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A Proofs related to activation patterns and activation regions

A.1 Number of activation patterns

Lemma 6 (Simple upper bound on the numberrepartial activation patterns)Letr 2 Ng. The
number ofr -partial activation patterns and sub-patterns in a network with a totaNofank-K
maxout units are upper boundedjBj % N KN Tandjs,j X N respectively.

Proof of Lemm@]6.To get arr -partial activation pattern one needs at moseurons. The number

of ways to choose them ié;‘ . The number of ways to choose a pre-activation feature that attains
a maximum in the rest of neuronsks" . Ther chosen neurons have in tot#l pre-activation
features. Out of them, we need to choodeatures that attain maximum, an@dditional features to
construct the pre-activation pattern, Zofeatures in total. We ignore the restriction that there needs
to be at least one feature from each neuron, which gives us an upper#rbéimd\lotice that this
way we also count-partial patterns that require less thaneurons. Combining everything, we get
the desired result. For the sub-patters, we simply ignore theKetni . O

We will use the above upper bound in our calculations due to its simplicity. For completeness, we
note that the exact number of partial activation patterns can be given as follows.

Proposition 14 (Number ofr -partial activation patterns)or a network with a total oN rank-K
maxout units the number of distincipartial activation patterns is

X N K1 K NJ'.

No;:::; Nk 1 .
(No;:iN KP1)2N§ : j=0

Prj= 1+

If K =2 then the summation index takes only one véNig; N;) = (N  r;r) and the expression
simpliesto N, 2V .

Proof. We haveN neurons. For a given activation pattern, for 0;:::;K 1, denoteN; the
number of neurons witlil + j) pre-activation fegtures attaining the maximum. Since every neuron
has indecision in the rangb:F',: ;K 1, we have jK:()l N;j = N. Ther-partial activation patterns
are precisely those for which j jNj = r. The number of distinct ways in which we can partition

i » the number of ways in which a given neuron can h@ve j) pre-activation features attaining the

; i« K
maximumis . . O
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A.2 Generic correspondence between activation regions and linear regions

For a xed activation patterd, a computation path is a path in the computation graph of the
networkN that goes from input to the output through one of the units in each layer, where

0, 1;::5; L), 12[m] [K]speciesaunitand a corresponding pre-activation feature in layer
I. For any inpuix in the activation regioRR (J; ), the gradient with respect tocan be expressed
through the computation paths as

@ X byl
N (x; )= wtDwh)  wld. @—N(x; )= wl;
K paths 1=1
starting af

where inW{" 2 R M 1isa piecewise constant matrix valued function of the inputith rows
corresponding to the pre-activation features that attain the maximum according to the patedn

w 2 Rare corresponding weights on the edge dietween the layel 1) andl, again depending

onJ. For a simple example of when one linear region is a union of several activation regions in a
maxout network, consider a network with one of the weights in the single linear output unit set to
zero. Such a situation can happen, for instance, at initialization, though with prob@bilityen,
switching between the maximums in the unit in the previous layer to which this weight connects will
not be visible when we compute the gradient, and several activation regions created by the transitions
between maximums in this unit will become a part of the same linear region.

Lemma 5 (Activation regions vs linear regionsonsider a maxout netwoik . The set of parameter
values for which the represented function has the same gradient on two distinct activation regions
is a null set. In particular, for almost every linear regions and activation regions correspond to
each other.

Proof of the Lemmjg]5Consider two different non-empty activation regions corresponding to activa-
tion patternsl; andJ, for whichrN (x; ) has the same value. This means thaequations of the
form
X byl X b+l
w = w®
paths 2 1, I1=1 paths 2 5, =1

are satis ed, where 1; 2 are collections of paths startingiatorresponding to the activation
patterns]; andJ; respectively. For different values bthe sets of paths differ only at the input layer.

Based on this equation, there exists 2 f 1g and a non-empty collection of paths (the
symmetric difference of 1; and ».i) so that

X yr1
Ci w) =0:
paths 2 1=1

This is a polynomial equation in the weights of the network. Each monomial occurs either with
coefcientlor 1. In particular, this polynomial is not identically zero. The zero set of a polynomial

is of measure zero oR* Ve ynless it is identically zero, see e.g. Caron and Traynor (2005). We
have a system afy such equations (one for each The intersection of the solution sets is again

a set of measure zero. The total number of pairs of activation regions is nite, upper bounded by

N . . . .
K2 . A countable union of measure zero sets is of measure zero, thus the set of weights for which
two activation regions have the same gradient values has measure zero with respect to the Lebesgue
measure ofR* Weights

A.3 Partial activation regions

Now we introduce several objects that are needed to disepastial activation regions.

De nition 15. Fix a value of the trainable parameters. For aneuran N and asefl, [K],
the J,-activation region of a unitz is

H(Jz; )= fxg2 R"j aig{n?x zk (Xizy 15 )= J20
2 [K
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More generally, for a set of neurods= fzg and a corresponding list of sets = (J;);2z , the
corresponding; -activation region is

\
H(Jz; )= Hz; ): 1)
227

If we specify an activation pattern for every neurdp;, so thatZz = [N], then we write
ROnp )= HNg ):

P
Recall that an activation pattedpy ; with with the property that ,(jJ;j 1) = r is called an
r-partial activation pattern. To distinguish such patterns, we denote therh ByP .. The union of
all corresponding activation regions is denoted

Xni ()= R@A"; )
J12P .
Lemma 4 (r-partial activation regions are relatively open convex polyhedéansider a maxout

polyhedron inR"°. For almost every, it is either empty or has co-dimension

Proof of Lemma@J4 Fix anr -partial activation patterd” 2 P,. Over the activation regioR (J; ),
thek-th pre-activation feature of each neumis a linear function of the input to the network, namely

Wy X+ by = Wg;l((z)) W@ D W x4+ D) 4 @ Dy bgg(kz»;

wherew,, andb,, ;k 2 [K] denote the weights and biases of this linear function, which depend
on the weights and biases and activation values of the units up ta.Ufitr eacle specify a xed
elemengo 2 ‘J(' The activation region can be written as

X2RMjw,  x+b, =w,y X+1Dby; 8 2J,nfjeg;
z2[N]
Wy, X+ by >w, x+ by, 8i2[K][nJ; :

This means that an-partial activation region is determined by a set of strict linear inequalities and
r linear equations. The equations are represented by vagtors (W, ; szo) (Wz ;b ) for
allj 2 J; nfjogforall z for whichjJ,j > 1. For generic parameters these equations are linearly
independent. Indeed, the vectors being linearly dependent means that there is &m¥triwhere
V has rowsv;; , with vanishing determinant. By similar arguments as in the proof of Lefrjma 5,
the set of parameters solving a polynomial system has measure zero. Hence, for generic choices of

parameters, the linear equations are independent and the polyhedron will have a co-dimengon
otherwise be empty). O

The same result can be obtained fepartial activation regions of ReLU networks since RelLU
activation regions can be similarly written as a system of linear equations and inequalities.

We can make a statement about the shapepartial activation regions of maxout networks. Recall
that aconvex polyhedrois the closure of the solution set to nite system of linear inequalities. If it

is bounded, it is called a convex polytope. The dimension of a polyhedron is the dimension of the
smallest af ne space containing it.

The next statement follows immediately from Lemma 4.

Lemma 16(Xy , consists ofng r)-dimensional pieces)With probabilityl with respect to the
distribution of the network parameters for anyx 2 Xy . there exists' > 0 (depending orx
and ) s.t. Xy, intersected with thé ball B-(x) is equal to the intersection of this ball with an
(no r)-dimensional af ne subspace Bf'°.

Corollary 17 (r-partial activation regions are relatively open convex polyhedracall that an an

r-partial actiation sub-patterd' 2 S, is alistS = (J,),27 ofsets), [K],z22Z [N]with
j9zj> land ,,,(jJ-j 1)= r. Foralmostall choices of the parameter (i.e., except for a null set
with respect to the Lebesgue measure),

Voln, r (Xnr (1)) = voly, (H(J ):
J2s,
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Proof of Corollary 17. GivenJ 2 S,, we denot&  [N]the corresponding list of neurons. Using
the notion of indecision loci from De nitio@S, we can re-wrig . ( ) as
[ [ [\
Xnor ()= R(J; )= H@; )= Hz; )
J2P . J2P 3 J2P, z2[N]

\ \
4 HQz; )\ H@,; )5

J2P, 227 z2[N]nZ
2 3
\ [ \
= 4 HQz; )\ H(3,; )
J2s, 2zzz J,2[K1;z2[NnZ z2[NnZ
[ \ Vo
= 4 HQ@; )N H(J, = fkg; )>:
Jos, z2Z 227 k2[K ]
Therefore,
0 1
X \ \ [
Voln, r Xnr ()= voln, L@ H(J,; )\ H@J, = fkg; )A:
J2s, 227 227 k2[K ]

, T S c. ,
Notice that ~ ,,, ,,xH(Jz = fkg; ) isazeromeasure set¥y ; ( ), because over that

set, by Lemm@ 16 the co-dimension of the corresponding activation regions is larger Taerefore,
for any givend' = (J;),27 2 Sy,
0 1 I

\ (N \
vol,, + @  H(J; )\ H(J, = fkg; )A =vol,, | HJ,; )
2227 227 k2[K ] 222

This completes the proof. O

B Proofs related to the generic numbers of regions

B.1 Number of regions and Newton polytopes

We start with the observation that the linear regions of a maxout unit correspond to the upper vertices
of a polytope constructed from its parameters.

De nition 18. Consider a function of the forh: R" ! R; f (x) = maxfw; x+ bg, where
w; 2 R"andh 2 R,j = 1;:::;M. Thelifted Newton polytop®f f is de ned asP; :=

De nition 19. LetP be a polytope ilR"*! and letF be a face oP. An outer normal vector of is
avectorv 2 R"*! withhv;p g > Oforallp2 F,q2 P nF andhv;p ¢ =0 forallp;q2 F.
The faceF is anupper faceof P if it has an outer normal vectarwhose last coordinate is positive,
Vn+1 > 0. Itis astrict upper facdf each of its outer normal vectors has a positive last coordinate.

The Newton polytope is a fundamental object in the study of polynomials. The naming in the context
of piecewise linear functions stems from the fact that piecewise linear functions can be regarded as
differences of so-called tropical polynomials. The connections between such polynomials and neural
networks with piecewise linear activation functions have been discussed in several recent works
(Zhang et al/, 2018; Charisopoulos and Maragos, 2018; Alfarra et al.| 2020). For details on tropical
geometry, see (Maclagan and Sturmfels, 2015; Joswig,| 2022). Although in the context of (tropical)
polynomials the coef cients are integers, such a restriction is not needed in our discussion.

