Appendix A Proof of Lemma 4.1

A.1 Notation

We define new notation that will be utilized across the appendix. Let £ be a subset of trajectories
such that for some mapping f : (S x A)®H# — {0,1}, let £ = {x1.|f(x1.1) = 1}. Let us define
P% (h:) be the maximum probability of getting any final trajectory 7 = (, 7)1,z that belongs to £
starting from a history h; = ((x,7)1.4—1, $¢). That is,

Pi(he) = sugIP”(xl;H € Elhy). (14)
TE

At the beginning of the episode, hg = ¢ and we denote % (¢) to mean sup,.cf P™(z1.5# € £). We
often use P™ (&) instead of P™ (z1.y € &), omitting 1.y when the context is clear.

We use 7.4 for any ¢ € [H] to denote I, _ 7(ay |he). Similarly, with a slight abuse in notation, we
define To.; == v(s1) - 1L _ T(sp41|ser,ar) for 1 <t < H — 1. When we define a new RM-MDP
model M€ with a superscript ¢ € N, we add a superscript c for all quantities measured with respect
to M. For instance, reward probability at state s and action a in the m*" in a model M is denoted
as RS (+]s, a), a probability of an event in a model M® with a policy = is denoted as P=7(+).

In order to express the probability of a trajectory without conditioning on the context, we first introduce

Ri(r|z) 0

a convenient matrix form of probability D(r|z) = [ 0 Ry (H@} . Probability of observing a

trajectory 7 = (x,7)1.5 is then
1
IPW(T) = §7r1:tTO:t ' 1T (HtHle(TtL’L't)) 1,

where 1 is the all-one vector [11] . Forany t1,t, € [H], let Dy, 4, be a short hand for IT;2, D(r¢|z;).
We use (-)¢, ¢, in a similar manner for any other symbols. If t = ¢; = to, then we simply use (-);.

For instance, we use D; = D(r¢|z:) = {Rl(glxt) R2(7g|xt)]'

A.2 Proof of Lemma 4.1

We provide the outline of the proof in this section. All omitted proofs can be found in Appendix D.
To simplify the presentation, we temporarily assume that we know the transition and initial state

probabilities, i.e., T = T,7 = v. In Appendix B.4, we provide the full proof without assuming
known transition and initial state probabilities, but intead using © and 7" estimated in Algorithm 2.
The analysis begins with the following lemma on the summation of target quantity when differences
in two models are small parameter-wise.

Lemma A.1 Suppose that two 2RM-MDPs M*, M? have the same transition kernel and initial
distribution, and satisfy ||(RL, — R2,)(r|z)||1 < €, for some €, > 0 and anym € {1,2} and x € X
for a given set X C S x A. For any subset of length H state-action sequences £ C X we have

sup Y \IPl’”(T)—]PQ’”(THgsu;r)I]Pl’”(S)~Her,
S

mell T g EE

where P<7 () is a probability measured in an environment modeled by M° for ¢ = 1, 2.
Given Lemma A.1, we first consider surrogate 2RM-MDPs for the true and estimated models which

ignore small differences in reward functions. Specifically, for all z € S x A, we define M that
approximates the true model as:

MY pl (2) = ¢ + (1 —26)py (z), me{1,2}, if A(z) < 2¢,
(@) =@+ (1= 2e)pm(x), m € {1,2}, ifA(@) >2a,  (15)
and similarly M? for the estimated model:

M2 2 (x) = e + (1 —2¢)py(x), m e {1,2}, if A(z) < 2¢,
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{p%(m) =+ (1—2¢)(p+ +p-)(x) ’ if A(z) > 261, (16)

pi(z) =& + (1 - 26)(p+ —p-)()

Recall that reward models are determined by RS, (r = 1|z) = p¢, () and RS, (r = O|z) = 1 —p&,(x)
form = 1,2 and ¢ = 1,2. In the above construction, note that for the average value we use the
same quantity p from the true model to ignore small differences in averaged rewards. In particular,

note that p}, (z) = p2,(z) for any = with A(z) < 2¢ and A(z) < 2¢. For both models, we use
true transition and initial state distribution models 7" and v. By construction M! and M? well

approximate M* and M respectively:

Lemma A.2 Forallm € {1,2} andVx : I(x;,x;) € X} s.t. © = x; or xj, we have

(R = Ry, (@)1 < dery [[(Bin = B2 (rl2) 1 < de.

Then using Lemma A.1, we have
Y IPT(7) = PT(r)| < sup PT(E]) - O(He) + Y [PY7T(r) —P*7(7)],
T HEE] well T:21.HEE]
where we recall that &/ is defined as £ = £y, and &/ = EF N & forl > 1.

Now we continue the discussion in Section 4.1. We divide a set of trajectories £ by whether the number

of ¢;-distinguishable pairs in a trajectory 7 : 1.5 € & is less than 3, i.e., Zle 1{A(z¢) > 0;}
being < 2 or > 3:

H
&2 = {l'l:H € 5{’ Z]l {A(zy) > 6} < 2} ,

t=1
H

51,3 = {371;]-] S gl/‘ Z]l {A(mt) > (Sl} > 3} . (17
t=1

We handle each case separately and show that >
O(He) for £ = & 5 and & 3 respectively.

[PL7(7) = P27(7)| < supep P7(E)

Ty g €E

A21 Casel: & 3.

For any 7 : x1.4 € &3, let any t1,t2,t3 € [H] such that A(x,,) > ¢, for i = 1,2,3. From
Lemma 4.3, we obtain a corollary on parameters of all state-actions that appear in 7 : x1.55 € & 3:

Corollary 1 For any 7 : x1.zy € &3 and for every t € [H], let t* = arg max,cp) A7), and
t5 = argmax,c(g), i+ A(2¢). Then we have

A(z) — Alz)| <3a V41,  |A@e) = Ae)| < 2“

61/2.

t3

That is, in all trajectories in & 3, all visited state-actions have good estimates of reward probabilities
within O(¢;)-error (except at most one state-action x4+, which needs an extra care). In particular,
we work with the fact that |A!(z;) — A?(z4)| < O(e;) for most of ¢ € [H]. This case is handled in
Appendix A.4.

A22 Casell: & 5.

In this case, the following lemma is the key result to bound the error in this case.
Lemma A.3 For any x1.5 € & 2, we have Zi1 1 {A(zt) >eqU A(xt) > 26[} <2

Lemma A.3 ensures that for any z1.5 € & 2, except at most for some two time steps t1,ts € [H],

we have A(x;), A(x;) indistinguishable for all ¢ # ¢, t5. For such ¢ # t1, to, since an average of
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rewards can be well-estimated, i.e., p;(2:) = py(x¢), let us for now ignore the difference at z;:
R (-|z) & Ry, (+|z;) for m = 1, 2. Then for any 7 = (x, r)1. for which z1.y belongs to & o:

[P (1) — P (7)| o< P7(7) - |ty , 20,) — s, s 1, )| < Oler),

where pi(z¢, , x4,) is from equation (1), and the last inequality is due to the construction of M which
is designed to match in second-order correlations. Building upon the above idea, we show that

Y rames, o 1ET(T) = P7 ()| < O(Hep) - sup, ey P™(E;.2). This case is handled in Appendix A.5.
Once we prove for & o and & 3 such that

ST P(r) = PE(r)| < O(Ha) - sup P (&), a8
‘r:ml;HE&,s el
> BV() ~ B2 < O(Ha) - sup PT(E), (19)
S

T:x1.HEE 2

then, since &2 U & 3 = &/, we obtain ) [P™(7) — P™(7)| < O(He;) - sup,er; P™(E)),

which concludes Lemma 4.1.

T HEE]

A.3 Proof of Lemma A.1

By the definition of P%(-) defined in (14), we have the following inequalities: for any length ¢ history
ht = ((s,a,7)1.4—1, 5t), action a; and any history-dependent policy 7, we have

Pi(he) > > Pi(he,a)m(ashe), < H, (20)

Pi(heyar) > Y Pi(hug1)T(selse,ai), ¢ < H, 1)
St+1

Pi(hy) > > W{zry € Eyw(anlhu), t=H. (22)

Also, since Pg~ = sup, P™(7 € &) only depends on the occurance of z1.x, any two 2RM-MDP
models with the same transition and initial distribution have the same value for Pg-:

P (h) = sup P17 (z1.5 € E|h) = sup P?™ (21. € E|h).
mell mell

Hence when we consider the same transition model, we often omit 1 and 2 in superscript from
PL7(E]h) or P27 (E|R).

