Proofs and Additional Numerical Experiments for
“Nonuniform Negative Sampling and Log Odds
Correction with Rare Events Data”

Before presenting the proof, we point out that Assumption 2 implies that E{v(x)§%?(x;0)} is
positive definite for a positive function v(x) > 0 almost surely. This is because Assumption 2 means

that Pr{ITg(x;0) # 0} > 0 for any | # 0, and therefore Pr{v'/?(x)ITg(x;0) # 0} > 0 for any
[ # 0, implying that E{v(x)§®?(x; )} is positive definite. We also point out that if a sequence is
op(1 ) conditionally then it is also op (1) unconditionally and vice versa [1, 2].

To facilitate the presentation, define ay = vV Ne®". We notice that
e +F(:B7)

N1 = NE{l T ea*-‘rf(x;ﬂ*)

}{1 Fop(D} = BB} 1+ op()},  (SD)

from the dominated convergence theorem. Thus the normalizing term +/N; for the asymptotic
normality in the paper can be replaced by ayE/2{ef 871,

S.1 Proof of Theorem 1
The estimator éf is the maximizer of

N
(o) = Z [yi9(x:;0) — log{1 + 79},

50 ay (6 — %) is the maximizer of
v(u) = £(0* + aytu) — £(0%).
By Taylor’s expansion,
() — s O+ 050 S (s 0°) (4T ki 0V + Ao + R

i=1

where

) N
E( Z Xz» }g Xza 7

1 N
A= g 3 s ) 0

and R is the remainder term. By direct calculation,

=6 Zgzﬁx“@ +ay @) {1 — 2p(x;; 0" + ay'a) H{u"g(x;; 0" + ay'a)}?
C‘N
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+ o Zaﬁxz,e*w ) {u’g(x;; 0" + ay'a)Hu §(x;; 0" + ay'd)u}
N

d
6 3 Z |:{y1 Xz,a +a } Z Ujy Ujy y'jle(xi;0*+a&lﬁ)u

J1,92=1

where §'; ;,(x; 0) is the gradient of §;, j,(x, @) and 1 lies between 0 and u. We see that

3 N 3 N
u N 1. " 1, dl|u
R < S bt 0 a3 60 07 + ') + A Sy i)
N =1 N =1
a2’ 1ul e gy, dulP &
< — § exp{f(xi; B+ ay't_1)}C(x;, 0" + ay't) + ——— § yiB(x;)
6Nan 4 6aN pt
d[|ulPean vl d|Ju)]® &
< E B(x;) + E y;B(x;) = Ag1 + Aga, (S.2)
6Nay = 6aN p

where C(x, 8) = [[3(x, 0)[* + [|4(x, 0) 1, O)I| + X2 ., 115, (x. || and 6y is & with the
first element removed. From Assumption 1, E(Ag;) — 0 and

Bam) < A4 ZE{ w151} = D g o1 30} 0

Since Ag; and Agy are both positive, Markov’s inequality shows that they are both op(1) so
R = op(1). For Ay, the mean E(A,) = 0 and the variance satisfies that

< u : ) 0" [u x .
viay < ME ZE{p 035 0°)2) < ol ZE /58 o 0%
aN 4Na
[[al* XiB%) 5w %
= “—5-E[e/™F||j5(x,07)]°] — 0
dazy
SO Ag = Op(l).
If we can show that
ay () — N(0, M), (S.3)
in distribution, and
N
ay® Y b(xi0%)§% (xi:0%) — My, (S.4)
=1

in probability, then from the Basic Corollary in page 2 of [3], we know that a (é —6*), the maximizer
of y(u), satisfies that

an (0 —6%) = Mt x ay £(6%) 4 op(1). (S.5)
Slutsky’s theorem together with (S.3) and (S.5) implies the result in Theorem 1. We prove (S.3) and
(S.4) in the following.

Note that N
= Z {yi — p(xi;0") }g(x;;0%)
i=1

is a summation of i.i.d. quantities. Since the distribution of {y — p(x; 0*)}g(x; 6*) depends on
N because a* — —oo as N — oo, we need to use the Lindeberg-Feller central limit theorem for
triangular arrays [see, Section *2.8 of 4].

We examine the mean and variance of ajvlé (6*). For the mean, from the fact that

E[{y: — p(xi;0%)}g(xi;0)] = E[E{yz - p(xi;0%) | Xi}g(xi;a*)xz} =0,



we know that E{a'/(6*)} = 0.

For the variance,

N
V{ay'0(6)} = ay® > V[{y — p(x;0%)}3(xi: 07)] = ay” NE{¢(0")5® (x; 6%)}

i=1
—2 « +‘f(xﬁ ) * ef(xg ) «
— o NEl:{l-i- T 7Bz “(x;0 )] B [{1+ea e 2d S 07).
We have
f(x;8")
e . .
(1 ¢ e T1Gap" }29 #(x;07) — e/ F§9(x;6%)  almost surely,
and
ef (:87)

1+ ca +7GB7) )2 19(¢; 671> < /OB | g(x; ) |* with  E{e/ 5P| g(x; 67)||*} < oo

Note that §(x; 8*) = {1, fT(x;;8*)}T does not depend on N. Thus, from the dominated conver-
gence theorem,

V{an (%)} — E{e/P) 4% (x;0")}.

Now we check the Lindeberg-Feller condition. For any € > 0,

ZE[H{% ploxis )} xi: 67) [P (|{y: — p(xi: 6} (x::0%)]| > ane)]

= NE[H{y — p(x;6%) 15 0P L1y — p(x; 6} (o 67)]| > ane)]
= NE[p(x; 0"){1 — p(x; 0°) }?[|9(x; 0) |21 ({1 — p(x; 0) }(x; 6%)|| > ane)]
+ NE[{1 - p(x;0%) Hp(x; %) }2(|9(x; 0) 1P I([|p(x; 67)d(x; 0")]| > ane)]
< NE[p(x; 0)]19(x; 0") 2 1([|9(x; 6)|| > ane)]
+ NE[{p(x;6")}*[|g(x; 0|1 ([[p(x; 0%)g(x; 6")|| > ane)]
< aNEB{e/ P | 9(x;07)|PT([|9(x; 07| > ane)}
+ aXB{e! P 9(x;07) 1P 1(||g(x; 07)|| > ane)}

= O(G?VL

where the last step is from the dominated convergence theorem. Thus, applying the Lindeberg-Feller
central limit theorem [Section *2.8 of 4], we finish the proof of (S.3).