A convex analysis interpretation of the Newton polytope can be given as follows. Consider a piecewise
linear convex functiori : R" ! R; x 7! max;fw; x+ Iyg. Then the upper faces of its lifted
Newton polytopePs correspond to the gragh{x ; f (x )): x 2 R"\ dom(f )g of the negated
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Figure 7: The linear regions of a functidrfx) = max; fhw;;xi + Iy g correspond to the lower
vertices of the polytop®? = conv;f(w;; b)g R"*!, or, equivalently, the upper vertices of
the lifted Newton polytop®; = conv;f(w;;B)g R"*. The linear regions of can also be
described as the intersection of the normalifasp, consisting of outer normal cones of faces™}

with the af ne spaceR"® f 1g.

convex conjugaté : R"! R; x 7! sup,r ;X i f(X), whichis a convex piecewise linear
function. This implies that the upper verticesRyf are the pointgw;;lj) 2 R"*! for which
f(x)= w; x+ by over aneighborhood of inputs. Hence the upper vertices of the Newton polytope
correspond to the linear regionsfof This relationship holds more generally for boundaries between
linear regions and other lower dimensional linear features of the graph of the function. We will use
the following result, which is well known in tropical geometry (5ee Joswig, 2022).

Proposition 20 (Regions correspond to upper face$her -partial activation regions of a function
f (x) =max;fw; x+ bjgcorrespond to the-dimensional upper faces of its lifted Newton polytope
P: . Moreover, the bounded activation regions correspond to the strict upper faégs of

The situation is illustrated in Figufg 7.
B.2 Bounds on the maximum number of linear regions

For reference, we brie y recall results providing upper bounds on the maximum number of linear
regions of maxout networks. The maximum number of regions of maxout networks was studied by
Pascanu et al. (201L3); Montcefar et al. (2014), showing that deep networks can represent functions
with many more linear regions than any of the functions that can be represented by a shallow network
with the same number of units or parametgrs. Serralét al. (2018) obtained an upper bound for deep
maxout networks based on multiplying upper bounds for individual layers. These bounds were
recently improved by Montcefar et al. (2021), who obtained the following result, here stated in a
simpli ed form.

Theorem 21 (Maximum number of linear regions, Montoefar et al. 2021)

For a network withpo inputs and a single layer af; rank-K maxout units, the maximum number
of linear regions is %, (K1)

For a network withng inputs andL layers ofny;:::;n_ rankK maxout units, i ng, ’:1—'
6ven, andg =minfng;:::;n 19, the maximtsm nlrynber of linear regions is lower bounded by
L L

=1 (B-(K 1)+ 1)" and upper bounded by _, f':o ‘}' (K 1).

B.3 Numbers of regions attained over positive measure subsets of parameters

A layer of maxout units can attain several different numbers of linear regions with positive probability
over the parameters. This is illustrated in Figufe 8. We obtain the following result, describing
numbers of linear regions that can be attained by maxout units, layers, and deep maxout networks
with positive probability over the parameters.

Theorem 7 (Numbers of linear regions)
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Figure 8: A layer of maxout units of rank 3 attains several different numbers of linear
regions with positive probability over the parameters. For a layer with two Bamkxout units,

some neighborhoods of parameters give 6 linear regions and others 9, with nonlinear loci given by
perturbations of the red-pink and red-darkred lines.

Consider arankK maxout unit witmg inputs. Foreactl k K, there is a set of parameter
values for which the number of linear regionkisFor minfK;no+1g k K, the correspond-

ing set has positive measure, and else it is a null set. This corresponds to a network with an input
layer of sizeng and single maxout layer with a single maxout unit.

For each ghoicg-ol kl;Q' s kn, K, there are parameters for which the number of linear

regions is J-”ﬁo s2(n1) ios(ki 1). ForminfKino+1g ki;:::;Ky, K, the corre-

Consider a network withg inputs andL layers ofng;:::; n. rank-K maxout unitsK 2, r’:—'o
even. Then, for each choicedf k;j ~ K,}=1;:::;ng,1 =1;:::;L, there are parameters for
which the number of linear regions ile:l o Q—(‘J(k.i 1) +1). There is a positive measure
subset of parameters for which the latter is the number of linear regions(6y#)"°.

The strategy of the proof is as follows. We rst show that there are parameters such that individual
rankK maxout units behave as rakkmaxout units, foranfl k K, and there are positive
measure subsets of the parameters for which they behave ak raakeut units, foranp+1  k

K. Further, there are positive measure subsets of the parameters of individul raakout units

for which, over the positive orthai" , they behave as rarikmaxout units, forant kK.

Then we use a similar strategy as Montcefar gt al. (2021) to construct parameters of a network with
units of pre-speci ed ranks which attain a particular number of linear regions.

Proposition 22. Consider a rank< maxout unit witm inputs restricted t&R" ;. Foranyl k K,

there is a positive measure subset of parameters for which the behaves aslamaout unit.
Moreover, this set can be made to contain parameters representing any desired function that can be
computed by a rank-maxout unit.

Proof. We need to show that for any choices(w#; b ), i 2 [K], there are generic choices(@¥; ; by ),
j 2 [K]n[K], sothatforeacd [K]withJ 6 [k], the corresponding activation regi®{(J; )
does not intersed®®" ,. Notice that, iff 2 J n[k], then the corresponding activation regieiqJ; )
is contained in the arrangement consisting of hyperpléhes fx: (w; w;) x+(3 b)=0g,
i 2 Jnfjg. Foreach 2 [K]n[k], wechoosev; = jc( 1;:::; 1)+ j,b = jcO+ J-Oforsome
c>2maxfkwiky @i 2 [klg,c®> 2maxfh:i 2 [kl]gand small; 2 R", 2 R. Then, for each
j 2 [K]n[k]landi 2 [K],j <] ,the hyperplanél; has anormal vectqw; w;) 2 R<g and an
intercepty b < 0, and hence it does not intersétt . O

We are now ready to prove the theorem.

Proof of Theorer]7 Single unit.Consider a maxout unihax; , x ;fw; x+ by g. To have this behave
as arankk maxoutunitl k K, we simply se(w;;l)=(wi;br  1),j 2 [K]n[k]. This
is a non-generic choice of parameters. Consider now a kamkxout unit withn +1  k and
generic parametefsvi; ), i 2 [k]. We want to show that there are generic choiceéngf b ),
j 2 [K]n[K]sothatmax;, i fwj X+ Bg=maxjpgfw; x+ hgforallx 2 R". In view of
Propositio, this is equivalent {w; ;15 ), j 2 [K]n[k] not being upper vertices of the lifted
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Newton polytope® = convf(w;;b): j 2 [K]g. Since any generis + 1 points inR" are af nely

indepengent, we have that the convex lwoihvf w; 2 R" . i 2 [k]g has full dimensiom. Hence, any
Wi = & japqWi + j andh =minj;gfbg 1+ 0 with sufciently small ; 2 R", 0 2 R,

j 2 [K]n[k] are strictly belowconvf (w;; b): i 2 [k]g and are not upper vertices Bf.

non-generic or in the generic cases. Then we apply the construction of parameters and the region
gountipg argume@t from Montcefar et [al. (2021, Proposition 3.4) to this layer, to obtain a function with
% s (1)) ios(ki 1) linear regions. For each of the units 1;:::;ny, one may choose a
]

generic vector; 2 R" and de ne the weights and biases of the pre-activation features as Ij—ivi

andb; = g(g—i + i),j =1;:::;ki, whereg: R! R s any strictly convex function and is

chosen generically. Then the non-linear locus of each unit consiks of parallel hyperplanes with

a generic shift;, and the normal vectoss of different units are in general position. The number of
regions de ned by such an arrangement of hyperplané¥'ican be computed using Zaslavsky's
theorem, giving the indicated result. It remains to show thatpfor 1 ki;:::;kKq,, there are
positive measure perturbations of these parameters that do change the number of regions. By the
lower semi-continuity discussed in Sectjdn 3, the number of regions does not decrease for suf ciently
small generic perturbations of the parameters. To show that it does not increase, we note that, by
Theorenj 2] this number of regions is the maximum that can be attained by a layemaixout

ranksl k; K,l=1;:::;L,i=1;:::;n;,and then apply the construction of parameters from
Montcefar et al. (2021, Proposition 3.11) to this network, to obtain the indicated number of regions.

For the second statement, we use Proposjtign 22 to have the units behave as maxout units of
any desired ranks ovd0; 1]"°. For thel-th layer, we divide then; units intong blocks x(V

ij
i=21;::5n0,) =150 2—' Fori =1;:::;ng, thei-th block consists o% maxout units of rank
ki . We can choose the weights and biases so that[0y&}'°, the nonlinear locus of thieth block

(xi(;li A xi(_l)Ll) consists ofﬂ—(‘)(k“ 1) parallel hyperplanes with normal, and the alternating sum

no
[arC 1y xi(j') is a zig-zag function along the directienwhich mapg0; 1)"° to (0; 1), and maps
any point inR"° n[0; 1]"° to a point inR n[0; 1&3 In this way, thd-th layer, followed by a linear layer
R" 1 R" maps(0;1)" onto(0;1)" ina Ffl(%(kli 1) + 1) to one manner. Suf ciently
small perturbations of the parameters do not affect this general behavior. The compoditisnabf

layers gives the desired number of regions q@ed)"°. O

B.4 Minimum number of activation regions

One can easily construct parameters so that the represented function is identically zero. However,
these are very special parameters. Moreover, it can be shown that the number of linear regions of a
maxout network is a lower semi-continuous function of the parameters, in the sense that suf ciently
small generic perturbations of the parameters do not decrease the number of linear regions (Montcefar
et al|,[ 20211, Proposition 3.2). Hence, the question arises: What is the smallest number of linear
regions that will occur with positive probability over the parameter space (i.e. for all parameters
except for a null set). For example, in the case of shallow ReLU networks, it is known that the
number of regions for generic parameters is equal to the maximum. For maxout networks we saw in
Theorenj ¥ that several numbers of linear regions can happen with positive probability. We prove the
following lower bound on the number of regions for maxout networks with generic parameters.

Theorem 8 (Generic lower bound on the number of linear regiorSpnsider a rank< maxout
network,K 2, with ng inputs,n; units in the rst layer, and any number of additional nonzero
idth layers. Then, for almost every choice of the parameters, the number of linear regions is at least

% '} and the number of bounded linear regions is at ledgt * .

First we observe that for generic parameters, the number of linear regions of the function represented
by a network is bounded below by the number of linear regions of the network restricted to the rst
layer. This is not trivial, since the deeper layers could in principle map the values from the rst layer
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to a constant value, resulting in a function with a single linear region. However, for maxout networks
this only happens for a null set of parameters.

Proposition 23. The number of activation regions of a maxout network is at least as large as the
number of regions of the rst layer. Moreover, for generic parameters the number of linear regions is
equal to the number of activation regions.

Proof. The number of regions never reduces as we pass through the network. The region is either
kept as it is or split into parts by a neuron. The fact that for generic parameters activation regions
correspond to linear regions is Lemfrja 5. O

In order to lower bound the number of regions of a single layer, we use the correspondence between
linear regions and the upper vertices of the corresponding lifted Newton polytope, Progodition 20.
We rst observe that the Newton polytope of a shallow maxout units is the Minkowski sum of the
Newton polytopes of the individual units. Recall that the Minkowski sum of twoAetadB is the

setA+ B =fa+b:a2 A;b2Bg.