Proof. Now we prove Lemma A.1. Our target is to analyze the difference in the following:
_ 1 .
P (1) = v(s1) (ML m(aclhe)) - (T T (sera e, ar)) - §1TD?{;117

forc=1,2forall7: 2.4 €£.

We prove the lemma by backward induction. Let us denote h; = ((s,a,7)1.4—1, 5¢). Note that we
assume here for any x; = (s, a;) that appear in a trajectory x1.y € £ at any time ¢ € [H]| satisfies
|DY(r¢|z¢) — D?(r¢|x¢)||1 < €. Hence,

2. ) [PYT(r) = P27 (7))
T:x1.HEE

= Z Z {21z € E}m(am|hm)mim—1To.-111" (D — D)1
hy ap,TH

<> > W{aww € Emlanlhu)ma1Tom1 (Dl — Dip) - Diy_1a1lh
hg ag,"H

+) 0 1 {arm € Ey wlan|ha)mm—1To.m 1| DE (D1 — Dy_1.0)1lh

hy amg
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<> U {zrn € Edmlanlhm) a1 Tor—1| Dy 1a1l16

hH ayg
+ Z Z Uzin € Eymlag|hm)mia—1Tom-1 (D10 — Di_1.4)1l1
hyg am
<& Y Pr(hg)P " (hy)+ > Ph(ha)mg-1Tom-1l(Dh 1.0 — Dir_y.)11-
hH hH

The first term in the last inequality above can be bounded as the summation over all possible length
H histories such that for any policy 7 € II, we have

P;(¢) = supP™(E) =sup » P™(E, hy) =sup Y P™(E|hy)P™ (hy) =sup ¥ Pi(hu)P™ (hp).
™ s b s ha e hor

Then we can proceed from time stept = Htot = H — 1:

> Pi(ham)min 1 Tomll(Dir—1a — Dir—11)1lh

hr
<> > Pi(ha)m(aplha-1)T(sulrr—1)ma—2Tom—2| (Dl — D3 1) - Diy_oq1lh

hH—1QH-1,"H—1,SH

+ > > Pilha)wlaplhg )T (sulen—1)mm—2Tom—2|(Dh_sq — Dy _2)1

hg—1QH—-1,SH

ey PY(hgoa) Yo PE(ha)m(an—ilhr—1)T(sulzn-1)

hi—1 aH-1,SH
+ Y memoTon ol (Di—oq = Dho)ls Y Pi(hm)m(an1|ha—10)T(sulrn—1)
hp—1 AQH—1,SH
<Pi(@)er + Y Prlhu—1)mim—oTocr 2| (Dy—21 — Di—0.1)1]1,
hmg_1

where the last inequality comes from (22). We can repeat this procedure until we reach t = 1 in
backwards. Note that P%(¢) = sup, P™ (&), which gives Lemma A.1. O

A.4 Analysis for Case I: £ 3 (equation (18))
A.4.1 Equivalence in Signs

Before we start the proof, we need to point out one important fact. For any z,.i5 € & 3, for all
x € {x;}L, such that A(x) > 2¢, either one of the two is true: sign(p_(z)) = sign(p_(z)) or
sign(p_(x)) = —sign(p_(x)). This then implies sign(p' (z)) = sign(p> (x)) or sign(p’ (z)) =
—sign(p® (x)) whenever |p! (x)| > 0 and [p? (x)| > 0 consistently for all state-actions x of interest.
This can be shown by a simple contradiction argument: suppose there exists ¢, t2 € [H] such that

t1 # to and Az, ), A(xt,) > 2€;. If sign(p— (x4, )p—(x+,)) # sign(p—(zs, )p—(x+,)), then this
implies
\p,(xtl)p,(xm) —157(%1)257(5%” > max(52,4612) > Elél‘

This violates the confidence interval constraint (7) since n(zy,, x4,) > ny > C' - 129; 26f2 and thus
b(xy,, x,) < 0.010;¢;, which forces |p_ (x4, )p—(2,) — P— (x4, )P—(x4,)| < Ji€;.

Now if this is the case, then without loss of generality, we can assume sign(pl (z)) = sign(p> ())
forz : |pL ()], |p% (z)| > O since

1
P> (1) = §7T1:HT0:H—11TD?-I:11

%WI:HTO:H—I (Hiﬂpi(ﬁ%) +p2_(1‘t)) =+ Hf{:1(pi($t) —pz_(xt))) )

remains the same after we replace p? (z) by —p? (z) for all z € {x;}L,. This means, regardless
of the sign of p? (z), the probability of any trajectories, which we eventually need, remains the
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same. Hence now, without loss of generality, we assume that sign(p* (z)) = sign(p? (x)) for all
x € {zy}L, for any z1.;7 € & 3. (Note that for non-uniform mixing weights, we need an extra care

since P%™(7) is no more symmetric in signs of p? (z). See Appendix E to see the discussion on
handling non-uniform priors).

Once the above holds, we can claim that
1D (r = 1]ar) = D*(r = 1]a)|} < O(e),
where || - |1 is a matrix [; norm here, for all z € {z;}/L,. To see this, first note that
[Ri(r = 1]z) = Ri(r = 1|z)| = |p1(z) — pi(2)]
= |(p} () +pL(2)) = (P (2) + p2 (2))| = [pL () — P2 (2)],

where the last equality comes from the construction (15), (16) such that p! (z) = p2 (z). Since the
sign of p* (z) is equal to the sign of p% (), we have

pL(2) = p2 (2)] = [Al () - A*(2)].

The same argument holds for 7 = 0. Note that (again from the construction), |A!(z) — A?(x)| <

|A(z) — A(z)] 4 4€; and thus whenever A(z) is close to A(z), we have small error in D (r|z) and
D?(r|x) as well.

A.4.2 Notation

Before we proceed, we define a few more notation here. We occasionally use R (r|z) = 3(R{ +
R3)(r|x),and R¢ (r|z) = 3 (R{—RS)(r|z) forc = 1,2. Let Do (r|z) and D_(r|z) forallr € {0,1}
andz € S x Aas

1 1 0
Do01o) = 50"+ Drle) = Rala) [§ ] 23
Lo 2 [t 2 1 0
D_(rl2) i= 5(D' = DA)(rlz) = S(RL — B2)(rl2) |5 |- 24)
We also let t*, t5 as defined in Corollary 1:
= A t5 = A(zy).
arg max (), p=arg max ()

Let us consider a set of state-actions X} 3 such that for all 7 € &; 3, they are always the only maximum
distinguishable state-actions whenever they are included in a trajectory. Formally, we consider

X3 ={x|Vorg € &30 v ¢ {x}L, or 3" € [H] s.t. 2~ = v and A(zy) < A(x)/2, Yt # 7}
(25)

Note that for all other state-actions that are not in & 3 and appear in any trajectories in & 3, the error
between true A and estimated A is less than 2¢; by Corollary 1. We define a set of trajectories

Era=A{r1.m € & 37" € [H], 2« € Xy 3}, (26)
that contains one of state-actions in &} 3. Forany z1.5y € &3, we replace D (+|z+) with D (+|z4+) +
D_ (|4 ) and D?(+|@y) with Doy (|2 ) — D (-] 24+ ).
A.4.3 Main Proof

Now we focus on bounding the sum of errors in predictions of trajectories in & 3. Our strategy is first
to split trajectories into £ 4 and £ 3 N EF:

2. Z [P (1) — P27 (7)| = Z U{zrg € &3} Ton—1mim|1 T (D} — D31

TEE 3 (z,m)1:H

= Z 1 {iELH S 51,3 mgﬁzl}T();H_l’lTl:H‘lT(D}{:l — D%:1)1|

(z,7)1:H1
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+ Z 1{z1.5 € &4} To.g—1m1.8/1" (Dl — D%.0)1).
(z,7)1:1

For the first term, by Corollary 1 for all » € {0, 1} and = ¢ A} 3 we have
1D (rfar) — D*(rlx) | = max Ry, (rla) — B3, (r]2))|

me{1,2
= |AY(z) — A%(z)] < |A(x) — Alz)| + 4¢; < 8¢
Now, since all trajectories in & 3 N £, does not contain any state-actions in A} 3, we can use Lemma
A.1 to show that the first term is less than Pg, £, (¢) - O(He;). Therefore we focus on bounding
the second term, the sum of errors in predictions of trajectories in & 4.

