A Related Work on Compression Techniques in Distributed Optimization
and Learning

In order to alleviate the communication bottleneck in large-scale distributed computing systems, a
complementary direction to reducing communication rounds is to compress the information being
exchanged. Broadly speaking, compression either involves quantization [33, 50, 27, 26, 28-31, 15,
32] to reduce the precision of transmitted information, or biased sparsification [24, 25, 35, 34, 51,
52, 49, 53] to transmit only a few components of a vector with the largest magnitudes. In terms
of quantization, while some of the earlier work focused on quantizing gradients [27, 26, 28], the
convergence guarantees of these methods were subsequently improved in [29] where the authors
proposed DIANA - a new algorithm based on quantizing differences of gradients. The DIANA technique
was further generalized in [31] to account for a variety of compressors. An accelerated variant of
DIANA was also proposed recently in [30]. Notably, unlike our work, neither DIANA nor its variants
[31, 30] consider the effect of local steps.

As far as gradient sparsification is concerned, although empirical studies [24, 25] have revealed the
benefits of aggressive sparsification techniques, theoretical guarantees for such methods, especially in
a distributed setting, are few and far between. In our work, we study one such sparsification technique
- the TOP-k operator - by exploiting the error-feedback mechanism. Notably, the error-feedback idea
that we use was first introduced in [33] to study 1-bit SGD. Follow-up work has explored this idea
for studying SignSGD in [51], and sparse SGD in [35, 34, 52] - all for single-worker settings. Very
recently, [49] and [53] provide theoretical results on biased sparsification for a master-worker type
distributed architecture; however, their analysis does not account for the effect of local steps.
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B Proof of Propositions 1 and 2

The analysis in this section follows the techniques introduced in [8].

Proof of Proposition 1: FedProx

We consider a deterministic version of FedProx where clients perform H local iterations according
to the update rule in equation (2). Let

H7

1

g AV + B —z),d" 23 ¢, and ¢ £ m S a.
= €S

Then, Lemma 1 provides a recursive relationship in terms of g% .

—

Lemma 1. For each i € S, the following holds for all £ € {0,--- , H — 1}:

9 = [ — (A + BD)g!"). (15)

Proof. By definition of gEfg , we have
9 = (A + BD)z!") — Ajci — Bz, (16)
Hence, we may write
') = (A + B1) " [g) + Aies + B, (17)

where (A; + SI) is positive-definite since A; is positive-definite and 8 > 0. Plugging equation (17)
into the local update rule, we get

¢ t t
CYREE YRy
= [(A; + B1) L = nI] g} + (A; + BI) Y (Ases + By). (18)
Combining equations (16) and (18), we get
gffe)+1 = (Az + 51)*%524& - Aici - Bjt
t
= [ —n(A; + BD))g (3.

O
For each client ¢ € S, define the client distortion matrix
H-1
Qi =Y [T —n(4+ 8D, (19)
£=0
and the client surrogate function
~ 1
fi(z) = §H(Qi14i)1/2(x — ). (20)
The global surrogate function f(z) is hence defined as
~ 1 ~ 1 1
=—) filz)= Qi AN Y2 (x — ¢)|2. 21
o) = 5 S ) = 1 3 5Quk) e @

We now provide the proof of Proposition 1.
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Proof. From Lemma 1, we have

9} = [ —n(A; + BI))'g
= [I —n(A; + BV fi(zs). (22)

Hence, we may write

[I n(A; + BV fi(@)

i(T)- (23)

Moreover, by definition,

1
at)=—>"q"
i€S
1 _
== Vi@
M ies
=V [f(zy), (24)
where the second equality follows from equation (23), and the last one follows from the definition

of the global surrogate function. As per equation (2), the global iterates in FedProx are updated as
follows

Tr1 = 7 — g™

=2~V [(Z1). (25)
Equation (25) is equivalent to performing one step of GD on the surrogate function f (z) with a

starting point Z;. It follows that 7" communication rounds of FedProx are equivalent to performing
T steps of parallel GD with m workers on the global surrogate function f(z). O

In what follows, we analyze some properties of the client surrogate functions f;(x)

1 . .z . C
Lemma 2. Forn < T3 the client surrogate function f;(x) shares the same unique minimizer as

+ 8

the true local function f;(x), that is, T} = x} = ¢;, Vi € S, where &} is the minimizer offi* ().

Proof. Let (\;, v;) be a tuple of eigenvalue \;, and corresponding eigenvector v;, of A;, where A; is
symmetric positive-definite. Then, (1 — n(\; + ), v;) is a tuple of eigenvalue and corresponding

1 1
eigenvector of D £ [I — n(A; + B)]. For0 < n < < ,Vi € S, we have 0 <
g [ —n( B)] U I Sy

1 —n(N\; + B) < 1, and hence, D is a symmetric positive-definite matrix. For any integer ¢ > 1,
([1—=n(X\i+B)]*, v;) is a tuple of eigenvalue and corresponding eigenvector of D = [ —n(A;+ )],

and hence, D’ is also a symmetric positive-definite matrix since 0 < 7 <

. From equation

+5
H-1 H-1

(19), wehave Q; = > [ —n(A; +B)) = Z D’ Hence, (Y [1—n(\ +B)] v;) is a tuple of
=0 =0
eigenvalue and corresponding eigenvector of Q2 and consequently, Q); is a symmetric positive-definite

matrix. Based on the above results, since both A; and @); are symmetric positive-definite matrices
. . . . 1

that are simultaneously diagonalizable, it follows that they commute. Hence, for 0 < 1 < m, the

product Q; A; is a symmetric positive-definite matrix and the client surrogate function ﬂ(x) admits a

unique minimizer I} = x} = ¢;. O
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Proof of Proposition 2: FedNova

The proof of Proposition 2 follows roughly the same steps as the proof of Proposition 1. In particular,
we consider a deterministic version of FedNova where client ¢ performs 7; local iterations according

Ti—1
to the update rules provided in equation (4). Let gl(? £V fl(x%), IR S gfte) ,and ¢(t) =

1
— > qgt). Then, Lemma 3 provides a recursive relationship in terms of gft[) .
m jes o

Lemma 3. Foreveryi € S, we have forall ¢ € {0,--- , 7, — 1}:
9} =1 —nAlg). (26)

For each client 7 € S, define the client distortion matrix

Ti—1

Qi= > [I—nAl‘a. 27)

£=0

Let the client and global surrogate functions, namely f;(z) and f(x), be defined as before. Then, the
proof of Proposition 2 follows directly from Lemma 3. Finally, Lemma 4 provides additional insight

on the client surrogate functions ﬁ(m) Once again, the proof is omitted as it closely follows the steps
of the proof of Lemma 2.

1 -
Lemma 4. Forn < A the client surrogate function f;(x) shares the same unique minimizer as the

true local function f;(x), that is, T} = xf = ¢;, Vi € S.

It should be noted that while f;(z) and f;(z) share the same minimizer, the minimizer of the surrogate
global function may be far off from the true minimizer x*.
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C Useful Results and Facts

In this section, we will compile some results that will prove to be useful later in our analysis. We
start by assembling some well-known facts about convex and smooth functions [54, 55].

* (Smoothness): Suppose f(z) is L-smooth. Then, by definition, the following inequalities
hold for any two points =,y € R%:

IVi(@) = VIl < Lz —yl, and (28)

Fw) ~ @) <ty — 2, V@) + 2y~ 9)

* (Smoothness): Suppose f(x) is L-smooth, and z* € argmin, g« f(2). Then, we can
upper-bound the magnitude of the gradient at any given point y € R? in terms of the
objective sub-optimality at y, as follows:

IVFWII® < 2L(f(y) — f(a")). (30)

* (Smoothness and Convexity): Suppose f(z) is L-smooth and convex. Then, the following
holds for any two points z,y € R%:

(Vi) - V() y—2) > IV i) - V@) @

* (Strong convexity): Suppose f(x) is u-strongly convex. Then, by definition, the following
inequality holds for any two points x,y € R%:

1) = f@) 2 (y = 2, V(@) + Glly - ] (32)
Using the above inequality, one can easily conclude that
(Vf(y) = Vi(@),y ) 2 plly . (33)

* (Strong convexity): Suppose f(x) is u-strongly convex, and z* = argmin,cga f(2).
Then, we can lower-bound the magnitude of the gradient at any given point y € R? in terms
of the objective sub-optimality at y, as follows:

IV F)I? > 2u(f(y) — f(a™). (34)
In addition to the above results, we will have occasion to make use of the following facts.

* Given any two vectors z,y € R, the following holds for any > 0:

1
ool < (el + (14 2) Bl 65)
 Given m vectors z1,...,x,, € R?, the following is a simple application of Jensen’s
inequality:
m 2 m
Somf <m )l (36)
i=1 i=1

19



D Analysis under Objective Heterogeneity: FedLin resolves the
Speed-Accuracy Conflict

In this section, we start by presenting a convergence analysis for FedLin that focuses solely on the
aspect of heterogeneity in the clients’ local objective functions. We do so to set up the basic proof
structure that we will later build on for analyzing more involved settings. With this in mind, we
will assume throughout this section that all clients perform the same number of local updates, i.e.,
7, = H,Vi € S. Additionally, we will assume that there is no gradient sparsification, i.e., . = d5 = 1.
Based on the second assumption, observe that p; ; = 0,e; = 0,Vi € S,Vt € {1,...,T}. Thus, the
local update rule for each client in line 5 of FedLin simplifies to

2 =2l — (Vi) = V(@) + V(z0). 37)

Let us denote by k = L/ the condition number of an L-smooth and u-strongly convex function.
Theorem 9. (Heterogeneous Setting) Suppose each f;(x) is L-smooth and p-strongly convex. More-

over, suppose T, = H,¥i € S, and 6. = 65 = 1. Then, withn; = n = ﬁ,% € S, FedLin
guarantees:

T
ﬂMwﬁ—f@ﬂ<(1—l) (&) — fa")). (38)

6K
When all clients optimize the same loss function, we have the following result.

