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Abstract

This document provides details on our theoretical results and their proofs, and a
complete description of the setup of our experiments.
S1 Conditional Central Limit Theorem for Gaussian Projections

We give the formal statement of the result presented in Section [2.2] corresponding to [1, Theorem 1]
for the special case of one-dimensional projections.

Theorem S1 ([1, Theorem 1]). There exists a constant C' such that for any j € Pa(R?),

/ W3 (6511, N(0,d ma (1)) dyg(6) < Cd™ () + (ma(1)Br (1)) " +ma (1) /2 Ba ()%} |

(S1
where
ma() = [ el dute) . o) = [ [l ~maGoldu(o). (52
s = ([, Ml de wiea)” 59
R4 xRd
with g € {1,2}.
S2 Postponed proofs for Section [3|
S2.1 Proof of Proposition i
Proof of Proposition[l] Let 6 € R? and write § = rf, 7 > 0 and 6§ € S?~1. Then, we get
W (0; . 05v) = Wp((r9>gu, (rd)iv) (S4)
/ ’ (TF)) /1 (re)* )’pdtv (SS)
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where (S3) results from (B): F; and F5~ denote the cumulative distribution and quantile function
respectively, of a one-dimensional probability measure /i, i.e. Fj;(s) = fi((—0o0, s]) and Fj5~(t) =
inf{s' €R : F(s') >t} fors € Randt € [0,1]. Forany r > 0 and § € S¥1, we get

= (B5u){(—o00, s/r]} = Fg;u(s/7) (S7)
which easily implies that F(:;)*u(t) =rly u(t)' Therefore, using this property in (S3)), we obtain,
’ A
1
Wi 05v) = [ |rFig, () g, (0t s®
=P W (07, 0;v) - (S9)

By applying a d-spherical change of variables in the definition of S,\TVP @) and plugging (S9),

d

§‘7V§(M,V)=/ / PWE (8, O3v) (2m) " df e~ 31017 pd- 1474, ($10)
R, Jgd-1
:(QW)*%d%/ pprd—le=grt </ Wg(égu,égy)dé> dr . (S11)
R4 §d—1

Since the surface area of S*! is equal to 272T'(d/2)~! [2], and by definition of SW (@),
Jaor WE (0 1, 050)d0 = 272 T(d/2) ' SWE(p1, v).
Besides, by applying the change of variables t = (d/2)/?r,

/]R pptd=1,=87% 4. _ 2(p+d)/2d—(p+d)/2/ prd=1,—t% 44 _ o(p+d)/2—1 j—(p+d)/2 I'((d+p)/2)
+

Ry
We finally obtain,
P I'(d/24p/2)
_ (/)2 2) gwr . 12
O
S2.2  Proof of Theorem[I]
Proof of Theorem[I] By the triangle inequality, for any 6 € R4,
‘Wz(%,ud, 0iva) — Wa{N(0, d ™ 'my(11q)), N(0, dilmg(l/d))}’ (S13)
< Wo {0 11a, N(0,d" "ma(11q)) } + Wo{0;va, N(0,d™ "ma(va))} (S14)
Therefore, taking the integral with respect to v,
2
/ (W (010, 03v0) — WN(0,d"ma(10)). N(0.d " ma(v)} ) by (0) (S15)
Rd
2
< / (Wg{egud, N0, d ™ ma (j14))} + W {6 va, N(0, d_lmg(ud))}) dy 4 (6) (S16)
R4
<2{ [ WO NO. i ana(6) + [ WO N0, ) Yva(9)}
(S17)

where (ST7) follows from (a + b)? < 2(a? 4 b?). Then, we apply Theorem|[S1|to bound (ST7), and
we conclude there exists a universal constant C' > 0 such that

/Rd (sz(@ﬁud,@u* va) = W2{N(0,d "mo(p14)), N (O,d“mz(v@)})an(&) (S18)

< C(Za(pa) +Za(va)) (S19)



Using [[Jall — [[b[l] < fla — b]| in L2(y,) gives

{ [ Wi tivaan @}~ { [ WHNO.a ma(000), NO.a malva) Yava0)}

Rd

(S20)
2 1/2
< { / (Wg(égudﬁgyd) —WQ{N(o,dflmQ(ud)),N(o7d*1m2(yd))}) d»yd(e)} (S21)
]Rd
< CV?(Baqpa) + Ealva) ($22)

By (©) and Proposition|[I]
2
[ WO 0. 050)07,(0) = SW(1 ) = SWS s va)

We then obtain the final result by rewritting (S20) as
|SW(p1a, va) — Wa{N(0,d 'ma(s1a)), N(0,d ™ 'ma (va))}|.

