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Abstract

Diffusion probabilistic models (DPMs) are emerging powerful generative models.
Despite their high-quality generation performance, DPMs still suffer from their
slow sampling as they generally need hundreds or thousands of sequential function
evaluations (steps) of large neural networks to draw a sample. Sampling from
DPMs can be viewed alternatively as solving the corresponding diffusion ordinary
differential equations (ODEs). In this work, we propose an exact formulation of
the solution of diffusion ODEs. The formulation analytically computes the linear
part of the solution, rather than leaving all terms to black-box ODE solvers as
adopted in previous works. By applying change-of-variable, the solution can be
equivalently simplified to an exponentially weighted integral of the neural network.
Based on our formulation, we propose DPM-Solver, a fast dedicated high-order
solver for diffusion ODEs with the convergence order guarantee. DPM-Solver
is suitable for both discrete-time and continuous-time DPMs without any further
training. Experimental results show that DPM-Solver can generate high-quality
samples in only 10 to 20 function evaluations on various datasets. We achieve
4.70 FID in 10 function evaluations and 2.87 FID in 20 function evaluations on the
CIFAR10 dataset, and a 4 ~ 16 x speedup compared with previous state-of-the-art
training-free samplers on various datasetsE]

1 Introduction

Diffusion probabilistic models (DPMs) [1H3] are emerging powerful generative models with promis-
ing performance on many tasks, such as image generation [4}, 5], video generation [6], text-to-image
generation [7], speech synthesis [[8, /9] and lossless compression [[10]. DPMs are defined by discrete-
time random processes [[1, 2] or continuous-time stochastic differential equations (SDEs) [3]], which
learn to gradually remove the noise added to the data points. Compared with the widely-used genera-
tive adversarial networks (GANs) [11]] and variational auto-encoders (VAEs) [12], DPMs can not only
compute exact likelihood [3], but also achieve even better sample quality for image generation [4].
However, to obtain high-quality samples, DPMs usually need hundreds or thousands of sequential
steps of large neural network evaluations, thereby resulting in a much slower sampling speed than the
single-step GANs or VAEs. Such inefficiency is becoming a critical bottleneck for the adoption of
DPMs in downstream tasks, leading to an urgent request to design fast samplers for DPMs.
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Figure 1: Samples by DDIM [19] with 10, 15, 20, 100 number of function evaluations (NFE), and DPM-Solver
(ours) with only 10 NFE, using the pre-trained DPMs on ImageNet 256 256 with classifier guidance [4]].

NFE =10

Existing fast samplers for DPMs can be divided into two categories. The first category includes
knowledge distillation [14]) and noise level or sample trajectory learning [15HI8]]. Such methods
require a possibly expensive training stage before they can be used for efficient sampling. Furthermore,
their applicability and flexibility might be limited. It might require nontrivial effort to adapt the
method to different models, datasets, and number of sampling steps. The second category consists
of training-free [19-21] samplers, which are suitable for all pre-trained DPMs in a simple plug-and-
play manner. Training-free samplers include adopting implicit or analytical generation
process, advanced differential equation (DE) solvers [3 20, 22-24] and dynamic programming [18].
However, these methods still require ~ 50 function evaluations to generate high-quality samples
(comparable to those generated by plain samplers in about 1000 function evaluations), thereby are
still time-consuming.

In this work, we bring the efficiency of training-free samplers to a new level to produce high-quality
samples in the “few-step sampling” regime, where the sampling can be done within around 10 steps
of sequential function evaluations. We tackle the alternative problem of sampling from DPMs as
solving the corresponding diffusion ordinary differential equations (ODEs) of DPMs, and carefully
examine the structure of diffusion ODEs. Diffusion ODEs have a semi-linear structure — they consist
of a linear function of the data variable and a nonlinear function parameterized by neural networks.
Such structure is omitted in previous training-free samplers [3] 20], which directly use black-box
DE solvers. To utilize the semi-linear structure, we derive an exact formulation of the solutions of
diffusion ODEs by analytically computing the linear part of the solutions, avoiding the corresponding
discretization error. Furthermore, by applying change-of-variable, the solutions can be equivalently
simplified to an exponentially weighted integral of the neural network. Such integral is very special
and can be efficiently approximated by the numerical methods for exponential integrators [25].

Based on our formulation of solutions, we propose DPM-Solver, a fast dedicated solver for diffusion
ODE:s by approximating the above integral. Specifically, we propose first-order, second-order and
third-order versions of DPM-Solver with convergence order guarantees. We further propose an
adaptive step size schedule for DPM-Solver. In general, DPM-Solver is applicable to both continuous-
time and discrete-time DPMs, and also conditional sampling with classifier guidance [4]. Fig.[]]
demonstrates the speedup performance of a Denoising Diffusion Implicit Models (DDIM) [19]
baseline and DPM-Solver, which shows that DPM-Solver can generate high-quality samples with as
few as 10 function evaluations and is much faster than DDIM on the ImageNet 256x256 dataset [26]).
Our additional experimental results show that DPM-Solver can greatly improve the sampling speed of
both discrete-time and continuous-time DPMs, and it can achieve excellent sample quality in around
10 function evaluations, which is much faster than all previous training-free samplers of DPMs.

2 Diffusion Probabilistic Models

We review diffusion probabilistic models and their associated differential equations in this section.



2.1 Forward Process and Diffusion SDEs

Assume that we have a D-dimensional random variable Xo € RP with an unknown distribution
Qo(Xo). Diffusion Probabilistic Models (DPMs) [1H3L[10] define a forward process { Xt }tefo;11 with
T > 0 starting with Xg, such that for any t € [0; T], the distribution of X conditioned on Xg satisfies

Got(Xt|X0) = N (X¢| (t)xo; Z(t)1); 2.1

where (t); (t) € R* are differentiable functions of t with bounded derivatives, and we denote
them as ; ¢ for simplicity. The choice for ¢ and ¢ is referred to as the noise schedule of a
DPM. Let q¢(X¢) denote the marginal distribution of X¢, DPMs choose noise schedules to ensure
that gt (X1) &~ N (X1 |0; “21) for some ~ > 0, and the signal-to-noise-ratio (SNR) 2= 2 is strictly
decreasing w.r.t. t [10]. Moreover, Kingma et al. [10] prove that the following stochastic differential
equation (SDE) has the same transition distribution got(Xt|Xo) as in Eq. 2.I)) for any t € [0; T]:

dx¢ = F(t)Xedt + g(t)dwe;  Xo ~ qo(Xo); 2.2)
where Wy € RP is the standard Wiener process, and

dlog ¢ 2 d ? dlog ¢ »
=—; )= — -2 :
U] & 9°(0 = a4t
Under some regularity conditions, Song et al. [3]] show that the forward process in Eq. (2.2)) has an
equivalent reverse process from time T to 0, starting with the marginal distribution gt (X7 ):

(2.3)

dxe = [F(t)X¢ — 0%(t) Vi log Qe (Xe)|dt + g()dWe; X1 ~ o1 (XT); (2.4)

where Wy is a standard Wiener process in the reverse time. The only unknown term in Eq. (Z.4) is
the score function Vx log Q¢ (X¢) at each time t. In practice, DPMs use a neural network  (X¢; t)

parameterized by to estimate the scaled score function: — Vx log@¢(X¢). The parameter is
optimized by minimizing the following objective [2} 3]:
] Z h i
LO:4HY) =5 , T(UEqxo | (X6 ) + Vxloge(xe)[3 dt
12T h i
=3 L(EqoxoEa() | (Xeit) — |13 dt+C;

where ! (t) is a weighting function, ~q( ) =N( [0;1), Xt = Xo+ ¢ ,and C is a constant
independent of . As  (X¢;t) can also be regarded as predicting the Gaussian noise added to X, it
is usually called the noise prediction model. Since the ground truth of  (X¢; t) is — Vi log Qe (Xt),
DPMs replace the score function in Eq. (2.4) by — (X¢; t)=  and define a parameterized reverse
process (diffusion SDE) from time T to 0, starting with Xt ~ A/ (0; ~21):

g3(t)

t

dxe = ()% + (X¢;t) dt+g(t)dwy, Xt ~ N(0; “21): (2.5)

Samples can be generated from DPMs by solving the diffusion SDE in Eq. (2.5) with numerical
solvers, which discretize the SDE from T to 0. Song et al. [3]] proved that the traditional ancestral
sampling method for DPMs [2]] can be viewed as a first-order SDE solver for Eq. (2.5). However, these
first-order methods usually need hundreds of or thousands of function evaluations to converge [3l],
leading to extremely slow sampling speed.

2.2 Diffusion (Probability Flow) ODEs

When discretizing SDEs, the step size is limited by the randomness of the Wiener process [27, Chap.
11]. A large step size (small number of steps) often causes non-convergence, especially in high
dimensional spaces. For faster sampling, one can consider the associated probability flow ODE |3,
which has the same marginal distribution at each time t as that of the SDE. Specifically, for DPMs,
Song et al. [3] proved that the probability flow ODE of Eq. is

dX¢

1
T f(t)% — §gz(t)VX log Ge(Xt); X1 ~ Ot (XT); (2.6)



where the marginal distribution af; is alsog (x¢). By replacing the score function with the noise
prediction model, Song et al.|[3] de ned the following parameterized Odiffusion ODB:

dXt gz(t)
dt 2

Samples can be drawn by solving the ODE frénto 0. Comparing with SDEs, ODESs can be solved

with larger step sizes as they have no randomness. Furthermore, we can take advantage of ef cient

numerical ODE solvers to accelerate the sampling. Song @] alsed the RK45 ODE solveR§]

for the diffusion ODEs, which generates samples i0 function evaluations to reach comparable

quality with a 1000-step SDE solver for E.5) on the CIFAR-10 dataseR$]. However, existing

general-purpose ODE solvers still cannot generate satisfactory samples in the few-steptéps)

sampling regime. To the best of our knowledge, there is still a lack of training-free samplers for

DPMs in the few-step sampling regime, and the sampling speed of DPMs is still a critical issue.

