A Appendix

A.1 Random processes

The notion of random vector in infinite-dimensional vector spaces is not general enough to describe
many models of noise, as for example the white noise described in Example 2.7. To overcome this
problem, a possibility is to consider the noise as a random process on Y (see the approach in [16]).
A random process is a collection {&, },cy of real random variables ¢,,, each of them defined on the
same probability space (€2, F,P) and labelled by vectors v € Y. Here we assume that the random
process is linear, with zero mean and bounded. This means that

Eavtpuw = Oy + P, v,w €Y,
and for each v € Y, ¢, has zero-mean with finite bounded variance
E[}] < Celloll?, (26)
where C; > 0 is a suitable constant independent of v. The existence of C; is equivalent to assuming
that the covariance operator X.: Y — Y, given by
Elevew] = (Zev, w)y, v,w €Y,

is bounded from Y to Y. It is easy to show that if : {2 — Y is a square-integrable random vector,
then the collection of real random variables {g, },cvy

gy(w) = (e(w),v)y 27
is a linear bounded random process. However, the converse is not true as shown by the following
example.

Example A.1. The Gaussian white noise € on Y is a random process such that for any v € Y it holds
that €(v) is a zero mean Gaussian variable, and ¥, = I, i.e., E[e(v;)e(v;)] = (vs,v;)y. Suppose
now that ¢ € Y*: then, by Riesz representation theorem there should exist € € Y s.t. e(v) = (£, v)y.
Nevertheless, this leads to a contradiction, since, letting {¢; }; be an orthonormal basis of Y,

2 I=ElE}] = Y ElE o)y (€ i)yl = Ele()e(d)] = D (1, 85)v,

i,jEN i,jeN i,jEN

Eflfe]

which is a divergent sum. It is moreover easy to show that (|||

y= < 00) = 0 (see, e.g. [16]).
However, given a random process {&, },cy, it is always possible to define a Gelfand triple K C Y C
K™ and random vector ¢ taking value in K* such that holds true for all v € K.

Indeed, let K be a Hilbert space with a continuous embedding ¢: K — Y such that +(K) is dense in
Y and the linear map
K>vw— Euw) € LQ(Q,P)

is a Hilbert-Schmidt operator. Observe that (26 implies that the linear map
Y 3ves e, € L2(Q,P)

is always bounded, so that it is enough to assume that ¢ is itself a Hilbert-Schmidt operator. To
construct the Gelfand triple, we identify Y* with Y, but we do not identify K* with K. Hence, since
t(Y)isdensein Y, then c*: Y — K* is injective and Y can be regarded as a (dense) subspace of
K*, sothat K CY C K*.

For a fixed ¢, the canonical identification
HS(K, L*(Q,P)) ~ L*(Q,P) @ K* ~ L*(Q,P, K*)
implies that there exists ¢ € L?(Q, P, K*), i.e. a square-integrable random vector ¢ in K*, such that
gy(w) = (e(w), V) K+ x K

almost surely. It is easy to show that the random vector € € K™* has zero mean and its covariance
operator Y., defined as

Y.: K — K* (iev,wh(*xK:E[(e,v}x*xK(a,w>K*xK] v,w € K,
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is given by Y. = (* 0 . o, as shown by (7).

For example, for the white noise on the Hilbert space Y = L2 (D), D C R4 a possible choice
is K = H*(D) with s > d/2, so that the embedding is a Hilbert-Schmidt operator (see [25]).
Furthermore, it is possible to show that ¢ is a Gaussian random vector in K * and the space Y C K*
is the corresponding Cameron-Martin space, so that Ple € Y] = 0 (see [7]).

Finally, observe that if the random process is already a square-integrable random vector of Y, then X,
is a trace-class operator and we can simply choose K = Y. Hence the random process setting extends
the usual formalism of random variables. Clearly, if Y is finite dimensional, the two approaches are
equivalent.

A.2 The solution of the regularization problem with fixed » and B

Throughout this section and the following ones, we denote the adjoint of an operator between Hilbert
spaces F': Hy — Ha as F*: H3 — Hi such that (F*u, v)ps xp, = (U, Fv)as <, forallv € Hy,
u € Hj. Notice that we identify the spaces X and Y with their dual spaces, so that, e.g., A* is
intended as an operator from Y to X. We do not identify K with K* nor H with H*, so that, e.g.,
Y — K*.
Proposition A.2. Let

o X, Y and K be separable real Hilbert spaces;

e A: X =Y be a bounded map;

e Y : Y — Y satisfy Assumption 2.4;

e 1: K — Y be an injective linear map satisfying (6);

o B satisfy Assumption 2.8 and h € X.
Fory € K*, the problem

i’ = argmin | S7Y2AB |2 — 2(y — * Ah, (3c) T ABx ) e i + |12 || % (28)
x'eX

admits a unique solution, which is given by the bounded affine function R;u gt K* — X defined as
R}, p(y) = (BA'ST'AB + 1)71((Se0) T AB)*(y — 1" Ah). (29)

Proof. We have

i’ =argmin G(z'), G(z') = |S7V2AB |2 — 2(y — v* Ah, (220) YAB ) e + |27 ||%
r'eX

Since the functional G is strictly convex and differentiable, we can find its unique minimum by
computing the first-order optimality condition. The Gateaux derivative of G in 2’ along the direction
w reads as

G'(x")[w] = 2(BA*S'ABx' ,w)x — 2{y — 1*Ah, (Zct) P ABw) g x i + 2(z’, w) x
2{BA*S'AB2' w)x — 2(((Zet) YAB)*(y — * AR), w)x + 2(z’, w)x.

Imposing that G’ (2")[w] = 0 for all w € X therefore implies that
(BA*SZ'AB + Ix)i' = ((320) Y AB)*(y — " Ah).

The operator BA*Y-1 AB + Ix is invertible since it is a perturbation of the identity by a self-adjoint,
non-negative operator, which leads to the expression of the minimizer

# = (BA*SPAB + Ix) M (((Ba) YAB)* (y — 1* Ah),
as in (29), where we also use that B is self-adjoint since it is positive.

We now show that R}, p: K* — X is bounded. We need to show that

(BA*S'AB+ Ix) N ((Ze) 'AB)*: K* — X
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is bounded. As observed above, since BA*Z;IAB is self-adjoint and non-negative, we have that
|(BA*S-1AB + Ix) Y| x—x < 1. Thus, it remains to show that ((3.¢) ' AB)*: K* — X is
bounded. Recall that this composition is well defined thanks to Assumption 2.8 (see (9)). We prove
that

() 'AB: X - K (30)

is bounded. By assumption, the map ¥..: K — Y is bounded, hence closed. Therefore,
(Xe)7t: o(K) CY — K is closed too. By assumption, AB: X — Y is bounded, hence closed.
Thus, the composition (30) is closed, hence bounded thanks to the closed graph theorem. O

In view of this result, the regularized solution & = h + BZ’ to the inverse problem may be written as
in (12):
&= Ry p(y) = Wpy + b, 31

where
Wp = B(BA*S'AB + Ix) ' ((20) AB)*,

bhnp =h— B(BA*S'AB + Ix) ' ((S.) ' AB)*1* Ah,
and Wpg: K* — X is bounded.
We now wish to derive an alternative expression for Wp.