Now we prove (S.4). This is done by noting that

N
ay’ Y o(xi:0°)5% (xi; 0")

=1

Oé +f(x17ﬁ )
s R2( . O*
Nef’* 2 (1 + e+ Gapy2 Y (xi; 67)
=1
f(vaﬂ )
e . * x:8%) . *
N Z (1 4 e H1Gaip” ))29®2(Xi39 ) = E{e/ 0P §%2(x;0")} + op (1),

where the last step is from Lemma 28 of [5].



S.2  Proof of Theorem 2

First, note that V,, can be written as
V, = E(/ )M M, M
where

F(x:8") .
M = E[{l " %}6”’“" 1592 x:0°)|

We then point out that under assumptions 1 and 2 the condition E[{¢(x) + ¢~ !(x)} B%(x)] < oo

implies the following:
E[{w(x)e! P} |g(x; 67)|IP] < oo,
E[{1+¢7" ()} *|3(x; 67)[|"] < oo,
E{p™" (x)e* 587 ji(x; )]} < cc.

The estimator éw is the maximizer of

N
6i Xt
MOEDS P — [y:9(x:;0) — log{1 + 19 }],

=1 7T(Xi

(S.6)
(S.7)
(S.8)

50 ay (0., — 0%) is the maximizer of v, (u) = £, (0* + ax'u) — £,,(0*). By Taylor’s expansion,

N
R 1 d; T2

wa) = —u £,(0%) + xi;0%)(z; u)* + Ay, + Ry,

) = G 0°) 4 g S 0+ A

where

N
éw(a) = agw(a) - Z 7T( 5Z ) {y7 7p(xi;0)}g(xi70)7

06 — m(Xis i)
N
1 5i . A* T .- *
AZw - 20]?\[ ; ﬂ-(xuyi) {yl _p(Xha )}u g(xmo )u7

and R,, is the remainder. Similarly to the proof of Theorem 1, we only need to show that
ay'lu(07) — N(0, M,,),
in distribution,

N

5.
_9 v e @20 o
aN ;”(Xi7yi)¢<xz’0 )92 (x;0%) — M,

in probability for any u, and Ay, = op(1) and R, = op(1).
We prove (S.9) first. Let 7, = ﬁ{yz — p(x4;0%) }g(x4;0%), we know that 7, i = 1,

(8.9)

(S.10)

..., N, are

i.i.d., with the underlying distribution of n; being dependent on N. From direct calculation, we have

that E(n; | x;) = 0 and
g v —p(xi; 6}
{yi + (1 = yi)pp(xi) }
2 *

* * . * * D (Xl’e ) 2

= p(x;;:0"){1 — p(x;;:0%)}24%2%(x;;0%) + {1 — p(x;; 0*)} ——2—2L4®
( N ( )} g%%( ) +4 ( )} o) Y
2f(x4;8%) )

< e P g82 (x,: 07) 4 p P T 52 (x;; 67).
p(x;)

V(i | xi) =

Xi:| %% (xi;0%)

(Xi§ 0*)



Thus, by the dominated convergence theorem, we obtain that

Now we check the Lindeberg-Feller condition [Section *2.8 of 4]. Denote § = y + (1 — y)I{u <
pp(x)} where u ~ U(0, 1). For any € > 0,

ﬁ;ﬂa{nmn%um > ane)}
= NE[J (x,0)51y — plxs 0} 0TI ()50 — plxs 0} 0% > e
— pNVE [io(x) 7 (x, 1)1y — p(x 8°)}9(x: 0 [PT (| (x,){y — p(x: 0"} (x:0%)]| > awe)|
+ NE[{1 = pe)Hlm ™ (x, y)ydy — p(x; 67)}g(x: 6)
X I(lm (% y)yly — p(xi 0} (x:0°) | > ane)]
= PVE|p(x)p(x: 0")[[{1 = p(x; 0°) 19 0°)PI(I[{1 = p(x; 0°) }(; 0°) | > ave)]
+ NE[{1-p(x:8") o ™ () Ip(x; 6")3(x: 6|
X I(llp™ 9™ (x){y = p(x: %)} (x; 07| > ane)]
+ NE[{1 = pp(x)}p(x; 67) [ {1 — p(x; ") }1g(x; 0°)PI(I1{1 = p(x: 0"} (x:6°) | > ae)]
< pNe B[ p(x)e/ 8 g(x; 67) [P1(3(x; 07) > ane)]
+ N g UE [ (00) e P g x; 07 21 (0™ 0 )y — p(x: 0°)}9(x: 0| > ane)]
+ N B[/ 097 3(x;0") 21 (| 3(x; 6%) | > ane)]
= o(Ne*"),
where the last step is due to Assumptions 1, (S.6)-(S.8), the dominated convergence theorem, and the

facts that ay — oo and limy_,o €%/p = ¢ < co. Thus, applying the Lindeberg-Feller central limit
theorem [Section *2.8 of 4] finishes the proof of (S.9).

ef(xqc;,@*)g®2(xi; 0*)[{1+0o(1)}.

Now we prove (S.10). Let

u_wﬁiix xi:0%)9%% (x;; 0")
Zl Z)’L

1 X ef (xi58)

- nzﬂ- Xlayl 1+ea*+f(xu,6 ))29

(Xﬁ@*)

N
712% 1*y1 I{ul<pgp( )} el (xi:8")

i 0%).
" T -yomelx) (e gl 00

‘We notice that
ef(x§,6*) .®2 . f(Xﬁ*) .®2 %
B(H) =E{ (o eyad 2060} = BLSP 560} o), 5D

where the last step is by the dominated convergence theorem. In addition, the variance of each
component of H,, is bounded by

1 0 .

il ) e2f B |6 x; 0 4}
o 7 196 0)]
<

1 1 "
_F 2B |6 x; 0* 4}
T e it




L L 25 B g gy (14|
< N,,E{{Pw(x)}e 1909 4] = o(1). (5.12)

where the last step is because of (S.7) and the fact that Ne® — oo and e® /p = ¢ <
imply that Np — oo. From (S.11) and (S.12), Chebyshev’s inequality implies that H,, —
E{ef(8") g¥2(x; 6*)} in probability.