= h (xi;t) = f()x + (xi;t); x7 N (0;~%1): (2.7)

3 Customized Fast Solvers for Diffusion ODEs

As highlighted in Seq. 2]2, discretizing SDEs is generally dif cult in high dimensi@dsChap. 11]

and it is hard to converge within few steps. In contrast, ODESs are easier to solve, yielding a potential
for fast samplers. However, as mentioned in $eg. 2.2, the general black-box ODE solver used in
previous work|[B] empirically fails to converge in few steps. This motivates us to design a dedicated
solver for diffusion ODEs to enable fast and high-quality few-step sampling. We start with a detailed
investigation of the speci c structure of diffusion ODEs.

3.1 Simpli ed Formulation of Exact Solutions of Diffusion ODEs

The key insight of this work is that given an initial value at times > 0, the solutiornx; at each
timet < s of diffusion ODEs in Eq(Z2.7) can be simpli ed into a very special exact formulation
which can be ef ciently approximated.

Our rst key observation is that a part of the solutivpcan be exactly computed by considering the
particular structure of diffusion ODEs. The r.h.s. of diffusion ODEs in£g{) consists of two parts:

the partf (t)x. is a linear function ok, and the other paﬁj(—f) (x¢;t) is generally a nonlinear
function ofx; because of the neural network(x.;t). This type of ODE is referred to aemi-linear
ODE. The black-box ODE solvers adopted by previous w8lkafe ignorant of this semi-linear
structure as they take the whdie(x;t) in Eq. (2.7) as the input, which causes discretization errors
of both the linear and nonlinear term. We note that for semi-linear ODEs, the solution atdane
be exactly formulated by thtvariation of constants”formula [30]:

Rtf()d

t R, 2
Xt = es Xs + e fner ) (x ;) d: (3.1)

2
S
This formulation decouples the linear part and the nonlinear part. In contrast to black-box ODE
solvers, the linear part is now exactly computed, which eliminates the approximation error of the
linear term. However, the integral of the nonlinear part is still complicated because it couples the
coef cients about the noise schedule (ife(, );g( ); ) and the complex neural network, which
is still hard to approximate.

Our second key observation is that the integral of the nonlinear part can be greatly simpli ed by
introducing a special variable. Let = log( := ) (one half of the log-SNR), then is a strictly
decreasing function df(due to the de nition of DPMs as discussed in 2.1). We can reg(tde

in Eq. (2.3) as

d? _dlog dlog dlog d
20y 9t t 2_5 2 t t_ 20 ¢,
oM= G Zq -2 dt dt 2 ig (3.2)
Combining withf (t) =dlog (=dt in Eq. g}), we can rewrite EJ. (3.1) as
t
d
Xe= —Xs 1 g o— (x;)d: (3:3)
S S
As (t) =  is a strictly decreasing function d¢f it has an inverse functioh () satisfying

t=1t ( (t)). We further change the subscriptsxobnd fromtto anddenot® = x; (),
NR )= (X (st (). Rewrite Eq.[(3.8) bychange-of-variable”for , then we have:

4



Proposition 3.1 (Exact solution of diffusion ODESs)Given an initial valuex s at times > 0, the
solutionx at timet 2 [0; ] of diffusion ODESs in Eq(2.7)is:
Z
t
X{= —Xs ¢ e AR ;)d: (3.4)

S s

R
We call the integral e ~ (® ; )d theexponentially weighted integraif ~ , which is very
special and highly related to tlexponential integratori the literature of ODE solver2p]. To the
best of our knowledge, such formulation has not been revealed in prior work of diffusion models.

Eq. (3.4) provides a new perspective for approximating the solutions of diffusion ODEs. Speci cally,
givenxs at times, According to Eq(3.4), approximating the solution at tinteis equivalent to
directly approximating the exponentially weighted integralrofrom s to , which avoids the
error of the linear terms and is well-studied in the literature of exponential integra®31]. Based

on this insight, we propose fast solvers for diffusion ODES, as detailed in the following sections.

3.2 High-Order Solvers for Diffusion ODEs

In this section, we propose high-order solvers for diffusion ODEs with convergence order guarantee
by leveraging our proposed solution formulation E3j4). The proposed solvers and analysis are
highly motivated by the methods of exponential integrators [25, 31] in the ODE literature.

Speci cally, given an initial valuext at timeT andM + 1 time stepst;gM, decreasing from
to = Ttoty =0. Letxy, = X1 be the initial value. The proposed solvers dbesteps to iteratively
compute a sequende, g, to approximate the true solutions at time stépsgl, . In particular,
the last iterates;,, approximates the true solution at tifde

In order to reduce the approximation error betwgepn and the true solution at tinf® we need to
reduce the approximation error for eaeh at every step3(]. Starting with the previous value;, ,
attimet; 1, according to Eq. (3.4), the exact solutiop ,, , attimet; is given by

z
X 6T X e " (% )d: (3.5)
i1 toa
Therefore, to compute the valug, for approximatingx:, ,i ,, we need to approximate the
exponentially weighted integral 6f from , , to . Denoteh; = ¢ 1,and"(”)(k ;)=

dnAd(i’ﬁ;) as then-th order total derivative of (® ; )w.rt. . Fork 1,the(k 1)-th order
Taylor expansion oft (® ; )w.rt at ¢ ,is
K1 AL
tR)E %A(n)(% R R el (( ti 1)k);
n=0 ’
Substituting the above Taylor expansion into Eq. (3.5) yields
5( 1 z tj v n
Xti 20 4= s Xt t A(n)(k G0t 1) € #d +O(hik+l); (3.6)
i1 n=0 to1 n:
R n
where the integral e %d can beanalytically computed by repeatedly applyimgtimes

of integration-by-parts (see Appendix B.2). Therefore, to approximate, ¢, , we only need to

approximate then-th order total derivativeé(”)(k ; )forn k1, which is a well-studied
problem in the ODE literature3fl, 32]. By dropping theO(h!“l) error term and approximating the
rst (k 1)-th total derivatives with the “stiff order conditions31, 32], we can derivek-th-order
ODE solvers for diffusion ODEs. We name such solverBB#-Solveroverall, andDPM-Solverk
for a speci c orderk. Here we také& = 1 for demonstration. In this case, Eq. (3.6) becomes

z
X, O oitio1) e d +0O(h)

ti 1 tj

ti

Xti 10t =

1

ti Xt [i(e' 1) (X‘[i 1;ti l)+ O(h|2)




By dropping the high-order error ter@(h?), we can obtain an approximation fef, i ¢,. As
k = 1 here, we call this solvedDPM-Solver-1 and the detailed algorithm is as following.

DPM-Solver-1. Given an initial valuext andM + 1 time stepst; g™, decreasing fromg = T
toty = 0. Starting withx, = x 1, the sequenckx, g, is computed iteratively as follows:

Xt = ti Xt ti(ehi 1) (% ,;ti 1); whereh; = to1- 3.7)

I
ti a1

Fork 2, approximating the rsk terms of the Taylor expansion needs additional intermediate
points betweem ands [31]. The derivation is more technical so we defer it to Appendix B. Below we
propose algorithms fdt = 2; 3 and name them d3PM-Solver-2andDPM-Solver-3 respectively.

Algorithm 1 DPM-Solver-2.
Require: initial valuex 1, time stepg tig', , model

1: Xt, XT
2: fori 1toM do

t 1+ t
3 s ot L

hi

4: Ui Il‘lx'ti 1 Si €z 1 (X-ti 1;ti 1)
St Xy TR 1 (uissi)
6: end for
7: return x,,

Algorithm 2 DPM-Solver-3.

Require: initial valuex 1, time steps t;g, , model
. 1 2
1. X”[O XT y rl é’ I‘2 §

2: fori 1toM do

3 syi1 ot g +rihy syt + 2y

4 Ux1 —ED e, @M1 (6 i)

5 D21 (U2 1:82i 1) et otio1)

HNVPY XL s @M1 (& itiog) SRR ef:;“ L 1Dy
7 D2 (uz2i;S2i) Ot 4ot 1)

8 Xy X .y 1 Oty 1) FE €l 1 Dy

9: end for

10: return x,,

Here,t () is the inverse function of (t), which has an analytical formulation for the practical noise
schedule used ir2[ 16], as shown in Appendix D. The chosen intermediate pointssare () for
DPM-Solver-2 andsy; 1;Uz 1) and(spi;uyi) for DPM-Solver-3. As shown in the algorithm,
DPM-Solverk requiresk function evaluations per step fer=1; 2; 3. Despite the more expensive
steps, higher-order solvers € 2 ; 3) are usually more ef cient since they require much fewer steps
to converge, due to their higher convergence order. We show that DPM-%oiw&rth-order solver,

as stated in the following theorem. The proof is in Appendix B.

Theorem 3.2(DPM-Solverk as ak-th-order solver) Assume (xi;t) follows the regularity condi-
tions detailed in Appendix B.1, then for= 1; 2; 3, DPM-Solverk is ak-th order solver for diffusion
ODEs, i.e., for the sequenée, g™, computed by DPM-Solvek; the approximation error at timé
satis esxt, Xo = O(hX ), wherehpa=maxs i wm( t, 1)

Finally, solvers witkk 4 need much more intermediate points as shown by previous \84rI8P]
for exponential integrators. Therefore, we only conskdéom 1 to 3 in this work, while leaving the
solvers with highek for future study.



3.3 Step Size Schedule

The proposed solvers in Sec. 3.2 need to specify the time Btegh§, in advance. We propose two
choices of the time step schedule. One choice is handcrafted, which is to uniformly split the interval
[ 1, olhie. v = 1+ (o 1),1 =0;:::;M. Note that this is different from previous
work [2, 3] which chooses uniform steps far. Emplrlcally DPM-Solver with uniform time steps

t, can already generate quite good samples in few steps, where results are listed in Appendix E. As
the other choice, we propose an adaptive step size algorithm, which dynamically adjusts the step size
by combining different orders of DPM-Solver. The adaptive algorithm is inspire@tiyajnd we
defer its implementation details to Appendix C.