Proposition A.3. Assume that the hypotheses of Proposition hold true. The operator
B2A*(1*(AB?A* + %.)) ! extends to a bounded linear operator from K* to X, which coincides
with W . With an abuse of notation, we have

Wpg = B?A*(\*(AB*A* + %)) . (33)

(32)

Proof. First, observe that
(Bet) TAB)* 1" S = ((Zet) TAB)* (2.0)* = ((Ze0)(22r) 'AB)* = (AB)* = BA*,

so that
((EEL)ilAB)*L*‘ImEE = BA*Egl (34)

This identity will be used below and in the following.

In order to prove the result, since the operator *(AB2A* + ¥.) is injective, it is enough to show that
Wy satisfies
Wpi*(AB*A* + %) = B2A*.
Replacing the expression of W given in (32)), we obtain
B(BA*YZ'AB + Ix) '((3.t) ' AB)*1*(AB?A* + ¥.) = B%A*.

Since B satisfies Assumption 2.8, we have Im(AB?A4*) C Im(X.¢) C Im X.. Thus, by (34), the
above identity is equivalent to

B(BA*S_'AB + Ix) 'BA*S_Y(AB%A* +%.) = B*A*.
In order to prove this identity, it is enough to show that
(BA*S'AB + Ix) 'BA*S;1(AB?A* + %.) = BA*.
Since BA*Y_'AB + Ix is invertible with bounded inverse, this identity is equivalent to
BA*S Y AB?A* +%.) = (BA*Y'AB + Ix)BA*.

A quick visual inspection shows that this is always true, concluding the proof. O

A.3 Proof of Theorem 3.1 and of (16)

The proof of Theorem 3.1 is based on the following observation.

Lemma A.4. Assume that the hypotheses of Theorem 3.1 hold true. Let B1, By: X — X satisfy
Assumption 2.8 and suppose that By is injective. Then W, = W, if and only if

B? = B2 in(ker A)t.
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Proof. Using (32)) for W, and (33) for Wg,, the condition Wg, = Wg, reads
Bi(B1A*SYABy + Ix) ' ((2et) P ABy)* = B2A*(VF(AB3A* + %)) 7!
Since Bj is injective, this is equivalent to
(Zet)'AB)* 1" (AB3A* + %.) = (B1A*S AB, + Ix) By ' B3 A*.
Since By satisfies Assumption 2.8, we have Im(AB3A*) C Im(X..) C Im X.. Thus, by 33,
BIA*SY(AB2A* +%.) = (B1A*S'AB; + Ix)By ' B2A*.
We readily derive
BiA*S'ABZA* 4+ By A* = BiA*S ' ABSA* + By ' B2A*,

yielding (B? — B2)A* = 0. By continuity of B; and Ba, this is equivalent to having B? — B3 = 0
in Im A* = (ker A)*, as desired. O

Proof of Theorem 3.1. Recall that R), g is given by (3I).

Step 1: arbitrary affine estimators. We first consider the case of an arbitrary affine estimator
y — Wy + b, where W: K* — X is a bounded linear operator and b € X. Thanks to the
independence of z and € and the fact that Ex = p and E ¢ = 0, the corresponding expected error can
be expressed as

Eoy[[Wy +b—z||5%] = o c[[|(W( " Az + &) + b — z||%]
=B, (WA — Ix)x + We + b||%]
=B [[(Wer A = Ix)(z — w)|[X] + |(We A = Ix )+ b]|% + Ee[|[Wel|%]
=tr[(We*A — Ix)S, (Wi A — Ix)*] + tr[W S W) 4 [|( WA — Tx)p 4 b||%,

where the last step is a consequence of the definition of the covariance operators, e.g.

E.[|We|%] = ZE [(We, 0i)%]

= Z]Es (e, W" %)K*xK]

= Z<25LW*501‘, LW*QDZ‘>Y

= (Wi SaW*pi,0i) x

= tr[W* S W™,
where {(;} is an orthonormal basis of X and the third identity follows from (7).
The minimization of the mean square error easily decouples in a minimization in b, yielding

b= (Ix — Wi*A)p, (35)
and in finding W that minimizes
JW) =tr (WA —Ix)S, (WA —Ix)" + WS W],

It is worth observing that, under the introduced hypotheses, such a functional is well-defined. Indeed,
since ¢*X..¢ is trace-class (cfr. eq. (6)) and W is a bounded operator, the composition W ¢*¥X . W*
defines a trace-class operator, and analogously with the first term, since X, is trace-class.

Step 2: the optimal B. Let us consider the minimization of J. Note that J is convex and differentiable,
hence its minimizer can be found by imposing the following first-order optimality condition

Fix an operator V' : K* — X, by imposing that the Gateaux derivative of J(W) along V is zero, we
get

tr [Vi* (AL, A" + X)W + W (AS A" + S WV = Vi AY, — S, A% V] =0. (36)
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Choose V =w®v: K* — X, wherev € K and w € X, then
(A A E )W w, 0) g gk + (WL (AX, A4+ 20w, w) x = (AT w0, 0) ke x g H{ B A% o, w) x
so that
(Wi (AZ, A" + E)w,w)x = (B A" w, w)x.
Since v and w are arbitrary, we get
WA A%+ 0" 50) = B, A% (37)

It is easy to show that, if W satisfies (37), equality (36) holds true for all V. Since ¢(K) is dense in
Y and W, A, ¥, and X are bounded, (37) is also equivalent to

Wi (AL, A* + 5.) = B, A%, (38)

Observe that the operator AX, A* + ¥.: Y — Y is positive and injective, hence it has dense range.
Further, ¢ is injective, and so ¢*: Y — K* has dense range. Thus, (*(AYX,A* 4+ X.) has dense
range. This shows that there exists at most one bounded operator W: K* — X satisfying (38).
Furthermore, Proposition gives that W1/ satisfies (38), so that W 1/2 is the unique global

minimizer of J. Since X, 1s Injective, by LemmaE{Iwe have that the B’s such that Wp =W/
are those satisfying B? = ¥, in (ker A)~, as desired.