S2.3  Proof of Proposition 2]

Proof of Proposition 2] This result follows from an analogous translation property of the Wasserstein
distance: by [3, Remark 2.19], W, (T can factor out translations; in particular, for any £, £’ € Pa(R%)
with respective means mg, mgs and centered versions &, ¢,

W3(&,¢) = W3(£,&) + [lme —mg |* . (S23)
By using (S23) in the definition of SW of order 2 (@), we obtain for any pg, vg € P2 (R%),
SW2(1, va) — / WA 07a)do () + / Imag - mag, fAo(0) (524
Sd- Sd-

— SW2(jia, 7a) + / g, — g, o (0) ($25)
Sd—1

By the properties of pushforward measures, mg¢ = (0, m¢) forany 0 € S¥~1 and £ € P2(R?). The
second term of (S23)) can thus be reformulated as

[ w0z = o Pa®) = [ 10.m,, —m,,) Fao(o) (526)

gd—1

=(m,, —m,,)" < / . 09Tda(0)> (m,, —m,,) (S27)
i
= (1/d) [[my., —m, |, (S28)
where the last equation results from [y, , 87 do () = (1/d)1,. The final result is obtained by

incorporating (S28) in (S23).
O

S2.4 Error analysis under independence

This section gives a detailed analysis of the error bound under the first setting discussed in Section 3.3
we consider sequences of independent random variables which have zero means and finite fourth-order
moments, and we derive an upper bound for =, in the next proposition.

Proposition S1. Let (X;);en- be a sequence of independent random variables with zero means and
IE[X;‘] < +oo for j € N*. Set for any d € N*, X1.4 = {Xj}?zl and let g be the distribution of
X1.q. Then, we have

= ~1/2 211 1/2 —1/4 —2/5 )
Ealpa) < d 12 1r£jaé<dVar[X]}} +{d +d?°} max Var[X,] . (529)



Proof of Proposition[S1] Given the definition of Z4(xq) (7), the proof consists in bounding ma (14),
a(pq) and By(pa) for g € {1,2}.

Since forany j € {1,...,d}, E[X;] = 0, then Var[X;] = E[X7] and

d
mo(pg) = Z ZVar | <d max Var[X}] (S30)
7j=1

1<;<d

To bound «(p4), we first use the Cauchy—Schwarz inequality.
) 1/2
aua) < { [ (vl = mas0) *dnaton | s30
R

Besides, [5. ( |@1.ql* — mg(ud))Qd/Ld(Il:d) = Var[[| X1.4/?], and since the d components of X4
are assumed to be pairwise independent, Var [|| X1.4||%] = Z?zl Var [ij] . We conclude that

1/2

d
Z Var [Xf] < (d max Var|

2
1<5<d JD (532)

Finally, we bound 3,(uq) for ¢ € {1,2} by bounding 55(f4) then using the fact that 51 (pg) <
B2(ftq) by the Cauchy—Schwarz inequality. Denote by X7, an independent copy of X7.q.

