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1 Proofs for linear regression

This appendix includes proofs for Section 4. It starts by analyzing the solution achieved by applying
gradient descent on a linear regression problem with non-zero initialization, and shows its exact
population risk. Then, this risk is bounded from above by using concentration bounds to bound various
aspects of the difference between the true target covariance and the estimated target covariance.

Recall the assumptions:
Assumption 3.1 (Main Text). XX is non-singular. i.e. the rows of X are linearly-independent.

Assumption 3.2 (Main Text). The pretraining optimization process learns the linear teacher perfectly,
e.g. for linear regression we assume that f (x,0g) = x' 0, for x ~ D.

Assumption 3.3 (Main Text). The fine-tuning converges, i.e. lim;_, o, L (©(t)) = 0.

1.1 Proof of Theorem 4.1

As mentioned in the main text, both parts of the theorem have been proven before [1, 2, 13]]. The proof
is provided for completeness, and can be skipped.

Lemma 1.1. Assume Assumption and that there exists some vector w € R? s.t. y = Xw (i.e.
the data is generated via a linear teacher), then the solution achieved by using GD with initialization
0 in order to minimize:

<1 2
min 3[|X6 — yf5. (1
is
o :PL00+P”W‘ 2)

Proof. First, observe that the gradient step for this problem is
041 = 0, + nX" (y — XOr).
Hence, all of the steps are in the span of X7, and GD converges to a solution of the form:

0" =60,+X"a
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for some a € R™. The vector 8* must also achieve a loss of zero in Equation (I)) (because we know
that w achieves a loss of zero, and GD minimizes this objective). Therefore:

X0 =y
X(0y+XTa) =y
XX"a =y — X6
a = (XXT)"}(y — X6)
= 0" =0y + XT(XXT)" 1 (y — X8y),
with (1) due to Assumption[3.1]
Replacing y with Xw, and by using the definitions of P and P from Section 3, it follows that
0o + X7 (XXT) "y — XOy) = 0y + XT(XXT)"H(Xw — X6))
= (I-X"(XX")"'X) 6y + X"(XX") "' Xw
=P,0p+P|w.

We can now prove the theorem.

Proof of Theorem 4.1 (Main Text). The proof for Eq.1 in the main text is straightforward by using
Lemma[Tl.T]with 8y = 85 and w = 0.

As for Eq.2 in the main text, by Lemma [I.1]it follows that

v=P, 0s+P0r.
Since PH + P =Tt follows that

R(y) = Exop [(xTeT ~f(x @(t)))z] N [(xT (6r —PLOs — PHOT))Q}
= ]Ewa [(XTPL (0T — 95))2] = x~D |:(0T — 05) PLXXTPL (OT — 05)}
= (0T — Hs)T PJ_EXN’D [XXT] PJ_ (0T - 05) = (GT - es)T PEEPJ_ (GT - 05)

= ||20'5PL (OT — 05)”2 .
thus concluding the proof. (]

1.2 Proof of Theorem 4.2: Upper bound of the population risk for linear regression

Recall the Davis-Kahan sin(©) theorem:
Theorem 1.2 ([4]). Let A = EqAoEl + E1A1EY and A+ H = FoAoF{ + Fy A FL be symmetric
matrices with [Ey, E1] and [Fo, F1] orthogonal. If the eigenvalues of Ag are contained in an interval
(a,b), and the eigenvalues of A1 are excluded from the interval (a — §,b + 0) for some 6 > 0, then
I HE|

FTEy| <
[ F7 Eol < 5

3)
for any unitarily invariant norm || - ||.

The following theorem is a concentration bound on the difference between the true and estimated
covariance matrices: HE — ZNJH

Theorem 1.3 (Theorem 9 from [5]]). Let X, X1, ..., X, be i.i.d. weakly square integrable centered
random vectors in E with covariance operator 3. If X is subgaussian and pregaussian, then there
exists a constant ¢ > 0 such that, for all 6 > 1, with probability atleast 1 — e,

\Fa} g(A,8,n),

|1z -2 <= max{



where )
(Ellz[)* _ tr(X) _ >idi

r(X) = < =
( =S TE T o

The following lemma uses Theorem [I.2]to upper bound the dot product between the d — n bottom
eigenvectors of the estimated covariance and the top k eigenvectors of the target covariance:
Lemma 1.4. Forall 1 < k < d such that \;, > 0 it holds that:
-

92, v | < 12271
Proof. In order to use Theorem [1.2| with § = ), to bound ||[VZ, V||, one must show that the
conditions of Theorem.are met. Let A= A+H-= E Eo=V<i, Ag =A<, F1 = V>n,
and A; = A,. Notice that X is a rank-n matrix, and so is the estimated covariance 3, hence
it bottom d — n eigenvalues are zero. Thus, all of the d — n eigenvalues of A; equal zero. Also,
recall that the eigenvalues of X are in descending order. Thus, all of the eigenvalues of A are in

the interval (A\g, A1) and all of the eigenvalues of A; (which equal 0) are excluded from the interval
(0, A1 + Ag). Hence the conditions of Theoremare met and for § = \j:

IVE,(Z - )V

VL, V| < 3
k
O Vanllll® = Z[[ V<l
< "
@ X -3
e
with (1) due to Cauchy-Schwartz inequality, (2) due to \~7>n, V <, being orthonormal matrices, which
concludes the proof. g

We can now prove the theorem.

Proof of Theorem 4.2 (Main Text). Let UL'V7 be the singular value decomposition of X such that
U € R™", V € R**? are unitary matrices and let @; be the i-th column of V.

First, notice that P = X (XX T)~!X can be also writtenas I — V., V7 :
XT(xXx"~'x =vr'ururvivr'oh)-torv?
= vr'ufuarhHuh)-turv?
rr"uh)-turv?

d
Q1o 3 58l =1-V., VL,
1=n+1
Where (1),(3),(4) are due to U, V being unitary, and (2) is due to U(CT ") UT(U(CT ") ~1UT) = L.

From Eq.2 in the main text it follows that:

2
R(v) = ||=°°PL (67 — 0s)|
= (07 —05)"'V., VL V., VT (67 — 05)
= (07 —05)"'V., VL VAVTV., VL (0 - 05),



Notice that P | SP 1 = 0, as was shown in [2]]:
P .5 =P VAV" =P, (Vo Ae, VT, + V2nAs, V)

Wy

= V>nV£nV§nA§nV£n + v>nvgnv>nA>nVT
where (1) is due to Vs, Vgn being orthogonal and ;\j =0,Vj > n.
Then:
R(v) = (0s —0r) PLEP, (05 — Or)
— (65— 67) P, (2 - i:) P (05— 0r)
_\0.5 2
- H (z - 2) P, (65— 0r)

<|=-2|IPL s -00)*, @
where the last inequality is due to the Cauchy-Schwartz inequality.