For few-step sampling, we need to use up all the number of function evaluations (NFE). When the
NFE is not divisible by3, we rstly apply DPM-Solver-3 as much as possible, and then add a single
step of DPM-Solver-1 or DPM-Solver-2 (dependent on the remindK&r divided by3), as detailed

in Appendix D. In the subsequent experiments, we use such combination of solvers with the uniform
step size schedule for NFE 20, and otherwise the adaptive step size schedule.

3.4 Sampling from Discrete-Time DPMs

Discrete-time DPMsJ] train the noise prediction model &t xed time stepsft,gh., , and the

noise prediction model is parameterized byx,,;n) forn = 0;:::;N 1, where eaclx,, is
corresponding to the value at timyg,; . We can transform the d|screte time noise prediction model to

the continuous version by letting (x; t) = ~ (x; &2, forallx 2 R%;t 2 [0; T]. Note that the

input time of~ may not be integers, but we nd that the noise prediction model can still work well,
and we hypothesize that it is because of the smooth time embeddings (e.g., position embeét)dings [
By such reparameterization, the noise prediction model can adopt the continuous-time steps as input,
and thus we can also use DPM-Solver for fast sampling.

4 Comparison with Existing Fast Sampling Methods

Here, we discuss the relationship and highlight the difference between DPM-Solver and existing
ODE-based fast sampling methods for DPMs. We further brie y discuss the advantage of training-free
samplers over those training-based ones.

4.1 DDIM as DPM-Solver-1

Denoising Diffusion Implicit Models (DDIM) 19] design a deterministic method for fast sampling
from DPMs. For two adjacent time steps; andt;, assume that we have a solutiep , at time
ti 1, then asingle step of DDIM from timig ; to timet; is

I t' I . .
Xt = : Xt y — — (%, ot 1): 4.1)
ti 1 ti 1 ti

Although motivated by entirely different perspectives, we show that the updates of DPM-Solver-1
and Denoising Diffusion Implicit Models (DDIM)19] are identical. By the de nition of , we have

Sii=¢ t1and- " = e t4.Pluggingtheseand = ¢ ,toEQq.(4.1)resultsinexactly

a step of DPM- Solver—l in Eq3.7). However, the semi-linear ODE formulation of DPM-Solver
allows for principled generalization to higher-order solvers and convergence order analysis.

Recent work 13] also show that DDIM is a rst-order discretization of diffusion ODEs by differenti-
ating both sides of Eq4.1). However, they cannot explain the difference between DDIM and the
rst-order Euler discretization of diffusion ODEs. In contrast, by showing that DDIM is a special
case of DPM-Solver, we reveal that DDIM makes full use of the semi-linearity of diffusion ODEs,
which explains its superiority over traditional Euler methods.

4.2 Comparison with Traditional Runge-Kutta Methods

One can obtain a high-order solver by directly applying traditional explicit Runge-Kutta (RK) methods
to the diffusion ODE in Eq(2.7). Speci cally, RK methods write the solution of E(R.7)in the



Table 1:FID # on CIFAR-10 for different orders of Runge-Kutta (RK) methods and DPM-Solvers, varying the
number of function evaluations (NFE). For RK methods, we evaluate diffusion ODEs w.r.tt {#ah(2.7)) and
(Eq. (E.1)). We use uniform step size tnfor RK (t), and uniform step size in for RK ( ) and DPM-Solvers.

Sampling methoa NFE 12 18 24 30 36 42 48

RK2 (t) 1640 725 390 3.63 358 359 354
RK2 () 107.81 42.04 17.71 7.65 4.62 358 3.17
DPM-Solver-2 528 343 3.02 285 278 272 269
RK3 (t) 48.75 21.86 10.90 6.96 522 456 4.12
RK3 () 3429 490 350 303 285 274 269
DPM-Solver-3 6.03 290 275 270 267 265 265

following integral form:
z t z t
Xt = Xg+ h (x;)d =xg+ f()x + 5 x ;) d; (4.2)

S S

and use some intermediate time steps betweshand combine the evaluationstof at these time

steps to approximate the whole integral. The approximation error of explicit RK methods depends on
h , which consists of the error corresponding to both the linear fgrmix and the nonlinear noise
prediction model . However, the error of the linear term may increase exponentially because the
exact solution of the linear term has an exponential coef cient (as shown i(BEQ). There are many
empirical evidenceZb, 31] showing that directly using explicit RK methods for semi-linear ODEs
may suffer from unstable numerical issues for large step size. We also demonstrate the empirical
difference of the proposed DPM-Solver and the traditional explicit RK methods in Sec. 5.1, which
shows that DPM-Solver have smaller discretization errors than the RK methods with the same order.

4.3 Training-based Fast Sampling Methods for DPMs

Samplers that need extra training or optimization include knowledge distillat®r 4], learning

the noise level or variancd p, 16, 33|, and learning the noise schedule or sample trajectbry18].
Although the progressive distillation methd3] can obtain a fast sampler within 4 steps, it needs
further training costs and loses part of the information in the original DPM (e.qg., after distillation, the
noise prediction model cannot predict the noise (score function) at every time step bEwien

In contrast, training-free samplers can keep all the information of the original model, and thereby can
be directly extended to the conditional sampling by combining the original model and an external
classi er [4] (e.g. see Appendix D for the conditional sampling with classi er guidance).

Beyond directly designing fast samplers for DPMs, several works also propose novel types of
DPMs which supports faster sampling. For instance, de ning a low-dimensional latent variable for
DPMs [34]; designing special diffusion processes with bounded score funct8&iscombining

GANSs with the reverse process of DPNBS[. The proposed DPM-Solver may also be suitable for
accelerating the sampling of these DPMs, and we leave them for future work.

5 Experiments

In this section, we show that as a training-free sampler, DPM-Solver can greatly speedup the sampling
of existing pre-trained DPMs, including both continuous-time and discrete-time ones, with both
linear noise schedul®]19] and cosine noise scheduled. We vary different number of function
evaluations (NFE) which is the number of calls to the noise prediction mogel|;t), and compare

the sample quality between DPM-Solver and other methods. For each experiment, We draw 50K
samples and use the widely adopted FID sc8i® fo evaluate the sample quality, where lower FID
usually implies better sample quality.

Unless explicitly mentioned, we always use the solver combination with the uniform step size
schedule in Sec. 3.3 if the NFE budget is less than 20, and otherwise the DPM-Solver-3 with the
adaptive step size schedule in Sec. 3.3. We refer to Appendix D for other implementation details of
DPM-Solver and Appendix E for detailed settings.



(a) CIFAR-10 (continuous) (b) CIFAR-10 (discrete) (c) CelebA 64x64 (discrete)

(f) LSUN bedroom 256x256 (dis-
(d) ImageNet 64x64 (discrete) (e) ImageNet 128x128 (discretegrete)

Figure 2:Sample quality measured by F#bof different sampling methods for DPMs on CIFAR-10 with both
continuous-time and discrete-time models, CelebA 64x64, ImageNet 64x64, ImageNet 128x128 and LSUN
bedroom 256x256 with discrete-time models, varying the number of function evaluations (NFE). The method
YGGDM [18] needs extra training to optimize the sample trajectory, while other methods are training-free. To
get the strongest baseline, we use the quadratic step size for DDIM on CelebA, which has a better FID than that
of the uniform step size in the original paper [19].

5.1 Comparison with Continuous-Time Sampling Methods

We rstly compare DPM-Solver with other continuous-time sampling methods for DPMs. The
compared methods include the Euler-Maruyama discretization for diffusion SIpEkd adaptive
step size solver for diffusion SDE&(] and the RK methods for diffusion ODES,[28] in Eq. (2.7).

We compare these methods for sampling from a pre-trained continuous-time “VP deep” Bjadtel [
the CIFAR-10 dataset [29] with the linear noise schedule.

Fig. 2a shows the ef ciency of compared solvers. We use uniform time steps with 50, 200, 1000 NFE
for the diffusion SDE with Euler discretization, and vary the tolerance hyperparar8eg$] for the
adaptive step size SDE solv@(] and RK45 ODE solverZ§] to control the NFE. DPM-Solver can
generate good sample quality within around 10 NFE, while other solvers have large discretization
error even in 50 NFE, which shows that DPM-Solver can achiévespeedup of the previous best
solver. In particular, we achieve 4.70 FID with 10 NFE, 3.75 FID with 12 NFE, 3.24 FID with 15
NFE, and 2.87 FID with 20 NFE, which is the fastest sampler on CIFAR-10.

As an ablation study, we also compare the second-order and third-order DPM-Solver and RK methods,
as shown in Table 1. We compare RK methods for diffusion ODEs w.r.t. bothttimEqg. (2.7) and
half-log-SNR by applying change-of-variable (see detailed formulations in Appendix E.1). The
results show that given the same NFE, the sample quality of DPM-Solver is consistently better than
RK methods with the same order. The superior ef ciency of DPM-Solver is particularly evident in
the few-step regime under 15 NFE, where RK methods have rather large discretization errors. This
is mainly because DPM-Solver analytically computes the linear term, avoiding the corresponding
discretization error. Besides, the higher order DPM-Solver-3 converges faster than DPM-Solver-2,
which matches the order analysis in Theorem 3.2.

5.2 Comparison with Discrete-Time Sampling Methods

We use the method in Sec. 3.4 for using DPM-Solver in discrete-time DPMs, and then compare
DPM-Solver with other discrete-time training-free samplers, including DDRMDDIM [ 19,
Analytic-DDPM [21], Analytic-DDIM [21], PNDM [22], FastDPM B8] and Itd6-Taylor P4]. We

also compare with GGDMI1[g], which uses the same pre-trained model but needs further training for
the sampling trajectory. We compare the sample quality by varying NFE from 10 to 1000.



