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Appendix Overview

Section A contains the basic theoretical tools we need for the rest of the appendix. We will also
be using some notation from the paper without introduction. In Section B we have all the proofs
for the results relating to asymptotic parameter rates of the histogram spaces in our estimators; this
section corresponds to Section 2.2.1 in the main text. Section C contains the proofs relating to
finite-sample rates, and several expanded or additional results, corresponding to Section 2.2.2 in the
main text. Section 2.2.2 in the main text contains some results that are simplified for readability and
this appendix has some results which are tighter, but less readable. Additionally Section C contains all
the finite-sample analysis for Tucker histograms which were omitted in the main text. Experimental
details, specifically the equivalency of L? minimization and nonnegative tensor factorization can be
found in Section D. Section E is a bit different from the other sections and contains some discussion
relevant to the future of this direction of research. There we show that not all densities can be written
as a summation of separable densities with nonnegative coefficients.

A Theoretical Basics

A.1 Notation

In this section we include some notation that was not contained in the main text but will be necessary
for the rest of the appendix. In particular we will we need to introduce a fair amount of tensor notation
which will be used to represent the various histograms. A histogram on the unit cube can naturally be
represented as a tensor, which will be useful for deriving many of the results in this paper.

From the main text recall that 73 is the set of probability tensors in RY™, i.e. their entries are
nonnegative and sum to one.

Let ’7:1’37 be the set of tensors that are a convex combination of k separable probability tensors (which
are analogous to multi-view models) i.e.

k d
Tip 20> _wi [[ pisw € Awpij € Ay

i=1  j=1
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The following is the set of probability tensors constructed via a nonnegative Tucker factorization
([k]* represents a multi-index)

d
T 29 Y. Wa[[pis|W € Tk pij € Do
selke  i=1

For a multi-index A € [b]d we define eqp 4 as the element of 755, where the (A4, ..., Ag)-th entry

is one and is zero elsewhere.

Note that there exists a ¢! — L' linear isometry Uqp, : Tap — Hap with Uy, defined as
Uip(€dpa) = hapa.

The inverse function, UJ;» simply transforms a histogram to the tensor representing its bin weights
and Uy, performs the reverse transformation. Note that Uy j, is also a bijection between Ekb — ’H,fl b

and ’E’“b — ﬁ’; »- Much of our analysis on histograms will be performed on the space of probability
tensors with the analysis being translated to histograms via this operator.

For a set of vectors V we define & -mix (V) &S {Zle W;V; ‘w € Ay, v; € V}, i.e. the set of convex

combinations of collections of k vectors from V. We define N (V, ¢) to be the minimum cardinality
for a subset of of V which e-covers V' (with closed balls) with respect to the ||-||, metric. It will be

clear from context whether |-, represents the ¢!, L', or total variation norm.

A.2 Preliminary Results
The following lemmas will be useful for all the theoretical results.
Lemma A.1. Forall 0 < £ < 1 we have that N (Ap,e) < (%b)b.
Lemma A.2. Forall 0 < ¢ < 1 we have that N (7;1’,], 6) < (%)bd.
Lemma A.3. Let P be a set of probability measures, then

N (k-mix (P) e +6) < N (P,e)" N (A, 6).

Lemma Ad. Forall 0 < & < 1 the following holds N (T, =) < (424)"" (4£)",

€

Through application of the Uy ;, operator we now have a characterization of the complexity of the
k
space H .

g

Corollary AL Forall 0 < & < 1 following holds N (H} ) < (44)"" ()",
The following are analogous results for Tucker histograms.

~ k?
Lemma A.5. Forall 0 < ¢ < 1 the following holds N (7;{75, 5> < (Abaybik (ﬂ)

, ~ bdk [ g0\
Corollary A.2. Forall 0 < = < 1 following holds N (#5,,2) < (44)"" (4£)"
The following lemma from [1] provides us with a way to choose good estimators from finite collections
of densities. It can be proven by applying a Chernoff bound to [3], Theorem 6.3.

Lemma A.6 (Thm 3.4 page 7 of [1], Thm 3.6 page 54 of [3]). There exists a deterministic algorithm
log(3M*/5) iid

that, given a collection of distributions p1, . .., D, a parameter € > 0 and at least 5e7

samples from an unknown distribution p, outputs an index j € [M] such that

;= < 3 mi ;— 4e
Ip; —pll, <3 min i —pl; +

with probability at least 1 — %.



We present the following asymptotic version of the previous lemma. We highlight the use of finding
sufficiently slow rates on parameters in order to establish asymptotic results, a technique which we
will use in later proofs.

Lemma A.7. Let (P,,), oy be a sequence of finite collections of densities in Dy where |Py,| — 00
with n/log (|P,|) — oo. Then there exists a sequence of estimators V,, € Py, such that, for all
v >0,

sup P (||Vn —p|l; >3 min [[p —ql|; +7) — 0,

pEDy q€Pn
where V,, is a function of X1, ..., X, o~ D.

Proof of Lemma A.7. Let M = M(n) = |Py|. Since n/log (M) — oo we have that for all
¢ > 0 there exists a N, such that, for all n > N, we have n/log (M) > c or equivalently
n > clog (M). Because of this there exists sequence of positive values C' = C(n) such that C' — oo
andn > C'log (M).

We will be making use of the algorithm in Lemma A.6 as well as its notation. If we can show that
there exist sequences of positive values e(n) — 0, 5(n) — 0 such that, for sufficiently large n, the
following holds

log (3M?2/6)
e

then can simply set V,, equal to be the estimator from Lemma A.6 for sufficiently large n and, because
the lemma holds independent of choice of p, the theorem statement follows.

Lete = (2/ C)l/ “and § =3/ (exp <2 %)) Note that these are both positive sequences which
converge to zero. Now we have
log (3M?2/8)  log (M?) +log (3/6)
2¢e2 B 2¢e2
2log (M) +log (3/6) log (M) + 31log(3/6)
- 22 - g2

— 2 (log (M) + %log (3/5))

_ ((2/0)1/4> -2 <10g (M) + %10g <exp (2\/§>>>
- \/f <log(M) - 2) = \Eloguw) + % o

For sufficiently large C' and M we have that the RHS of (1) is less than or equal to

C c C C
el < = el
5 log(M) + 7 =5 log(M) + 5 log(M)
= Clog(M) < n.
which completes our proof. O
A.3 Theoretical Basics Proofs

All norms are either the ¢!, L', or total variation norm, which are equivalent with respect to our
analysis and the proper norm will be clear from context.

Proof of Lemma A.1. In Section 7.4 from [3], the authors show that for any collection of measures
1y, iy, for all € > 0, that

b
N (Conv ({1, .- pn}),€) < <b+ z) .



With the additional assumption that ¢ < 1 we have that b + g < g + g = %” and thus

N (Conv ({1, .. i}) < <2b)b.

If we let u; = e;, the indicator vector at index ¢, then the lemma follows. O

Proof of Lemma A.2. From Lemma A.1 we know there exists a finite collection of probabil-
ity vectors P such that P is an ¢/d-covering of A, and ’75’ < (@)b. Note that the set

- e . b\ 4 bd .
{p1 Q- ®Dpa|lDi € P} contains at most <(2%d) ) = (24)™ elements. We will now show
that this set is an e-cover of 7;117. Letp1 ®---®pg € ’7:1117 be arbitrary. From our construction of P
there exist elements 71, . . ., pg € P such that ||p; — pill, < 5.

We will now make use of Lemma 3.3.7 in [10], which states that, for any collection of probability
vectors qi, . . ., qq and ¢y, . . ., ¢4, the following holds

d
H q; —
=1 J

d

d
4 SZ“Qz‘*@‘Hr
T | "

From this it follows that
d d d N -
il;[lpi —jl;[lpj 1 < ; lpi — pilly < dE =¢
thus completing our proof. O
Proof of Lemma A.3. Let P be the finite collection of probability measures with |P| = N (P, ¢)

which e-covers P. Similarly let W C Ay, with [W| = N (Ay, ) such that W is a d-cover of Ay.
Consider the set

k
Q= {Zm

i=1

@emﬁieﬁ}.

Note that this set contains at most N (P, )" N (A, §) elements. We will now show that it (§ + ¢)-
covers k-mix (P), which completes the proof. Let Zf;l piw; € k-mix (P). We know there exists
elements J, ..., Pk € P such that ||5; —pill; < eand w € W such that ||w — wl|; < ¢ and thus
¥ | pi; € Q. Now observe that

k k k k k k
Zﬁi@i - ijwj = Zﬁi@ - ij@j + Zpl@l - Zprwr
=1 Jj=1 =1 j=1 =1 r=1

1 1

IN

k k
Z(ﬁi —pi)wil| + Zpi (w; — w;)
i=1 1 =1

k k
<Y @i | = pilly + D @ — wi
=1 =1

E

<> Wi+ @ — wl,
i=1

<e+d.
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Proof of Lemma A.4. Note that 7;’?,) = k-mix (7;1 b). Applying Lemma A.3 followed by Lemmas
A.1 and A.2 we have that

N (Thye) < N (Thye/2)" N (Bre/2) < (4“) (‘”“)

€ €
O

Proof of Lemma A.5. Fix k,d,band 0 < ¢ < 1. We are going to construct an e-cover of 73’“1,. From
Lemma A.1 we know that there exists a set B C /\; which (;—d)-covers of Ay and contains no more

than (‘HE’d) elements. Let PP be the collection of all d x k arrays whose entries are elements from 5.

So we have that
= .

From Lemma A.l there exists W which is an e/2-cover of 7;; and contains no more than
d
(4k:d/5)(k ) clements. Now let

d
Lh, = Z WsHﬁi,siWEW,ﬁeP
Sefkd =1

4k 4bd\ ¥
|£db|<W|7>|<(€) () .

