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A Appendix

A.1 Proof of Lemmal[ll

Proof. The proof techniques basically follows [7]. However, since the EXP3 layer and contextual
bandit layer are coupled, the result in [[7]] cannot be directly applied to show our result. We make
modifications of the proofs in [7]] below.

We first reload some notations in this proof: at time ¢ we are given all the previous information
Fi—1 generated from using our auto-tune framework shown in Algorithm [T} and then pull an arm
according to some exploration hyper-parameter «.. Therefore, for convenience we could safely omit
Fi—1 here, and denote a;(a) = a¢(a|Fi—1) and X¢(a) = X;(a|F;—1) as the arm pulled and its
corresponding feature vector at round ¢. Furthermore, if arm a,(«;) is pulled at round ¢, we define
the corresponding mean reward as 1;(c;) = p1 (X¢(cv;)70). The corresponding observed sample
reward is y; (o;) = pe(a) + € 5, where €; ; denotes the hypothetical random noise at round ¢ if arm
a¢(a;) is pulled. Note that e, = € ;, since a;(c, ) is the arm pulled by our algorlthm and ¢, is the
associated random noise. By definition, Y; = y;(«;, ). From the definition of ¢;(7) in Algorlthml
we have §:(7) = yi(aj)/p;(t) if j = i;. Otherwise §;(j) = 0. Then w; (¢t + 1) = w; (¢ )exp(nyt( i))
according to Algorithm T}

Given all the information in the past F;_1, (ét, V},pj(t),wj(t)) are fixed. Since 0 < y; (o) <1,
we have

sz (D171 | =B [ 02517 | = B (a7 @
B RO | = [ 0G| = B el
< [§(i0)| Fi1] 2_: DI 1] )
= ZIE (D)o (Femr €8,i; a(@))] | Fo1] (6)
= Z;IE ZACHIEY @)
DI ®

Equatlonlholds since §;(¢) # 0 only when ¢ = 4;. In Equatlon@ (Fi—1, €4, at(c;)) is the smallest
o-algebra induced by Fi—1, €4, and ag(oy;). Equatlonlholds since §:(2) = vt (o) /pi(£)1(i = iy).
Meanwhile, since given the hyper-parameter to be used at round ¢ as «;, the arm to be pulled a;(«;)
follows a fixed distribution and does not affect the distribution of 4;, so ¢ = 1 is still with probability
pi(t). Now we are ready to use the above results to prove the lemma. Define W, = > | w;(t). We

WT+1]

find the lower bound and upper bound of E[log below.

Lower bound. Since w;(1) = 1 for all i, E[log “] > E[log w;(T + 1)] — logn for all i € [n].

We take a look at IE [log w;f?;tr)l)} below.

sl sl (G .

~E [ﬁ@t(i)ﬂl] =1E[ @17 1} { o 'f”}
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The third “=""in the above is due to the same reason as in Equation[7] Take expectation on both sides
and sum over ¢, we get

3 T
[E [log w; (T + 1)] *EZ (e ()]

Therefore, forall: =1,...,n,

W T
E {log Vj[;jl] > gz [pe(a;)] — logn. 9

Upper bound. On the other hand, let’s look at [E[log -7 Wt“ |:

E [log Wit |]-‘t1} =E

" wi(t+ 1
W, ~

W;
log Z Tt>|]:t71

i=1

: Z Dexp (25 (>>;“]

- 5
pi(t) — o L .
=L |log E %exp (5%(1)) ft_l] definition of p;(t)

i no(4) — B — 2
<E IOgZ pz(t)_in (1 + gﬂt(l) + (enz)ﬂz)t(i)Q) |]:t—1‘|

< E |log (1 + {n(lﬁ_);ﬂz(t)ﬂt(l) + (eai)ﬁpi(t)ﬁt(if]> ftl]
i=1

o — 232
=5 <n<15—5>p'3(“37t(i”fl2(12_)ﬂ m(t)yt(z')?ft_l)]

<P B+ 2 S B ua)iF]
= n(l — B) AN t—1 n2(1 — 5) v e )| St—1] -
The first inequality in the above holds since e® < 1 + z + (e — 2)22 for x € [0, 1]. Here, we have

0< ﬁyt( ) < 1 because p;(t) > ﬁ and 0 < y(e;) < 1. The third inequality “<” in the above
holds since log(1 + x) < z when x > 0. The last inequality is from Equatlonl I Take another
expectation on both sides, we get

Wit1 B (e—2)8° -
< ; ~  F E .
E |:10g Wt :| < n(l — B)IE [ﬂt(alt)] + n2(1 — ﬂ) 2 :[E[’[Lt(az)]
By summing the above over ¢, we have