Proposmon 24. Conqﬁieralayer of maxoutunits,, R" ! R™; f;(X) =maxfw;, x+ b :r=
""" kg, Letf (x) = 2, fi(x). Then theFIthed Newton polytopefois the Minkowski sum of the
I|fted Newton polytopes éf;:::;fm,Pr = 2, Pr,.

Proof. This follows from direct calculation. Details can be found in the works of Zhang|ét al. (2018)
and Montcefar et al. (2021). O

Next, a family of polytopesPI = convf(wIr b)) 2 R"W*t:r = 1;:::;Kg with generic
(Wir ;b ), r =150, ;KLi=1;:::ng,isin general orientation. For such afam|ly, the Minkowski
sumP = P + + PIr11 has at Ieast as many vertices as a Minkowski sum,dine segments in
general orientation:

Proposition 25 (Adiprasitd 2017, Corollary 8.2)The number of vertices of a Minkowski sum of
m polytopes in general orientation is lower bounded by the number of vertices of a sarinef
segments in general orientations.

From this, we derive a lower bound on the number of upper vertices of a Minkowski sum of polytopes
in general orientations.

Proposition 26. The numbef_r, of upper vertices of a Minkowski sumppolytopes inR"o*! |n
general orientation is at least | ] % '+, and the number of strict upper vertices is at Iedgp

Proof. Consider the sun® = P, + + Pn, of polytopesP; = f(wi,;b,):r =1;:::;kg,

i =1;:::;n,. The set of upper vertices consists of 1) strict upper vertices and 2) vertlces which
are both upper and lower. The number of strict upper vertices of a Minkowski sampdsitive
dimensional polytopes in general orientationgRit?** is at least ”1 1 (Montoefar et al., 2021,
Corollary 3.8).

Now note that the vertices which are upper and lower are precisely the vertices of the Minkowski
sumQ = Q; + + Qn, of the poltyope®Q; = convfw, 2 R":r =1;:::;kg, i =1;:::;

By Propositiorj 2b the total number of vertices of a Minkowski sum is at least equal to the number of
vertices of a Minkowski sum of line segments. The latter is the §§me as the number of regions of a

central hyperplane arrangementig dimensions, which is;! T+ j_ol r}l .

Hence for any generic Minkowski sum pf positive-dimensional polytopes imy + 1 dimensions,
the number of upper vertices is at least

1 1 Xo
ng 1 s M 1 + Nt _ Mo, N _ N
No No =0 J No j=o |} izo
This concludes the proof. O

Now we have all tools we need to prove the theorem.
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Proof of Theorerfi|8By Propositiorj 2B, the number of regions is lower bounded by the number of
regions of the rst layer. We now derive a lower bound for the number of regions of a single layer
with ng inputs andh; maxout units. In view of Propositions |20 gnd 24, we need to lower bound the
number of upper vertices of a generic Minkowksi sum. The bounded regions correspond to the strict
upper vertices. The result follows from Propositjon 26. O

Remark 27. The statement of Theorgm 8 does not apply to ReLU networks unless they have a single
layer of ReLUs. Indeed, for a network with 2 layers of ReLUs there exists a positive measure subset
of parameters for which the represented functions have only 1 linear region. To see this, consider a
ReLU network with pre-activation features of the units in the second layer always being non-positive.
A subset of parameters required to achieve this is de ned as a solution to a set of inequalities (for
instance, when the input weights and biases of the second layer are non-positive) and has a positive
measure. For such pre-activation features, the ReLUs in the second layer alwayautguhere is

a single linear region for the network.

C Expected number of activation regions of a single maxout unit

We discuss a single maxout unit withnputs. In this case, thepartial activation patterns correspond
to ther -dimensional upper faces of a polytope given as the convex hull of the gaipty) 2 R"*,

denoted s(Pk ), has expected value

Efs(Px)  c(sid)(logK)“z; ©)
and the uniors-faces ofPx , denotedskek (Pk ), has expected volume
Evols(skels(Pk))  c(s;d)(log K )dTl; )

wherec(s; d) andc(s; d) are constants depending only s@ndd.

Based on this, we obtain the following upper bound for the expected number of linear regions of a
maxout unit with iid Gaussian weights and biases.

Proposition 29 (Expected number of regions of a large-rank Gaussian maxout @ut)sider a
rank-K maxout unit withng inputs. If the weights and biases are sampled iid from a standard normal
distribution, then for largek the expected number of non-emptgartial activation regions satis es

E[# r-partial activation regiorjs c(r; ng)(log K)HTO:
wherec(r; ng) is a constants depending solely oandng.

Proof of Propositior 20.We use the correspondence betwegrartial activation regions and the
upperr-dimensional faces of the lifted Newton polytope (Proposifioh 20). The total number of
s-dimensional faces of a polytope is an upper bound on the number of syalensional faces.
Now we just apply Theorein 8. O

We can use the above result to upper bound the expectation value of the number of regions of a
maxout network with iid Gaussian weights and biases. In particular, for a shallow maxout network
we have the following.

Proposition 30(Expected number of linear regions of a large-rank Gaussian maxout.|&y@nsider
networkN with ng inputs and a single layer of; rank-K maxout units. Suppose the weights and
biases are sampled iid from a standard normal distribution. Then, for suf ciently I&rge¢he
expected number of linear regions is bounded as
. . Ro nq ng ;
E[# linear regionk j (c(no)(logK)=z  1);
j=0

wherec(ny) is a constant depending solely ag. This upper bound behaves @¢n° (log K )2No)
inn; andK .
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Proof. By [Montcefar et all (2021, Theorem 3.6), the maximum number of regions of a layergwith
inputs anch, maxout units of rank&;;:::; ky, is

Xo X Y
max[# linear regionk= (ki 1):

j=0 S2 ([”jl]) i2S

Consider now our network with; maxout units of rankK . For a given probability distribution

linear regionsi = 1;:::;n;. If the parameters of the different units are independent, we have
X Xo X Y
E[# linear regionk Pr(ka; i Kny) (ki 1)
1 kaiyikn, K j=0 SZ(["J_l])iZS
Xo

X Y
= (Eki] 1)

j =0 S2 ([nj]_]) i2s
If the weights and biases of each unit are iid normal, Propogitipn 29 allows us to upper bound the
latter expression by

Xo " .
T noogK)F 1y
j=0

This concludes the proof. O

D Proofs related to the expected volume

The following is a maxout version of a result obtained by Hanin and Ralhick (2019a, Theorem 6) for
the case of networks with single-argument piecewise linear activation functions.

Lemma 31 (Upper bound on the expected volumeXa§ ., ). Consider a rankK maxout networkN
with input dimensiomg, output dimensiod, and random weights and biases satisfying:

1. The distribution of all weights has a density with respect to the Lebesgue measure.

2. Every collection of biases has a conditional density with respect to Lebesgue measure given the
values of all weights and other biases.

the(ng r)-dimensional volume ofy ., insideS is upper bounded as
E[vol,, 2(XN +\ 9)]
X

E pr((w™ wh) x™ +b™) kJ(w™ w') x™ +b™Mk dx;
J2S, g

where, for any givemn-partial activation sub-patterd = (J;);2z 2 S;, for any given], we denote

its smallest element hy, we let - denote the joint conditional density of the biases of pre-activation
featureg 2 J,nfjogofthe neurong 2 Z , given all other network parameters, wedgtR" ! R';
X7 (wm o owh) XM+ bM o= (W, Wzi) Xiz) 1+ bz:jo)%ZZ j23,nfjog 2 R, denotelg

ther ng Jacobian ofg, andkJg(x)k = det (Jg(x))(Jg(x))” 2, and the inner expectation is
with respect to all parameters aside these biases.

Proof of Lemm@ 31The proof follows the arguments jof Hanin and Rolhick (2019a, Theorem 6).
The main difference is that maxout units are generically active and the activation regions of maxout
units may involve several pre-activation features and additional inequalities. To obtain the upper
bound, we will discard certain inequalities, and separate one distinguished pre-activationjfgature
for each neuron participating in a sub-pattern, which allows us to relate inputs in the corresponding
activation regions to bias values and apply the co-area formula.
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Recall that am-partial activation sub-patteth 2 S, is a lispof patterng,  [K] of cardinality at
least2 for a collection of participating neurozs2 Z , with ., (jJ;j 1) = r. Further, for any
givenJ, we denotg o its smallest element. When discussing a particular sgb-pattern, we will write
m = jZj for the number of participating neurons. Finally, recall tHg0; )= ,,, H(Jz; ).

By Corollary[17, with probabilityl with respect to ,
X
Voln, r(Xnwr (1)) = voln, +(H(J; )):
J2S;

FixJ 2 S;. Inthe followingzwe prove that

Elvol,, ((H(J; )\ S)] E pr((w™ w') x™ +b™) kJ(w™ w") x™ +bMk dx

We rst note that

voly, +(H(J; )\ S)= dvolp, r(x): (4)
H(J NS
For eactz 2 Z andJ, we can pick an elemeg 2 J, and expressi (J,; ) interms of(jJ,j 1)
equations an¢K j J,j) inequalities (not necessarily linear),
HJz; )= fX2R™jwgi, Xiz) 1+ Brjo = Wz Xz 1+ by 8§ 2 3z nfjog;
Wzijo Xiz)y 1+ 0o >Wazi Xiz) 1+ by 81 2 [K]nJ g

Here,x ;) 1 gre the activation values of the units in the layer precedingajniepending on the
inputx. Since ,(jJ;j 1) = r,theseH(J; )isde ned byr equations (in addition to inequalities).
We will denote withb" 2 R" the vector of biasels,; that are involved in theseequations, with
subscriptgz;j) withj 2 J, nfjpgandz 2 Z .

®)

We take the expectation @) with respect to the conditional distribution bf given the values of
all the other network parameters. We have assumed that this has a density. Denoting the conditional
density ofb" by -, thisis gi¥en b%
dvoln, r(X) pr(b")db": (6)
ROH(J NS
The equations if5) imply thatb,; = (Wi, Wz;j) Xiz) 1+ by, foranyx 2 H(J; ). We write
all these equations conciselylas=(w™ w') x™, + b™. Then [§) becomes
z Z
pr (W™ w') xM +b™) dvol,, ((x)db": 7)
ROH(J 'S
We will upper bound the volume df (J; ) by the volume of the corresponding set without the
inequalities,
HYJ; ) = X2R™ Wi, Xizy) 1+ Brjo = Waj Xiz) 1+ g5 8 23, nfjog :
z2Z

SinceH(J; ) H YJ; ), we can upper bounl](7) by
Z Z

pr (W™ w') x™ +b™) dvol,, ((x)db": (8)

RTHOJ NS

Now we will use the co-area formula to exprg8$as an integral oves alone. Recall that the co-area
formula says thatif 2 LY(R") andg:R" ! R" withr nis Lipschitz, then
Z Z 4

(x)dvol, ((x)dt = (x)kJg(x)kdvol, (x);
R g () RN
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whereJgis ther n Jacobian ofy andkJg(x)k = det(( Jg(x))(Jg(x))” )%.