(X1, X1) (ZXX’) ZX2X’2+2ZXXXX’ (S33)
1<J

Since X1.q and X7, are independent on one hand, and they both are sequences of d independent
random variables with zero means on the other hand, we have

/]Rd Rd(<$1:da$/1:d>)2d(/‘d®Nd)(l’1:d7$/1:d) (S34)
d d 9 d 9
Z (X =S "E[X2)° = var[X,]”. (S35)
j=1 j=1 j=1

Therefore, B2(pq) < (Z?Zl Var[X;]?)V/2 < (dmax;<j<q Var[X;]?)/2. Since Xi.q has finite
second and fourth-order moments, max<;<q Var[X;], max; <j<q Var[X7] < oo, and we get

mp(pa) < d max Var[X;], a(ua) < d"/?(max Var[X7])'/2, (S36)
<j< 1<j<d
Bipa), Bo(pa) < d'/? e VarlX;] . (S37)

The final result is obtained by bounding Z(14) using (S36).
O

Note that the setting considered in Proposition [ST|was mentioned in [1]] to illustrate the conditions
of [1 Corollary 3]. We derived an explicit upper bound of =; under this setting for completeness,
showing that Z;(ug) goes to zero as d — oo, which we can then use to refine the convergence rate in
Theorem ] as we explained in Section[3.3]

S2.5 Error analysis under weak dependence

We now analyze the error under the weak dependence condition introduced in Definition[I] Specifi-
cally, the proposition below gives the formal statement of the result mentioned before Corollary
we consider a sequence of fourth-order weakly dependent random variables, and we prove that =(p4)
goes to zero as d — oo, with a convergence rate that depends on {p(n)},en+-



Proposition S2. Ler (X;);en+ be a sequence of random variables which is fourth-order weakly
dependent. Set for any d € N*, X;.q = {X; }?:1 and denote by g the distribution of X1.q4. Then,
there exists a universal constant C > 0 such that

1/2 1/4

Ea(pa) < C{d‘” 2(p(0) +2p0c) T+ d7p(0) 2 (p(0) + 200 max p(K)) T (S38)
+d72/(0) 2 (p(0)% + 2000 max p(k))7°}. ($39)

Proof of Proposition[S2] We proceed as in the proof of Proposition i.e. by bounding mo(114),
a(pq) and B (pta)-

Since (X)) en+ is assumed to be fourth-order weakly dependent, then by Deﬁnition there exist
some constant K > 0 and a nonincreasing sequence of real coefficients {p(n) } nen such that, for any
1<i<j<d,

[Cov(XZ2, X7)| < Kp(j =), |Cov(Xi, X;)| < Kp(j —i) (540)

First, using the same arguments as in (S30), we have my(uq) = Z;l:l Var[X;]. We then use the
second inequality in (S40) to bound ma(114) as follows.

d
my(pa) = Y Cov(X;, X;) < dKp(0) (S41)
j=1

Regarding a(uq), we use the Cauchy—Schwarz inequality again (S31)) but in this setting, the right-
hand side features non-zero covariance terms:

/ ([l1:all® - m2(,ud))2dud(331:d) = Var[|| X1.q|%] (542)
R4
d
=Y Var[X?] +2 ) Cov(X?, X7). (S43)
Jj=1 i<j

By using the first inequality in (S40), we get for any d € N*,

d d
> Var[X?] =" Cov(X?,X}) < Kdp(0) (S44)
j=1 j=1
S Cov(x2,x2) < Y |Cov(X2 X2 <KD p( — i) (S45)
i<j i<j 1<j
d—1
<K Z(d —n)p(n) (546)
n=1
d—1
<KdY p(n) < Kdpeo (S47)
n=1

where (S46) results from the change of variable n = j — i. Besides, by Definition[I] {p(n)},en is a
nonincreasing sequence satisfying ZZ:& p(n) < poo < +00, hence (S47). We conclude that for any
d e N*,

1/2

a(pa) < dPKV (p(0) + 2psc ) (S48)



\./

Let us now bound [z (piq). First, for any d € N*,

oo (700 7100 A @ 1) (@10, 73.0) (549)
d

=Y E[XME[X)%] +2) E[X:X;)E[X]X)] (S50)
j=1 1<j
d

=S E[X4* +2) E[XixX,]? (S51)
=1 i<j
d

= Var[x;]* + 2 Cov(X;, X;)? (S52)
=1 i<j

where we used E[X;] = 0 for any ¢ > 1. To bound (S52)), we apply the second inequality in (S40),
and adapt the arguments used to prove (S44) and (S46), .

