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A Notations

We will use Vp(0,x) and VV (0, x) to denote Vo (0, ) and VoVep(0, x), respectively. We
will use VK (6,0") to denote VoK (6,0'), VVK(0,0") to denote VoVoK (0,6'), V'VK(0,0")
to denote V' VoK (0,60'), and V'V'K(6,8’) to denote Vo Vo K (6,0’). We will write V;(-) for
V (-, pe) and Vi (+) for V (-, ptoo)-

Let D' = Ussgsupp p;. Under Assumption and Proposition D’ is bounded, and we
denote its diameter by |D'|. We will use C,, Cv, and Cyyv, to denote the supremum of
lp(0, )|, |[Ve(8,x)| and [VV (0, x)| over @ € D’ and x € supp &, which are all finite under
Assumptions - and the boundedness of D’. We will use Lyv,, to denote the (uniform-in-x)
Lipschitz constant of VV (6, ) in 8, which is also finite under Assumptlon

The following notations will be used in Appendix [E2} Assuming that D is Euclidean (under
Assumption|2.2), let V(D) denote the space of random vector fields on D. It becomes a Hilbert space
once equipped with the inner product

(€1:65), =Eo / £1(6) - £2(0)p0(d0), 47)
D
where £, €, denotes two random vector fields in V(D). This inner product gives rise to the norm
I€l3 = Bo | 1€(0)Pualas) (48)

For each t, we define b; € V(D) as
0) / VE(©,(8),0,(6'))wo(d6') (49)
D

which depends on the random measure wg. We define two linear operators, AEK) and .AEV) on V(D),
as

(AFg) (B / VIVK(©,(8),©,(8)¢(0)uo(d0') (50)
= [ Ve©uo).2)( | Ve(@ue). )@ m(as))otdn). 6D
(A€)(8) =VVV(©,(8), 11)E(H) (52)

for & € V(D). Under Assumption we also define boo, AL, and ALY similarly by replacing
O, () with O, (-).

Let W() denote the space of random functions on 2. For a fixed set of data points {a;}}" ,, it
becomes a Hilbert space once equipped with the inner product

(momlos = Bo [ m(@m@p(de) = TEo S m(@)m(e) . 53)

=1
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which gives rise to the norm
1130 = {n:m)5.0 = Eolln]l? - (54)

With an abuse of notation, we will consider elements in W (2) equivalently as random vectors on R™.
Next, we can define B, to be the operator that maps € W(2) into the vector field

(B,n)(8) = /Q Vo (©4(8), () (dz) (55)
in V(D). Its transpose is
(B1€) (= / Vo (©,(8), 2)£(8)10(d6). (56)

which maps a vector field € € V(D) back into W(£2).

B Proximal Scheme, Gradient Flow and Mirror Descent

Proposition B.1 Given ©(0) = 0 and 7 > 0, for p € N let ©,,, be specified via

_ /1 _
0, € arguin (-0~ Oyl + £(0). ) 57)
where we defined
01 = | 1©(6) (o) (58)
and
£(0) = —/ F(©(8))uo(do) + / K(© (0'))110(dO) 1o (d6) . (59)
D
Then
lim ett/rJT =0, wo-almost surely | (60)
T—0

where Oy solves .

C Long-Time Properties of the Mean-Field Gradient Flow
Proof of Proposition[2.6| n The compactness of U;>o supp /it follows from (135) and the compactness
of supp po assumed in Assumption[2.3] 11 — fioo follows from (12)) and (15] -

Under Assumption [2.4] © is a local minimizer of the energy £ defined in (39). Consider a local
perturbation e® A to ©. The energy value after the perturbation is

E(On +O4) = / F(Ou(0) + @ (0))10(d6)
+ 5/ / K(©u(0) + €Oa(0),0,,(0") + c®Oa(0"))1o(dO) o (d8’) .
DJD
(61)
Under Assumptions[2.2] using Taylor expansion, we have
F(©4(0) +eOa(0)) =F (O (0)) + eVF (O, (0)) - ©Oa(0)
(62)

+5(04(0), VVF(©(6)©4(0)) +O()