Step 3: the optimal h. Let us consider (33). It is evident that b is uniquely determined by W, and we
know that W = W, 1z, We now show that, in the case b = by.1 vz, and W = W,1/2, equation (33)

reduces to h = p. Indeed we have

h= 532 (SPATS AR 2 4+ I) T (Be0) TTASY2) A = (Ix = Wyye A

= SVAEPATSITASY? + Ix) N (Be) TTASY ) AR = ho— i+ Wayat Ap
= (Z)TTASY2 S A(h — ) = (BY2ASTTASY? 4 1S3 (h - )
— DV2ATTVA - p) =S 2AS T AL — p) + 272 (h - p)
= X;Y%(h—p)=0.
Therefore the optimal value is A* = p. O

Proof of (16). We provide an expression for the minimum value of the expected loss, L(h*, B*).
We have

L(h*,B*) =J(W*) =tr [(W*L*A — IS, (WA —Ix)* + W*L*ZELW**] ,
where the optimal linear functional W* satisfies (38)), namely, W*/* = 3, A* (3, + AY AL

JW*) = tr (W) (ASe A% + S)u(W*)* — S A5(WH) — Wk AS, + 3]
=[S AT — S AW — WA, + 5,] =

— tr [zx — (SY2(SY2A* 5 1 ARY? 4 IX)*l((zsL)*lAz;ﬂ)*L*Azm)}
= tr [2;/2 (JX — ((BY2A*RI1ARY? 4 IX)*E}E/?A*ZJAE;/Q)) 2;/2}
= tr (S2(SY2A S TASY? + Ix) ISl

where the second line is a consequence of (38)) the third line is due to (32)) and the forth line holds
true by Assumption 2.8 with B = El/ 2

O

A.4 Proof of Theorem 4.1
In order to prove Theorem 4.1, we adapt the classical result on empirical risk minimization to the

present discussion, in particular we follow the simple approach in [12]. We postpone to a future work
the use of more refined techniques [4, 29]. We consider the parameter space © C X x L£(X, X) as
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in (19) and assume in particular that it satisfies (21). We recall that every B € ©; can be written as
jBj*, being B € HS(H*, H); moreover, since j = j2 o ji, we can also denote it as B = j3 Bj3,
where B: X — X, B = j; Bj;. Notice that, using that j; and j» are injective and have dense range,

given B, then B and B are uniquely determined. We can therefore define the following norms on ©:
161 = Ik, Bl = max { Ihl1x, 1Bllece |

1011 = [ (R, B) 1 = max {||Al|ar, | Bllss (1) }

where h = J -1 (h). Notice that, according to (19), the set © can be seen as a closed subset of the ball
of radius p; with respect to || - ||... Nevertheless, the first result we prove does not require that © is
chosen as in (19), nor that the functional Ry = I}, p is as in (12).

The following result is a restatement of Proposition 4 in [12].

Lemma A.5. Fix a compact subset © of X x {jgéjék B X - X bounded}, endowed with
the norm || - ||, and a family of functions Ry: K* — X labelled by 0 € © satisfying, for a.e.
(z,y) € X x K*:

a) ||Ro(y) — z||lx < M,y forevery6 € ©;
b) || Ro,(y) — Ro,(y)|x < M2||61 — 02

« for every 61,05 € ©.

Then, with probability 1 there exist minimizers of L and L over ©

6* = argmin L(6), fs = argmin L(6),
GSS) 0ce

and, for alln > 0,
2
U ~ ST
N I N <nl>1-2 AT T M
Py pm [\ (0s) — L(6")| _77] 2 N(Q’ 16M1M2>e s

where N'(©, 1) denotes the covering number of ©, i.e., the minimum number of balls of radius r (in
norm || - ||«) whose union contains ©.

Proof. For p-almost all (x,y) € X x K*
1 Ro, (y) — 2% — R, (y) — @[5 | = (Ro, (y) — Ro,(y), Ro, (y) — = + Ra, (y) — )|
< 2My My |01 — Os]|«.
By integrating with respect to the probability distribution p or the empirical measure p, the above
bound holds for L, L. Indeed,

|L(01) = L(02)| = [E[|[Ro, () — =[1%] — Ell[Ro, () — =[|X]]

9 9 39
<E[[||Ro, (y) — xl|% — [I1Ro, () — 2[%] < 2M1M]|61 — .,
and, with probability 1,
- ~ 1 & s 1« 2
1L(61) = L(62)| = | — > N Ro, (y;) — 2% — o > I Ra, (y5) — x5ll%
j=1 =1
m (40)

I /\

1
— — > [IIRo, () — 51 % — 1Ro, () — 251X |

j=

< 2My Mo |61 — Oz«

Since both L and L are Lipschitz continuous and © is compact, the corresponding minimizers 6* and
0 exist almost surely.

Next, we notice that the event {|L(As) — L(*)] < mn} is a superset of the event
{sup@(@) 0)] <n/2 ;. Indeed,
0co

H,_/

sup |L(0) — L(6)] <
6co

N3
i
=
5
|
=
5
IA

NN
f=~)
=
o
=
>
J

L") <

1\3\3



and ultimately it also holds that
0< L(Bs) — L") = (L(@s) - L(Bs) ) + (L0s) — L(6")) + (L(6") - L") <,
where we also used the fact that the central difference is negative by definition of 55. Thus,

Pavgn [1E0) = LO)] < 1] > P [sup E6) ~ 0] < 3]

We now provide a lower bound for the latter term. In view of (39) and (@0), by using the reverse
triangle inequality, for every 61,60, € O,

|IZ(62) = L(02)| = [L(62) = L(02)I| < 4D M 61 = ]

Letnow N = N (@, 8M’177MQ> and consider a discrete set 61, . . ., 65 such that the balls B;, centered
at 0, with radius m cover the entire ©. In each ball By, for every 6 € By, it holds

Z6) = LO)| - L)) ~ LOW)| < 40100 = 60 < .

Therefore, the event |L(0) — L()| > n is a subset of |L(0y) — L(0)| > 4, and a bound (in

probability) of this term can be provided by standard concentration results. Indeed, E(@k) is the
sample average of m realization of the random variable || Ry, (y) — z||% ., whose expectation is L(6}).
Moreover, such random variable is bounded by M7 by assumption, and therefore via Hoeffding’s
inequality

~ ~ _mn?
Py [sup 2(6) = L(6)] > n} < Py [[L(0) — L(0)] > 1] <2677,
0e By 2

Notice that this inequality holds uniformly in k. Finally, since © is covered by the union of the balls

By, ..., By, with N = \/ (@, W) we finally obtain

Pavyrs [0 |E(6) = LO) < 1] =1~ vy [sup |(6) - L6)] > 1]
6cO 0O

N
> 1= P | sup [E0) - L) > 4
k—1 6€ By

an

>1—2Ne 2M{, O

Lemma [A.3]provides a very general result: in order to apply it to our current framework, we have to
first show that the functional Ry defined as in (12) satisfies the assumptions @) and b) in the statement.
This is the subject of the following result.

