Supplementary Material for: An Exponential Lower
Bound for Linearly-Realizable MDPs with Constant
Suboptimality Gap

1 Proof of Lemma 2

Proof. We first verify the statement for the terminal state f. Observe that at the terminal state
f, regardless of the action taken, the next state is always f and the reward is always 0. Hence

Qi (f,) = Vi (f) = 0forall b € [H]. Thus Qj(f,-) = ((f,-),v(a")) = 0.

We now verify realizability for other states via inductionon h = H, H — 1,--- ;1. The induction
hypothesis is Va1 € [m], as # a1,
Qi(ar,a2) = ((vlar),vlaz) ) +27) - (vlaz),v(a”) ), ()

and that Va; # a*,
Vit (@) = Qi(ar,a*) = (v(ar), v(a*)) + 2. @)

When h = H, () holds by the definition of rewards. Next, note that YA, (2)) follows from (TJ). This is
because for as # a*, aq,

Qi@ az) = (<v(a1),v(a2)> - 27) ' <v(a2),v(a*)> < 397,
while
Qiar,a%) = (v(ar), (@) ) +2y > 7> 3%,

In other words, implies that a* is always the optimal action. Thus, it remains to show that
holds for h assuming (2)) holds for » + 1. By Bellman’s optimality equation,

Qh (@1, a2) = Ry(ar, az) + s, [Viry1(sni1)| a1, az)
= =2y [(vlar), vlaz)) + 29| + Prlsnss = @] - Virpa a2) + Prlsnss = 1+ Vica (/)
— 2y [<v(a1),v(a2)> + 27] + [<v(a1),v(a2)> + 27} : (<v(a1),v(a*)> + 27)
- (<v(a1),v(a2)> +27) : <v(a1),v(a*)>.

This is exactly (T) for . Hence both (T) and (@) hold for all & € [H]. O

2 Proof of Lemma 5

Proof. We state a proof of this lemma for completeness. By Lemma 4, Vs,

Ty —1 < d.
max o(s,a) 5, ' (s,0) < d

It follows that Va € A,
¢(S7 a)¢(57 a)T < dzé
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Therefore,

Ty—1 _ Ty—1
oy |maxg(s,a) ' 271 (s,a) | = Bony maxTr (¢(s,a)g(s, a) 277

<E,,Tr (dE,571) = %

O
3 Addressing Footnote 3
Let us redefine M- as follows. The state space is again {1,--- ,m, f}. The action space is [m]
for every state. We will also use the same set of m d- dlmensmnal vectors {v1,- -+, U . In this

construction, we will reset v :=

Features. The feature map now maps state-action pairs to d + 1 dimensional vectors, and is defined
as follows.

o(ar,az) == (0, <<v(a1),v(a2)> + 2’)/) ~v(a2)) , (Vay,as € [m],a; # as)
o(ar,ar) == (i%0> , (Vay € [m])
o(f,1) =(0,0),
¢(f,a) = (-1,0). (Va # 1)

Note that the feature map is again independent of a*. Define 6* := (1,v(a™)).

Rewards. For 1 < h < H, the rewards are defined as

Ry (a1,a") = <v(a1),v(a*)> + 2y, (a1 # a*)
Ry (a7, as) := —2v [<v(a1), v(a2)> + 27} , (as # a*, as # ay)
Ry(ar,ay) := Z% (Vay)
Rh(fa 1) = Oa
Rn(f,a) = -1. (a#1)

For h = H, ry(s,a) := (¢(s,a),v(a*)) for every state-action pair.

Transitions. The initial state distribution is set as a uniform distribution over {1,--- ,m}. The
transition probabilities are set as follows.
[f|a'17 } 1,
f‘ala (11 17
1),v(a )> +2v
r[|at, az] = ; (ag # a*, az # a1)
fi 1— (ar), v(a2) ) = 2y
Prf|f,-]=1.