€

Note that

We will now show that Es’b is an e-cover of ﬁ’fb. To this end let ZSe[k]d W H?Zl Di,s; € 'Elfb
be arbitrary, where W € T3, and p; ; € Ay. From our construction of W, there exists W € W
such that HW - W" < ¢/2. There also exists p € P such that ||p; ; — p; ;|, < /2 for all i, j.
Therefore we have th?llt

d
> Ws 1175 € £k,

sek?  i=1
So finally
d o
> WsIpisi— Y. We]][pin,
Selk]d i=1 Re[k]? Jj=1 1
d d o d
<D ws[[pis — D WRHpJR + > W[ Pisi— Y. We]][pin,
Selk]¢ i=1 Re[k]? 1 Selk]? i=1 Re[k]? J=1 1
d d
< Z Ws Hpi,sifnﬁj,sj + Z Wr — W Hp]R
Sefk]d i=1 j=1 1 Re[k)? 1
< > WSZHPz',Si*~ + > (Wi — Wh| Hp]R
Se[k]? i=1 Re[k]? 1
e,
Sek]? '

<eg/2+¢/2=¢.



B Asymptotic Theoretical Results

This section contains results related to the asymptotic results related to the growth of model parameters
with respect to the number of training samples. It corresponds to Section 2.2.1 in the main text.

Proof of Theorem 2.1. We will be applying the estimator from Lemma A.7 to a series of d-covers
of ’H’j’ »- We begin by constructing a series of §-covers whose cardinality doesn’t grow too quickly.

Corollary A.1 states that, for all 0 < & < 1, that N (#5,,8) < (44)"" (4)". For sufficiently

large b and k and sufficiently small §, the following holds
4bd \ "™ [ ak\ " 4bd 4k
4 4
= bdk [log (b) + log (;)} +k [log (k) + log <5)]
4d 4d
< bdk {log (b) + log (b) log (5>] + dk {log (k) +log (k) log (6)}
4d
= (bklog (b) + klog (k)) d (1 + log <5>) . (2)

Using the argument from the proof of Lemma A.7 we have that, because n/(bk log(b) + k log(k)) —
oo there exists a sequence of positive values C = C(n) such that C — oo and n >

C' [bklog(b) + klog(k)]. If we let § = ﬁ we have that § — 0 and
exp( g —

(bklog (b) + klog (k) d (1 + log (?)) <n.

Because of this we can construct collections of densities P, C HP  such that P, is a §-covering

of 15, with |P|

applied to the sequence P

Let € > 0 be arbitrary. Due to the way that we have constructed the sequence 737“ for sufficiently
large n, we have that 3sup, sk Ming 5 llg — ql|; < e/2. It therefore follows that, for sufficiently
large n, the following holds for all p € Dy

3 min [jp—gl|; +& >3 min Hp all, +3 Sup min lg —qll, +¢/2
q€ME, q€M, qEHE GEPx

>3 miil [Hp— qlly + min [[g —ql|; | +¢/2
eHdb q€Pn

=3 min min |[p—q|, +|l¢ —qll; +/2
qEM] , GeP,

>3 min [lp — g, +¢/2.
qE€EPn

From this we have that, for sufficiently large n

sup P (m ~plly >3 min [lp g, +a> < sup P (w ~plly > 3 min p— 7], +s/2>
pEDy q€H G, p€Da q€Pn
and the right side goes to zero due to Lemma A.7, thus completing the proof. O
Proof of Theorem 2.2. This proof is very similar to the proof of Theorem 2.1. We will be applying

the estimator from Lemma A.7 to a series of 6-covers of H* d.b- We begin by constructing a series of
d-covers whose cardinality doesn’t grow too quickly. Corollary A.2 states that, forall 0 < § < 1,



X K¢
that N (’Hd b 5) < (4bd)bdk (%) . For sufficiently large b and k and sufficiently small 6, the

following holds

Abd\ P [ g\ " Abd Ak
log (5> (5) = bdklog (6>+kdlog <5)

e () ()
d(bk<1og( +log( >) + K (log ’fd)“og(;l)))
() o ()

4d
= (bklog(b) + k% log (k%)) d (1 + log (5>> :
Note that replacing bk log (b) + k log (k) with bk log (b) + k% log (k?) in the last line is exactly (2)

in our proof of Theorem 2.1 . From here we can proceed exactly as in the proof of Theorem 2.1 by
replacing HY , with #; , and bk log (b) + klog (k) with bk log (b) + k% log (k). O

Proof of Corollary 2.1. This follows directly from Theorems 2.1 and 2.2 and selecting an appropri-
ately slow rate for k — oo. O

Proof of Lemma 2.1. Let € > 0. Theorem 5 in Chapter 2 of [6]' states that, for any p € Dy, that
minpes, , [|[p — h|l; — 0as b — oo, ie. the bias of a histogram estimator goes to zero as the
number of bins per dimension goes to infinity. Thus there exists a sufficiently large B such that there
exists a histogram h € H4 g which is a good approximation of p, ||p — h||; < &/2. In this proof we

we will argue that once k > B< and b is sufficiently large, we can find an element of 7—[’57 , Where the

multi-view components can approximate the B¢ bins of h.
We have that, for some w € Ty p
Z waha.B A-
Ae[B]¢

From the same theorem in [6] there exists ag such that, for all a > ag, for all i, there exists

h1,a,i € Hi,q such that th,Bﬂ‘ — hl’a’iH < g/(2d) for all i € [B]. For any multi-index A € [B],
1

we define

d
hd,a,A = H hl,a,Aj .
Jj=1

Now we have that, for all a > ag and A € [B]¢,

d d
thA,B,A - hd,a,AH1 = H hiB,A, — H h1,a,4;
i=1 j )

<ZHh1BA hlaA 3)

di
2d

=¢/2,

'See p. 20 in this text for the application to histograms.



where we use the previously mentioned product measure inequality for (3). As soon as k > B¢ and
a > ag the set 7—[5 ., contains the element,

%é Z wA%d,a,A~
Ae[B]?

Now we have that, for all ¢ > ag.

Hh—i~zH1= Z waha,p,a — Z wohd.a,q
Aec[B)? Qe[B]* 1
§ -
< Z wAth,B,A hd,a,AHl
Ae[B]¢
<eg/2.

From the triangle inequality we have that
L S

So we have that, for sufficiently large b and &

min [jp—q; <e
d,b

which completes our proof. O

Proof of Lemma 2.2. We will show that %% , C H% , and the lemma clearly follows due to Lemma
2.1. Any element of 7—[5’ , Will have the following representation

k d
S wi [[ fig:we Ax, fij € Hiw. “)
i=1 j=1

Letting W € T, with W;___; = w; for all 4, the rest of the entries of W be zero, and f“ = f; ; for
all 7, 7 we have that

d k d
Z WSHfj,Sj:ZW’L ..... 1Hf]z
Selk)d j=1 i=1 j=1
k d
=2 wi [l fis
i=1  j=1
so we have that (4) is an element of 7;5 , and we are done. O

Proof of Theorem 2.3. We will proceed by contradiction. Suppose V/, is an estimator violating the
theorem statement, i.e. there exist sequences b — oo and k — oo with n/ (bk) — 0 and b > k such
that, forall e > 0,

pr(W%—Mh>3nmlM—ﬂh+%-%0
pEDy qu(’;,b

Let (py),—, be a sequence of probability vectors p,, € Ap(n)xk(n) Which represent distributions over

[b(n)] % [k(n)] Let X” £ (Xmla N 7Xn,n) with Xn,la . ,an %i Pn-

We will now construct a series of estimators for p,, using V,,. Let )? = ()N(n,l, - ,)N(nn) which

are independent random variables with va ~ hap (X, 1,..1) SO )?m is uniformly distributed
over the bin designated by X, ;, 1, ..., 1. For this proof we will assume d > 2 but the proof can be



simplified in a straightforward manner to the d = 2 case by ignoring the indices and modes beyond
the second. Note that that X, ; contains two indices. Now we have the following for the densities of

Xn,i

p)zn,i = Z pjzn,iIXn,i:(jl)P(Xn’i = (]7 Z))
(4,)€[b] x [K]
= Z hap,en,...1Pn (4, £)
(4, £)€[b] x [K]

= Z Z hap,.en,...1)Pn (4, £)
= Z an 50 h1p; @h1pe® H hip1

a€ld—2]
=Y a0 hisy | @hipe® J[ hisa )
Le[k] \jeE[b] a€ld—2]
_ Pn Ja
= Z an (g,0) Z 5 ( )hl,b,j ® h1,pe ® H hipi.  (6)
; jefb) ~acld o) Pn 9> agld—2]

For (6) we let 0/0 be equal to zero as is common for discrete conditioning. This last line is in the form
of (4) in the main text and is thus an element of H% ,. To see this we will show the correspondence
between the terms in (6) from here and the terms in (4) in the main text:

we={ Y pnl(g.0)

q€(b]

Jo1:= Z = 5wy

JE[Y]
feo = hipe
fij i=hip1,V] > 2,Vi.
i > id =
Let V,, estimate P, Pg, S0 Xn 1reos X 4id P, We will use V,, to construct an estimator v,,

for p,,.

Because Isn € H% . 2 for all n and our contradiction hypothesis we have that o.
d,b yYp

From this it follows that HU;Z} (Vo) = Uy (Pa)

0. Note that [U;l}(ﬁn)} = pn(j,¢) when
1 : 4,0,A

A =(1,...,1) and zero otherwise (see (5)). We define the linear operator By, : Tg» — Apxy as

[Ba(M)]; 02 > Tjea

Agep)i—2
ie the linear operator which sums out all modes except for the first two. We have that
(Ud b (P,)) = pn. Now let v,, = Bn(Ud » (V1)) be the estimator for p,,. Now we have that

low =ully = || Ba Uz (P) = BalUzs V)|, = || Bu Uz (P = V)| -

We have that B,, is an £'-nonexpansive operator due to the triangle inequality,

IBa (D), =31 Y. Tjeal <>, > |mA|—||T||1,

gl |Ae[p)d—2 gl Aelb)d-

2We will use this portion of the proof again for our proof of Theorem 2.4



so the operator norm of B, is less than or equal to one. We also know that U ; an isometry and
‘ R
will now use following theorem from [7] to show that no such estimator v,, can exist.