Lemma A.6. Under the assumptions of Section 4.1, let © be as in (19). then the family of functions
Ry: K* — X, defined by (12), satisfies the assumptions of Lemma[A.3]

Proof. Without loss of generality we assume that ||51(| 2z, x) < 1 and [|j2] z(x,x) < 1. We first
notice that, thanks to (21), for any By, Bs € O,
1((Be0) TP AB1)* = ((Bet) Tt ABa) [l (e, x) < 1(Ze0) T A(By = Ba)lleox, k)

= [[(Set) " Aja (B — B2)j3 |l c(x.x0)

< 1(Se0) ™ Afall e, i) 1B1 = Balleox, ).
Denote by 93 = [(Z:t) "* Aj2||£(x, k). Note that, thanks to (21), arguing as in the proof of Propo-
sitionwe have that (X.1) "1 Ajs: X — K is bounded. Then, by (19), for every By, By € Oa,

1((Z) P AB)* = ((Zet) " ABa)* |l e(x.x0) < 03l1B1 = Balle(x x),
1((Ze0) T AB) || £(x, 1) < 0103-

(41)
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Assumption a) in Lemma|A.5|requires that || Rg(y) — || x < M; forae. (z,y) € X x K* and for
all 6. Notice that, by the expression of Ry = R}, p in (12),

[Ro(y) — zllx < lIhllx + IBllocx, ) I(BA*STAB + Ix) ™l o ox,x0) 1 (Bet) T AB) | 2oie+ )
“(yllgs + 1" All 2cx xRl x) + 2] x
<o+ 9%93(92 + 1" All £(x, k) 01) + p2 =: My,

where we have also used (19), (22), (#T)) and the fact that the norm of (BA*S_-1AB + Ix) ! is less
than or equal to 1.

Assumption b) requires instead that | Ry, (y) — Re,(y)||lx < Ma|61 — 02||.. According to the
definition of || - ||, we can decouple the perturbation of § and study separately the perturbation of A
and of B. We observe that

Rp, B(y) = Riy.8(y) = (h1 — hy) — B(BA*S'AB 4 Ix) ™ ((3et) ' AB)*1* A(hy — hy),
hence again by (@1)), (22) and (19) we get
I1Rn, (1Y) — Rny )| < (1+ 03 0sl|* All x4 11 — b x-

The treatment of the perturbations of B is slightly more delicate. Let C; = (BiA*ZglABi +1 X)_l.
Then we have

Ry, (y) — Rn,B,(y)
— (B1Ci((520) " ABy)" — BaCa((Set) " ABa))(y — " Ah)
— (By — Bo)Ci((520) " AB1)* (y — " AR) + By(Ch — Co)((Se0) " ABy)* (y — o Ah)
+ BoCo((Set) " ABY)* — ((Set)" ABs)*)(y — 1 Ah)

In the latter summation, by means of (#I)), (22) and (19) we easily get that the first and the third

terms are both bounded by 01 05(02 + ||L*AH£(X,K*)Q1)||B:1 — Ba||z(x,x)- The second term can be
reformulated taking into account that

Cy—Co=(Ix + BiA*S'AB)) ™' — (Ix + Bo A1 ABy) !
= (Ix + BiA*S'AB)) "N (BoA*S 7 ABy — BIA*STYAB ) (Ix + BoA*S7 P ABy)

and its norm can be bounded by 207 03|¢* A| £ (x k+) (02 + |t* All £(x, 4y 01) | By — B, | 2(x,x) using
similar arguments. O

Now that the assumptions a) and b) of Lemma are guaranteed, we have to show the compactness
of the parameter class ©. The following lemma only assumes that © is defined as in (19), by means
of a Hilbert space H and a compact, dense-range operator j: H — X.

Lemma A.7. The set O defined as in (19) is a compact subset of X x {2 §]§ B X > X bounded}
with respect to the topology induced by the norm || - ||..

Proof. We first show that ©1 x O5 is compact. Set
O, = {j1Bji : B € HS(H*,H), | Blluscermy < 01} 42)

so that O, = {j»Bj3 : B € O}. The definition of the norm || - ||, implies that ©1 x O is compact
with respect to the topology induced by the norm || - ||, if and only if ©1 x O is compact as subset

of X x HS(X, X) endowed with the product topology. Hence, it is enough to show that ©; and O,
are compact in X and HS(X, X), respectively. By definition, since j is compact and O is the image
of the closed ball of radius p; in H, then ©; is compact.

In order to prove that © is compact, we identify HS(H*, H) and HS(X, X) with H® H and X ® X,
respectively, so that for all v,w € H,v @ w : H* — H is the rank one operator

(vew)(z) = (2,w)m- v, z e H*.
With this identification, since

Ji(v@w)jy = (j1v) ®@ (jrw),
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the map B + j; Bj} is given by

j1®]1H®H—>X®X,
which is compact, since j; is so. As above, ég is the image of the closed ball of radius p; in H ® H,
so that it is a compact subset of HS(X, X).

The compactness of © follows from the fact that the subset of positive operators B: X — X is
closed in HS(X, X) and B = j, B33 is positive if and only if B is positive.

O

To conclude the proof of Theorem 4.1, we need to provide an explicit expression for the covering
numbers of the set © in the || - || norm. This is possible, e.g. by assuming the polynomial decay of
the singular values of j; as in (20), by means of some tools that are presented in the next section.

A.5 Entropy numbers, singular values and covering numbers

Let H and X be real Hilbert spaces and let 3 denote the unit closed ball in 7. We use instead the
notation B(v, €) to denote the closed ball in X’ with center v and radius €. For any compact operator
T:H — X we can define the following quantities.

1. Entropy numbers: foreach k ¢ N, k > 1,
ex(T) = inf{e > 0| Jvy,...,vx € X suchthat UY_| B(v;,e) D T(B)};

2. Singular values: s;(T) = A\, (|T|), where A, (|T]) is the k-th non-zero eigenvalue of |T|,
which are counted with their multiplicity and ordered in a non-increasing way. If |T'| has
less than K non-zero eigenvalues, then s;,(T) = 0 for k > K.

3. Covering numbers of T": the covering numbers of the set 7'(53); namely, for r > 0,
No(T) = N(T(B),r) = inf{k € N, | Jvy, ..., v € X such that UF_, B(v;,r) D T(B)}.