ZVar ? < K2dp(0)2 (S53)

d—1
> Cov(Xy, Xj)* < KAy p(n)* < K*dpos | max  p(n) (S54)

1<J

Since 3,5 p(n) < poo < 00, {p(n)}nen converges to O and is thus bounded, so

maxi<p<d—1 p(n) < co. We then use (S53) and (S54) in the definition of B2 (uq), and 51 (pq) <
B2(pq), to derive the upper-bound below for any d € N*.

Bi(pa), B (pa) < dY2K{p(0)? + 2poe  Juax. 1,0(”)}

1/2 (S55)

O

S3 Setup for synthetic experiments

We explain in more details the setup for the synthetic experiments discussed in Section ] specifically
the procedure to generate data.

For d € N*, we generate n = 10%i.i.d. realizations of two random variables in R?, denoted by X1.q =
{X;}9_, and Yy.q = {Y;}9_, and respectively distributed from 114, v4 € P2(R?). The n generated
samples of X7.4 and Y7.4 are respectively denoted by {m(j)}?:17 {y(j) 71, with 2@y e R for
j € {1,...,n}. We approximate SW of order 2 between the empirical distributions of {2:(/) }7_1 and
{y(j)}?:p given by fig, =n~! 2?21 8, and g, = nt Z?:l 8,5 respectively. Note that in
the main text (Section , these two distributions were denoted by 14, 14 instead of fig p, Vq.n, tO
simplify the notation.

S3.1 Independent random variables

We first consider the setting described in Section [S2.4] where g = pY ® --- @ (@ and vy =
v @ @D with p) | ) € Py(R) for j € {1,...,d}. This means that {X;}o, and {Y;}9_,
are two sequences of d independent random variables. For each j € {1,...,d}, p9) (or v9)) refers
to a Gaussian or a Gamma distribution, centered or not, as we explain hereafter.

Gaussian distributions (Figure . Forj € {1,....d}, p) = Nm{” o-f) and v) =

N(méj),JQ) where mgj), méj) are two i.i.d. samples from N(1, 1) o2 =1 and o3 = 10. There-

fore, pg = N(mi,1I,) and v4 = N(my, 101,), where I; denotes the identity matrix of size d, and

(3)vd my = {m(a) d_ R4,

mlz{m j=1>



We prove that the SW of order 2 between such Gaussian distributions admits a closed-form expression:
for any my, my € R? and 02, 02 > 0,

1
W2{N(my,0? I3),N(my, 02 1)} = E||m1 —my|* + (01 — 02)? (S56)

Proof. First, given the properties of affine transformations of Gaussian random variables, we know
that for any € S, m € R? and ¥ € R?*? symmetric positive-definite, F)gN(m, Y) is the
univariate Gaussian distribution N((f, m) , 7X6).

Using this property in the definition of SW (@) and the fact that ||§|| = 1 for § € S,
SW%{N(ml, 0% Id)> N(m27 U% Id)}

= Joas WE{N((0,m1), 07), N({0, m2) , 03) }dor (6) (S57)

- {(0,m; — my)” + (01 — 02)? }da(9) , (S58)
Sd—1
where (S58) results from the closed-form solution of the Wasserstein distance of order 2 between
Gaussian distributions (2)). Besides, by definition of the Euclidean inner-product, for any 6 € S4~1,

(6, m; —my)? = (AT(my —my))” = (m; — my) 7007 (m; — my) . (S59)
We can thus rewrite (S58]) to obtain
SW%{N(ml, 0% Id)v N(m27 0—2 Id)}

= (m; — mg)T{/ 007do (0 } m; —my) + (o1 — 02)2 . (S60)
Sd 1

We conclude by using the fact that [, , #0Tdo (0) = (1/d)14
O

Gamma distributions (Figure[1(a)). Denote by I'(k, s) the Gamma distribution with shape pa-
rameter & > 0 and scale s > 0. Forj € {1,...,d}, u¥) = I‘(kij),sl) and v(9) = F(kéj),SQ),

where kzy ) (respectively, kgj )) is drawn from the uniform distribution over [1, 5) (respectively, over
[5,10)), s1 = 2 and s2 = 3.