We introduce the following five new quantities:

Di(x), ifzxeds D,(|x), ifze X
pDLo(. _ + ) ) D29¢(. —_ + ’ )
(1) {D1(~|x), otherwise ' (1) D?(-|z), otherwise

D_(-|z), ifzeX;s D_(-|z), ifzeX;s
Dl,l . — ’ , D2,1 . — ’ B
(1) {D1(~|x), otherwise ’ (1) D?(-|z), otherwise

D_(- if X,
D3(|£L') _ ( |17), itz e . 1,3
D, (-]x), otherwise
Then we can decompose the target quantity into three:

Z TO:H—17T1:H|1T(D11LI:1 - D%i:l)l‘ < Z TO:H—17Tl:H|1T(D}i(;)1 o D?i?1)1|

z1.HE€EL 4,1 H T1.H€EE 4,71 H

+ Z Tosrr—1mm|1T (D — Dirg)1|

r1.H€E 4,1 H

+ Z ﬂ]:H717T1:H|1T(D12L1’:11 _D%I:1)1|~
21.HEE 4,"1:H

27
Since | D;° — D?°||; < O(¢;) for all t, the first term can be bounded by sup., Pg, ,-O(He) similarly
to the case in Section A.3. For the second term, we proceed as the following:

Z To:H—17T1:H\1T(D}i;11 — Dip)1

r1.H€E 4,71 H

<> > Maww € &}y wlanlhm)mim 1 Tor[|(Dy' = DY) - D141k

hy aH,"H

(1)
+3° 3 1{arn € Sadm(anlha) g1 Tom1| Dyt - (Dytyy — D)1

hy aH,"H

(i7)
We first aim to handle the term (7). Here we can divide the cases such that when zzy ¢ A} 5 and when
xg € X 3. In the former case, we first note that for any = ¢ & 3, we have

1
1D (rla) = Dy (rla)ly = 5By (rle) = Ra(rlz)] = Al(z) < A(x),
where the last inequality is followed by the construction of M*. From the above, we have

> 1{zry € Eaymlanlh)|(Dy' — Dy DY 141l < Awp) 1 {z10 € Ea} w(am|hp)|DY_ 1111

TH

In the latter case x g € A 3, we have D}j}l — D?;I = 0 by construction. Therefore (i) can be bounded
as

() <Y mraTomlDy a1l Y. L{zum € &4} Alza)r(an|hn)

hH (I,H:.’I:HQXL‘O,

18



<2 > mua—1To.m—1Pg,  (hm)al(Dy)r-1111 <26z (¢).  (28)
her{z Y N 5740

The last inequality follows from the fact that since we consider trajectories in & 4, if v ¢ A 3, then

there is a unique t* < H — 1 such that Dg’* = ¢y~ {(1) 01} for ¢;~ that satisfies

1 1 A A(x) 2¢;
e < SJAN (@) = A% (@) < 2| A ) — Az )| 4 26 < 26 - <
Cr = 2| () ()] < 2| (z4+) (ze:)] + 261 < 2¢ Awn) = Aan)’
where the last inequality follows from Corollary 1. Furthermore, for all other ¢ # t* < H — 1 by

construction we have D} = (R;): (1) (1) . Therefore we have | D% ;1|1 = ¢«|[(Dy)m—1.11]1.

We plug this into (28) and apply the bound on c¢;«.

For the second term (47), we split into two cases when xy ¢ &) 3 and xy € A 3, or equivalently,
{z P N Ay 3 # B and {127 N Ay 3 = 0. In the former case, we simply reduce (i4) such that

1,1, 1,1 1,1
Z Hzun € &b Dy (Dy_qq — D?{71:1)1||1 < W{zug € &4} (D — D%I71:1)1||1~
TH

In order to handle the case zy € A 3, let us define m; := maxy <, A(xy ) fort > 2 and my = 1.

Since D}il =D )y =cu {(1) _01} for some ¢y < 2¢;/mpy, we have

11,111 1{r1.qg € &a} 11
Z]l {z1.m € &4} ||DH (Dg—1a — D?{71:1>1||1 < 2e- m—HH(DHflzl - D?ﬁ71:1>1“1~
TH

From the fact above, we can reduce (i) as the following:

) Pz, (hm)
(i) < 2¢ > w11 T 1 —=——|[(Dg' 1 — Dy_11)1lh
hHJ{JZt}f{:_llﬂXLﬁ:@
* 1,1 R
+ Z 7T1:H—1TO:H—11P5154(hH)”(DH—l:l 7D?f—1:1)1||1'

hH:{wt}izlﬁXl,g?ﬁ@
In order to proceed to the next time step, we need the following recursive relation for any 2 < ¢ < H:

Pg  (T1:4-1,8¢)

2 w1 T DY, - D31
€l Z Tit—141:2—1 ™y ||( t—1:1 t—1.1) ||1
ht:{mt’}ifilmXL,SZQ)
+ > T-1 i1 PE, (@11, 50) (D21 = DEpn)1h
ht:{iEtl}ilelmX]13¢®
P (z1:4—2,5¢-1)
<AdePi (6) +26 Z T1—2 T o — - (D5 = D} 00)11
ht_l:{mt/}i;fﬁXLg:@ =t
+ Z 7T1;t72T1:t721P§ly4(581:157278t71)||(Dtl’_12:1 — D} 5 )11 (29

he—1:{wy }ZTNAL 340
By applying (29) recursively until ¢ = 2, we conclude that (ii) < 4He; - P%, | (¢). Plugging this back
to (27) (with a similar bound for the final term), we have
> wls)Tumamu1T (D — Dia)1] < O(Ha)Pg, ,(9).
T1.HEE 4,71 H

We conclude that > [PL7(T) — P27 (7)| < O(Hey) - Pg, ().

T:x1.HEE3
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A.4.4 Proof of Equation (29)

We start with observing that for (hy—1,a¢—1) : {zy }i,_zll N A3 = 0, where we can reduce the sum at
time ¢ as

Z T(ar—1|he—1)T(s¢|5¢—1,a1-1)

Tt—1,5t

Pz, (Tra—1,80)

DM —D? )1
my ||( t—1:1 t71.1) Hl

]P:; (x1:t717 st) 1.1 1.1
—————||D; ", - (Dy . — D o)1

< Z m(ar—1lhe—1)T(s¢|8¢—1, ar—1)
t

Tt—1,5t
IPZ (xlzt—l St) .
+ 30 Al ) T(silser,a0-) =0 (DY = DY) - DEga
t
Tt—1,5t

Pz, (Tra—1,s¢)

<Y o w(ar-alhe1)T(se]se-1, ai-1) (D51 = D511

me—1

+ ) w(ar—a|he-1)T(se|se-1, a-1)PE,  (@1:0-1, 50) | DF 5111
St

where in the last inequality we used m; > m;_ by definition. Note that Df’_m = (D4)¢—2.1 by the
construction of D3.

For the case (hi—1,a:—1) : {xt/}ﬁ,_:ll N A3 # 0, we consider two cases 2,1 € X 3 and z,—1 ¢ ) 3.
In the former, we have the remaining terms for h;_ : {xt/}i,fl N X3 = 0. That is,
> wlaralh)T(selse-1,001)PE, (w101, 8)[(Di .y — DE)1
Tt—1,5t

< Y maralhe )T (selse—1, @ 1)PE, (141, 80) | DY - (Di — DY g1y

Tt—1,5t
*
IP51,4 (xlzt—la St)

D —D} )1
me_1 ”( t—2:1 t—2.1) Hla

< 2¢ Z m(ar—1|he—1)T(s¢|8¢—1, ar—1)

where the last inequality can be derived as we did in (28).