Speci cally, we use the discrete-time model trainedlaympie in [2] on the CIFAR-10 dataset with
linear noise schedule; the discrete-time modellif] pn CelebA 64x64 39 with linear noise
schedule; the discrete-time model trainedlyyriq in [16] on ImageNet 64x6476] with cosine

noise schedule; the discrete-time model with classi er guidancé4]iarf ImageNet 128x128f)]

with linear noise schedule; the discrete-time modelinojh LSUN bedroom 256x2564[0] with

linear noise schedule. For the models trained on ImageNet, we only use their “mean” model and
omit the “variance” model. As shown in Fig. 2, on all datasets, DPM-Solver can obtain reasonable
samples within 12 steps (FID 4.65 on CIFAR-10, FID 3.71 on CelebA 64x64 and FID 19.97 on
ImageNet 64x64, FID 4.08 on ImageNet 128x128), which is 16 faster than the previous fastest
training-free sampler. DPM-Solver even outperforms GGDM, which requires additional training.

6 Conclusions

We tackle the problem of fast and training-free sampling from DPMs. We propose DPM-Solver,
a fast dedicated training-free solver of diffusion ODEs for fast sampling of DPMs in around 10
steps of function evaluations. DPM-Solver leverages the semi-linearity of diffusion ODEs and

it directly approximates a simpli ed formulation of exact solutions of diffusion ODEs, which
consists of an exponentially weighted integral of the noise prediction model. Inspired by nhumerical
methods for exponential integrators, we propose rst-order, second-order and third-order DPM-
Solver to approximate the exponentially weighted integral of noise prediction models with theoretical
convergence guarantee. We propose both handcrafted and adaptive step size schedule, and apply
DPM-Solver for both continuous-time and discrete-time DPMs. Our experimental results show that
DPM-Solver can generate high-quality samples in around 10 function evaluations on various datasets,
and it can achievd 16 speedup compared with previous state-of-the-art training-free samplers.

Limitations and broader impact Despite the promising speedup performance, DPM-Solver is
designed for fast sampling, which may be not suitable for accelerating the likelihood evaluations of
DPMs. Besides, compared to the commonly-used GANS, diffusion models with DPM-Solver are still
not fast enough for real-time applications. In addition, like other deep generative models, DPMs may
be used to generate adverse fake contents, and the proposed solver may further amplify the potential
undesirable in uence of deep generative models for malicious applications.
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Table 2: Formulations that are invariant to the choice of the noise schedules. The maximum likelihood
training loss w.r.t. is equivalent to the objectives id(, 41], and the exact solution of the diffusion
ODEs are proposed in Proposition 3.1.

Method \ Invariance Formulation
Z h i
Maximum likelihood training Euo)E N (o) K (R ;) kid
T Z
N t
Sampling by diffusion ODEs| ® , = —X . ", e "(®; M

s s

A Sampling with Invariance to the Noise Schedule

In this section, we discuss more about the exact solution in Proposition 3.1 and give some insights
about the formulation. Below we rstly restate the proposition w.r.{i.e. the half-logSNR).

Proposition 3.1(Exact solution of diffusion ODES)Given an initial value? _ at times with the
corresponding half-logSNR, the solution® |, at timet of diffusion ODEs in Eq(2.7) with the
corresponding half-logSNR, is:

R, = 1% ¢ e "R )d: (A.1)

In the following subsections, we will show that such formulation decouples the modsdm

the speci ¢ noise schedule, and thus is invariant to the noise schedule. Moreoverhange-of-
variablefor in Proposition 3.1 is highly related to the maximum likelihood training of diffusion
models L0, 41]. We show that both the maximum likelihood training and the sampling of diffusion
models have invariance formulations that are independent of the noise schedule.

A.1 Decoupling the Sampling Solution from the Noise Schedule

In this section, we show that Proposition 3.1 can decouples the exact solutions of the diffusion ODEs
from the speci ¢ noise schedules (i.e. choice of the functions (t) and ; = (t)). Namely,

given a starting points, a ending point ¢, an initial value® _ at ¢ and a noise prediction model

A, the solution of® | is invariant of the noise schedule betweens and ;.

We rstly consider the VP type diffusion models, which is equivalent to the original DDBN][
For VP type diffusion models, we always havg + 2 = 1, so de ning the noise schedule is
equivalent to de ning the function; = (t) (For example, DDPMZ] uses a noise schedule such

that (t) = ‘“Ogitl is a linear function ot, and i-DDPM [L6] uses a noise sc&]edule such that

(t) = 9t is a cosine function of). As { =log { log (,wehave ; = > and

t = fyarr- Thus, we candirectly compute theand | foragiven (. Denote® = 2+,
we have . z

R, =R, ", e "R, )d: (A.2)

s s

We should notice that the integraed ~ (® ; ) is a function of , so its integral from s to  is

only dependent on the starting point, the ending point ; and the functiorf* , which is independent

of the intermediate values. As other coef cienfs ( and” ) are also only dependent on the starting
point s and the ending point;, we can conclude that | is invariant of the speci ¢ choice of the
noise schedules. Intuitively, this is because we converts the original integral of tmfieg. (3.1)

to the integral of , and the function§ (t) andg(t) are converted to aanalytical formulatione

which is invariant to the speci c choices 6{t) andg(t). Finally, for other types of diffusion models
(such as the VE type and the subVP type), they are all equivalent to the VP type by equivalently
rescaling the noise prediction models, as proved @).[Therefore, the solutions of these types also
have such property.
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In summary, Proposition 3.1 decouples the solution of diffusion ODEs from the noise schedules,
which gives us an opportunity to design tailor-made samplers for DPMs. In fact, as shown in
Sec. 3.2, the only approximation of the proposed DPM-Solver is about the Taylor expansion of the
neural network® w.r.t. , and DPM-Solveanalytically computes other coef cients (which are
corresponding to the speci ¢ noise schedules). Intuitively, DPM-Solver keeps the known information
as much as possible, and only approximates the intractable integral of the neural network, so it can
generate comparable samples within much fewer steps.

A.2 Choosing Time Steps for is Invariant to the Noise Schedule

As mentioned in Appendix A.1, the formulation of Proposition 3.1 decouples the sampling solution
from the noise schedule. The solution depends on the starting poartd the ending point;, and

is invariant to the intermediate noise schedule. Similarly, the updating equations of the algorithm
of DPM-Solver are also invariant to the intermediate noise schedule. Therefore, if we have chosen
the time step$ g, , then the solution of DPM-Solver is also determined and is invariant to the
intermediate noise schedule.

A simple way for choosing time steps foris uniformly splitting[ t; ], which is the setting in our
experiments. However, we believe that there exists more precise ways for choosing the time steps,
and we leave it for future work.

A.3 Relationship with the Maximum Likelihood Training of Diffusion Models

Interestingly, the maximum likelihood training of diffusion SDESs in continuous time also has such
invariance propertyl0]. Below we brie y review the maximum likelihood training loss of diffusion
SDEs, and then propose a new insight for understanding diffusion models.

Denote the data distribution ag(x o), the distribution of the forward process at each tinasq (x+),
the distribution of the reverse process at each timgp; (x;) with pr = N (0;1). In[3], it is proved
that the KL-divergence betweep andpy can be bounded by a weighted score matching loss:

1Z T QZ(t) h |
Dk (G kpo)  Diw (ar kKpr)+ 5 , 7t2qu(x0)E N o) Ko (xit) k3 dt+ C; (A3)
wherex; = (Xxg+  andC is a constant independent af As shown in Sec. 3.1, we have
d? _dlog dlog dlog d
2 — t t 2 _ 2 t t _ 2 t.
= L = = — A.4
g°(t) dt 2 dt ! 2 dt dt 2tdt’ (A4)
so by applyingchange-of-variablev.r.t. , we have

Z h i
Die (G kpo) Dku(ar KPr)+  EgquoE n o k (R5) K d +C (A5)
T

which is equivalent to the importance sampling trick 41,[ Sec. 5.1] and the continuous-time
diffusion loss in [LO, Eq. (22)]. Compared to Proposition 3.1, we can nd that the sampling and the
maximum likelihood training of diffusion models can both be converted to an integral w.stich
that the formulation is invariant to the speci ¢ noise schedules, and we summarize it in Table 2. Such
invariance property for both training and sampling brings a new insight for understanding diffusion
models. For instance, we can directly de ne the noise prediction modelr.t. the (half-)logSNR

instead of the time, then the training and sampling for diffusion models can be daitteout
further choosing any ad-hoc noise schedulessuch nding may unify the different ways of the
training and the inference of diffusion models, and we leave it for future study.

B Proof of Theorem 3.2

B.1 Assumptions

Throughout this section, we denoteg as the solution of the diffusion ODE E(R.7) starting from
Xt . For DPM-Solverk we make the following assumptions:
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Assumption B.1. The total derivativeé’”—d(’f%) (as a function of ) exist and are continuous for
0 j k+1.

Assumption B.2. The function (x;s) is Lipschitz w.r.t. to its rst parametex.
Assumption B.3. hax = O(1=M).
We note that the rst assumption is required by Taylor's theorem(B®), and the second assumption

is used to replace (xs;s) with  (xs;s) + O(Xs Xs) so that the Taylor expansion w.r.tg is
applicable. The last one is a technical assumption to exclude a signi cantly large step-size.