We now check realizability in the new MDP. Note that now we want to show Q7.(s,a) = ¢(s,a) " 6%,
where 0* = (1,v(a*)). We claim that Vh € [H],

Vi @) = (v(ar), wla”)) + 27, (@2 # %)
Qh@1,2) = ({ola), o(a) +29) - (v(az), o(a")) (02 % 1)
Qi(ana) = 5 (¥ar)



To see this, first notice that the expression of ()} implies that the optimal action is a* for any non-
terminal state. Suppose a; # a*, then for ay # a1,a*, Q}(ar,a2) < 3v? < v < Qj(ar,a*).
Moreover,

* (— 3 k(= %k
Qp(ar,a1) = 177 <7 < Qp(ar,a”).
Thus, a* is indeed the optimal action for a7 if a1 # a*.

For a*, a1 # a*, Q}(a*,a1) < 3v* < 3y = Q;.(a*, a*). Therefore, a* is the optimal action for all
states (besides f).

As for f,itis easy to see that Q7 (f,1) = 0, and that Va # 1, Q} (f,a) = —1.

What remains is show the statements for all h via induction. Suppose that

Qn41(a1; a2) = ((v(a1), v(az)) + 27) - (v(az), v(a”)). (a2 # a1)
Then indeed V}*, , (@1) = Q5 (@1, 0*) = (v(a1),v(a*)) + 2v. It follows that Yay # a*

Q. (a1, a2) = Rp(ar, az) -HE;,LH Vi1 (She1) ‘a1,a2]

= 2y K > + 27] +Prlspy1 = @2 - Vi (a2) + Prlsper = f]- Vi (f)
—oy [< +27] [< (a1),v(a 2)> +27} : (<v(a1),v(a*)> +27)

(<v(a1),v(a2)> + 27) . <v(a1),v(a*)>.

Suboptimality Gap. In M., Va; # a*, Vas # a*, Q} (a1, a2) < max{3+2, 3~}. Thus

3 1
Ap(ar,as) >y — 2y = —.
n(@1,a2) > v — max{3y 74% o
For a*, V;*(a*) = 1 — +, while for a; # a*,
Qh (@, a1) = ((v(a*),v(a1) + 29) - (v(a®),v(ar)) < 39>

Thus A} (a*,a1) > %fy -3y = i. As for the terminal state f, the suboptimality gap is obviously
1. Therefore Apin > 2—14 in this new MDP.

Information theoretic arguments. The modifications here do not affect the proof of Theorem 1]
Suppose action as is taken at state a1. If a1 # as, then the behavior (transitions and rewards) would
be identical to the original MDP. If a; = ag # a*, neither the transition and the rewards depend on
a*. Hence, we can still construct a reference MDP as in the proof of Theorem such that information
on a* can only be gained by: (1) either taking a*; (2) or reaching sy # f.

4 Proof of Theorem 1]

Theorem 1. Consider an arbitrary online RL algorithm that takes the feature mapping ¢ : S X
A — R? as input. In the online RL setting, there exists an MDP with a feature mapping ¢
satisfying Assumption 1 and Assumption 2 with Ay, = Q(1), such that the algorithm requires

mm{2Q 2Q(H)} samples to find a policy ™ with
EslNMV (81) Z ESINHV*(Sl) —0.05
with probability 0.1.
Proof. We consider K episodes of interaction between the algorithm and the MDP M, . Since each

trajectory is a sequence of [ states, we define the total number of samples as K H. Denote the state,
the action and the reward at episode k and timestep h by s’fl, afl and rﬁ respectively.

Consider the following reference MDP denoted by M. The state space, action space, and features
of this MDP are the same as those of the MDP family. The transitions are defined as follows:

ag : (vlay),v(az
(v(ar),v(az) ) + 27
f:1-— <v(a1),v(a2)> — 2~

Pr[-|a1, as] = , (Vay,asz s.t. a1 # as)

Pr(f|f,-] = 1.



The rewards are defined as follows:

Ry (a1, a2) == —2y [<v(a1),v(a2)> + 27} , (Vay,as s.t. ay # as)
Ry(f,):=0.

Intuitively, this MDP is very similar to the MDP family, except that the optimal action a* is removed.
More specifically, M is identical to M, except when the action a is taken at a non-terminal state,
or when an episode ends at a non-terminal state.