K(©w(8) + @A (0), O (0) + @A (0'))
=K (0.(8),0(6') + (VE(O(8), 0s(6))©4 (6)
+ VK (0(6), 0w (6)O5(8)) + 1 (O4(6), VIK (0 (0), 0-(6))0a(0)) (g3,
SE(OA(0), V'V K (0 (6).0(6))04(8))
(O (6), V'VE (O (8), ©(6')O4(6")) + O()
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Hence, there is
E(Ox +eOn) — E(O

— [ (-vr / VK(® <e’>>uo<de’>) O (8)110(d6)
b5 ( / (©4(6), (WF / VVEK(© oo<e’>>uo<de’>) ©4(6))110(d6)

/ / (©4(0), V'VE(©,(0),® <e’>>@A<e’>>uo<d0>uo<de’>>+0<e3>.
(64)

Since ® A is arbitrary can e can be taken arbitrarily small, we see that for @, to be a local minimizer,
the first-order condition is, V@ € supp o,

~VF(© / VEK(© 50 (6))p10(d6') =0, (65)
or
VV(@oo(e)v Moo) =0, (66)
and the second-order condition is, VO x,
[ (©50),(YIF(©0) + [ TVK(©..(0).0(0))10(d0")) ©2(6)}o(a0)
(67)

/ / ©a(0), V'VE(©.(8), 0 (6)@a(6))10(d0) 1o (d6) > 0

or

[ 1©4(6). VYV (©..(6).11)02 (6) o(a6)

D

(68)
+ [ [ (©(0).7'VE(©.1(0). 00700 o(d0)o(a0") > 0

DJD

Suppose for contradiction that 3D~ C D with p9(D~) > 0 such that VVV (0 (8), p1s0) is not

positive semidefinite. Define A, () to be the least eigenvalue of VVV (@, (0), jtoo ). Then there

is Aso(0) < 0 on D~ In addition, 3¢ > 0, 3Dy C D~ with p9(Dy ) > 0 such that A, (8) < —C.

For @ € Dy, let ©® ¢(0) be a normalized eigenvector to VVV (04, (0), oo ) associated with its

least eigenvalue. Moreover for J € N* that is large enough, we can select any subset D; C Dy
such that po(D7 ) = 5 < po(Dy ). Then, define

©4,7(0) = I 1y p-On0(8), (69)
Then, there is

/ / (©4(6), V'VE (O (8), 0. (6))O(6'))110(d8) 10(d)

2

-/ / Vo (©ne(8), 2)O a o (d6)| #(dz)
Q , (70
_ /Q 7 [ Ve(@x(0).2)05 0m0(@0)| o(d)
<Cg,J . |
On the other hand
/D (©4.5(0), VVV (O (8). 1100)©1.(8) o (d6)
= T H(©a.0(0). VIV (O(6), ) @12,0(0))o(d0) 70
<-¢.
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Therefore, for J large enough, we will have

| [ (©4(6). V'YK (©..(6). ©..(6))©4 (6) no(d6)1uo(d8)
DJD (72)
+ /D (©4.1(0), VIV (@ (0), 1120)O a1 (8))10(d0) < 0,

which contradicts (68). Hence, we can conclude that pg-almost surely, VVV (0 (0), tioo) is
positive semidefinite.

D Derivations of the Dynamical Central Limit Theorem

D.1 Proof of Proposition 3.1/ (Dynamical CLT - I)

The following derivation is an adaptation of the approach in [10] for Vlasov interacting particle
systems to our scenario. To start, ®; and ®§m> are governed by the following equations, respectively:

©4(0) = —VV(©4(0), t), ©(0) =6 )
= (m) m m m
0, (0) = -vv(e @), u™),  ef®e) =6
Taking the difference between the two equations in and using the mean value theorem, we get

7,"(6)
—m'/2(6,"(6) - ©,(6))
= —m'2(VV (O™ (0), 1™) = VV(©,(6), ) )
== m2(VV (O (6), 1) = VV(©u(0), ) ) — m" 2 (VV (O, u™) = YV (©,(0), 1))
—m 2] (TV(©{™(0), u™) = VV(©,(0), i™) ) ~ (VV(O™ 1) = VV(©,(6), u) )|