Properties of covering and entropy numbers have recently been used in the study of instability in
inverse problems [28]. We have the following results (see [11]):

ex(T)<r = NA(T) < k; (43)
andforallk e N,k > 1
_ 1/¢ _ 1/¢
sup (K714 (ysi(T) ') <en(T) <14 sup (K70 (W) ). @)
1<l< o0 1<t<oo

We now use these properties to quantify the covering numbers NV (O, r) appearing in Lemma
We assume, for simplicity, that p; = 1. For o1 # 1, we can rescale the covering numbers by the
formula NV (¢B,r) = N(B,r/o), where opB = {0ob : b € B}. By the definition of ©, it is evident
that N'(©,7) < N(©1,r)N (O, r). The following two lemmas take care of estimating the covering
numbers of ©; and O, respectively.

Lemma A.8. Under Assumption (20) we have
In(N(01,r)) < Cr+, r >0, (45)
where C > 0 is independent of r.

Proof. Observe that N'(©1,7) = N,.(j) <

(j1)- Condition (20) yields

\\j2||£2x‘x)
4 (i) < (p—8 < p—st st
ILi_ysi(j) S ()72 S €7%e™,

where the last bound is a consequence of the fact that (£)! > efe~*. Estimate (#4) implies that
ex(j1) S sup (kfl/z (6754655)1“) = sup (kfl/féfses) .

1<l<0 1<l<0
Lett = 1/4, since the function e "t *¢* takes its maximum at t = s/ In k, then

er(j1) S (Ink)™%,
where the constant in < depends on s. Eq. yields Vi k)= (j1) < & and ultimately the thesis. [J
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Lemma A.9. Under assumption (20), for every s’ € (0, s) we have
M(N(02,7) < Cr=v, >0, (46)
where C' > 0 is independent of r.

Proof. Observe that N (O, 1) = N(éz, r) = N.(j1 ® j1), since j; @ j; represents the (compact)
embedding of HS(H*, H) into HS(X, X), see the proof of Lemma[A.7|and [@2).

We bound the singular values of j; ® j1. Let f: (0,400) — N be defined by
f(t) = #{(k1, ka) € Nu x Ny 1 spy 1, (1 ® 1) = iy (J1) 8k, (1) > £}

Then, for all k¥ € N, we have

sk(j1 @ j1) = sup{t € (0,+00) : f(t) = k}.
By the polynomial decay of the singular values (20)

f(t) < #{(k1, k2) € Nu X Ny : (kikz) ™" 2 Ct} = g(t),

where C is a suitable constant. Then,

sk(J1 ® j1) < sup{t € (0,400) : g(t) = k}.
We now estimate g(t). Let 7 = (Ct)~'/* and N = [r] be the integer part of 7. Fix 0 < ¢ < 1

g(t) = #{(klka) S N* X N* : kle S (Ct)_l/s = 7—}

N T N T N’T
= — | < — < =d
)N ED SECET R
ki=1 ki=1

<7(1+1In(r)) < Lrtte < Lmarass
£ €

where (1 + Inz) < e~ 12° provided that 0 < e < 1. Set s/2 < s’ = 5/(1 + €) < s, then

so that )
Sk(jl ®j1) S k=% . (€9

Clearly, the above bound holds true also when 0 < s’ < s/2. The proof follows by repeating the
argument of the proof of Lemma[A.8] O

We are now able to prove the main result of section 4.1.

Proof of Theorem 4.1. By Lemma[A:8Jand[A:9] we conclude that
In(N(O,7)) < In(N(O1,7)) + In(N(Oa,7)) < 175 477+ <7,

Substituting this result in Lemma [A.5]allows to conclude that

_1/5/75277”72 —1—eT

Parpm [IL(GAZ) —L(0")| < 77] e

We can express 7 as a function of m and 7 when 1 < 1 by the following estimate:

1/s’

. . - 1 roL
TZCQTTL??2*6177 = 02m772+s' <c +T771/S <c +T,

and therefore (with constants ¢, co independent of m, 7, 1)

- 1 1——L

~ 1/s! 2s/+1

L) — L") < n< (AET)T77 < (atevmy =
A/

cam

with probability larger than or equalto 1 — e~ 7. O
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A.6  Proof of Theorem 4.2
In the unsupervised setting, the regularizer RHU Bo is given by

Ry, 5, (W) =hu + BEA*((ABF A" +5.)) My — v Ahy),  y e K7,
where

1 X ~ — 1 &
—g Bzzzzz—g C— [ C— ).
m U m (xj M)®(xj i)

Hence, in order to analyze the statlstlcal properties of R we first provide two concentration

hu,Bu’
inequalities for /1 and Ex, which are known since z is a sub-Gaussian random vector in X. We
include the proofs for the sake of completeness.

Lemma A.10. Let x be a k sub-Gaussian vector as in (24). Fix 7 > 0, then, with probability

exceeding 1 — 2e™7,
- tr(2, 7|2
12— pll < ck <\/ ( )+2\/ H H), (48)
m m

where ¢ > 0 is a universal constant.

Proof. Define £ = x — p where p = E[x]. It is easy to show that £ is a zero mean ~ sub-Gaussian
vector and its covariance matrix is ¥, = E[¢ ® £]. The assumption that £ is a sub-Gaussian random
variable (24) can be equivalently expressed by requiring that

€, v) x My, < RIS v)xl2,

where ||(§,v) x|y, = sup,>o % For each v in the unit ball B; of X, we set &, = (§,v)x

and we regard (&, ),¢cp, as arandom process on By, viewed as metric space with respect to the metric
d(v,w) = ||& — &wl|2- Since By = — By, then

1€llx = sup [{§,v)] = sup (¢, v)

vEB1 veEBy
and a standard result of random processes — see Exercise 8.6.5 and Theorem 8.5.5 in [48] — gives that

P <sup |€0| < er(W(B1) + tdiam(Bﬂ)) >1- 267t2, t>0,
veEB;

where c is a universal constant, W is the width of the process

W(B1) = E[Useug (& v)x] = E[vseug (& v)x[] = Elli€]x],

and diam (B ) is the diameter of By with respect to the metric d(v, w)

diam(B;) = sup d(v,w) = sup I{¢,v) — (§,w)|]|]2 = sup IE[(f,v—w}Q]l/2

v, we B, v, WE v, wE By
1/2 1/2
= sup <<zg<%w),% W) < 208l A -
v,wE By

Holder’s inequality implies that

E[ll¢]lx] < E[IENI%]Y? = (tr(S2)) "2,
so that we get
P(llgllx < ex (Vorss +26V/[5a]) ) 2 1-2¢7" (49)
Define £, = x1 — o - . &m = xm — W, which are i.i.d. as £. We claim that there exists an absolute

constant d such thatf =1 Z =1 &; is dr sub-Gaussian. Indeed,

||<Z:€j,v>||fb2 = || Z(fj,vﬂ@z
j=1 j=1
<d®> 0I5, < 2D 0IE = d*s2 D (& v)3,
j=1 j=1 j=1
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where the first inequality is due to the rotational invariance property of sub-Gaussian real random
variables [48, Pr0p051t10n 2.6.1], and the last equality is a consequence of the 1ndependence of the

variables &;. Thus 5 1t — p is dr sub-Gaussian. Notice that the covariance of § is given by

EE®¢E = 2ZE@®§J ZE@@@

Setting 7 = t2, by applying (@9) to € we can finally deduce that

~ tr X, pI _
P(llfx < cdk (\/ . +2\/T” I)) >1-2¢77,
m m

which provides the claimed bound by redefining the universal constant c. O

The following lemma is a restatement of a fundamental result in [30]. We include in the statement
also the previous inequality.