More specifically, we claim that for ¢ < H, Vs;, a; such that a; # a,

PIMH[3t+1|5tu at] = PTMO [8t+1|5t, at]7

and that for ¢t < H, Vs, a; such that a; # a,
M (sy, a0) = 110 (54, a0).
Also, 73 (s¢,at) = 12 (s¢, az) if s; = f. Tt follows that
Pra, {s%,a%,r%, sy ak ry ‘a ¢ A¥ VE < k‘,s’f_} = f}
=Prq, [S%,a%,ri- sh,ah,rh‘ ¢ A ,VE < k,s’fq/ = f} .

Here AZ is a shorthand for {a%7 ak,--- ak, - ,aﬁ}, i.e. all actions taken up to timestep h for

episode k. By marginalizing the states and the actions, we get
Prag, [ah‘ ¢ A VK <k, s¥ —f} = Pryy, [ah‘ ¢ A VK <k, s& :f].
It then follows that
Prag, [aﬁg :a‘a ¢ AF VK <k, sk = f} = Pry, [ah 7a‘ ¢ AF VK <k, sk = f} .
Next, we prove via induction that
Prag, [a c AF ‘Vk’ <k, sb = f} = Pr, [a c Ak ‘Vk’ <k, sb = f} . 3)
Suppose that (3) holds up to (k, h — 1). Then
Prag, [a e Ab ‘Vk' <k, sk = f}
=Prp, [a ¢ Af_ 1] Pra, [az =a ‘a ¢ AF VK <k sk = f} + Pra, [a c A¥ | ‘Vk' <k, sk = f]
=Prp, [a ¢ Af_1] Pro, [afb =a ‘a ¢ AF VK <k s = f} + Prg, [a € AF_, ‘Vk’ < k,sh = f}
—Pr o, [a c Ak ‘Vk’ <k, sk = f} .
That is, (3) holds for h, k as well. By induction, (3) holds for all h, k. Thus,

Pry, [a € Aﬁ] < Pro, [a c A¥ ’Vk’ < k,s% = f} +Pr [Hk’ < hsg 4 f}

H
< Prag, [aeAE’Vk’gk,s’ﬁl/:f} ke <i) .

Since |A¥| < kH, > aeim) PTMo [a € AF ’Vk' <k,sk = f] < kH. It follows that there exists

a* € [m] such that

Prag, [a* c AK ‘Vk’ <K, st = f} <" —KH-e °W@,

As a result



In other words, unless K H = 29(min{d.H}) the probability of taking the optimal action a* in the
interaction with M~ is o(1).

From the suboptimality gap condition, it follows that if E, ., V™ (s1) > E, ~,V*(s1) — 0.05,
Pr[a; # a* A sy # a*| - Apin < 0.05. Hence

1 1
Prla; =a*] >1— (0.8+) =02—-—.
m m

Therefore, if the algorithm is able to output such a policy with probability 0.1, it is able to take the
action a* in the next episode with ©(1) probability by executing 7. However, as proved above, this is
impossible unless K H = 22(min{d.H}) O

5 Proof of Theorem

Recall the statements of Assumptions [3]and [}

Assumption 3 (Low variance condition). There exists a constant 1 < Cf,, < co such that for any
h € [H] and any policy 7,

T * 2 T * 2

Eowny [[V7(5) = V()] < Cuar+ (Bamg [IV7(5) = V*(5)]])°

Assumption 4. There exists a constant 1 < Chyper < 00 such that for any i € [H] and any policy
, the distribution of ¢(s, a) with (s,a) ~ D is (Chyper, 4)-hypercontractive. In other words, v,
Vh € [H], Vv € RY,

2
E(s,a)ND;: [(¢(57Q)Tv)4] < C’hyper . (E(s,a)ND;{[((Zﬁ(S:a)TU)Q])
Theorem 2. Assume that Assumption 1, 2, and one of Assumption3|and@]hold. Also assume that
e < poly(Amin, 1/Car, 1/d,1/H) (Under Assumption [3)
or € < poly(Amin, 1/Chyper,1/d,1/H). (Under Assumption )

Let . be the initial state distribution. Then with probability 1 — €, running Algorithm 1 on input 0
returns a policy w which satisfies Eg, ., V™ (s1) > Es, ~,V*(s1) — € using poly(1/e) trajectories.