Proposition 3. (Homogeneous setting) Suppose all client objective functions are identical, i.e.,
fi(z) = f(z),Vz € R Vi € S, and f(x) is L-smooth and y-strongly convex. Moreover, suppose
7 =H,Yi €S, and d. = o5 = 1. Then, withn; =n = %, Vi € S, FedLin guarantees:

TH
f@pH>.ﬂﬁ>§<11) (@) - fa*)). (39)

K

We first provide the proof of Proposition 3.

Proof. (Proposition 3) The proof follows from two simple observations. First, note that since
Vfi(x) = Vf(x),Vr € RY the local update rule of each client i € S reduces to 2 =

i1
xgtz —-nVf (mgtg) Second, based on the steps of FedLin, observe that the local iterates of the clients
remain synchronized within each communication round, i.e., for any ¢ € {1,...,T}, and any two

clients 7,7 € S, it holds that xf? = x%,Vé € {0,...,H — 1}. Thus, FedLin boils down to m
parallel and identical implementations of gradient descent on the global loss function f(x), with TH
iterations performed by each client over 7" rounds. The claim of the proposition then follows from
standard results of centralized gradient descent applied to strongly convex and smooth deterministic
objectives. O

D.1 Proof of Theorem 9

Let us fix a communication round ¢ € {1,...,T}. Our goal will be to derive an upper-bound on the
change in the value of the objective function f(-) over round ¢, i.e., we will be interested in bounding
the quantity f(Z:+1) — f(Z:). To lighten the notation, we will drop the superscript ¢ on the local

iterates xitg, and simply refer to them as x; y; it should be understood from context that all such
iterates pertain to round ¢. Given that ). = §; = 1, and n; = n, Vi € S, the local update rule in line 5
of FedLin takes the following simplified form:

Tipp1 = Tio — NV fi(xig) — Vfi(Z) + Vf(Z4)). (40)

Based on the above rule, and smoothness of each f;(x), the following lemma provides an upper-bound

on f(Zi1) — f(Ze).
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Lemma 5. Suppose each f;(z) is L-smooth. Moreover, suppose 7; = H,Vi € S, and . = 65 = 1.
Then, FedLin guarantees:

H—

—

L m
f(@is1) = (@) < —nH (1 —LH) |V f(@)]* + <7an i — ft”) IVf (@)

i=1 £=0
H m H-1
Yo lwie—al®.
=0

i=1 (=

(41)

Proof. Based on (40) and the fact that x; o = 2+, Vi € S, we have:

H-1
vim =T -0 V(i) —nH(Vf(&) = Vi), Vi € S. (42)
Thus,
1 m n m H-—1 77H m
Tty = Z%H =T Z Vii(zie) =~ Z (Vf(z) — Vfi(ze))
i=1 =1 ¢=0 =1
(43)
n m H-1
= % Z vfz 1’1 E ’
i=1 £=0
where for the second equality, we used the fact that V f(y) = Z Vfi(y),Vy € R Now since

each f;(-) is L-smooth, it is easy to verify that f(-) is also L- smooth From (29), we then obtain:

F(@er) = @) < @err — 0 V@) + 5 s — 7l

0 m H-1 Lin m H—-1 2 44)
== D (Vfilwie), V@) + QHmZ Vfilzie)|
=1 £=0 =1 ¢=0
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where in the last step we used (43). To proceed, we will now separately bound each of the two terms
that appear in (44). For the first term, observe that

m H-1
S S (i), VI@) = —n( - S0 S (Vi) - Vi)
i=1 £=0 i=1 £=0
1 m H-1
=0 V@), V(@)
i=1 £=0
1 m H-1
:_"7<EZZ (Vfi(zie) = Vfi(z))
i=1 ¢=

- nHIIVf(ft)II
=

2

@ H-1

< sz xzf sz LUt H |Vf )”
m 1

—nHIIVf(ft)IIZ

m H-—1
(Z IV filwie) sz-<:zt>||> IV £ (@)

—nH|V f(z,)|
m H-—1

(c)
< Zf (Z > llwie —:ct||> IV F (@) — nH||V f(z)]>

i=1 ¢=0

(45)
In the above steps, (a) follows from the Cauchy-Schwartz inequality, (b) follows from the triangle
inequality, and (c) follows from the fact that each f;(-) is L-smooth (see (28)). Next, we bound the
second term in (44) as follows.

I m H-—1 772L 1 m H-1 1 m H-1 2
QHmZZVfZ Tiy) =5 EZ (Vfi(wie) = Vfi(Ze) +%szfi(50t
=1 ¢=0 =1 £=0 =1 £=0
2L 1 m H-—1 2
T2 =03 (Vhilaie) = V(@) + HYF(30)
M= o
@ , |1 m H—1 2 . ,
< n°L||— (Vii(zie) = Vfi(ze))|| +n°HL|Vf(z)|
m =1 ¢=0
(b) 2L m —1 2
S%Z (Vfilwie) = V@) +n*HLIVf(z,)]
i=11l =0
(c) LH m H-—1
< oS Y VA = VAP + 2 HALIV £(@0)
=1 £=0
(d) 2 SH m H-—1
<1 SO U llwie — @+ HAL|V £(z0)||.
=1 ¢=0

(46)
In the above steps, (a) follows from (35) with v = 1, (b) and (c) both follow from (36), and (d)
is a consequence of the L-smoothness of f;(-). Combining the bounds in equations (45) and (46)
immediately leads to the claim of the lemma. O
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To simplify the bound in (41), it is apparent that we need to estimate how much the client iterates x; ¢
drift off from their value Z; at the beginning of the communication round, i.e., we want to derive a
bound on the quantity ||z; ¢, — Z||. To that end, we will make use of the following lemma.

Lemma 6. Suppose f(x) is L-smooth and convex. Then, for any n € (0,1) satisfying n < +, and
any two points x,y € R?, we have

ly =z =n(VfQy) = V@)l < lly — ]| 47
If f(x) is p-strongly convex, then the above inequality is strict, i.e., I\ € (0, 1), such that
ly — 2 —n(Vf(y) = V@)l < Ay — ]| (48)

Proof. Given any two points =, y € R%, we have
ly =2 = n(Vf(y) = V@) = lly — 2| = 2nly — 2,V f(y) = V(@) + 7|V f(y) = V()]
< lly =2l =02 = 9L)(y — 2, VI (y) = V()
< Hy - .%‘||2,
(49)
where the first inequality follows from (31), and the second from the fact that nL. < 1, and (y —

2,V f(y) — Vf(z)) > 0; the latter is a consequence of the convexity of f(-). This establishes (47)
for the convex, smooth case. When f(-) is p-strongly convex, we can further use (33) to obtain

ly =z —n(Vf(y) = VI(@)|* < (1 =np2—nL))[ly — | (50)
Noting that nL < 1 establishes (48) with A = /1 — npu. [

With the above lemma in hand, we will now show that the drift ||z; ; — Z;|| can be bounded in terms
of ||V f(Z:)|| - a measure of the sub-optimality at the beginning of the communication round.

Lemma 7. Suppose each f;(x) is L-smooth and u-strongly convex. Moreover, suppose 7; = H, Vi €
S, 6.=0s=1andn < % Then, FedLin guarantees the following bound for each i € S, and
vee{0,...,H—1}:

@i — 2| < nH[Vf(24)]]- 1)

Proof. Fix any client i € S. From (40), we have
zier1 — Zell = Nlzie — e — 0 (Vfi(wie) = VIi(Z) =V (@)
< Nwie =T — 0 (Vfilwie) = V(@) || + 0l V(2| (52)
< Mg e — 2| + 0l V ()]l

where A = /1 —nu < 1. The last inequality follows from Lemma 6 with ¢ = x; , and y = Z;.
Rolling out the final inequality in (52) from ¢ = 0 yields:

-1

e = 2ol < Xllzio — 2l + [ DN | 0l V@)l
j=0
(@) {—1 _
= DoV V@)l (53)
j=0

®) )
< eV (@)

©)
< nH[[Vf(z:)]|

For (a), we used the fact that z; o = %+, Vi € S; for (b), we used the fact that A < 1%; and for (c), we
note that ¢ < H — 1. O

“Note that actually, in step (b), we used the looser bound for the convex setting, namely A < 1. It seems
unlikely that the tighter bound A < 1 will buy us anything other than a potential improvement upon the constant
% appearing in the exponent in equation (38).
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We are now equipped with all the ingredients needed to complete the proof of Theorem 9.
Completing the proof of Theorem 9: Combining the bounds in Lemma’s 5 and 7, we obtain
m H-1

f(@er1) = (@) < —nH (1= nLH) ||V f(z,)] +< ZZUHHVf :vt)|> IV (@)

m H-—

nHIIVf z))?