B.2 General Expansion of the Exponentially Weighted Integral

Firstly, we derive the Taylor expansion of the exponentially weighted integrak < st and then
k A .

t > . Denoteh = s, and thek-th order total derivativé‘(k)(k ;)= %_ For

n 0, then-th order Taylor expansion df (® ; )w.rt. is

X ( S)k (k)
NRG)E L R ) o(h"*1y: (B.1)
k=0 :
To expand the exponential integzrator, we further de ne [31]:
1 k 1
' — (1 )Z . 1 -
k(2) : . € & 1)!d' o(z) = €& (B.2)

and it satis es «(0) = & and a recurrence relation., (z) = ~<2_"+© By taking the Taylor
expansion of* (R ; ), the exponential integrator can be rewritten as
Z

' A (k) 2
e "(®R;)d = — h" i (MY (R L5 o)+ O(h™™2): (B.3)
s k=0
So the solution ok in Eg. (3.4) can be expanded as
t X k+1 (k) n+2
Xt = —Xs ¢ P ()N (R 5 s)+ O(h™™): (B.4)
s k=0

Finally, we list the closed-forms of fork = 1;2; 3:

e 1
()= (B.5)
, € h 1
2(h) = T; (B.6)
, e M= h 1
a(h) = T (8.7)
B.3 Proof of Theorem 3.2 wherk = 1
Proof. Takingn =0;t = t;;s=t; 1inEq. (B.4), we obtain
X, = t_“ Xy, (€ 1) (Xy tio1)+ O(h): (B.8)
By Assumption B.2 and Eq. (3.7), it holds that
Xt = tvti Xt ti (e‘ l) (X'ti 1;ti l)
= —ox s, o (@ D) (K gt )+ 00 L Xy )
ti 1
= - Xt 4 ti (e‘ 1) (Xti 1;ti l)+ O(X-ti 1 Xt 1)
ti 1
= Xy * O(hzmax)"' O(X‘ti 1 Xt 1):
Repeat this argument, we nd that
Xty = Xgo F O(thnax ) = X O(hmaX );
and thus completes the proof. O
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B.4 Proof of Theorem 3.2 wherk = 2

We prove the discretization error of the general form of DPM-Solver-2 in Algorithm 4.

Proof. First, we consider the following update fokt<s<T;h = s-
si=t (s+rih); (B.9a)
u= xs 5 €' 1 (xg9); (B.9b)
S
X¢= —xs ¢ € 1 (Xg)9) Ttl(eh D (uis1))  (Xs;9): (B.9c)
S

Note that the above update is the same as a single step of DPM-Solver-2 with; ; and
t = tj, except thats;, , is replaced with the exact solutiony, ,. Once we have proven that

Xy = X¢ + O(h®), we can show thaty, = xi, + O(h3, )+ O(¢, , X ,) by a similar
argument as in Appendix B.3, and therefore completes the proof.

In this remaining part we prove that = x; + O(h3).
Takingn =1 in Eq. (B.4), we obtain

X = —xs (' 1(h) (xs;8)  (h? o)AMY (R o)+ O(hd): (B.10)
S
From Eg. (B.1), we have
Xi= —xs ¢ € 1 (xs9) zft(eh D (u;s1)  (Xs:9)
s ri
= xs & 1 (xg8) =— € 1 (u;s)  (Xs;;S0)]
s h 2 i
o€ 1 (s 9.+ O
ri

Note that by the Lipschitzness of w.r.t. x (Assumption B.2),
k (u;is1)  (xs;;8)k=O(ku  x5,k) = O(h?);

where the last equation follows from a similar argument in the pro&fofl. Sincee” 1= O(h),
the second term of the above displaydgh?®).

As o, s=rih,"i(h)=(€e" 1=hand ,(h)=(€" h 1)=h? we nd
Xt X¢= ¢ h* a(h) (€ 1)7312r s A p . s)+ O(h®):
1
Then, the proof is completed by noticing that

h?' 5(h) (€ 1)%:(%h h 2 he")=2=0(h%:
1

B.5 Proof of Theorem 3.2 wherk = 3

Proof. As in Appendix B.4, it suf ces to show that the following update has exror x; + O(h%)
forO<t<s<T andh= g t.

si=t (s+rih); sp=1t ( s+r2h); (B.11a)

up= —txs 5 € 1 (Xs)9); (B.11b)
S

Di= (ui;s1) (Xs;8); (B.11c)

2h 1

Uz= —2xs 5, €" 1 (xgs) =l € 1 Dy; (B.11d)
s r r-h

D2= (uzs2)  (Xs;9); (B.11e)
t h t eh 1

Xt = —Xg t € 1 (Xg;8) — 1 Doy (B.11f)
s ) h

17



First, we prove that
Up = Xs, + O(h3): (B.12)

Similar to the proof in Appendix B.4, sinc;f'i-f-fthl 1= 0(h) andu; = xs, + O(h?), then

s
U, = 2

Xs s €21 1 (Xg9)
S

r, ez2h 1
ri r2h

1 ( (Xs;381)  (Xs;8)+ O(h¥)

= S2xg o, €21 1 (xg9)

r, ez2h 1
r roh

1 Do) s, o)+ O(h%):

S2

Leth, = r,h, then following the same line of arguments in the proof of Appendix B.4, it suf ces to
check that

"i(h)hy = €2 1

ez 1
h2

which holds by applying Taylor expansion.

Usingu, = x5, + O(h®) and 5, s = rph = Zh, we nd that

r
' o(h)h3 = f 1 (s )+ O(h%;

1 & 1
Xi= —Xs ¢ € 1 (Xs)9) ‘s . 1 (Uz;sy) (Xs; )
S
1 & 1
= 0@ 1 (X9 - T 1 (Xsis) (Xsis) +O(hY)
S
= “EXS t e 1 (Xs;S)
S
1 1 1
‘s ehh 1 (1)(xs;s)r2h+é @ (xs;5)r2h? + O(h%):

Comparing with the Taylor expansion in Eq. (B.4) with= 2:
xe= —xs b a(h) (xsi9)  h®a(h) Pixsis) ¥ a(h) @ (xsis)+ O(h);

S

we need to check the following conditions:

h' 1(h)= €& 1
h?' 5(h) = ehh L
e 1 roh2
3 _ 2 4y.
h*' 3(h) = h 1 5 + O(h%):
The rst two conditions are clear. The last condition follows from
h2 h3 e 1 roh2
3 — h 70, 4y — 2,
h** 3(h)=€e" 1 h > 6 o(h%) 5 1 5
Thereforex; = x; + O(h%). O

B.6 Connections to Explicit Exponential Runge-Kutta (expRK) Methods

Assume we have an ODE with the following form:

dx¢

e Xt + N (X¢;t);
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where 2 RandN (x;t) 2 RP is a non-linear function af,. Given an initial valuex, at timet,
for h > 0, the true solution at time+ h is

z h

Xteh = €M x;+ el e N (X ;t+ )d:
0

The exggnential Runge-Kutta metho@$[31] use some intermediate points to approximate the
integral e N (X¢+ ;t+ )d . Our proposed DPM-Solver is inspired by the same technique
for approximating the same integral with=1 andN = ~ . However, DPM-Solver is different
from the expRK methods, because their linear tefinx, is different from our linear term%xt.
In summary, DPM-Solver is inspired by the same technique of expRK for deriving high-order
approximations of the exponentially weighted integral, but the formulation of DPM-Solver is different
from expRK, and DPM-Solver is customized for the speci ¢ formulation of diffusion ODEs.

C Algorithms of DPM-Solvers

We rstly list the detailed DPM-Solver-1, 2, 3 in Algorithms 3, 4, 5. Note that DPM-Solver-2 is the
general case with; 2 (0; 1), and we usually set; = 0:5for DPM-Solver-2, as in Sec. 3.

Algorithm 3 DPM-Solver-1.
Require: initial valuex T, time stepg t;g', , model

1. defdpm-solver-Lx, ,;ti 1;ti):

2: i t t 1

3: X’ti I,HIX'“ 1 ti ehi 1 (X'ti 1;ti 1)
4:  return X,

5: Xto XT

6: for i 1toM do

7 X1, dpm-solver-L¢, ,;ti 1;ti)

8: end for

9: return xy,,

Algorithm 4 DPM-Solver-2 (general version).

Require: initial valuext, time stepsftigi'\io ,model ,r;=0:5
1: defdpm-solver-2x, ,;ti 1;ti;ra):
2: hi ti ti 1

3
4:  U; .Silx-ti 1 Si ethi 1 (¢t itio1)

5 x, xu s (@ D) O tD) ps(@ DO Uis) Ok it )
6

7

8

return x,
L Xt XT
s fori 1toM do
9 %, dpm-solver-Bxy it 1;ti;ry)
10: end for
11: return X,

Then we list the adaptive step size algorithms, nameBRSI-Solver-12(combining 1 and 2;
Algorithm 6) andDPM-Solver-23(combining 2 and 3; Algorithm 7). We follow2[] to let the
absolute toleranceyg = W for image data, which i8:0078for VP type DPMs. We can tune
the relative tolerancey, to balance the accuracy and NFE, and we nd thgt = 0:05is good
enough and can converge quickly.

In practice, the inputs of the adaptive step size solvers are batch data. We simply Ehcowk
E3 as the maximum value of all the batch data. Besides, we implement the comparisoty
js j> 10 5 to avoid numerical issues.
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Algorithm 5 DPM-Solver-3.

Require: initial valuex 1, time stepgtigM, , model ,ri= §,r,= %
1. defdpm-solver-8x, ,;t; 1;ti;r1;r2):
2: hi ti ti 1
3 sy 1ty trahi syt |+ b
4: Ug 1 Stz‘i 11 X‘h 1 S2i 1 erlhi 1 (X'ti 1;ti l)
5 Dy 1 (uzi 1;82i 1) (%t ot 1)
Soi . . s ‘r rohj
6: U2 ‘|2|1X_Ii 1 S2i erZhl 1 (X'ti 1ati l) rzilz efzhi 1 1 D2i 1
7: Dy (uai;s2i) (%, 5t 1)
) ) ) hi
8. Xy titllx-ti . t; ghi 1 ()('»[i Lt 1) rtzl eTl 1 Dy

9:  return xy,

10: Xt XT

11: for i 1toM do

12: Xt dpm-solver-8xt, ,;ti 1;ti;r1;r2)
13: end for

14: return X,

Algorithm 6 (DPM-Solver-12) Adaptive step size algorithm by combining DPM-Solver-1 and 2.

