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S1 Tuning the Kernel’s Bandwidth

It is important to properly tune the kernel scale/bandwidth o,, which determines its scale of
connectivity. Several studies have proposed schemes for tuning oy, see for example [10, 3, 12, 5]. Here,
we focus on two schemes, a global bandwidth and a local bandwidth. The local bandwidth proposed
in [12], involves setting a local-scale o; for each data point @;,7 = 1,...,n. The scale is chosen using
the Lq distance from the k-th nearest neighbor of the point x;. Explicitly, the calculation for each
point is

o;=C-||lx; —x||?i=1,...,N, (1)

where xy, is the k-th nearest (Euclidean) neighbor of the point @;, and C is a predefined constant in
the range [1,5]. A global scale &y, is defined as the max over o;. Using this value the kernel values

are defined by
i — 2y

Km-exp( A),i,je{l...n}. 2)

Ob

This scale guarantees that all of the points are connected to at least k neighbors.

S2 Tuning the Regularization Parameter

The regularization parameter A controls the amount of sparsity obtained by DUFS. A larger A
would lead to a sparser solution in an earlier stage of training. If the number of desired features is
prescribed (say s), A can be tuned to a value resulting in a solution sparsity close to s. However, this
procedure might often be time consuming. Alternatively, we propose here a “warm-up” procedure
(see Algorithm 1) for evaluating the optimal choice of A in DUFS.

In Algorithm 1, we propose to first set a grid of hypothesis values, for instance A € {0.01,0.1, 1,10, 100},
then run DUFS with nepochs = 1,000 for each value of A. For each value we sort the gates and select
the leading s features with the largest gates coefficients. For each A\ we denote the dataset restricted
to the leading s features as X 5. We then evaluate each selected set by the feature scoring term
S(A) = %Tr[XATLiXA]. We return the A values which maximizes this score. This A could be used

to continue the training procedure for additional iterations.

Algorithm 1 Warm Start Pseudo-Code

Input: data {zy,...,2,} C R? required number of features s, (the set of \ values can be input
as well).
for A € {0.01,0.1,1,10} do
Run DUFS (Algorithm 1) on the data with A, for 7" = 1,000 epochs, and get the leading s
features.
Define X ) to be the dataset restricted to the s leading features.
Compute the graph Laplacian Ly € R™"*™ as described in (2).
Evaluate the Laplacian Score for the leading s features

1
S(\) = gTr[XfL?\X,\]

end for
Return A with the largest S()\)




S3 Additional Experimental Details

In the following sections we provide additional experimental details required for reproduction of the
experiments provided in the main text. All the experiments are conducted using Intel(R) Xeon(R)
CPU E5-2620 v3 @2.4Ghz x2 (12 cores total).

S4 Feature selection on Image Datasets

Here, we provide a deeper look into the features identified by the proposed method when applied to
image data. We start with COIL20[7] which is a data that contains 20 objects captured at different
viewing angles. In Fig. S1 we present the leading {50, 100, ..., 300} features selected by DUFS and LS
along with the average clustering accuaracies based on the selected features. In this example DUFS
selects features which lie on the symmetry axis of COIL20, these features are more informative for
clustering COIL20 since the values of rotated objects vary slowly on this axis. Next, we present
a similar comparison on COIL100[7]. COIL100 contains 7200 samples of 100 objects captured
at different angles. Each image is of dimension [128,128,3]. In Fig. S2 we present the leading
{50, 100, ..., 300} features selected by DUFS and LS along with the average clustering accuracies
based on the selected features. Here, feature selection is performed based on a black and white
version of the RGB image and clustering is performed based on the corresponding subset of pixels
from the RGB tensor.

Finally, in Fig. S3 we present the results of application of DUFS to the noisy MNIST dataset.
This is an extension of the results presented in the paper. Specifically, we demonstrate the clustering
accuracies based on the leading {50, 100, ..., 300} features selected by DUFS and LS. In this experiment,
we focused on a random subset of 1000 samples of the digits 3 and 8.