= —nH(l—nLH) || F@EI°+* LH?|V £ (@) |° +n* L*H |V £ (20)]”

—nH (1= 3nLH) |V f(z.)]*,
(54)
where in the last step, we used the fact that the step-size 7 satisfies nLH < 1. From (54) and (34),
we obtain

f@ea) = f(@%) < (1= 2qpH (1 = 3nLH)) (f(2:) — (7)) (55)
Withn = ¢ L 17> the above inequality takes the form
L
f(@eg1) — fa™) < (1 - 61/<a> (f(ze) — f(z¥)),where k = w (56)

Using the above inequality recursively leads to the claim of the theorem.
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E Proof of Theorem 5: Lower bound for FedLin

To prove Theorem 5, we will construct an example involving two clients. Let us start by defining the
objective functions of the clients as follows.

1 1 0 1 L 0
@) =5 [0 1]“”””? falz) = 52’ {0 1]%%’
~—— ——
Ay Ao

where b € R2 is any arbitrary vector, and L > 14. Here, we have used the notation z’ to indicate the
transpose of a column vector x. From inspection, it is clear that each of the client objective functions
is 1-strongly convex. Also, f(z) and f»(z) are both L-smooth.” The global loss function is then
given by

@) = 5@+ h) = 50 | 5 Y

It is easy to see that the minimum of f(x) is 2* = [0 0]". Let us fix a communication round
te{1,...,T}. Now given that §, = 65 = 1, and n; = 0,7 € {1, 2}, the local update rule for each
of the clients takes the following form:

i1 = Tig —N(Vfi(zie) — V(@) + V(T)).

Simple calculations then lead to the following recursions:

L-1

i1 =T —nA)z10—1n [ (2) O} T¢,

1-L
o1 = (I—=nAz) a2, —1n [ 3 0} Ty

Given the diagonal structure of A; and Ao, we can easily roll out the above recursions. Accordingly,
for client 1, we obtain

H-1 L1
w1 = (1—nA1) "z —n ZI—HAl [(2) O]Jﬂt

Jj=

(L-m" (-5 0 ]
= Tt.
0 (1—n"
Similarly, for client 2, we have
H—
_ " y i) [5E o]
zo.g = (I —nA2)" % — 1 (I—1nAy) & ol T
j=0
(1*771;) (QL)*% 0 B
= Tt.
0 -
Thus,
H — H _1)2
o (= + o=ty gy G2t o ]
Tty1 = §($1,H +x2H) = Z¢.  (57)
0 1—n

M

In the rest of the proof, we will argue that for Z; to converge to z* based on the above recursion, 7
must be chosen inversely proportional to I7; the lower bound will then naturally follow. Let us start

>Strictly speaking, f1(z) is 1-smooth, but since L > 1, it is also L-smooth.
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by noting that z;; = MZ, can be viewed as a discrete-time linear time-invariant (LTT) system where
M is the state transition matrix. Since z* = [0 O]I, guaranteeing x; converges to x* regardless of
the initial condition Z; is equivalent to arguing that M is a Schur stable matrix, i.e., all the eigenvalues
of M lie strictly inside the unit circle. It is easy to see that the eigenvalues Ay (n, H, L) and \2(n, H)
of M are

Ao(n, H) = (1—m™.

1-—nD)"\ /L +1 (L—1)*
A1<n,H,L><<1n>H+ L )( =) -

In order for M to be Schur stable, A1 (n, H, L) > —1 is a necessary condition. We will now show
that to satisfy this necessary condition, n must scale inversely with H. Observe that

M(n,H L) > -1 = ((1_7,)H+ (177L)H> (L+1> (L-1? -

L 4 4L
p((C+1D?\  (L-1)
= (1-— — -1
(1= ( 1L L
L?—6L+1
— (1-pf>=—
( ) L1 (58)
1
— 1-n"> 5
. 1 < 1
14+nH =~ 2
1
— < =
TS H
For the second implication, we used the fact that L. > 1. For the fourth implication, we note that
(2) 22 —62+1
9(z) = ———5—
(z+1)

is a monotonically increasing function of its argument for all z > 1. The claim then follows by noting
that g(14) > %, and L > 14. For the second-last implication, we used the fact that for any z € (0, 1),
and any positive integer r, the following is true

1
1—2) < .
( Z) “1+rz

We conclude that p < % is a necessary condition for M to be Schur stable.® Now let us look at the

implication of this necessary condition on the eigenvalue Ay (1, H) = (1 — n)™. Since Ao(1, H) is
monotonically decreasing in 7, the following holds for any 7 that stabilizes M:’

1\ 1\*
) > dal ) = (1= 37 ) = (1-3) > (-2, va 22,

where 7, = % Here, we have used the fact that (1 — %)Z is a monotonically increasing function in

z for z > 1, and that H > 2. Now suppose FedLin is initialized with Z; = [0 B]', where 8 > 0.
Based on (57), for any T > 1, we then have

_ 0 0 _ _ . .
Tryq = {&Tﬁ] > exp(—27T)) M = exp(—2T)T, = ||Zr1 — 2*|)° > exp (—4T) |71 — =*|°.

Moreover, substituting the value of Zr1 above in the expression for f(x), we obtain

_ 1 T T p/— _
f(@r) = 5/\3 B2 = N1 f(@1) > exp(—4T) f(z1) (59)
= [(@r41) = f(2") Z exp(—4T)(f(21) — f(27)), (60)
SNotice that when H = 1, this necessary condition translates to the trivial condition 7 < 1.
"That a stabilizing 7 exists follows from Theorem 9. In particular, n = ﬁ will render M Schur stable.
However, our main goal is to show that even if there do exist values of 7 larger than ﬁ that guarantee

convergence of Z; to x*, such step-size values must obey 1 < % which in turn leads to the H-independent
lower bound in equation (10).
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since f(z*) = 0. We have thus established the desired lower bounds. Finally, note that all our
arguments above hold for any L > 14, any H > 2, and any 7" > 1. This concludes the proof.

Remark 2. Note that the quantity b in the objective functions of the clients does not feature anywhere
in the above analysis. As such, one possible choice of b is simply b = [0 O]/. For this choice of b,
it is clear from inspection that both f1(x) and f2(x) have the same minimum, namely x* = [0 0].
Our analysis thus reveals that even when the client local objectives share the same minimum, the
lower bound in equation (10) continues to hold.

Remark 3. Let us look more closely at the role played by L in the above example. From inspection,
larger the value of L, the less smooth the overall function f(x), and more the objective heterogeneity.
Specifically, increasing L increases the heterogeneity between the client local objectives by increasing
IV fi(z) — Vfo(z)|. In terms of the impact of L on the dynamics of T, we note that Ty in the
expression for A1 (n, H, L) below becomes larger as we increase L.

M(n,H, L) = ((1_77)H+ (177L)H> <L+1> - (L—I)Z
N—

L 4 4L
T

T

To keep \1(n, H,L) > —1, and thereby ensure stability of the recursion (57), we then need the
coefficient of (L + 1)/4 in Ty above to be adequately large, despite potentially large values of H:
this is precisely what necessitates 1 to scale inversely with H. To summarize, in the above example,
large L leads to less smoothness, more objective heterogeneity, and small step-size.
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F Proofs pertaining to Systems Heterogeneity in Section 4

As in Appendix D, we will focus on a fixed communication round ¢ € {1, ...,T}; all our subsequent
arguments will apply identically to each such round. Given that §. = §, = 1, the local update rule
that will be of relevance to us for the majority of this section is

Zior1 = i — Ni(Vfi(zie) — Vi(Ze) + V(Z4)), (61)
where we have dropped the superscript of ¢ on the local iterates x;  to simplify notation. Based on

the discussion in Section 4, recall that the client step-sizes are chosen as follows:

N = Q’V’L S 87

%

where 77 € (0, 1) is a flexible design parameter that we will specify based on the context.

F.1 Proof of Theorem 1: Analysis for Strongly Convex loss functions
The proof of Theorem 1 largely mirrors that of Theorem 9. We start with the following analogue of
Lemma 5.

Lemma 8. Suppose each f;(x) is L-smooth. Moreover, suppose 7; > 1,¥i € S, 6. = s = 1, and
ni = £,Vi € S, where i) € (0,1). Then, FedLin guarantees:

Ti—1
f(@e1) — f(2e) < —n (1 —0L) [[Vf(z ( an Isw—:rt> IV f(z)l
ri—1 - (62)
+ —Zm > llose —
1=1
Proof. Using (61) and the fact that z; o = 74, Vi € S, we have:
Tifl
Tir, =Ty — N Z Vfi(wie) = mimi(Vf(Ze) — Vfi(@))

£=0 (63)

Tifl

=& —n; ) Viilwie) = 1(Vf(@) = Vi), Vi €S,
=0

where we used n;7; = 7 in the second step. Averaging the above iterates across clients, we obtain:

Ti—1 _ m
.ftJrl le‘l'z xt_*znzzvfz mzé %Z vfl( ))
=1 =0 i=1
(64)
Ti—1

—xt_iznzzvfz xzé
i=1

where for the second equality, we used the fact that V f(y) = L S Vfi(y),Vy € RY. Based on the
=1

L-smoothness of f(-) and (64), we then have

P = @) < @en = 0 V@) + 5 s — 2l
Ti—1 H Ti—1

—-(= Zmzvmze Vi@ ZmZsz (2:.0)
=1 i=1 =

2 (65)
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Just as in the proof of Theorem 9, we now proceed to separately bound each of the two terms above,
starting with the first term, as follows.