=~ VvV (O, (), )T (68) / VE(©,(0),0)w™ (d0)
D

D
(74

where (:)inf) (0) and @57;) (0) denote points that lie on the line segment between ©;(8) and @Em) (6).
Using (23), we can substitute wt(m) in the second term at the right hand side, for which we get

/ VE(©,(0), 0™ (d6') = / VE(0,(6),0,(6")w™ (d6')
D D
+ [ VVE(©:(6). 63 )T (0 no(ae)
D

b2 / V'VK(©,(0),0.7 (0)T"™ (61w (d0')
D

(75)
Therefore, under Assumption [2.2] we have
- (m) = (m) m
T, () = -V (8,7, u)T{" (6)
= (m) m
- [ VVK(©4(0).63 0T @) o(a0) 76)

_/ VK(@f(g),@t(el))wém)(dol) _|_O(m*1/2) ]
D
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Now, we consider the limit as m — oo. By the standard CLT, we have that wém) (dB) — wp(dB)
weakly with respect to Py, where wy(d@) is the Gaussian measure with mean zero and covariance

defined in (27). On the other hand, by finite-time LLN, we have G),(fm) (6) — ©,(0) pointwise, Py-

almost surely, and as a consequence éiﬁl)(O), @g?)(G) — ©4(0) as well. Therefore, TE”“(G) —

T:(0) pointwise, Pg-almost surely, where the limiting T";(0) solves the equation obtained by taking
the limit m — oo on both sides of (76), which becomes (28). should be solved with initial

condition Ty(8) = 0 since T\™ (6) = m1/2(@§™ (8) — ©¢(8)) = 0.

Finally, taking the limit m — oo on both sides of the equation (25), we deduce that w§m) (do) —
w¢(d@) weakly, in law with respect to Py, where the limiting w;(d0) satisfies

/ (0)cr(d8) = / 1(©4(6))wo(d8) + / Vx(©,(0) - T:(O)uo(dd) . (T7)
D D D

This ends the proof of Proposition [3.1] O

D.2  Proof of Proposition 3.3/ (Dynamical CLT - II)

Recall from (28) that
£(0) =~V (©.(0).1)T1(6) — [ V'V (©,(6).0,(6))T:(61o(d8)
- | VK(©1(6).0,(6)n(a0) 78)
— _VVV(©4(8), 11)T(6) - /D VE(©,(6),6 ), (d6) .

Since T'y(0) = 0, we can use Duhamel’s principle to deduce that

= —/ Jtys(G)Vap(Gs(G),m)/ 00, 2)ws(dO")D(dx)ds (79)
0 JQ

where the tensor J; 5(0) is the Jacobian defined in Proposition As aresult

gu(x) = /D (8, )4 (d6)
- / 2(©,(6), )0 (d6) + / Vi (©,(0). ) - T4(8)10(d6)
D D
:/ 0(04(0), x)wy(dO)

D
t (80)
o /D/O /Q<V<P(@t(0),$), Jt,s(e)VgO(GS(e),w’)>gs(w/)ﬁ(dw/)dsﬂo(d0)

i) = [ [ [ (Vo(©u(0).2).11.(0)V(0.(8).2)yo(d0)g, )7 (da') s

Il
Qi

t
@)~ [ Tuslaa)g.@)io(da’)ds,

0 Jo
with g;(z) and T'y s (@, ') defined in and (34), respectively. This is (33). O
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E Long-Time Behavior of the Fluctuations

E.1 Proof of Theorem [3.4] (110 = /100 case)

With the argument outlined in Section |3.2] what remains to be shown is that I'¢° _ is positive-
semidefinite as a Volterra kernel, according to the definition in [33]]. We will utilize the following
known result:

Proposition E.1 (Gripenberg et al. [33]) Ler k : [0,00) — R™ ™ be a convolution-type kernel
for a linear Volterra equation in R™ . If ¥y € R", the function t — (n, k(t)n) is a nonnegative,
nonincreasing and convex function on (0, 00), then k is nonnegative, meaning that V¢ : [0, 00) — R”
with compact support, there is

/OOO/O (6(1), bt — 5)6(s))dsdt > 0. 81

Thus, to take advantage of this proposition, we need to verify that Vn € R"™, (n,['?°n) is