In the latter case when x;_1 ¢ A 3, we first note that {z/ }i,fl N X, 5 # 0. In this case we proceed
as the following:

> wlaalhi)T(selse1,a-1)PE, (w11, s) (D — DEy)1

Tt—1,5t
< 37 waralhe)T(selsi1, 0 0)PE, (141,80 DE - (D = Dig)1s
Tt—1,St
+ Y wlaralhe-)T(selse—1, a-1)PE,, (@101, 80)[(Dyy = Diy) - Diaq 1]
Tt—1,5t

<Y mlara b )T (silse-1, a0-1)P, (@11, ) [(Dy e = D} o)1y
* 3
+ > maralhe-)T(silse-1, a-1)PE, , (@1:0-1,56) Alwe1) | D111

Using the similar trick as in (28), we can reduce A(x;_1)||D?_5.11||1 < 2€|[(D4)t—2.11]|1 since in
this trajectory there must exist t* < ¢ — 2 such that 2;~ € A&} 3. Now we need to combining all terms
and sum over h;_1:

IPZM (T1:6-1,8¢)

DM —D?
my ||( t—1:1 t71.1) ||1

2¢) E T1e—1T1:4-1
ht:{a:,/ }z,_zllﬂXl’gzw

+ > 1T 1 PE (101,80 [(Dyhy — D)1l
h,:{xt/}::lﬂ/\ﬁ,g;é(ﬂ
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Pg  (T1:4-2,8t-1)

< 2¢ Z 7r1:t—2T1:t—2||(D:7—12:1 — D} 5.1 m
ht,1:{$t/}i,7:21ﬂxl,3:0 =t
+ Z 7f1:t—2T1:t—2H(D151i12;1 - D?—2:1)1||1IP3,4 (qu—z, St—l)

ht—li{fvgf}:fjlmXZ,S?ém

+26 Y T 0Tl (D )i—2a 1|1 PE,, (T10—2, 50-1)-
ht_1

The last term is less than 4¢;P%  (¢), which proves equation (29).
A.5 Analysis for Case II: £ » (equation (19))

For any (z;, z;) € Xy, let Pe(r;|zj, 7, ;) := p' (i, 2;) /Ry (r5|2;) for ¢ = 1,2 (recall that we use
Ry (r|lz) := 3(R}{ + R})(r|z), and R (r|z) := 1(R§ — R$)(r|z)). We first observe that

1P (rjlas, ri, ) — P2z, mi,20) 1 < Oer) /Ry (rilas), (30)
since from the Bayes’ rule, we have
. R{(ri|zi) c RS(rilz:) c
Pe(rjlzj, ri, zi) = 1 Ri(rjlz;) + . R3(rjlzy),

 RS(rilws) + RS(r|zs)
IPC(Ti77’j|{L'i7{Ej)
Ry (rilzs) 7

R (rilz:) + RS (ri|z:)

for ¢ = 1, 2. We start by writing the target errors as usual.

Yo P () =P ()= > W{arm € &2} Tonamin - [P = P?)(riplrrn))|

T HEE 2 (z,r)1:H
_ 1_p2
=> mumToen-1 Y Uzey € &} nlanlhn) - |(P1 = P?)(riglern)l,
hu QH,TH

where we define
12
Pe(ri|are) = 5 ; Hi/:1an(rt’|mt’)'

forc=1,2 and any ¢t € [H|. Note that by Lemma A.3, we are guaranteed that all trajectories in & o
have at most 2 §;-distinguishable state-actions in both models M!, M?2. We split the cases when the
number of distinguishable state-actions until time /' — 1 is whether d = 2,1, 0. Let X ; be a set of
length ¢ transition histories such that the number of distinguishable state-actions is exactly d. That is,

t—1
Xdi = {zlzt—l‘ Z 1 {Al(l‘t/) > (0 or Az(l't/) > 0} = d} . 31D

t'=1

With a slight abuse in notation, we overwrite the notation A(z) := max(A*(x), A%(z)). Note that
when A(z) = 0 we have D!(-|x) = D?(-|x) by construction of models M and M2,

We start from length H histories hy. We divide cases into whether h g belongs to X5 g, Xy g or
Xo,H.

Casei: hy : x1.y—1 € Xo g. Since we consider trajectories only in &£ 2, we have A(zg) = 0 and
therefore the probability of observing r under any history h is the same, i.e., (P* —P?)(rg|hy) =
0. Hence we have

Z L{azrg € o} m(aglhe) - |(P' = P?)(rgalem.)|

aH,TH

= Z 1{z1.5 € &2} nlag|hy) - [P —P?)(rg_1alzm_1.1)|

aH
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Caseii: hy : x1.4—1 € X1,y. We consider two cases: when A(zy) = 0or A(zy) > 0. Letus
define an event £ ; which is defined as the following:

Eap=E N {T = (z,7)1.|T1:4-1 € Xg—1,: N A(z) > 0}, (32)

ford = 2,1andt € [H]. Now in case A(xy) = 0, we again have (P! —1P?)(ry|hy) = 0. Therefore
we have

D@ =P (ralema)| = (P = P (rg—valzg—1a)|-

In order to handle the latter case when A(x ) > 0, we first define ¢* and p; as the following:
trtt < t, st Axs) >0,
ZCt*) = IPZ(Tt*‘Q?t*) = R+<rt* $t:) (33)

Note that with the above definition, for length ¢ history h; in any trajectories in & o, we have

Py = ]Pl(rt*

Pe(rpa|aen) = PO(re|we, oe, ree ) - PO(re—raa|ze—1:1), c=1,2,
since for any ¢’ # t*,t, we have A'(zy) = A?(x;) = 0. Recall the inequality (30),
Y Uawm € &y mlanlhm)|(P = P?)(rpa |z

< Z 1{z1.5 € &2} wlag|hy)|(Pt —P?) (rglhg)| P (ri.g—1]T1.5-1)
TH
+ Z 1{z1.p5 € Eo} wlan|he)PA(ru|hy)|(PY — P (rip1|zim_1)]

€
<1 {211 € Ean} m(anlhn) (mﬁllPl(n;H_nxl:H_l) P - 11>2><n:H_1|x1:H_1>|) .

In the last inequality, since we are handling the special case when x1.z € &> p, we replace
1{z1.g € &2} by L{z1.y € E2.1}.

Case iii: hy € & . We first observe that P (r1.y_1|z1.5—1) = P?(r1i.g—1|z1.5—1). Further-
more, in this case P (rg|hg) = P (rg|zy) = Ry (rglrm). Thus

> 1{arm € S} w(an|hy)|(P! = P?)(rgalema)| = 0.

aH,TH
Combine all cases. Plugging all of this into the summation over hp:

Zﬂ'l:H—lTO:H—l Z 1{z1.5 € &2} wlap|hu)|(Pt — P?)(ra.a|em)|
h

QH,TH

< ZWI:HflTO:Hfﬂ(IPl - P (ra—ralea11)PE,, (ha)
hy

€
+ > 771:H71TO:H711P1(74H71:1‘fol:l)zi > W{arn € &} nlanlhn). (34)

hpg:x1.g—1€EX1 1 ag

Finally, we control the last term in the above equation. We again consider the case when A(xgy_1) = 0
and A(zg_1) > 0 which gives

€ *
E 771:H—1T0:H—11P1(7'H—1:1|1’H—1:1)p7l E Pz, , (w1.m)m(am|he)
. :
apy

hpix1.g_1€X1, 1

ElIP;} (hH—l)
< Z T2 To.mg—oP(ra—on|rg_9q) —2t—=
hg_1:1.5_2€X1, H_1 PH-1
+ 2¢; Z 7T1:H72T0:H721P1<7‘H,2:1|.1‘H,2:1) Z Tr(aH*1|hH*1)]PZ’2,H (xleil)

hg_1:®1.0-2€X0,H-1 apg_1:A(xg_1)>0
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ElIP;} (hH—l)
< Z T —2Tom 2P (rg—on|vg—oq) ——2 "
hg_1:1.5_2€X1, H_1 Pr-1
+ 2¢ > > PYT (hg 1, am-1)PE, , (T1.0-1). (35)

hg—1:21.H-2€X0, H-1 ag—1:A(xg—-1)>0

The first term comes from the fact that py_1 = py in case A(zy—1) = 0. For the second term, we
note that since x1.57—2 € Xo gr—1, we have P (rpy_o.1|zg—2.1) = (R4 ) g —2.1, which is equivalently

Pl(rg_1alzr-11) = (R)g_1PY(rg_2.1|zm_2.1). We apply this relation to obtain the above
inequality (35).

We repeat this induction recursively until time step 1, and we get

ElIPz (hH)
> mg 1 To.r P (rg1a|rg 1) ————
hp:x1.g—1€X1H b

H-1
<2y > > Ph (@) P (b ar)

t=1 hy:w1.4_1€X0,¢ ap:A(xt)>0
H—-1

< 2¢ E E E le’t(irl:t)IPﬂ'(htaat)'
t=1 hy:wy.—1€X0,t ar:A(z)>0

The last inequality follows from the fact that conditioned on 1., such that z1;,—; € Ay, and
A(ze) >0, we get Py (214) = Py, |, (z14).