Ti—1

< an Z vfz xzé Vf > < an Z sz 5516) sz(jt))
=1 i=1 £=0
Ti—1
+— ZmZsz ),V (@)
=1
m Ti—1
< 2771 Z sz L 5) Vfi(jt))
i=1 £=0
+ — ZmTz Vfi(@),Vf(@ )>
- 77
Ti—1
< Zmz (Vfilwie) = V(@) V(@)
=1 =
-7V @)
m T, —1
Q1L ( S Y (Vhilwss) - Vw0 H) 195 @0
i=1 =0
— [V f@)]?
(b) Ti—1
< — (Zm > IVfi(wie) sz'@t)”) IV f(Z)ll
=1
— ||V £ ()|
Ti—1
S <Z7h D llwie —fﬂt||> IVF @) =l @)l
i=1 {=0

(66)
where (a) follows from the Cauchy-Schwartz inequality, (b) follows from the triangle inequality, and
(c) follows from the L-smoothness of each f;(-). For the second term in (65), observe that

L Ti—1
QHZni Z vf1 xzf
=1

L Ti—1 Ti—1

:5 727712 sz wzé) Vfl anzvfl :Et
i=1 =0 i=1

2

i1
:é —Zm > (Vfilwie) = V(@) + 0V f ()
£=0

=1
(a) Ti—1 2
21|20 Y (Vo - viG)| + L@
i=1 =0
(b) I Ti—1 2 ) )
s - || D (Vfilwie) = V(@) + 7 LIV (@)
i=1 =0

T;i—1

f)
L Zm 3 V(o) = V@I + PLIT @l

(d) L3 fiy - - -
LIS 0 S lawe — 2l + LIV @)
i=1  ¢=0
(67)
For (a), we used (35) with v = 1; for (b) and (c), we used Jensen’s inequality (36); and for (d), we
used 7;7; = 17, and the L-smoothness of f;(-). Plugging in the bounds (66) and (67) in (65), and
simplifying, we obtain (62). O
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Remark 4. Note that the proof of Lemma 8 made no use of convexity. Thus, the same analysis will
carry over when we will later study the non-convex setting.

For both the strongly convex and convex settings, the following lemma provides a bound on the drift
at client 4.

Lemma 9. Suppose each f;(x) is L-smooth and convex. Moreover, suppose 7; > 1,Vi € S,
8o =65 = 1, and n; < L Vi € S. Then, FedLin guarantees the following bound for each i € S,
and V¢ €{0,...,7 —1}:

[ zie = Zel| < meml |V £ (Z0)])- (68)

Proof. Based on (61), for any client i € S, we have
Zier1 = Zell = [|ie — Te — i (Vfi(wie) = VI i(Z1)) =V (@)
< @i — Te —mi (Vfi(@ie) = Vfi(@)) | +ml [V f(20) ] (69)
< @i — Zell + m |V f (@)

where in the last step, we used the bound (47) from Lemma 6 that applies to both the convex and
strongly convex settings. From (69), and the fact that z; o = Z¢, Vi € S, we immediately obtain

23,0 = Ze|| < [|2wi0 — Zell + nal[Vf(2) ]
S 7717-74||vf(:ft)||7
which is the desired conclusion. O

(70)

Completing the proof of Theorem 1: To complete the proof of Theorem 1, let us substitute the
bound on the drift term from Lemma 9 in equation (62). This yields:

Ti—1
f(@es) = f(@) < —7(1= L) VS (@ ( Zmzmnw 2 |> V@)l
Ti—1
SIS0 Y A
i=1 £=0
(1= 70) [V @I + = 3 o) IV £ o) an

”—Z (i) IV £ ()2

=7 (1 — L) |V (@) + FLIV (@) + 7 L3V (7))

_ _ 12
=1 (1 =30L) [V (@),

where in the third step, we used n;7; = 7, and for the last inequality, we set the flexible parameter 7

to satisfy 7. < 1. In particular, setting = and using the fact that f(-) is u-strongly convex, we

immediately obtain

6L’

1 . L
Flavin) = 1) < (1= o) (7o) = fla7) where = = )
Finally, note that 7 = 1mphes that the step-size for client ¢ is 1; = g7 — L , which satisfies the

requirement 7; L < 1 for Lemma 9 to hold, and is precisely the choice of step- size in the statement of
the theorem. This completes the proof of Theorem 1.

F.2 Proof of Theorem 2: Analysis for Convex loss functions

In order to prove Theorem 2, we will use a slightly different approach than that in Theorem 1. Instead
of focusing on the quantity f(Z:+1) — f(Z:), we will be interested in bounding the distance to the

optimal point z* at the end of the ¢-th communication round, namely ||Z;4+; — z* ||2 The following
lemma is the starting point of our analysis.
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Lemma 10. Suppose each fi(x) is L-smooth and convex. Moreover, suppose 7; > 1,Vi € S,
0c =05 =1, andn; = L Vi € S, where 7 € (0,1). Then, FedLin guarantees:

Ti—1
_ " _ " o . L(1+ 277L <
@1 — |2 < 1@ — 2% — 20 (f(@) - f(@)) + S Z oo =l
=1
_9 _ 2
+20° [V f(z4)".
Proof. From (64), recall that
;i —1
xﬂdffﬁh*E:WE:vﬁxM (74)
=1
Thus, we have
Ti—1 Ti—1
il Ll L ZmZVﬁ HZmZVﬁ
=1 =1
(75)
To proceed, let us first bound the cross-term as follows.
;i —1 i —1
a3 > Vhlra) = EDDD ( T — 210, Vi)
i=1 1=1 =0
+ (@i — ", sz‘(%:,e»)
(a) 2 m Ti—1 - L -
s - Soni Y <fi(96t) — fi(@ie) — EH%,@ — &) *+
i=1  ¢=0
(eie — x*,w@-(xz«,m)
(b) 9 m Ti—1 .
s - Sy (fz Ty) — fi(zie) + filzie) — fi(z )>
i=1 £=0

-1

+ — an Z ||xl@_xtH
i=1 -
= ——ann fi(Ze) Z’?z Z sz@ _xtH
=1

Ti—1

= 27 (f(#1) - Zm Z ls.e = 2]

(76)
In the above steps, for (a) we used the fact that f;(-) is L-smooth; see equation (29). For (b), we used
the fact that (xl ¢ — 25, Vfi(zi)) > filxie) — fi(z*) - a consequence of the convexity of f;(-).
Finally, to arrive at the last step, we used 1;7; = 1.

Now observe that while deriving the bound in Eq. (67) of Lemma 8, we only used the fact that each
fi(+) is L-smooth. Thus, the same bound applies in our current setting. In particular, we have

Ti—1 Ti—1
i 277L i
Hzm > Vi S >l s 2 Vs
=1 =1
Combining the above bound with that in (76) 1mmed1ately leads to (73). O

Completing the proof of Theorem 2: Suppose ;L < 1. Then, based on Lemma 9, recall that
#ie — Zell < miml [ Vf(Z0)]],Vi € S, VL €{0,...7 — 1} (78)
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Substituting the above bound on the drift term in (73) yields:

m Ti—1
_ N _ . o . L(1+27L) : -
|Zer1 — 2| < |2 — 2% = 20 (f (&) — f(a*)) + ———1 Zm > im) IV F @)
=1 =0
+ 277 |V (@)
(a) a2 o 3L &
< @ —2*||” =20 (f(Ze) — f EZ mii) |V £ (@)1 + 272 |V £ ()]

D 1z, — P~ 20 (£(@) — f@)) + 3PLIV @ + 2P|V £ (20)]?

(c 2 P i) 2
D a0 — 2| — 20 (F (@) — 1) + 5PV I @]
D a— o — 20 (1 — 50L) (@) — F&")).
(79)

In the above steps, for (a), we set 7 to satisfy nL < 1; for (b), we used n;7; = #; for (c), we once
again used 77L < 1; and finally, for (d), we used the fact that f(-) is L-smooth; refer to equation (30).
Now rearranging terms in (79), we obtain

200 (1= 50L) (f (%) = f(a*)) < |20 = 2*||* = |0 — 27", (80)

Now let 7 = 37, implying 7; = 1OL - Vi € S. Clearly, the conditions 7; L < 1 and 7L < 1 are
then satisfied, and we have

£@) = @) < 10L (|17 = a*[* = F0 = ") 81

Summing the above inequality from ¢ = 1 to t = T leads to a telescoping sum on the R.H.S., and we
obtain

(@ 1 &
f<;§:t>f@ﬂfi;}:Uﬁ@f@ﬂ)S%?(Wﬁx*zWTH$Wﬁ7@D

where (a) follows from the convexity of f(-). This completes the proof of Theorem 2.

F.3 Proof of Theorem 3: Analysis for Non-convex loss functions

To analyze the non-convex setting, the first key observation that we make is that the claim in Lemma 8
relies only on smoothness of the client loss functions f;(+), and requires no assumptions of convexity.
Thus, the bound in (62) applies to the non-convex setting as well. However, the bound on the drift
term ||z; o — T;|| that we derived in Lemma 9 did make use of convexity of each f;(-), and hence, is
no longer applicable. We thus need a way to bound ||z; o — Z:|| without making any assumptions of
convexity; this is precisely the subject of the following lemma.

Lemma 11. Suppose each f;(x) is L-smooth. Moreover, suppose 7; > 1,Vi € S, 6. = §; = 1,
and n; < %ﬂ,Vi € S. Then, FedLin guarantees the following bound for each i € S, and

VEG {0,...,7’1' — 1}
i = 2] < 3nimilVf(20)])- (83)

Proof. From (61), we have
i1 — Zell = Nlwie — e — 15 (V fi(ie) = V(@) =V f(Z4) |
S wie = Zell + mllV i) = V(@) 4 sl [V f ()|
(84)

,\
INg

(L4 nL) |lwie — el + mal [V S (20) |

1
(14 1) bowe = 2l + Vs @)

,\
INS
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where (a) follows from the L-smoothness of f;(-), and (b) follows by noting 7; <
We then have

< L -. Letoy; = 1+—.