In the following we finish the proof by showing that Ay, = op(1) and R,, = op(1). For A, , the
mean E(A,,, ) = 0 and the variance satisfies that

4 _ O L2 5~ OF) ]2
iae) < I g 0 a0l )
day y+ (L=y)pp(x)
~ Jul*N H p(X;O*)} . 2}
< E|{1+——— pp(x;0%)]g(x; 0"
s g o8l 6°)]
||u||4 |:{ ea*ef(x;,@*)} FB8) || 2:|
< El{14+ 5 lefls %092 = op(1),
so Ay, = op(1). For the remainder term R,,. By direct calculation,
N
1'9* 1_2 0" N 8
;wayz (x;;0* +ay'a { p(x +ay u}{u (x +ay'a)}
N
Z” LS00 0" +ay ) {uTgx; 0" + a6 HuTxis 07 + o' u}
i=1 vy J

N d
Z [{yl Xl;e* —"_aElﬁ)} Zuhuh g'jlb(xi;e* +a‘N1ﬁ)u:| )
i1 i Xzayz —
= J1J2

where 1 lies between 0 and u. We see that

N

d; —1 —1. dHu||3 d;
< p(x4;0" +ay 0)C(x;,0" +ay 1) + y; B(x;
6a3, ; (X, Yi) ( N WO N ) 6a3, ; (X, Yi) (x:)

Bean' lull &

I 5 N T
= 6Nay ; (%0, s ) exp{f(x:; B+ aNlu(,l))}C(Xi,g + aNlu)

N

dl|lu 3 51
+ ” 3H Z ( i B(xi)

6ay = m(xi,¥i)

dulPers Il &4 dlul® ¢~ 4
- 6NaN ; W(Xi,yi) (X ) * 6adN ; W(Xia yl)y (X )
= Ag,1+ AR, 2,
where C(x, 0) is defined in (S.2) and G(_) is 0 with the first element removed. From Assumption I,
E(Ag,1) — 0and

E(AR,z2) <

d|[ul® xB"
: E[e/®A) B(x)] — 0.

an

Since Ag,1 and Ap, o are both positive, Markov’s inequality shows that they are both op(1) so
Rw =0 P(l)

S.3 Proof of Theorem 3

Since only Vg, in V, is affect by subsampling, the probability that minimizes tr(Vg,p) also
minimizes tr(V,,). Let Agy, = E{@ 1 (x)e2/*87) 3®2(x; *)}. We notice that

Vub = cE(ef B NM 1 Ag, M !



= cE(e/ 0B )2 {1 + op (1M "B (x)p? (x; )% (x: 07) )M 1,
where the term ¢E(e/*87))e=2" does not depend on ((x). Thus we can focus on minimizing the
term M; 'E{p 1 (x)p?(x; 0%)§%%(x; 0*)} M, .
Note that
P (o 0 )M 2 (x: 0 )M ] = [p(x: )M g(x: 0)|° = 2(x;6").
Thus the problem is to find ¢(x) that minimizes
t2 . 0*
E{(X’)}, subjectto 0 < p(x) < p ' and E{p(x)} = 1.
p(x)
To facilitate the presentation, denote

1

¢= E[min{t(x; 6*),T}]’

which is non-random. We notice that

{257
_ E(CQ[min{izzf*),T}]Q) i E F{H(X;Z:)) - TQ}I{t(X; ) > T}}

_ E({m . ¢min{t(x; 6), T}] ) —E{p(x)} +2E [C min{¢(x; %), T}]

p(x)
C{t?(x;0%) — T?} e
-HE{ %) I{t(x; 0 )>T}}
_ 5 Cmin{t( 09, T} | L TC{PEa07) —T7)
_Eqmp( ) NEE) ] >+E[ e I{t(x; 0 )>T}] +1
=F + FEy+1,

where I(-) is the indicator function. Note that F;’s are non-negative and £; = 0 if and only if

min{t(x;0%),T}

P(x) = Cmin{t(x;0°), T} = groet R

which is attainable because

pmin{t(x;0%),T} < E[min{t(x;0%),T}], almost surely. (S.13)
If ¢(x; 0*) < T almost surely, then Ey = 0 and the proof finishes. If Pr{t(x;8*) > T} > 0 then
T
P -1,

E[min{t(x; 6*),T}]

because if this is not true then we can find a larger T that satisfies (S.13). This means that if
t(x;0*) > T, then
min{t(x;0%),T _
plx) = —nd ) L
Efmin{t(x; 6*), T}]

which minimizes E5 as well since ¢(x) is in the denominator. This finishes the proof.

S.4 Derivation of corrected model (4)

Note that 7(x,1) = 1 and 7(x,0) = 7(x). By direct calculation, we have
Prly=1|x,0=1)
_Pr(y=1,0=1|x)
o Pr(d =1]x)




Priy=1,6=1|x)
T Pry=1,0=1|x)+Pr(y=0,6=1x)
B Prly=1|x)Pr(6=1|x,y=1)
C Priy=1|x)Pr(6=1|x,y=1)+Pr(y=0|x)Pr(6 =1|x,y =0)
p(x;0%)m(x, 1)
P05 00 1) + {1~ p(x; 07 }(x, 0)
e9(x;07)

e9(x:0%) 4 1(x)

e9(x:07)+1

1+ e9(x:0*)+1"

S.5 Proof of Theorem 4

The estimator 6y;, is the maximizer of 0 (0), souy = aN(élik — 0) is the maximizer of