Finally, we observe that £, N &1 = 0 for all t,¢' € [H]| such that ¢ # ¢/, and Ufilc‘fl,t C &o.
Therefore there is no duplication of histories in the summation and we can safely proceed to:

H-1
sup Z Z Z ]le,t (ht,at)IPﬂ'(ht,at)

T t=1 hy:wi—1€X0,0 ar:A(zy)>0

H-1
= Ssup Z Z IP”(El,t|ht,at)IP”(ht,at)

Tot=1 (ht,at):(z1:6—1E€X0,+)NA(x¢)>0

H-1 H-1
<sup ) > P7(Erehe,ar) <sup ) | PT(Ery) < supP7(Er).
T t=1 (hy,as):(21:0—1€X0,0)NA(24) >0 T =1 ™
This concludes that
611?2[12 (hH)

Z g 1To.m— 1P (re—1a|Tr—11)

< 2€ZIPZ'L 2 (¢)7
hp€éir PH ’

and we can plug this back to (34) and apply the same argument recursively until time step drops down
to 1. This gives

Y. [PYT(r) = P*7(7)| < O(He)Pg, , (9).

T HEE 2
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Algorithm 4 Reward Model Recovery from Second-Order Correlations

I: Solve an LP for [(z) for all z € S x A such

min Z I(z),

i(z):zeSx A reSx A

s.t. Z(x) satisfy (36), (37), and (38) (39)

Decide signs sign(x) that satisfies (40).

Clip I(z) within (—o0, u(z)] where u(z) = log (min(p4(x),1 — py(x)) for all .

Set R_(r = 1\;10) = sign(z) - exp(l(x ’)) and R_ (r =0lz) = —sign(z) - exp(l(z)) for all .
Let Ry (r|z) = Ry (r|z) + R_(r|z), Ry(r|2) = Ry (r|z) — R_(r|z) for all r, .
Return M = (S, A, T, 0, { R }2,_1).-

SANEANE S

Appendix B Deferred Analysis in Section 3

B.1 Formulation of the LP for Model Recovery

We describe a detailed LP formulation to obtain an empirical reward models. Let ¢, (z;, ;) and
¢i(z;, x;) are upper and lower confidence bounds for u(z;, ;) respectively:

Cu(ffi79€j) = ﬂ(xu%) Dy (4)D+ 95]

alxi, ) == f(xs, xj) — p(xi)p4(x5) — /n(ij) — e

We can write down the linear program to find variables I (z) with several linear constraints. The first
constraint is upper bound on the multiplication of two reward differences:

I(z:) + 1(z;) <log (|cu(xi, x)| V |ci(zi, 25)), Vi, 25 € S x A, (36)

The second constraint is, for all z;,z; € S x A such that signs of both upper and lower bounds are
equal, a lower confidence bound:

i(xl) + Z(xj) > log (|eu(zi, )| Aler(zi, z4)]), V(i z4) + culmi, xj) - ez, ) > 0. (37)

Finally, we add a regularity condition for differences in probabilities:

10log(eo) < I(x) < log ((13 () A1 =pi(x)) + Ve /n(z +60>,Vx68><A. (38)

with a properly set confidence parameter t; = O(log(SA/n)). Now we can solve the LP feasibility
problem for [(x) and find parameters for an empirical model. The LP formulation can be found in

(39). The minimization objective 1 (z) encourages to ignore small differences in two reward models
at each state-action.

After we obtain a value for [(z) = log|A(z)], it remains to find signs of p_ (). We find a correct
assignment for sign(x) with the following constraints:

sign(xz;)sign(z;) = sign(t(z;, x;)), Y(zi, x;) © culzs, ;) - alxs, ;) > 0. (40)

Solving constraints (40) can be formulated as 2-Satisfiability (2-SAT) problem [2] and thus can be
efficiently solved. The full algorithm is described in Algorithm 4.

B.2 Proof of Lemma 3.1

Magnitude Constraints We start with confidence bounds for estimated probabilities that holds
with probabilities at least 1 — 7

c1 log(S5A/n)

, VreS x A,
n(x)

Ipy(7) — py(2)] <
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colog(SA/n)

, Vo, z; € S X A,
n(x;, x;)

(@i, ;) — @i, zj)] <
for some absolute constants ¢y, co. Furthermore, by construction the number of visit counts for any
pair is less than the visit counts of a single state-action:

min(n(z;), n(z;)) > n(z, z;), Vo, z; €S x A

Then we consider a model M that approximates the true model with non-zero probability for every
reward:

R:n(r|ac) = R, (r|z), m € {1,2}, re{0,1},zx € S x A: |A(x)| > 6(5)7

{R%(r|x) =3+ (1 —2¢)Ry(r|z) + (2r — 1)ed

: < e
Ri(rla) = & + (1 - 26)Ro(rle) — (2r — 1)d » TS0 IhweSxAHA@I<q,

For this model, we have

[(RL — Ry)(r|z)| < €, Vre{0,1},z € S x A,
|(PY —P)(ry,7j|ms, 25)| < 265, Vri,ri € {0,1}, 24,25 € S X A,
Al(x) > €, Ve e S x A

We show that one feasible solution [*(z) can be obtained from M!
*(2) = log [p* (2)| = log(A! ().
We first check the first constraint (36):
Al(wi) AN ()) = |n! (@i, ) = pl (2)p] (25)]

i B . co log(SA
< ilwiy ) = py (a)ps ()] + M + €
iyLy
= max([eu (i, 25)|, (@i, 25)])-

For the second constraint (37) follows similarly when ¢, (z;, ;) - ¢;(z;, ;) > 0. In the other case,
Al(z;)A'(z;) can be as small as 0, which implies that [(x;) + [(z;) is unbounded below. For the
final constraint (38), we observe that

log(SA
G < A1) < pLo) < ple) + | HESD 1 VreSxA

Thus [* (z) satisfies all magnitude constraints (36), (37), and (38).
Sign Constraint For the sign constraint (40), we note that whenever ¢, (x;, ;) - ¢;(x;, z;) > 0,
we have
sign(p™ (x;) - pL(x;)) = sign(zi)sign(z;) = sign(c.(vi, x;)), 1)
which can be inferred by
pL(zi)pt (22) = P (ri = 1,1y = 1|zi, 25) — pi (2:)p} (25)

= I@(rl =1,r; = lz;, x;) — P+ (x;)p+(x;) + errors,

where errors is in order of O <\/02 log(SA/n)/n(z;, x;) + e2>. This implies that

a(zi,x;) < pt(z)pl (z;) < cu(ws, z)),

which concludes that reward models from M satisfy (40).

B.3 Proof of Lemma 4.2

At this point, we no longer assume that the true transition and initial state models are given, but instead
we use estimated quantities 7', 7 from Algorithm 2.
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Notations Let us define a few variables to proceed. We denote # () as visit counts at = during the
k" episode. A similar quantity #y,(z;, z;) is 1 if data for a pair (z;, z;) is collected in the k*" episode
and 0 otherwise. Let 7, be the policy executed in the k*" episode. Let ny(z) := Z’,;,Zl H#Hi (),
ng(zi, z;) = ZZ,:l #p(x;, ;) and the expected quantities 7,(x) = Z:,:l E™ [# ()],
nk_ (zi,25) = ZZ,:l E™ [# (x;,7;)]. We define a desired high probability event &, for mar-
tingale sums:

v

ng(x) > % k(z) — ¢ log(K/n), Vk € [K],z € S x A,

ng(xi, xj) > nk(xl,x]—) — ¢ log(K/n), Vk € [K],z;,xj € S X A, (42)

for some absolute constant ¢; > 0. With a standard measure of concentration argument for martingale
sums [48], we can show that P(&,.) > 1—n. We also denote T}, &, for the empirically estimated tran-

sition and initial distribution models at the beginning of k" episode. Let v; be a 2-tuple (null, null)
andi; = 1.