—1

lzie = Zoll < o o — @l + | Dol | mllVf(z)]

—— :
=0 J=0

= Zai nil|V £z

o
— (221) miv sl )

<1+ )Vf )l
(1+ ) 195

< exp (1)7727—2||vf(xt)” < 37727—2va(mt)”
which is the desired conclusion. ]

<niTi

Remark 5. In comparison with Lemma 9 where we derived bounds on the drift for the strongly
convex and convex settings, the requirement on the step-size for bounding the drift in Lemma 11 is
more stringent: whereas 1; < % sufficed for Lemma 9 to hold, we need n; < % for the non-convex
setting in Lemma 11. Also, the bound in Lemma 11 is worse than that in Lemma 9 by a factor of 3.

Completing the proof of Theorem 3: By substituting the bound on the drift from Lemma 11 in
equation (62), we obtain

F(@en) = f(20) < =0 (L= qL) IV f (@) < > i 3l [V £ ( xﬁ) IVf(z)

i=1 £=0
Ti—1
S0 S Gun V@)
i=1 =0
(1= 70 V@I + 223 er)* IV @l
i=1
INLE & :
+ S ) IV £(@))°
i=1

—7 (1= L) |V f (@) |* + 372LIIV £ (z)|* + 97* L3V f (z0)]|”
—7 (1= 137L) |V £(z:) ]|,

(86)
where we used mn = 77 and 7L < 1 in the above steps. Now suppose 7 = 26 7> implying
i = 55 LT < i- Observe that this choice of 7 fulfils the step-size requirements for Lemma 11 to
hold. P]uggmg 77 = 26L in (86) yields

IV£(@))* < 52L(f(20) — f(Zer1)).- (87)
Summing the above inequality from ¢ = 1 to ¢t = T', we obtain as desired
d 52L
2 - _
min [V£(z)] g IVF@E)I" < == (f@1) = f(@rs))- (88)
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F.4 Proof of Theorem 4: Analysis for Strongly Convex loss functions with Noise

In this section, we focus on analyzing the performance of FedLin under a general stochastic oracle
model, subject to arbitrary objective and systems heterogeneity. For each i € S and 2 € R?, let ¢;(z)
be an unbiased estimate of the gradient V f;(x) with variance bounded above by o2. Our goal is to
then analyze the following noisy update rule for FedLin:

e =2l —niai(@)) — ai(@) + a(@)), (89)

where g(z) £ 1/m Y, ¢ qi(z), Yz € R For our subsequent analysis, we will use ]-"i()te) to denote
the filtration that captures all the randomness up to the ¢-th local step of client ¢ in round ¢. We will
also use F(*) to represent the filtration capturing all the randomness up to the end of round ¢ — 1.

With a slight abuse of notation, .Ft-(ﬁl is to be interpreted as F ) ,Vi e C.

We begin our analysis of Theorem 4 with the following lemma.

Lemma 12. Suppose each f;(x) is L-smooth. Moreover, suppose 7; > 1, Vi € S, 0. = 0, = 1 and
N = g, Vi € S, where 7j € (0,1). Under the stochastic oracle model defined in Section 4, FedLin

guaranztees:
B[z — 2" |2] < E|llz —o*2] - 27E[ £(@0) — £(2")| + 40°E[ IV £(@)|?)
Ti—1 (90)
+L(1+T677LZ ZE[th }—&-1677
i=1 £=0

Proof. From the noisy local update rule of FedLin in Eq. (89), we have:

Ti—1

Typ1 =T — — Zm Z [QZ (@i,0) — @i(ZTe) + Q(ft)}

m _ (91)
—l’t—*Zquz l’ze
i=1 =0
Hence, we obtain
Ti—1
mﬂﬂw—m—ﬁMW—ZmZ%aw
i=1 =0
Ti—1 - (92)
JJt—Z‘ anz%xz/>
i=1 £=0
Az
We begin by bounding the term .A; in (92) as follows:
Ti—1
-/41 = 72771 Z% xzﬁ H
i=1
Ti—1 2
== Zm > (gi(wie) — qi(Te) + qi(fct))H
i=1 £=0
m Ti—1 2 93)
=—Zmz%qum»wmﬂ
i=1 £=0

m

< 2“72771 Qz Ty, Z) _Qz Jf‘t H +277 ||Q(xt)H2

T2

T
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The term 77 in (93) can be upper bounded as follows:

m Ti—1 2
T =2H*Zm Z (Qz(zzé) Q(xt))H
i=1 =0
9 m Ti—1
EZ Z H% Z‘?F 7% xt)”Z
i=1 £=0
_m Ti—1
-2 Z Z lai () = as(@0)|I?
m Ti—1
2_ k2
- En Zm lqi(zi,0) = Vfi(zie) + Vfilzie) — V(@) + V(@) — a:(ze)|)?
i=1 (=0
(b) 6 m T;—1
< S Y (lastane) = Vs |+ 19 i) = VH@I + [V fiG) - ai@)).
i=1  £=0

94
where steps (a) and (b) follow from an application of equation (36). Taking expectation on both sides
of equation (94), we obtain:

ji Tz_l (E [E{Qi(ﬂfil) — Vfi(mi,z)||2|fi(’?1H +E[\|Vfi(xi,g) Vfi(@)|| }
=1 =0

E[E[Wxt) - qi<xt>|2|f(”ﬂ)
(a) 677 Ti—1
;m
Ti—1

Z (20 +L2E[|Ixz£—xt|| D
< 129%0° + ZmZE[W‘%“}
i=1 (=0

95)
For (a), we used the following facts: (i) x% is .Fi(te)_l—adapted; (i) 7 is F (t)-adapted; (iii) the

variance of the noise model is bounded above by o2, and (iv) L-smoothness of the loss functions

Next, the term 73 in (93) can be upper bounded as follows:

T2 = 2% [lq(z0) |
= 2i(|q(Z:) — Vf () + Vf(2)||?

m

= 27 H* (q:(e) = Vfi(0)) + Vf(”?“t)Hz

, zml . (96)
< 4ﬁ2H— (@) = Vhi@)|| +42 195 @)
i=1

ZII qi(ze) = VIil@o) | + 47|V £ (@)1,

where step (a) follows from an application of equation (36). Taking expectation on both sides of
equation (96), and using the bounded-variance property, we obtain:

(7] < 47 (o* + B[V 700 1] ) ©7)
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We now proceed to bound the expectation of the term A5 in (92) as follows:

Ti—1
E[A)] =E [—2 Ty —a’, Zquzmu ]
i=1

T, —1

= % 7 Z E[@t -z, Qi(xi,é»}

=1 £=0

m Ti—1
SN E[E{(ft - z*,qim,e»fi?_ﬂ

== ©8)
(i) %2 Zni Z E[<£Ct — vfz(xz 5)>}

=1 £=0
0 2@ L .
DAY E[fi(@) — fila®) — 5llese — o]

:—QﬁE[f(jt) } ngﬂi{mg—xt” }

For step (a), we used the unbiasedness property of the noise model, and for step (b), we employed
the same reasoning as that used to arrive at equation (76).

Taking expectation on both sides of equation (92), and combining the bounds in equations (95), (97)
and (98) establishes the claim of Lemma 12. O]

For L-smooth and p-strongly convex loss functions, the following lemma provides a bound on the
drift at client 7.

Lemma 13. Suppose each f;(x ) is L-smooth and p-strongly convex. Moreover, suppose 1; > 1,

Vi€ S, d. =06s =1landn, = —, Vi € S, where 7j € (0,1). Under the stochastic oracle model
defined in Section 4, FedLin guarantees the following bound for eachi € S, and V¢ € {0, . i—1}:
E ||z - 22| < 671V (@0)2] + 27nis10 (99)

Proof. From the noisy local update rule of Fedlin in Eq. (89), we have:
Tt = T — 0 (qi(@ie) — Gi(Te) + q(Z4))
=T — 1 (qz'(xi,z) =V fi(wie) + Vfilxie) — Vfi(Zs) (100)
+ Vfil@h) = qi(T0) + q()).
Hence, we have:
Tigp1 — T = (@i — &) — i (VSilzie) — VI i(@) + V(T))

%
~ ~ ~ ~ (101)
- Th‘(lh(xi,e) — Vii(zie) + Vi(Z) — qi(Te) + q(Z) — Vf(xt))
w
Consequently, we may write:
i1 = el* = (2,0 — & — 0iV) —mWV|? (102)
= [(@ie — 20 = V)P + 0Z W = 2(zi0 — 2 — 0V, W),
Taking expectation on both sides of equation (102), we have:
E[llzie+1 = Zel?] = Efll(zie — e = mV)|IP] + i E[W]]?]
—2E |:E |:<{,Ci7[ — Ty — VY, 771W>|]‘—Z(t€)_1}:|
’ (103)

W E[||zis — 70 — mV?] +2E[IW]2] .
—_————

.A1 -A2
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For (a), we used the following facts: (i) x;¢, %, and V), are all adapted to ]:i(,tl)fl’ and (ii)
E [W|]:i(te)71] = 0 based on fact (i) and the unbiasedness property of the noise model.