(1) nonnegative:
(n,I'n)
:/ / (Vo(©u(8),2), e VTV O=O)Vi(@ (6), ) (@)n(a o (d6)i(da)(da')
axQJD
= [ (b6). 1V~ (©~b(6) ) o(e) > 0.
’ 32)
where

b(6) = / V(O (6), &)1(x)?(dz) (83)

because by assumption, V0 € D, VVV, (O (0)) is positive semidefinite, and hence
e tVV Ve (®(0)) ig a positive semidefinite operator;

(2) nonincreasing: Taking derivative with respect to time,

%w?m:— / (b(6), VIV (@ ()™ ¥ V> (O~ ODb(0) hug(d0) <0, (84)
D

because again, VVV,, (@ (0)) is positive semidefinite;
(3) convex: Taking one more derivative with respect to time,
d2
Zz(mTen) = / (6(8), (VVV(©.(6)))%~ 7TV~ O)b(6) ) 1o (d6) = 0, (85)
D

Therefore, we can apply Propositiotho conclude that I'¢® | is PSD as a Volterra kernel, and so
T rt o

fto fto (g1, T2 .gs)dsdt > 0.

E.2 Proof of Theorem 3.5/ (Unregularized case)

Recall that

lim mEoll /™ — £ill2 = Eollge]2 = Eo / | / (8, ), (d6) "0 (dax)
m—00 Q D (86)

=E, K (6,0 )w,(d6)w,(d6') .
DxD
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From in Proposition [3.1] this can be further expanded into

Eo K (0,60 )w,(d0)w,(de")
DxD
=Eo / (T4(6), VV'K(©4(0),0(6')T+(8"))110(d0)110(d0")
DxD (87)
+ 2K, /D DVK(G)t(HLG)t(9’))Tt(0)uo(d0)w0(d0’)

+E K(©:(0),0:(0")wo(d8)wy(d8") .
DxD

The last term at the RHS is equal to E¢||g; |2 with g; defined in (32). Using (27)), it can be explicitly
computed as

Eoll3: /12 =Eo ; DK(etw),et(e’»wo(do)wo(de’)
= K(©:(6),©,(6")) (10(d0)36(d6") — po(d6)po(d6"))
DxD (88)
— [ K@.0pm(de) - [ K(6.0)n(a0)u (0
D DxD

_ / K (8,0)u,(d0) — || fl2
D

Thus,
. - N2 _ 1 _ g
Jim Bollgl? = Jim [ K(0.0)u(d6) = 11
- /D K(8,0)1100(d6) — | fool2 (89)
N T
and so
T
lim ][ Eol|ge |2t = Eol|goc|? , (90)
T— 00 0

where here and below we denote fot []dt = ¢ fot [[] dt. As a result, to prove or in
Theorem 3.5} it suffices to establish that

T
lim D.dt <0, On
T—o0 0
or
T
lim  D;dt < —Eol|guc?, (92)
T—o0 0
respectively, where we defined
@t = E() K(O, 0’)wt(d9)wt(d9/) — ]EO K(@t (0), @)t(0l))w0 (d@)CU() (d@')
DxD DxD
=By [ (TU6). TVK(©4(6). ©.(6)T1(6))puo(d8)po(a6) ©3)
DxD

+ 28, /D | VK(©4(6).04(0) T (O)yn(d8)e(10')

To this end, we examine (28) as an infinite-dimensional ODE. With the Hilbert space V(D) defined

in Appendiannd by, A,EK) and AEV) defined by (49), and (52)), respectively, we can rewrite
28) as the following ODE on V(D):

T, = - (A% + AT, — by, (94)
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We can also rewrite (93)) as

D¢ = (T, AT 1Yo + 2(T, be)o - (95)
From (94), we can deduce that
1d
5 g Tele = ~(Te AT o — (T AT )0 — (T1 b, (96)
or equivalently
1d

(T4, AT + (T4, b,)o = T2 = (Te, AT, . 97)

24t
Therefore, we can rewrite (93)) as

D, =2 (<TtaA£K)Tt>O + (T, bt>0) - <Tt,A§K)Tt>O

1d

= <_2dt|Tt||g - <Tt,A§V)Tt>0> - <Tth§K)Tt>0 ©8)
d

= = ST = 2T AT ) — (T, AT

and as a result, since Ty = 0,
T 1 T v T «
][ Dyt = —||T7llf - 2][ (T, AT )odt — ][ (T, A Tyodt . (99)
0 0 0
Note that for all ¢, .AgK) is a positive semidefinite (PSD) operator on V(D), as V&€ € V(D),