’y]ik(u) = £1ik(0 + a]_vlu) — glik(0)~

By Taylor’s expansion,
mik(u) = aj_\,luTélik(G —|— 0. 5a Z ¢7r X} 0* {u (XZ, 9*)}2 + Aghk + Rk,

where ¢ (x;0) = pr(x;0){1 — p(x;0)},

e9(x;0)+1 ]
Pr(x;0) = [EwTeTE] with [ = —log{pp(x)}, (S.14)
861
gllk(a) 1k Z(S {yz p7r Xza }g sz
Agy = 26 {yz Pr (x50 }u §(xi;0")u,

and R is the remainder term. By dlrect calculation,

N
1
Ry = 6oL Z&Z—qﬁw(xi; 0" + ay'0){1 — 2pn (x5 0" + ay't) HuTg(x;; 0 + ay'a)}?
i=1
| X
+ 6—3 Z(Si@r(xi; 0" + a0 {uTg(x;; 0 + ayta)H{u i(x;; 0% + ay'd)u}

6 26 |:{y‘ Pr X“g +aN Z Ujy Ugiy gjljg(xtae +a'N ) :|

J1,J2=1

where 1 lies between 0 and u. We see that

[ S R e AP
| Rijk| < 0ipr (%3 0™ + any 1)C(x;,0" +ap 0) + —— 8y B(x;)
N Gay =
=1 i=1
[ ean’ Il . 1.
—eNan Zé explf(xi; B+ ay't_1)) — log{pp(x;) O (xi, 8" + ay' )
dl|u]*
+—— 0:yi B(x:)
Gay i=1
||11H3 ay’ ul 1. * 1.
= Nanp Zé o~ xZ )explf(xi; B+ ay -1))]C (x4, 0" +ay 1)

=1



P&

dju|
51‘ iB %
a3, 2 yiB(xi)
P 1M S ) <-
< i % % zB )
< Ny 20 OB() + G > wiB)

= Apya +Age = Apg,1 +op(1),

where (_1) is @ with the first element removed, C'(x, @) and Ary = op(1) are defined in (S.2). For
ARg,,.1, we see that

E{(Vp Za o (x) BOxi) b = o B(1{p(xi;0)9 ™ (x) + p{1 — plxi; 60°)}]B(x))

< ¢ p E(ef %P o7 () B(x)} + E{B(x)}.

Therefore, E(Ag,,, 1) — 0. Since Ag,, 1 is positive, Markov’s inequality shows that Ar, 1 = op(1)
and thus Ry = op(1).

For Ay, , the mean E(Ay,, ) = 0 and the variance satisfies that

u 4 u x8%) *
V(ay,) < 1M1 ol ) 5, 7)) = 0

ZE{@pw (xi:0") (i ") °} <

where the last step is because Assumption 1 implies that e/ ||5(x, 8*)||? is integrable, so
Ay = op(1).
If we can show that

ay' fi(0) — N(0, Ay, (S.15)
in distribution, and
N
an® Y 0in(xi07)§%% (xi:0%) — A, (S.16)
=1

in probability, then from the Basic Corollary in page 2 of [3], we know that ay (@1 — 6*), the
maximizer of vk (u), satisfies that

aN(élik — 0*) = Aﬂkl X a&lélik(g*) —+ Op(l). (S.17)

Slutsky’s theorem together with (S.15) and (S.17) implies the result in Theorem 1. We prove (S.15)
and (S.16) in the following.

Note that {15 (*) is a summation of i.i.d. quantities, 6i{yi — pr(xi;0%) } (x5 0*)’s, whose distri-
bution depends on IN. Note that

E[0{y — px(x;0%)}d(x; 07)]
= E[n(x,y){y — px(x;07)}3(x; 0")]

= B([p(x; 0"){1 — pa(x:6")} = {1 = p(x; 0" } pp(x)pa (x:6")]3(x:6") ) =0, (S.18)
where the last step is by a direct calculation from (S.14) to obtain the following equality
p(x%;0°){1 — pr(x;0%)} = {1 — p(x;0") }pp(x)pr (x; 0%). (S.19)
Thus we know that E{a&lélik(e*)} = 0. The variance of a]_vlélik(O*) satisfies that
Viay' i (67)}

= ay’ NE[0{y — px(x;07)}?§%(x; 07)]
= e " E[{y+ (1 - y)po(x) Hy — pr(x;0)}7§%%(x; 07)]
= = B([p(x 091~ pe(x: 691 + {1 p(x:0") ol (x:69)]5°%(:07))  (5:20)



- e*a*]E<[p(x; 0 ) {1 — pr(x;6)}* + p(x; 0){1 — pr(x;0") }pr (x; 07)] %% (x; 9*)) (S:21)

= B([{1 = pr(x:0")} + {1 = pr(x:0") o (x:0") ] p(x:0°)5% (x; 6)) (5.22)
= e B([{1 - pr(x:07)}* + 6r(x:0)]p(x; 07)§(x;0") ) (823)
= E([{1 = pa(x:6")) + 6(x; 6] {1 — p(x; 0"} ) 552 6) ) 529

where the forth equality uses (S.19). Note that elements of the term in the expectation of (S.24) are all

bounded by integrable random variable e/ *87) || g(x; @*)||2. Thus, from the dominated convergence
theorem and the fact that

[{1 = pr(x:0")} + ¢ (x;0) {1 — p(x;67)}

. 1
=1—pz(x;0%) +0p(1) = 1+ co—1(x)ef (8% +or(1),

we have
ef(587) 682 (x: 0%)
1+ C(,O_l (x)ef(’qg*)

V{ay"6ix(07)} —E } = Ajik. (S.25)

Now we check the Lindeberg-Feller condition. For any € > 0,

N
> E[ 16 s — a5 0°) g 0xi: 07) 2161 i — (32230 b (xi: 67) | > ave)|

i=1
= NE[8]|{y — ps(x:67)}3(x: 0L (3]} {y — P (x: 67} (3x: 0°)]| > ave)
— NE[p(x; 0°){1 = pa (0712305 0°)[21({1 = pa (x: 07} 19 07) | > anve)]
+ NE[{1 — p(x;0") }po(x){pr (x:0*)}*[| 4 (x; 0°) [P L (pp (x)pr (% 0%) | § (x: 0*) || > ane)]
< NE[e* 0B g(x; 07)[1P1(||g(x; 67)|| > awe)]
+ NE[e 08 (07 [g(x: 0°) [21(e 87 g 07) | > ane)]
< a}E[e’ P90 0% 1(|9(x; 0%)]| > ane)]
+ aRE [P |g(x; 0 [21(e” 0P 3(x; 0%)]| > ae)]
= o(a}),
where the inequality in the third step uses the following fact derived from (S.14)
pe(X)pr(x;07) = e TP — p_(x;07)} < e H5FT), (S.26)

and the last step is from the dominated convergence theorem. Thus, applying the Lindeberg-Feller
central limit theorem [Section *2.8 of 4], we finish the proof of (S.15).