In our case = r, n = ng, which satisfyr  ng. Furtherb" 2 R" plays the role of 2 R", and
R ! R, x7! pr((w™ w') x™; +b™) plays the role of . Since(w™ w'") x™; +b™
is continuous and is bounded, assuming,: is continuous, this is ih.*(S). Finally, we set
g:S! R x7 ((w™ w") x™ + b™), which is Lipschitz.

Hence[[®) canZ be expressed as

pr (W™ wh) x™ +b™) kI(w™  w') x™; +b™k dx:
s

Taking expectation with respect to all other weights and biases, and interchanging the integsal over
with the expzectation (according to Fubini's theorem, since the integral is non-negative),

E pr((wm™ w') x™ +b™) kJ(w™ w") x™ +bMk dx:
S
Summing over alf -partial activation sub-patterds2 S, gives the desired result. O

Based on the preceding Leming 31, now we derive a more explicit upper bound expressed in terms of
properties of the probability distribution of the network parameters.

Theorem 10(Upper bound on the expected volume of the non-linear locisnsider a bounded
measurable se6 R"° and the settings of Theore[rh 9 with constaBgs,g and Cyas €valuated over
S. Then, forany 2f 1;:::;ngQ,

E[voln, r(Xn \ S)] v 'K
V0|n0 (S) (ZCgradCblas) or r

Proof of Theorfr@OBy Lemmg 31E[voly, (Xn; \ S)]is upper bounded by
X

E pr((w™ wh) x™ +b™) kJ(w™ w') x™ +bMk dx:
J2s, g
Since we have assumed that for any collectiohlmifises the conditional density given all weights
and the other biases can be upper-bounded @fith, we have pr (W™  w") x™, + b™) bias
As for the termE[KI (W™  w') x™; + b™)kK], note that
kJ((w™  w") x™ +bM™)k

=det J(W™ w') x™;+b™)TI(W™ w') x™,+bm)
=det Gramr (Wz, Wzij.) Xiz) 1% Bagje)iiiss
1=2
r ((Wzm Jo WZm ;jrm) Xl(zm) 1+ bzm ;jO) ; (9)
where for anyvy;:::; v 2 R™, (Gram(vy;:::; v )iy = hvi)v;i is the associated Gram matrix.

It is known that the Gram determinant can also be expressed in terms of the exterior product of
vectors, meaning thdt](9) can be written as
Kt ((Wzo Waish) Xize) 17+ Do) A1 ((Wemiio Wz, ) Xi@zm) 1F Brpijo)K
which is the the -dimensional volume of the parallelepiped®fic spanned by elements. Therefore,
for J 2 S; with participating neuronZ , we can upper bound this expression by (see Gover and
Krikorian, 201(9
kr ((Wzjjo  Wzij) Xy 1+ Byjo)k
227 j 2Jznfjvgg
2max Kr (Wzj, Xiz) 1)K Kr (Wzj Xiz) 1)K
z2Z j2J;nfjog

2" max kr (W, X k"
L (Wzj  Xiz) 1)
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In the second line we use the triangle inequality. Considering the assumption that we have made on
the gradients, for the expectation we obtain the upper b¢2Gghq)" .

P
By Lemmzﬂi, we can upper-bound the number of entries of the sygy  with ’;r ’:' . Combin-
ing everything, we get the nal upper bound
r rK .
(chraocbias) or VOIno (S)
This concludes the proof. O

E Proofs related to the expected number of regions

Theorem 9(Upper bound on the expected number of partial activation regidret)N be a fully-
connected feed-forward maxout network, withinputs, a total ofN rank K maxout units. Suppose
we have a probability distribution over the parameters so that:

1. The distribution of all weights has a density with respect to Lebesgue measRfe"68s,

2. Every collection of biases has a conditional density with respect to Lebesgue measure given the
values of all other weights and biases.

3. There exist€yraq> 0so that for anyt 2 N and any pre-activation featurg .,

sup E[kr 2k (XK'l Chpad
X2R"0

Fixr 2f0;:::;npgand letT = 25CgradCbias, Then, there existy  15(2CgradChias) SUCh that for
all cubesC  R"° with side length >, we have
8
rK N N r.
E[# r-partial activation regions dfl in C] <x o K N o

- (TKN )Mo (7oK
vol(C) o (2|<))rn(02!n0 N

No
Here the expectation is taken with respect to the distribution of weights and biasesOrf particular
interest is the case = 0, which corresponds to the number of linear regions.

Proof of Theorerfi]9The proof follows closely the arguments of Hanin and Rolnick (2019b, Proof

of Theorem 10), whereby we use appropriate supporting results for maxout networks and need to
accommodate the combinatorics dependindfarix a networkN with rankK maxout units, input
dimensiomng and output dimensioh. LetO r ng. ForN  ng, the statement follows direction

from the simple upper bound on the number of distinpiartial activation patterns given in Leminia 6.

Consider now the casid ng. Fix a closed cub& R" of sidelength > 0. For any

C; = t-skeleton ofC

denote the union df-dimensional faces . For exampleCy is the set o vertices ofC, Cp, 1
is the set oRng facets ofC, andC,, is C. In generalC; consists of ”t° 2" 1 faces of dimension
t, each witht-volume . Hence,

voly(Cy) = ”to ot t (10)

For any choice of let
Vi( ) = Xng( )\ Gy
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By Lemmg 38 below, for anyand almost every choice of the set;( ) is a nite set of points. For

Cir = fx 2 R" jdist(x;Ct) "g;

the"-thickening ofC;. For almost every, Lemmg 3} ensures the existence of'&n 0 such that for
allv 2 V( ), the radius- ballsB- (v) are contained i€~ and are disjoint. Hence, writing,,
for the(ng t)-volume of the(ny t)-dimensional ball with unit radius,

X
VOan t(XN;’[\ Ct;") "No t! no t =# Vt "No t! no t-
v2V ¢
Therefore, for all but a measufeset of 2 R* Paams thare existd > 0 so that
VOInO t(XN ;[ \ Ct;")

"no t! no t

# Vi

Thus taking the limit' | 0 and taking expectation with respect to the parametand applying
Fatou’s lemma to upper bound the result by the expression with exchanged limit and expectation,

V0|n0 t(XN ;t \ Ct;" ) Volno t(XN ;t \ Ct;" )

E[#V[] E ,!I‘mo "o t!no t '!I|mOE o t!no :
Then,
E#WV] ImE Voln, t(Xn:t\ Cir) I\.lolno(ct;")
"I 0 VOlno(Ct;") no t| e t
= fjm £ Yoo tXnad Cor) oy, VOIng (Cor )
"1 0 VO|n0(Ct;") "1 "ho t] .

tK
(2(:graucbias)t 2t VOIt (Ct ) :

t

To obtain the last line, the rst term is upper bounded using The¢rgm 10, and the second term is
evaluated using

. vol,, (Cg-
I|m r‘lo( t; )
"o Mho Tty

=vol{(Cy):

Combining this with Lemmp 33 and the formula)(10) fal; (C;), we nd
E[# f r-partial activation regions witR(J"; )\ C 6 ;g]

Xo tK N No
. K e (zcgradcbias)t 2t t t 2 o
1=(2C gradCiad) . NoK e Xt N ng
(2 C gradcbias) 0 2n0 (ZK) 0 t t (11)

t=r

The last line uses the assumption that 1=(2Cgya(Chiag) and Lemm2, which states thﬁz‘t[

nK
oy fort n.

P
In the following we simplify(XT). Note that | 1o L =2t 2" Hence(Td)can be upper
bounded by

noK Ro N No

. \ho No r

@ Conond™ @O

_ noK Xng 2
= (4 Cgraocbias)n0 2no (2K )no ' . t ntT'

28



Usingng N, observe that

NN (ng ) . (Mo B N"™ (ng t) _N" (ng 1)

(N ng! ng!  Nnmo t No! ng! Nno t
Nno (nO t)no t Nno
Ne! Nno t Ng! '

Also, using Vandermonde’s identity, observe that

Xo No 2 2ng

= 4no;
=0 t No
Combing everything[(11) is upper bounded by
noK N No noK N no .
(:I-G(-\'graocbias)n0 2no (2K)Me T =(32 chraocblas) 0 2o WVOI(C)-
SettingT = 2°CgracCoias, WeE get
(TKN no 7o
————=2% _vol(C):
2Kyngt Vol©)
This concludes the proof. O
We state and prove lemmas used in the proof of Thepfem 9.
K K
Lemma 32. Foranyt n, % e
Proof. To see this, note that, "X is equivalent to the following:
(Kr)! (Kn)!
@r)Y(Kr 2r)t  (2n)(Kn 2n)!
@n)(Kn 2n)! (Kn)!
@r) (Kr 2r)! (Kr)!
2ny 2r (K 2ng (K 2r Kny Kr
@2r+1i) (Kr 2r+j) (Kr + k):
i=1 j=1 k=1
Since Qz” L2 @ + i) Qz” L (Kr + k) and Q(K an KAtk 2 + )
A nKr2r+l (Kr + k) the inequallty holds. O

Lemma 33. For almost every, for eacht 2 f 0;:::;neg, the seV;( ) = Xnt( )\ C; consists of
nitely many points and

# f r-partial activation regionR (J"; )withR(J"; )\ C 6 ;g : KU "#Vi(); (12)

where# Vi ( ) is the number of points i ( ).

Proof. The proof is similar to the proof of (Hanin and Rolnick, 2019b, Lemma 12). The difference
lies in the types of equations that appear in the partial activation regions of maxout networks. The
dimension ofV;( ) is 0 with probability 1, because the s€; has dimensioh and, by Lemm@G,

with probability 1 the setXy ;i coincides locally with a subspace of codimendioihe intersection

of two generic af ne spaces of complementary dimension has dime@sion

Now we prove(L2). If 3" is anr-partial activation pattern ari@(J"; )\ C 6 ;, then the closure
clR(J"; )\ Cisanon-empty polytope. The intersection is bounded bedausédounded, and, by
Lemme{]l, the closure ®® (J"; ) is a polyhedron. As a non-empty polytope, this set has at least one
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vertex. Generically, if a vertex isin gmg  t)-face ofclR(J"; ), thenitis in at-face ofC. Hence,
with probability 1,

RA";)\VC86; ) 9 t2fr::i;neg st cR@"; )\W 6 ;:
Thus, with probabilityl,

Xo
# fr-partial activation regions witR (J"; )\ C 6 ;g Te# Vi

t=r

whereT; is the maximum over alf 2 V; of the number of -partial activation regions whose closure
containsv.

To complete the proof, it remains to check that, with probability 1,

t
T Kt r:
r

By the de nition of Xy .1, eachv 2 V, is an element of exactly ortepartial activation region de ned

by t equations. To upper bound the number gfartial activation regions that contamwe upper
bound the number of ways in which one can get gartial region from thig-partial region. We

have : options to pickr equations that will remain satis ed. In each case, there are atimost
neurons for which we need to specify a pre-activation feature attaining the maximum, for a total of at
mostK ! " options. This concludes the proof. O

Lemma 34. Fixt 2 f 0;:::npg. For almost every choice of there exists > 0 (depending on) so
that the ballsB- (v) of radius" centered av 2 V; are disjoint and

V0|n0 t(XN 't\B "(V)): "No t! No [;

wherel! ; is the volume of a unit ball iRR".