Proof under Assumption[3] Let us set § = 8, Aidge = e, N\ =€ B =2 log()\i), € = €2,

€ = 2)‘—&, N = %. Recall that € < poly(Amin, 1/Cyar, 1/d, 1/H). First, by Lemma the
2

event €2 holds with probability 1 — ¢; we will condition on this event in the following proof. By

lemma|[10] when the algorithm terminates, |II,,| < B for all h € [H]. Note that the this implies that

Algorithm 1 is called or restarted at most H - (1 4+ B) times. In each call or restart of Algorithm 1, at

most NB + N trajectories are sampled. Therefore, when the algorithm terminates, at most

H(1+B)-(NB+ N) <poly(1/e)
trajectories are sampled.

It remains to show that the greedy policy with respect to 61, - - - , 8 is indeed e-optimal with high
probability. To that end, let us state the following claims about the algorithm.

1. Each time Line 9 is reached in Algorithm 1, Vx € 11}, define 7}, as in @), Vh' > h,

2 A2 ¢
< min .
} - 4H @)

~ , T , — *,
DT |:2‘61£)\‘¢(3h sa) (O —0p)

2. Each time when 6}, is updated at Line 17, VY € II},, define the associated covariance matrix
atstep has X = Eq, D7 ap~p., |9(Sh, an)d(sn,an)’]. Then |65 —9;*L||227r < 6BClare.

It follows that )
2] < Amin6 (5)

T _ ¥ T min -
]Esh,ND;{ {223‘¢(8h7a) (eh eh) = 4H .




Note that by the first claim with h = 0, it follows that for the greedy policy 7 (7 is always the greedy
policy) w.r.t. {0p}heim). Vh € [H],

. T "NE AinnG

E,,~p7 {21613 |p(sn,a)" (0 — 0F)] ] < IH

Consequently by Markov’s inequality,

A €
Pr |[Jac A: ca)T (0, —00) > =) < —.
o (e oo 00| > S5t < £

By Assumption 2 and the fact that 7 takes the greedy action w.r.t. 0y, this implies that

. . €
S}LETDZ [Th(sn) # Th(sn)] < I

Thus for a random trajectory induced by 7, with probability at least 1 — ¢, 7, (sp) = 75 (sp,) for all
h=1,---,H, which proves the theorem.

It remains to prove the two claims.
Proof of (5). We first prove the second claim based on the assumption that the first claim holds when

Line 9 is reached in the same execution of LearnLevel. By the first claim and the same arguments
above, Vrr € IIj, construct 7, as

W(Sh/) (lf h < h)
7h(sp) = < Sample from py, (-) (ifh' =h), (6)
arg maxy ¢ (sp,a) Op (if B/ > h)

then Pr_ Th(sp) # 7 (sp)] < €/H. Thus,

|
h' N,Dh/

E,,opm Vit (onen)] 2B, oo Vitga(onin)] — e

By Assumption 3] this suggests that
2
u * 2
ESHwDiL |:<Vh-:-11(sh+l) - Vh+1(5h+1)) } < Cyar€”.
When (s, ap,y) is sampled,
E[y|sn,an] = E [R(Sh, ar) + Vit ()l sns ah}

=Q"(sh,an) + E {Vhﬁﬁl(Sthl) — Vi1 (Sht1)|Snsan|

where the expectation is over trajectories induced by 7. In other words, y; := >, /<, ri can be
written as ¢(st, al ) 705 + b; + &, where &; is mean-zero independent noise with |¢;| < 2 almost
surely and b; := 37, 7} — Vi 1(sy4,) satisfies E[b7] < Ciare®. Note that 0y, is the ridge
regression estimator for this linear model. By Lemmal(7]

|2
EWNUnif(Hh),shND}{7ah~p3h “QS(Sha ah)T(eh - eh)’ ] < 4(Cvar€2 +€1+ /\ridge) < 6C’var€2-
It follows that Vo € 11},
EShNDZ,ahNPsh Ugb(sh?ah)—r(eh - 9;)

Now, by Lemma 5,

2} < |Tp| - 6C are’ < 6BCar€.