Now we prove (S.16). Denote

N
Hy = ay’ Z Sitr(xi30%) %% (x4 0%).

‘We notice that
E(Hix) = Nay"E[{y + (1 — y)pp(x) o (x; 07) 9% (x; 67)]
= e E[{1 - p(x;0")} p(x)px (x; 0" ){1 — pr (x;07) 1§ (x; )]
+ e Elp(x; 0%)px(x;07){1 — pr(x;07)}5° (x; 67)]
= e E[p(x; 0" ){1 — px(x;0")}*§%%(x; 67)]
+ e E[{1 - p(x; 07) }po(x)pa (x; 07)§¥% (x; 67)]
= V{ay "0 (07)} = Agx + o(1), (5.27)
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where the third equality is obtained by applying (S.19) and the forth equality is from (S.20). In
addition, the variance of each component of Hj;x is bounded by

ayt NE{662 (xi;07)]|g(xi; 07)[|'}

< ay' NE[{y + (1 = y)po(x)}px (xi50%)[|g(x:5 %) ||"]

< ay' NE[{p(x; 0") + pp(x) }pr (xi; 07) [ (15 67) |

< 2a'Ne Efe 9(xi; 07"} = o(1), (S.28)

where the last inequality is because of (S.26) and the last step if because Assumption 1 implies
that e/ 587 || g(x;; @*)||* is integrable. From (S.27) and (S.28), Chebyshev’s inequality implies that
Hyx — Ak in probability.

S.6 Proof of Theorem 5

Let 5(x) = 1 4 cp~ 1 (x)e/B7) | We first notice that
[E{e/CP NIV, = MMM + Mt eA o My
= My En(x)e! 57752 (x; 07) M,

and . « —1

[E{e/ PN Vi = Ay = [E{n" (x)e/75%%(x;07) }]
We only need to show that

[E{e/CH NIV, > Ay

This is proved by the following calculation

0 SE([{KI/Q(X)Mf—l . n’1/2(x)Agﬁ}ef(X;ﬁ*)/Qg(x; 0*)]@)2)
—E{ M a(x)e! 92 ;0 )M; b+ B At e () 0992 x; 07 A}
—2]E{ ; el P82 (x; 6%) A hk}
=[E{e/ BNV, + AL - 2A5 = [E{e/SP Y1V, — AL
If ¢ = 0 then k(x) = 1, and we can directly verify that
[E{ef(x;ﬁ*)}rlvw - Al_ikl = Mf—l, (8.29)

S.7 Proof of Theorem 6

For sampled data, (5) tell us that the joint density w.r.t. the product counting measure of the responses

given the features is exp {zhk(a) + Zf\; (Siyili}, whose support has a finite number of possible
values. Thus the expectation E{U(6; Ds) | X} is a sum of finite number of elements, and therefore
the partial derivatives w.r.t. @ can be passed under the integration sign in E{U(0; Ds) | X}. Therefore
we have

o}
- aBTE{Uw Ds) | X}

aBT /U °R D(;) exp {éhk +Z5zyz 1} y

i=1

= /U(H; Ds) exp {ﬁlik(a) + iv:&'yili}dy

/U (0; Ds) exp {Ehk + Z diyil z}fhk(e)dy

=1

=E{U(6: D5) | X} + E{U(6; D)5 (6) | X3,
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where dy = dy x dy x ...dy is a product measure and dy is the counting measure. This gives us that
E{U(8; D)L (0) | X} =1 (S.30)
Hence we have
V{U(6;Ds) — ap Ayl () | X} >0
= V{U(8;Ds) | X} + V{ay Al bik(0) | X} — 203" E{U(6; Ds) {5, (0) | X}A!
= V{U(8;Ds) | X} + ap Al Viay i (0) | XJAL! — 207 Ag
Taking expectation of the above conditional variance and using (S.25), we have
E[V{U(6: Ds) | X}] + ay* A Elay' V{0 (0) | XHAR — 203" Ay
= V{U(8;Ds)} + ay” A {1+ op(1)} — 203" Ay
= V{U(6: D5)} — ayAj {1+ 0p(1)}
=V{U(6;Ds)} — Ny ' Via{l +0p(1)} > 0,

where the last equality is because (S.1) implies that ay? = Ny 'E{e/®8) 11 + op(1)}. This
finishes the proof.

S.8  Proof of Theorem 7

The outline of the proof is similar to that of the proof of Theorem 2. Write 7§°(x, y; 9)=y+(1-

Y)mos(x; 9) and 5% =y + (1 —y)H{u < 793 (x; 9)} where u ~ U(0, 1). The estimator éi is the
maximizer of

N ]
5(6) = Z % [yig(x:;0) — log{1 + e9C::91],

) aN(éf, — 0*) is the maximizer of 7}2 (u) = ég (0" +ay'u) — K}z (6*). By Taylor’s expansion,

K2

5 1 s - 59
Y(u) = —u'r%(6*) + L (x4 0%)(z; +Aﬂ +ng,,
) = ST + g Y i)l ) :
where
5 N 5o
€w<6) = Z : = {yz Xza }g Xza

17 (x,y;9)

N 9
AP =S 07 JuT(x, 0%,
v 2a‘N -1 qu(x yvﬁ)

and Rﬁ is the remainder. Similarly to the proof of Theorem 2, we only need to show that
ay'?(6%) — N(0, AP, (S.31)

in distribution with
Cezf(xL 118*)

AP = E[ef(x“'e*) 192 (%, 0%) + ——————— %% (x;;0%) |,
%%( ) ma (o at? ( )
and for any u,
) N 5B
HY = a3 ————=(xi;0")§%°(xi;0") — My, (S.32)
N ;m )

in probability, and A? = 0p(1) and R? = op(1).
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N K L =
We prove (S.31) first. Let ¥ = m{yl — p(xi;0*)}g(xi;0%). Given 9, n?,i = 1,..., N, are

i.1.d. with mean zero, and the variance satisfies that
V(n? | 9)

{ {y; — p(xi;6%)}?