The next step in the proof is to bound ||[P | (65 — 67)||°. We start by bounding |[P | (85 — 67)| by
decomposing (67 — 05) to its top-k span component and bottom-k span component. First notice

that since P, = V-, VL [P (05 — 07)|| = HV (05 — 67)]], [d]:

IPL (85— 07)| = VZ, (67 — 6o)]|
= VL, VVT (07— 60)|
= VL,V VE(0r — 60) + VI, Vo, VI (67 — 60)|
< VL VllIVEL(O0r — 60) | + VL, Vil VIL(00 — 60)],  (5)

Where the last inequality is due to Cauchy Schwartz for matrix-vector. The last step in the proof is to
bound ||[VZ, V]| by using LemmaVk € [d] : \x > 0, and bound |[VZ, V.| by 1 as follows:

VI Varll < IVanlllVail < 1,
due to V., and V< being orthonormal matrices and because spectral norm is sub-multiplicative.
Plugging (@) into () gives the inequality:
3/2 2

HE—E e
[P<i (65 =07+ ||B 2| [P~ (65 — 61)]

Ak

R(v) <

Since 2a% + 2b% > (a + b)?, it follows that:

2= =

R(y) < [P<i (85 = 0r)[* + 2|5 — | [P (65 - 60)]".

To conclude the proof we apply Theorem [I.3] from [5] to provide a high probability bound for

, as was done in [2]. O



2 Proofs for deep linear networks

In this section we analyze the solution achieved by applying gradient flow optimization to fine-tuning
a deep linear regression task (i.e. a regression task using a deep linear network as the regression
model).

Our results show that the population risk of a fine-tuned deep linear model depends not only on the
source and target tasks and the target covariance, as was shown in the previous section, but also on
the depth of the model. We show that as the depth of the model goes to infinity, its population risk
depends on the difference between the directions of the source and target task (i.e. the difference
between their normalized vectors), instead on the difference between the un-normalized task vectors.

In Section [2.2]this is shown by analysing two settings where this effect is most pronounced: one
where we make an assumption on the target task (but not on the target covariance), and one where we
make an assumption on the target covariance (but not on the target task).

We conclude in Section [2.3]by showing that fine-tuning only some of the layers can lead to failure to
learn.

We begin by recalling some definitions. An L-layer linear fully-connected network is defined as
B(t) = Wi(t)--- Wr_1(H)W(t),

where W, € R%*di+1 for | ¢ [L — 1] (weuse d; = d) and W, € R4, Thus, the linear network is

equivalent to a linear function with weights 3.

The weights of a deep linear network are called 0-balanced (or perfectly balanced) at time ¢ if:

W HW;(t) = Wi (W4 (1) for je[L—1]. (6)

2.1 Proof of Theorem 5.2: The inductive bias of deep linear network fine-tuning

For this section, let u;, v; and s; denote the top left singular vector, top right singular vector and top
singular value of the weights W, respectively. Define ¢ = 0 as the end of pretraining.

Before proving the theorem, we state several useful lemmas.
Lemma 2.1. Assume that at time t the weights W1(t), ..., W(t) are O-balanced. Then W (t) =

w(t)si(t)v] (t),
'l)l(t) = ul+1(t), (7)
and:

si(t) = [B@)I* for L € [L]. ®)

Proof for Lemma[2.1] This proof is a similar to the proof of Theorem 1 in [6]]. Focusing on j = L —1
balancedness implies that:

Wi () "W 1 (t) = WL (t)Wr(t)'.
Hence, W] | (t)W_1(t) is (at most) rank-1 and so is W,_1 (). By iterating j from L — 2 to 1, it
follows that W (¢) is rank-1 for j € [L].

Consider the SVD of the weights at time ¢. Since all weights are rank-1, they can be decomposed
such that

Wi(t) = wi(t)si(t)ui(t) "
Plugging this into (6) it follows that

vy (0)53(010] (1) = w1 (0744 (D) 4 (8) for j € [L— 1),
Thus l|f]roving and showing that the top singular values of all the layers in time ¢ are equal to each
other.

'maybe add in footnote that because the two matrices have the same SVD, their spectra are equal.



We now consider the norm of the end to end solution at time ¢, 3(t):
IBO) = [[W(t) - WL(t)]]
= |lur(t)s1(t)vy sa(t) -~ sL(t)]]

L L L
= [lur () [T sl = [T s:®llwa ()] = T s0(0)-
i=1 i=1 i=1

Since all of the top singular values at time ¢ equal each other, and ||u1|| = 1 by construction, the
result follows. O

The following Lemma is also used in the analysis:

Lemma 2.2 (Theorem 1 from [6]). Suppose a deep linear network is optimized using GE, starting
from a 0-balanced initialization, i.e. initialization in which weights are 0-balanced. Then the weights
stay balanced throughout optimization.

We are now ready to prove the theorem.

Proof of Theorem 5.2. First consider the pretraining of the model under Assumption[3.2} Assume
that before the pretraining, the model weights are perfectly balanced. From Lemma[2.2]it follows that
after pretraining on the source task, i.e. at £ = 0, the weights of the model are still balanced. From
Lemma [2.1] this means they are also rank-1. From Assumption

Xsﬁ(o) =Ys,
and since ng > d this implies:
B(0) = 05. ©)
Lemma 2.1|gives us that:
L
B(0) = W1(0) -+~ WL(0) = uy (0) [ ] 5:(0) = w1 (0)s}(0),
i=1
Hence:
0s
u1(0) = ——,
1O = g
and
51(0) = ||0s] 7", (10)
Hence:
W1(0) = wr (0)s1(0)0] (0) = 210570 (0) = 8w/ (0). (1D
! 65l ! CA .

We next analyze the fine-tuning dynamics. Lemma [2.2] ensures that if the pretrained model has
0-balanced weights, then the weights will remain 0-balanced during finetune. This implies that
Lemma 2.1 holds for all £ > 0.

Observe the gradient flow dynamics of the layers during fine-tuning:
Wi(t) = —WLi(t) - W ()X r(t)WE(t) - W (t) for L € [L],
where 7(t) € R™ is the residual vector satisfying [r]; = x;/ B(t) — y;.
From Lemma 2.1}
Wi(t) = — i1 (t)sima ()ui_y (Hvia(t)sia(t)ui_o(t) -
vi(t)s1()uf (X r(tjor(t)sp—1(ui(t) -
V1 () s ()ufy (¢) for 1 € [L].



Using (7) and () it follows that V¢ > 0:

Wi (t) = —v_1( (Hsl ) ) TXTr( (H si(t >ul+1 t) forl € [L]

1=l+1
= —v1 (s Ouf ()X r(t)s"H(t)uf, (¢) for L € [L].
For W1,
Wi () = —XTr()s= (0)ud (1) = —XTr(t)s“ (0] (1), (12)

Where the last equality is due to (7). Hence W, is always a rank-1 matrix whose columns are in the
row space of X. This implies that the decomposition W into two orthogonal components Wi and

W/ so that W = P W, and W{ = P, W, yields that V¢ > 0 it follows that
Wi (t) =0,
W!(t) = Wi(t) = XTr(t)sE (#)oT ().

Hence, W1 () does not change for all t > 0. Using it follows:

Wi (t) = W1 (0) (13)
=, \—7F=F7 ()
<||95|| o
PLOS T
= ————v; (0). (14)
los| =

The next lemma states that v; (¢) does not change during optimization if |[P | W1 (0)|| . > 0.