W ﬁ T n
E {log [;/fl} < 0B ;E[Mt(ait ZZIE e ()] (10)

tlzl

Combining the lower bound (EquationEl) and upper bound (Equation of E [log WMT,T} , we get
foreveryt=1,...,n,

3 T T (e — 2)32 T n
=3 Elu(e)] —logn < < ZE pe ()] T—BZZE[‘“(O‘M (11)
nia t:l n?( ) t=1 i=1
Let "
Gmax - E i
grela;(; (114 ()]
Since Equationﬂ;flholds for any ¢, we have
B B ¢ (e — 2)p
*Gmax —logn S 7Y E g, + 7Gmax (12)
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Equation [12]can be further simplified as

T

Gmax - Z IE [/it(ait)} S (6 - 1)ﬁGmax +

t=1

(1= p)nlogn
B

Since we choose 8 = min {1, (’2 E)lg)’r%} and note that G, < T', we get

T

G = Y B [me(0,)] < 2¢/(e = DTnlogn = O(VnT
t=1

A.2 Proof of Theorem/I]

To bound the cumulative regret, we only need to bound Quantity (A) and then combine the results
in Lemma In the following, we first list some useful lemmas for bounding Quantity (A) for
completeness.

A.2.1 Useful Lemmas

Lemma 2 (Proposition 1 in [18]]). Define V11 = Z?Zl XtXtT , where Xy is drawn IID from some
distribution in unit ball BY. Furthermore, let Y. := E[X,X[] be the second moment matrix, let
B, d5 > 0 be two positive constants. Then there exists positive, universal constants Cy and Cy such
that Amin(Viy1) > B with probability at least 1 — 09, as long as

n >

Cd+ Con/log(i/8)\. 2B
)\min(z) + Amin(z) .

Lemma 3 (Theorem 2 in [1). For any 6 < 1, under our problem setting in Section 3} it holds that

forallt >0,
| L <50,

va € RY, |27 (0, — 0%)] < [lally— B:(6),

0, — 0*

with probability at least 1 — J, where

Bi(8) = o mg025?34xﬁs

In this subsection we denote a*(9) := Br(0).

Lemma 4 ([15]). Let A > 0, and {z;}!_, be a sequence in R? with ||z;|| < 1, then we have

et(Vis1) t
PR <21 <2dlog (1+~ ),
ZHZE ||v 1 og ( o) ) S dlog [ 1+ 3
t t "
D llzlly—r < 4| T (Z ||x33/51> < ([2dtlog (1 + /\>.
s=1 s=1

Lemma 5 ([S). For a Gaussian random variable Z with mean m and variance o>, forany z > 1,

—22/2

P(|Z —m| > zo) < e

Tz

15



501 A.2.2 Formal Proof

Proof. (1). Here we would use LinUCB and LinTS for the detailed proof, and note that regret bound
of all other UCB and TS algorithms could be similarly deduced. Since o* in our regret decomposition
could be arbitrary element in J, here we simply take a* = min,¢ ; . For LinUCB, since the Lemma
holds for any sequence (x1, ..., ), and hence we have that with probability at least 1 — ¢,

[0-0], <86 <aa).

where «(T, ) is the theoretical optimal exploration rate at round ¢ we denoted in Eqn. (3) with
probability parameter 6. And we would omit § for simplicity. Recall that for t > T}, we denote the
feature vector pulled at round ¢ as X, i.e.

X; = argril‘axa:Tét + a;, Hx||V;1 , X = Xe(o, | Fi—1).
e A

And we also define X; = Xi(a*|Fioq), ie.

X; = argmaxz ' 6, + o |y -1 -
€A ¢

And it turns out that the Quantity (A) can be represented by

E XT: (1 (20:70) = 1 (X0 Fio1)T0)) | = B XT: (H (" 0) — n (XtT9))] :
t=T1+1 t=T1+1

502 According to the proof of LinUCB we could similarly argue that

oo~ Dl ) +]
t

< (0" + a(T)) HXt

Tt — Xi

étfél

0 XT0< o <Hx i

‘/vt—l

L alT) el

In conclusion, we have that
T 3 B T 3
> (sl -(x10) -0 ¥ [
t=T1+1 t=T1+1

By Lemma and choosing Ty = T'?/3, it holds that,

T T
S lwly Y %

t=T1+1 t=T1+1

T
ot 2 ).
t

t=T1+1

= O(T x T~3) = O(T*?3).