{yi + (1 — yi) 753 (x459) }

=E {p(xi; 6°){1 — p(xi;0")}?§%% (x5 0%) + {1 — p(x; 9*)}:_2522;01;)).9@2(3(% %) ‘ ’[9}

9%%(x;0%) ‘ 19]

< E{p(x;; 0%)5%% (x5 0%) + 0~ ' P (x:50")§%%(x;0") | &}
< e B{ef 098552 (x;:0%) + (0716 )X 08 2 (x,: 07) )
Since p~'o — ¢; > 0, for large enough N,
V{ay' 2(6%) | 9} < E{e/ B 692 (x,::0%) + (1 4 ¢ L) 0B 682 (x,: 0%) .
Thus, we know that
Viay' £3(67)) — AL
Now we check the Lindeberg-Feller condition [Section *2.8 of 4] given 9. For any € > 0,

N a a ~
ZE{IIU?HZI(HW?H > ane) | 9}

NE[|[{m* (x, 5:9)} 167 {y — p(x; 0" }i(x; 0|
X I {3 (x, 3 0)} 167y — plx; 67} (x; 67) | > anve) | 9]
= VE[{n5"(x,59)} ' l{y — p(x;8")}9(x: 6)
X I,y )}y = plxs 0°)}3(x; 6%) | > awe) | 9]
+ NE[{1 = 73 (x, 3 ) HI{m*(x, 3 9)} "y — p(x: 6°)}g(x; 6
X I,y 9)} " yly — plx; 6°)}3(x; 67| > ae) | 9]
< VE [p(x;0")3(x; 0") |21 (|(x; 6%) | > ane)]
+ NE[g™ [p(x: 07)9(x: 0")|[*1(]| 0™ "p(x: 0°)(x: 07) | > ave)]
+ NE[p(x; 6")]19(x: 6" [P1(3(x;6°)]| > ane)]

< 20X [e/ )| 3(x; 6%) |2 1(]1g(x; 6°)]| > cwe)]

+a2e o 1E[ 27G<iB)| g (x: 0|21 (0 Dg(x;60%)] > aNe)}

2
= O(G‘N )a
where the last step is due to Assumptions 1, the dominated convergence theorem, and the facts

that ay — oo and limy_, o €%/0 = ¢/¢; < co. Thus, applying the Lindeberg-Feller central limit
theorem [Section *2.8 of 4] finishes the proof of (S.31).

Now we prove (S.32). We notice that

- f(x:87)
9| 9) — € .o\ \ —

E(H | 9) E{ (1§ oo F70p ))Qg %(x;0 )} = M + o(1), (S.33)
where the last step is by the dominated convergence theorem. In addition, the conditional variance of
each component of H? is bounded by

18 708 g x: 0°)|
N T (x,y;9)

51 < L pre2raB) g5 07 14) —
8} < BP0 <o) (534
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where the last step is because of Assumption 1 and the fact that N e = 00, e /p — ¢ < oo, and
p~to — ¢; > 0 imply that No — oo. From (S.33) and (S.34), applying Chebyshev’s inequality
finishes the proof of (S.32).

In the following we finish the proof by showing that given 9, A?w =op(1) and Rﬁ =op(1).

For Afw , the conditional mean ]E(Afw | 9) = 0 and the conditional variance satisfies that

o, 19y < N g 10— ps0 Va0 |
v T day y+ (1 —y)me(x,y;9)
ul|*N N A1) "
< PN 511 4 pioe 0% bt 0% e 0% )
N
4
< g 14 g1 o180} 1058 o 0%)7] = o),

4a%;
) Afw =op(1).

For the remainder term R;’z. By direct calculations similar to those used for the proof of Theorem 2,
we know that

N

&||uPeew vl 5? d||u? 5?
R’l9 —B X; —+ C = ’LB Xi
Rl < 6Nay Zﬂo»(x y; 9) (i) 6aj ;wgS(x,y;ﬂ)y o)

= A}%M + Asz

From Assumption 1, ]E(A}gwl) — 0 and E(A}ng) — 0. Since A}gwl and A}?a,ﬂ are both positive,
Markov’s inequality shows that they are both op (1) so R® = op(1).

S.9 Proof of Theorem §

The outline of the proof is similar to that of the proof of Theorem 4. The estimator éf?k is the
maximizer of £2, (), so u% = ay' (62, — 6) is the maximizer of

(W) = (0 + ay'a) — £H(6).
By Taylor’s expansion,

() = ay' Tghk( ") +0.5ay Zéf’w xi;0%){u" g(x;;0%)} + Aelk + tha (8.35)

=1

where ¢ (x; 0) = p? (x; 0){1 — p? (x; 0)},

B eg(x;G)Jr[ ) - ~
Py (x;0) = P with [; = —log{m,*(x;9)}, (S.36)
hk Zéﬂ{yl pﬂ' X17 }g X’H
~ 1 N ~ ~
D, = g 20 0w — P2 (xi5 0) JuT i (xis 0", (8.37)
N =1

and RY, is the remainder term. By direct calculations similar to those used for the proof of Theorem 4,
we know that

N N

3 . p* -1 d, . 9

PSS o A §5 35 ey < @+ DI S

|th‘ 6a3 Z : O(xi, 0" +ay 1) + 3 Z JyiB(xi) < Z
an 6ayy pt 6a3,
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where 1 lies between 0 and u.