Lemma 2.3. Suppose we run GF over a deep linear network starting from 0-balanced initialization.
Also assume that at initialization W1 (0) is rank-1 and:

[PLW1(0)[| >0,
Then for all t > 0:
U1 (t) = V1 (0)

Proof. Assume towards contradiction that there exists ¢ > 0 s.t. v1(t) # v1(0).
From W/ (t) being rank-1 (Lemma[2.1)), it follows that

PLWi(t) =Prui(t)s(t)v] (t) = (PJ-ul(t)s(t))vlT(t)7
And from the decomposition of W1 (t) to W!( t) and W1 (), (13) and W1(0) being rank-1 it
follows that:
P Wi (t) = Wi (t) = Wi (0) = PLui(0)s1(0)v] (0),
Hence:
(PLu1(t)s(t)) vy () = (PLu(0)s1(0)) vy (0).
From (12) we see that the orthogonal part of w; (t) does not change during fine-tune:

Uy (t) = Wy (t) - 86\7121(%) = XTrt)sE () ol (v, (t)s(t) = —=XTr(t)s"(t)
hence:
PJ_/Ull(t) =0= PJ_ul(t) = PJ_ul(O) (15)

Since vy (t) # v1(0), and because non-degenerate singular values always have unique left and right
singular vectors (up to a sign), W1 () = W1 (0) only if:
s(t) = 51(0) = 0,

by contradiction to the assumption that s1(0) = [|[PLW1(0)||» > 0, or if v1(t) = —v;(0) and
P, u;(t) = —P_u;(0), which contradicts (I3). O



In the case where |P; W(0)|z = 0, since P, W;(t) = P W;(0), it follows that W, (t) =
PHVVl(t), which is similar to the case in [7]], for which the solution is known to be PHOT. Also,
from (T4)), this implies P, 85 = 0, and the expression for the end-to-end solution in Eq.5 in the main
text holds.

The analysis continues for [P W1 (0)]|, > 0. By using Lemma|[2.1]and Lemma|2.3]it follows that:
1
WHOWa () Wi (t) ¥ WEHO)Wa(t) - Wi (1)
2y PO
@ %UI(O)V"E@ - W (t)
10s]]"=
(3) P,6g T

= L0 ol )80 T

4 P,0g T L—1

= ——=v (Hu ()BT

- () s 1o

With (1) due to (I3), (2) due to (I4), (3) due to Lemma[2.3] and (4) due to Lemma 2.1} From the
requirement of Assumption [3.3that lim, . X3(t) =y, it follows that:

lim le(t) . 'WL(t) =Yy

t—00
= lim XWI () Wot)-- WL(t) =y
= lim W (1) - Wa(t) - W, (1) = XT (XXT) 'y, (17)

Which is the only solution for this equation in the span of X, and due to Assumption [3.1]
Eq.5 in the main text follows from (I6) and (T7):

lim B(t) = lim Wi(t) - Wa(t)--- W (1)

t—o0

= lim (W! (t) + Wf(t)) W (t) - Wi (1)

t—o0
= lim Wi(t) - Wa(t) - W (t) + W (1) - Wa(t) - Wr(t)
- <|hn“_’°"ﬁ(t)>LPLOS+P|0T. (18)
A

To prove Eq.6 from the main text, consider the norm of lim;_, - B(t).

2(L—1)
i L
| 1im B(0)]| = | (1ime=oe SO [P L6s]% + [P 67|
t—o0 ||05H
limy e BON) T
. imy— 00 B(1 L
=l lim B®)[* = (fe) 1P 65* + [Py 6|
B sl
im0 BN T
. 1Mt 00
=| Jim B(#)||* ~ (3) P65 — |[Py6r]* = 0.
B sl



At the limit L — oo we get:

2(L—1)

) IPL6s|P — P67

[ 1m0 B(E)
105l

<|| limy o0 limy o0 B
05|

(l6s11” ~ 1P L05]12) = [Py,

. . 2
jim {1 (o1 -

—|| tim lim B(t)]2 -

l— o0 t—o0

2
t
( )”) 1P| — [Py6r]? = 0

10s]I”
Thus:
[ Xm0 limy o0 B(8)] 1Py 67| _ [Py
165 ~ VI6sIP =P L6s[? 1Py 65l
And it follows that at this limit:
lim lim B(t) = MPLHS +P0r. (19)
L—00 t=00 1Py 0s]|

From the same lines of proof as in Section[I.T]it follows that
Corollary 2.4. For the conditions in Theorem 5.2 in the main text,

2

P06

2.2 Proofs of Theorems 5.3 and 5.4: How does depth affect the population risk?

Corollary above contains dependence on P which is a random variable. We next provide
high-probability risk bounds that can be derived from this result. The bounds are obtained under
slightly different assumptions, either on the target task or on the target distribution, but both highlight
the fact that fine-tuning in the L — oo case will depend on 05 — O rather than the un-normalized
0s —0r.

Recall the definition of the fine-tuning solution as L — oc:

B2 lim lim B(t).

L—oo t—o0

In the first setting we will assume that @7 is a scaled version of 8¢, without any assumptions on D.
Theorem 5.3 from the main text demonstrates a gap between perfect fine-tuning for the L — oo case
and non-zero fine-tuning error for L = 1.

Proof of Theorem 5.3 (Main Text). First notice:

Po Pjab P,6

HHTH:HHQSHZQHHS”:m 20)

1Py 0sl [Py 6s]| 1Py 85l
which from Eq.6 in the main text gives the solution

B=aP,0s+ PHOT =P,0r+ PHOT =07.
On the other hand, for the L = 1 solution = it follows from Eq.2 in the main text that
2 (7] 2
HEO'5PJ_ (6 — 05)” — HEO&PJ_ (9T _ T)
o
a—1\2 0.5 2
- [=07P 0y,
o

which is greater than zero for all o # 1. |



In the second setting we assume that D = A/(0, 1)?, without any assumptions on 7. Here it shows
that while the population risk of the L = 1 solution depends on |8 — 6|, the population risk
of the infinitely-deep linear solution depends on the normalized HéT - éSH and ||@r||, i.e. on the
alignment of 81 and g and the norm of 0.