We now proceed to bound the term .A4; in equation (103) as follows:

E[[(zi,e — z: — mV)?] = E[llwie — 2 — mi(V fiwi ) — Vi(Ze)) — 0V f (Ze) 1]

1 ~ ~ (104)
< (Ut I [fese = 2] + (14 )RV @)
The above inequality follows from the application of equation (35) and Lemma 6.
To bound the term A in equation (103), we proceed as follows:
IWI? = llgi(zie) =V filzie) + Vfilze) = ai(@) + a(z:) — VF(@)]?
< 3llgi(wie) = Vilziol® + 31V Fi(ze) — ai(@)|
+3llq(z:) — Vf(@0)]?
la(ze) = V()| (105)

< 3lgi(wie) = V filzio)|? + 3V fi @) — qi(@) |12
2 o) = Vil
i=1
Taking expectation on both sides of Eq. (105) and using the bounded-variance property, we obtain:
E[|W|?] < 3(30%) = 90°. (106)
Combining equations (104) and (106), equation (103) becomes:
o1 =) < (14 DJE[lawe = a1l] + (L4 EE[IVS@0I] + 90 c1on)

Iterating equation (107) and using x; o = ¥, we obtain:

1+ DRE[IVF @] + 9n?02] (H (1 * i)j> (108)

< G|V £ (@0)|?] + 27mi0%,

E[llzie — 2]%] <

where we set v = 7;, and used n;7; = 7.

Completing the proof of Theorem 4: By substituting the bound on the drift from Lemma 13 in
equation (90), and for 127L < 1, we obtain:

E[lze1 — 2|12] < E[la0 - 2*[12] - 20E|f(20) - f(a*)] + 47°E[IV £ (@0)]1]
+2L (6ﬁ3IE[||Vf(:i:t)H2} + 2777302) + 1677202
<E[la - a*|2] - 20 [f(@) - /()] + 6 ||V f(20)|?] + 25707
B[ - o 1?] - E[2001 - 63) (@) — F@)] + 2570

(b) 7l
< (1= 29[z, - o*|12] + 25770

(109)
In the above steps, (a) and (b) follow from the L-smoothness and p-strong convexity of the loss
functions, respectively. This completes the proof of Theorem 4. O
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G Proof of Theorem 6: Gradient Sparsification at Server with no
Error-Feedback

In our subsequent analysis, we will make use of three basic properties of a TOP-k operator that are
summarized in the following lemma.

Lemma 14. Let Cs5 : R? — R? denote the TOP-k operator, where § = d/k, and k € {1,...,d}.
Then, given any vector x € RY, the following three properties hold.

« Property 1: (Cs(z),z) = ||Cs(x)||>.
« Property 2: ||Cs(z)||” > L.

« Property 3: |l — Cs(x)[* < (1~ 1) ||

All three properties stated above follow almost directly from the definition of the TOP-k operator.
For a formal proof, see [49]. We start with the following lemma.

Lemma 15. Suppose each f;(x) is L-smooth. Moreover, suppose 7; > 1,Yi € S, 6. = 1, and
ni = L,Vi € S, where ) € (0,1). Then, the variant of FedLin described in the statement of
Theorem 6 guarantees:

Ti—1
F@egr) = f(@) <=0 (1—7L) |g:|* + ( ZTh Z @i, It|> IV f (@)l

(110)
T]L Ti—1
Zm Z lie — 24|,
=1
Proof. For the setting under consideration, the local update rule at client ¢ takes the form
Tior1 = Tig — i (Vfi(zip) — VIi(Z) + ge)s (111)
where
1 m
=Cs. (m ; Vf,;(@)) =Cs. (Vf(1). (112)
Using x; 0 = 24, Vi € S, we then have:
Tifl
Tizo =T —mi »_ Vfilwie) —nimi(ge — V(1))
- (113)
=2 —n; »_ Viilwie) =g — Vi(@)),Vi €S,
£=0
where we used n;7; = 7] in the second step. Thus,
1 m m Ti—1 77 m
@HZEZ;M,% xt—*zgmzvfl i) EZ — Vfi(&:))
= ’ - (114)

;i —1

—zt_*znzzvfz 1'1,6 (gt_vf(i't))'
1=1

Compared to (64), note that we have an additional error term 7j(g; — V f(Z;)) that shows up as a
consequence of gradient sparsification at the server. Nonetheless, we proceed exactly as before, and
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bound f(Z:11) — f(T+) as follows:

[@e41) = [(Ze) < (@1 — 2, VI(Z1)) + £Hjt+1 — |
Ti—1

<,fzmzwz vi) + (VS (@) = 90), V(@)

i=
H Ti—1 2

anzvfl T +77(gt Vf( ))
i=1 =

@ (LS S (V) — V@) V@) i V)
=1 £=0
Tl—l 2

Hznz sz xz Z) sz(ft)) +ﬁgt
i=1

T, —1
¢ < Zlm Z Vfi(zig) — Vfi(:it)),Vf(:Et)> — iillgell
Ti—1 2

Hzm sz Ty Z) sz(jt)) +ﬁgt
i=1

Ti—1
< a0 - L) gl (= S0 S (Vi) - V(@) V(@)
i=1 =0

Ty
Ti—1 2

+LHZTIZ Z vf’t xll sz(ft))
i=1 =

Ts

d

)

< =7 (1 —nL) [lg:l? +< Zmz ||xzf—xt||> IV f ()|
=1

Zm Z e — e .

=1

—~

(115)
In the above steps, for arriving at (a), we made the following observation:
Ti—1
v f(z Z v fi(@ Z 07V fi(T) Z m; Z V fil@e). (116)
i=1

For (b), observe that (g;, V f(Z:)) = (Cs, (Vf(Z1)), Vf(Z¢)) = llg¢||*, where the second equality
follows from Property 1 of the TOP-k operator in Lemma 14. For (c), we used (35) with v = 1. For
(d), we followed the arguments used to arrive at (66) and (67) to bound 77 and T5, respectively. [
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Completing the proof of Theorem 6: To complete the proof of Theorem 6, we start by noting that
if the step-size at client ¢ satisfies 7; < %, then arguments identical to those used for proving Lemma
9 can be used to conclude that

i, = Zell < nimil|gell- (117)
Substituting the above bound in (110) yields:
Ti—1
F@e1) = f(@) < =1 (1= 7L) |lge||* + ( an Z angtI) IV £ (@)l
3 m Ti—1
2
+ 1 — > _mi ) (nimillgnll)
i=1 £=0
L m _ m
_ _ 2 nL 2
== (1 =7L) llg|I” + — > i) MgV £z + — Z (7)1 ge |
i=1 i=1

(@) _ _ s VL & 2 2 L3 & 2
< -an) o + 5 S il —Z wr) ol
i—1 —

(b

< - (1= (24 V&) L)
<=2 (1= (24 V&) L) IV S
< (1 (24 /A L) (1) — 1),
° (118)

In the above steps, for (a), we used Property 2 of the TOP-k operator in Lemma 14 to conclude that
V(@) < Vos|Cs, (Vf(Z))|| = Vslg:l. For (b), we used n;7; = 7j and 7L < 1. For (c), we
once again used the second property of the TOP-k oPerator, and for (d), we used the fact that f(-) is
p-strongly convex (refer to (34)). Setting 7 = VL and rearranging terms then leads to

. . 1 _ . _L
f(Ze40) = f(27) < (1—w>(f($t)—f($ ), where 1 = o (119)

Using the above inequality recursively, we obtain the desired conclusion.
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H Proof of Theorem 8: Gradient Sparsification at Clients

The proof of Theorem 8§ is somewhat more involved than Theorem 6. Let us begin by compiling the
governing equations for the setting under consideration.

Tigp1 =T — 0i(Vfi(wie) = V [i(Ze) + ge)

hit = Cs. (pit—1 + Vfi(Z41)) (120)
Pit = Pit—1+ V(&) — hiy.
The first and the third equations hold for every communication round ¢ € {1, ..., T}, whereas the

second equation holds V¢ € {2,...,T}. Moreover, we have h; 1 = Vf;(Z1), and p;o = pi1 =
0,Vi € S, i.e., the initial gradient compression errors are 0 at each client. Since there is no further
gradient sparsification at the server, we have g; = % Z;’;l h; ¢. It then follows that

pr = pi—1 + Vf(Z) — g1, (121)

where py £ L 3" p; ;. To simplify the analysis, let us define a virtual sequence {7} as follows:®

B2 @ —Tpe, (122)
where 7 = n;7;, Vi € S. Now observe that
Tpp1 = Teq1 — TPt

Ti—1

—xt_*znzzvfz sz (gt_vf(:z.t))_
i=1 =

Tl—l

_xt_*znzzvfz xz[
=1 =0

The second equality follows from (114) and (121), and the third follows from the definition of
in (122). Interestingly, note that the recursion for z; that we just derived in (123) resembles that for
Z; in (64) where there was no effect of gradient sparsification. This simplified recursion reveals the
utility of the virtual sequence.

(pt—1 + Vf(Zt) — gt)

B

(123)

Proof idea: In order to argue that Z, converges to x*, it clearly suffices to argue that the virtual
sequence T; converges to x*, and Z; converges to Z;. To achieve this, we will employ the following
Lyapunov function in our analysis:

1 m
Yo 2 |3 — 2| + 7P Vier, where Ve 2 — > i), (124)
m

The choice of the above Lyapunov function is specific to our setting, and accounts for the effects of
systems heterogeneity and gradient sparsification. In the following lemma, we bound the first part of
the Lyapunov function, namely the distance of the virtual iterate ; from the optimal point x*.