S5 Raising L to the ¢’th Power

To suppress the smallest eigenvalues of the Laplacian, we have suggested to replace the Laplacian L
in equations (8) and (9) by its t-th power L’ with ¢ > 1. As shown in [6] this corresponds for taking
t random walk steps on the graph of the data. In this subsection we empirically demonstrate the
effect of ¢ using the two-moons dataset (described in the Experimental section of the main text). We
construct the two-moons dataset with different number of nuisance variables (d) and apply DUFS
(with the parameter free loss) computed based on L raised to the power of t = 1,2 and 3. In Fig. S4
we present the clustering accuracy (averaged over 100 runs) based on k-means, which is applied to
the selected features. As evident in this plot the Laplacian based on t = 2 yields better performance
for a wider range of nuisance variables in this experiment. Following this result, we keep ¢ = 2 in all
of our examples.

S6 Extended Clustering Results

In the next experiment, we evaluate the effectiveness of the proposed method for different numbers of
selected features on 3 datasets. We compare DUFS versus LS by performing k-means clustering using
the features selected by each method. In Fig. S5, we present the clustering accuracies (averaged
over 20 runs) based on the leading {50,100, ...,300} features. We see that DUFS consistently selects
features which provide higher clustering capabilities compared to LS.
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Figure S1: Features selected by DUFS and LS in the COIL20 dataset. Top: selected features (cyan
dots) and clustering accuracy based on DUFS. Note that as COIL20 contains different angles of
each object, the selected feature lie approximately on the symmetry axis. Bottom: selected features
(magenta dots) and clustering accuracy based on LS.
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Figure S2: Same as for S1 but for the COIL100 dataset. Note that as COIL100 contains different
angles of each object, the selected feature lie approximately on the symmetry axis. In this example,
the LS also selects features on the symmetry axis, however the LS based selected features are
condensed at a small region near the top part of the image. These features are informative for
clustering wide vs. long objects but less informative for clustering all 100 objects.
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Figure S3: Selected features on MNIST dataset. Top: selected features and clustering accuracy based
on DUFS. Bottom: selected features and clustering accuracy based on LS. In this example, DUFS
outperforms the LS when it is regularized to select a small number of features. However, when the
regularization is set to select > 150 features in DI6IFS the features with top scores in both methods
are similar.
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Figure S4: Taking powers of the graph Laplacian. Clustering accuracy vs. number of nuisance
dimensions in the two-moons datasts. We apply the parameter free variant of DUFS using a Laplacian
L raised to the power of t. Clustering is performed using k-means applied to the selected features
and averaged over 100 runs of DUFS.
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Figure S5: Clustering accuracy on three real world datasets. Clustering was performed by applying
k-means to features selected by DUFS and LS. The averages and standard deviations based on 20
runs are shown.



S7 Experimental Details

In this subsection we describe all required details for conducting the experiments provided in the
main text. The datasets are all publicly available and can be downloaded from !,2,3. The scRNA-seq
datasets were collected by the following authors [1, 9, 2, §].

We use SGD for all the experiments which are conducted using Intel(R) Xeon(R) CPU E5-2620
v3 @2.4Ghz x2 (12 cores total). For LS, MCFS, and NDFS we use a python implementation from *.
For LLCFS and SRCFS we use a Matlab implementation from ° and ¢. For CAE we use a python
implementation available at 7. For DUFS and LS, we use k = 2 (number of nearest neighbors) which
worked well on all of the datastes, except for the GISSETE dataset in which we used k = 5. The
factor C (see Eq. 1) in all experiments is 5 except for SRBCT, COIL20 and PIX10 in which C' = 2.
All datasets are publicly available at ®, except RCV1 which is available at °. RCV1 is a multi-class
multi-label datasets, in our analysis we use a binary subset of RCV1. To create this subset, we focus
on the first two classes and remove all samples that have multiple labels, then we balance the classes
by down sampling the larger class. For NDFS, MCFS and SRCFS we use k = 5 for the affinity
matrix W, note that NDFS and LLCFS use the number of clusters for selecting features. The tuning
process for hyper-parameters of all method follows the grid search described described in [11].

In all examples except RCV1, COIL100 and COIL20 we use a full batch size for computing the
kernel, for COIL100 and COIL20 the batch size is 1000. For all two-moons examples presented in
Fig. 1 we use the parameter free loss term with a learning rate (LR) of 1 and 5000 epochs. For
PROSTATE data, we use a learning rate of 1, 12000 epochs and A is evaluated in the range [0.01,1].
For GLIOMA data we use a learning rate of 0.3, 12000 epochs and A is evaluated in the range [3, 30].
For ALLAML data we use a learning rate of 0.3, 20000 epochs and A is evaluated in the range [1, 5].
For COIL20 data we use a learning rate of 0.3, 26000 epochs and X is evaluated in the range [0.01, 2].
For COIL100 data we use a learning rate of 1, 6000 epochs and X is evaluated in the range [0.01, 2].
For PIX10 data we use a learning rate of 0.3, 20000 epochs and A is evaluated in the range [0.05, 1].
For SRBCT, BIASE, INTESTINE, FAN, and Pollen datasets we use a learning rate of 0.3, 20000
epochs and A is evaluated [0.001, 0.1].