Require: start timeT, end time , initial valuex t, model , data dimensio®, hyperparameters
ol = 0:05, 4101 =0:0078 hjpy =0:05, =0:9
Ensure: the approximated solutioxn at time
s T,h  NpX  XT,Xpew X7.71  3,NFE 0
2: whiles> do
3 t t(s+h)
4: X1  dpm-solver-1x;s;t)
5: X2  dpm-solver-2x;s;t;r1) (Share the same function valug(x ; s) with dpm-solver-1.)
6:
7
8

max( atol rtol max(jxlj;jxprevj))
E, pkXXzk

: if E, 1then
9: X prev X1, X X2, S t
10: end if )
11: h  min( hE , 2; s)
12: NFE NFE+2
13: end while

14: return x, NFE

D Implementation Details of DPM-Solver

D.1 End Time of Sampling

Theoretically, we need to solve diffusion ODEs from tifhéo time 0 to generate samples. Practically,
the training and evaluation for the noise prediction modék;t) usually start from timé& to time
to avoid numerical issues fomear to0, where > 0is a hyperparameter [3].

In contrast to the sampling methods based on diffusion SRE3},[We don't add the “denoising”
trick at the nal step at time (which is to set the noise variance to zero), and we just solve diffusion
ODEs fromT to by DPM-Solver, since we nd it performs well enough.

For discrete-time DPMs, we rstly convert the model to continuous time (see Appendix D.2), and
then solver it from timel to timet.
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Algorithm 7 (DPM-Solver-23) Adaptive step size algorithm by combining DPM-Solver-2 and 3.

Require: start timeT, end time , initial valuex +, model , data dimensio®, hyperparameters
rtol = 0:05, 4101 = 0:0078 hj,y =0:05 =0:9

Ensure: the approximated solutioxn at time

s T,h Np,X  XT,Xpev X7.r1 2,12 2,NFE O

2: whiles> do

3 t t(st+h)

4 X2  dpm-solver-2x;s;t;r)

5: X3 dpm-solver-8x;s;t;ri;r,) (Share the same function values with dpm-solver-2.)
6

7

8

max( atols rtol maX(jXZj;jXprevj))
Es pbk¥zXak

: if E3  1then
9: Xprev X2, X X3,S t
10: end if )
11: h  min( hE 5 3; s)
12: NFE NFE+3
13: end while

14: return x, NFE

D.2 Sampling from Discrete-Time DPMs

In this section, we discuss the more general case for discrete-time DPMs, in which we consider the
1000-step DPMsJ] and the 4000-step DPM4§)], and we also consider the end timér sampling.

Discrete-time DPMsJ] train the noise prediction model Bt xed time stepsft, gl\-, . In practice,

N = 1000 or N = 4000, and the implementation of the 4000-step DPNI§] [converts the time
steps of 4000-step DPMs to the range of 1000-step DPMs. Speci cally, the noise prediction model
is parameterized by (x,; 10,30“) forn =0;:::;N 1, where eaclx is corresponding to the
value at timet,+1 . In practice, these discrete-time DPMs usually choose uniform time steps between

[0; T], thust, = 5, forn =1;:::;N.
However, the discrete-time noise prediction model cannot predict the noise at time less than the
smallest timet;. As the smallest time stefp = % and the corresponding discrete-time noise

prediction model at timé; is ~ (X o; 0), we need to “scale” the discrete time st¢psty | = [%; T]
to the continuous time rande T ]. We propose two types of scaling as following.

Type-1. Scale the discrete time stejps; tn ] = [ %; T] to the continuous time rangj%; T], and let
(;t)= (;+)fort 2 [; I]. Inthis case, we can de ne the continuous-time noise prediction
model by
T
(x;t) = ~ x;1000 max t ﬁ;0 ; (D.1)

where the continuous tinte2 [ ; ,E—] maps to the discrete inpQt and the continuous time maps to
the discrete input?(t-1).

Type-2. Scale the discrete time stejg; tn] = [ ,E—; T] to the continuous time rang®; T]. In this
case, we can de ne the continuous-time noise prediction model by
(N 1t
CNT
where the continuous tim@maps to the discrete inp0t and the continuous timé maps to the

discrete inpuf2XN_1

Note that the input time of may not be integers, but we nd that the noise prediction model
can still work well, and we hypothesize that it is because of the smooth time embeddings (e.g.,
position embedding<?]). By such reparameterization, the noise prediction model can adopt the
continuous-time steps as input, and thus we can also use DPM-Solver for fast sampling.

(x;t)= ~ x;1000 (D.2)

In practice, we hav@ = 1, and the smallest discrete timig = 10 3. For xed K number of
function evaluations, we empirically nd that for sm#l, the Type-1 with = 10 3 may have better
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sample quality, and for largé , the Type-2 with = 10 4 may have better sample quality. We refer
to Appendix E for detailed results.

D.3 DPM-Solver in 20 Function Evaluations

Given a xed budgeK 20 of the number of function evaluations, we uniformly divide the interval
[ T; ]intoM = (bK=3c+ 1) segments, and takéd steps to generate samples. TWesteps are
dependent on the remainderof K mod 3 to make sure the total number of function evaluations is
exactlyK .

* If R =0, we rstlytakeM 2 steps of DPM-Solver-3, and then takstep of DPM-Solver-2
and 1 step of DPM-Solver-1. The total number of function evaluatioﬁs(i% D+2+1 =
K.

« IfR=1,we rstlytakeM 1 steps of DPM-Solver-3 and then takstep of DPM-Solver-1.
The total number of function evaluationsds (%) +1 = K.

* If R =2, we rstlytakeM 1steps of DPM-Solver-3 and then takstep of DPM-Solver-2.
The total number of function evaluationsds (52) +2 = K.

We empirically nd that this design of time steps can greatly improve the generation quality, and
DPM-Solver can generate comparable samples in 10 steps and high-quality samples in 20 steps.

D.4 Analytical Formulation of the function t () (the inverse function of (t))

The costs of computing () is negligible, because for the noise schedules;ofnd ; used in
previous DPMs (“linear” and “cosine”@] 16], both (t) and its inverse functioh () have analytic
formulations. We mainly consider the variance preserving type here, since it is the most widely-used
type. The functions of other types (variance exploding and sub-variance preserving type) can be
similarly derived.

Linear Noise Schedule [2]. We have

( 1 0) 2
lo = —t —1;
g Z 2
. P— .

where ¢ =0:1and ; = 20, following [3]. As { = 1 £, we can compute; analytically.

Moreover, the inverse function is
1 q
t()= — §+2( 1 o)log(e 2 +1) o

To reduce the in uence of numerical issues, we can comput®y the following equivalent formula-
tion:
2log e 2 +1

t()=p :
§+2( 1 o)log(e 2 +1)+ o
And we solve diffusion ODEs betwednT ], whereT =1.

Cosine Noise Schedule [16]. Denote

lo =log cos = tS log cos — S ;
g «=log 2 1+s g 2 1+s '
wheres = 0:008 following [16]. As [16] clipped the q)erivatives to ensure the numerical stability,
we also clip the maximum tim& = 0:9946 As { = 1 £, we can compute; analytically.

Moreover, given a xed , let
1
f()_— leoge2+1 ;

which computes the correspondilogy for . Then the inverse function is

t()= 209 arccos o (908 ()

And we solve diffusion ODEs betwednT ], whereT = 0:9946
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D.5 Conditional Sampling by DPM-Solver

DPM-Solver can also be used for conditional sampling, with a simple modi cation. The conditional
generation needs to sample from the conditional diffusion OB)E][which includes the conditional
noise prediction model. We follow the classi er guidance methdjdt¢ de ne the conditional
noise prediction model as (x¢;t;y) = (Xi;t) s r x logp:(YiXt; ), wherepi(yjX:; )

is a pre-trained classi er anslis the classi er guidance scale (default is 1.0). Thus, we can use
DPM-Solver to solve this diffusion ODE for fast conditional sampling, as shown in Fig. 1.

D.6 Numerical Stability

As we need to comput@ 1 in the algorithm of DPM-Solver, we followl0] to useexpml1f;)
instead ofexp(h;)-1 to improve numerical stability.

E Experiment Details

We test our method for sampling the most widely-usadance-preservingVP) type DPMs L, 2].
In this case, we have? + Z =1 forallt 2 [0;T] and~ = 1. In spite of this, our method and
theoretical results are general and independent of the choice of the noise scheathude .

For all experiments, we evaluate DPM-Solver on NVIDIA A40 GPUs. However, the computation
resource can be other types of GPU, such as NVIDIA GeForce RTX 2080Ti, because we can tune the
batch size for sampling.

E.1 Diffusion ODEs w.r.t.

Alternatively, the diffusion ODE can be reparameterized to tlimmain. In this section, we propose
the formulation of diffusion ODEs w.r.t. for VP type, and other types can be similarly derived.

Foragiven ,denote® = ), = ). As"2+72=1 we can prove thafi— = %,

so 49" = A2 Applying change-of-variable to Eq. (2.7), we have
ddizﬁ(xe;):zﬂk AR ) (E.1)

The ODE Eq(E.1)can be also solved directly by RK methods, and we use such formulation for the
experiments of RK2 () and RK3 () in Table 1.

E.2 Code Implementation

We implement our code with both JAX (for continuous-time DPMs) and PyTorch (for discrete-time
DPMs), and our code is releasechtips://github.com/LuChengTHU/dpm-solver

E.3 Sample Quality Comparison with Continuous-Time Sampling Methods

Table 3 shows the detailed FID results, which is corresponding to Fig. 2a. We use the of cial code
and checkpoint in3], the code license is Apache License 2.0. We use their released “checkpoint_8"
of the “VP deep” type. We compare methods for 10 3and =10 “. We nd that the sampling
methods based on diffusion SDEs can achieve better sample quality witd 3; and that the
sampling methods based on diffusion ODEs can achieve better sample quality=with “. For
DPM-Solver, we nd that DPM-Solver with less than 15 NFE can achieve better FID with0 3

than =10 ;", while DPM-Solver with more than 15 NFE can achieve better FID with10 4

than =10 °.

