.

Repeat until r(x%,) < e.

Then, the expected number of arithmetic operations of A is O (nnz(A) ( logn + ‘f) log (T(x") ))
As a consequence, given € > 0, the total expected number of arithmetic operations zmtll a point with

f(x) — f(x*) < &|f(x*)| can be constructed by A is O(nnz(A)(logn + %) log (%))
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Proof. Because each restart halves the natural residual 7(x), it is immediate that the total number

of restarts until 7(x%) < ¢ is bounded by log(r(xo)) Thus, to prove the first (and main) part of
the theorem, we only need to bound the number of iterations (and the overall number of arithmetic
operations) of (Lazy) SI-NNLS+ in expectation. Hence, in the following, we only consider one run
of SI-NNLS+ until the natural residual is halved. To keep the notation simple, we let xy denote the
initial point of SI-NNLS+ and X;, denote the output of SI-NNLS+ at iteration k. If r(x¢) = 0, A
halts immediately and the bound on the number of iterations holds trivially, so assume r(x) > 0.
Using Theorem 3.5, we have that Vk > 2,

- n
}E[Akrg(xk)] < n|lxo — X*Hi < ET2<X0). (49)

As 72(-) is nonnegative, we can use Markov’s inequality to bound the total number of iterations K
until r(Xg) < T(xo) . In particular, using Eq. (49), we get by Markov’s inequality that Pr[K > k] <

Pr[r?(xx) > #] < 4" . As K is nonnegative, we can estimate its expectation using

= ;Pr[K > ] < ;min{17/ﬂl}

[12ny/n/p+2nlogn] 00 An
< > 1+ > 24,
i=0 [12n/n/p+5nlogn]+1

5
< 24nv/n/p + §nlogn +2,
where in the last inequality we use the rate of Ay from Proposition 6.8.

In the lazy implementation of SI-NNLS+, as argued in Appendix 7, the expected cost of an iteration
is M , which leads to the claimed bound on the number of arithmetic operations until r(x) < e.

By using that7(x9) < /2n(f(x0) — f(x*)) = /2n|f(x*)], f (x5 = R(xF)) - f(x*) < ((n—
1)+ "T“)TQ (xK1) (argued below), the bound on the number of iterations until f (x* — R(x*1)) —

f(x) < &lf(x*)| have

F RS - RES) - fx) < ((0— 1)+ ol
n+1l, 1 o
< ((n = 1)+ ") g o)
< (= 1)+ ) 2l )

n((n— ntl
and by setting K7 = 3 log, M, we have this bound.

Finally, it remains to argue that f (x** — R(x"1)) — f(x*) < ((n—1) + "TH)TQ(EKl). Observe
that the definition of R(x) is equivalent to x — X, where
1
X = argmin{(Vf(x), u—x)+ -|lu-— x||i}
ueR?} 2

By the first-order optimality of X based on the equivalent definition of R(x) above, we have (V f(x)+
A(x — x),x* — x) > 0. Rearranging, and using the definition of convexity of f, we have

f(x) = f(x) <(Vf(x),x—x)
f(x) = Vi) +AEXx—-x),x* —X)
(ATA — A)(x — x),x*

<
<(v

= —X)

(ATA = A)R(x),R(x)) + (ATA — AR(x),x* — x)
( +

(

(x))
(ATA - A)R(x), R(x)) + (ATAR(x),x" — x) — (AR(x), X" — x)
n= D[R + (n+ DIRE)||allx = x*[|a

(s )

IN
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where in the last inequality we have used the error bound from Theorem 6.10. O

7 Implementation Version of SI-NNLS+

Since Algorithm 1 explicitly updates X and y, (of lengths n and m respectively), the per iteration
cost is O(m + n), which is unnecessarily high when the matrix A is sparse. In this section, we show
that by using a lazy update strategy, we can efficiently implement Algorithm 1 with overall complexity
independent of the ambient dimension. To attain this result, we maintain implicit representations for
Xk, Yk, and ¥ by introducing two auxiliary variables that are amenable to efficient updates.

Efficiently Updating the Primal Variable. In Lemma 7.1, we show that we can work with an
implicit representation of X, by introducing ry.

Lemma 7.1. For {X;} defined in Eq. (8) (and simplified in Algorithm 1), we have, for k > 1,

- 1
Xk = Xi + Ikrk, (50)

where x;, evolves as per Algorithm I, vr1 = 0 and, when k > 1, vy, = rp—1 + ((n — 1)ay —

Ag—1) (X — Xg—1)-

Proof. We prove the lemma by induction. Using the facts that xg = 0, x; = X1,81 =0, a; = A,
and Ag = 0, we have

1

X = Ail (Aoio +ax (nx1 - (n - 1)X0))
= Ai1 (a1x1 + (n — Dai(x1 — x0))
=x1+ ((n—1)a; — Ap)(x1 — Xp)- G

Assume for certain £ > 2, that Eq. (50) holds for k — 1. Then, using the recursion of X, in Algorithm
1, we have that for £ > 3,

ApXp = Ap1Xp—1 +agpxg + (0 — Dag(xp — Xp—1)

= Ap1Xp—1 + o1+ apXg + (0 — Dag(xp — Xp-1)

= Ap_1(Xp—1 — Xp +Xp) Frp1 Fapxp + (0 — Dag(xp — Xp—1)

= Ap_1(xp—1 — Xg) + Ag_1Xp + 11+ apxy + (0 — Dag (X — Xp-1)

= Apxg + i1+ ((n — Dag — Ap—1) (X — Xp—1)

= Apxy + 1,
as required. O
The expression for rj in Lemma 7.1 shows that it can be updated at cost O(1) as x;, differs from
Xr—1 only at one coordinate. Therefore, by Eq. (50) we need not compute X, in all iterations and can

instead maintain ri. Along the same lines, we give an efficient implementation strategy for yj and
¥ in the following discussion.