S8 Strengths and Limitations

The proposed method provides several advantages compared to the classic Laplacian Score: (1)
it sparsifies the Laplacian and therefore, can identify subsets of low-frequency feature even in the
presence of a large number of nuisance variables, (2) it can be computed in small batches, therefore is
computationally lighter than the Laplacian Score. The success of our method relies on the assumption
that the data contains nuisance variables that are of high-frequency nature. However, often real
datasets contain variables that are weakly correlated with the structure of the data. In such cases,
DUFS may capture these weakly correlated variables even though removing them might be beneficial
for downstream analysis tasks. In the future, we plan to extend DUFS to handle correlated variables.

Thttp:/ /featureselection.asu.edu/datasets.php

2We use a binary subset of RCV1

3For SRBCT we removed 4 samples that had 3 labels. The data can be found on [4]
4https://github.com/jundongl/scikit-feature

Shttps://github.com/huangdonghere/SRCFS
Shttps://www.mathworks.com/matlabcentral/fileexchange/56937-feature-selection-library
"https://github.com/mfbalin/Concrete- Autoencoders
8http://featureselection.asu.edu/datasets.php

9https://scikit-learn.org/0.18 /datasets/rcv1.html



Datasets LS MCFS NDFS LLCFS SRCFS CAE DUFS All | Dim/Samples/Classes/ Type

GISETTE 758 (L9E-2)  56.5 (2.2E-14) 69.3 (7T.5E-1)  72.5 (2.2E-2) 68.5 (2.7E-1) 77.3 (2E-2) 99.5 (1.1E-14) 74.4 (3.3E-1) 4955 / 6000 / 2 / Image
PIX10 76.6 (8.1) 75.9 (8.59) 76.7 (8.52) 69.1 (4.5E-2) 75.9 (7.0) 94.1 (5.6E-1) 884 (3.7) 74.3 (12.1) 10000 / 100 / 10 / Image
COIL20 60.0 (3.3) 59.7 (2.3) 60.1 (1.6) 48.1 (1.9E-2) 59.9 (2.3E-2)  65.6 (2.1) 65.8 (2.6) 53.6 (1.9) 1024 / 1444 / 20 /Tmage
Yale 42.7 (2.6) 417 (2.2) 42.5 (1.6) 42.6 (2E-2) 46.3 (2.5) 45.4 (3.4) 47.9 (2.5) 38.3 (2.2) 1024 / 165 / 15

RCV1 54.9 (2.1) 50.1 (7.5E-2)  55.1 (L4E-2)  55.0 (L1E-14)  53.7 (1.6E-2) 54.9 (4.2) 62.2 (11.1) 50.0 24408 / 21232 /
TOX-171 475 (T.6E-1) 42,5 (2.6) 46.1 (5.4E-1)  46.7 (1.5) 45.8 (5.7) 47.7 (T5E-1)  49.1 (2.7) 415 (2.1) 5748 / 17

ALLAML 73.2 (L1E-14)  72.9 (1.7) 72.2 (IE-14)  77.8 (3.3E-14) 67.7 (6.1) 73.5 (3E-1) 74.5 (6E-1) 67.3 (3.1) 7192 / T
PROSTATE  58.6 (L.1E-14) 57.3 (1.1E-14) 583 (L.1E-14) 57.8 (L.1E-14)  60.6 (1.8) 56.9 (4.6E-1)  64.7 (2.14E-1) 58.1 (L.1E-14) 5966 / 102 / 2 /Bio
SRBCT 41.1(2.8) 43.7(2.6) 41(2.2) 34.58(5.2) 33.49(5.2) 62.6 (7.3) 51.7 (0.5) 39.6(2.8) 2308 / 83 / 4 / Bio
BIASE 83.8 (0.39) 95.5 (3.3) 100 (0) 52.2 (5.1) 50.8 (4.9) 85.1 (1.6) 100 (0) 41.8 (8.5) 25683 / 56 / 4 / Bio
INTESTINE ~ 43.2 (3.5) 48.2 (4.0) 42.3 (2.0) 63.3 (10.3) 58.1 (6.9) 51.9 (3.8) 71.9 (6.9) 54.8 (2.6) 3775 / 238 / 13 / Bio
FAN 42.9 (0.86) 45.5 (2.6) 48.8 (1.0) 29.0 (3.4) 29.0 (3.1) 35.2 (3.4) 49.0 (1E-14) 375 (0.72) 25683 / 56 / 8 / Bio
POLLEN 46.9 (9.9E-2)  66.5 (3.0)  48.9 (3.6) 35.0 (5.3) 34.9 (2.9) 58.0 (4.3) 60.2 (0.24) 54.9 (5.6) 21810 / 301 / 4 / Bio