Lemma 16. Suppose each f;(x) is L-smooth and p-strongly convex, and suppose Assumption 1
holds. Moreover, suppose T7; > 1,Vi € S and §; = 1. Let the step-size for client i be chosen as
ni = 1, where 1) € (0,1) satisfies 7 < 2LC Then, FedLin guarantees:

|Zer1 = 2*(|* < [|F — 2| = 20(f (&) = F(2")) + 1477 |V f(@)||* + 240° LV; -1 + 12773(Llé75-)

Proof. From (123), we obtain

Ti—1 H Ti—1

|Z o1 — 27| = [|F — 2*||* - AT —a” an Z Vii(wie)) Zm Z Vii(wie)
i=1 i=1

(126)

8We note that virtual sequences and perturbed iterates are commonly used to simplify proofs in the context
of analyzing compression schemes [52, 49], and asynchronous methods [56].
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To bound the second and third terms in the above equation, we can follow exactly the same steps as
those in Lemma 10. In particular, Lemma 10 relied on L-smoothness and convexity of each f;(-) -
each of these properties apply to our current setting. Referring to (73), we thus have

m Ti—1
~ *(12 ~ %112 — ~ * L(l + 217L) N ~ 112
1 — P < 12— 21 27 (F(2) — F@*) + 22T SR S e ]

=1 =0

+ 277 |V (@))% (127)

To bound the term ||Z; — Ii7g||2, start by observing that
|2 — xi,é”Q =T — & + T4 — xz‘,é||2
< 2)|&; — | + 2l|Ze — 21| (128)

=277 ool + 2020 — e,

where the last equality follows from (122). Since 77 < %, following the same arguments as in Lemma
9, we have ||, — z;¢|| < nimillgell = 7llge[l. Thus,

> <27 (Jlp-all® + llgell) - (129)

[ — @40

Next, note that
2

1 m
2
ol = | 3 3
=1
1 — 9
EZHhatH
=1
()

1 m
s > i1 + Vi)
i=1 (130)

2 & 2 &
m 2l + 3NV AN

d 2 —
LoVt =3 IVA@E)

i=1

INS

(c)

IN

(e)
< 2V, +2C| V£ (z0)]* + 2D.

In the above steps, (a) follows from Jensen’s inequality; (b) follows from the fact that h;; =
Cs, (pit—1 + V fi(Z;)), and the definition of the TOP-k operation; (c) follows from (35) with v = 1;
(d) follows from the definition of V;_1, and (e) follows from Assumption 1. Finally, observe that

IVf@)|? = IV f(@e) — V(&) + V@)
<2V f(T:) — V@) + 2V (@)
@ 2027y — &4||” + 2|V £ (E) | (131)
© 972 L2 gy || + 2V £ (@)

(c)
< 2LV q + 2|V f (&),

where for (a), we used the L-smoothness of f(-); for (b), we used (122), and for (c), we used Jensen’s
inequality to bound ||p;_1]|> by V;_1. Combining the bounds (129), (130) and (131), we obtain:

13— wiel® < 27 (e +2Vies +2CIV £(@)) +2D)
< 272 ((3 FAPLPC)Vioy + AC| V£ ()| + 2D) (132)

<477 (Vi1 +2CIV £(@)|* + D) .
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For the second inequality, we once again used Jensen’s to conclude ||p;—1||*> < Vi_1; for the last
inequality, we used 72 L*C’ < 7?L*C? < %, which in turn follows from C' > 1, and the fact that

7 < ﬁ based on our choice of step-size. Plugging the bound on ||, — ;¢ 1% in (127), we have

|41 — 2*[|* < (& — 2*[1* — 20 (f (@) — f(=")) + 207V £ (@)
L L+20L) 5

m

Ti—1

m Y 477 (20 + 20V ) + D)
i=1 £=0

< [1@— 2| 2m (@) — f(a®) + 277 VT @)
3L
+ o AT (i + 20NV @I + D)

= |7 — 2*|* = 20 (f(&) — f(2*)) +20° (1 + 127LC) |V f (&)
+247° LV, 1 + 12° LD
<& —2*|* = 20 (F (&) — f(27)) + 140° |V (@) |I” + 247°LVi 1 + 127°LD.

(133)
For the second inequality, we used . < 1 and = n;7;, and for the last inequality, we used
nLC < % This concludes the proof. O
In the next lemma, we derive a recursion to bound V; - a measure of the sparsification error.
Lemma 17. Suppose the conditions stated in Lemma 16 hold. Then, we have
1
V; < (1 — 55t 4772L26CC) Vie1 +46,C||V f (&) + 26.D. (134)
Proof. Let us observe that
Ve LS ol
t m £ 7,
1 — _ 2
= = lpie—r + VSil(@) — i
mi=
1 — _ _ 2
= — > i1+ V1il@) = Cs. (pi—1 + VSil@) | (135)
i=1

m

<1 _ 51) S i + VA

i=1

<(1-g)aeria+ (1-3) (1+3) R X iwaeol”

c

IN

For the second-last inequality, we used Property 3 of the TOP-k operator in Lemma 14; for the last
inequality, we used the definition of V;_; and the relaxed triangle inequality (35). Now in order for
V; to contract over time, we must have

6. —1°

c

<1—51>(1+7)<1 — v <

Accordingly, suppose ¥ = ﬁ Simple calculations then yield

(- Dyt (-2 (1) = (- D en e,
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Substituting the above bounds in (135), and invoking Assumption 1, we obtain

1 _\12
v, < (1 _ 25) Vs + 26, (CIVf(@0)|* + D)

1
< (1 - 25) Vs +20.C (20°L2Vis 4 2|VS @) + 25D (136)

1
(1 “as 4’72L25c0) Vios +46.CV £ ()| + 26.D,

where for the second inequality, we used (131). O

Now that we have a handle over each of the two components of the Lyapunov function v;1, we are
in a position to complete the proof of Theorem 8.

Completing the proof of Theorem 8: Suppose 7 is chosen such that 7 < =7~ Note that this

choice of 77 meets the requirements for Lemmas 16 and 17 to hold. Now based on Lemmas 16 and 17,
and the definition of 1);, we have

Y1 = |Fe1 — 2*|)* + 7PVi
<@ —a*||* = 20 (f(&) = f(=*)) +20°(7 + 20.0) |V f (&) |

1
+ (1 —55 t 472 L26,C + 24771;) 7*V,_1 + 27 (67L + 6,)D
@ o i} B 3
< & — 2%|* = 20 (F(&) — f(27)) + 180%0.C||V f ()|

1 6
1— — +287L | 72Vi_q + 2772
+( 25C+ 87 )n t—1 + 2] <6CC

+ 56) D (137)

b)
e, — oI — 20 (1 185L6.C) (F(&) — F(a") + (1 -

+ 27 (560 +5C) D

(©) 3 5 1 6
< [(1=-%q 7 —x* 1-— 287 L | 1PV,_q1 + 27
_( 4nu)xt x||+( a5+ n)n t1+77<5cc

1
a5t 2877L> 72V

+ 5C> D.

For (a), we used . > 1,C > 1, and 1L6.C < 1 to simplify the preceding inequality; for (b), we
used the L-smoothness of f(-); for (c), we used the fact that 7)L6.C' < -5, and that f(-) is p-strongly
convex. Now given our choice of 7, observe that

1 +28nL <1 1 + 28 =1 ! <1 ! <1 3
95, TN =T 95 0 T .0 90.0 966,Cr — 4

1—

where xk = % Thus,

3_ ~ * (12 —2 =2 6
< — — _
Y1 < (1 4W> (th T+ VH) + 27 (500 +6c) D
3 6 (138)
=(1-=7¢ 21° 6. | D.
< 477u>¢t+ 77 <5CC+ >
Using the above inequality recursively, we obtain
T 3_\T
3 1—-(1—-¢ 6
Y1 < (1 - ﬁu) 1 + 27 <—‘@ ( + 56) D
4 1—(1-3qp) 0.C (139)

3 \7* 8 6 D
<(1-25 27 il
_< 4W> 1/)1+377(5CC+5C) B
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Now since p; o = 0,Vi € S, we have py = 0, and V = 0. It thus follows that ; = 21 — pp = 71,
and ¢y = ||, — z*||°> + 712V = || #1 — «*||*. Finally, observe that

|1Z741 — 2*|° = |Frs1 — B4+ — 27|

< 2lErs1 —a*|* + 2 Er 1 — Eraf?

= 2|Er41 — 2*||* + 27| pr || (140)
<2 (Jars — "I +7%Vr)
= 2¢r141.
Based on the above discussion, and (139), we have
T
_ 2 3_ _ o 16_( 6 D
-z <2(1-~ -z — be | —, 141
forar o <2(1- Jm) do - o P4 P (540 ) Do aan

which is precisely the desired conclusion.
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I Proof of Theorem 7: Gradient Sparsification at Server with
Error-Feedback

The proof of Theorem 7 follows similar conceptual steps as that of Theorem 8. Thus, we will only
sketch the main arguments, leaving the reader to verify the details. Given that §. = 1, we note that
the governing equations for this setting are as follows.