Lemma A.11. Let x be a k sub-Gaussian vector as in (24). Fix T > 1, then, with probability

exceeding 1 — 3e™7,

(50)

ml[ e ml|Ee )"V om’ m

1= ] < ex <\/ %) +2\/ Tfj”) , 51)

where c is a universal constant.

_ Y, try,
|EI—Ez||<CH22I||maX{ ' ' T T}

Proof. We first introduce the operator
Z§j®§j_mz( _M)®(xj_u)'

Since E[ig] = %,, Theorem 9 of [30] gives that

~ tr, tr, T T
Ye =Xl < |2, —— 0, 52
18 - Sl <€ ||max{\/ ST AT m} (52

with probability greater than 1 — e~ 7. As usual, it holds that

—

- 1 - -
Xy = (xj_/ﬁ)®($j_/1'):EZ(xj_M“‘M_M)@(xj_MJ"M_M)

Jj=1 Jj=1

I EIEICE RIS Sy
j=1

S -w ) -+ G- w e @)

S (-1 ® (- ).
As a consequence,
122 = el < 18 — Sel| + 17— .
By (52) and @8}, with probability exceeding 1 — 3e~7, we have both (31) and

—~ tr>, trX,
||zz—zz||<c'||zz|max{ . : . }

m|Zell" mZal|”V m m
o2 (tr(za L VIS (E) +4T||E:c||> |
m m m
which provides the claimed bounds by redefining the constants c. O
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The following lemma shows that the excess risk L(hy, By ) — L(h*, B*) is bounded by [|S, — ¥, ||
—~ 1 1
and ||i — u||. Note that Lemmawould provide a bound in terms of ||X,* — X2 ||. Since the
square root is a monotone increasing function, it holds true that
—~1 1 ——
122" = Z2 ] <\ [1Ze = Xal],
see Theorem X.1.1 of [5], which would provide a worse bound.
Lemma A.12. Assume that A, A* +X.: Y — Y has a bounded inverse, that the operator
A (AT A+ )T N(Y)C KT = X

extends to a bounded operator from K* to X, and that

(AT A"+ 52) T A(S, — Ba) A7 < 1/2. (53)

Then
(Lo, By) = LW, BY)| = O (|82 = =) + O (I — ull) (54)

where the constant in O only depends on A, ¥, X, v and p.

Proof. Let
v =Ry, 5,y), 2" =Rnp(y),
so that PR
L(hy, Bu) — L(h*, B*) = E [|2v — «|*] —E [||l2* — =[] .

Since * minimizes the mean square error, clearly L(EU, By) — L(h*, B*) > 0. We now prove the
upper bound. Since

12y — | = la* — 2l* = |Zv — a*|* + 2@y — 2%, 2" - x)
< |lZy — 2*|* + 2l|zy — 2*||[la* — =],

then, by Holder inequality,

E (|80 - /] ~ E [le* — 2ll?] <E [Jlo* - &0]]?] + 2VE 8o - «* I Ele* — 2I
=0 (VETzw —=77). (55)

where the constant in O only depends on A, ¥, and ¥.. By (15) and the definition of T
* = YA (A AT+ 5) Ny — S Ap) + = Wy+b
Ty = S A" ((AS,A* + )Ny — FAR) + i = Wy + b,

where W and W are given in (33), for B2 = ¥, and B2 = 5, respectively, and b, b in (33). As a
consequence,

dv—at =W -—W)y+b—b=Wy+b=WiAlx — p) + We + Wi*Au + b,
where P o
W=Ww-Ww, b=0b-0.
Hence, taking into account that x — i and ¢ are zero mean random variables, we obtain
(b [W (2 A, A% + FSol) W + [|We A+ b]12]) 2
< tr [W(F AS, A+ 1 Se) W22 4 |W A+ b
< (tr (AT A L+ 5)E W+ W Ap+ b)) (56)

1
E[|Zy —2*[°]*

‘We now bound the norm of W where

W =S, A (5 (AS, A" + 5.)) 7 = S, A% (5 (AS, A + 2.)) 7L
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A delicate issue is that (:* (AS, A*+X.)) ! and (1*(AZ, A* + X)) ! do not have bounded inverses,
see the remark after Theorem 3.1. We first prove that A>, A* 4+ 3. has a bounded inverse. Indeed,
let A = A(Z, — X,)A*, then

AT A + %, = (AZ, A"+ 50) (I + (A, A" + X)) 1A) .

By assumption (33), ||(AX,A* + X.)"1A| < 1/2 < 1, so that using Neumann series we have that
AY . A* 4+ X, is invertible and

(AS,A* +3.)7 1 — (AD,A* + 5.)~
= (I+ (A, A" +%.)7! ) (A, A* +5)71 — (AT, A" +3.) 7!
_ ((1+ (A, A" +%,)7'A) T - ) (AX, A" +5.)!

1

— (I + (AZ, A" +5.)71A) T (AS, A% +5.) A(AS, A" + 5.) !
Then, on *(Y) C K*

(iI(AS, A" + 5.)) 7' — (i*(AS, A" + 5.)) !
— (I 4 (AS, A"+ 5) 7 A) T AS, A" 4+ 5) TTAS, — ,) A% (7 (AS, A" + 5.)) 7!
1

The density of .*(Y') C K* and the assumption that A*(* (AX, A* + 3.))~
operator from K* to X implies that

[(i*(AS,A* + )7 = (i*(AZ, A% + 5.) Y|
* - -1 * - S K[k * -

ST+ (AZ A"+ 2)7IA) T [ [(ASe A + Z0) T A|||S0 — Sa ||| A (6 (A A" + 22)) 7Y

< 2Y[(AZ, A + B) A8, — S|l A% (i (A, A% + 20) 7,

extends to a bounded

where we used (33) to bound || (1 + (AX, A* + 25)_1A)_1 || with 2, so that

| (AZp A"+ 50)) ™ = (@ (AT A" +20)) 71 S 180 — Sall, (57)
where the constant in < only depends on A, ¥, and X.. Since

W =S, A" (0 (ASpA" + 20)) 7! = (11 (A%, 4" +3.) )
—I—(E — YA (F(AZ AT +32)
eq. (37) and the fact that ||, || < |Z, — S| + [|S.]| both imply
W) S 15 = el + 18 - Zal? = 0 (ISe - %)), (58)
where the constants in < and O only depend on A, ¥, and .. We now observe that
b= (fi—p) — (We* Afi = W Ap) = (i — p) — W AL — ) — We* Ap,

so that .
W Ap+b= (I - W A) (i — p),

and
W Ap+ bl < (1 = Wer A Iz — pll < (I = Wem A+ [[Wer Al |72 = |-
Eq. (58) implies that
W Ap+ bl S 1= pll + 12 = plllZe = Zall = O (I — ), (59)
where the constants in < and O only depend on A, %, ¥, and x. Egs. (33) and (36) with @)

give (54).