Table S1: Left sub-table- Average clustering accuracy on several benchmark datasets. Clustering is
performed by applying k-means 20 times using the features selected by the different methods. The
standard deviation is shown in parenthesis. Last column represents the clustering accuracies when
using all features. Right sub-table- Properties of the real world data used for empirical evaluation.



References

[

2]

19]

[10]

[11]

[12]

F. H. Biase, X. Cao, and S. Zhong. Cell fate inclination within 2-cell and 4-cell mouse embryos
revealed by single-cell rna sequencing. Genome research, 24(11):1787-1796, 2014.

X. Fan, X. Zhang, X. Wu, H. Guo, Y. Hu, F. Tang, and Y. Huang. Single-cell rna-seq
transcriptome analysis of linear and circular rnas in mouse preimplantation embryos. Genome

biology, 16(1):1-17, 2015.

Y. Keller, R. R. Coifman, S. Lafon, and S. W. Zucker. Audio-visual group recognition using
diffusion maps. IFEE Transactions on Signal Processing, 58(1):403—-413, 2009.

J. Khan, J. S. Wei, M. Ringner, L. H. Saal, M. Ladanyi, F. Westermann, F. Berthold, M. Schwab,
C. R. Antonescu, C. Peterson, et al. Classification and diagnostic prediction of cancers using
gene expression profiling and artificial neural networks. Nature medicine, 7(6):673-679, 2001.

O. Lindenbaum, M. Salhov, A. Yeredor, and A. Averbuch. Kernel scaling for manifold learning
and classification. arXiv preprint arXiv:1707.01093, 2017.

B. Nadler, S. Lafon, R. Coifman, and I. G. Kevrekidis. Diffusion maps-a probabilistic inter-
pretation for spectral embedding and clustering algorithms. In Principal manifolds for data
visualization and dimension reduction, pages 238-260. Springer, 2008.

S. A. Nene, S. K. Nayar, H. Murase, et al. Columbia object image library (coil-100). 1996.

A. A. Pollen, T. J. Nowakowski, J. Shuga, X. Wang, A. A. Leyrat, J. H. Lui, N. Li, L. Szpankowski,
B. Fowler, P. Chen, et al. Low-coverage single-cell mrna sequencing reveals cellular heterogeneity
and activated signaling pathways in developing cerebral cortex. Nature biotechnology, 32(10):1053,
2014.

T. Sato, R. G. Vries, H. J. Snippert, M. Van De Wetering, N. Barker, D. E. Stange, J. H. Van Es,
A. Abo, P. Kujala, P. J. Peters, et al. Single 1grb stem cells build crypt-villus structures in vitro
without a mesenchymal niche. Nature, 459(7244):262-265, 2009.

A. Singer, R. Erban, I. G. Kevrekidis, and R. R. Coifman. Detecting intrinsic slow variables
in stochastic dynamical systems by anisotropic diffusion maps. Proceedings of the National
Academy of Sciences, 106(38):16090-16095, 2009.

S. Wang, J. Tang, and H. Liu. Embedded unsupervised feature selection. In Twenty-ninth AAAI
conference on artificial intelligence, 2015.

L. Zelnik-Manor and P. Perona. Self-tuning spectral clustering. In Advances in neural information
processing systems, pages 1601-1608, 2005.

10



	Tuning the Kernel's Bandwidth
	Tuning the Regularization Parameter
	Additional Experimental Details
	Feature selection on Image Datasets
	Raising L to the t'th Power
	Extended Clustering Results
	Experimental Details
	Strengths and Limitations