Theorem B.1 ([7] Theorem 2.). For any ¢ € (0, 1], we have

ea (1+¢)n €
f sup E, I 16
12 pSeupa ||p p”l = 8 (1+<)n ( a > 16)

4 exp <_2(1:C)”) 1 ((1 +aC) €6> _exp (—ff) —12exp <—32(iga)z>

where the infimum is over all estimators.

2.0, so it follows that |[v,, — p,||, 20 for any sequence of p,, € Appn))x [k(n)]- We

Our estimator is equivalent to estimating a categorical distribution with a = bk categories. Letting
¢ =1, bk — o0, and n — oo, with n/ (bk) — 0, we get that for sufficiently large n

n " bk
inf sup E, 2exp| - | —exp(—57) —12exp | ————
nf sup B, [p—pl, 2 P( bk) p( 24) p< 32 (logbk)2>

whose right hand side converges to 1. From this we get that

liminf sup E,, |lvn —pall; >
n—oo Pn EAbk 2

which contradicts ||v, — py||; >0 for arbitrary sequences p,,. O

Proof of Theorem 2.4. We will proceed by contradiction. Suppose V;, is an estimator violating the
theorem statement, i.e. there exist sequences b — oo and k — oo with n/ (bk + k%) — Oand b > k
such that, for all € > 0,

sup P <||Vn —plly >3 min [p—ql, + E) — 0.
pEDy qe’Hs,b

Since n/(bk + k%) — 0 we have that (bk + k%)/n — oo so there is a subsequence n; such that
b(n;)k(n;)/n; — oo or k(n;)?/n; — oo, or equivalently n; /(b(n;)k(n;)) — 0 or n;/k(n;)% — 0.
We will show that both cases lead to a contradiction. We will let b and % be functions of n; implicitly
when defining limits.

Case n;/(bk) — 0: We proceed similarly to the proof of Theorem 2.3. Let (p,,).-_;, P,, and X,
be defined as in the proof of Theorem 2.3. Note that H’j’ p C 7—[5’ , (see proof of Lemma 2.2) and
thus ﬁn € 7'75,1)- We can proceed exactly as in our proof of Theorem 2.3 at footnote 2, by simply
replacing MY , with H% , and nn with n; which finishes this case.

Case n; /k? — 0: Let (p,)S2; be a sequence of elements in 7y, 5, which represents distributions over

[k]9. Let X, & (Xnaseoo, Xnn)With Xy 1,00, X0 i Pn. Let Xn = ()Z'n’l, e ,)Z'nn) which

are independent random variables with )Zn,i ~ hapx, .. Let Pn be the density for )?m-. Note that
k < b. So we have that

Po= > Px, x5 P(Xni = 5)
Selk]d

= Z hap,spn(S

Selk]d

Z Pn(S) H hib,s;
i1

Selk]d

and thus P, € ﬁ’;’b. We proceed as in Theorem 2.3 to find an estimator for elements of 7 ;, which

is equivalent to estimating elements of A*" which is impossible since n; /k% — 0. O

10



C Finite Sample Theoretical Results

In this section we cover the proofs for the finite-sample results in our paper, Section 2.2.2 in the
main text. This includes proofs related to estimator bias on Lipschitz continuous functions. We note
that all projections in this paper are in their respective L? space. As noted in the main text we will
be using set projection, Projg x = arg mingeg ||z — ||, [2]. When S is a (closed) linear subspace
this is equivalent to a linear projection. Every instance of set projection in this work yields a unique
minimizer. As in the main text let Lip; be the set of L-Lipschitz continuous densities on [0, 1] and
letmL = supserip, || fll2-

C.1 Bias

Theorem 2.5 is in the main text but is not used as is in any of our other proofs and is meant simply to
be illustrative of the behavior of the bias as in the main text. We will get the proof of this theorem
out of the way before moving on to the core results of this portion of the proofs. Note that \ is the
standard Lebesgue measure.

Proof of Theorem 2.5. From Holder’s Inequality we have that for any function f : [0,1]¢ — R that

A =Wl < HFll 1Ty = 1Al - 7
Applying this directly to the inequality from Theorem C.1 we have

2 L2 d
em2d_ (2 - 2}
=M (mL 12b2)

d

d
[1 4~ Projues, [[ £
=1

=1

2
O

We now developing the core results needed for the paper. Because of the consequence of Holder’s
Inequality (7) we will focus mainly on integrated squared distance between functions.

Lemma C.1. Let f : [a,b] = R be an L-Lipschitz continuous function. Then

L2(b—a)3‘

b
min/a (a— f(z))"de < 15

a€R

Proof of Lemma C.1. Leta = f (%“’) Then we have that

11



Lemma C.2. Let f be an L-Lipschitz function on [0, 1], then

2
Hf PrOJSP‘“‘(”w)fH = 122

Proof of Lemma C.2. Applying Lemma C.1 we have that

2
— Proj, = min
Hf ‘]bpan('Hl,b) f 9 wERb

b

f- Zwihl,b,i
i1

f- Zwibl

= min
weERP

l
b

2

b . .

1 —1 )

= min f(z)— wﬂl( <z < -
wERb/[Ql] ( Zz:; b b
= min/ E i1 <z <£
weRP [0,1] \ % b - b

i=1

2

>da: )
: i—1 i\

:1%11’/[012< 1( . <x<b)> dr (9

i=1

= min E
we]Rb

|

b =
- 128 12b27

where (8) to (9) is justified s1nce when distributing the square, the cross terms of the form
1(5E <2< i)1 (L4 <2< i) areequal to zero when i # j. O

Lemma C.3. Let fi,..., fqo € L*([0,1]). Then

d d
Projepanias) L1 fi = L[ Projspancis ) fi-

i=1 i=1

Proof of Lemma C.3. We will be using a multi-index A = (iy,...,iq) € [b]? so that H?Zl hipi; =
hap, 4 and note that hgp 4 L hqp a for A # A’, 50 hqp 4 is an orthogonal basis for H 4. We have
the following

d b

HPIOJSpan(Hl ) fi = HZ b (h1pj, fi)

i=1j=1 th b]Hz

h h
= <|1b12 (hip1, f1) +- + Lbz <hlvbvb’fl>> ®

|h1,b,1||2 ”hl,b,bHQ (10)

hi, h
- ® ( 5 (P11, fa) + +1’b’b2<h1,b,b,fd>> .
A1, b1||2

[11,.6113
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Now, distributing the terms in (10) and consolidating the subscripts into A we get that (10) is equal to

d

d
ZHM<M,L z 1 SRR L A

2 1=1

Acp) ||hdb AHQ

d
= Projspan(?-ldyb) H fl

=1

Lemma C4. Let f € L? ([O, 1}d> be a probability density. Then

Projspan(aa.,) [ = Projy,, [.

Proof of Lemma C.4. Since hgp a4 L hap 4 for A # A’ we have

hap,A
LQ (hapa, [)

Projspan(’Hd,b) f =
Ae[b]d ||hd7b,AH2

and

Pro.]span (Ha,p) Z U}Ahd b,A
Aeb]?

where
_ (hap,a, f)

b, 4

5
2

Clearly w4 > 0 so to finish we need only show that > aeppd wa = 1. To this end we have

IRTEDS (hap,a, f)

2
Ae[b]d Ae[b}d th7b7A||2

/ b1 (z € Agp.a) f(z)da /b
[0,1]

Ag[b)?

- /[ o 2 1o € Aana) fla)ds

d
T Ae[bld

= / f(z)dx
[0,1)¢

=1

Corollary C.1. Let fy,..., fa € L*([0, 1]) be probability densities, then

d
Projy, , l_lf2 HPI‘OJHl L fi= PI‘OJH1 Hfl

=1 =1

Proof of Corollary C.1. The first equality follows from Lemmas C.3 and C.4. To second equality
follows from the first equality, the observation that H}Lb C Hap, and that Lemma C.4 implies

d .
| PrOJHLb fi € H}i’b. O

13



Theorem C.1. Let my, = supycrs,, || fll, and let b > L? /12 then, for any f1, ..., fa € Lipg, we

have that
’ 2 \*
2 < m%d — <m% — 12b2>

d d
I17- Projy 11+
i=1 i=1

Proof of Theorem C.1. We have

d a2 d d |2
H fi— ProjHé , Hfi = H fi— Prode’b H fi Corollary C.1
i=1 Ti=1 o lg i=1 i=1 |lo
2 J 2
= H fil] = ||Projy,, H fi (Lemma C.4 with linear projection
i 2 =1 2
(11)
a2 d 2
= H fil| — H Projy, , [i Corollary C.1
i=1 g lli=1 ' 2
d d )
= H I£:1l5 - H HPFOJ'H1 L fi Def’n of tensor product norm.
: 2
i=1 i=1
Noting that HPrOj»H1 . fi =|fi H2 ‘ — Projy, , fi (rearrangement of the property used in

(11)) we have that

d d
117 - I Proin., £
1=1 =1

) . (12)

We will now turn our attention to the subtrahend on the right hand side of the previous equa-

2
Ji —Projy, , fi , = ‘

PrOJ'}-Ll b fz

2 4
il H(IIlelg |
2 =1 i=1

> 0 so

2
tion. Note that the product terms HfZHg — ‘ Projy, , fi )

H <|| fi ||2 —Projy, , fl > is a product of positive values. From Lemmas C.2 and C.4
we have that fl g 1%2 So we have
150 = 5 = Proias , i, 2 1512~ 355
From Holder’s Inequality we have that
1Ty < Al (1Tl = [1F12 = 1.
Combining this with the hypothesis £ 12b2 < 1 we have that
1503~ |7 = Proisg, ][, 2 1512 — g > 0.

For a pair of tuples b; > a; > 0 it follows that [ [ b; > [] a; and thus we have that

H(||fz||2 |1 )>H(|fz“z 1262>

Plugging this back into the RHS of (12) we get

d
[TiE -1 (1~
=1 i=

PrO‘]H1 L Ji

— Projy, , f;

d L2
D =TT (10 )
i=1

i=1

14



For some arbitrary 7 we perform the following derivative

d”mz <ZH1|fzII2 H(mg 1%2)) T - IT (1503 - 15 )

i=1 i#] i#]
> 0.