Theorem 5.4 (Main Text). Assume that the conditions of Theorem 5.2 hold, and let X ~ N'(0,1).
Suppose n < d, then there exists a constant ¢ > 0 such that for an € > 0 it holds that with probability

at least 1 — 4 exp(—ce?n) — dexp (—ce?(d — n)) the population risk for the L — oo end-to-end 3
is bounded:

d—

RrB) < 0w 92 lorl 6r - bs| + o) 1)
Jor C(||07])) = €|0r]|. Forthe L =1 linear regression solution =y this risk is bounded by
d—n
Riy) = ——(1+ €)* |67 — 05|

Proof of Theorem 5.5 (Main Text). We start by analyzing R(3):
P60z
EO.E)P 0 _H |T0>
‘ l( T eyes|
Pyes)

2
|PLO7|
P 0 — ———0
‘ L<T Pyos]

where (1) is due to 3 = I from the definition of the distribution of X. We then bound the RHS with:

2
[Py 6r|
P (”T ey

2

R(B)

2

—~
~—

)

< ||PL <9T - “i:g:” > -Py (H0T|| (6r - és)) +P. (||9TH (6r — és))
2
P 6r N . ~ ;
<|e. (eT oo ) P (Iorl (0r - 65) | + [P (16:1 62— 09)]"

We see that we can bound the expression on the left:

120z, A4
P, <9T W Py (HBT” (OT - 05))

2

2

[Py 6r|| 5
o, (6, 20Tl _g. 1|10, 6
L( T pesl| T (8] 9s

2
6zl ,  [[Py0r]
_p 05 05
. (95| 2

6] ||Py6r|

<||P.O
o <||93|| P65
or [
<ip. gu2 16zl _ [Py0r

10



Let P be the projection matrix onto the row space of X, then from [8], P is a projection onto
a random n-dimensional subspace uniformly distributed in the Grassmannian Gg,,,, and P is a
projection onto a random d — n-dimensional subspace uniformly distributed in the Grassmannian
Ga,d—n-

According to Lemma 5.3.2 in [9]], with probability at least 1 — 4 exp(—ce?n)

L—e|lfrl _ [P0zl _ 1+¢€]6r]
Ltellfsll = [Py0s] — 1—e0s]

which bounds:

|0z [P0z
10sll [Py 65|

2
< ’ [0r]  1+e]o7] 2
0s]] 1—¢€l6s]

_(lear)? e
10s]) (1—€)?
Again, by applying Lemma 5.3.2 from [9]], with probability at least 1 — 4 exp (—ce?(d — n)) —
2exp (—ce*(d —n)) :

ad—n
IPLOs]” < (1+¢)?

o0 61 00)* < 00 it (00

Thus the following bound is obtained:

[P0zl \ b f
m(eT L He) P (lor] (6 - 65))

(1+e) d—n o2 )0r]°

2

R(B) < + [P (16rl@r - 69)) |

<(14e2dzm —||16zli (67 - 65) H [CA
=7 a1 gy
14+€)*d—n

=+ L orl @ - 0+ AL A

Define (([|0z]) =

(1 €)

Now for the upper bound of the population risk of the L = 1 solution ~. Look at Eq.2, and from P
being a random projection, it follows that with probability at least 1 — 2 exp (—ceQ(d — n))

R(y) < |[=°°P . (61 — 05)|”
= |IP (87 — 65)|

d—n
<@ +€)2T |67 — 05|

2.3 Proof of Theorem 5.5: The effect of fixing layers during fine-tuning

Proof. Since we assume that the weights before pretraining are 0-balanced, it follows from Lemma[2.T]
and Lemma [2.2]that all layers W (t), ... W(t) are rank-1. From Assumption [3.2]it follows that at

the end of pretraining 3(0) = 8, and from (TT) it follows that 1 (0) = 0.
Consider the setting where the first k£ layers are fixed. It follows that

W(t) = W;(0) Vt>0, 0<i<k.

11



Then from Lemma it follows that for ¢ > 0 and for any x € R<:
X' Wi(t) - Wi(t) = x"W1(0)--- W,(0) = x"u;(0) ﬁ 504 (0)
i=1
=x" |85 w1 (0) 65] 7" v (0)
=x"05|0s]" 7 v (0) = [|0s]"* (x,05)v] (0).
Let’s define
b(t) = Wi (t)--- Wi(t),
then for any constant ¢, (t) = (vg, b(t)) it follows :
x"B(t) =x"Wi(t)--- Wi(t) - Wi (t)--- Wi (1)
= (1651l " (x.05)v] (0)b(1)
= c1(t) 05" (x. 85).

By setting ¢(t) = ¢;1(t) H05||k7L/L we conclude the proof.

12



3 Proofs for the shallow ReLLU section

This section shows that fine-tuning from a shallow ReLLU model pretrained on 85 has sample
complexity depending on ||@7 — Og||, compared to training from a random initialization which
depends on ||07||.

We would like to adapt the results from [[LO] to the case of fine-tuning in the NTK regime, where we
can take better advantage of the fact that the bound in Theorem 4.1 in [10]] fundamentally depends on
|3, thus enabling us to bound the distance of each weight from ¢ = 0 by using y instead of y for
our case, where w(0) is known.

The proof scheme is as follows:

1. First we show that [|[H(t) — H®|| = O(\/%) thus ensuring we are indeed in the NTK
regime for m bounded from bellow as in Theorem 6.1 from the main text.

2. Then, we can use an adaption of Theorem 4.1 from [10] to bound the distance of each weight
[y (t) = wr(0)[| Vr € [m)].

3. Since W(0) is fixed, we can use the Rademacher bound in Theorem 5.1 from [10] with
W (0) instead of W (init) to obtain a bound that depends on y ' H*®y instead of y " H*y.

4. Fory = X(01 — Og), we can use Corollary 6.2 from [[10] with 3 = (61 — 65) to obtain
the generalization error using the Rademacher bound above.

3.1 Staying in the NTK regime

Start with the first item: showing that |H(¢) — H®|| = O(ﬁ) This is done by bounding the

distance each w,.Vr € [m)] travels during both the pretraining and fine-tuning optimization, which
is achievable by using Theorem 4.1 from [[11] "as is” for the pretraining part, and adapting it to the
fine-tuning part.

< 1 for all

Assumptions For brevity, we assume for the pretraining data that |xg,| < 1,]|ys,
i € [ng]. Also assume the following for all results:

Assumption 3.1. We assume that W (init), i.e. the weights at t = init, were iLi.d. initialized
w,. ~N(0,1), a, ~ unif [{—1,1}] forr € [m].
Also assume for X, X:

Assumption 3.2. Define matrix H* € R™*"™ with
H;7 = Ew~n(o,1) [xiij]I {wai > O,waj > O}] .

We assume \g = Amin (H*®) > 0, and Moy = Amin (HZ) > 0 for Hg being the NTK gram matrix
of the pretraining data Xg.

The assumption that Ao > 0 is justified by combining Assumption [3.1)and Theorem 3.1 from [1L1].
The assumption that Ao, > 0, which is actually the assumption for Theorem holds for most
real-data data-sets and w.h.p for most real-life distributions, as discussed in [11].

n’ € €

Assumption 3.3. We assume that m = (7A35f:263>’ k=0 (\/S—S + 7‘%) and np = O (—33)
A
1s =0 (3)

We now restate a few results from [[L1] which are applied directly for the part of pretraining:
Theorem 3.4 (Theorem 3.1 from [L1]). If for any i # j, x; }f x; , then Ao > 0.

Theorem 3.5 (Theorem 3.3 from [L1] for pretraining). Assume Assumption Assumption
and Assumption[3.3| hold, then with probability at least 1 — & over the random initialization at time
t = init, we have:

% lys — u(init)|| = O (ns/9).

13



Lemma 3.6 (Lemma C.1 from [10]). Assume Assumption Assumption[3.2land Assumption|[3.3]
hold, then there exists C > 0 such that with probability at least 1 — § over the random initialization
at time t = init we have

4/ns ||lys — u(init)|
\/EAOS

|w,.(0) — w, (inif) ||, < Vr € [m].