Centered (Gaussian or Gamma) distributions (Figures @] and @ We first generate
{x(j)}?:l, {yU )};‘:1 using the Gaussian (or Gamma) distributions described in the two para-
graphs above. Then, we center the data: for j € {1,...,n},z0) = 2() —n=13" 20 and
g =yl — 1 S y(@. The two distributions that we compare with SW, referred to as ,ud, Uq
in Sectlon correspond to the empirical distributions of the centered datasets {x(J)}" Y } 1,
which can be denoted by fig ,, and Ug,,,.

We prove in the next proposition that our theoretical bounds derived in Section[S2.4]can be improved
for centered Gaussian distributions: in this setting, the expected approximation error is upper-bounded
by a term in d—'/2, which is consistent with the slope observed in Figure|1(b)

Proposition S3. For d € N*, let ug = N(my,0?1) and vg = N(mg,agld), and denote by
fid, Vq their centered versions, i.e. jiqg = N(0,0214) and vq = N(0, 051,). Consider the empirical
distributions [iq.n, Vqn given by

= (/M) 3 80t g0 Pan = (U/0) 3 8 5, - (S61)
=1 =1 "

where {X; ) i—1 (respectively, {Y33 @) 7—1) is a sequence of n random variables i.i.d. from jiq
(respectively, from vg), X1.q=n"" Z Xl(]d, and Yi.q = n~1 Z Y d) Then,

_ _ _ o1+ o 1
E|SW(fia, 7a) — W2{N(0,d ma(fig,n)), N(0,d ™ 'ma(74,n)) }| < ;d i 7 +o<dn) :



where B is the expectation with respect to {X }" 1 and {Y7)] ) "1, and ma(flg,n),m2(Va,n) are

defined in B), i.e. mo(fign) =mn"* Z - HX —X1.4/|? andmg (V) = n~t Z - HY(] —Y1.4|1%

Proof of Proposition[S3] Given the closed-form expressions in (S56) and (2)), we have
E|SWs(fia, 7a) — W2{N(0,d ™ ma(fig,n)), N(0,d ™ ma(74,n))}|
=E|jo1 — 02| — |d*my(ian)" — d™ma (74,0) "]
<Eloy — 02 — d Y mo(fra,n)'/? + d7 Pmy(74,0) 2| (S62)
<E|oy — d " mo(fia,n)'/?| + E|oz — d 7 *ma(Da,0) 2| . (S63)

where (S62) results from applying the reverse triangle inequality, and (S63)) follows from the triangle
inequality and the linearity of the expectation.

The final result follows from bounding E|01 — dil/QmQ(ﬂd7n)1/2| and E’ag — d*1/2m2(17d7n)1/2|
from above. First, by the Cauchy—Schwarz inequality,
1/2
Eloy — d™my(fian) %) < {E[(0r = d™ma(an) )7} (S64)
with
E[(Ul — d_l/ng(ﬂd,n)l/Q)Q] = O'% — QJld_l/QE[mQ(ﬂd’n)l/Q] + E[d_lmg(ﬂd’n” . (865)

Consider the random variable defined as Z = \/ Zj:l (X; — X)?/o?}, where {X;}{, are

iid. from N(0,02) and X = (dn)~' %", X,. Then, by Cochran’s theorem, Z is distributed
from the chi distribution with dn — 1 degrees of freedom. This implies that,

dn —1
Ed—l — n _ 2
[d™ ma(Ran)] = 07 ——,

E[Z]—\@Im— dn1{11n+0< ! ﬂ

Hence, (S63) boils down to

o~ i) =t - 2 (1 50) {10 (g}

(S66)
Besides, we know that
1\ 1 1
1—-— =1-—+4+0 S67
( dn) 2dn <(dn)2> ’ (567)
so we can write (S66) as
E[(or — d~ma(g,) V)] = 2L w0 (L (S68)
— m n = — .
o1 2\Hd, 2dn (dn)?
By plugging (S68) in (S64), we conclude that
1
Eloy — d™?my(fign)/?) € s + O [ — ) $69
o mo (flan) %] < Bdn) 12 + on (S69)

We can use the same reasoning to prove that

1
_ 412 7z il
]E’O’ d” "/ *my l/d n ! 2 n 1/2 (’)( n) , (§70)

and we use (S69) and (S70) to bound (S63)), which concludes the proof.