Thus we can find an upper bound to the RHS of (13) by maximizing || f;||3 over f;, thus yielding

d d 2 12\ ¢
[ = projw, T LA <t~ (v~ 133
=1 =1

O

Calculating the value of M7, is quite involved and is done in the next subsection. However we will
first present the following result which gives a more tractable bound on bias.

Proposition C.1. Let L > 2, b®> > L?/12, and let f1,. .., fq be elements of Lip;. Then

d d 2 d+3 d—1
. dL = | V8

| | fi = Proja | | I fi|| < l 1 :

i=1 i=1

,o 12 |3

If0 < L < 2instead of L > 2, then
d d
[ /i = Projsey, [ £
i=1 =1
Proof of Proposition C.1. For the L > 2 case, applying Theorem C.1 and Proposition C.3 gives us

2 d

2 2v2L L?

Hfz Pro.]?-tl Hfz < [r [ - ]

3 1252
We will use the identity a™ — b" = (a — b) Z? 01 alb”“’i with a = @ and b = @ - 1322.
Note that a > b > 0. From a —bd = (a—-b) X", ‘bd 1=% we have

a® — v = (a — D) Zalbdll (a —b) Zaldll: d(a — b)a?!

2
2 _ 2
< gL exp((dl)f?)

- 12b2 12
2

and thus
d d
2v/2L B 2\/2L7 L? <dL2 2vV2L
3 3 1202 — 1282 | 3
d—1
_ar [ 8
1202 | 3 '

The other case proceeds analogously. If L = 0 the proposition statement is trivial, so we can assume
L > 0 and thus a > b > 0 as before. Now we can finish with

d 2 12 d 2 72 14
— Proja. o< 1= +1
ro‘]Hd,bil;[lf ) - [12 + ] |:12 +1 12()2]

L2 L2 d—1

<d—— |—+1

= T120? {12 * }
L2 (d—1)L?

< )

< digp P ( 12 )

O
We find that the rate of the convergence of this bias term doesn’t depend on the Lipschitz constants nor

dimension and always has order O (b_z). Applying a square root and applying Holder’s Inequality
as we did in (7) we find that the L' bias convergence rate is O(b~1), regardless of dimension.
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C.1.1 Maximizing the L2 norm of a Lipschitz density

In this section, we compute the value of m, the largest possible L? norm of an L-Lipschitz density
function on [0, 1]. We will show that if L < 2, m? = L2/12 + 1, andif L > 2, m2 = 2v/2L/3 (i.e.
Proposition 2.2). This will follow directly from the more general Proposition C.3 below.

We will need several lemmas, starting with a discretization of the problem.

For the following results we are going to use a notion of monotonic rearrangement. For a finite
sequence of real numbers (y1,...,Ys) its rearrangement R(y) = ¥ = (v1,...,Ym) Which is a
reordering of y so that it is increasing, it essentially sorts y to be ascending. Interestingly this concept
can also be applied to functions [8]. It is usually defined so that the function is decreasing for
the functional case. Interestingly if one monotonically rearranges a Lipschitz continuous function,
f : RT — R for example, then its rearrangement will also be Lipschitz continuous with a Lipschitz
constant no larger than that for f (and potentially smaller). The following lemma says that the
discrete equivalent of the “Lipschitz constant” of a sequence is always higher than that of its
monotone reordering.

Lemma C.5. Lety = (y1,...,Yyn) be a sequence of real numbers, and let y = (Y1, ..., Yn) be its
monotone reordering so that 1 < Yo < -+ - < y,. We have

max |vy;4+1 — ¥;| > max v;.1 — U;.
iax, |Yi+ Yil Z_§7171(7Jz+ Yi

Proof of Lemma C.5. If y is constant or n = 1 then we are done, so we will assume y is nonconstant.
Let ¢* be such that y;« 1 — ¥;» = max;<p—_1 Yi+1 — ¥;. Define the sets

A:={ie{l,2,....n} 1 y; <y}
B:={ie{l,2,....,n}:y; > Yiy1}.

These sets partition [n] so AU B ={1,2,...,n} and A and B are non empty. Thus there must exist
j € [n] suchthat j € Aand j + 1 € B or vice versa. For the first case we have that

Yitl — Yj = Yir41 — Yixr = MAX Yitr1 — Yi
i<n—1
and for the vice versa case we have
[Yj+1 — Yjl = ¥j — Yjs1 = Yir41 — Yir = MAX Yir1 — Y-
i<n—1
So we have demonstrated that there exits a j such that |y;41 — y;| > max;<p—1 Yiy1 — i- O

We are now in a position to prove the following discrete version of Proposition C.3 below.
Proposition C.2. Letn € Nso, U > 0,L > 0, and let S,, denote the set of sequences y =

(Y1, - - -, Yn) such that the following conditions are satisfied:
yi =0 (Vi) (14)
lyir1 —y| <L (V1<i<n-—1) (15)
Y ui=U (16)
i=1
A sequence y* = (y1,...,Yn) € Sn, which maximizes the quantity > -, y? subject to the conditions
above is given by the following formulae.
IfL < n(iilfl),for alli,
yr = (i~ DL+ [U/n— (n—1)L/2). (17)
IfL > n(iilil),for all'i,
y; =((i—n+m)L+U/m—Lim+1)/2), (18)

where x denotes the positive part of x and m is the smallest integer such that m(m + 1)L > 2U.

16



Proof of Proposition C.2. First note that S,, is compact since the intersection of the closed sets
denoted by (14) and (16) is compact and the set denoted by (15) is closed and thus further intersecting

with that set gives us compact set. Because y — > | yZ = ||yH§ is continuous it must therefore
attain a maximum on S,,. Let { € S, be some sequence which attains the maximum. Define the
sequence ( as a monotone increasing (non-decreasing) rearrangement of (. By Lemma C.5, we have

112
¢ € S, and clearly H(Hg = H(H so ( is also a maximizer.
2

Consider the following class of sequences.
L-sequences: A sequence x = (x1,...,x,) is an £-sequence if

1. x € 5,.
2. x is non-decreasing.
3. Foralli <n,z; =00rx;4+; —x; = L.

We are first going to show that y* is the only element in this class.

Consider some arbitrary £-sequence y be and let & = min(i : y; # 0). We have y; — yr, = L(i — k)
for all 4 > k and therefore

U:Zyi
i=1
i=k

i=k+1

Lin—k)(n—k+1)
5 .

One can check that (20) holds when k = n, even though the summation in (19) is ill-posed. We will

now split into two cases, corresponding to (17) and (18), to show that there is only one £-sequence
for fixed U, L, n and that this sequence is given by y*.

Case 1: % <U.

If w < U then (20) cannot hold unless £ = 1 because if k£ > 2 then y; < L (since yx—1 = 0)
and

:Uz(n—k:-i—l)yk—i—

(20)

Lin—Fk)(n—k+1)
2

U=n—-k+ 1y +

<(n—-1)L+ —L(n_22)(n_ D
_ Ln(n—1)
=5 <0

a contradiction.
Solving for y;, in (20) with & = 1 we get
U Ln-1)
Y =Y1 = — — ;
n 2

so k and yy, are both unique, thus S,, contains only one element. We see that this coincides with the
expression for y* in (17) by noting that the derived ¥; is equal to y;. The situation where L = 20

n(n—1)
in (17) will be addressed at the end of Case 2.

Case 2: % >U.

For this case we need k£ > 2 since y,, > 0 and letting £ = 1 in (20) yields

Lin—Fk)(n—k+1)
2

U=n—-k+ 1y +

Ln(n—1)
- 2

>U

17



a contradiction. This implies y;_1 = 0, so yx < L. Define m £ 5 — k + 1. From (20) we have

Lin—k)(n—k+1)

U=(n—k+1)y,+ 5

L(m—1)m

2
L(im—1)
)

=myx +
:m(yk+

Since y;, > 0 we have U > W Additionally since y, < L,

U<m <L + Lm{ 1))

Lm(m+1)
5 .

It now follows that m must be the smallest integer such that w >U.
Solving for y;, in (21) we have

U Lim-1)
Ye = — — — 5
m 2
so both & and ¥, are unique so there is only one element in .S,,. Further note that

U Lim-1)
Y= —— (5
m 2
U L
:7_7(m+1)+L.
m 2

From the definition of S, it follows that
yi = (L(i — k) + yk)+

= <L(in+m1)+g;L(m2+l)+L>+

= <L(z’—n+m)+g;—[/(mz—~_l)>+

which coincides with y* from (18).

2n

To finish this case we will show that when W = U then (17) equals (18). To see this first note

that Z2(2=1) —

U implies m = n — 1. Therefore (18) equals

yr = ((i_n+m)L+Z—L(Tn—i_1>>+

2
(e )
n
(v )
+
=(—-1)L
and accordingly (17) equals
yi=(@G—-1)L+ {Z _[n _21)L}
:(z’—l)L—i—[(n;l)L (n—21)L]
=@G-1)L

18



This finishes Case 2.

We now have that y* satisfies property 1 of £-sequences (in particular (16) was nontrivial) as well as
properties 2 and 3. This concludes the proof that y* is the only £-sequence.

Now we are going to show that ¢ is also a an £-sequence which will complete this proof, since y* is
the only £-sequence. For sake of contradiction assume that  is not an £-sequence. From this there
must exist i, € {1,2,...,n— 1} suchthat{; ,, —¢; < Land(; # 0. We then define a sequence
t by:

¢; if ¢#d,i+1

t;=1<{¢;, —0 if =1,

Cioy1+0 if i=id,+1,
where § = min (%, Ci*>. Note that 0 < & < L/2, a fact which we will be using
extensively.

We will now show that ¢ € S,,.

t satisfies (14): Note that by construction, since § < ¢;, and t;, > 0 (and clearly, t; > 0 for
17 1)
t satisfies (15): The sequences ¢ and ( differ on only two indices so (15) holds trivially for any pair
of indices not involving i, or 7, + 1. We will address the remaining cases:
Case 1 : We now have that
ti1 —ti, = (i 41— (. +20
<Cip1— G, L =G + G,
=L.
Since ¢ is monotonic and § > 0 we further have that (; ., —(; 424 > 0 thereby finishing this case.
Case 2

ti, 11— i,

ti,+2 — t; +1|: We have that
tiv+2 —ti,+1 =Ci 40— Cip1 =0
§

2_
>—L/2

and

tiez —ti41=(Cip2—Cip1) 0 <L
thereby completing this case.