]

<Eupep s 0(sn, g | - 1on - 6%y
a

Es, ~pr [suB |p(sn, a)' (0 — 67)
ac

A2 ¢
<d? - 6BC,upe? < ﬁ.

This proves the second claim.



Proof of @[) Now, let us prove the first claim, assuming that the second claim holds for the last
update of any . By observing Algorithm 1, if Line 9 is reached, during the last execution of the first
for loop (i.e. Lines 1 to 8), the if clause at Line 5 must have returned False every time (otherwise
the algorithm will restart). It follows that during the last execution of Lines 1 to 8, neither {0y, }1,¢(m]

nor {Iy } e[ is updated.
Consider the if clause when checking 7 € II}, for layer h’. Recall that

i =E [¢(snryan )p(snryan) ']

7
'Sh,"\/Dh/h ARt N Psy

Also define ¥}, := \1‘?7,:,\1 + Ex<unittz, ) 25 - Then by Lemmalgl,

_1 F3 * _1
| (35) 2 X5 (Z5,) 2 2 < 3B[Hw|.
It follows that
10 — 051125, = (Onr — 05 TS 77 (Onr — 651)
hr’

= (@ibow —00) (07 007 (0000 - 61)

_1 ~ _1
< 0w = O3 1%, - I (Sh) "2 S8 (35) 72 Il

2
2
< 343B- (Ar- < ) + GBCvar62>
>\ridge

< 24B? - 10C, . €.

By Lemma 5,

_ . 2 9
Esh/ND;h’ |::1e13”¢(8h/7a)“(2%51)1:| < d-.

h

As a result,

.
e A CRON U

2 ~ * 112 2
| <o 160 il 50 (st 02y

A2
< 240B2C, € - d? < Somin
= ¢ = "4H

This proves the first claim. The failure probability of the algorithm is controlled by Lemma[§] O

Proof under Assumptiond] The proof under Assumption @]is quite similar, except that we will use

Lemma [T4]instead of Lemma [7)for the analysis of ridge regression. The different analysis of ridge

regression results in a slightly different choice of algorithmic parameters.

Letus set B = 8, €9 = €2, Miidge = €%, Ay = €, B = 2dlog(1), e1 = €%, ea = 25, N = 4.
r €5

Recall that € < poly(Amin, 1/Chyper, 1/d, 1/H). We will state similar claims about the algorithm.

1. Each time Line 9 is reached in Algorithm 1, Vx € 11}, define 7}, as in @, Vh' > h,

E 5 | sup |¢(sn a)T(H/—H*)Q <m (7
sh/N’DZ/h aE.IA) h h h! - 4H :

2. Each time when 6}, is updated at Line 17, Vr € 11}, define the associated covariance matrix
A2
atstep b as X = Eq, Dr ay~p., [(snh,an)d(sn,ar)"]. Then ||6) — 97;”%;; < T

It follows that

< min .
S uH ®)

2 A2 ¢
E,,~Dy [sug |6(sn,a) T (05 — 6}) } 0
ae

As in the proof under Assumption [3] these two claims are sufficient to guarantee that the greedy
policy induced by {01, } he[# is e-optimal. We now prove the two claims in similar fashion.



Proof of (8). We first prove the second claim based on the assumption that the first claim holds
when Line 9 is reached in the same execution of LearnLevel. By the first claim, V7 € II;, construct
7p, as in (6), then

Pr {7 (sn) # 7 (sw)] < €0/ H. ©)

7
. h
5h/NDh/

When (sp,, ap,y) is sampled,
E [y|sn, an] = E |R(sn, an) + Vhﬁfl(shﬂ)lsh, ah}
= Q" (sn,an) +E {Vhﬁﬁl(shﬂ) — Vi1 (sht1)|5n, an |

where the expectation is over trajectories induced by 7j,. In other words, y; := >,/ ri can be

written as ¢(st, al) 05 + b; + &;, where &; is mean-zero independent noise with |¢;| < 2 almost
surely, and b; is defined as

bi=— > (V*(sh) = Q" (s} aiy)) -
h'!>h

Here E[¢;] = 0 because

Z 'rh’ Qh Shvah) [bl] = Qﬁh(sia a%)_Q*(S§L7a§1)+(Q*(Sﬁl7 a%) - Qﬁh (3;170'2)) =0.