Tigr1 = xie — 0i(Vfilwie) = Vfi(Ze) + g9t)
gt = Cs, (et—1 + Vf(Z1)) (142)
et = er—1 + VI(T) — gi-
The first and the third equations above hold for every communication round ¢ € {1, ..., T}, whereas
the second holds for every t € {2,...,T'}. Initially, we have gy = Vf(Z1), and e; = eg = 0. Let us
define the sequence {Z;} as follows:

Ty = Ty — Neg—1, (143)

where 77 = 1;7;, Vi € S. Then, based on the definition of the virtual sequence, and (142), it is easy to
verify that

m Ti—1
- - 1 X
Tty =Tt = — Zm > Viilwie). (144)
i=1 £=0
Following exactly the same steps as in the proof of Lemma 10, we obtain
m Ti—1
- . L PN ey o LA +20L) S .
|Feer —a*|* < |Z — 2" = 20 (F(%,) - f(a")) + — Yomi Y e — &
=1 =0
+ 272V £ (&) || (145)

Just as in the proof of Theorem 8, our next task is to derive a bound on ||z; ; — &;||*. To this end, we
start with

30 = wiell® < 20 (llee-all® + llgell*) - (146)

To arrive at the above inequality, we used (143), and the fact that ||z, — x; ¢|| < 7||g:||. Next, observe
that

lgel* = Cs, (er—1 + V£(Z0)) |I?
< lles—1 + Vf(@)]* (147)
< 2lee || +2(V F (@)1
Using the smoothness of V f(+), we also have
IVf@)I° = IV £(Z2) = V(@) + V@)

<2V f (@) = V@) + 2V /(@)

<2077 — &[* + 2]V f (&)

=207 L% |lea||” + 2|V £ (30"

(148)

Suppose 7 is chosen such that 7L < % Combining the bounds we have derived above, we can then
obtain

130 = @il <87 (Jles-all® + IV @) - (149)
Substituting the above bound in (145), and simplifying the resulting inequality leads to

|Zer1 — 2" |* < [|F — 2" = 20 (f (&) = f(27) + 47|V f (@)|* + 247°Llec—[|*. (150)

46



Given the dependence of the above inequality on the gradient sparsification error e;_;, we next
proceed to derive a recursion for bounding ||e;||. We follow similar steps as in Lemma 17.

lecl® = llet—1 + Vf(&:) = Cs, (er—1 + Vf (@) |

(@) 1 o,
< 1—5* let—1 + Vf(Z4)ll

S

(b) 1 9 1 1 _ 2
< (1 - 55) I 4+7)llec—1||” + <1 - 55) <1 + ,y> IV f(@)ll (151)

(c) 1
§<1—25>wpm2+%dvﬂmmg

(d) 1 _2 12 2 T 2
< 1— g +477 L 63 ||€t71|| —|—4(53||Vf($t>|| .

In the above steps, for (a), we used Property 3 of the TOP-k operator in Lemma 14; for (b), we used
(35); for (c), we set y = m; finally, for (d), we used the bound on ||V f(z;)|| in (148). We now
have all the individual pieces required to complete the proof of Theorem 7. To proceed, let us define
the following Lyapunov function:

Yo £ |7 —a*|* + 7lles .

Referring to (150) and (151), using the fact that f(-) is p-strongly convex, and following similar
arguments as in the proof of Theorem 8, we obtain

1
esr < = = 20(1 = 18920 (7(20) — o) + (1 g + 2808 ) Pllec

3 - N 1 _ _

< (1= 3m) oo+ (1= 5+ 280L) el
3_ ~ %112 _2 2

< (1= (13 =1 + s

1
- <1 - 9655/{) Ve
(152)

In the last two steps, we used 7] = =15, implying 7, = =75—. The rest of the proof follows by
recursively using the above inequality in conjunction with the following easily verifiable facts:

Y1 = |71 — 2*||° since eg = 0; ||Tri1 — ¥ < 20741
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J Simulation Results for FedSplit

In [10], the authors introduce FedSplit - an algorithmic framework based on operator-splitting
procedures. Given an initial global model Z;, the update rule of FedSplit is given by

()

y;, ' = prox_update, (2%, — z(t))7

%

2D = 20 o 7)), (153)
1 (t+1)
Te41 = ZZ'L ’

i€S

where z,fl) = Z1, ¢ € S§. The local update at client i is defined in terms of a proximal solver

prox_update, (). Ideally, this proximal solver would be an exact evaluation of the following
proximal operator for some step-size s > 0:

. 1
prox, ;. (u) == arger];m { filz) + —S||u —z|]? } (154)

As suggested in [10], in practice, FedSplit would be implemented using an approximate proximal
solver. One way to do so, as clearly detailed in [10], is to run e steps of gradient descent on h; () using
a suitably chosen step-size «. The latter is precisely the method we use to numerically implement
FedSplit. As per Corollary 1 in [10], FedSplit achieves linear convergence to a neighberhood of
the global minimum for any value of e. In what follows, we show that FedSplit may diverge even
under the simplest of settings. In particular, we consider an instance of problem (1) where two clients
with simple quadratics attempt to minimize the global objective function (1) using FedSplit. The
local objective function of client 1 is given by

and the local objective function of client 2 is given by

T
1 0 -1
wr-r s e[
~—— ~——
Az BT

where L = 1000, and px = 1. The step-sizes corresponding to the proximal operator and gradient
descent, namely s and «, respectively, are chosen as per Corollary 1 in [10]. Furthermore, we run e
rounds of gradient descent per communication round ¢ for e € {1,--- ,41}. Given the fact that the
implementation code of FedSplit is not publicly available, we note that our local implementation
of the scheme has diverged for all odd values of e between 1 and 41, inclusive. It should be noted,
however, that our implementation of FedSplit converged for some even values of e in the considered
range, as shown in Figure 5. We have further observed that increasing the ratio xk = L/u beyond
1000 causes FedSplit to diverge for values of e higher than 41 as well.
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Figure 5: Simulation results for FedSplit for e € {1,2,40,41}.
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K Additional Experimental Results on Logistic Regression

All the presented simulations are performed on a machine running Windows 8.1 with a 1.8 GHz Intel
Core i7 processor, using MATLAB R2019. In this section, we provide additional numerical results for
FedLin on a logistic regression problem. For each client i € S, the design matrix 4; € R™ %% is a
collection of m; feature vectors, with the j-th feature vector denoted by a;;, 7 € {1,--- ,m;}. In
turn, every feature vector a; is associated with a class label b;; € {+1, —1}. In a logistic regression
problem, the conditional probability of observing a positive class label b;; = +1 for a given feature
vector a;; 18
1

P(@i::+1):Af1;;;§;, (155)
where 2 € R is an unknown parameter vector to be estimated. The maximum likelihood estimate of
the parameter vector x is then the solution of the following convex optimization problem

m m;

1 T
~ = min — log(1 4 e~ bsi%5i®) | 156
;%M)%M;;%(eﬁ) (156)
fi(@)
The client objective functions, f;(x), are both smooth and convex. To generate synthetic data, for
each clienti € S = {1,---,10}, we generate the design matrix A; and the corresponding class
labels according to the model (155), where x € R100 apnd A; e R500x100 Tp particular, the entries of
the design matrix are modeled as [A;] S N(0,1) forj € {1,---,500} and k € {1,---,100}.
The entries of the true parameter vector x are modeled as [z], “RE N (0,1) for £ € {1,---,100}.

To model the effect of systems heterogeneity, we allow clients to perform different numbers of local
iterations. In particular, for each client ¢ € S, the number of local iterations is drawn independently
from a uniform distribution over the range [2,50], i.e, 7; € [2,50], Vi € S.

Gradient Sparsification at Server. We first consider a variant of FedLin where gradient sparsifica-
tion is implemented only at the server side without any error-feedback. In particular, we consider
the cases where 65 € {2,4}, which correspond to the implementation of a TOP-50 and a TOP-25
operator on the communicated gradients, respectively. For comparison, we also plot the resulting
performance when no gradient sparsification is implemented at the server side, i.e. Js = 1. As
illustrated in Figure 6, regardless of the level of gradient sparsification at the server side, FedLin
always converges to the true minimizer.

Gradient Sparsification at Clients. Next, we implement gradient sparsification only at the clients’
side, i.e. J; = 1. In particular, we consider the cases where 6. € {1.25,1.67}, which correspond
to the implementation of a TOP-80 and a TOP-60 operator on the communicated local gradients,
respectively. As illustrated in Figure 7, unlike the server case, FedLin with sparsification at the
clients’ side converges with a non-vanishing convergence error, which increases as the value of ¢,
increases.
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Figure 6: Simulation results for FedLin where gradient sparsification is implemented at the server
side. The constant 7 is fixed at 0.15 across all clients.
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Figure 7: Simulation results for FedLin where gradient sparsification is implemented at the clients’
side. The constant 7 is fixed at 0.1 across all clients.
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L Simulation Results for FedLin with Noisy Gradients

In this section, we provide numerical results for FedLin under noisy client gradients to validate the
theoretical results of Theorem 4. In particular, we consider the least square problem of Section 7
with s = 0. = 1 and o = 10. All the remaining parameters are kept the same. To simulate noisy
gradients, we add zero-mean Gaussian noise with variance o2 € {107°,1073,1071}.

0s=1,6.=1
10° T T T T T
FedLin: o = 107°
FedLin: 0 =107%
FedLin: 0% = 107!
100 1
@
=
8
| 105 =
-
=
10—10 L 4
1015 I I I I I I I
0 5 10 15 20 25 30 35 40

Communication Round ¢

Figure 8: Simulation results for FedLin under noisy client gradients. The constant 7 is fixed at 102

across all clients.

As illustrated in Figure 8, FedLin under noisy gradients converges with a non-vanishing error-floor,
which increases as the variance of the noise increases. Thus, our simulations here corroborate the

theory in Theorem 4.
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