L

Secondly, According to [5S]], we know that for LinTS we have that

> (ule0) - (570)) | <0 3 [, ).

t=T1+1

E

503 But for completeness we still offer an alternative proof for this equality:
X6, + o HXtH Zy > 2l 0+ o ||zeally 1 Zow + 3]0, — 0)
v . f .

> x;G + a* ‘|£L’t7*HV;l—l Zy s+ ||:pt7*||vt_1 0, — 0

t

> )0+ (@ Zys — (D)) ey
s04 where Z; and Z, , are IID normal random variables, Vt. Therefore, it holds that,
X100 =l 0+ (0" Zoe = a(T)) |zelly o = @ [ Xelly 2 Ze + X7 (0 = 00),
(@0 = X0) 10 < (UT) + " Z0) | Xilly1 + (UT) = @* Zo) el 1 = Ko,

16
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where K is normal random variable with
E(K,;) < 2a(T)T~Y3, SD(K;) < V2o T~1/3.

Consequently, we have

T T
Z (xt7*Tt9 —X?G) < Z K, =K

t=T1+1 t=T1+1
E(K) = 2a(T)T%? = O(T*"), SD(K) < v2a*T"/% = O(T'/9).
We have

. 1 )
P(K > (2a* + V2)T?3) < —— ¢ T/2,
( ( T < e/TT

This probability upper bound is ultra small and hence negligible. Therefore, we not only prove the
expected cumulative regret could be controlled, but also provide a probability bound.

Note we could use this procedure to bound the regret for other UCB and TS bandit algorithms, since

most of the proofs for generalized linear bandits are closely related to the rate of ZtT:Tl 41 Hf( t

v
Finally, the cost of pure exploration is also of scale O(T2/ 3), which concludes the proof.

(2). Here we simply take a* = ming,ec s o. We also use LinUCB as an example here since other
UCB-based algorithms with exploration hyper-parameters could be identically bounded. Based on
the definition of X; and X}, we have that,

X700+ o, [ Xy = X700+ (s, — a®) [ Xlly o + 0 [ Xy

L + OZ* Xt
V.

Z X:ét + (ait — a*) HXt

vt

> X[+ (o, — o) | K| ot (Xl

which implies that
(i, = ") Xl o > (o, — ") || X

v
Since we have that o;, > o, and when «;, > «* it holds that

1 Xl > ||

e VE>0. (13)

On the other hand, when «;, = o* it holds that X; = X,, which consequently implies that

||Xt\|vt_1:HXt T

Vt—l

According to the proof of LinUCB we could similarly argue that

oo = Vel ) +]
t

—1
t

xZ*Q—XIGSOZ* <HXt Tt % —Xt

ét—a‘

v Vi

< 2a*

;zt\

since a(T") < a*. Therefore, we have

ET: (1 (20.70) = 1 (X70)) < 20° ET: | %

t=T1+1 t=T1+1

T
L <2a" Y Xy = O(VT).

t=T1+1

v,

Remark 3. (1) Intuitively, we can deduce Eqn. (13) by choosing o* = mingey o, i.e. o is no
larger than any exploration hyper-parameter candidate since the best feature vector solved in UCB
algorithms tends to have larger value of ||-||V;1 at time t if we enlarge o. In other words, under
larger o we would more likely to choose arm with greater uncertainty quantified by the value of
H'Hv;L (2) On the other hand, for TS bandit algorithms we would expect the similar result: the

17
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feature vectors of superior arms tend to have smaller value of ||-||\,-1 since the value of ||-||,,-1
t t

depicts the standard deviation of the feature vector. And the direction of the optimal arm should be
frequently explored in the long run and hence its standard deviation is expected to be smaller than
other inferior arms. By enlarging o, we would have more chance to choose those sub-optimal arm
with larger standard deviation and smaller estimated reward, which means results in Eqn. (13) could
happen with high probability.

And this concludes the proof.

(3). Here we would use LinUCB and LinTS for the detailed proof, and note that regret bound of all
other UCB and TS algorithms could be similarly deduced. W.l.o.g. we take o* = min, e «

For LinUCB, since the Lemma holds for any sequence (z1,. .., 2;), and hence we have that with
probability at least 1 — 6,
l0-0| <816 <alto).
Vi

And we would omit ¢ for simplicity. Recall that for ¢ > T3, we denote the feature vector pulled at
round ¢ as Xy, i.e.