Since ¢ = o(p), we know that for large enough N,

E{a;,?’ia?B(xi) ‘ 19}
= NayB{ly + (1 - )3 (x: 9)) B(x) | 8}
< NaffE{[ea*ef(X;ﬁ ) + 07 pt(x;0)| B(x

7}

< ayE{efCBIB(x)} + ayt Aok (67 p)(ef) 1E{ef<>“’||gx9||}3 )| 9}
< ay'B{e/FIBx)} + ay' Al (67 p)(e7@) T'E{B?(x)} = op(1),

where Ay, is the minimum eigenvalue of M;. Thus, Markov’s inequality shows that RY. = op(1).
For AZ _» the conditional mean E(A} | ¥) = 0 and the conditional variance satisfies that

viag, 19) < - ZE{W (50,307 | )
IIUII X8 150 O*
< 71E[6f( B)§(x, 6% — 0
N
) AZ . =op(l).
Now we need to show that given 9
aNléhk( ) — N(Oa Aﬁi(t)a (538)
in distribution, with
APl IE[ e/ 587392 (x; 0°)
! 1+ C@I:li(x)ef(x?ﬁ'*)
and
HY, = ay Z 5267 (x:30%)9%2(x;;07) —» API, (S.39)

in probability, then from the Basic Corollary in page 2 of [3], we know that a N(él‘?k — 0%), the
maximizer of 7%, (u), satisfies that

an(0 = 07) = (AR ™ x ay 7 (07) +op(1). (S:40)
Slutsky’s theorem together with (S.38) and (S.40) implies the result in Theorem 1. We prove (S.38)
and (S.39) in the following.
Given 9, é}?k(O*) is a summation of i.i.d. quantities, 5f{yi — pf(xi; 0%)}g(x;;6%)’s. Using a
similar approach to obtain (S.18) we know that E{a é;?k(e*) | 9} = 0. The conditional variance
of a;,ll;}?k(e*) satisfies that

V{a']_\llghk( ) 19} )
E[{y + (1 —y)7%(x;9) Hy — p2 (x;0%) 1299 (x;0%) | 9]
“E([p(x; 67) {1 — p2(%;6°)}2 + 7% (x; 9) {1 — p(x; 0") }p2 (x; 0°)]§%%(x; 6%) ‘ 9)

=e ]E([{lfpﬂ (x; 0*)}2~+ 2 (x;0%){1 — p(x; 0°)}?]p(x; 07)§%(x; 0%) | D)
=E([{1 - p2(x;0")}% + 2 (x;0"){1 — p(x; 0) }2|{1 — p(x; 0") }e/ B §8%(x; 0*) | ).
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The elements of the term on the right hand side of the above equation are bounded by an integrable
random variable e/ *87)||g(x; 8*)||?, so if 0 = o(p) then

V{ay 2,(6%)} — AR, (S.41)

Using an similar approach as in checking the Lindeberg-Feller condition in the proof of Theorem 4,
we obtain that for any € > 0,

N ~ ~ ~ ~
ZE{IIW{% — P (xi30°)}a(xs: )| 1(1167 {ys — p7 (xi30") }a(x4:07)|| > ae)

= NE 67 |[{y — p2(x: 0"} o 0°) P16 [{y — p2(x: ") }g(x: 0) | > ane) | D]
= NE[p(x;0°){1 = p2(x; 67 11g(x; 671 ({1 — p2(x: 6")}3(x; 67) | > ae) | ]
+ NE [{1 — p(x; ) b9 (x; ) {p? (x: 07) 2 g (x: 67) |2

d

X I(7% (x; D)p? (x;0°) [ 9(x; 0)| > awe) ( qﬂ
< NE[p(x; 67)||9(x; 0°)*1([|9(x; 67)|| > ane) | 9]
+ NE[e* M Bp? (x;0%) )| g(x; 0%) ]I (e P || g(x; 6%)[| > ane) | 9]
< aXE{e? P 9(x; 0[P 1([|g(x; 07| > ane)}
+ aR B[/ 0P g(x; %) I (e B | 4(x;67)|| > ane)]

where the last step is from the dominated convergence theorem. Thus, applying the Lindeberg-Feller
central limit theorem [Section *2.8 of 4], we finish the proof of (S.38).

Now we prove (S.39). By similar derivations in (S.27), we know that
E(H | 9) = V{ay' ((67) | 9} = ARy +op(1). (542)

where the second equality is from (S.41). In addition, the conditional variance of each component of
H f?k is bounded by

an' NE{§°{97 (xi:60")}*|19(xi; 6)|* | 9}

< ay' NE[{y + (1 = y)mg*(x;9)}p7 (xi:07)|g(x15 6") | * | ]

< ay'NE[{p(x; 0%) +75°(x:9) }p7 (x5 )| 9(x55.0%)||* | D)

< 2ay' Ne® B{e/ ™7 (x5 67)||*} = 20 E{e! P ||g(xi: )|} = o(1).  (S:43)

From (S.42) and (S.43), Chebyshev’s inequality implies that I, l’?k — Aﬁi{t in probability.

S.10 Experiments on Pilot Mis-specification

This section complements Section 6.1 in the main text. We generate all data with a logistic regression
model with g(x; 8) = a +xT 3. The total number of data is N = 5 x 10° with N, negative samples
and N, positive samples. When generating data, we tune the bias « to force Ny/N; =~ 400. In
order to test the robustness of our methods, we add an artificial biased to the pilot model, which will
produce skewed sampling probabilities through the equation

7o' (x;9) = min[max{p@os(x), 0}, 1], where  Pos(x) = O (x; 0). (S.44)

We try two types of biases: one on the intercept term « and the other on weights 3.
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S.10.1 Perturb the pilot intercept a.

We perturb & < &+ & x U(0, 1) x log(Ny/N7), where ¢ is a hyperparameter controlling the degree
of perturbation. We try £ = {0.1,0.5,1.0}. As the result will show, perturbing the intercept will not
affect the relative performance for various types of sampling algorithms.

log(MSE)
RO

i —

35
0008 0010 0002 0002 0008 0010

0002 0004 004 0006 o
negative sample rate negative sample rate

0006 0008 0010 056 o5 0008 o010 0002 o
negative sample rate

oa
negative sample rate

(a). x’s are normal  (b) x’s are lognormal (c) x’s are t3 (d) x’s are exponential

Figure S.1: Degree of perturbation £ = 0.1. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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o010 0002 0008 0005 0006 o0 s o
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(a). x’s are normal  (b) x’s are lognormal (c) x’s are t3 (d) x’s are exponential

Figure S.2: Degree of perturbation £ = 0.5. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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00 0006 0008 %04 0006 3 0010
negative sample rate negative sample rate

(a). x’s are normal  (b) x’s are lognormal (c) x’s are t3 (d) x’s are exponential

Figure S.3: Degree of perturbation £ = 1.0. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).