Number of Episodes ' We first show that we terminate Algorithm 2 after at most K episodes
with probability at least 1 — 1 where

SQA

(H + A)log(K/n),

pe

for some absolute constant C' > (. Let us examine ‘70 at the k*" episode. This can be decomposed as

VO_\/J+ZV;€ V(i1 v1, 8)
<V k4 1ok(s) = v(s)ll+ Y v(s) - Qul(in, v1, 9), (a, 2))
< 2\/Ly/k‘+E%k [@1(@'1701,Sl)ﬁk(vlasl))} :

Note that (ay, z;) = T (v¢, 5¢) for t € [H]. We can recursively bound expectation of Q; for t > 1:

E™ [Qullin, 00, 50), (a1, 20)]

= E™ [by (i1, vr, 20) + br(se, an)] + E™ | Y Th(sesalse, a) - Vegr (ive1, ves1, s141)

St4+1

ol {collect}

Nk Ut+1 St, (lt

Eﬂ’“ Qt+1((zt+1,vt+1,st+1) (at+lazt+1)):|7

where 1 {collect} is a short hand for 1 {i; = 2N z; = 1}. We summarize all appended terms to get

~ ! L ﬂ{collect}
Vo <2V /k+ Y E™ 2
’ / 2:: nk(st, ar) g (Ve41) ]
<2y/u/k —|—(2: 2 a) * [#x (s, a)] Z / NCwS CETE [#1 (2, 25)]

<2V /k+ ZZH L {ng(z) <4-q log(K/n)}

+4Z£: \/TE?) (Tt () — ) +4 Z \/ij (g1 (w3, x5) — g (@i, ).

(rl7T]

We now sum over K episodes, then

Kepe <4/ 1, K+ O(cHSAlog(KSA/n)) + 82 Virigsi(z) +8 Z Loy (i, xj).

($La$1)
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We now note that 3, ng41(2) = HK and ), ) Niic41(2i, ;) < K. Using a Cauchy-Schwartz
inequality, we get

Kepe <O (\/LVK + HSAlog(SA/n) + Vir HSAK + \/L252A2K> .

Note we plug our design of confidence interval parameters ¢, = O(Slog(K/n)), 1 =
O(Slog(KSA/n)) and 12 = O(log(KSA/n)). This gives a bound that K <
O (S?A(A+ H)e, 2 log(KSA/n)). Hence we terminate Algorithm 2 after at most K episodes
under the event &,

K=C S*A(A+ H)e;f log(HSA/(€pen)).

Note that from a concentration of martingale sums, &,. happens with probability at least 1 — 7.

Bound on IP}Z, (¢) We now show the second part of the lemma: under the event &,., we have

P(0) < O(Hepe) - max (1,v/mi/iz)
We first observe that
Pg, = sup P7(&) <supP™ (Ug;%{zltg > ty, st (2, 20,) € M NXL D)

H-1
< sup Z P (3ty > ty, st (x4, 24,) € XN XL

4 t1=1

Now in the augmented MDP M consider a class of augmented policies II;, ; such that for a fixed ¢;,
a policy 7 picks the first state of a pair only at time step 1, i.e., z; = 0 for ¢t < ¢; and z;, = 1, and
then pick the second state of the pair whenever it encounters that makes the pair belong to A}, i.e., we
set z;, = 1 whenever (zy,,24,) € X] for t, > t,. Within this policy class, define Q* and V! as the
following:

blT(s,a):<1/\ A ) b},(i,v,z)z]l{izQﬂz:1ﬂ(v’eXlﬁXf1)}-(1/\1/L2),
n

n(s,a)

Qi ((iyv,5), (a,2)) =1 A (br + ZT(3’|5, a) - XN/;H(Z'/’ v, s) + bT> ,

S

with @llﬁl-kl = 0. For V1, we define it as,

Vi'(i,v,8) = max_Q;((i,v,s), (a,2)), if ¢ >t
(a,z)€A

V(i v, s) = ma}@((i,v,s),(a,n), ift =tq,
ac

ViH(i,v,5) = max Qi (i, v, 5), (a,0)), if ¢ <t

and V' = /1, /K + 3, v(s) - V] {(1,v1,5) and v; = (null, null). By construction, V; is an upper
confidence bound of Vj':

pe > Vo > V.

On the other hand, sup,. P™ (Eltg >ty st (e, me,) € XN Xﬁ1) can be computed through the

dynamic programming on @*:

br(i,v,z)21{12202:10(1/62610/\{16_1)}. <]_/\\/;»2),
l

Qi ((i,v.9): (a,2)) = by + ) T(s'|s,a) - Vi (i, 0/, ),

27



and

Vi(i,v,8) = max QF((i,v,5),(a,2)), ift >t
(a,z)€A

Vi (i, v, 8) = mzﬁcéf((i,v,s), (a,1)), ift=t,
ac

Vi (iyv,8) = meaj(@f((i,v,s), (a,0)), ift <t

Then the maximum probability of having (z¢,, x¢,) € & N X, can be computed as the following:

‘70* = Zy(s) V1,01, 8) = <1 A 1/Z) ~sup P™ (3t > ty, s.t. (zy,,24,) € XINXS ).

S

Finally, we can inductively show that @% > @j and 1701 > IN/O* with the setting of confidence interval
parameters (o, t7. This concludes that

s T = (1 A /,,2) CSup P (3o > b1, st (e, 1) € KOV AL )
ny T

This concludes that

H-1
IP;}{ < Z sup P™ (Eltg > ty, st (xy,,x¢,) € XN ch_l) < Hepe - (1 Vv \/nl/LQ) .
ti=1 "

B.4 Complete Proof of Theorem 3.2

In this section, we put the final puzzle piece, a guarantee on total-variation distance between trajectories
with different transitions and initial state probabilities, to complete the picture. Let M! be a 2RM-
MDP model such that

vi(s) = uv(s), T(-|s,a) = T(|s,a), R. (|s,a) = R(-|s,a), ¥Yme{l,2},seS,ac A
For any history-dependent policy 7, we target to bound that

Y BT = P(r)] < Y [PT(r) = PV (7)| + [PV (r) — B7(r)].

Note that we already have shown that > _|P™(7) — P17 (7)| < ¢/H in Section 4 and Appendix A.3.
Thus we focus on bounding the second term. We first need the following lemma which is proven in
Appendix D.

Lemma B.1 For any history-dependent policy 7, we have

H-1
SR (r) = P < v = D))+ Y BN (T = D sealseadl] . @3)
- t=1
After K episodes of pure-exploration, we also get
H—1 H—1
I =)0l + 30BN [T = D) (sealsw adl] < Vi /K + > BN [Vor/n(san)|
t=1 t=1

We can show that (43) is at most 2H 178 (recall (5)) from the Bellman-update rule. First we see
I = )(s0)l + SIS EY [T = T)(seaalsesan) 1| < Vit where:

Qt(s,a) = (T = T)(selssar)ll + D T(s'|s,a) - V()

<(H+1)- m+§:f(8/|57a) . ‘7;,'_1(5/)7
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th (s) = max @%(57 a),

T2 =l — o))l + Y ws)- Vi (s) < (H 4 1) \F+Z

and ‘7}1[ +1 = 0. On the other hand, from the construction of Q in (5), for any i, v, 2z, we have
2H - Qy((i, v, 5), (a, 2)) > QL (s, a) for all (s, a). Therefore,

Vi K + Z BT {\/m} < 2HVy < 2Hepe. (44)

With our choice of €, = o(e/H?), we have |P™(7) — P™(7)||; < O(e/H), which then we can
conclude that |V{y — VE | < H - [[P7(7) = P™(7)[l1 < O(e).

Appendix C Proof of the Lower Bound (Theorem 3.3)

We first consider instances of 2RM-MDP with H = 2,5 = 2 and arbitrary A > 3. Our construction
is as the following:

1. Regardless of actions played, both MDPs always start from s; at £ = 1 and transits to sg at
t=2.
2. Att = 1, for all actions a € A except aj, both MDPs return a reward sampled from a
Bernoulli distribution Ber(1/2).
¢ M;: For the action af, a reward is sampled from Ber(1/2 + +/€).
» Ma: For the action af, a reward is sampled from Ber(1/2 — /).
3. Att = 2, for all actions a € A except a3 ; and a3 5, both MDPs return a reward sampled
from a Bernoulli distribution Ber(1/2).
* M;: For a3 ;,aj 5, rewards are sampled from Ber(1/2 + \/¢) and Ber(1/2 — \/e)
respectively.

* My: For a3 1, aj 5, rewards are sampled from Ber(1/2 — \/¢) and Ber(1/2 + \/¢)
respectively.