Proof. The proof is similar to the proof 6f Hanin and Rolnick (2019b, Lemma 13), whereby we use
Lemmd 33 and the results for maxout networks obtained in Secfion A. By Lémma 33, with probability
lover , eachV; is a nite set of points. Hence, we may chodse 0 suf ciently small so that the
ballsB- (v) are disjoint. Moreover, by Lemn@l& in a suf ciently small neighborhood afV;, the
setXy ;¢ coincides with &ng  t)-dimensional subspace. Tley t)-dimensional volume of this
subspace i~ (V) is the volume ofny  t)-dimensional ball of radius, which equalg™ !, ,
completing the proof. O

To conclude this section, we compare the results on the numbers of activation regions of maxout and
ReLU networks in TablE]2.

Table 2: Comparison of the activation region results for maxout and ReLU networks.

ReLU network Maxout network
P
Generic lower bound on the num- 1, Remarf 2 i% . TheorenB
ber of linear regions for a deep
network
Trivial upper-bound on the num- " 2¥ ", (Hanin and Rolnick, % " KM ', Lemmd 6, see
ber of r-partial activation re- 2019b, Theorem 10) also Propositio@

gions

(TKN )"0 (505 )

Upper-bound on the expected TN T = 25C . Chias, — Kl

2" ng!

n_umber ofr -partial activation re- (Hanin and Rolnick, 2019b, T= 25CgradCbias, Theorenﬂ)
gions,N ng Theorem 10)

Upper bound on the expected (2CgadChiad” "\ , (Hanin and (2CqaCoag” " N,
(no r)-dimensional volume of | Rolnick,[20194, Corollary 7) Theore

the non-linear locus
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F Upper bounding the constants

We brie y discuss the constanGas andCyias in the hypothesis of Theoreln 9. The const@pts
can be evaluated at initialization using the de nition, since we know the distribution of biases. Recall
that we de nedCyss @as an upper bound on

! 1=t

where y, ..., is the conditional distribution of any collection of biases given all the other weights

and biases ilN andt 2 N. If the biases are sampled independently, independently of the weights, this

equalssup,, g b(b). Then, for instance, for a normal distribution with standard deviatig@=n,,
the constan€yiss can be chosen as

The constanCgagWas de ned as an upper bound on

1=t
sup ELkr ,x (x)K']
x2R"o

Therefore we need to upper-bouBgkr . (x)k']. This expression stands for theh moment of
the L2 norm of the gradient of a pre-activation featugg in a network, with respect to the input to
the network.

Jacobian of the output vector with respect to the input, for a given paramatet inputx. Note

that the gradient . (x) for a pre-activation feature of a unit in theh layer of a network is a

row in the Jacobian matrix of dAlayer network. Thereforér .« (X)k can be upper-bounded by

the spectral nornkJ, k of the Jacobian, and the moments of the Jacobian norm can be used as an
upper-bound on theth moments of the gradient norin, 1.

Proposition 35 (Upper bound on the moments of the Jacobian matrix notm} N be a fully-
connected feed-forward network with maxout units of lgn&nd a linear last layer. Let the network

| .3
1 | T t=2

ty X
= =2 C
Elkd«k'] ¢=2n,“%E[ [ 1 E4 n mgf)ui 5;
=1 i=1
whereJy is the Jacobian as de ned above,2 R";t 1;t 2 N; mfff )1;i is the largest order

statistic in a sample of siz¢ of ﬁl , variables. Recall that the largest order statistic is a random
variable de ned as the maximum of a random sample, and that a sum of squarésdefpendent
Gaussian variables has a chi-squared distributign

Proof. Our rst goal will be to upper-bounckJyk = supy,k=1 kJxuk. The Jacobiardy of

N (x): R" I R" can be written as a product of matric‘ﬁs(l), | =1;:::;L depending on
the activation region of the input The matrixW '’ consists of rowSTVi(l) = Wifl'()l 2 R" 1, where
ki = argmax, i f Wi x( D+ 1y gfori =1;:::;n;, andx( D is thel-th layer's input. For the

last layer, which is linear, we haw ™) = W®). Thus for any giveru 2 R"° we have

ki uk = kwOW*E P W@ ke

Consider some© with ku® k = 1 and assum&W " U@k 6 0. Note that for xedu© , the
probability of W being such thatw™ u® k = 0 is 0. Multiplying and dividing bykW ™ u© k
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we get

wOwE Y w® kkW(l) u©@ k
kW™ uo k
W(l) )
- woOwt Y W@ 7(1)11 GO 4O |
kW u@ k
= wOwW" P w0 K w® ok

w@® . . .
whereu® = % Notice,ku® k = 1. Repeating this procedure layer-by-layer, we get

(L 1

W Out D Tut Ak kW u® kaw ™ u@ k:

Now consider one of the factoﬂsVT(l)u(' Dk. We have

0 Cauchy Schwarzx‘ 0 n o

L | L ku(" Dk=1 | . |

kwut Dz =7y, y0 b2 kw k2 max KWglk?
i=1 i=1 i=1

Notice that this upper bound only dependswif!) and is independent of all other weight matrices
and of the input vector.

: : g 49— , : .
According to our assumptlonwifll() = 55V, wherev is a standard Gaussian random vector in

R 1, ThereforekWifﬂ() k2 £ +5- &, hasthe distribution of a chi-squared random variable scaled

entries, the variablelew, ) k2; : :;kWiflL) k? are iid. In turnmaxz x| kWif,'() ke 4 ﬁmfﬁ )1;i,
(K)

wherem,"’ . is the largest order statistic in a sample of dzef 2  variables.

Notice thatkw (M ut Dg2 4 —<¢— 2 . To see this, recall that ifi is a xed vector andw
is a Gaussian random vector with mearand covariance matrix , then the product’” w is
Gaussian with mea™ and variance” u. Hence, sinceNi(L) is a Gaussian vector with mean
zero and covariance matrix=" =1, Wi(L)u('- D is Gaussian with mean zero and variance

c (L 2= _c
o 1ku k TR

Combining everything, we get

. 1=0 . . 1=2 o X 1=2
kdxk = sup kJyuk 2 m{<) —  m)
kuk=1 nL 1 o2, No ,_,
I I

ty 1 Syl =2
=2 n, 172 m(K)
- ne | n g

1=0 =1 =1

Now using the monotonicity of the expectation, the moments of the right hand side upper-bound those
of the left hand side. Moreover, using the independence of the individual factors, the expectation
factorizes. For thé-th momenzt we get

3
ty 1 2' by 1y P2

= 1= K
Elkdck'] E4c™2 n, my. 5

1=0 =1 =1
2 I
ly 1 c X =2
= =2
=c%n, “E[ L 1 E4 o m{© . 5
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Corollary 36 (Upper bound orCg,g). Under the same assumptions as in Propos@n 35, assuming
thatcis set according to He initialization, meanirg= 2, or maxout-He initialization (see Tatlé 1
for speci ¢ values ot for variousK ), the following expression can be used as the valu€fay:

- I){10 2 ep3d 1=t
c Cog c X
— n (ng +t)z ! @e4 = mﬁ,*f )1;i 5A
I=1 i=1

(K)

wherem"’ ; is the largest order statistic in a sample of sigeof 3 | variables.

ni

Proof. The constanCgyaqWas de ned as an upper bound on

1=t

sup E[kl’ z;k(x)kt]
X2R"o0

Therefore, using the upper-bound on the moments of the Jacobian norm from Profosition 35, an
upper-bound on the following expression can be used as a val@far

0 2 | _ 31 1=t
= e c X e
o, B 41 @4 ST om0 sA

np 13l
1=1

The moments of the chi distribution are

t _ o=z ((NL+1)=2)
SR )

Using an upper-bound on a Gamma function ratio (see Jarlesor), 2013, Equation 12), this can be
upper-bounded with

n (n + '[)tf !

The factor invoIvingmﬁ'f )1 can be upper-bounded by considering the explicit expression for the

moments of the largest order statistic of chi-squared variables. The closed form for these moments is
available (seg Nadarajah, 2008), but they have complicated form and we will keep the factor involving

mﬁ'f )1 as itis. Then the total upper bound is

0 2 |31 .
1=2 1=ty 1 X F =2
SO @4 =7 mfO, 5A
- | ,

O

Estimating the moments of the gradient of maxout networks is a challenging topic, as can be seen
from the above discussion, and is worthy of a separate investigation. It might be possible to obtain
tighter upper-bounds on it and @yaq a question that we leave for future work.

G Expected number of regions for networks without bias

Zero biases of ReLU networks were discussed in Hanin and Ro[nick (2019b) and studied in detail in
Steinwarit|(2019). There is no distribution on the biases in the zero bias case, meaning that conditions
on the biases from Theordm 9 are not satis ed. We closely follow the proofs in Hanin and Rolnick
(2019bH) and show that the arguments similar to those regarding the zero bias case in the ReLU
networks also apply to the maxout networks. According to Lefnma 37, activation regions of zero-bias
maxout networks are convex cones, see Figlre 9 for the illustration. In Cofollary 39 we come to a
conclusion that the number of activation regions in expectation in a network with zero biases grows

asO(ng(KN )Mo 1 K(:OO 11)) )-

Lemma 37. LetN be a maxout network with biases set to zero. Then,
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Zero bias Small bias Non-zero bias

\VzZ

Figure 9: Linear regions of 8 layer network with100 units and the maxout rankk = 2. The

network was initialized with the maxout-He distribution. Activation regions of a maxout network with
zero biases are convex cones. Small biases are initialized as the biases sampled from the maxout-He
distribution multiplied by0:1. Majority of linear regions of a network with small biases are cones

and the ones that are not are small and concentrated around zero.

(&) N is nonnegative homogeneousl:(cx) = cN (x) for eachc 0.

(b) For every activation regiofR of N, and every poink in R, all pointscx are also inR for
¢ > 0andR is a convex polyhedral cone.

Proof of Legimé& 37 Each neuron of the network computes a function of the fofr; :::;x,) =
maxco1f oy Wik Xig. Note that forane  0:
N ) (o )
z(cxg;iin;CXp)=mMax. € Wik X; = C max Wik Xi = C z(X1;:::;Xp):
k2[K] ) k2[K] .,

Therefore, each neuron is equivariant under multiplication by a nonnegative consiadtthus the
overall network as well, provifg (g). & > 0, the activation patterns forandcx are also identical,
since for any inequality in the activation region de nition we have

X X X X -

Wi  CXj > Wi;j o CX; 0 Wi X > Wijo Xiy i) 2 [K]
i=1 i=1 i=1 i=1

This implies that andcx lie in the same activation region, and tiiats a convex polyhedral cone,
see e.g. Chandru and Hooker (2011). This prpves (b). O

Proposition 38 (Networks without biases do not have more regior&)ppose thall is a maxout
network with biases and conditions from Theofém 9 are satis edNlgelte the same network with
all biases set t@. Then, the total number of activation regions (in all the input spaceNfpis no
more than that foN .