Plugging Theorem [3.3]into Lemma [3.6] we get:

Corollary 3.7. Assume Assumption[3.1| Assumption|[3.2land Assumption[3.3|hold, then there exists

C > 0 s.t. with probability at least 1 — 26 over the random initialization at time t = init we have
Cng

Vmihe.

Lemma 3.8 (Lemma 3.2 from [11)). If w1, ..., w,, att = init are i.i.d. generated from N'(0, 1), then
with probability at least 1 — 6, the following holds. For any set of weight vectors w1, ..., W,, € R?
that satisfy for any r € [m], ||w,(init) — w,|, < 65:2)‘0 for some small positive constants c, then the
matrix H € R™*" defined by

|w,(0) — w,(init)||, < Vr € [m].

m

H;; = %xij ZH {W:Xi > O,W,TXj > ()}

7
r=1

satisfies |H — H(init)||, < % and Apmin (H) > %

We state the following lemmas that is used in the analysis:

Lemma 3.9 (Similar to Lemma C.2 from [10]). Assume Assumption@hold& For some R > 0 we
define:

A, & {|x] w,(init)] < R}, (22)
then with probability at least 1 — 0 on the initialization of W (init) we get:
2R

b)
2TK

E[I{A,}] <

and:
& mnR
> tand =0 ().

where the expectation is with respect to W (init).

Proof. Since w,.(init) has the same distribution as A/(0, x2) we have

E[I{A,;}] < E[I{|x; w,(init)| < R}]

S| 2 /2
= Pr )[|z\§R]:/ e T/ g

2N (0,52 R V27K
2R
BR2LTE

Then we know E >0 S T{A, ;}] < 2\;’%—:5 Due to Markov, with probability at least 1 — & we
have:

S A o (M),

i=1r=1

We now state our equivalent for Theorem 4.1 from [[L1] :
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Theorem 3.10 (Adaption of Theorem 4.1 from [I1]). Suppose Assumption[3.1and Assumption|3.2]
hold and for all i € [n), ;| < C for some constant C. if we set the number of hidden

nodes
n° ||yl ng
:Q 2 S i
m (Agaz +)\6"SI€263),

and we set the step sizes np = O (%), ns =0 (%) then with probability at least 1 — 2§ over the
S

random initialization we have fort = 0,1,2,

A -
Iy ol < (1-20) 151 )

4vn|y|l
VmAg

Proof of Theorem[3.10] We follow the exact proof as in [[I1]], with the exception of using Lemma [3.9]
instead of Lemma 4.1, and Lemma 3.8 instead of Lemma 3.2.

er(t) - WT(O)” S Vr € [m]

The lower bound for m is derived from the requirement on the constant R that bounds the distance of
w,.(t) from the random initialization at ¢ = init. Notice that:

[wir () — wr(init) | < [[w,(0) = w,.(init)[| + [[w,.(¢) = w,(0)]|,  Vr € [m],
where the bound for the left expression on the R.H.S is given by with probability 1—4§ by Corollary
The bound for the right expression on the R.H.S is given as a corollary of 23):

<« || 0L (X, ©(s)) VA lly - u(s)]|
W, (1) — W, (0)]] < FR T <y Y AT
”Zﬁ ow, (5) ‘"2: NG
n)\g ) s/2

<ny VU

Vi (1- % _ _ 4yl
SU;JTHY u(s)| = N

ly — u(s)]l
70)5/2

; _ _Cns 4Vnllyll ; ; ;
Hence we require R = Vinbho + e From this requirement we derive the lower bound for

m. O

Using Corollary [3.7]and Theorem 3.10| we obtain a the following corollary:

Corollary 3.11. Assume Assumption[3.1) Assumption[3.2)and Assumption[3.3|hold, exists C' > 0 s.t.
with probability at least 1 — 20 over the random initialization at time t = init we have

Wi (t) — wy(init) || < [|w,(0) — w,(init) ||, + [[w,(t) — W, (0)[[,
. Cns 4Vl
o Vv m5)\05 \/ﬁ)\()
Restate Lemma C.2 and Lemma C.3 from [[10]:

Lemma 3.12 (Adaption of Lemma C.2 from [10]). Under the same setting as Theorem[3.10} with
probability at least 1 — 86 over the random initialization, for all t > 0 we have:

n2ns
H(0) — H(init)|| p = O | ———~—
| EL(0) — (i) O(WM%Mﬁ),

n?ng N n”? ||y ||
\/763/2A05 \/mAOI{&
n’2 ||yl
Z(t
1Z(t) — Z(0)||p = (\/\ﬁﬁ/%)\os * VmAgrd |7
for Z(t) £ 3557, S T{w] (0 > 0},

Vr € [m].

J51(0) ~ H1Gii) = O (
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Proof. For the first and seconds equality we use the exact proof of Lemma C.2 from [10], replacing

the value of R with \/T%lf and \/T%lf + 4\/‘/%\&0 I respectively (by using Corollary [3.7| and
Os Os

Corollary [3.11] to bound the norm of the distance of each weight from initialization). The third
equality also follows the same lines, with the difference being in:

n m

2 1 4yn |y
E {||Z(t) - Z(O)HF} = ;;E [H{Ar,i} + H{[[w,(t) — wr(0)[| > \/771)\0}}
1 2R n
< —-mn- + —6.
m 2tk M

The last pass is justified due to the bound on ||w,.(¢) — w,.(0)]| for all » € [m] with probability 1 — §
from Theorem[3.10] The wanted result is obtained, again, by plugging the R.H.S of Corollary [3.11]
instead of R. U

Lemma 3.13 (Lemma C.3 from [10]). with probability at least 1 — 6, we have ||H(init) — H*|| =
0 ny/log %

—~m |
Using the results above, the wanted results of this section follows:

Corollary 3.14. Under the same setting as Theorem[3.10} with probability at least 1 — 96 over the
random initialization we have have

nQns n’/? HS’”
H(t)—-H>||=0
| H(t) l (\/m(g-?/z)\osﬁ T \/ﬁ)\omS) ’

0o n2n5
Jri00) -~ F< =0 (e ).