Case 3: |t;, —t;,_1|: This is virtually identical to the previous case so we omit it.

Thus, we have that ¢ satisfies condition (15).

t satisfies (16): finally, it is clear that ¢;, +#; 1 = (;, +(; yyandthus > . t; =3 . (; =U.
Hence, t satisfies (16) and we have proved the claim that ¢t € S,,.
Now, writing 6 for % and A for C*“%

n

2 2 2
Z(t? -G = t?ﬁ»l + tz?* — G 1 — G,

i=1
= (Cioyr +0)? +(Ci, =0)? = G 1 = GG,
=(0+A+6)?+(0—A—6)% — (0+A)* — (0 —-A)?
=207 +2(A +6)% — [26% +2A%] = 4A6 + 26% > 262 > 0,
where at the last line, we have used the fact that since by construction, since { # y*, we have § > 0.

This shows that:
n n
d >
i=1 i=1

a contradiction. Hence we conclude that ( must equal y*. O
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We can now proceed with the statement and proof of the continuous case.

Proposition C.3. Let L,U > 0 be given and let S be the set of functions f : [0,1] — R™ such that
the following conditions are satisfied.:

1. f is Lipschitz continuous with Lipschitz constant L.
2. [y fz)de =U.

Let f,y L be defined as follows

Ul(z) = (x — ;) L+U if L <2U (22)
fUL(z) =L (:1; -1+ \/2£]> if L > 2U. (23)
+

Then f'" € argmaxjes fol f?(x)dx and

LWL 0P
12 w’

1
}(x)dx = M(U, L
max [ Pa)de = M(U.1)
where W = 1if L <2U and W = %ifL>2U.Equivalently,M:%—i—UQiJ‘LgQUand
M = 22VIU*?if L > 2U.

Remark (Proposition C.3 applied to probability densities). The highly general formation of Proposi-
tion C.3 is useful for its proof. However in density estimation only the case where f, is a pdf and
U = 1 is particularly meaningful. This gives

fo = (2-3) A L <2
f*(x)L<xl+\/g> ||f*||§:23£fL if L > 2.
+

Proof of Proposition C.3. We first introduce some notation. For n € N and U’, L’ > 0 we will
denote by G™ (U’, L') the nonnegative sequence (y1,¥s, - .., Y,) maximizing >, y2 subject to

Sr L yis = U and |y;41 — yi| < % (i.e. g™ (U',L") = y* from Proposition C.2 with U «+
U'n and L «+ %). We similarly write M,, (U’, L") for the optimal value, i.e., M, (U',L") =
S (G (U, L);)*L. For ease of notation we set G" = G" (U, L), M,, £ M,, (U’,L’), and

fo=1Y "L Later we will set U” + U and L' < L to prove the proposition statement, but it will
be useful to establish some results for general U’ and L’. We use the prime symbol to help avoid
confusion between proving the final proposition statement and proving supporting results. Unless
otherwise specified, all limits are taken as n — co.

Let G" be the piecewise linear function from [0,1] to R* with G"(i/n) = GP for i € [n] and

G"(0) = gy.

Lemma C.6. The following limits hold,
1 ~
/ G"(x)dx — U’
0

1
/ G"(x)?dx — M, — 0.
0

Proof of Lemma C.6. Note that the function Gris L/ -Lipschitz. The Lipschitz continuity also implies
the following bounds on the difference between the Riemann sums below and their corresponding
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integrals:

Q”( Yo —U'| =

i/n
S o ;

— i—1)/n

/ " (x) — Gldx

=2

S

< / —gnla
Z (i— 1)/n
< / —dx
Z (i-1)/n T
and also
1 o~
| 6 @ds -, - / ()dfog”)
0

arve]

i=1

(2) - (@] [6"(2) + (@] dw]

(Z 1)/n

G"
B i1 [ (i— 1)/n
/

< nf— max [2G]
nn

/

L
< - [2(U + L] — 0,

where at the last line we have used the fact that GI* < U’ + L' for all 4. This is because .., GI* =
U'’n implies there exists an i, such that G < U’ and the Lipschitz condition further implies (for all
1):

/

L
Gr <Gl 4+ —li—i| <U +L. (24)
n

O

Lemma C.7. The sequence of functions G" — f« pointwise.

Proof of Lemma C.7. Given a continuous function f : [0, 1] — R, that is also differentiable on (0, 1),
for all x € [0, 1] the fundamental theorem of calculus implies

/ "0, W)y = F(a) — £(0)
-/ "0, (w)dy + £(0)
= f(@)] < / o, 7 ()l dy + 1£(0)] < / 10,7 (w)] dy + |£(0)] .
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Suppose f was not differentiable, but was still continuous, at some ¢ € (0, 2). We would still have

f(@) = f@) — 1) + £(0)
~ [ aswin+ "o, -+ 110)

= |f(2)] < / 10,7 (w)| dy + | £(0)].

Both f, and G" are piecewise linear. They are therefore continuous and their derivatives exist on all
but a finite set of points, so for all x < 1,

£.0) =G @) < [£.©) = GO+ [ 10,5.00) ~ 0,6" Wl es)

We now go on with the proof of Lemma C.7 in two cases.
Case 1: L' <2U’
Note that if L' < 2U’, then for all n > 2 we have that L' < 2U'n_ and thus g™ is defined by (17).

~ - n — n(n—1) — -
Then for any n we have G" (i/n) —G"((i—1)/n) = L' /nforalli > 2,and G"(1/n)—G"(0/n) = 0.
In particular, we have under these conditions that 9,G"(xz) = L' forall z > 1/n and 9,G™(z) =0
for z < 1/n. Hence by (25) we have for all z < 1,

£.2) =G @) < |10 =GO+ [ 10,1.00) 0,8 wlay

1 n—1L 1/n ~
< ‘U’ Sl [Uf - ] + / 10, £+ (4) — 0,G" (v)|dy
n 2 0
L L
<—+——=0.
2n n

Case 2: L' > 2U’

Since L' > 2U’, for sufficiently large n we have that % > nz(fﬁ"l) and G" is defined using (18). Since

we are interested the limit as n — oo we will proceed using (18). As in the proof of Proposition C.2
we let k be the smallest natural number with G > 0, noting also that £ > 2 (see Case 2 in that

proof).

Forall i <k — 1 wehave G"(i/n) — G"((i — 1)/n) = 050 0,G"(x) = 0 forall & < (k — 1)/n.
Similarly for all i > k + 1 we have G"(i/n) — G"((i — 1)/n) = L'/n s0 0,G" () = L' for all
x > (k + 1)/n. We also have that G"(0) = 0.

By definition (23) we have 0, f.(xz) = 0 for all < {1 - 25,/] and 0, f.(z) = L' for all

z>1— /2% We also have f,(0) = 0.

Again from the proof of Proposition C.2 we know kK = n — m + 1, where m is the smallest integer
such that m(m + 1)L'/n > 2U'n. It follows that m(m + 1)/n? — 2U’/L’. Since m — oo

and m? /n? doesn’t diverge we have that m/n? — 0 and thus m/n — /2U’/L’. Substituting in
k=n—m+1givesk/n —1—/2U'/L'.

Let ¢ > 0. For sufficiently large n both (k + 1)/n and (k — 1)/n lie in
[1 — \/m —e,1—2U'/L" + 5} . Letting < 1, for large enough n the following holds by
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(25)

120~ 5@ < 1.0 - G0 + [ 10,10 - 0,8 Gl
B 1—/20" /L' +¢ _
. f*(O)fQ”(O)M [ 10080~ 0,8 W
< 2 (g [0,7.00)] + 10,601
<2 (L'+L+U") using (24).

Since this holds for all ¢ > 0, | f,(z) — G"(x)| goes to zero, and we have pointwise convergence for
Case 2. O

Lemma C.8. We have that My, — [ f.(x)*dz.

Proof of Lemma C.8. From (24) we can bound max, G" (x)> < (U’ + L')*. This bound, along with
the pointwise convergence of Lemma C.7, allows us to apply the dominated convergence theorem,

thus giving fo g” V2do — fo f+(z)%dx. Simply applying Lemma C.6 finishes our proof. O

We can now proceed with the proof of the proposition. First we will calculate the integral |, 01 fo()%dx,
thus estabhshmg that M(U’, L") fo f+(z)%dx. To avoid confusion and to be fully precise: M is
defined by the £ symbol in the proposition statement; the left equality in that equation being proven.

We define W’ from U’ and L’ analogously to the way W is defined from U and L in the proposition
statement. Note that f, is linear on the interval [1 — W, 1] and zero elsewhere. From Lemmas C.6

and C.7 and using the dominated convergence theorem as before we have that fol fe(x)dz = U".
Thus we can write

v = [ 1. (@)
-/ 1W, [f.(2)]da
_ /LW (@) - % + g/l,rdx
[ e e [ ) e [ e - ] [ e

1 r 772 1 772
U U
- (2) - —| d | da,
n/lfW’ _f (x) [/:| x+\/1'7W’ |:l /:| !

where at the last line we have used the fact that || 11—W’ f*( ) — V[{,, dx = 0.

Clearly fllfW’ [%,]de =L Further Jelp—wr 1] — 7 is linear with slope L'and f, (1 —W'/2)—
g,/, = 0,50 fulp—w1(x) — W is antisymmetric about r=1- 7. Using these facts we can
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continue,

UIQ 12 WT/ 2
W + /0 rodr

_ U7/2 N 2L/2 (W//2)3 _ W/3L/2 N Uf/?
w’ 3 12 w’’

as expected.

We now fix U’ <~ U and L’ + L. We have shown fol f«(x)da = U which, along direct inspection
of the definition of f,, establishes that f, satisfies the properties of S. Let g € S be arbitrary. We
will show that fol g(z)%dr < fol f«(z)?dx, which demonstrates that f. € argmaxses fol fA(z)dx
and finishes our proof.