S.10.2 Perturb the pilot weights (.

We perturb 3 < 3 + & x N(0, I), where £ is a hyperparameter to control the degree of perturbation.
We try £ = {0.1,0.5,1.0}. As the result shows, the IPW estimator is pretty sensitive to the perturba-
tion, and optW can be even worse than uniLik when the perturbation is significant (Figure S.6). uniLik
may exceed optLik when the perturbation is too large such that the optimal sampling probability is
significatly mis-calculated (Figure S.6(d)).
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Figure S.4: Degree of perturbation £ = 0.1. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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Figure S.5: Degree of perturbation £ = 0.5. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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Figure S.6: Degree of perturbation £ = 1.0. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).

S.11 Experiments on Model Mis-specification

This section studies the case when model is mis-specified. That is, the ground truth model fall out
of the domain of linear logistic regression model. We design the ground truth model as a two-layer
neural network with non-linear activations:

g(x;0) = a + %tanh(& -xTW)g, (S.45)

where £ is a constant to control the “cut-off" threshold of the non-linear activation tanh. Note that as
& — 0, the scaled tanh function % -tanh(¢ - ) ~ x as shown in Figure S.7. Thus, by tuning £ we
have the control of the deviation of scaled tanh function from a linear, identity transformation.
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Figure S.7: Scaled tanh function approximates identity transformation when & — 0.

We also generate W to be an approximately identity matrix, by setting the diagonal elements of W
to be 1, and draw off diagonal terms to be i.i.d. Normal distribution scaled by a factor ,,. Clearly,
the operator norm |W — I||2—,2 is controlled by £,,. When &, = 0, W = I.

When perturbing the ground-truth model by setting £ and &, (thus W), we need to reset the intercept
« to match the pos/neg proportion to be 1/400. For each experiment setup, we record the tuned « in
the caption for reproducible research.

S.11.1 Ablation study.

When ¢ and &, are extremely small, g(x; 6) ~ o + x* 3. Empirical results shown in Figure S.8
match results without model mis-specification.

\?Q(MS‘E)
| loamse)
log(MSE)
log(MSE)

Ceatvesamplerate T Cnegatvesamplerate "7 negatve samplerate. 7 resative sample rate.
(a). x’s are normal  (b) x’s are lognormal (c) x’s are t3 (d) x’s are exponential

Figure S.8: Degree of non-linearity £ = 1073, £,, = 10~3. Ground-truth intercepts: (a) & = —7.65,
(b) a = —0.5, (¢) a = —7, (d) « = —1.8. Log (MSEs) of subsample estimators for different sample
sizes (the smaller the better).

S.11.2 Tune the degree of activation function non-linearity by trying different &.

We fix £, = 1072 and tune ¢ to study the effect of non-linear activation. Note that when & — 0,
% tanh(£x) ~ x and when ¢ — oo, % tanh(£x) 2 0. As we shall see, the value ¢ significantly affect
the non-linearity of the model. In Figure S.9, we choose a relatively small £ = 0.1 and observe an
almost indistinguishable loss in log(MSE). In Figure S.10 we study the case when £ = 0.5 and find
that it significantly affect the model estimation when x has long tails (Figure S.10(b), (d)). When
& =1, all method crash since the true (non-linear) model deviate from the tractable domain (linear).
In order to avoid this happen, we suggest to re-scale and centering the data before feeding them to
the model. Note that when models are not crashed, optLik still achieves best performance among all
methods.
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Figure S.9: Degree of non-linearity £ = 10~ !, £&,, = 103, Ground-truth intercepts: (a) a« = —7.7,
(b)) a = —0.6, (c) @« = —6.9, (d) « = —1.9. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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Figure S.10: Degree of non-linearity ¢ = 5-107!, £,, = 1073, Ground-truth intercepts: (a) & = —7.4,
(b) a = —0.95, (c¢) « = —6.7, (d) « = —2.15. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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Figure S.11: Degree of non-linearity £ = 1.0, &, = 103, Ground-truth intercepts: (a) & = —7.05,
(b) a = —1.75, (c) « = —6.4, (d) « = —2.85. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).

S.11.3 Tune |W — [||2—,2 by trying different &,,.

We fix ¢ = 1072 and focus on studying the effect of generative process of W to the estimation error.
In Figure S.12, we set &, = 2-1072 to be a relatively small number such that ||[W —I'||5_,2 ~ 0.20 <
1. In this case, each sampling method suffers from model mis-specification with higher log(MSE).
Still optLik is the best among all generative processes of x. In Figure S.13, we set &, = 107! and
[W — I||2—2 = 1. In this case, the noise level is comparable to the ground-truth. All sampling
models crash such that the estimated models deviate significantly from the ground-truth.

-075

10g(MSE)
\ogtM;E)
log(Mse)
log(MsE)

<
0002 0004 _ 0006 0008 0010 0002 000 _ 0005 0008 0010 0002 0004 0006 0008 0010 0002 0004 _ 0006 0008 0010
negative sample rate negative sample rate negative sample rate negative sample rate

(a). x’s are normal  (b) x’s are lognormal (c) x’s are t3 (d) x’s are exponential

Figure S.12: Degree of non-linearity ¢ = 1073, £,, = 2-10~2. Ground-truth intercepts: (a) & = —7.7,
(b) a = —0.5, (¢) @ = —6.9, (d) « = —1.9. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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Figure S.13: Degree of non-linearity £ = 1073, £,, = 10~ 1. Ground-truth intercepts: (a) o = —8.25,
(b) @ = —0.25, (¢) @ = —6.6, (d) « = —2.4. Log (MSEs) of subsample estimators for different
sample sizes (the smaller the better).
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