We are now able to prove the main result of section 4.2.
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Proof of Theorem 4.2 . Since the map C' +— (AX,A* + X.)~AC A* is continuous from £(X, X)
into L(Y,Y), there exists 6 > 0 such that

(A, A" + Zg)_lACA*H <1/2 VC e L(X,X) ||C]| <6é.
Set mgy € N such that

try,  try,
chZmHmaX{ . . - T} <4,

mol[Ze|l” mol[ "V mo” mo

where c is the constant in Lemma [A.TT] Eq. (50) implies that for all . > m, condition (33) is
satisfies with probability exceeding 1 — 4e~". Possibly redefining mg, by (50) and (I} we can
assume that on the same event
c1 + CQ\/F
Jm b
where ¢; and co are suitable constants independent of m and 7. Hence, eq. (54) implies that on the
same event

(Lo, Bu) = LW, B = 0 (12 = %) + O (I - ul) < €

max{|[fi — pl|, [|Z2 — T} < min{1, (60)

c1 + CoT

T

where the last inequality is a consequence of (60). Eq. (25) is now clear. O

A.7 Numerical results: further details
A.7.1 Experimental setup

In Section 5, we set X = L?(T'), being T the one-dimensional torus. For any N > 0, we can

il ) and define the

introduce the partition {1 ;}¥, of the interval (0,1), being Iy ; = (N’ N

1D-pixel basis {¢pn i}, as follows:
eni(t) = VNxna(t),  xwilt) = {

The functions {¢ N,i}fil form an orthogonal set, and we define X v as the linear space generated by
them. Each element v € Xy can be uniquely represented by a vector u € RV as follows:
N N
1 1
= — u= vV N(u, )X, utzg U, ON i 7<t:§ —u;onN,i().
In.] s ( sON,z>X (t) (u, oni) xPn,i(t) 2 JN ioN,i(t)

i=1

1 te IN,i7
0 otherwise.

w;
A foru € X teflul} = T, (won)? = £ SN . Th
s a consequence, for v € Xy, we can compute |[ul|5, = > .1 (U, on,)° = 7 >,—q u;. The
representation of a linear operator B: X — Xy can be done via a matrix B € RV*¥ as follows:
B;; = (Bonj, ¢Ni)X; v=Bu <= v = Bu.
In order to generate a discrete version of the random process € and of the random variable x, we first

generate the vectors v, v, such that each component [v;]; and [v.]; is independently distributed
with mean 0 and covariance 1. In the proposed tests, we either draw from a Gaussian distribution

N(0,1) or a uniform distribution Unif (—+/3, v/3), taking advantage of the Matlab commands randn
and rand. Then in order to approximate the white noise process €, with zero mean and covariance
operator . = o021, we introduce € such that

Eleie;] = E[VN(e, on.i)VN (e, on,5)] = 0> Ndy;,

thus resulting in € = ov Nv.. As an alternative, we also consider a random process whose
components with respect to the Haar wavelet basis are randomly sampled as a white noise, i.e.,
e=o0vN WTVE, where W is the discrete Haar wavelet transform and W7 its transpose.

The random variable « is instead computed as = p + VN Ei/ v, being
w = VN oni)x, (B, = (CY 0N oni)x.
In the experiments, we picked p(t) = 1 — |2t — 1] and /%5t
S 2u(t) = / ks, @ u(t —t)dt, ks, (t) =1—exp(—(c/t)")X(—e,0)(t),
T1

being ¢ = 0.2. Finally, we selected o = 0.05. In Figure 3] we show some signals from the training
sample, both in dimension N = 64 and N = 256.
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Figure 3: Signals drawn from the joint distribution in the case where both = and ¢ are Gaussian.
(a),(b),(c): N = 64, (d),(e),(f): N = 256. We show in black the original signal z, in red the noisy
datum y = x + ¢ and in green the reconstruction Ry (y) associated with the optimal regularizer.

A.7.2 TImplementation aspects

As expressed in Section 5, it is possible to compute the mean squared error L associated with the
optimal parameter 6* = (h*, B*) and the learned parameters s = (hs, Bs) , v = (hv, Bu)
with an explicit formula. Indeed, since the employed data are synthetically generated, we can take
advantage of the knowledge of u, >, X.. We simulate the computations in Section 3 and in Appendix
[A73] in a finite-dimensional context: here, since for any N the operator 3. is invertible, Assumption
2.8 is satisfied with K = Y. The expression of the regularizer in (12) then reads as

Rh,B(y) = Wy + b7

being W = B2A*(X. + AB?A*)~! and b = (Ix — W A)h. Moreover, as in Appendix we can
compute

L(h,B) = tr[(WA — Ix)S, (WA — Ix)*] + tr[WE.W*] + (WA — Ix)pu+ b|/%.

By this formula, it is possible to compute the mean squared error associated to any parameter 6, and
~ ~ —~1/2

in particular for (h*, B*) = (u, E;/z) and (hy, By) = (B, 22 / ).

In order to detect the empirical risk minimizer (ﬁs, Es), and in particular to compute the quantity

L(ﬁg7 ES), we rely on the same strategy adopted for the minimization of L. Therefore, we first look
for the affine functional Wy + b which minimizes the empirical risk, defined as

~ 1 &
Lyw = — Wy +b— ;]| %;
bW m;” Yy +b—xllx;
then, if the optimal b and W can be written as W = B?A*(X. + AB2A*)"Yand b = (Ix — W A)h,
the pair (h, B) is a minimizer of L(h, B). Thanks to the empirical mean and covariance matrices