Proof. This corollary is direct by bounding || H(¢) — H*|| < ||H(init) — H*|| + || H(¢) — H(init)]|
and using Lemma [3.13] and Lemma [3.12] to bound the R.H.S for the general ¢ > 0 case and for
t=0. g

3.2 Bound the distance from initialization

Write the eigen-decomposition
n
H>* = Z )\i’UZ"UZT,
i=1

where vy, ...,v, € R™ are orthonormal eigenvectors of H* and Ay, ..., A\, are corresponding
eigenvalues. also define

L) £1{w, (t)x; >0}.
Theorem 3.15 (Adaption of Theorem 4.1 from [10]). Assume Assumption[3.2}] and suppose m =

n°||3 13 n'nZ|yll3 ; " mitializati
Q (625252/\3 + XL AZR250 ) Then with probability at least 1 — § over the random initialization

before pretraining (t = init), forallt = 0,1,2,... we have:

n

ly —u®)lly = | (1 —nr) (v]§)" +e (24)

i=1

We first note the important difference between this result and the original theorem is in the treatment
of u(0), the predictions of the model at t = 0. While the original theorem shows that these predictions
could be treated as negligible noise (for large enough m), we instead use them as part of the bound to
the convergence of the training loss.
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Proof. The core of our proof is to show that when m is sufficiently large, the sequence {uw(t)},~,
stays close to another sequence {@(t)},-, which has a linear update rule:

u(0) = u(0),
a(t+1) =a(t) — nH> (u(t) —y). (25)
From (23) we have
a(t+1) —y = (I-nH>) (u) -y),

which implies
a(t) —y = (I-nH>)" (a(0) —y) = —(I - nH>)'y
Note that (I — nH*)? has eigen-decomposition

n

(I—7H®)" => (1 -n\) v,
i=1

and that y can be decomposed as

n
y=> (v 3)v
=1

Then we have
a(t) —y ==Y (1—n\)' (v y)v;,
i=1

which implies

la(t) -yl = (1 —n\)* (v 5)% (26)

i=1

To prove that the two sequences stay close, we follow the exact proof of Theorem 4.1 in Appendix C
of [[10]. We start by observing the difference between the predictions at two successive steps:

wi(t+1) — Zar (we(t+1)"x;) — o (W, (t) Tx)]. (27)

For each i € [n], divide the m neurons into two parts: the neurons that can change their activation
pattern of data-point x; during optimization and those which can’t. Since |x;| < 1, a neuron cannot
change its activation pattern with respect to x; if |x; w,.(init)| > R and |w,.(t) — w,(init)| < R for
the value of R in Corollary [3.T1] Define the indices of the neurons in this group (i.e. cannot change
their activation pattern...) as as S;, and the indices of the complementary group as S;.

From Lemma we know that with probability 1 — 4, for R = (\/ifi + %)
mMoAog m

ns Vi llyll ))
S| <0 + : (28)
15 ( (V médos VMo
Following the same steps as in [[10]] and notice that can be treated as:
u(t +1) —u(t) = —nH(?) (u(t) —y) +€(?), (29)

where:

(t) 2 —— Z (Wolt+1)"x;) — o (wr(t) ' x;)]

% g — yj)ijxlv Z ]Irﬂ(t)]l

reS;
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Next use (28) to bound ||€(t)]|:

le(®)ll, < lle(t <Z%wa0 yll,

I€(53/2 )\0 \/ﬁ)\og ~ Yo

n? 0|y g
:O<ﬁ;pm<¢yfb+¢mo>>w@_ym.

Notice from Corollary that H(t) stays close to H>. Then it is possible to rewrite Equation (29)
as

u(t+1) —u(t) = —gH™ (u(k) —y) +¢(1), (30)
where {(t) = —n (H>® — H(t)) (u(k) — y) + €(t). Using Corollary 3.14]it follows that

1€, < — E(0) | flutt) — yl, + et
o (Tl y e fut) -1
“ U\ Vmrore | imho, k032 Y2

n? Ng
+0 <\/ﬁnn53/2 <\[)|\|OY|2 \/ﬁ)\05>> Jut) =yl

n®2 |1yll, nm’n,
t) — . 31
(M + e ) luo) -, 61)

Apply (B0) recursively and get:
t—1
u(t) —y =—T—pH®)' 3+ > T—nH®) (({t—1-5). (32)
s=0
For the left term in (32)) we’ve shown in (26)) that:

(T —nH®) (y)], = \IZ(l—n/\i)Qt(vﬁ')Q-

The right term in (32)) can be bounded using (3T):

t—1 t—1
S @A=gHX) (- 1-s)|| <Y [T—nH>[3[¢E-1-5)],
s=0 2 s=0

t—1 5/2 H 2
s ¥y nm-ns
<Y - o) —1-s)—
- 5:0( o) ( Vmrd g + \/m/\osli(53/2) et $) =¥l

S i A P T P WANE T Yo
< ) . o ~
= Sz:%( n 0) ( \/7,%(;)\0 + \/EAOSK/(S':%/Q) ( 4 ) Hy||2

n

—1 -
<tl1= @ t o) 2 ||Y||2 + nm*ng (241
- 4 \/71€(5)\0 \/m)\os Kk63/2 |
Combining all of the above it follows:
77)\0 nn®/? HS’“; nn*ng 171l
t) — = 1—nX)?( )2+0 1 - —
Hu( ) y||2 ;( n ) U y ( \/mﬁl(s)\o + \/ﬁ)\osﬁag/Q

- no/2 IIYH n°ns ||y
= 1— )2 )2+0 2 s 1Y1l2 .
;( M) (0] 3) ( TRON | Ao Agro% 2
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where we used max {t(1 —nXo/4)""1} = O(1/(nXo)). From the choices of x and m, the above
error term is at most e. This completes the proof of Theorem [3.15] O

3.3 Deriving a population risk bound

Before proving Theorem 6.1 from the main text, we start by stating and proving some Lemmas:

Lemma 3.16. Suppose m > k2 poly (||57H2 T, Mg, /\51, /\asl7 5‘1) andn = O (%) Then with
probability at least 1 — § over the random initialization at t = init, we have for all t > 0:

* () = Wy (0)l, = O (G2 (vr € [m]), and

~ —1 ~ poly Hy”yn’nmL’L,l
W) = WO, < \f57 (H) g 4 Pl )

Proof. The bound on the movement of each w, is proven in Theorem The second bound
is achieved by coupling the trajectory of {W(¢)} .-, with another simpler trajectory {W(t)}
defined as:

W(0) =W(0),
vec (W(t + 1)) =vec (W(t)) (33)

— 3Z(0) (Z(O)Tvec (W(t)) - y) .

First we give a proof of HW(OO) - W(O)HF = /yTH(0)~1y as an illustration for the proof

of Lemma [3.16| Define v(t) = Z(0)"vec (W(t)) € R™. Then from (33) we have v(0) =
Z(0) "vec (W(0)) and v(k + 1) = v(t):nH(O)(v(t) - y)lielding v(t)—y = —(I—nH(0))'y.

Plugging this back to (33) we get vec (W(t + 1)) — vec (W(t)) = nZ(0)(I — nH(0))"y. Then
taking a sum over kK = 0,1, ... we have

vec (W(oo)) — vec (W(O)) = i nZ(0)(I — nH(0))"*y
k=0

= Z(0)H(0)"'y.
The desired result thus follows:

[Wioo) - W), = 3710200 Z(0)10) '

=y H(0)y.
Now we bound the difference between the trajectories. Recall the update rule for W:
vec (W(t+ 1)) = vec (W (t)) — nZ(t)(u(t) —y). (34)

Follow the same steps from Lemma 5.3 from [[10]], using the results from Theorem when needed
to obtain the proof for this lemma. According to the proof of Theorem [3.15| we can write

u(t) —y = —(I—nH™)'y + e(t), 35)
where
t—1 5/2 ~ 112 2 ~
nAo m® 2yl | onmPng ||y,
- 1- 22 : .
el =0 <t< 1 ) ( N7 S PR W T (36)
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Plugging (33)) into (34) and taking a sum overt = 0,1,...,T — 1, we get:

vec (W(T')) — vec (W(0))