X = argmax:lc—rét +ag, |zl y-1 s Xo = X, | Fiot)-
TEAL ¢
And we also define X; = X (a*|Fi—q), Le.
X, = argmaxz ' 0; + a* )y -1 -
rEA, t
And it turns out that the Quantity (A) can be represented by

E sz (1 (20.70) — p (Xo(a*|Fr1)70)) | = B sz (M(xt,*Te)_u(XtTe))].
t=T1+1 t=T1+1

Note the selection of a; in LinUCB implies that
T Ts
mt,*et + g, ||xt~,*||vt’1 < Xt et + aj, ||‘Xv15||vt_1 .
Therefore, we have

X[ 0+ i, 1Xellyr > 2,0+ i, el + 2l (6 —6)

ét—e‘

> a0+ o, zrlly 1 — ey .

> 2,0+ (i, — (D)) lweelly 1 - (14)
Therefore, it holds that,
X, 0> a0+ (s, — (D) [l o — as, [ Xelly, o + X, (0 - 60,
(e = Xe) 10 < (@) + ai,) [ Xelly—1 + (@(T) = ai,) weslly 1
By Lemma we have as long as T = O(T*/7), it holds that
(210 — X)) 10 < 20(T)T~27, ¢t > T1.
Similarly, we could also deduce that
(210 — X)) 10 < 20(T)T~27, ¢t > T1.

Firstly, we take A; = {z : |z|| < a?®},a > 0 for example, then it holds that x; . = 0/ ||0]|, and
consequently

lze — Xell

ze - % < \4aa(T)T2/7/ |9]] = O(/a(T)T V7).

Please refer to Figure 3] (a) for a 2D visual explanation, and similar argument could be made for
higher dimension cases. And this implies that

“Xt—Xt“ = O(/a(T)T~ V7). (15)
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§=22T"%7/ |0

(a) (b)
Figure 3: Illustration of our argument in 2D case: (a). explanation of the Eqn. where the red
line denotes the maximum distance between X; and X;'; (b). visualization on how to cover the
neighborhood of z; . on A;, where the blue line denotes the boundary of .4; and the pink dashed
circle is the outer cover with radius 1/c. In this case, the length of red line gives an upper bound of
the maximum distance between X; and X.

Generally, if A, is some convex set, and we know there exists a small neighborhood of the optimal
feature vector x; . € A; such that the (sectional) principal curvature in this neighborhood can
be lowered bounded by some positive constant ¢ > 0. Then we can cover this neighborhood by
a d-dimensional sphere with radius 1/c¢ (Figure [3| (b) for 2D visualization), and hence we could
similarly deduce the above result. Note that for the example A, = {z : |
principal curvatures are equal to 1/a anywhere on this sphere, and hence it is a special case. The rest
of argument is based on the proof outline of UCB bandits. According to the proof of LinUCB we
could similarly argue that

i0-X]0<ar (HX} - ||ozt,*||v-1) T [ .
’ Vi ¢ Vi
< (o +a(0) | %], +a@ ey, -
In conclusion, we have that
T ) _ T
Z (,u (20.70) — (XtTH)) =0 ( HXt L+ ||$t,*||vt1> . (16)
t=T1+1 t=T7+1
Note that we have that,
T
HXt I Z |- %
t=T1+1 t=T1+1 t=T1+1 Vi
T T T
> s v S > [ Xelly— + > Xt =z lly =,

t=T1+1 t=T1+1 t=T1+1

where the first quantity could be easily bounded by Lemmaf] i.e.

T
3 < faari (1) <om

t=T1+1

And the second quantity could be bounded as

HXt X, L < Z HXt XtH\/T Z VarT37 = (T4/7)

t=T,+1 Vi t=T+1

with high probability. Then by taking § = §/7/7 we can easily prove that

E = O(TY").

HXt - X,
t=T1+1
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Similarly, it holds that
T

> Ix - T

t=T1+1

E = O(T*").

Therefore, we have that

> (uto0.70) — (370)) 5

t=T1+1

For LinTS, the proof could also be similarly deduced. And we modify the definition of X, as

X, = argmaxz ' 0, + a* ||mHV \ Zy,
reA,;

where Z; is a standard normal random variable. And we could similarly show that:

X0+ i | Xellyr Ze > 2,0 + ai, ||w tzl, (6, -0)

0, — 0

> 2l 0+ i, loeally 1 Zos + el

t

> w00+ (03, Zee — (D)) [le,s

Therefore, it holds that,
X702 0],0+ (01, Zu — (D)) eally s — s | Xilly 1 Ze+ X[ (0 6),
(21 = X0) 70 < (UT) + 01, 2) [ Xilly 1+ (T) = a5, Zs) [ ally 1 = Ko,
where K is normal random variable with
E(K;) < 2a(T)T~2/7, SD(K;) < V20;, T~ <22 T2/,