(ASg, £) = Eo / (£(8), VV'K(©,(68), ©,(6))&(6)) 1o (d0) 10(d6))
DxD (100)

2
B O/
Q

| vo(@1(6)) - €O)mnlat)| ida) = 0.
D
This implies that fOT (T, AEK)TQOdt > 0. Hence, to establish (91)), it is sufficient to show that

T
lim 4 (Ty, A T,)odt = 0. (101)

T—o00 0

To this end, we need two lemmas that are proved below in Appendices and[E.2.2] respectively:
Lemma E.2 Assuming and together with Assumptions[2.2} [2.3|and 2.4} we have

o0
/ 1A odt <00 (102)
0
/ AL — A5 [odt <oo (103)
0
/ ||bt - boo||0dt <00 (104)
0

Lemma E.3 Assuming and together with Assumptions 2.2} 2.3)and 2.4, we have
sup || T ||2 < oo . (105)
t<oco

With these two lemmas, we can show that

T
§
< / 1AM o1 2dt

T (106)
< ( / |A§V>||odt> sup |17l
0 t<oo

<00,

T
/ (T, Agv)TOodt
0
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and therefore (101) is satisfied. This finishes the proof of under and together with
Assumptions 2.2 2.3]and [2.4]

Next, we show under the additional condition of Assumption [2.T. Thanks to and (101)), it is
sufficient to establish that

T
im £ (T, AYT,)odt = Eol|gc 2 - (107)

T—o00 0

Heuristically, if T's := lim;_, oo T'; exists, then from (94)), it has to satisfy
~boe = (AY) + AB) Ty = AT, (108)

as AY) = 0 (because VVV(0, ios) = [o (0, 2)(foo () — fu(x))(da) = 0 under the assump-
tion of (42)). This equation implies that

i
(o) = = (AL)) b . (109)

T
where (Too)|| denotes the component of T', in the range of .Agf ), and (.Agf )) denotes the

Moore-Penrose pseudoinverse of Aéff ). As aresult,
(oo, AL Toc)o =((Too) | AL (To) o
=(- (Aéff))T boo, —AL (Aéff))T bsc)o (110)
= (b, (Agf))T boo)o -
Rigorously, without assuming the existence of T, we can establish that

Lemma E.4 Assuming and together with Assumptions 2.2} 2.3)and 2.4, we have

t
T
lim + (Ts, AYT,)ods > <boo,(Ag§>) boo)o - (111)
t—o00 0
AS a consequence,
t
.
Jim £ Eollg. Bt < Eolgac? ~ (b (AX7) b (112)
> Jo

This lemma is proved in[E.2.3. It implies that we only need to show that
T
(o (L)) boc)o = Eollgul? - (113)

This requires us to further exploit the relationship among Agf ), b and g.. With the Hilbert space
W(R) defined in Appendixéand B; defined by (53], we can rewrite as

) — B,B] . (114)

Further, recall that

g = /D (0., )wr(d6) = /D 2(©4(6), Jwo(d6) + /D Ve(©,(6),) - Ti(0)uo(d0)  (115)

5= [ 0(6.901(@8) = [ £(@1(6), Jun(d6) (116)
D D
Therefore, we can write
9t =G:+ Bl Ty, 117)
and
b: = Bigt, (118)
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Similar formulas hold when we replace ¢ by co. With these relations, we see that
T
booa A(oé() boo> = Boogoov BooBgo TBoogoo
(oo (A2) ) = (B BBL) B, 19
=Eo|| (Boo)" Boofio I3 -

because (Boo BL)" = (BL)(Bu)!. Since (BOO)T B is the projection operator (which becomes an
n X n matrix once we identify each random function in W (£2) with a random vector in R™) onto the
range of BT, it is then sufficient to prove that

Lemma E.5 Under Assumptions and Py-almost surely, o, € Ran(BL,).
Lemma [E.3]is proven in Appendix [E.2.4 and it concludes the proof of in Theorem 3.5]