S3.2 Autoregressive processes

Let (X;) en+ be an autoregressive process of order 1 defined as X; = ¢; and for t € N*, ¢ > 1,
Xt = aX;_1 + &, where a € [0,1) and (£) jen~ is a sequence of i.i.d. real random variables such
that E[e1] = 0 and E[¢2] < oo.

For d € N* and B = 10%, we generate n realizations of { X }f:g 1 € R% using the aforementionned
recursion. This gives us our first dataset {z/ )}}1:1, where 20/) € R? for j € {1,...,n}. Note that

the first B steps of the process are discarded in order to reach its stationary regime (which exists
since |a| < 1), and thus meet the weak dependence condition [4]. We repeat the same procedure
to obtain the second dataset, {y() }7_1. Since the two datasets are generated using the same AR(1)
model, ;14 and v4 are the same distribution, so the exact value of SW is zero.

We conducted our experiments on two types of AR(1) processes, which differ from the distribution
used to draw n i.i.d. samples of {¢; }fjld. The two settings are specified below.

Gaussian noise (Figure|l(c)). Forj e {1,...,B+d},¢; ~ N(0,1).

Student’s ¢ noise (Figure|[1(d)). Denote by ¢(r) the Student’s ¢ distribution with r > 0 degrees of
freedom. For j € {1,..., B +d},e; ~ t(10).

S3.3 Computing infrastructure

The experiment comparing the computation time of our methodology against Monte Carlo estimation
(Figure [2) was conducted on a daily-use laptop equipped with 8 x Intel Core i7-8650U CPU @
1.90GHz, 16GB of RAM.

S4 Experimental details for image generation

Architecture. For each model (SWG, reg-SWG or reg-det-SWG), we used the architectures de-
scribed in [3]): the “Conv & Deconv” generator and discriminator in [5, Section D] for MNIST, and
DCGAN [6] with layernorm for both the generator and discriminator for CelebA.

Data preprocessing. For MNIST, we do not apply any specific preprocessing. For CelebA, each
image is cropped at the center and resized to 140 x 140 (using the notation width x height, both in
pixels), then resized to 64 x 64.

Optimization. For each model, we used the same optimization routine as in [5]: one training
iteration consists in performing one update for the generator then one update for the discriminator,
both with the default setting of Adam [7]] (i.e. 81 = 0.9, B2 = 0.999, £ = 10~8). The values of other
important hyperparameters are given in Table[ST]

Dataset | Batch size | Learning rate | Total number of epochs
MNIST | 512 5x 1071 200
CelebA | 64 1x1072 20

Table S1: Hyperparameters used when training each model.

Regularization parameters. For reg-SWG and reg-det-SWG, we tuned the regularization coef-
ficients (A1, \2) via cross-validation: we trained the models for A\; € {1073,1072,107!,1} and
A2 € {0,1073,1072,1071, 1}, and selected the tuple that minimizes the average FID over 5 runs.

Computing infrastructure. The FID and computation times on GPU reported in Table[T] (columns
‘FID’, “Isw, GPU’ and ‘Ti,, GPU’) were obtained by training each model on a computer cluster
equipped with 3 GPUs (NVIDIA Tesla V100-PCIE-32GB and 2 x NVIDIA Tesla V100-PCIE-16GB)
for CelebA, and with 1 GPU (NVIDIA GP100GL, Tesla P100 PCIe 16GB) for MNIST. To obtain the
computation times on CPU (Tablem, columns ‘Tsw, CPU’ and ‘T, CPU’), we used a workstation
equipped with 24 x Intel Xeon CPU E5-2620 v3 @ 2.40GHz.
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