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In this document we provide further details of the constraint basis construction as well as additional
simulation results are given in Section[A] We then provide the proofs of the four main theorems of the
paper in Section [B] Finally, Section [C|provides details about the conditional constrained distribution
m(x|Ax = b).

A Further details of the basis construction and simulations

In Algorithm P2]it was not explained how the reordering of the A matrix is done. This is illustrated in
Algorithm@ where we show how to build the sub-matrices {A}7" ;.

Algorithm 6 Find all non-overlapping sub- Algorithm 7 overlap(A)Find first sub-matrix
matrices

Require: A (a k x n matrix)

Require: A (ak x n matrix) 1: U+ {1}
I: {A1,B}  overlap(A) 2 de 0
2t m <1 3: D+« id(Ay,.)
3: while B # () do 4: while 1 do
4: mA<— r]g+ 1 1B 5. D+ id(Ap,.)
5: ms < overla .
6: end{whilg } v é: U« id ((A"D)T)
7: Return {A}7" 7: if d = |U| then
8: break
9: end if
10: d+ |U|
11: end while
12: A= A.7U
132 A" = Ay

14: Return {A, :&C}

In Section 6.1 in the main article, we provided results for & = 2 and o = 4. In Figure [I] the
corresponding results are provivded for « = 1 and o = 3.

B Proofs
In this section we prove the four main theorems of the paper.
Proof of Theorem[I) We first transform the density of AX to the basis represented by T,

max(b) = mapTx-(b) = 7x: (H™'b) |[H|™'| = 7. (H'b) |AAT|7!/2
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Figure 1: Average computation times (based on 10 replications) for one likelihood evaluation (left)
and one sample from X|Ay X = y (top right) of the Matérn model with « = 1 and o = 3 as
functions of the number of observations k. The computation times for the new GMRF method
includes the time needed to construct the basis matrix T, which also is shown separately.

In order to derive the density X%, note that the density of X* is
. Q[i”* [y
7TX%(X )= %GXP -5Qx") ),
(2m) "=
where the quadratic form @Q(x*) is
* * T * * * *
Xy — by | |Qea Que] |Xe — by
* N\ T vk * * * 0\ T vk * *
=(x% —py) Qoo (xp —pg) + (X% — pne) Qea (X — 1)
* * \ 1 My * * * * \ 1 My * *
+ (%% — ) Que (X — i) + (X — 1) Qua Xy — 1)
* * * * * * N\ 1 * * * * *
=(x% — 1) Qi (X — piy) — (x5 — )| Qg Qb Qe (X — 1) +
T
(3 = i + Qi Qe — 1)) Qi (X — w3y + Qi Qe (5 — 1)) -
Here we in the last step wrote the expression so that we easily can integrate out X7, on the complement
to the null space of Q7,,,. Doing so yields the desired result,

1/2 14
m(x%) :/Wx% (x*)dx%, x Q|2/Q%|T/26Xp (—QQ(X%)> ,
where R
Qi) = (i — 1) Qe — Qien Qs Qi) (% — 1)

To prove Theorem 2] we need the following lemma.
Lemma 1. Under Assumption[llone has rank (Qiy) = k—ko and rank (Q, 4,) = n—s—(k—ko).

Proof. We have rank(Q™) = rank(Q) = n — s since T is orthonormal matrix. Further, using the
eigen-decomposition of Q we can express Q™ as

o [5] [[ ] (R



where A is a diagonal matrix with the non-zero eigenvalues of Q. Since rank(AEg) = ky it follows
that also rank(T4Eq) = ko and rank(T4Ep) = s — ko. By Theorem 4.3.28 of [HJ13] there
exists an eigenvector, e, of Q7,,, that has a corresponding eigenvalue 0 if and only if Q%,,, e =0
and Q% ., e = 0. By construction, any vector constructed by the linear span of T Ey satisfies this
requirement, and no other vector does. Hence, the rank of Q%,,, isn — k — (s — ko) and the rank of
Q% is k — ko. O

Proof of Theorem 2] To derlve the distribution we note that the conditional distribution of X7, | X%
is proportional to exp(—zQ(x*)), where

* * T * * * *
Qw) = [ - “54 Qe e [ ]
Xe — Mg Qe Qoo | X% — b%
* * \ 1y * * * * \ 1y * *
=(xy —py) Qua (X —py) +2(xy —py) Qye Xy —pg) +C,

where C' is a constant independent of x%,. Now, since Q7 4, Qi) Qe = Qb the quadratic
form Q(x*) can be written as a constant plus v’ Q, v, where

v = Xy = iy + Qi Qs (% — 1),
Hence
Xy X =b* ~ Ne (Qiyar (3 — Qi Qe 0"~ 1)) Qo). (1)
Combining this with the fact that X = T'X* gives the desired expression for the distribution of

X|AX = b. Finally, since T is orthonormal, the rank of Q x|, is the same as the rank of Q4,4 , and
the result follows from Lemmal[Il O