For the diffusion SDEs with Euler discretization, we use the PC sampl8}ith “euler_maruyama”
predictor and no corrector, which uses uniform time steps betWesnd . We add the “denoise”
trick at the nal step, which can greatly improve the FID score fer10 3.

For the diffusion SDEs with Improved Euler discretizati@]] we follow the results in their original
paper, which only includes the results witk 10 3. The corresponding relative tolerangg are
0:50, 0:10and0:05, respectively.
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Table 3:Sample quality measured by Fion CIFAR-10 dataset with continuous-time methods, varying the
number of function evaluations (NFE).

Sampling methoah NFE 10 12 15 20 50 200 1000
CIFAR-10 (continuous-time model (VP deep) [3], linear noise schedule)
=10 3 304.73 278.87 248.13 193.94 66.32 12.27 2.44

Euler (denoise) [3]

SDE =10 4 44463 427.54 39595 30041 101.66 22.98 5.01
Improved Euler [20] =10 3 82.42(NFE=48), 2.73(NFE=151), 2.44(NFE=180)
=10 3 19.55(NFE=26), 17.81(NFE=38), 3.55(NFE=62)

ODE RK45 Solver[28,3] ~ _ 15 4 51 g6(NFE=26), 21.54(NFE=38), 12.72(NFE=50), 2.61(NFE=62)
DPM-Solver =10 3 470 375 324 3.99 3.84 (NFE = 42)
(ours) =10 4 6.96 4.93 335 2.87 2.59 (NFE = 51)

For the diffusion ODEs with RK45 Solver, we use the code3ingnd tune thatol andrtol of

the solver. For the NFE from small to large, we use the satole = rtol =0:1, 0:01, 0:001for

the results of =10 3, and the samatol =rtol =0:1, 0:05, 0:02, 0:01, 0:001 for the results of
=10 4, respectively.

For the diffusion ODEs with DPM-Solver, we use the method in Appendix D.3 for NEB, and
the adaptive step size solver in Appendix C. Fer 10 3, we use DPM-Solver-12 with relative
tolerance o = 0:05. For =10 4, we use DPM-Solver-23 with relative tolerangg, = 0:05.

E.4 Sample Quality Comparison with RK Methods

Table 1 shows the different performance of RK methods and DPM-Solver-2 and 3. We list the detailed
settings in this section.

Assume we have an ODE with

Starting withxy, , at timet; 1, we use RK2 to approximate the solutigg at timet; in the
following formulation (which is known as the explicit midpoint method):

hi=t t 1

1
Si=ti 1+ éhi;

Ui = , + %F(*ti st
X, = Xy, + hiF(uijsi):
And we use the following RK3 to approximate the solutien at timet; (which is known as “Heun's
third-order method”), because it is very similar to our proposed DPM-Solver-3:
hi=t t 1, ri=g; rz= g;
3 3
Soi 1=t 1+ rihi; sy =t 1+ ra2hy;
Ui 1= Xy o+ NahiF O ooti 1),
Ugi = Xy, , + r2hiF (U2 1;82i 1);

h; 3h;
=%y o, ZIF(X'ti ot + TIF(UZi;SZi):

=

X,

We useF (x¢;t) = h (xq;t) in Eq.(2.7)for the results with RK2t) and RK3 ¢), andF (R ; )=
A (® ; )in Eq.(E.1)for the results with RK2 () and RK3 (). For all experiments, we use the
uniform step size w.r.tt or

E.5 Sample Quality Comparison with Discrete-Time Sampling Methods

We compare DPM-Solver with other discrete-time sampling methods for DPMs, as shown in Table 4
and Table 5. We use the code 9] for sampling with DDPM and DDIM, and the code license
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Table 4:Sample quality measured by Fion CIFAR-10, CelebA 64 64 and ImageNet 6464 with discrete-
time DPMs, varying the number of function evaluations (NFE). The meX@@DM needs extra training, and
some results are missing in their original papers, which are replacea by “

Sampling methoe NFE 10 12 15 20 50 200 1000
CIFAR-10 (discrete-time model [2], linear noise schedule)

DDPM [2] Discrete  278.67 246.29 197.63 137.34 32.63 4.038.16
Analytic-DDPM [21] Discrete 3503 27.69 2082 1535 734 411 384
Analytic-DDIM [21] Discrete 14.74  11.68 9.16 720 428 360 3.86
YGGDM [18] Discrete 8.23 n 6.12 4.72 n n n
DDIM [19] Discrete 13.58 11.02 8.92 6.94 473 407 3.95

=10 3 6.37 4.65 3.78 4.28 3.90 (NFE = 44)
=10 4 11.32 7.31 4.75 3.80 3.57 (NFE = 46)

. =10 3 6.42 4.86 4.39 5.52 5.22 (NFE = 42
DPM-Solver (Type-2 discrete)  _34 4 1016 626 417 372  3.48 (I\(IFE=44))

CelebA 64 64 (discrete-time model [19], linear noise schedule)

DPM-Solver (Type-1 discrete)

DDPM [2] Discrete  310.22 277.16 207.97 120.44 29.25 3.90 3.50
Analytic-DDPM [21] Discrete 28,99 2527 2180 18.14 1123 6.51 521
Analytic-DDIM [21] Discrete 15.62 1390 1229 1045 6.13 346 3.13
DDIM [19] Discrete 10.85 9.99 7.78 6.64 523 478 4.88

. =103 715 551 428 440 423 (NFE=36
DPM-Solver (Type-1discrete) _315 4 g9p 420 305 28 271 (ISIFE:36))

. =103 733 623 58 687  6.68(NFE=36
DPM-Solver (Type-2 discrete)  _315 4 53 371 311 313  3.10 (I(\IFE:36))

ImageNet 64 64 (discrete-time model [16], cosine noise schedule)

DDPM [2] Discrete  305.43 287.66 256.69 209.73 83.86 28.39 17.58
Analytic-DDPM [21] Discrete 60.65 53.66 4598 37.67 22.437.16 16.14
Analytic-DDIM [21] Discrete 70.62 54.88 41.56 30.88 19.23 1749 1757
YGGDM [18] Discrete 37.32 n 2469 20.69 n n n
DDIM [19] Discrete 67.07 52.69 40.49 30.67 20.10 17.84 17.73

=10 ® 2444 20.03 1931 1859 17.50 (NFE = 48)
=10 4 27.74 2366 20.09 19.06 17.56 (NFE =51)

=10 ® 2440 19.97 19.23 1853 17.47 (NFE = 57)
=10 27.72 23.75 20.02 19.08 17.62 (NFE = 48)

DPM-Solver (Type-1 discrete)

DPM-Solver (Type-2 discrete)

IS

Table 5:Sample quality measured by Fibon ImageNet 128 128 with classi er guidance and on LSUN
bedroom 256 256, varying the number of function evaluations (NFE). For DDIM and DDPM, we use uniform
time steps for all the experiments, except that the experimeses the ne-tuned time steps b§][ For
DPM-Solver, we use the uniform logSNR steps as described in Appendix D.3.

Sampling methodi NFE 10 12 15 20 50 100 250
ImageNet 128 128 (discrete-time model [4], linear noise schedule, classi er guidance scale: 1.25)
DDPM [2] Discrete 199.56 172.09 146.42 119.13 49.38 23.22.97
DDIM [19] Discrete 11.12 9.38 8.22 7.15 505 418 354

=10 3 7.32 4.08 360 389 363 362 3.63
=10 4 1391 5.84 400 352 313 310 3.09

LSUN bedroom 256 256 (discrete-time model [4], linear noise schedule)

DDPM [2] Discrete  274.67 251.26 224.88 190.14 82.70 34.82.02
DDIM [19] Discrete 10.05 7.51 5.90 498 292 230 202

. =10 ® 610 429 330 3.09 253 246 2.46
DPM-Solver (Type-ldiscrete) _j5 4 glo4 421 204 260 201 195 1.94

DPM-Solver (Type-1 discrete)
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is MIT License. We use the code i8]] for sampling with Analytic-DDPM and Analytic-DDIM,
whose license is unknown. We directly follow the best results in the original paper of GGDM [18].

For the CIFAR-10 experiments, we use the pretrained checkpoird] bylich is also provided in

the released code inl§]. We use quadratic time steps for DDPM and DDIM, which empirically

has better FID performance than the uniform time std8k [We use the uniform time steps for
Analytic-DDPM and Analytic-DDIM. For DPM-Solver, we use both Type-1 discrete and Type-2
discrete methods to convert the discrete-time model to the continuous-time model. We use the method
in Appendix D.3 for NFE 20, and the adaptive step size solver in Appendix C for N~EO. For

all the experiments, we use DPM-Solver-12 with relative tolerapge= 0:05.

For the CelebA 64x64 experiments, we use the pretrained checkpoih®byYe use quadratic time

steps for DDPM and DDIM, which empirically has better FID performance than the uniform time
steps 19]. We use the uniform time steps for Analytic-DDPM and Analytic-DDIM. For DPM-Solver,

we use both Type-1 discrete and Type-2 discrete methods to convert the discrete-time model to the
continuous-time model. We use the method in Appendix D.3 for NEB, and the adaptive step

size solver in Appendix C for NFEB 20. For all the experiments, we use DPM-Solver-12 with
relative tolerancey, = 0:05. Note that our best FID results on CelebA 64x64 is even better than the
1000-step DDPM (and all the other methods).

For the ImageNet 64x64 experiments, we use the pretrained checkpoitélbgnd the code license

is MIT License. We use the uniform time steps for DDPM and DDIM, followi@g][ We use the
uniform time steps for Analytic-DDPM and Analytic-DDIM. For DPM-Solver, we use both Type-1
discrete and Type-2 discrete methods to convert the discrete-time model to the continuous-time
model. We use the method in Appendix D.3 for NFE20, and the adaptive step size solver in
Appendix C for NFE> 20. For all the experiments, we use DPM-Solver-23 with relative tolerance

nol = 0:05. Note that the ImageNet dataset includes real human photos and it may have privacy
issues, as discussed in [42].