Efficiently Updating the Dual Variable. We now show how to update the dual variable efficiently.

Lemma 7.2. Consider {yy} and {xy} evolving as per Algorithm 1. Then, for k = 1, we have
y1 = Axy; for k > 2, we have

Ap_q ay, (n—1)ag
= 1+ —A ——A(x — Xg— 52
Vi = T Vo1t o AXE (X — Xk-1), (52)
(53)
Proof. The proof is directly from the definition of y, in Algorithm 1. O
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Lemma 7.3. Consider {y} and {x}} evolving as per Algorithm 1. Then for all k > 1, we have

Y = Axp + (54)

s
A

where sy = 0and s, = sg—1 + ((n — 1)ag — Ag—1)A (X — Xp—1) when k > 2.

Proof. We prove the lemma by induction. For the base case of & = 1, we have, by the choice of
sy = 0, thaty; = Ax; = Axy + A%sl- Then for some k& > 2, assume Eq. (54) holds for & — 1,
then we have,

Aryr = Ar—1yr—1 + apAxy + (n — DapA(xp — Xp—1)
= Ap_1AXp_1 +Sp_1 + aprAxy + (n — 1)akA(Xk — Xk—l)
= Ak—lA(Xk—l — Xk + Xk) +8Sp_1 + apAxy + (n — 1)ak.A(xk — Xk—l)
= ApAxy +8Sp_1 + ((TL — 1)ak — Ak_l)A(Xk — Xk—l)
= ALAx;, + Sk, (55)
where the first step is by Lemma 7.2, second step is by the induction hypothesis, third step is by
adding and subtracting Aj_; Axy, fourth step is by rearranging terms appropriately, and the final

step uses the recursive definition of s, stated in the lemma. Dividing throughout by Ay, then finishes
the proof. O

Algorithm 2 SI-NNLS+ (Implementation)
1: Input: Matrix A € R"*" with n > 4, accuracy e
2: Output: Vector Xg € R’} such that f(Xx) < (1 —¢) f(x*).
3: Initialize: a1 = ﬁ, az = 5, Ay = a1, ¢o(x) = %”X —xolla, Yo = Yo = Axo,
Po = 0,90 = Axp,tp = 0,8, =0,r; = 0.

4: fork=1,2,..., K do
5: Sample j;, uniformly at random from {1,2,...,n}
6: if £ =1 then
T Yo =9do
8: else if k£ = 2 then
9: yi=ai+ ot
10: else if £ > 3 then
_ 2 —1)a2_
11: Yk-1=qk—1+ Aklfl (1 N a:zki2)sk_1 + %tk_l
12: end if
Pr—1,i i # Jk
13: Pk,i = ’ _ . .
' pr—1,i +nar(ALyr_1 —1), i=j.
Th—1.4, 147
14: Tki = k=1 ?é ].k

’ max {O,min {xo_,i — ﬁ Dk is ﬁ}} 1= Jk
15: tr = A(Xk - kal)
16: if £ > 2 then

17: ry =rr_1+ ((n — 1)ak — Ak,l)(xk — kal)
18: Sk = Sk—1 +((n— l)ak _Ak—l)tk
19: end if

20: Ak = qx—1 + tk
21: Ak;Jr] = A, + Ak41

nagrr \ Ak+1 }
2n

22: ak+2 = min{ﬁ,
23: end for
24: return Xy + trK

Lemma 7.4. Consider {x\.}, {yr}, and {¥,} evolving as per Algorithm 1. Then we have that

_ a
y1i=Ax; + ;;A(Xl —Xo). (56)
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and

1 az (n—1)a?
i = Ax 7(1_7’6) T A (x, — 57
Yk Xt Ay, a1 Ak—1 Sk+ak+1Ak 1 (k= %k-1)- 57)

Proof. From the definition of y, the initializations for xg, yo, and ¥, and Lemma 7.2, we have
yi=wy1 + (Y1 Yo) = Axy + ;%A(Xl —Xp)-
For k > 2, by Lemma 7.2, we have
Aryr — Ag—1¥k—1 = apAxg + (n — D)ag A(xp — Xg—1).
As a result,

A1 (Yk — Yi-1) = arAxp + (n — 1)apA(Xp — Xp—1) — Ak Yk- (58)
So for k > 2, it follows that

Y —yk+k—(yk—yk 1)

(n — Day ag
A(xp —xp_1) — )
ak+1( Ap_1 (3 =31 Ak—lyk
a3 ai (n—1)a?
1- — % ) 4Tk Ax 4+ —— 2R A(x, —x
( k1 Ak—1 Yk k1 Ax—1 ak+1Ax—1 (e = xi-1)
1 a? (n—1)a?
AL a1 Ar 1) " ap Ap (k= xi-1),

where the first step is by the definition of y,, in Algorithm 1, the second step is by Eq. (58), the third
step is by rearranging, and the final step is by Lemma 7.3. O

Based on the above lemmas, we give our efficient lazy implementation version of Algorithm 1 in
Algorithm 2. In Algorithm 2, we also introduce other auxiliary variables py, qx and t;. Based
on Lemmas 7.1-7.4, it is easy to verify the equivalence between Algorithms 1 and 2. With this
implementation, by updating only the dual coordinates corresponding to the nonzero coordinates of
the selected column of A the per-iteration cost is proportional to the number of nonzero elements of
the selected row in the iteration. As a result, the overall complexity result will depend only on the
number of nonzero elements of A.
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