We start by proving Theorem ] as we will use result from that proof in the proof of Theorem 3]
Proof of Theorem[d First, note that the density

w1 1 1 « | b « | b
Ty|x:, xz (Y|xy . b ):7(2@%0—7” exp (—20 (y B [ %D (y—B {X%]» (11)
Y Y

can, as a function of x7,, be written as

2

XEB*%TB*@X%/ + y*TB:kXZg
3 .
20% oy

7TY|X%,,X;‘Z/ (y‘b*, X*%) xX exp <_
Further, from (I0), we have that, as a function of x7,,
* * 1 ~% * * ~ %
mxs, e, (0 D7) oc exp (=2 (%, = )| Qi (3 — ) ).

where f15, = ph, — Qg%Q*%cg (b" — pg). Since mx: |v x: (X3 |y, b") is proportional to
Ty |xz x:, (y[b",x3, )m(x5, [b"), it follows that

s, v x5, (X [y, D7) ocexp | =5 05 Xy + U/T Xy
1
exp *QX% Q@/%X@/JF(Q%%N%

1
o<exp( 2(x% “%)T Qq/% Xy —

Finally, using the relation X = T X* completes the proof. O



Proof of Theorem[B] First note that my|ax (y|b) = 7y x: (y[b") and
TY|X:, (y[b*) = /Wxgl Y|Xz: (x4, y[b") dx%,

- / Ty, s (Y% DY) s s (5, [b7)dxy (12)

The goal is now to derive an explicit form of the density by evaluating the integral in (12). By the
expressions in the proof of Theorem ] we have

Ty|xs, xz (Y%, b )mxs, 1x2, (x5 [b") =exp “oXu T 32 Xa + U

Y

T
o¥

1 * * * * ~% \ 1 %
exp <—2X%TQ%@/X% + (Q@M/H@/) X%) :

Q|12 LIy'Ty" i e s
b:;?ﬁam exp + 1oy Qoo by
Y

2

o3
~xTA*  ~
o (575 Qura )
Qo [1/?
Q% |™? ( 1 [yﬂy*

* T ¥ *

=mx: v xz (X7 |y, b

2

where ¢( and ¢; are positive constants. Inserting this expression in (I2)) and evaluating the integral,
where one notes that mx - |y x: (x%, |y, b") integrates to one, gives the desired result. O
| XS

C Conditional constrained distribution

In order to derive the conditional density w(x|Ax = b) in (3) we will use what is known as the
disintegration technique. The proof is built on the results in [[CP97|], which has the following
definition.

Definition 1. Ler (X, A, \) and (T, B, 1) be two measure spaces with o-finite measures A and 1.
The measure X has a disintegration {\p } with respect to the measurable map A : (X, A) — (T,B)
and the measure 1, or a (A(x), p)—disintegration if:

(i) Ny is a o-finite measure on A such that N, (A(x) # b) = 0, for p—almost all b,
and, for each non-negative measurable function f on X:
(ii) b — [ fdX\y is measurable.
(iii) [ fdN= [ [ fd dp.

In the following theorem, we use the notation from Appendix [B]and let \,, denote the Lebesgue
measure on R"™. Further, we define A as the image measure of the projection onto the image of A
(which is not o-finite), and Ay as the image measure of the projection onto the null-space of A.

Theorem 6. Let X be a multivariate random variable with distribution P on (R™, B(R™)), where P
has density w (x) with respect to A, . Then the random variable X|AX = b has density

X = T “127(x
v (x|Ax = b) = L& bT)rA‘i‘a*O)| &),

with respect to the measure Ly (-) = Ay (- N {z : Ax = b}) on (R™, B(R")).

The proof is based on the following lemma.

Lemma 2. The measure Ly, (-) is the (A, LF)-disintegration of the Lebesgue measure \,,.



Proof. Thus we need to show that (i), (ii), and (iii) of Definition [I] holds. Clearly, (i) follows
immediate from - N {z : Ax = b}. To show (ii), note that

/fdﬁb = /f (TTX*) LA oy, (dX7) dxy
— ||| 17 (%, x5, xS, = |[H]| / £, x5 xSy
{x*:xz,=H~'b}

where H = (ATT)%% as defined in Section ||H|| denotes the absolute value of the determinant

of H, and f*(x*) = f(T'x). Since f is a measurable function it follows by Tonelli Theorem
[PolO2] that above partial integral is measurable. Finally, to show (iii), we continue from the equation

above and get
//fdﬁbdb:/HHH/f*(H_lb,x;}[)dx%db

— | |E] 1\//f x5 )y db* = /fdAn

Proof of Theorem[6} By Lemma [2]above and Theorem 3 (v) in [CP97] it follows that the random
variable has density

O

Ti-1/2

T Lom(x)  max(b) [[H] max(b)
a.e. with respect to Ly, Finally, it holds that 7(x|AX = b) =I(Ax = b) 7(x|AX = b) a.e. since
Lu(-) = Ay (-N{x: Ax =b}). O
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