Forall n > 2, define the sequence g" = (g7, ..., g7) with g/ = g(£). From the Lipschitz continuity
of g we have as n — oo,

n 1
Zg?l - / g(w)de = U, (26)
- 0

and
n 1 1
S ()2 o / o) dz. @7)
i=1 n 0

Let ¢ > 0 be arbitrary. By (26) we can set N such that >_" | g?% < U + ¢ foralln > N. Note that
|9 — g'| < L/nand g7 > Oforalli. Let Q, £ L (ne +nU — 3.1 | g*). Forn > N we have
that ,, > 0 and the following hold,

1
gi +Q@Qn >0 for all ¢
(7 + Qn) — (9141 +Qn)| < L/n foralli

1 n
n =1

It follows that

n

1
1
2 I T n 2~
/0 g(a)dz = lim E (9')"

i=1

< limsup Y _ (g7 + Qn)*

< lim M, (U +e,L)
n—oo
=MU+e¢e,L). Lemma C.8

SRS

Since M (-, L) is continuous and € was arbitrary we have that fol g(z)?dxr < M (U, L). O

C.1.2 Lower bound for Lipschitz densities in L'.

Lemma C.9. Let f : [a,b] — R be the function f(x) = Lx + c for some a,b,c, L € R with a < b.
Then
L(b—a)?

b
min / o~ f(a)]dr = 20T 28)
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and

b b
. a+b 1
argglel]%/a o — f(x)|de =L 5 +c= b—a/a f(z)dx. (29)

Proof of Lemma C.9. When L = 0 the result follows from just setting o = c. We will assume that
L #0.

Suppose that & > max(f(a), f(b)), then we have

b b
[la=s@ide= [ a- fa)ds
b
= [ - max(£() £4)) + max(f(@). £0) - f(@)dz
b
= [ o~ max(f(a), FO)] + lmax(f(a), (8) - F(z)]| do
b

> / jmax(f(a), f(b)) — f(z)] da.

Therefore o > max(f(a), f(b)) cannot be the minimizer since we can simply let & =
max(f(a), f(b)) and we have a better minimizer. So we have that &« < max(f(a), f(b))
and a similar argument gives us that « > min(f(a), f(b)). Now we have that o €
[minme[a’b] f(x), max,epqp) f (az)] From this and the continuity of f there exists r € [a, b] such

that f(r) = «, specifically « = Lr + ¢. We now assume that L > 0 as the other case (L < 0) is
analogous.

Continuing with this r we get

b b
/|a—f(x)\dx:/ |Lr + ¢ — (Lz + ¢)| dz

b
:/ Li|r — z|dx

r b
:L/ (fo)derL/ (x —r)dzx
=L(r—a)?/2+ L(b—1)?/2
)2

= L(r —a)?/2+ L(r — b)?/2
L0 A)? | L6+ A)? . . a+b _a—b
= 5 + 5 lettmg&.—r—?andfl._ 5
=L (A* +6%)

2
:L(bf_a)_FL(SQ

Upon noting that the last line is minimized for 6 = 0 we arrive at (28) and the first equality in (29).
The second equality in (29) follows from noting

/abf(x)dx = BL# —|—cxr=b = %L (b* —a®) +e(b—a) = (La;b +c> (b — a).

r=a

O

The following lemma addresses the point in the main text “[w]e show in the appendix that this decays
at a rate of O (bil) and that this rate is tight”” We use it later to show a lower bound for the rate of
convergence of the standard histogram.

Lemma C.10. Letb € Nand fr, : [0,1] — R be a collection of pdfs indexed by L € [0, 00) via

1+ (z—3%)L L<2
fu(x) = (xL— L+ \/2L> L>2.
+
We have that
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(a) If L <2 then mingey, , || fL — gl = ﬁ
(b) If L > 2 and b is a multiple of \/L/2, we have minger, , 1z — glli = \/zlibL~

Proof of Lemma C.10. We will begin by optimizing over span (1) and will then show that the
optimum lies in H; ;. To begin

b
> wdbl ((i = 1)/b<x <i/b)|de  (30)

i=1

- man/ \fo (@) — @] da

(i—1)/b

1
min i =gl =min [ |fi(e) -

g€span(Hi,b)

For case (b) there is a breakpoint at z satisfyingzL — L+ V2L =0 <— z=1— \/% . Since b is
a multiple of \/L/2, there exists an integer z such that

b=2yL/2
— z/b=+/2/L
= (b—2)/b=1-2/L 31)
and we have for both cases (a) and (b) that f7, is linear on the bins [(i — 1)/b, < i/b).
Applying Lemma C.9 we have the following for (a),

_ " LGi/b—(i-1)/0)° L
man/ |fr(z wﬂdx:Z i/ (4 )/b) =0

i=1

For (b) we split the summation between the breakpoint

b i/b
mjnZ/ |fL(x)—1Ui|da:
~ min / |f(@) — @l d + / fi(e) - @] da
w i—
ielbl <1— f (i—-1)/b . ,>1 VI (i—1)/b

L
= > 0+ > n
i€l i<1—/2  ig[b]ii>1-4/2

{ie[b]:z>1\/z} L

462
From (31) and because 1 — 1/2/L > 0 it follows that b (1 — \/%) is a nonnegative integer so
i

fom e Bffew 42

(32)

Now (32) is equal to



We will show that the argument for the minimum w (with bw = w) from (30) lies in Ay, to finish the
proof. From the second equality in (29) we clearly get that w; > 0 for all 7. Again using the second
equality in (29) we have

1. 1< 1 ifb
S G T G L T T

(i-1)/b

C.2 Finite Sample Rate: Multi-view

This section contains the finite-sample bounds from Section 2.2.2 in the main text. The results here
are a bit stronger than those from the main text at the cost of being a bit less concise. In the main
text we weakened the results by assuming that Lipschitz constants were greater than or equal to 2.
The next section contains corresponding results for Tucker models. First we will prove the following
finite-sample bound.

Proposition C.4 (Proposition 2.1 in main text). Let d,b,k,n € Nand 0 < 6 < 1. There exists an
estimator 'V, € Hs’b such that for all densities p € D, the following holds with probability at least

1-96
: 2bdk log(4bdkn) 10g §
lp = Vil £ min 3||p—q||1+7\/g— 3) -
qu];,b

; . id
where V,, is a function of X1, ..., X, Py P.

Proof of Proposition C.4. We begin by showing that (33), and therefore the proposition, holds if
n =1,and d, b, k > 1. Bounding the second term in the next summation with b,d,k > 1l andn =1
yields the following inequality

) [ 2bdk log(4bdkn / log [ 2bdk log(4bdkn)
3 min |p—q|1+7 —g( ) &
q€M; n

> 7+/2log(4)

> 1.

The triangle inequality gives us ||p — V,,||1 < 2 < 7. Therefore Proposition C.5 holds for n = 1. We
will now proceed assuming that n > 2.

Let 1 > ¢ > 0 be arbitrary. By Corollary A.1 there exists p1,...,pym € ’Hfib such that M <
(M)bdk (%)k and for all ¢ € ’H};’b there exists ¢« < M with ||p; — ¢||1 < e. Applying Lemma A.6

g
72
with the same ¢ gives a deterministic algorithm V/, that, given at least w samples from a

density p, outputs an index j € [M] where, with probability at least 1 — ¢, the following holds

lp; —pll, <3 Jnin, [pi —pll, +4e

<3 min min ([|p; — qll; + [lg —pll;) +4¢
qEH , 1E[M]

= min 3| min ||p; — +3|q — + 4e
min 3 smin Il ) + 3l =,

<7e +3 min [p—ql1
qu’g,b
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(we are loosing /3 from Lemma A.6 to ¢ for convenience).

Note that
log(3M?/5)  log(M) n log (3/9)
2¢2 g2 262
We will now bound log(M) which, because ¢ is positive and log is strictly increasing, will give us an
upper bound on the previous term. The following follows from the fact that b, d and k are all greater

than orequalto l and 1 > ¢ > 0,
bk k
e ()" (4
€ €
_ ((4bdk bk 7 Abdk\ P
- € €

Abdk\ 209
()
Applying this to (34) we have
log(3M?/5) _ 2bdklog(*4*)  log(3)
2e2 - g2 2e2
The rest of the proof will be primarily concerned with choosing & € (0, 1] so that the RHS of (35) is

less than or equal to n so the hypotheses of Lemma A.6 are satisfied. We begin by eliminating some
settings where selecting V;, trivial; we will then apply Lemma A.6 for the remaining settings.

Observe that if n < 4bdk log(4bdkn), then

(34)

(35)

2bdk log(4bdkn) _
n

and inequality (33) holds trivially. Similarly, if n < log (2), then

log(2)

7 2n

> >2,

Sl

and again inequality (33) holds trivially.

Thus, we can proceed with the setting

log(3
n > 2max <2bdkz log (4bdkn), 2L )>

2
log(2
> 2bdk log(4bdkn) + gz(ﬁ). (36)
. . __ 2bdk log(4bdk log(2) . . L
Defining the function p(g) := —=—— + —_3°, inequality (36) implies that

_ 2bdklog(*5E) N log(2)

1 < n. 37
p 1 5 =n (37
Furthermore,

lim p(z) = oo. (38)

Together with the mean value theorem, (37) and (38) imply that we can now pick 1 > £ > 0 such that

( _ 2bdklog(*E) log(2)
ple) = g2 22

We can now apply the estimator from Lemma A.6 to select the estimator V,,. As we have shown
before the estimator in Lemma A.6 outputs a density in % , such that

(39)

Ve = pllh < 7e+3 min [jp—qlli. (40)
geEHE

d,b
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By (39), we have

>\ = 2
n 2n n

S|

bdk
L \/2bdklog(4§) N log(2) 1

since 0 < §,¢ < 1 and n > 2. Using this in (39), we obtain

2bdk log(424k)  log(2
\/ og(M2)  log(3)

n 2n

\/ 2bdk 10g(4bdlm) log( )

[ 2bdk log (4bdkn) / log

The result follows upon plugging this back into inequality (40). O

Now we can prove the key result from the paper.