According to Lemma[5] we have that for arbitrary £ > 0

P(rtnea%(KtZ%z T-2/7 4 (\/2log +§> V20T~ 2/7)
<P<maXI(:9D \/210g +£>

teT

:T><P<Zz W—i—f) Z ~ N(0,1)
exp (—(v/21og(T) +€)*/2)

1
V7(y/210g(T) +¢€)
< ;exp (—52> .
T /2log(T) + ¢ 2

By taking £ = 24/log(T), it holds that

1
P (math > 2a(T T_Q/7 (\/21og +§) V2o T_2/7) < .
teT log(T)
Since this probability upper bound is ultra small and hence negligible, we have
(210 — X)) 10 < 20(T)T~27, ¢t > T1.
Similarly, we could also deduce that
(210 — X)) 10 < 20(T)T~27, ¢t > T1.
This result similarly implies that
T ~ ~ ~
E| Y X~z | =0T, E X - % | =oam.
t=Ty+1 ’ t=T; +1 Vi
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According to [3] (or Eqn. (T7)), we know that for LinTS we have the similar result as in Eqn. (T6):

i (u(a:t,*Te)—u(f(tTe)):O< HXtH Nzl )

t=T1+1 t=T1+

And this directly implies that

S (™) - (KF6)) = 0T,

t=T1+1

Note we could use this procedure to bound the regret for UCB and TS bandit algorithms under
condition in (3), since most of the proofs for generalized linear bandits are closely related to the

rate of E;‘F:TIH HXtH - Finally, the cost of pure exploration is also of scale O(T*/7), which
|78
concludes the proof.
O

A.3  Analysis of Theorem 2]
A.3.1 Useful Conclusions

Proposition 1. Assume given the past information Fi_1 and the hyper-parameters to be used by
the contextual bandit algorithm at round t, the arm to be pulled by the contextual bandit algorithm
follows a fixed distribution. Denote R(aV),... a®) T {F,_1}) as the cumulative regret of the
contextual bandit algorithm if it is run with parameters (a(l), ey a(L)) given the past information
Fi—1 at round t. Then the auto tuning method in Algorithm 2| has regret that satisfies the following:

E[R(T)] < i E[R(aW, ..., o) T {F,_
[R( )}_(am ____ a&?;rel,]lx---xJL [R(c a {Fi-1})]

L
+23 V(e = )ymy(T — T1) log .
=1

Proof. We also reload some notations here for simplicity in the same way as proof of Lemmal([I]in
Appendix [A.T] More specifically, since at iteration ¢ we are given the past information F;_; to make
decision according to different choices of hyper-parameter values, and hence we would omit this
notation F;_; when we refer to the arm or feature vector we pull under different hyper-parameter

values: Denote a; (al(-ll), . ,agf)) as the pulled arm at round ¢ if the hyper-parameters selected
at round ¢ is (agll), . ,a( )) Denote X; ( (1) . ,af-?) as the corresponding feature vector
and ( (1), ey agf)) as the corresponding expected reward. It suffices to show that for any

l=1,...,L, the following holds.

a4 ) (L)
ZE[M< (1) Qg (1—1yr X 5o e Ot )}

T
o0 1) ) (z+1) (L)
_Z]E[ut( (1) Qiy (121 gy (1) O C, O )}
< 2+/(e— 1)mT logn. (18)
For convenience, we will denote (O‘Ej()l)’ ey Ei(ll)l) a(l) OégﬂH—l)7 .. .aiL)> as (c;) when there

is no ambiguity, which means that the first [ — 1 hyper-parameters are chosen as az('f()s) for s =

1,...,1 — 1, the [-th hyper-parameter is chosen with index j and the rest of the hyper-parameters are

chosen as aﬁs) fors =14 1,..., L. Then the result we want to show in Equation|18|can be written
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T T
ZIE |:/Jt (agtl()l), el agl(ll)l),ag), .. aiL))} — ZIE [Ht (ait(l))] < 2+/(e = 1)mTlogmn.
t=1 t=1

(19)

We will also omit the superscript / subscript ({) for convenience when there is no ambigu-
ity, so pgl)( ),w;l)(t)7gjt(l)(j) are abbreviated as p;(t), w;(t), §:(j) respectively. Denote H; =

o (0‘1(- ()1), ey 51617)1), afkl“), ceey agL)) as the o-algebra induced by the event that at round ¢, the
first! — 1 hyper—parameters are chosen as a and fors =1+1,..., L, the hyper-parameters are

chosen as a!*). Given o(Fi—1,H¢), denote yt(aj) = pi(eyj) + € as the observed reward at round ¢
if @V is chosen as a; ) and the rest hyper-parameters given by H;. Here, ¢’ is a hypothetical random

noise if arm a,(«;) is pulled at round ¢.