h'>h

By (9), Pr[b; # 0] < €. Thus by Lemmal[14]

w2 2B
B unif(11,), 5, ~DF san~ps,, W(Smah)T(@h —05)] } < 8 (1 4 Aridge) + 2886 °Cin o d ™ < p >

< 16€° + 288¢*°Cpy . d*0(2B)"°
It follows that V7 € 11,

A2

mlneo

NE 5
]Esh"’DgyahNPsh |:‘¢(Shaah)—r(0h — 9h)| i| S ‘Hh‘ . (1662 —+ 28862 SChypcrd4 (QB)O 5) m’

where we used the fact € < poly(Amin, 1/Chyper; 1/d,1/H). Now, by Lemma 5,

%12 *
Es,~pr [sup |[@(sn,a) " (0n — 0;)|"| <Es,~op |sup [|6(sn, a)l|Tnry-1 | - 16n — o413
acA acA h h

2 2
<d2 . Arnin60 < Amin60

- 120HBd? — 4H

This proves the second claim.

Proof of (m) Now, let us prove the first claim, assuming that the second claim holds for the last
update of any 6. Consider Line 9 when checking for 7 € ITj, for layer h’. Recall that

i =E [¢(snr, an)p(snran) 7] .

Th
spr~Dy " sap ~ps,,

Similar to the proof under Assumption we can bound |6, — 67, Hz’"’h by
h/

.
2. () E S (Sh) 7

2 \? A2
< . . min
< 38B ()\T (Aridge) +120HBd2>

Amin60
5Hd?

16 — 9hf||2m < 16w = 03113

< 96Be® +




By Lemma 5, Esth:’h {supaeA o (s, a)||?2,-,h)l] < d?. Consequently
L h,

T *
i ~D [223 |p(snrya) " (On — 031)

2 ) . 12 2

| B o 160 12, s oot 02y
AminEO Amin€0

5H 4H -

In the last inequality we used eg = €2 and € < poly(Amin, 1/d,1/H). This proves . Finally the
failure probability is controlled in Lemma 8] O

< 96Be3d? +

IN

Lemma 6 (Covariance concentration [Tropp, 2015])). Suppose My, --- , My € R are i.i.d.
random matrices drawn from a distribution D over positive semi-definite matrices. If || My||p < 1

almost surely and N = () (%&d/é)), then with probability 1 — 6,

N
1
v Z M, — Eprop[M]

i=1

<€

2

Lemma 7 (Risk bound for ridge regression, Lemma A.2 Du et al.[[2019])). Suppose that (x1,y1),
-+, (xN,yn) are i.i.d. data drawn from D with

yi = 0w +bi+ &,

&| < 2n almost surely and E[€;] = 0. Let the ridge regression estimator

N 1N
6= (Z 2w} + Nridge - I) Y iy
i=1

=1

where By, yy~p[b3] <1,
be

IfFN=Q (i log(%)), then with probability at least 1 — 9,

62
N
A T 2
E,np [((0 ~0)Tx) ] <40+ en + Aridge) -
Lemma 8 (Failure probability). Define the following events regarding the execution of Algorithm 1.
1. Q4. Each time Xy, is updated,

th — Erunif(ty) 51, ~DF san~ps,, [(snh, an)d(sh, ah)T] H2 < e2. (10)

2. Qq: Each time 0y, is updated,
N 2
E7T~Unif(l'lh)75~D;1',a~pS [((eh - H}L)T¢(57 a)) ] < 4 (77 + €1+ )\ridge) 5 (11)
where 1 is defined as in Lemmal7}

3. Qs: Each time 0y, is updated,

) ) 2B\ 05
E o tnif(11,),s~DF amps [((Gh —0;) " ¢(s,a)) } < 288p"°C*0d*? <E> ,  (12)
where 1) and C are defined as in Lemmal[l4)

Then underAssumption Pr[Q2; N Qo] > 1 — €. Alternatively, under Assumption Pr[Q N Q5] >
1—e

Proof. Note that N > % where e5 < %. Therefore, by Lemma@ each time Xj, is updated,
2
(10) holds with probability at least 1 — €.