Proposition C.5 (Theorem 2.6 in main text). Let L > 2,0 < § < 1 and k,n € N. Then there exists
b and an estimator V,, € ’Hf}’b such that for any density p = Zle w; H?Zl Di,; where p; ; € Lipp,
and w is in the probability simplex, the following holds with probability at least 1 — 0,

21dk' /3L log($
Vi ol < 2 T + 7 o8(5) (4D
ns

. . nd
where V,, is a function of X1, ..., X, ~

This also holds with “L < 2” replacing “L > 2” and the following inequality replacing (41)

1.2 3
|V —pll1 < \f 7 [Ll/i"e p( <Z4 ) + 20+/log(7dnk) } +7 (5) (42)

Proof of Proposition C.5. We begin with the L > 2 case and the other case will follow with some
minor adjustments. From Hélder’s Inequality followed by Proposition C.1, if > > L?/12 and L > 2,

then for any collection fi, ..., f4 in Lip; we have that
d e * ] N IV A Lo
2
[ - i, 1L < |06 - o, 1| <5 |] < %
) — = =1 j:l
1 2

Taking the square root, we have

d d d+3
. VdL
[15 - Proiwy, 11| <%

1




Since S°F | w; H?Zl Projy,, , pi,j is an element of % ,, using Corollary C.1 gives us

k d k d
min HP —qlly <|D_wi [[piy =D wi [[ Proja,, pis
=1 j=1 i=1 =1

q’H

A

d k d
E w; Hpi,j - E w; Proj | Hpi,j
i=1  j=1 i=1 Cj=1
k d
> wi H

IA

d
pi,j — Projys 117
=1
1

i fL‘”S \/EL¥
s 3

Invoking the estimator V;, from Proposition C.4 and using the previous bound it follows that, for any
choice of k and b such that b2 > L?/12, there exists an estimator V,, € HE a4, Where for all densities p
from our theorem statement, W1th probability at least 1 — §, the following holds

d+3

Nz | [Podklog(dbdkn) log(%).
b n 2n

[p = Vall < (43)

We now set b = [n%L% k‘l/ﬂ. Note that if n < kL then (41) is trivially satisfied since L > 2
and d+3 143
21dk1/3 L5 _ 2Ldk'AL5E 7 21dk;1/3Ls

n§ n 3 n 3
Thus we can proceed with the assumption that n > kL for the L > 2 case of this proof. Under this
assumption, noting again that L > 2, we have the following bound on b,

b>n3sLS k3 > LV3LS =L,

which implies b2 2 . So for the remainder of the L > 2 case of this proof we will proceed with
the assumption b2 > 12 and use the estimator from (43).

Since n > kL > kand L > 2, we also have 1 < n3 L6 k~1/3 < b < 2n3 L5 k—1/3. Thus

4dk2/3n3 L5 log (8L dk2/3n4/3
- \/dek log (4bdkn) _ . ( )

n n
Vdk/3LSE 2
= 14T 10g (8[/# dk2/3n4/3>
1/3 d+3
\[k / L ” \/1 (324 [2d J2d}2dp2d)
\/Ekl/BL d+3
dk'/3L5s
< 207 log (3Ldkn).
nl/3

Using this with (43) and applying ns L5 k13 < b to the first summand in (43) we have

ns3

k3L 20dkM3L log(2
Ip— Vil < V2 + L oLk +7 . “)
ns

21dk1/3L"“ (2
< SO B ® log(3Ldkn) + 7 5)
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as expected. This finishes the L > 2 case.

For the L < 2 case, we obtain (using Proposition C.1 and taking the square root along with some
simple manipulations) instead,

L2(d—-1
min |[p—qll; < f 7, CXP (( )) ,
qG’H 4

d,b 2
and instead of (43),
L L?(d [ 2bdk log(4bdkn) /1 §
||p7 Vn”l S \/8? exp < > Og n Og 5 (44)

. 2 .. . .
Since L. < 2, we clearly have % < b% so we can use Proposition C.1 without issue. Set b =

[n1/3k_1/3L2/3W (we can assume L > 0 and thus b > 1 since the L = 0 case can be solved by
simply setting V,, to output the uniform distribution). If £ > n then (42) is trivially satisfied so we
can proceed with the assumption that k£ < n.

Since n > k and n'/3k~1/3 > 1 it follows that b > n'/3k=1/3L2/3 and b < [n!/3k~1/322/3] <
[n'/3k=1/32] < 3n!/3k=1/3. Letting C =7 log( ) we can bound (44) as follows

L L*(d-1 obdk log (4bdk
[p—Valli < \/agexp ((24)> +7\/0gn(n) s

2 _ 2(3nl/3k-1/3) L
< ﬁ% exp <L(;l41)> + 7\/ (3n ) \/dlog (4 (3n'/3k=1/3) dkn) + C

n
L1/3k1/3 d 1 k1/3
SVd— e ( ) + 173 \/Gdlog (12dn*/3k2/3) + C
n
L/311/3 7E1/3
< \/ﬁil/g eXp( ) + 37 \/Gdlog (74/3d4/3nABEA3) + C
n
L1/3k1/3 7k1/3
< dT exp ( ) + 8dlog (7dnk) + C
n
L1/3k1/3 20]{}1/3
< \/ZZW exp ( ) + f\/log (7dnk) + C
L (d 1) log(%)
= 173 L*/?exp + 20+/log(7dnk)| + 7
which finishes the proof for the L < 2 case. ]

C.3 Finite Sample Rate: Tucker

Here we present results for the Tucker decomposition that are analogous to those in the last section.
The results here were omitted from the main text “[f]or brevity, and because the results are virtually
direct analogues of their multi-view histogram counterparts...” We begin again with a proof of a
finite-sample bound, which will then be used to prove a distribution-free bound.

Proposition C.6. Let d, b, k,n € Nand 0 < § < 1. There exists an estimator V,, € ﬁfjb such that
for all densities p € Dy, the following holds with probability at least 1 — ¢

2bdk log(4bd 2kd log(4k log(2
Ip— Valls <3 min [lp — gl + 7/ 20k log(dbdn) oB(4kn) , o, [loal)

gk, n n 2n

(45)
iid

where V,, is a function of X1, ..., X, ~ p.

Proof of Proposition C.6. This proof is very similar to the proof of Proposition C.4 and we will
provide fewer intermediate steps when they are virtually identical to those that proof.
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Similarly to the proof of Proposition C.4, we can assume n > 2. Let 1 > ¢ > 0 be arbitrary. By

. ~ bdk N ~
Corollary A.2 there exists py, . .., pas € HE , such that M < (424) (%) and forall ¢ € HE ,
there exists ¢ < M with ||p; — g|l1 < e.

Now, by applying Lemma A.6 with the same ¢, there exists a deterministic algorithm which, for all
densities p, can output an index j € [M] such that

lpj =plly <7e+3 min [jp —gfs,
qGHZYb
with probability at least 1 — § given at least IV samples from the distribution, where
log(3M?/8)  log(M) n log (3/6)

N >
- 2e2 g2 2e2

Now we can bound

log(3M?2/5) _ 2bdklog(*24) . 2k log(4£%) . log(2)
2e? - g2 g2 22

Note that:
« If n < 6bdk log(4bdn), then 7/ 222108 > 7/./3 > 2 making (45) trivial.
o If n < 6k?log(4k?n) then 74/ w > 7/v/3 > 2, also making (45) trivial.

* Similarly, if n < 3log(2), then 7 % > 2, making (45) trivial yet again.

Thus we can assume that

n > 3 max (dek; log(4bdn), 2k log(4kn), log (2))

> 2bdk log(4bdn) 4 2k%log(4kn) + log (?) : (46)

We now define p(¢) as

d

2bdk log(222) N 2k log(2£-) N log(2)

g2 g2 2e2
So (46) gives us p(1) < n and, as before, lim,_,¢ p(x) = co. Together with the mean value theorem
it follows we can now pick 1 > ¢ > 0 such that

2bdklog(4d)  2k9log(4EL)  log(3
- 2g(g)+ g2(5)+ g(;):n. 48)
€ 5 2e

We can now apply the estimator from Lemma A.6 to select the estimator V,,. As we have shown
before the estimator in Lemma A.6 outputs a density in 7% , such that

ple) = @7)

p(e

Vi —pll1 <Te +3 miil lp — qll1- (49)

a€Ht g,

Now, note that by (48), we have

2bdk log(424) 2k log(2E%) log(3
6_\/ og(2) | 2#og() lor(d) | [T 1
n n 2n 2n T n
since 0 < d,¢ < 1 and n > 2. Plugging this back into (48), we obtain
. < \/dek log(4bdn) N 2dk4 log(4kn) N log ()
n n 2n
d d log(2
- \/2bdklog(4bdn) N \/2k log(4kn) 08(3)
n n 2n
The result follows upon plugging this back into inequality (49). O
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Now we can prove our distribution-free bound.

Proposition C.7. Let L > 2,0 < 6 < 1 and k,n € N. Then there exists b € N and an estimator
V, € 7:25 , such that for any density p = ZSe[k]d W Hd 1Di.3; where pi; € Lipy and W is a
probablllty tensor, the following holds with probability at least 1 —

21dl<:1/5LdH 2k log(4kdn) g(2)
Ip = Valli < —T V1og(3Ldkn) + 2k log(4kn) log(5) (50)

. . id
where V., is a function of X1, ..., X, S P.

This also holds with “L < 2” replacing “L > 27 and the following inequality replacing (50)

L*(d—1 2kd log(4k4 log(2
o=Vl < Va~r 7 {LVS <(24)> +20\/log(7dnk)} +74/ Ogn( ”)+7\/ Oiﬁ).