In this construction, the optimal strategy is to play a] at ¢ = 1, and depending on the outcome 7, we
play either a3 ; if r1 = 1 or a3 , otherwise. By playing this strategy, expected long-term return is

2
1
2 Z Pp(r1 =1) + Pp(r2 = 1as ;) - Pp(r1 = 1) + Py (r2 = 1]a3 o) - P (11 = 0)
=1

S+ (/24 VeP + (12 - Vo) =142

Note that 1f we do not play aj at ¢ = 1, or one of a3 ; and a3, 2 at t = 2, then the expected cumulative
reward is 1. Therefore the problem can be reduced to find a* and aj Or aj 5.

However, if we play a; # aj att = 1 or play as # a3 1, a3 5 att = 2, i.e., if we do not play the right
actions at both time steps, then marginal distribution of the sample we get from the environment is
always P(r1,a]a1, a2) = 1 forall (r1,72) € {0,1}® 2. Therefore, even if we can access to a full
distribution of outcomes from a wrong action sequence, there would be no information gain from
playing any wrong sequences of actions, other than removing the played sequence from all O(A?)
possibilities.

On the other hand, even if we play the correct sequence (aj, a3 ;) (or (aj, a3 5)), unless we play it

sufficient number of times O(1/€?), we cannot distinguish it from other wrong action sequences. That
is, the marginal distribution of the reward sequence from the correct action-sequence is close to the
one obtained with any wrong action sequence (a1, ag) in Kullback-Leibler (KL) divergence:

Z P(ry,r2|a1,as2) - log (W) < 0(62).

(r1r2)€{0,1}®2 P(ry,r2laf, a3 ;)
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We can apply a similar lower-bound argument for the multi-armed bandits with A2-arms in [21],
where a general framework for the lower-bound is provided based on information gains from the
played policies. Note that there are always A2-possible sequences of actions to play in each episode,
and the information gain after each episode is not affected by how the decision in each step is made.
This argument gives a Q( A% /¢?) lower bound.

Then following the action-amplification argument (see Appendix A in [36]), we can obtain
Q(S?A2%/€?) lower bound.

Appendix D Auxiliary Lemmas

D.1 Proof of Lemma 4.3

Recall that I(z;) + I(z;) = log(A(z;)) + log(A(z;)) = log|u(z;,z;)| for all z;,z; € S x A
when exact model parameters are given from equation (6). Thus if we have three equations for
(z1,22), (x2,x3), (x3, 1), then we can compute (1) as follows:

1
l(z1) = - (log |u(z1, x2)| + log [u(z2, x3)| + log [u(r3, 1)|) — log [u(z2, x3)|.
2

Now from empirical estimates of the model M, we can compute ] (z1) similarly. To simplify the
burden in notation, let us denote z; = u(x1,x2), 22 = u(xs2, x3) and 23 = u(xs3, 1), and empirical
counterparts as 21, 22, 23. We first note that
|21 = 21| = |u(z1, 22) — Q(21, 22))|
< p(zr,22) — f(zr, 22)| + [P+ (21)p+ (22) — P4 (T1)P+ (22)] + b(21, 22)
to/n(x1,2) + 63 < 0.016;¢,
where the last inequality uses n(z1,z2) > ny = C - 126, 261_2 for a sufficiently large C' > 0.

Similarly, for zo — 29 and z3 — Z3 we can obtain similar inequalities. On the other hand, we note that
|z1| = A(x1)A(z2) > 67 > 0.015;¢,. Now we can see that

- 1 /0.019, 0.016 0.016
[U(z1) — U(z1)] < = ( AL €y léz)

2 21 Z2 z3
< 1 ( 0.01(51@ 0.0151@ 0.01516[ >
-2 A(:Z?l)A(IQ) A(IQ)A(I:),) A(l‘g)A(l‘l)

Let i* = arg max;¢[3) A(z;) = 2 (the same argument holds for any i* by symmetry). First observe

that
) 0.01¢ 1 2
1) = Uz1)] < — <A<x1>+A(wz>>’

where we used A(x2), A(zs) > &;. Now converting {(z) to A(z1) = exp({(x1)), we get
A 001¢ [ 1 2
<
) < e esn (%5 (5757 + 50

< A(zy) (1 +2- 0'0216[ <A(1acl) " A(2932)>)
< A(x1) +0.03e,

where in the second inequality we used exp(z) < 1 + 2z for small enough 2. Similarly, we can

also show A(z1) > A(z;) — 0.03¢;. Symmetric argument holds for A(zs). For A(xs), let i =
arg max;e 1,3y A(2;). Then similarly we get

A(xy) < A(xy) (1 + 0.02161 (A(ng) N A(ii*)>)

Aea) 2

2

< A(zz) 4+ 0.03¢

This concludes the proof of Lemma 4.3.



D.2 Proof of Corollary 1

By Lemma 4.3, for any 7 = (x,7)1.p € &3 and ¢ # t*, we have that A(z;) > ¢; implies

|[A(z:) — A(z)| < €/2. The bound for x4~ also directly follows from Lemma 4.3.
For A(z:) < &, if & = max(d, ;) = €, then we have A(xy)A(z) < €A(x4+). Now by the
constraint (7), we have

|p— (2 )p—(t) — P— (x4 )P—(x)| < 0.010;¢;.
From this, we have A (2 )A(2;) < 1.01¢A(
A(xex) > 0.5A(z). Therefore, we get A(zy)
If A(z;) < 6, and 6; = max(d,€;) = § > ¢, then by definition of 4, we have A(x;) = 0. In this
case, from |A (x4 )A(z) — A(xe) A(z)] < v/t2/n < 0.03€;d. From this, we get Az ) A(z:) <
0.03¢;0. Since A(x4-) > 0.5A(zF) > 0.5, we get A(z;) < 2¢;.

X4« ). At the same time, by Lemma 4.3 we also have
< 3¢;.

D.3 Proof of Lemma A.3

We start with the following inequality:
lu(z1, x2) — d(21, 22)|
< |u(z1, 22) — (1, 22)| + [p4(21)p4 (22) — P (21)D+ (22)] + b(21, 22)
Lo/n(x1,x2) + €2 < 0.016,¢ (45)

for any x1, x2 such that n(z1,22) > ny.

Case I: Zfil 1{A(x¢) > ¢} =2. Inthis case, let any time-step ¢1 such that A(xz;,) > 2¢;, and
we show that A(xy,) < €. If it were true, let ¢, t3 be the time steps where A(x;) > ¢ for t = to, t3.
Then,

A((Et) < A(l’t)/15, t =ta,t3. (46)

If this is the case, then |@(xy,, T, ) — W(Tty, Tty )| > @y, T1,)/2 > 61€;/2. However, visit counts
for all pairs in a same trajectory satisfies n(z,,71,) > C - 120, ¢, 2, and thus |@(z4,, 71,) —
w(Zyy, Te, )| < 0.018;¢;, which is contradiction (see equation (45)).

Now we argue that (46) is true. Suppose for o, we have A(th) > A(x¢,)/1.5. Then,

) N 4
u(xtnxtz) = A(‘rtl)A(xtz) > gelA(xh)'

On the other hand, we have u(zy,, z+,) < €A(z,). Now we can see that
N 1 1
‘u(xtuxb) - u(‘rtmxtz” 2 gelA(xtz) > 561617

which is again contradiction since |i(xzy,, Ty, ) — u(Ty,, 21,)| < 0.018;¢;. Hence we showed that
A(x;) > 2¢; only if A(x;) > €. This ensures that Zil 1 {A(a:t) > UA(zy) > 26[} =2

Case II: Zf{: 1 1{A(x¢) > ¢} < 1. Here, we show that there should not exist any two 1, > such
that A(ze, ), A(xt,) > 2¢; and at the same time A(x¢, ), A(zy,) < €. If this is the case, then we
immediately get ZtHzl 1 {A(xt) > e UA(zy) > 26[} <2

Now we show that there exist no such pair of ¢1,to. We first consider when §; = ¢;. In this case, we
have

- 2
|’U,(CCt1,CCt2) - U(ztuztz” Z 36l = 36l€la
which is a contradiction to equation (45).