Given o(F;_1,Hy), by the above definitions and Algorithm [2] §:(5) = y+(cv;)/p; () if j = ir(1).
Otherwise, §:(j) = 0. Since p;(t) > g » we have §j;(j) < 3 forall j € [n;] and t. We also have the
following two inequalities.

E (Zm(t)@tﬁ)lo(ﬁh%t)) = E (pi, 0y ()3 (i(1)) o (Fi -1, Hy))

i=1

=E (ye(ou,0)|o(Fie1, He)) = E [ (i, ) lo(Fie1, He)] (20)

E <sz ¢ (1) |0 (Fe 17Ht)> =E (pi, ) (1) 9:(ie(1))?|0(Fr—1, Hs))

=E (ye (it (1)) 9 (0(D) |0 (Fe—1, He)) < E (e (it (1)) |o(Fe—1, He))

_E (i yt<i>|a<f“,m>> @

i=1
For a single ¢ € [ny], since given F;_1, p( )( t) is already fixed, which means that the choices of other
hyper-parameters do not affect the distribution of i;(1). Moreover, a(c;) follows a fixed distribution
due to the conditions in Theorem[2] i.e., the arm to be pulled follows a fixed distribution given the past
information and the hyper-parameters to be used at round ¢. Therefore, given o (F;_1, Hy, ar(a;), €),

i = 1¢(1) is still with probability p( )( t) for all ¢ € [ny]. So

E (9:(1)|o(Fi1, He)) = B[E (9:(0)|0(Feo1, He, ar(eu), €)) [0 (Fr—1, He)]
= E [y (c)|o(Fi—1, Hs)]
= E [pue(0)|o(Fi1, He)] - (22)

From Equation 2T]and 22] we have

(sz G:(i)| o (Fee 1,%)) <E (Zﬂt(amo(ﬁl,?{a) (23)

i=1

We still look at the lower bound and upper bound of [E[log — T“ ], but now W, = Y7, w(l)( t), and
we will use the abbreviation w; (t) = 5 )( t) below for ease of notation.

Lower bound:

lUi(t + 1)
1Ui(t)

—F |:Bl,ut(04i)|0'(ft177'tt):| from Equation 22]
n

E [log o Fir, )| =B |23, 0lo(Fio, 1)
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Take an expectation on both sides and sum over ¢, we have
_ b
E [logw; (T + 1)] ZE e ()]

Therefore, for all ¢ € [n],

T

%%

E[log V?fjl] > E[logw;(T + 1)] —logn; = % ZE [pe ()] — log ny. (24)
t=1

Upper bound: This part is almost the same as the arguments in Lemma [T} except now that the
conditional expectation is taken over o (F;_1, H;). For completeness, we write out the proof of this

part below. Again, we will use p;(t) = pgl)(t) and w;(t) = wl@ (t) for convenience.

ny

%% i(t+1
t+1 logz MW(}} th)]

E {log lo(Foer, Ht)} -

5 Wy
=1

_E 1og§jw%§f (B“o) o(Foor, o)

=E :logiwwp (ﬁl J (')) o (Fp 1,%)1 definition of p;(t)

<E logiw <1+5ﬁ§t(i)+( nl)ﬂl e (i) >|0(.7-'t 1,71,5)]

<E :10g< + :1 [m(lﬁlﬂl)pi(t)?t(i) + mm(t)gt(i)QD a(ft_l,’;-zt)]
<E Z_j (gm0t + mpi<t>yt<i>2|o<fu,m>ﬂ

< ME[M%)IU(?H,%)] + 75%(1 2)5¢ ZE ()0 (For, o).

i=1

The first inequality “<” in the above holds since e* < 1 + x + (e — 2)x? for z € [0, 1]. Here, we
have 0 < %gt(z) < 1 because p;(t) > 21 ,0 <yi(ay) < land (i) < yt((of)) The last inequality is
from Equation 20| 23] Take another expectation on both sides, we get

Wt+1] < B
We | = m(1-5)

By summing the above over ¢, we have

(e —2)B} <
E [log IE [pe (o, )] + W—Bi) ; Efp ()]

Wrt Bi ~ (e~ 2)8 N
Eflog W, ] < (=) ;E[Mt(ait(l))] + m ; ;E[Mt(ai)] (25)

Note that the lower bound in Equationholds for any 1, so it also holds for a,(kl). Denote