Proof of Proposition C.7. This proof is very similar to the proof of Proposition C.5 and we will
provide fewer intermediate steps when they are virtually identical to those that proof. We begin with
the L > 2 case. Consider some density p like that from the theorem statement

d
> Ws [ pis.-

Skl i=1

Since Y Selk]4 W H;i:l Projy, , pi.s; is an element of ﬁ’;)b, using Corollary C.1, Holder’s Inequal-
ity, and Proposition C.1 yields the following when 5% > L?/12

min fp—qfl, < | Y Wsszs - WSHPTOJprlS
q€H , Selk]e i=1 Se[k]d 1
= Z WSHp’LS - Z WSPI“O_]Hl szs
Selk]d i=1 Selk] 1
< > Ws szs PI"OJ'H;bHPi,Si
Selk]4 i=1 1

< (S

de+3 de+3
Z Ws 3b

Selk]d 3b

Combining this with the estimator from Proposition C.6 we get that, for any b such that b2 > L?/12,
we have

d+3 y y v
o= Vil < ﬂi 1 +7\/2bdklos(4bdn) +7\/2k 1ogn(4k n . Ogif)‘

If n < kL, the RHS of (50) is greater than 2, which means that (50) holds trivially. Thus we assume
n > kL. Since b doesn’t appear in the third summand in the previous inequality, and the first,
second, and fourth summand are exactly the same as those from (43) in the proof Proposition C.5,

we can set b = [n% L% kY 31 and proceed exactly as we did in that proof (again b*> > L?/12 so
Proposition C.1 holds). We then obtain

21dk1/3L‘”3 2%k log(4kn) 1og (3)
[p— Val1 < — Vdog(3Ldkn) + 2k log(4kn) 5)

as expected.
For the L < 2 case, (51) becomes

L2(d—-1
min |p —q|; < f* exp <(4)) :

qE?—ld b 2
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from which we get

L L*(d—-1 2bdk log(4bd 2k log (4K log (3
||p—Vn||1§\/a*eXp ¥ +7\/og(n)+7\/ og(4kn) L7 og(é).
b 24 n n o

Since b doesn’t appear in the third summand in the previous inequality, and the rest of the inequality is
exactly the same as in the proof of Proposition C.5, we can again let b = [n!/3k~1/3L2/3], assume
n > k and, proceed identically as we did in the proof of Proposition C.5. This yields

Ll/3 . L2(d — 1 5hdlon( 1k e
IVl < vaio [ 23 exp (L4 =D | 90 fiog(zaniy | 47,/ 218Uk 7 [loB(5)
/e 24 n o
0

as expected.
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C.4 Lower Bound: Standard Histogram

Proof of Proposition 2.3. Letp € Dy with p = szl p; where p; is the density from Lemma C.10
for L =2,i.e. p1(z) =2z, and p;(x) = 1fori > 1. Let (Y1,...,Yy) ~ Vyand (Xq,...,Xq) ~p
Because total variation distance is never increased through mappings of the random variables (see
Theorem 5.2 in [3]) we have that [[V,, —pl[; = [[f —pall; where f is the probability density
associated with Y7 . We will now show that f is an element of 7, . Let S C [0, 1] be an arbitrary
(Borel) measurable set and note that V,, has the form Ac[y) Wahap . Then we have that

P(YGS):/fd/\
S

= / VndA
Sx[0,1]x---x[0,1]

:/ > dbahapad)
Sx[0,1]x---x[0,1] A€b)?

= Z w4 hap,adX

Sx[0,1]x---x[0,1]

Ag[b)?
-3 / ] Frnsn
Ae[b)? Sx[0,1]x---x[0,1] ;
= > A( hl,b,AldA) ( hl,b,Asz> ( hl,b,AddA>
AE[b]d [071] [071]
=y wA/hl,b,AldA
Ael) o
:/ > dbahpa,dA.
Acb)¢

note that ) , b} Wahip, 4, is a histogram and thus the density associated with f is a histogram.
Using this fact with the earlier mentioned inequality we have that

Ve =ply 2 1Lf = pally
> min b —pif; -
= min [k = pally

From Lemma C.10 it then follows that

Ve = bl 2 5

Let D > 0 be arbitrary. From our assumption that n/b% — oo it follows that, for sufficiently large n,
that n/b% > (2D)¢ and furthermore

n/b? > (2D)? <= /n/b>2D <= 1/(2b) > D/n= ||V, —p|, > D//n
s0 |V, — pll; € w(1/+/n) by definition. O
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D Experimental Setting

Consider the problem of finding some density estimator p with minimal L5 distance to an unknown
density p (p is the various projections of MNIST and Diabetes from the main text). This is equivalent
to minimizing the squared L? loss:

[ @)~ p @) s

[0,1]

= 5 () dx — 2 p(y)d: 2)2dz. 52
/[o,udp( ) /[071]dp(y)p(y) y+/ p(2) (52)

[0,1)¢

Because the right term in (52) does not depend on p it can be ignored when finding optimal p. The left
term in (52) is known. The middle term in (52) can be estimated with the following approximation

[ PR = ey 00 = 135X

i=1

where X = X4,..., X, i p. We can use this to find a good estimate H € ’R’;’b for p which

represents H% , or HE

N 2 PN N
arg min / (H (z) —]3(3:)) dx = arg min <H,H> -2 H(x)p(x)dx
HGRZ,b [071]d HERZ,Z’) [O,l}d
N 1 <N -
~ arg min <H H> —2- S H(X). (53)
HERG, =
Recall that the standard histogram estimator is H = Hyp (X) =

N 2 acp hab,al(X; € Agp.a) and let H = 2 acpd Wahap.a. We have the fol-
lowing

<H7H> = < > dbahap.a, % > happl(Xi€ Ad,b,B)>

Ae[b]? i=1 Be[p]?

R ) i 1=~

= EZ D wal (X; € Ap) bt = HZH()Q).
i=1 Ae[b]d =1

As a consequence (53) is equal to

arg min <f[,ff>—2<H,fJ>:arg min <f[,ﬁ>—2<H,ﬁ>—|—<H,H>
HeRk HeRE,
2
}2’

Using the Ugq,;, operator we can reformulate this into a tensor factorization problem

= arg min HH—H
HeRE,

~ 112 N
min HH—Ud,b(T)H — min deUd—; (H)—TH
Teo) 2 feok ’ 2
d,b d,b

where Q% , could be either 7.F, or 7.F,. Because of this equivalence, to find estimates in H% , or

7—[5 , We can simply use nonnegative tensor decomposition algorithms, which minimize ¢ loss, to
find NNTF histograms that approximate H.
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E Nonexistence of Infinite Tensor Decomposition

Let p : R?2 — R be a probability density function. Consider the possibility of decomposing p as
follows

p(z,y) = Z w; fi(2)gi(y) (54)

where, for all 7, w; > 0 and f; and g; are probability densities. We are going to show that this is not
always possible, which we will do by contradiction. Let A be the Lebesgue measure (dimensionality
will be left implicit). We are going to use the following proposition which we will prove later.

Proposition E.1. There exists a set E C [0,1] x [0, 1] such that \(E) > 0 and for all non-null
measurable sets A, B C [0, 1] we have that A\(E N A x B) < A(A x B).

Let E be a set satisfying the property in Proposition E.1. Let 15 be the indicator function a set S.
We will let p = 1 and assume that p has a decomposition as in (54).

We will assume that w; > 0. Clearly we have that p — w; f1¢7 is an almost everywhere (a.e.)
nonnegative function (all products of functions here are outer products). Let ¢ > 0 such that
A2 f7([e,00)) and B £ g;*([e, 00)) have positive measure. Such an ¢ must exist otherwise f;
and g; are 0 a.e.. Now we have that 241 < f191. And thus p—wie?lalp > Oaeor equivalently
AME) '1g — w1e?laxp > 0 ae.. From our definition of £ we know that A(A x B\ E) =
AMAX B)=ANENAXB) > 0s0\E) g —wie?l 4y p is negative on a set of positive measure,
a contradiction.

We will now address the existence of the set £. The most direct statement of the existence of such an
FE can be found in [9], the following is the exact statement from the text.

Theorem E.1 ([9] Theorem 2.1). There exist Borel measurable subsets E C |0, 1]2 of positive
measure which are rectangle free, so that if A x B C F then area (A x B) = 0.

That paper builds the set E via a random construction and contains an image which showing
an example that approximates a randomly sampled F. Their construction seems to imply that the
condition “Ax B C E” was intended to be interpreted measure theoretically, i.e. “area(Ax B\ E) =
07; it is not particularly difficult to construct a measurable subset of [0, 1] x [0, 1] which contains all
but a null set of [0, 1] x [0, 1] and is “rectangle free” as described in the theorem statement (see [4]
and references therein). If the measure theoretic strengthening is true it would imply the existence
of the set E from Proposition E.1 above. Since we are not fotally certain that this strengthening is
possible we include a proof of the existence of E above.

For a topological space (€2, 7) equipped with a Borel measure i, a set S C ( is called essentially
dense if, for any nonempty open set I, (I NS) > 0. For any measurable set in R? we will equip it
with the standard subspace topology and measure induced by the standard Lebesgue measure. There
exists a measurable set D C R such that D and D€ are essentially dense (see [5] 134J(a)). The
following is a simplification of Theorem 1 in [4] that we will use to construct F.

Theorem E.2 ([4] Theorem 1). For a measurable set of the form E = {(z,y) : x —y € D} the
following two conditions are equivalent

1. D is essentially dense on R.
2. A(ENA X B) > 0forall A, B such that \(A)X\(B) > 0.

From this we have that E £ {(z,y) :z —y € D} N[0,1]* and EY = {(z,y) : 2 —y € D’} N
[0, 1]2 (we let E live in [0, 1]?) have that property that for non null sets A, B C [0, 1], \(ENAx B) >
0, \(E€ N A x B) > 0. Note that \(EN A x B) + A(E® N A x B) = M\(A x B) and thus
AMENAx B) < A(A x B) so we have constructed E.

We mention that the £ we have constructed contains a non-null rectangle when rotated by 45
degrees. Thusly rotating p to give p allows us to find f,g and w > 0 such that p — wfyg is a.e.
nonnegative. In [4] the authors discuss the existence of sets E/ where, for all non null A, B, we have
that A(f(F) N A x B) > 0, for all f in certain classes of transforms. These results hint towards
research directions of finding transforms so that our data is better approximated by nice NNTF model.
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