To show that ||g¢||» decreases monotonically when pg = fic0, note that in this case piy = pioo, V¢ > 0,
and so A\ = AV =0, A = A% and b, = b, vt > 0. Thus, becomes

T, = AT, b, (120)
As will be shown in Lemma b is in the range of Ag,{ ). Therefore, defining
Uy = (A b (121)
and
2zt =T+ us , (122)
there is
=AWz, (123)
whose solution can be written analytically as
zZy = e_tAgv{)zo = e_tAg)uoo . (124)
Thus,
K
Ti=2zi—ue=—(— (3_'5“4(00))1;OO (125)

Therefore, as b, = BooGoo, there is
gt =Joo + BgoTt
—Goo — BL(I — e A5 Yu (126)
=goc = BL(I = 457 )(AL) Broio -

Hence,
|9oc|* =1Goo|? = 2(x) + (x) , (127)

where

) = (BooGoo)T I — e Ay (4E) B Goc
g &0 g (128)
=bT (I — e A=) (AE) by,
and

(%) =(Boooo) T(ALN (T — e A BBT (I — =457 ) (AL B g 129)

=bT_ (I — e A7) B BT (I — e~ A% )by .

In the ERM setting, Aﬁ,ff ) is PSD with a finite number of nonzero eigenspaces. Consider a set of
its orthonormal eigenfunctions that span those nonzero eigenspaces, v1, ..., Vg, corresponding to
eigenvalues A1, ..., A\x > 0, respectively. As b, is in the range of Aéﬁf ) by Lemma
decompose it as

, WE can
k

boo = Y _ it (130)
=1
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for some real numbers ¢;’s. Thus, we can write

k T k
= (Z civi> ZCj)\;l(l — e_%‘t)vj (131)

k
(G (L — e A ) B BL (1 — e A< ) (AL [ 37 cjo
j=1

= (Z ) T (AN — et A7) AL (1 — o747 ) (AL i ¢jv)
7 =1

(132)
k T/ k
= Zc,—vi ZA;l (1 e ’\Jt) ;U5
i=1 j=1
:ZA;1 (1 e*)‘lt) c?
=1
Therefore,
k k )
9o l? =[goc> = 2D AT (1 =N 2+ AT (1N e
i=1 i=1
k
=GP+ D AT (1= eV (1 — e M) (133)
i=1
k
:|goc‘2 - Z >\J_1 (1 - 672/\3.1:) sz )
i=1
which is decreasing in time. This completes the proof of Theorem 3.5] (]

E.2.1 Proof of Lemmal[E.2

Proof of [[02): [;° || AN ||odt < oo.

By the definition of the operator norm induced by || - ||o on V(D), ||A§V) llo is the smallest number
C% such that V¢, there is

(V)
AV o= sup & A"

=1 (134)
gev(D) oo II€lIG
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In the unregularized case, a straightforward bound of ‘(57 Agv)é )0’ is

(€ AV )| =

Eo [ (€0). VYV (©1(6). >e<a>>uo<de>]

— |Eo / / ), VV(©,(8), 2)E(0)) (fi () — f.(x))7(da) 110(d6)
<E, /D /Q Covy €0 |fi(x) — f.(x)| #(d) o (d6) (135)
—Cov,ll? / i) — fu ()] 2(dw)

<n'2Cyv,||€lIRN fe — fells
=n'/2Cov,||€)12 (L(u)"* .

Thus, we have

1% 1/2
Ao < n'>Cov 115 (L)) . (136)
By the assumption (43)), we thus have
/ LA odt < n'/*Covy / (L()) " dt < o0 (137)
0 0
which gives us the desired bound. O

Proof of (103): [~ ||A£>§) - AEK)HOdt < 00.