T
_ (1) (i-1) () (L)
Gmax—ZE[.ut(ait(l)r"a “(l 1),Oé* ,...701* ):|
t=1
Then

B B T ny T
l l
—Gpax — logn; < ———— E oy, E[pu ()]
ny B ”l(l_ﬁl); o))+ 1—51 ;; il
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We note that Zthl E[u(a;)] < T for all 4, so

T
B B (e=2)5
—Gpax —logn; < ———~ Elu(ay, + T
ny a: gy m(l — /Bl) t:Zl [:u‘t( (l))] (1 . Bl)
Simplify the above inequality and due to the choice of 5;, we have
1—-038)n
Gmax - Z]E[/"Lt(a'Lf(l))] S ﬁleax + (6 - 2)ﬁltz—‘ + (ﬂfl)l IOg n
t=1
< 24/(e — 1)n;Tlogn,.
This concludes the proof of Proposition O

Lemma 6 (Adapted from Lemma[3). Forany § < 1, under our problem setting in Section [3|with the
regularization hyper-parameter \ € [Amin, Amax| (Amin > 0), it holds that for all t > 0,

| [ < Bi0),
o e RY o (0, — 0)] < [y B (),

0, — 0*

with probability at least 1 — J, where

5.0) = o—\/log (Lot ) 4 Vs

min

Proof. The proof of this Lemma is trivial given Lemma For any A € [Amin, Amax], according to
Lemma 3]it holds that, for all ¢ > 0,
| L <50,

va € R [T (6, — 67)] < |lzlly, -1 Bi(3),

0, — 0*

with probability at least 1 — §, where

30 = oo (05 VB < o o (P ) 4 s

min

A.3.2 Proof of Theorem[2]

Proof. We could validate Theorem [2] by extending the proof of Theorem [I] with Proposition|[I] Note
that most contextual bandit algorithms contain three types of hyper-parameters: one is the exploration
rate, which we have throughout discussed in the proof of Theorem [I] The second class is the stepsize
of some gradient-based optimization loop (e.g. Laplace-TS [4]]), but the output from the loop when
the convergent criteria is met is similar. In other words, this kind of hyper-parameter is not critical in
the theoretical proof. The last one is the regularization parameter A, but it can be easily handled by
using Lemma[f] Therefore, we only need to consider the case when we tune the exploration rate and
the regularization parameter simultaneously. We will take LinUCB with two hyperparameters (i.e.
exploration rate and regularization parameter) as an example:

The proof is similar to the one in Appendix[A.2] Denote the candidate sets for hyper-parameter o and
Aas Jyand J2 (0 < Amin < J2 < Amax)- And denote Vz(\) = AT + Zf: X X,", a;, and \;, as

the exploration and regularization rate we tune in our Syndicated framework at round ¢. Moreover,
we define a* = minye, o, A* = minye s, A. With probability at least 1 — 6,

i

< Bi(d) =T, 6 VA e J
Vt(/\)_ﬁt() Oé( ) )7 S 2
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where the definition of 3,(8) is reloaded in Lemmal6] And we would omit § for simplicity. For
t > 17, we denote the feature vector pulled at round ¢ as X4, i.e.

X, = argnfl\axx T, + a, ||x||v (hiy) Xt = Xe(ou,, Aiy | Fr—1)-
TEAL

And we also define X; = Xi(a*, X | Fioq), ie

X, = argmaxz ' 0, + o [ lly=1 (e -
TEA;

According to Proposition ] it holds that

E[R(T)] < E[R(a”, A", T, {F;-1})] + O(VT = T1)

ET: ( 2.70) = (X70))| + O(/T =)

According to the proof of LinUCB we could similarly argue that

oo X0 <o (] -l O9) + o -

i

o vV, () Vi(A®)

< (" +a(T)) HXt

veton T () lztlly 1 (xe) -

In conclusion, we have that

> (ulon"t) -u(370)) =0( 3" [,

t=T1+1 t=T1+1

T
om T 2 e th“*)) '
t=T1+1
By Lemma and choosing T} = T2/3 it holds that,

T T
> leeelys Y ||%

t=T1+1 t=T71+1

= O(T x T~3) = O(T*?3).