As for 1i note that N > % > E% . log(e%). Thus by Lemma each time 6y, is updated,
2 1
(11) holds with probability at least 1 — €2.



Similarly, for , under the choice of parameters under Assumption N > e% >
2

(% + l) In QdTB + %. Thus by Lemma the probability that is violated each step is

€3 n
at most ¢/2B.

Note that when the algorithm terminates, the 3, and 6, are updated at most |IIj, | times. Also note
that, if during the first B updates, neither (I0) nor (TI) are violated, by Lemma [I0]it follows that
III,| < B when the algorithm terminates. In other words,

Priy U] >1-B-22>1—e.

Similarly, under Assumption[4]

€

Pr[QlUQg]Zl—B-EQ—B-@

>1—e
O]

Lemma 9 (Distribution shift error checking). Assume that e; < min{3B\,, $5}. Consider the i f

Z1. i
clause when checking for my, € I, i.e. when computing ||, ,*> Xp/3,,2 ||2. Define

A
M = |H;:/|I + B Unif(11,0),50 ~D7, s~ [D(snran)d(snryan) '],
and
M2 = sh/N'Diflﬂ}L/NPSh/ [¢(Sh/7aibl)¢(8}bl’a}L/)T] :

1. 1
Then under the event Q defined in Lemma when || 2,2 Xp3,,2 |2 < B[y

1My Moy < 38|

When ||%,, 2 ih/z,:? |2 > B

>

_ _ 1
(| M, 1/21\/-"2]\/-"1 1/2||2 > 15|Hh/|-

Proof. By Lemmal6]
A 1
-0 < 7>\min X))
25 = 37 min (5

. 1. 1
Thus %Zh/ < M; < 2%,. Also by LemmaH | Mz — 3 ||2 < €2 Therefore, if ||, 2 X, 2,2 [|l2 >
B,

—1/2 —1/2 1, —1/2 —1/2 1 a—1/2¢0 w—1/2 1 _
|7 MM > S P M S P e > SIS S P e — Sl T

1 1 ||
> SB[ | — e -
> 25| w 5 €2 X,

| My — Xpfl2 < €2 <

1
> — B[y

1A _1
Similarly, when |2, 2 3,/%, 2 |2 < B[,
M2 MM < 2012 P M s P s < 20 PR 2 2 + 26025

1Ly |
< 35|11/ |.
i\ BT |

T

< 2B|Hh’| + 2¢€5 -

O

Lemma 10 (Lemma A.6 inDu et al.| [2019]). Under the event Q) defined in Lemma |TI,| < B for
all h € [H).

Proof. We provide a proof for completeness. Fix a level A’ € [H]. Define

A=AT+ ) B Dt e, [d(snr, an)d(snry an) ).

welly,,
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By the update rule at Line 6, |II;/| is expanded if and only if the if clause at Line 5 returns False
when checking for some 7. By Lemmal9] define

M :=E b(snan)p(sn,an) '],

Sp1~Dy g ~ps, [
then
A2 M A2y > iﬁ =2.
Note that after ITj, is updated to II5, U {7, }, A would be updated to A + M. Observe that
det (A + M) = det(A) - det (1 + A*I/QMA*I/z) > 3det(A).
Therefore during the execution of the algorithm,
det(A) > gl 22,
On the other hand, since ||¢(s, a)é(s,a) " |2 < 1,
det(A) < (A, + | )%
The lemma follows by solving 3| . A < (A, + [IT, )*. O

6 Analysis of Ridge Regression under Hypercontractivity

Recall that a distribution D is (C, 4)-hypercontractive if Vo,

Epupl(@T0)Y] < C - (Eanpl(@ v)2])”.