In the other case d; = max(d, ¢;) > ¢;, note that this is equivalent to Zflzl 1{A(z:) >0} <1. We
show that whenever A(z;) = 0, then the LP (39) returns a solution such that A(z;) < €2. Note that
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whenever A(zq) = 0, then for any x5, we have u(z1, 22) = A(z1)A(z2) = 0. This implies, with
high probability, for any x2 we have

cu(21,22) <0 < ¢(x1, 22).
Hence there is no lower bound constraint (37) for [(z1) + (22) as ¢, (x1, 22) - ¢;(x1, z2) < 0, and
[(x1) can always take the minimum possible value from (38), which gives {(z1) = 10log(ep). Hence
by the minimizing objective in (39), we get A(z1) < €3. This proves that whenever A(z) > 2¢;, we
must have A(z) > 0, which proves Zfil 1 {A(st, ar) > e UA(sy,a) > 261} <2.

D.4 Proof of Lemma A.2

For the true model M and M, we can see that

Ry, (r|z) = Ro(r|2)| = |es — (Ry(r]x) — Rpn(r|2)) — 26 Ry (rlz)],

< ¢l — 2R (r|z)| + 2¢ < 3¢, if A(z) < 2¢,

|RL (r|z) — R (r|z)| = |6 — 26, R (r]2)| < 36y, if A(z) > 2¢,

For the empirical model M and M2, we first note that
|Ry(r|2) — Ry (r|z)| < Viz/n(z) < \/iz2/ni < 0.018,¢;.
forall z : 3(xq1,z2) € A}, s.t. x = x1 or x5. Then, we can check that
R}, (r|2) = Ron(r|2)] = | — (R (r[x) — Rin(r])) — 261 Ry (r])],

< all = 2Ry (r|z)| + |Ry.(rla) — Ry (rla)] + | Ry (r|z) — R (7))
< 4€l7

if A(x) < 2¢, and for the else case, for both m = 1,2 we have

|[Ro (rf2) = Ry (r|2)| = a1 = 2R (r|2)] + | Ry (rlz) — Ry (rf2)] < 3er.

D.5 Proof of Lemma B.1

This is a special case of Lemma B.3 in [36] with same transition and initial probability parameters
for all contexts, as RM-MDP can be also considered as a special case of LMDP. To make the paper
self-contained, we reproduce the proof. For any ¢ € [H] and m € [2], we start with

Yo By -Phlsar) = Y PR = PhI((s,a,7)10-1,50)

(S,aﬂ‘)l:t (S7G7T)1:t—175t

< Y PE = PLI((s, a0 ) 10—1) T (se]se—1, ar-1)

(Sﬁaﬂr)l:t—lvst

+ Y PR ((s.ar)ia—n)IT — Tl(selse—1, ar—1)

(s,a,7)1:0—1,5¢

< Z |]P71n7r _Hsgz|((87a7r)1:t71)

(s,a,7)1:6-1

+ Z (T = T)(sels1—1, a—1)[1 PR ((s, @, 7)14-1),

(s,a,m)1:6—1

where in the first equality follows since we use the same reward models for M! and M. Recursively
applying the same argument, we get

Y P —PLI((s,ar)um)

(s;a,m)1:H

H
SHE=2)0lh+> > T =T)(selse—1, ar-1) 1 PR (5, a,7)10-1).

t=2 (Svaar)l:t—l
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Finally, we observe that

2
> |1P1m_1f>”|<(s,a,r>m>=%2 > BT = PLI((s a.)um)

(s,a,7)1:H m=1 (s,a,r)1. 0

H
<=2l +Y > T =) (selsi—1,a1) [1PT7 (5,0, 7)1:-1)

t=2 (s,a,7)1:4—1
= [I(v = 2)(s1) [, + EVT [H(T —T)(selse—1,a1-1) |1 ,

which concludes the lemma.

Appendix E Towards Non-Uniform Mixing Weights

In this appendix, we discuss the high-level idea of how to handle non-uniform mixing weights
wp = w,wy = 1 — w. For a simplified discussion, let us assume wy, ws = (1), 6 = (1) and the
true 7', v are known in advance. We first recheck several quantities to check what becomes different.
First, now the average reward is p4 (z) := w - p1(z) + (1 — w) - p2(z). Let differences in rewards
be p_(x) := p1(x) — p2(x). For any z;,2; € S x A, the reward correlation function now becomes
(compare this to (1)):

i, w5) = w - pr(zi)pr(z;) + (1 —w) - pa(@i)p2(z;). (47)
If we construct a matrix B € RS4*54 indexed by state-actions such that at its (i, ) entry is given by:

Bij = (@i, x;) — p+(i)p+(2;5),

then we get B = w(1 — w) - ¢ where ¢ is a vector indexed by z such that ¢; = p_ (z;). Note that
the only difference from w = 1/2 case is the overall re-scaling factor w(1 — w). This suggests that
we can still extract the same information on reward differences (compare this to (6))

w(wi, z) == w(l —w) - p_(zi)p-(x;) = p(@s, x5) — p+(@:)p+(2;)-

This means the overall algorithm remains the same: we can still first get correlations from pure-
exploration (Algorithm 2), and then recovers magnitude of |p_ (z;)| (Algorithm 4).

What complicates the problem is the recovery of signs: after solving a 2-SAT problem to find all
signs of p_(x) that satisfy (40), still there remains an ambiguity whether we have sign(p_(z)) =
sign(p—(z)) or sign(p_(x)) = —sign(p—_(x)) (with pair-wise consistency to satisfy (40)), because
either sign(p_(z)) or —sign(p—(x)) is a consistent solution for (40). This is not a problem when
the model is symmetric in signs of p_ () (recall the symmetry argument in Appendix A.4.1), but
when the prior is non-uniform, then we also need to find the exact signs of p_ (x). To see this, observe
that

pi(z) = pi(x) + (1 —w) - p_(2), p2(2) =py(x) —w-p_(2),
and that changing the sign of p_ (x) may result in a different set of pairs (p;(z), p2()).

Now we elaborate how to resolve the sign-ambiguity issue if w # 1/2. Let us consider several disjoint
subsets of state-actions G1,Gs, ..., G; € S x A such that the following holds: (a) U?ZIGZ ={z e
S x A:|p_(x)| > 6}, and (b) any z;,2; € S x A belongs to the same G for some [ € [g] if
one decides sign(x;) then sign(z;) is automatically decided. One can construct {G,}{_, when we
formulate the sign assignment problem to a 2-SAT problem. Now, if ¢ = O(1), then there will be
only a small number of possible candidate empirical models that satisfy (40). If that is the case, we
can compute the optimal policy for each candidate, run each optimal policy on the real environment,
and take the one with more (estimated) long-term rewards.

In general, g can be at most O(S A), and thus creating too many candidate models from the combination
of consistent sign assignments. In such case, we can extract information from third order correlations.
Observe that, for some (z;, z;, %) € (S x A)®3, we define:

(i, xj, wp) = Elryrre|a, x5, xx] = w - p1(x)p1(z;)pr(xr) + (1 — w) - pa(xi)p2(x;)p2(zr).
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Some algebra shows that from this, we can extract a quantity

u(zi, x5, wx) = (i, 5, k) — Py (0)p4 (75)p+ (Tk)
= (p+(zi)ulzy, me) + oy () u(@i, or) + pi-(Tr)ulzs, 25))
= w(l —w)(1 = 2w) - p_(z;)p—(z;)p— (k).
Suppose that all three state-actions belong to the same group, i.e., z;, z;, z; € G for some [ € [g]. If

|1 — 2w] is not too small (say, larger than €/ H?), then by looking at the sign of u(z;, z, zy), we can
decide the signs of not only x;, x, x1, but also all elements in G;.

Now note that, for each [ € [g], there are only two possible assignments of signs for all elements
in G;. Pick any element z; € G;. Non-negligible u(z;,z;,x)) suggests that we can perform a
hypothesis-testing whether sign(z;) = +1 or —1, because joint-probability of (r(x;), r(z;), r(zx))
for any x;, x;, x), € Gy, for each case are at least apart by |w(1 — w)(1 — 2w)d?| in total-variation
distance. Thus if we can collect O(Jw(1 — w)(1 — 2w)§3|~2) number of samples of any third-order
correlations from G, we can decide sign(x;). While we do not investigate this direction further in
detail, it will be of independent interest to obtain a tight sample complexity (both upper and lower
bounds) for non-uniform priors with an optimal design of recovery mechanism for sign(z;). We
leave it as future work.

Appendix F  Checklist

1. For all authors...
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* (a) Did you state the full set of assumptions of all theoretical results? [Yes]

* (b) Did you include complete proofs of all theoretical results? [Yes] : in Supplementary
Materials

The remaining issues are not applicable to us.
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