= 3 (vee (Wt + 1)) — vee (W(1)))
t=0
— Y nz ) )
t=0
T-1
= 3" nZ(t) (1 - nH>)'y — e(t))
-
=N "0zt (X - nHX)y — > nZ(te(t)
;_,01 tTil T-1
= D nZ(O)T—gH=)'y + 3 0(Z (1) — ZO)T— g HX)'y = - nZ(te(t).  G7)
t=0 t=0 =0

The second and the third terms in (37)) are considered perturbations, and we can upper bound their
norms easily. For the second term, from Lemma 3.8 we get:

T-1

n(Z(t) — Z(0))(T — nH>)"y

2

T—1 ~

T TYCN (Y it 4 E I WY )
- P \/TTLIQé/\Q \/m/{)\os §3/2

nng

<0 [y 2151 S 5
N 7 VmrdAg +\/ﬁ,$)\0553/2 Z( = nX0)" ¥l

t=0

n3/2 ||y|l3 nn |35
5 T 75373 | - (38)
N NG YR Bl

For the third term we get:

o\ (2 yly e 3]
nvn-O t(l—) : 2 4 2
. 1 N YRR CE
~ ~ T—-1 —

_0 °n® |y ls n 7?1 g |3, S(1- o)

\/TTLIQé/\() \/TTL/\QS K53/2 =0 4

g 2 v PR N

\/EIQ(S)\O \/ﬁ/\oS 553/2 77)\0

51115 P |3
_o[mFly | e 91l
\/TTLI{(S)\% \/’fT’l)\OS )\0&(53/2

(39)

Define K = n Y71 (I — nH)!. using |[H(0) — H®|,, = O (ﬁ) (Corollary [3.14) we

have
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2

0)(I — yH™)'y (40)
2
— | ZO)Ky|? “1)
=y KZ(0)'Z(0)Ky (42)
— 5 TKH(0)Ky “3)
<y KH*Ky + |[H(0) — H*||, |K|? |3 (44)
n2n T—-1 2
<vTKH®KV s ). I—n)\)! |2 45
<y y+0<\/m0ﬁ53/2) (n;( U 0)) 17112 45)
VmAo N2k63/2 )

Let the eigen-decomposition of H* be H™ = >""" | \v; v, . Since K is a polynomial of H>, i
has the same set of eigenvectors as H*>, and we have

n T-1 n
K=Y"n3 (- n) le—(lA%”Ww;
i=1 t=0 i=1 ¢

It follows that

n 2 n
oo 1- (1 — nAl)T 1 ooy —1
KHYK = (>\i Aviv] 2 A—Z_’viviT = (H>)"".
i=1 i=1

Plugging this into (40), we get

T-1 2 ~ 112
- ~ n-Nns ||Y||
Z O I_ HOO t S T Hoo —1 _|_O - siJgH2 (47)
;:077 (0)(I —nH>)"y2 y(H>) ly (\%AOSA%H&E\,/Q
n2n, ||l5
<A\/yT(H>®)"ly +0 2 (48)

Vo, A2rd3/?2

Finally, plugging the three bounds (38), and into (37), we have
IW(T) = W)l
= [lvec (W(T)) — vec (W(0))[

. . | nng|yll3 n3/2 |33 nns |13
< T(Ho>)-1 0] L DAL R @) 2 2
<Y T( )7y + VAo, \2k63/2 - VmESAS * VmKXg, A253/2

315112 5/2 S
Lo mlyly s |yl
\/’I’TLH(S)\(Q) \/ﬁ)\os )\0%53/2

pOIy (”yHQ y Ty Tss %07 ﬁv %)

— /5T 15
=y (H>)"ly + /A2
This finishes the proof of Lemma |

Lemma 3.17. Given R > 0, with probability at least 1—§ over the random initialization (W (init), a),
simultaneously for every B > 0, the following function class

Fug"® = {fw : |lw, —w,(0)], < R(vr € [m]),
W —W(0)|p < B}
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has empirical Rademacher complexity bounded as:

R (f;‘,’éoxa):%Ese{ﬂ}n sip S eif(x)

2R(R + L) /m 5
+ \/?AOS + Ry/2log 5

<

Sl

Proof. We need to upper bound

1 n
W (0),
Rs (J:R £ a) = —Eeofz1yn sup Z&'f(xi)
) n fe]__\é\/g]),a p—
1IE s . € i—l (w, ;)
= —Hergin up ] ar0 i )
I wwewo, <r SV

IW—-W(0)|| <B
where [W = W(0)], ., = max [[w, = w, (0]
’ re[m

Similar to the proof of Lemma[3.9] we define events:

)

o {|WT(O)TXZ'| <R}, i€[n],rem].

Since we only look at W such that ||w,. — w,.(0)||, < R for all € [m], if I{A,;} = 0 we must

have I{w,' x; > 0} = I{w,.(0)x; > 0} = L, ;(0). Thus we have:

1{~Apibo (wixi) = 1{=40:} 10w/ x;,

It follows that
i}& Zn_? a0 (W, x;) — Z: & an‘; a1, (0w, x;
- 22 ({4} +1{=4,}) eiar (o (w]) = 10w/ x)
- izﬂ {4} e, (0 (wlx) 10w, x,)
= iZH{A} (o (wT3) — L s (O}, (0) T — Ly (0)(wy — w, (0)) )
_ iZH {42} 2 (o (wTx0) — o (3,(0) ) ~ La(0) v, — w, (0)) )
55
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Thus we can bound the Rademacher complexity as:

1 n m a
]-'W(O ) =—E.. n 3 i = ;
( noe~iEt} w;uwfa}%guz,wgﬂ — c ; \/ﬁa (WT X)
|[W-W ()| rp<B - -

1 n m a 2R m n 5
< ZE.(igin ; ; "L (0w x| + H{A,,.,}
= {£1} W:HWf‘?VligHz,ooéR i,1€ gt \/R 7( )WTX nm;iil )

| IW-w(©p<EB = ==

1 B n m a, oR m n _
< —Eenfti)n sup &q HT,i(O)W:XZ + H{Ar,z}

norEd _w:waww)HFSB; = vm ny/m ;i:l

1 [ - IR IS (-
=—Eevis1in sup vec (W) Z(0)e| + ]I{Am

e L AL nwﬁig;iZI }

1 r - 2R m n _
= “Eeoqsryn sup vee (W — W(0)) Z(0)e| + H{Am}

n B W W< ny/m T:“;

1 2R m n -
< By B |Z(0)e],] + {4}

) v 252
2R m n ~
<2 Joein [120)lE] + 2 S5 1A
r=1 =1
~ 2z szﬂ{fim}.
n Pt n\/m ’

1i=1

Next we bound ||Z(0)| - and >0 S | T {Ar,i}-

For || Z(0)|| -, notice that

|20 ||F—;i<i )gn.

Now observe the following lemma:

Lemma 3.18. With probability 1 — 6, if |w.(init) 'x;| > R + Jﬁl then T{A,;} = 0.