In this section we prove an strengthened version of Lemma [/| for hypercontractive distributions
(Lemma([T4), which may be of independent interest.

Lemma 11. Let x be a d-dimensional r.v. If the distribution of x is (C,4)-hypercontractive and

isotropic (i.e. E[xx "] = I), then
2

Cd

Proof. Consider a Gaussian random vector v ~ N (0, I'). Then

Eo[(z"0)"] = [|z]|* - Beonioyé* = 312"
Therefore
4 1 T, )4 c T,32)2
Eofl|z]"] = 3B ol(z"0)] < S By (Bu(z ' 0)°)
(d?+2d
< Ch oyt = L2 g
3 3
The claim then follows from Markov’s inequality. O
Lemma 12. Ifthe x1,- - ,xz, are i.i.d. samples from a (C, 4)-hypercontractive distribution. Let o (-)

denote the decreasing order of ||x;||2. Then with probability 1 — 6,

S 2oy llz = 3540 A3/ 401 /4q1 2,
k=1

1/4
Proof. Fix k € [m]. Sett = « (%2") . By Lemma ,

Prll|z, 2 > t] <

A
Y
El
"
=J
=
8
Vv
S,
ol
IN
Y
> 3
"
N
“‘Q
ISESH
(V]
N~
ol



Choosing o = (2¢) 1/4 gives Pr{[|z, k)2 > t] < (6/2)%. By a union bound, with probability 1 — 4,

m m 2 1/4 )
S e llo < 3 (26174 (%”) < 351 A a3 A2
=1 k=1

O

Lemma 13 (Lemma 3.4 Bakshi and Prasad|[2020]). If D is (C,4)-hypercontractive and x1, - - - , Ty,
are i.i.d. samples drawn from D. Let Y := E,.p|xx"]. With probability 1 — 6,

Cd? 1 & Cd?
DI xza:ZT <1+ ) >
( Vn5> n ; ( vVnd

Lemma 14 (Risk bound for ridge regression with hypercontractivity). Suppose that (x1,y1), - -,
(zn,yn) are i.i.d. data drawn from D with

yi = 0"z +b; + &,
where Pr[b; # 0] < n, [|b]lec < 1, |§%])§ 1, and E[¢;] = 0. Assume that distribution of x is

(C, 4)-hypercontractive (see Assumptiond)). Let the ridge regression estimator be

N -1owN
6= (Z 2w} + Nidge - I) DY iy
i=1

=1

IfFN =0 ((%N ) log(%) + %) then with probability at least 1 — 0,

N 2
E,p {((9 - 9)%) } < 8 (e + Avidge) + 28801025 dA55705,

Proof. Define 3 := + vazl z;x; and ¥ := E,plrz"]. Then

.1 N1 N
0= i (/\ridgef + Z) ; (xeZTH &+ bi)
1 e 1 N lem o
= v ()\ridge-[ + E) ;blfbl + N (Aridge-[ + E) ; (SCZ.TZ 0+ x; gz) .

(@) (v
By Lemma 10 — (b)]|% < 4(en + Aridge)- It remains to bound the || - ||s; norm of (a).
=Y I[b; # 0] < 2nN. Define
x; to be the normalized input. It can be seen that E[z;z;'] = I and that the distribution
of z; is also hypercontractive By Lemma|[I2] with probability 1 — 24,

First, by Hoeffding’s inequality, with probability 1 — 4,
= y-1 /2

Z||zl||2 I[b; # 0] < 36~ YVANY4(2nN)3/4(Ca?) /2,

It follows that with probab1l1ty 1— 26,

1§
xzz

l@)lls =+ < = B b,

[~

b

M= 1=

|2Y28 7182204

=2~

i=1

N
1 &
< NIIE”22 V2 p Y lzlle - H - I[bs # 0]

i=1

C]C\iis) . 6_1/4N_3/4(2?7N)3/4(Cd2)1/4

<12H7°™.Cidis 5.

<3H<1+
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Therefore
16— 0113 < 2110 — B)II% + 2/|(a) I3
< 8(en + Aridge) + 288" °C*0d 05702,
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