Proof of Propositioff 38.We de ne an injective mapping from activation regionsh\f to regions
of N. For each regiorR of Ng, pick a pointxg 2 R. By Lemma[3J,cxg 2 R for each
c > 0. Let N, be the network obtained frod by dividing all biases by, and observe that
N (cxr) = cN1=c(Xr ), with the same activation pattern between the two networks.

By picking c suf ciently large,N ;- becomes arbitrarily close tdo. Therefore, for some suf ciently
largec, No(cxg ) andN (cxgr ) have the same pattern of activations. Regiond df whichcxg lies
are distinct for all distincR . Thus, the number of regions bf is at least as large as the number of
regions ofNy. O

We obtain following corollary of Theoreft] 9 for the zero-bias case.

Corollary 39 (Expected number of activation regions of zero-bias networgsppose thall is

a fully-connected feed-forward maxout network with zero biasg#puts, a total ofN rank K

maxout units. Also, suppose that all conditions from The@iem 9, except for the conditions on the
biases, are satis ed. Then there exists a consTtdepending o1Cqraq SO that

<KN; N No

(TOKN )no 1(K(n0 1)

2(ng 1) /.
0 Mo D! » N no

The expectation is taken with respect to the distribution of weightsin

E[# activation regions oNg]
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Proof of Corollary 39. Based on Propositign B8 we can use the same upper bound as for the networks
with biases, thus for the cabe  ng, the expectation is upper bounded with' .

Now consider the cadd  ng. We will add biases td( in such a way that the bias conditions
of Theore are satis ed with sonm@?,. Denote the resulting network with . Then, by
Propositio N has a region corresponding to each regiohgf All the corresponding regions in
N are unbounded because according to Propogitipn 38 foxarfyom a region ofN there exists
a constant > 0 so thatcxg belongs to a region i . Since all regions itNy are unbounded, all
corresponding regions IN are unbounded under such a mapping.

Therefore, to obtain the result, it is enough to upper-bound the number of unbounded activation
regions ofN . Similarly to the proof of Theorein| 9, consider a hypercube with a side lergthg,

large enough to interest all the unbounded regions. Then the total number of unbounded activation
regions ofN is upper bounded by the sum of the numbers of activation regions intersecting each of
the hypercub@ng facets, each of dimensidmy, 1). By Theoren[p, the expected number of acti-

vation regions oN in R" 1 is upper bounded with 25CgadCO,KN )0 1 ’;((:00 11)) =no 1)

Denoting 2°CgradCpias With T2and combining everything we get the desired result. O

H Proofs related to the decision boundary

H.1 Simple upper bound on the number of pieces of the decision boundary

A network used for multi-class classi cation inM 2 N;M 2 classes can be seen as a network
with a rankM maxout unit on top. Therefore, to discuss the decision boundary, we considetial
activation regions; 1, with at least one equation in the last unit. Wi, we denote the-partial
activation patterns corresponding to such regions and Mgt = . R(Jbg; ) their
union. All decision boundary is then written Agg .

Lemma 40 (Simple upper bound on the number ofpartial activation patterns of the deci-
sion boundary) Letr 2 N,. The number of-partial activation patterns in the decision
Boundary of a network with a total & rank-K maxout units is upper bounded g |

mntMe Lrg. M ';((r’ D NOKN T The number of-partial activation sub-patterns is up-

per bounded bySpg; | ianfM Hre i'\+/|1 2((: ii)) rNi .

Proof of Lemma@ 40Activation patterns for the decision boundary regions should have at least one
equality in the upper unit. At the same time, the maximum possible number of equations in the last
unitisminfM  1;rg. To get all suitable activation patterns we need to sum over all these options.

Now consider a xed number of equation® f 1;:::;minfM  1;rgg. The number of ways to
choose them isi'f1 and the number of options for the all other units in the network is given by
Lemmg® for i. Combining everything, we get the claimed statement. O

H.2 Lower bound on the maximum number of pieces of the decision boundary

The lower bound in the second item of Theorlem 21 is based on a construction of parameters for
which the network maps am-cube in the input space to aacube in the output space in many-to-one
fashion. This means that any feature implemented over the last layer will replicate multiple times
over the input layer. We infer the following lower bound on the maximum number of pieces of the
decision boundary of a maxout network.

Proposition 41(Lower bound on the maximum number of pieces of the decision boundaoyjsider

class classier. Suppose  ng, T even, andy = minfno;:::;n; 19. Denote byN (M;n)
the maximum number of boundary pieces implemented b arass classi er over am-cube.

Then thednaximum number of linear pieces of the decision bound&tyisflower bounded by
N(M;n) “ o (3(K  1)+1)".1fn Morn 4N(M;n)= " .

The asymptotic order of this bound {sM 2 Q |L:1 (niK)Mo).
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Proof. We use the construction of parameters fiom Montcefal| et al.|(2021, Proposition 3.11) re ning
a previous construction fopReLU networks (Montcefar gt al.,|2014) to have the network represent a

many-to-one map. There arelL:1 (8-(K  1)+1)" distinct linear regions whose image in the output
space of the last layer containsastube. The linear pieces of the decision boundary dflaclass

classi er over am-cube at thd-th layer will have a corresponding multiplicity over the input space.

An M -class classi er isimplemented &' ! [M];y=(y1;:::;ym) 7! argmax. v Yr- This

has "g boundaries, one between any two classes. If M, then the image of the preceding layers
intersects all of these boundaries. More generally, the number of boundary piecelsl etlass

classi er overn-dimensional space can be seen to correspond to the number of edges of a polytope
with M vertices inn-dimensional space. The trivial upper bouddM;n) “g is attained if

1< b3c. This follows form the celebrated Upper Bound Theorem for the maximum number of faces
of convex polytopes (McMullen, 1970). O

H.3 Upper bound on the expected volume of the decision boundary

Theorem 12 (Upper bound on the volume of tH@g r)-skeleton of the decision boundary)
Consider a bounded measurable Set R"°. Consider the notation and assumptions of Thegrem 9,

E[voln, r(Xpe: \ S)] (2ConCond minfy Lrg K(r i) N
VO|nO(S) grad\-bia

i+1 2(r 1) roi

i=1

Proof of Theorerfi 12Using Lemma 3[L, but considering omypartial activation patterns that belong
to the decision boundary, volume of tfrey  r)-skeleton of the decision boundary can be upper-
bounded with

X Z

E pr(W™ w") x™ +b™) kJ(w™ w') x™ +bMk dx

T s
Upper-bounding the integral as in Theorgn 10, but using Lemrna 40 to count the number of entries in
the sum, we get the nal upper-bound

min f% 1;rg

(zc:graucbias)r N « (r i) M

coio2r i) i+1 VOe(S)

i=1

H.4 Upper bound on the expected number of pieces of the decision boundary

Lemma 42 (Upper bound on the expected number gfartial activation regions of the decision
boundary) LetN be a fully-connected feed-forward maxout network, wglinputs, a total olN

Then, under the assumptions of Theo@m 9, there exists1=(2CgradChias) SUch that for all cubes
C R" with side length > g,

P . i ) )
minfM 1;rg M K(r i) N N r+i.
I i=1 i1 20 i) ri K » N no
E # r-partial activation regions in
the decision boundary & in C (2* CgracCriasN )"0 (2K )"0 1
vol(C No! Q .
( ) § P minfM 1inog M K(no i) nj=1 (No j+1) . N n
i=1 i+1 2(ng i) T (N 1+])’ 0

Here the expectation is taken with respect to the distribution of weights and biaes in

Proof of Lemm@ 42Result for the casdl  ng arises from Lemmpg 40. Considdr  ng. The
proof closely follows the proof of Theoren]10, and we only highlight the differences. Based on

Lemmd 12,
min f% 1;tg

E[# Vt] (ZCQradCbias)t N K (t i) M

t o2 iy 41 VOR@):
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Therefore, the upper bound on the expected numbeipaitial activation regions in the decision
boundary is

Xo t " r(zc c s)t min 4 1tg N K(t i) M No o ¢t
grad\-bia . . .
ey T - t o 2t i) i+1 t
MK M K i) X N ng

. \No No 1
(4 C gradChiad "° (2K ) i+1  2(ng i) t it

i=1 t=r

N
Re-writing N, " as "° 2(") we can upper-bound it with

N )

. Q; .
4”0(\]!:1(1: ]+1) N 4n0r\J!:1(no J+1)Nn0.
Sia (Nt ) ol Sl ) not’
The nal upper bound is then

(ZscgradcbiasKN )no minfi 1nog M K(no i) ?\}:1(”0 j +1)
(2K)no! _ i+1 2o 1) TIL(N r+))

vol(C):
i=1
Dividing this expression byol(C) we get the desired result. O

The next theorem follows immediately from Lemmd 42 i set tol.

Theorem 11(Upper bound on the expected number of linear pieces of the decision boundetiy)

be a fully-connected feedforward maxout network, wihnputs, a total olN rank-K maxout units,
andM linear output units used for multi-class classi cation. Under the assumptions of Théprem 9,
there existsg  15(2CyradlCoias) su8ch that for all cube€  R"° with side length > o,

g # linear pieces in the < M KN: N No
decision boundary dfl in C 2
vol(C © (2%CgraCbiad"O(2KN )"0 1 M K(no 1) .
(©) (no 1! 2 2ne 1) N no

Here the expectation is taken with respect to the distribution of weights and biaNes in
H.5 Lower bound on the expected distance to the decision boundary

Now, using an approach similar[to Hanin and Rolhjck (2019a, Corollary 5), who provided a lower
bound on the expected distance to the boundary of linear regions, we discuss a lower bound on the
distance to the decision boundary. We will use the following result from that work.

Lemma 43(Hanin and Rolnick 2019a, Lemma 1&ix a positive integen  1,andletQ R" bea

compact continuous piecewise linear submanifold with nitely many pieces. Oggree ; and letQ;

be the union of the interiors of dl-dimensional pieces @ n(Qo| p[ Q: 1). Denote byT- (X)) the
"-tubular neighborhood of an  R". We havevol, (T-(Q)) o 'n "™ tvol(Qr) where

I 4 := volume of ball of radiud in RY.

We will prove the following.

Corollary 13 (Distance to the decision boundanguppose\ is as in Theorerfi]9. For any compact
setS R"0 letx be a uniform point irS. There existg > 0 independent of so that

] Cc
E[d|StanCéX; XDB )] 2C L‘Qb' 5'\/' m+lm :
gradbia

wherem :=minfM  1;neg.