Proof. From Corollary exists C > 0 s.t. with probability 1 — §, for all 7 € [m]
|w.-(0) — w,.(init)|| < \/7/\ . From the triangle inequality:

e, (0) ] = [, (0) x|

- er(init)Txi — (wi(init) — w, (0)) T x,

> [[w(init) x| = || (wi Ginit) — w(0)) " i

Since ||x|| = 1, and with the same probability above:

< Cng
- vV TfL(S)\OS7

| (we imit) = w, (0) T x
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thus

|, (0) T | > || w (imit) ;|| — H(wr(init) —w,(0) x;
Cn
> ||lw,.(init Txi -
2 o mit ol = 7
Cng Cng
R+ — =
vVméos  Vmdog
|
For 27 1 Zl 1 { " Z}, from Lemma|3.18| we notice that
S { A} <314,
r=1i=1 r=1i=1
for A, ; being defined as in Lemma Since all m neurons are independent at ¢ = init and from
V2n(R+ ,’S”S
Lemma 3.9|and Corollary [3.7|we know E [>° | I{4,;}] < # Then by Hoeffding’s

inequality, with probability at least 1 — §/2 we have

Cng
\/E(R + VmdAo ) log%

iiu{&yi}giinmm}gmn T

r=1i=1 r=1i=1

Therefore, with probability at least 1 — §, the Rademacher complexity is bounded as:

= n (Vi) + n\/ﬁmn Tk 2m

Cng
_5 PRI Tndto; 1V + R\/21072
- \/ﬁ \/’TTK'/ g 5)

completing the proof of Lemma[3.17} (Note that the high probability events used in the proof do not
depend on the value of B, so the above bound holds simultaneously for every B.) (Il

Cng
(]_-W(O ) B 2R V2R + \/%AOS) N log 2

3.4 Proof of Theorem 6.1 (Main Text)

Proof of Theorem 6.1 (Main Text). First of all, from Assumption[3.1]we have Ay (H>) > Xg. The
rest of the proof is conditioned on this happening. We follow exactly the same steps as in [10] with
minor changes.

From Theorem [3.10} Lemma [3.16|and Lemma [3.17] we know that for any sample .S, with probability
at least 1 — §/3 over the random initialization, the followings hold simultaneously:

(i) Optimization succeeds (Theorem [3.10):

1. nA -
25—l < (1-252) g1, <

This implies an upper bound on the training error L(X; ©(t)) = 2 37" 0 fw ) (i), y:) =
i Lui(t), o)

N =

n

B O(0) = 3 3 (0st) )~ o) < 3 3

1 _ 2y —e@ll 1

7 () =yl = - =

IN
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i) [|wr(t) —w,(0)|l, < R (Vr € [m]) and |[W(t) — W(0)|| » < B, where R = O( fi‘lz)
poly ([15llz.m.me 5, 52

and B = yT(Hoo)*ler — T ">.NotethatB§O(,/;L—O).

@iii) Let B; =1 (¢ = 1,2,...). Simultaneously for all ¢, the function class }—1‘;\,]1(3?)@ has Rademacher
complexity bounded as

2R(R+ ) /m
a) o Bi VimdA 10
Rs (Fap)®) < T s 4+ Ry [2log -

Let i* be the smallest integer such that B < B;«. Then we have i* < O (1 //\io) and B;x < B+ 1.

From above we know fyw (1) € ]-"R 0)7 , and

2R(R+ Cn._ ) /m
Wore\  B+1 Vmorg 10
Rs(}' 0, )g \/”% + KMS + Ry[2log =

~ -1 ~ nd 1 1 1
gty poly (Il mne spning)  2R(RE o)V i

=t —+—4 +

7 NG e -

I 1 1 1
_frmey o e (e ssind)  rme Ty o
- n NG ml/4gl/2 - n NG

Next, from the theory of Rademacher complexity and a union bound over a finite set of different ¢’s,
for any random initialization (W (init), a), with probability at least 1 — §/3 over the sample S, we
have

log 2~
sup {R(f) — L()} < 2Rs (Fi§*) + 0 \/TO‘S . Vie {1,2,...,0(1/;”.
rerse " :

Finally, taking a union bound, we know that with probability at least 1 — %5 over the sample S and
the random initialization (W(init) a), the followings are all satisfied (for some i*):

L(X,0(t)) < 7
f('a )

Hoo 2
RS }v%vjéoza S\/ y T
)

1 n_
swp {R(f) = L(f)} < 2Rs (FRE®) +0 ( % 208

feFRE®

These together can imply:

1 TH>) 'y 2 log 55
< Lo By, 2 ® Ro3
n n Vn n
ST (H<) " 5 log
—9 y ( ) +0 &) Aod
n n
This completes the proof. O



3.5 Linear teachers: Proof of corollary 6.3

‘We now consider the case where
gs(x) =x'0s, gr(x)=x'0r,
which is the case in Corollary [6.3]

We will start with stating the random initialization population risk bound for this case, which we will
compare our result to:

Corollary 3.19 (Population risk bound for random initialization from [[10]). Assume that the random
initialized model with weights ©(t) was trained according to Theorem 5.1 from [I0] and that
y = X0, then with probability 1 — ¢

1 n_
R(@(t))gg‘@\%T?qLO \/% . (49)

This corollary is a direct result of plugging y = X8 into Corollary 6.2 from [10], and plugging the
result into Theorem 5.1 from [10]].

As discussed in Section 6.1, we will assume that f (X; ©(0)) = X8s. Since our model is non-linear,
this assumption is not trivial, and requires some clarification. For infinite width, Lemma 1 from
[12] tells us that ng = 2d can suffice to achieve this, if the samples are chosen according to some
conditions. For the case of finite width m, like is assumed in Theorem 6.1, no such equivalent exist.
However, we can use Corollary for the pretraining, and achieve an € bound on the pretraining

population risk, for sufficiently large ng = 2 (”%“2) . Then, approximate relaxations can be derived
when we assume the two functions are ¢ close (i.e. f (x,©(0)) = x'0g + ¢).

‘We now restate our two corollaries from the main text:
Corollary 6.2 (Main Text). Suppose that g5(X) = X" 0g, gr(X) = X 0, and assume Assump-

tion[3.2| holds. Then, /g7 (H=)~1g < 3|67 — 65|,

This is a direct corollary of Theorem 6.1 from [[10] on y defined above.
Corollary 6.3 (Main Text). Under the conditions of Theorem 6.1 and Corollary 6.2, it holds that

6|6r 65”2 log Ané
R(O(t)) < +0 —=

Comparing this to Corollary [3.19] gives us the exact condition for when it is better to use fine-tuning
instead of random initialization, which is

67|

0r — 05| < .
167 = 8sll < 775

We will now provide a proof for this results:

Proof of Corollary[6.3] In order to achieve this bound, we use the assumption on f (X; ©(0)), which
gives us:
vy =X0r — X605 = X (01 — O5).

Hence, we can treat y as if it was created by a linear label generation function 87 — 85. Hence, by
using Theorem 6.1 from [10] we can bound

y(H>)"ly <3[|6r — 0]
Plugging this into Theorem 6.1 concludes the proof. (]

Code In the code used for the experiments we used Pytorch [13], Numpy [14], SciPy [15], and
Matplotlib [16].
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