1 & - 1 — R N - 1 R N
y:E;yja By = 1(yry)®(yry), ny:EZ;(yry)éé(xru),
J= J= J=

m
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it is also possible to provide a more explicit formula for Zb,W- Indeed,
=" i (W (g5 = DI + s — A% — 20 (05— D)2 — Bx + WG — i+ bl%)
j=
= (WS, W]+ tr[S,] — 26[WEy] + W5 - i + b1},
where we have used that ) (y; — ?j)A: OAand >_;(zj — ) = 0. Thus, the minimizer of wa is the
affine operator associated with W = X, .- Land b = fi—W7. Unfortunately, such W does not yield

the optimal parameter Esz indeed, W cannot be written in the form W = B2A* (X, + AB?A*)7L,
but rather W = M A*(3Z. + AM A*)~!, where the resulting M is not symmetric. We overcome such
issue by considering the symmetric part of M, which we denote by M’. Indeed, despite the operator
W' associated with M is possibly different from the minimizer of Eb,w among the functionals of the
form W = B2A*(3. + AB2A*)~!, numerical evidence shows that the values of L evaluated in W’

and W are very close. Since the former is an upper bound of L(ﬁg, ES) and the latter a lower bound,
we conclude that the expected loss L evaluated in W’ provides a sufﬁcwntly tlght upper estimate of

the value of L(hs, BS) without explicitly requiring the computation of BS and hs

As a final remark, we show how the generalization bounds in probability obtained in Theorems 4.1
and 4.2 can be reformulated in expectation. Let us first consider the unsupervised case, in which

Py [|L(EU,§U) — L(h*,B")| < 53— + ¢4 ‘ﬁ} >1—e".

\F Vm

Inverting n = c;;ﬁ + 04\/—‘/% in terms of 7 we get

Py [|L(hu, By) = L(h*, B*)| < 0] > 1—Geom,
This can be translated into a bound in expectation by means of the following identity:
~ o~ o0 ~ o~ 1
Bavn |[L(h, Bo) = L0, B)| = [ Pacn (1200 Bu) = L0, )| > ] dn § —=.
0 vm
In a similar way, in the supervised case we have (see the Appendix [A.5)

]P)zwpm |:|L(é;) - L(Q*)‘ S ni| Z 1-— ecln_l/Sl

—comn?

Notice that, when  — 0, such bound could be meaningless, as the term e blows up. We
therefore substitute it with the following estimate:

71/5’_02m7]2}

Py [|L(6,) = L(O°)] < 0] > 1~ min{1, e

As a consequence,

Eunpr ||L(hu, Bu) = L0, BY)|] = / Pywpr [|L(hur, Bu) = L(W*, B*)| > ] dn

oo
. —1/s" _ 2
S/ min{1, e“" 2™ dn).
0
1

TV —eamn® yhen ¢~/ > cymn?, namely when 1 < n(m) = ( €l )2“/5 .

Notice that 1 < e€t"

Ca2m
Thus,
Bavpr ||[L(hu, Bo) ~ L0, B)| <m) + [ eon™memay
(m)
0o ~—1/s’ 2 Clﬁl/S/ - CQmWQ = _62
< Hm) + e e gy 1 1
< 7(m) /A e "= gy = B 5 < a5
Veam \/Clﬁfl/S’ + B2 4/ Cam

1
1 © 1\ 777 1
<7 —ﬁd <[ — _
< n(m) + /O e Bw(m) +\/m,
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Sample size, m

Model (1) 3000 6463 13925 30000 64633 139248 300000
N =64, unsup. | 0.00174 0.00119 0.00076 0.00056 0.00038 0.00025 0.00018
N = 64, sup. 0.00398 0.00233 0.00156 0.00111 0.00067 0.00044 0.00031

N = 256, unsup. | 0.00195 0.00131 0.00086 0.00063 0.00040 0.00029 0.00020
N = 256, sup. 0.01369 0.00485 0.00246 0.00134 0.00092 0.00052 0.00037

Model (2)
N =64, unsup. | 0.00177 0.00129 0.00082 0.00053 0.00034 0.00023 0.00019
N = 64, sup. 0.00380 0.00236 0.00158 0.00103 0.00058 0.00044 0.00032

N = 256, unsup. | 0.00199 0.00126 0.00094 0.00056 0.00044 0.00028 0.00019
N = 256, sup. 0.01449 0.00487 0.00250 0.00142 0.00086 0.00058 0.00035

Model (3)
N =64, unsup. | 0.00188 0.00125 0.00083 0.00056 0.00039 0.00027 0.00018
N = 64, sup. 0.00407 0.00240 0.00154 0.00105 0.00069 0.00044 0.00028
N = 256, unsup. | 0.00190 0.00134 0.00088 0.00057 0.00040 0.00028 0.00019
N = 256, sup. 0.01434 0.00503 0.00248 0.00135 0.00089 0.00052 0.00036

Table 1: Tabulated values of the excess risks associated with Figures 1(c),??(c),??(c), computed at
two discretization levels and in three different statistical setups: Gaussian variable  and (1) uniform
white noise ¢, (2) Gaussian white noise €, and (3) white noise € uniformly distributed w.r.t. the Haar
wavelet transform.

1 -5t
and the leading order is (1) ¥/’ which can be rewritten as (\/%) >+ and converges to \/%

for large values of s’ (namely, of s).

Finally, in Table we report the numerical values of the excess risk |L(hy, By) — L(h*, B*)| and
|L(hg, Bs) — L(h*, B*)| associated with all the studied cases.

A.8 Anill-posed inverse problem: deconvolution of 1D signals

We provide a numerical verification of the estimates of Theorems 4.1 and 4.2 for a 1D deconvolution
problem, extending the experiments of section 5 to the case of an ill-posed operator A. We consider
again X =Y = L?(T"), and introduce the convolution operator (Axz)(t) = (k* z)(t) = [ k(t —
T)z(T)dr. This operation can be used to describe the blurring of one-dimensional signals, the
function k being the convolutional filter, or point spread function. In our experiments, we consider
k(t) = X{—r,)(t), the indicator function of the interval [~L, L], and set L = 0.02. Such a kernel

k can be referred to as the average filter. When discretizing the interval T! with N 1D-pixels, the
operator A reduces to a discrete (periodic) convolution with a constant vector k, whose number of
entries is LN. Both at a continuous and at a discrete level, the deconvolution problem is known to be
ill-posed (see, e.g., [38]), and the smallest singular value of the discretized operator vanishes as N
grows. Nevertheless, we expect to observe the same generalization bounds as in the denoising case.

We replicate the same experiments as in section 5, assuming that  is a random Gaussian variable
(with mean g and covariance X5, as reported in section 5) and ¢ is white uniform noise with covariance
Y. = o%I. We fix a noise level of 2.5% by setting o equal to the 2.5% of the peak value of the
average signal. The results of the numerical experiments are reported in Figure @] We observe that in
both scenarios the decay of the excess risk is of the order 1/4/m, and the unsupervised technique still
provides (slightly) better results, which in particular are not affected by the increased ill-posedness of
the operator at a much refined scale.
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Figure 4: Decay of the excess risks | L(fs) — L(6*)| and |L(6;/) — L(6*)| (with standard deviation
error bars) with two different discretization sizes, N = 64 (a) and N = 256 (b), and comparison (c).
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