Proof of Corollary{I3.Let x 2 K be uniformly chosen. Then, for aly> 0, using Markov’s
inequality and Lemmia 43, we have

E[distancéx; Xpg )] "P (distancéx; Xpg ) >")= "(1 P(distancéx; Xpg ) "))

Xo
="(1 E[volh,(T-(Xps))) " 1 no "M 'E[voly, ((Xpg )]
t=1
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The upper bound from Theordm|12 can be upper bounded further with
min fXI 1tg

Elvoln, +(Xpe:t \ S)] (2CgradChiad" M Kt i) N

iv1 20 i) t i VOm(®

i=1
(zcgraocbias)t(‘]'K 2N )t 1M m +1 m V0|n0(S);
wherem :=minfM 1;tg. Then expectation of the Idis’[ance can be lower bounded with
Xo )
"1 (2CgaChias) (4K N) IM™ Pm " 1 2CgadCriaM M M”
t=1
wherem = minfM  1;neg. Taking" to be a small constarttimes 1=(2CgyradCpiasM m+1'm)
completes the proof. O

Remark 44 (Decision boundary of ReLU networksAll proofs consider the indecision locus of

the last unit on top of the network and reuse results on the volume of the boundary and the number
of activation regions. If one seks to 2, these results differ only i " from those for the ReLU
networks. Therefore, the decision boundary analysis should also apply to the ReLU networks if one
setsK to 2 with a difference only in the constant.

| Counting algorithms

.1  Approximate counting of the activation regions

First, we describe an approximate method for counting linear regions that is useful for quickly
estimating the number of linear regions or plotting them.

We generate a grid of inputs in ag-dimensional cube, compute the gradients with respect to the
input, which is simply a product of weights on the path that corresponds to a given input, and then
sum the gradient values for each input dimension of one input. Then, we compute the number of
unique sums and use it as the number of linear regions.

The method is not exact because it works by computing network gradients on a grid, so it is possible
to miss a small region. Also, it does not distinguish between regions with the same gradient value,
which is one more reason it might miss some linear regions and why it counts linear regions, not
activation regions. However, from what we have seen, if the grid has many points, the difference
between the exact and approximate method is not that big.

[.2 Exact counting of the activation regions

The algorithm starts with a cube in which we want to count the activation regions de ned with a set of
linear inequalities ilR"°. We go through the network layer by layer, unit by unit, and for each unit, we
determine if its pre-activation features attain a maximum on the regions obtained so far by checking
the feasibility of the corresponding linear inequalities systems. For this, we use linear programming.
More speci cally, an interior-point method implementation fr@eipy.optimize.linprog . The

use of linear programming is justi ed since, according to Lenfifna 4, the activation regions are convex.

The input to the simplex method becomes the combined system of inequalities for the region and
the pre-activation feature. We set the objective to zero, meaning that eany satisfy it. One has

to use non-strict inequalities in linear programming methods, implying the boundary of activation
regions is also included. We also add a sihallle 6 to avoid zero solutions in a zero bias case.
The inequalities for a pre-activation feature of some nearbave the form

fx2 R"™ jag,(x; )+ by, azi(x; )+ by +" 8 2 [K]n[jolg:
As a result, we get a new list of activation regions and pass it to the next unit.

To correctly estimate inequalities corresponding to a pre-activation feature on a speci c region, one
has to keep track of the function computed on this region, which has the faﬁl?n:: : (w§°) X +
bgo) )+ + bf]'), whereJ is an activation pattern of the region.

The pseudocode for the algorithm is in Algorithin 1, and the pseudocode for a check for one pre-
activation feature is in Algorithin| 2.
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Algorithm 1 Exactly Count the Number of Activation Regions in a Maxout Network

1: function COUNTACTIVATION REGIONS
2: activation_regions = [starting_cube ]

3 for layer inf1;:::;Lgdo

4 for unit inlayer do

5 new_activation_regions =]

6: for region in activation_regions  do

7: for feature inunit do

8 . See Algorithnj 2

9: if NewRegionCheck(nit.features , feature , region ) then
10: new_activation_regions .appendfew_region)
11 activation_regions = new_activation_regions

12: for region in activation_regions  do

13: region.function  =region.next_layer_function

14: region.next_layer_function =]

15: return length@ctivation_regions)

1.3 Exact counting of linear pieces in the decision boundary

We de ne an algorithm for exactly counting linear pieces in the decision boundary based on the
algorithm from Sectiof T]2. Consider a classi cation problem withclasses, and to describe the
decision boundary, add a maxout unit of ravikon top of the network. To count the number of linear
pieces in the decision boundary, for each pair of classes, go through all the activation regions of the
network. Construct a linear program for which the set of inequalities is given by a union of the region
inequalities and inequalities which determine if the given classes attain maximum. Also, add the
equality between these two classes. If the problem is feasible, there is a piece in the decision boundary.
At the end of this process, one gets the total number of linear pieces in the decision boundary.

1.4  Algorithm discussion

There are two useful modi cations to the method. First, to count the number of regions in a ReLU
network instead of systems ¢K 1) linear inequalities, one can use inequalities of the form
w x+b Oandw x+b O

Second, to compute the number of activation regions in a slice, one can de ne a parametrization of the
input space. We consider as the slice of a cGlbiee 2-space through three poimtg x2; X3 2 R"°,
meaning the slice has the folvh= fx = vp + viy1 + Voy> 2 R": (y1;y») 2 R?\ Cg, where

Vo = (X1 + X2+ x3)=32 R"°, andv;; Vv, 2 R" are an orthogonal basis sparf x, X1;X3  X10,

andvq; v, are orthonormal. We can evaluate the network function over such a slice by augmenting
the network by a linear layer: R? ! R"° with weightsvy; v, and biases,. We used images from

3 different classes as the points that de ne the slice.

We usually performed the computation in a 2D slice, which is reasonably fast because the number of
regions is not large if the input dimension is not high, as suggested by Theprem 9. Additionally, note
that the check for a given unit is embarrassingly parallel, meaning the computation can be accelerated.
To demonstrate that the computation can be carried out in a reasonable time, we also analyse the
algorithm’s space-time complexity.

Space-time complexity of the algorithm

To start, we estimate complexities for some number of activation redrorisrstly, consider the

space complexity. Since we store all activation regions, the space requirement gRwsLilied

by an activation region size. We store a region as a constant size function computed on it and as
a system of linear inequalities. The maximum number of inequalities is attained when é¥ch of
neurons adds a new system of inequalities to the region, Whilel inequalities determine that

one pre-activation feature attains a maximum. Therefore, the space complexity of the algorithm is
O(RKN ).
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Algorithm 2 Auxiliary Function That Checks if a Pre-Activation Feature Creates a New Region

1: function NEWREGIONCHECK(unit_features , feature , region )
2: objective =zeros

3: inequalites = region.inequalities

4: unit_features.weights = unit_features.weights region.weights

5: unit_features.biases = unit_features.weights region.biases

6: + unit_features.biases

7: for another_feature inunit_features nfeature do

8: inequalities .appendénother_feature.weights - feature.weights X
9: feature.bias - another_feature.bias )
10: if LinearProgramming.Solvebjective ,inequalities ) then

11 next_layer function =region.next layer function

12: + [feature.weights , feature.bias ]
13: return Region{nequalites , region.function , next_layer_function )
14: return None

Now consider the time complexity. Since we traverse the network unit by unit, and for each pre-
activation feature of a unit and each available activation region, we solve a linear programming
problem, the time complexity i® of RKN times the time complexity of a linear programming
method. We have used an interior point method that has a polynomial-time complefity; 3n L),

seg Anstreichér (1999), wheneis the dimension of the variables, which is the dimension of the
network inputng, andL is the number of bits used to represent the method input. The input is the set
of inequalities, and as we have just discussed, its siZZk&N ). Combining everything, and using

O(nsL) instead ofO(%L) for simplicity, we get that the time complexity of the whole algorithm
is O(RK 2N 2n3).

To get complexities for the average case, assMime ng. Then, based on Theordh R,grows
asO((K 3N)"0). Therefore, the space complexityQfKN (K 3N)"°) and the time complexity

is O(K 2N 2n3(K 3N)"0). Both space and time complexities grow exponentially with the input
dimension but polynomially with the number of neurons and a maxout unit’s rank.

J Parameter initialization

J.1 He initialization

We brie y recall the parameter initialization procedure for ReLU networks which is commonly
referred to as He initialization [(He et al., 2015). This follows the motivation of the work by Xavier
and co-authors (Glorot and Bengio, 2010). To train deep networks, one would like to avoid vanishing
or exploding gradients. The approach formulates a suf cient condition for the norms of the activations
across layers to not blow up or vaBish. For ReLU networks this leads to sampling the weights from a

distribution with standard deviation 2=n,.
J.2 He-like initialization for maxout (Maxout-He)

We follow the derivation from Glorot and Bengio (2010) and He et al. (2015) but for the case of
maxout units. We note that a He-like initialization for maxouts was considered by Sun et al. (2018)
but only forK = 2. We focus on the forward pass and consider fully-connected layers. The idea is to
investigate the variance of the responses in each layer. We use the following notations. For a given
layerl with d units andn, inputs, a (pre-activation) responseyis= W;x; + by, wherex; 2 R™

is an input vector to the layewy, 2 RY " is a matrix,b; 2 RY is a vector of biases. We have

Xy = (Y1 1), where is the activation function.

We assume the elementsW are independent and identically distributed (iid). We assume that the
elements irk; are also iid. We assume that andW, are independent of each other. Dengte

wi, andx; the random variables of each elemenyinW,, andx, respectively. In the following we
assume that biases are zero. Then we have:

Var[y;] = njVar[w, x]:

40



If we assume further that; has zero mean, then the variance of the product of independent variables
gives us:

Var[yi] = nyVar{wJE[x{]: (13)

We need to estimatg[x?]. For ReLU,E[x?] = lVar[y| 1]. For maxout we get a different result. Let
K be the rank of a maxout unit. Them = (y| 1) =maxiokifyr 1x9- Theyr 1150009 1k
are independent and have the same distribution. We dérigtandF (t) the pdf and cdf of this
distribution. The cdf forx; = maxy,kfyi 19 is, dropping the subscrigt 1 of y; 1 for
simplicity of notation,

¥
Pr knz’lf';1xfykg<t =Pr(yi;:iiyk <t)= Pryx <t)=(F()¥:
k=1

In turn, the expectation of the square is
z h i Z

E maxfykg - 2l (F@)© dt= K t2(F@)* *f(t)dt
k2 [K r dt R

Now we can apply this formula to discuss the cases of a uniform distribution on an interval and a
normal distribution. If we assume that | has a symmetric distribution around zero, tlyen, has
zero mean and has a symmetric distribution around zero.

Uniform Distribution Assumingy, 1 has a uniform distribution on the intengl a; a], we get
Varly, 1] = a?=3, and

22
K =2: E[x?] = 3 =Var[y, 1];

232 6
K =3:Exfl= - = gVarly 1
782 7
K =4: E[x?] = 15 5Var[y| 1l
11a2 11
— . 2 .
K =5: E[X{]= -1 7Var[y| 1]:

More generallyE[x?] = 4a%( 55 K1+ 4c).

Normal Distribution Assumingy, 1 has a normal distributioN (0; ?2), the closed form solution
is available for up ta< = 4. We have:

K =2: Ex?] =Varly 1];

3+2
27Var[y| 1l;
p_

K =3: E[x?] =

K =4:Ex]= Varly, 1];
K =5: E[x?] 1:80002Varl, 1]:

Inserting the expressions f&fx?] into (13),
Varly|] = n/Var[w]cvarly 1];

wherec depends on the distribution and Kn Putting the results together for all layers,

Y_
Var[y_]=Var[y1] cn/Var[w]:
1=2

A suf cient condition for this product not to increase or decrease exponentlallyls;rﬂ"lat for each
layer,cnVar[w;] = 1. This is achieved by setting the standard deviation (sté)cfs 1=cn. For

41



Normal ReLU normal Maxout K=2 normal Maxout K=5 normal

I
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Figure 10: Shown are normal (top) and uniform (bottom) input distributions, as well as the corre-

sponding response distributions for ReLU, maxout of rink 2, and maxout of ranK =5. The

expectation of the square response for maxouts of Kark 2 depends not only on the variance but
also on the particular shape of the input distribution.
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K =2 this isp 1=n, for both uniform and normal distribution. For a uniform distribution, we obtain

the conditionvar[w] = ———X .