—1

Note we could literally use the identical argument for all UCB and TS bandit algorithms as in the
proof of Theoremm 1} and the only modification is the value of a(T") we newly defined in Lemma@

To prove the Theoremﬂ] (3) holds, we can also use an exactly identical argument as in the proof of
Theorem [1](3) in Appendix [A.2] and the only difference is we replace the value of «(7") in our main
paper by the newly defined one in Lemmal6] and hence we would not copy it here again. And this
fact concludes our proof. O

A.4 Experimental Settings

Simulations. We use d = 10, X = 100 and draw 0* ~ Uniform(— f f) For linear bandits,

we draw the feature vectors x; , ~ Uniform(— f f) and transform the mean reward of arm a at
Htat1
2

round ¢ by fi; 4 <+ to make sure the mean rewards are within [0, 1]. Each round an arm is
pulled, a sample reward Y; ~ N (j1t q4,,0.1) is revealed to the player. For logistic models, the feature
vectors z¢ o ~ Uniform(—1,1) and the corresponding mean reward is ¢ o = 1/(1+ exp(—x{,0%)).
A sample Bernoulli reward is drawn when an arm is pulled.

Real datasets. We use the benchmark Movielens 100K dataset similarly as in [§]]. The Movielens
dataset contains 100K ratings on 1,682 movies contributed by 943 users. For data preprocessing, we
apply LIBPMF [2627]] to factorize the ratings matrix to get feature matrices for both users and movies
with d = 20. We randomly select K = 1000 movies (arms) in each round, and the model parameter
0* is defined as the averaged feature vectors of 100 randomly selected users. For linear models, the
mean reward is defined as p; o = x;":ae and transformed into [0, 1]. The sample reward is drawn from

N (1,4, 1). For logistic models, the mean reward is defined as i, = 1/(1 + exp(—xz{ ,0*)), and
the sample reward is drawn from a Bernoulli distribution.
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A.5 Additional experiments on tuning SGD-TS

In this section, we show the comparison of different tuning methods in SGD-TS [14]], a recently
proposed efficient algorithm for generalized linear bandit. We apply SGD-TS with a logistic model
to the datasets considered in Section[6] SGD-TS has four tuning parameters, the length of epoch
7, two exploration parameters a(!) and a(?), step size for stochastic gradient descent 7. In [14],
the experiments are conducted by using a grid search of all four parameters, which is not feasible
in practice. Since the epoch length has to be pre-determined, it is not applicable to tune it online.
We set 7 = 10 x |max(log T, d)| as suggested by the grid search set in [14] and fix it for all tuning
methods. The tuning set for a(*) and o(?) are the same {0,0.01,0.1,1,10}. The tuning set for step
size g is set as {0.01,0.1, 1, 10}. The theoretical choices of step size 779 in SGD-TS are intractable,
so for the tuning methods in Section [} we make the following modifications:

1. OP [9]: We modify OPLINUCB to tune step size 7, only.

2. Corral [3]: We modify the CORRAL model selection framework to tune step size 7 only.

3. Corral-Combined [3]: We modify the CORRAL model selection framework to tune
all three hyper-parameters o), o(?) and 79. And the tuning set contain all possible
combinations of these three hyper-parameters.

4. TL (Our work, Algorithm [I): This is our proposed Algorithm [T} where we use the
two-layer bandit structure to tune the step size 7y only.

5. TL-Combined (Our work, Algorithm [I): This method tunes all three hyper-parameters
a®, a(? and ny using Algorithm |1, but with the tuning set containing all the possible
combinations of the three hyper-parameters.

6. Syndicated (Our work, Algorithm 2): This method keeps three separate tuning sets for
o, a(® and 7 respectively. It uses the Syndicated Bandits framework in Algorithm [2]

For OP Corral and TL, since they do not tune the two exploration parameters, o!) and a(? are
set as the theoretical values as in [14]. Results reported in Figure [f] are averaged over 10 repeated
experiments. From the plots, we can see that 1) our proposed Syndicated Bandits framework
outperforms TL-combined method since now there are in total three hyper-parameters and the regret
of TL-combined depends on the number of hyper-parameters exponentially. 2) Tuning all 3 hyper-
parameters significantly outperforms tuning only the step size as in OP, Corral and TL. This further
indicates that tuning multiple hyper-parameters is better than tuning fewer. On the other hand, it
suggests that the theoretical choices of the exploration parameters do not always perform better than
the fine-tuned results. 3) Our proposed TL algorithm outperforms OP and Corral when tuning only
the step size.

Simulation for SGD — TS Movielens for SGD — TS

4 17501 — Syndicated . —— Syndicated
— 1 500{ — TL
5 15001 ——. TL - Combined e -—- TL - Combined N
12501 oP ‘/ ) 400 «eee- opP
© Corral e - Corral
(] : o .~ —
10001 —-- Corral — Combined.;**

>

\
Cumulative Regret
S

4000 6000 8000

Iterations

0 2000

10000

4000 6000 8000 10000

Iterations

0 2000

Figure 4: Comparison of hyper-parameters selection methods in SGD-TS.
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