For the ImageNet 128x128 experiments, we use classi er guidance for sampling with the pretrained
checkpoints (for both the diffusion model and the classi er model)4)ydnd the code license is

MIT License. We use the uniform time steps for DDPM and DDIM, followid§][ For DPM-Solver,

we only use Type-1 discrete method to convert the discrete-time model to the continuous-time model.
We use the method in Appendix D.3 for NFE20, and the adaptive step size solver DPM-Solver-12
with relative toleranceyo = 0:05 (detailed in Appendix C) for NFE 20. For all the experiments,

we set the classi er guidance scae 1:25, which is the best setting for DDIM ird] (we refer to

their Table 14 for details).

For the LSUN bedroom 256x256 experiments, we use the unconditional pretrained checkpoint
by [4], and the code license is MIT License. We use the uniform time steps for DDPM and DDIM,
following [19]. For DPM-Solver, we only use Type-1 discrete method to convert the discrete-time
model to the continuous-time model. We use the method in Appendix D.3 for DPM-Solver.

E.6 Comparing Different Orders of DPM-Solver

We also compare the sample quality of the different orders of DPM-Solver, as shown in Table 6. We
use DPM-Solver-1,2,3 with uniform time steps w.r.t.and the fast version in Appendix D.3 for NFE

less than 20, and we name itBBPM-Solver-fastFor the discrete-time models, we only compare the
Type-2 discrete method, and the results of Type-1 are similar.

As the actual NFE of DPM-Solver-2 & b NFE=2c and the actual NFE of DPM-Solver-3 is

3 b NFE=3c, which may be smaller than NFE, we use the notatitmnote that the actual NFE is

less than the given NFE. We nd that for NFE less than 20, the proposed fast version (DPM-Solver-
fast) is usually better than the single order method, and for larger NFE, DPM-Solver-3 is better
than DPM-Solver-2, and DPM-Solver-2 is better than DPM-Solver-1, which matches our proposed
convergence rate analysis.

E.7 Runtime Comparison between DPM-Solver and DDIM
Theoretically, for the same NFE, the runtime of DPM-Solver and DDIM are almost the same (linear

to NFE) because the main computation costs are the serial evaluations of the large neural network
and the other coef cients amnalytically computed with ignorable costs.
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Table 6: Sample quality measured by FID | of different orders of DPM-Solver, varying the number
of function evaluations (NFE). The results with T means the actual NFE is smaller than the given
NFE because the given NFE cannot be divided by 2 or 3. For DPM-Solver-fast, we only evaluate it
for NFE less than 20, because it is almost the same as DPM-Solver-3 for large NFE.

Sampling method n NFE 10 12 15 20 50 200 1000
CIFAR-10 (VP deep continuous-time model [3])
DPM-Solver-1 11.83  9.69 7.78 6.17 428 3.85 3.83
_10-3 DPM-Solver-2 594 488 1430 3.94 3.78 3.74 3.74
DPM-Solver-3 1837  5.53 408 f404 381 7378 1378
DPM-Solver-fast 470 3.5 3.24 3.99 n n n
DPM-Solver-1 1129  9.07 7.15 5.50 3.32 2.72 2.64
_10-* DPM-Solver-2 730 528  f4.23 3.26 2.69 2.60 2.59
DPM-Solver-3 75456  6.03 355 290 f2.65 1262 12.62
DPM-Solver-fast 696 493 3.35 2.87 n n n
CIFAR-10 (DDPM discrete-time model [2]), DPM-Solver with Type-2 discrete
DPM-Solver-1 16.69 13.63  11.08 8.90 6.24 5.44 5.29
_10-3 DPM-Solver-2 790 615 7553 5.24 5.23 5.25 5.25
DPM-Solver-3 12437 820 573 t543  T529 1525 t5.25
DPM-Solver-fast 642  4.86 439 5.52 n n n
DPM-Solver-1 13.61 10.98 8.71 6.79 436 3.63 3.49
_j0-+ DPM-Solver-2 1180 631 1523 3.95 3.50 3.46 3.46
DPM-Solver-3 167.02  9.45 521 1381 349 1345 13.45
DPM-Solver-fast 10.16  6.26 4.17 3.72 n n n
CelebA 64 64 (discrete-time model [19], linear noise schedule), DPM-Solver with Type-2 discrete
DPM-Solver-1 18.66 1630 1392 11.84 8.85 7.24 6.93
_10-® DPM-Solver-2 589 583  T6.08 6.38 6.78 6.84 6.85
DPM-Solver-3 t11.45  5.46 618 t651 687 16.84 16.85
DPM-Solver-fast 7.33 6.23 5.85 6.87 n n n
DPM-Solver-1 13.24  11.13 9.08 7.24 4.50 3.48 3.25
_10-+ DPM-Solver-2 428 340 1330 3.17 3.19 3.20 3.20
DPM-Solver-3 14948  3.84 3090 315 320 1320 13.20
DPM-Solver-fast 5.83 3.1 3.11 3.13 n n n
ImageNet 64 64 (discrete-time model [16], cosine noise schedule), DPM-Solver with Type-2 discrete
DPM-Solver-1 32.84 2854 2479 2171 1830 1745 17.18
_10-3 DPM-Solver-2 2920 2497 T2226 1994 1779  17.29 17.27
DPM-Solver-3 15748 2462 1976 1895 117.52  17.26 17.27
DPM-Solver-fast 2440 1997 1923  18.53 n n n
DPM-Solver-1 3231 2844 2515 2238 19.14 1795 17.44
_ 104 DPM-Solver-2 33.16 2728 12426 2058 18.04 1746 17.41
DPM-Solver-3 16227 2728 2238 f1939 f1771 11743 t17.41
DPM-Solver-fast 2772 2375 2002  19.08 n n n

Table 7 shows the runtime of DPM-Solver and DDIM on a single NVIDIA A40, varying different
datasets and NFE. We use torch.cuda.Event and torch.cuda.synchronize for accurately
computing the runtime. We use the discrete-time pretrained diffusion models for each dataset. We
evaluate the runtime for 8 batches and computes the mean and std of the runtime. We use 64 batch
size for LSUN bedroom 256x256 due to the GPU memory limitation, and 128 batch size for other
datasets.

For DDIM, we use the official implementation®. We find that our implementation of DPM-Solver
reduces some repetitive computation of the coefficients, so under the same NFE, DPM-Solver is
slightly faster than DDIM of their implementation. Nevertheless, the runtime evaluation results show

*https://github.com/ermongroup/ddim
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Table 7: Runtime of a single batch (second / batch, std) on a single NVIDIA A40 of DDIM and DPM-Solver
for sampling by discrete-time diffusion models, varying the number of function evaluations (NFE).

Sampling method \ NFE 10 20 50 100
CIFAR-10 32x32 (batch size = 128)

DDIM 0.956(%0.011) 1.924(40.016) 4.838(£0.024) 9.668(+0.013)
DPM-Solver 0.923(%0.006) 1.833(40.004) 4.580(%£0.005) 9.204(%0.011)
CelebA 64 x64 (batch size = 128)

DDIM 3.253(£0.015)  6.438(£0.029)  16.132(£0.050)  32.255(40.044)
DPM-Solver 3.126(£0.003)  6.272(£0.006)  15.676(£0.008)  31.269(40.012)
ImageNet 64 x64 (batch size = 128)

DDIM 5.084(£0.018) 10.194(£0.022)  25.440(£0.044)  50.926(40.042)
DPM-Solver 4.992(£0.004)  9.991(4£0.003)  24.948(£0.007)  49.835(£0.028)
ImageNet 128 x 128 (batch size = 128, with classifier guidance)

DDIM 29.082(£0.015) 58.159(£0.012) 145.427(£0.011)  290.874(+£0.134)
DPM-Solver 28.865(£0.011) 57.645(4£0.008) 144.124(£0.035) 288.157(£0.022)
LSUN bedroom 256 x256 (batch size = 64)

DDIM 37.700(£0.005) 75.316(£0.013)  188.275(£0.172)  378.790(£0.105)
DPM-Solver 36.996(£0.039) 73.873(£0.023) 184.590(£0.010)  369.090(x£0.076)

that the runtime of DPM-Solver and DDIM are almost the same for the same NFE, and the runtime is
approximately linear to the NFE. Therefore, the speedup for the NFE is almost the actual speedup of
the runtime, so the proposed DPM-Solver can greatly speedup the sampling of DPMs.

E.8 Conditional Sampling on ImageNet 256x256

For the conditional sampling in Fig.[T} we use the pretrained checkpoint in [4] with classifier guidance
(ADM-Q), and the classifier scale is 1:0. The code license is MIT License. We use uniform time step
for DDIM, and the fast version for DPM-Solver in Appendixm (DPM-Solver-fast) with 10, 15, 20
and 100 steps.

Fig. B]shows the conditional sample results by DDIM and DPM-Solver. We find that DPM-Solver
with 15 NFE can generate comparable samples with DDIM with 100 NFE.

E.9 Additional Samples

Additional sampling results on CIFAR-10, CelebA 64x64, ImageNet 64x64, LSUN bedroom
256x256 [40], ImageNet 256x256 are reported in Figs. @}8]
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NFE =10 NFE = 15 NFE =20 NFE = 100

DDIM

DPM-Solver |
(ours) &

DPM-Solver
(ours) :

Figure 3: Samples by DDIM and DPM-Solver (ours) with 10, 15, 20, 100 number of function
evaluations (NFE) with the same random seed, using the pre-trained DPMs on ImageNet 256 %256
with classifier guidance [4]).

NFE =10

DDIM
[19]

DPM-
Solver
(ours)

Figure 4: Random samples by DDIM [19] (quadratic time steps) and DPM-Solver (ours) with 10,
12, 15, 20 number of function evaluations (NFE) with the same random seed, using the pre-trained
discrete-time DPMs [2]] on CIFAR-10.
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