"7 wecxe )

We notice that for ReLU, the particular shape of the distribution of the (pre-activation) response
yi 1 does not impact the expected square of the activatiomndeed, as soon &g is assumed to

be symmetric around zero, one obtaijz?] = %Var[y| 1]- In contrast, for maxout units of rank

K > 2, the particular shape of the distributionygf ; does affect the value &[x?]. This is why

we obtain different conditions on the standard deviation of the weight distributions depending on
the assumed response distribution. The situation is illustrated in Highre 10. Among the possible
distributions that one might assume fgr 1, a normal distribution appears most natural. Therefore,
we take the standard deviations obtained under this assumption as the ones de ning the maxout-He
initialization procedure. The values of the stawgffor K up to5 for normal distributions are shown

in Table[].

J.3 Sphere initialization

If we initialize the pre-activation features of a maxout unit independently, then we expect the number
of regions of the unit will be signi cantly smaller thad, as discussed in Appendi¥ C. In view
of Propositior] 2P, the number of regions of a maxout unit with weights::;wx 2 R" and

[K]g. Hence one way to have each rakkmaxout unit have< linear regions over its input at
initialization is to initialize the pre-activation feature parameters as points in the upper half-sphere
f(w;b) 2 R"1 : k(w; )k = 1;b > 0g. This can be done as follows. For each pre-activation feature
i=1;::;K:

1. Samplgw;;b) from a Gaussian oR"* .

2. Normalize(w;; ly)=k(w;; b)k.

3. Replacdy with jhj.

that the mean outpyt of the maxout unit is approxima®digr inputs from a Gaussian distribution.

We have used = 1="Kn in our implementation, and Gaussian had zero mean and unit covariance.
J.4 Many regions initialization

We can initialize the parameters of a maxout layer so that the layer has the largest possible number

of linear regions over its input space. A description of parameter choices maximizing the number
of regions for a layer of maxout units has been given by Montcefar et al. (2021, Proposition 3.4).
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The number of regions of a layer of maxout units corresponds to the number of upper vertices of
a Minkowski sum of polytopes. A construction maximizing the number of vertices of Minkowski
sums was presented earlier by Weibel (2012). The procedure is as follows. Let the layer have input
dimensiom. For each unif = 1;:::;m:

1. Sample a vectar; 2 R" from a distribution which has a density.

2. For each pre- -activation feature= 1,;:::; K set the weights and biasag; = v; cos(i=K ) and
b =sin( i=K ).

This construction ensures that each unit Kabnear regions separated By 1 parallel hyperplanes,
and the hyperplanes of different units are in general position. Then the number of regions of the layer
is the one indicated in the rstitem of Theoréml21.

If desired, one can add some noise to each of the above parameters (e.g. standard normal times a
small constant) in order to have a parameter distribution which has a density. If desired, one can
also normalize the initialization by subtracting an appropriate constant (e.g. to achieve a zero mean
activation) and dividing by an appropriate standard deviation (e.g. to achieve that the activations have

a unit mean norm). We were samplimgfrom a Gaussian distribution with mean zero and std chosen
according to maxout-He.

J.5 Steinwart-like initialization for maxout

Steinwarit|(2019) investigated initialization in ReLU networks. He suggested that having the nonlinear
locus of different units evenly spaced over the input space at initialization could lead to faster
convergence of training, which he also supported with experiments on the datasets from the UCI
repository. We can formulate a version of this general idea for the case of maxout networks as
follows.

1. Assume we have some generic initialization procedure for individual units, which gives us
weightswy;:::;wkx 2 R" and biase$;:::; bk 2 R. The initialization procedure could be for
instance Sphere Upon initialization, our unit is computing a functioid! maxfhwy;xi +
by; i b xi + be g with non-linear locus that we denate

2. For each unit, sample a vectouniformly from the cubg 1;1]". AIternati\feI% sample as a
random convex combination of a random subset of the training data, sothat;_, piX;, where
(pl; 11 pm) is a random probability vector and;:::; X, arem randomly selected training

3. Now set the Welghts asq;:::; Wk and the biases ds + hwy;ci;:::; b + hwg ;ci. Now our
unit is computing a functior 7! maxfhw; xi + b + hwy; cig = max fhwk X+ ci + bcg. Hence
the nonlinear becomds c.

K Experiments

In this section, we provide details on the implementation and additional experimental results. All the
experiments were implemented in Python using PyTarch (Paszke|et all, 2019), numpy (Hairis et al.,
2020), scipy|(Jones et &l., 2001) and mpi4py (Dalcin &t al., 2011), with plots created using matplotlib
(Hunter, 2007). In the experiments concerning the network training, we used the MNIST dataset
(LeCun et al., 2010). PyTorch, numpy, scipy and mpi4py are made available under the BSD license,
matplotlib under the PSF license and MNIST dataset under the Creative Commons Attribution-Share
Alike 3.0 license. We conducted all experiments on a CPU cluster that uses Intel Xeon IceLake-
SP processors (Platinum 8360Y) with 72 cores per node and 256 GB RAM. The most extensive
experiments were usually running for 2-3 days on 32 nodes. The computer implementation of the key
functions is available on GitHub &ttps://github.com/hanna-tseran/maxout_complexity

For the MNIST experiments we use the Adam optimizer with mini-batches ofl&&evith learning
rate0:001and the standard Adam hyperparameters from PyTorch (bet@Baard0:999. Counting

at initialization was performed in the winddw 50; 50F, in the training experiments in the window

[ 400 400F de ned on the slice, and images of the regions and the decision boundary were obtained
in the window[ 50;50F also de ned on the slice. All results are averaged over 30 instances
where applicable. The network architectures are speci ed in the individual experiments. The
parameter initialization procedures are implemented following the descriptions in Appendix J. For the
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Figure 11: A few functions represented by a maxout network for different parameter values in a 2D
slice of parameter space. For each function we plot regions of the input space with different gradient
values using different colors.

experiments counting the number of activation regions and pieces in the decision boundary we use
home made implementations of the algorithms described in Appendix I. Further below we present
the details and additional results of the individual experiments.

Details on Figure 1 We consider a network with 2 input units, three layers of rank-3 maxout units of
width 3, and a single linear output unit. We x three parameter vectgrs;; » drawn from a normal
distribution over the parameter space and de ne a grid of parameter vglues,) = o+ 1 1+ 2 2

with ( 1; 2) taking 102400 uniformly spaced valueg[inl; 1]°. For each of these parameter values,

we estimate the number of linear regions that the represented function has over thd s@uakein

the input space. To this end, we evaluate the gradient of the function over 102400 uniformly spaced
input points and take the number of distinct values an estimate for the number of linear regions. Then
we plot the estimated number of linear regions as a functidqniof ;). A subset of 25 out of the
evaluated functions is shown in Figure 11.

Comparison to the upper bound Figures 12 and 13 complement Figure 2. Figure 12 compares the
number of activation regions and linear pieces in the decision boundary to the formulas both with and
without the constants, while Figure 13 demonstrates the results for different valkies of

Effects of the depth and the number of units on the number of linear regionsResults adding

more information to Figure 3 are in Figure 14. It shows that ReLU networks and maxout networks
with K = 2 have a similar number of activation regions that does not depend on the network depth
but rather on the total number of units. This gure also shows that maxout networks with ranks

K > 2tend to have fewer regions as the depth increases, but the number of units remains constant
and that the difference in the number of regions becomes more apparent for larger ranks.

Effects of different initializations on training Figure 16 is a more detailed version of Figure 6. It
shows how convergence speed changes for different network depths and different maxout ranks given
different initializations. The improvement from maxout-He, sphere, and many regions initializations
compared to ReLU-He initialization becomes more noticeable with larger network depth and larger
maxout rank. We have also checked how the Steinwart initialization affects the convergence speed,
but found no signi cant difference in this particular experiment. We used the approach avisere
taken as a convex combination of all training data points (weightsformly at random from the
probability simplex). The results are shown in Figure 15.

Effects of different initializations on the number of activation regions and pieces in the decision
boundary during training Figure 18 adds more information to Figure 5 and demonstrates how
the number of activation regions and linear pieces in the decision boundary changes for different
initializations during training on the MNIST dataset. We observe that the number of activation
regions and pieces of the decision boundary increase for all tested initialization procedures as training
progresses. Nonetheless, the number remains much lower than the theoretical maximum. Figure 17
illustrates how linear regions and the decision boundary evolve during training.
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(a) Number of activation regions for a network with ReLU-He normal initialization.
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(b) Number of linear pieces in the decision boundary for a network with maxout-He normal initialization.
Figure 12: Comparison to the formulas with and without the constants for the number of activation

regions and linear pieces in the decision boundary from Theorem 9 and Theorem 11 respectively.
Networks hadlOOunits and maxout rankK = 2. The settings are similar to those in Figure 2.
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Figure 13: Comparison to the formula from Theorem 9 for maxout ré&hks3 andK =5. The
networks were initialized with maxout-He normal initialization. We observe the increase in the
number of activation regions as the maxout rank increases, and for networks with higher maxout rank
deeper networks tend to have less regions than less deep networks with the same rank.
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(a) ReLU network with ReLU-He normal initializa- (b) Maxout network with maxout rank =2 and
tion. ReLU-He normal initialization.

(c) Maxout network witlK = 3. Maxout-He nor- (d) Maxout network wittK = 5. Maxout-He nor-
mal initialization. mal initialization.

Figure 14: Difference between the effects of depth and number of neurons on the number of activation
regions. These plots are additional to Figure 3 and have similar settings. ReLU and maxout networks
with K =2 have a similar number of linear regions. For maxout ridnk 2 deeper networks tend to

have less regions than less deep networks with the same ranK. E@ the gaps between different
depths are smaller than f&r = 5.
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Figure 15: Effect of the Steinwart initialization approach on the convergence speed during training
on the MNIST dataset for a network wig®0units ands layers. Maxout rank wal§ = 5. In this
experiment, for various initialization procedures, the addition or omission of a random shift of the
non-linear regions of different units led to similar training curves.
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Figure 16: Effect of the initialization on the convergence speed during training on the MNIST dataset
of networks with200units depending on the network depth and the maxout rank. Maxout-He, sphere,
and many regions initializations behave similarly, and the improvement in the convergence speed
becomes more noticeable for larger network depth and maxout rank.
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Figure 17: Evolution of the linear regions and the decision boundary during training on MNIST in a
2D slice determined by three random input points from the dataset. The netwoBddnzgats, a total
of 100 maxout units of ranK = 2, and was initialized with the maxout-He initialization.
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