We have
(€, (A — ATN)e)
—E, / / Ve(©,(0 0)110(d0)) / V(O (6).2) - £(6)p10(d6) ) ) (i)

5[ (/ (w<@t<e>,w>+w<@oo<0>,w>)-s<e>uo<de>)
([ (9e(@1(0).2) ~ V(@ (6).)) - £(O)o(0) ) ()

(138)
Hence, the absolute value of the expression above is upper-bounded by
Bo( [ 1V0(©1(6).2) + V(@ (6). ) [6(6) 1o (a)
D
< [ 196(0.(6).2) = V(0. (6).2) [6(0) o d6) (139)
) ) 1/2
<2, Cov, €15 ( [ 1016) - Ow(O) i)
Thus, by the assumption (43)), we have
00 1/2
/ ALK — AT gdt SQCV¢CVV<,G/ (/ |©:(0 0)| po(dO)) dt
0
(140)
§2CV¢CVV¢/ (L))" dt
0
<0
|

Proof of (104): fooo b — boollodt < 0.
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There is

b.(6) — b (6)

~ [ (VE(©1(6).04(0) - TK(©+(6). 0x(0"))n(a0)

= [ | Ve(®1(6).2) - Vo(©4(6).2) ~ V(O (6).2) - Vil Ous(6)). ) 7 () ()

= [ | Ve(®1(6).2) - Vi(©4(6).2) — Vi(©1(6). ) - V(O (). )i dn 06
[ / Vo(04(6),) - Vi(©(8)). 2)T — V(O (6),) - V(1 (68'). @) T (d6))

~ [ V@010 ([ (9o(0.(0).2) - Vo(©(0).2)) cald0)) ) o(d)

+ [ (70(01(0).2) - V(0 (6).2)) [ V(@10 0pen(a0) olde).

(141)
Thus,
Eo [b¢(6) — bso (8)|*
T 2
<io | [ Vo(@uo).2)- ([ (T6(@1(6).2) - Tp(©(0).2)) o(dt) ) v(d)
T 2
+80| [| (Ve(@4(6).2) - Tp(0(0). ) ([ To(0(0).2)en(dt)) 7(a)
2
/‘VQP 0.(0 ‘ Eq / (Vgp(@t(el),w)—Vgo(@oo(el),a:))wo(del) v(dz) (142)
+/Q|V@(®t(9)’ z) — x))* B / V(O x)wo(do')| (dw)
<cz, / Eo /D (Vo(©(0').2) — V(O (0).2)) wn(d")| 5()
2
+C3v, 1©4(6) )| /Eo/vw wo(d@")| (dx) .
By the property of wy, there is
2 2
Bo | [ x(0)un(d6)| = [ 1x(6)~ [ x(8nnld8)| po(de)
D D D (143)
< [ KOF ma(ao)
for a test function y on D. Thus,
Eo |b:(6) o)’ <Cv¢// Ve(©,(0 V(0(0'), ) ’2M0(d0/)
2y, 0:(6) — O (0) / / V(©u(8), )| p10(d0)i(d)
gc%wcéw/ 1©4(8') — O (6)]” 110(d0)
D
+ 02,02, 10:(0) — ©(0)* .
(144)

28



Therefore,

by — beol2 =Eq /D 151(6) — b (0) 10 (d0)

(145)
<203, C, [ 101(6) = ©(0)] mo(d6)
D
Since
| 181(6) - ©(6) otdt) // 6.0)| " dspotan)
D
-/ / VV(©4(0), )] dso(d6)
(146)
— [ St
=L(pe) = L(oo)
=L(pt)
we can conclude that
/ Hbt—boo||0dt§/ L) ? dt < o0 . (147)
0 0
O

E.2.2 Proof of Lemmal[E3

Our goal is to show that ||T||o remains bounded for all time. First note that, for all ¢, AEK) isa
positive semidefinite (PSD) operator on V(D) since

(AOg €)= Eq / (£(8), VYK (©4(6), ©4(8")£(6'))1o(d0) o (1)
DxD (148)

:IEO/Q /DVgo(Gt(O))-é(O)MO(dO)‘Qﬁ(dw)20.

Second, by Assumptionu for 10- almost-every 0 € D, ©,,(0) = lim;_,, ©(0) exists, which

allows us to define boo, AL, and ALY similarly to @9), and by replacing ©,(-) with
®(+). Since we assume that

Ve €supp? 1 foo(xp) = /Dcp(B,a:k),uoo(dO) = fu(xg) (149)

we have
YoeD : VVV(0, ux)= / VVe(0,x)(foolx) — fu(x))dxe =0. (150)
Q

This implies that AW is the zero operator on V(D).

Third, we have the following observation:

Lemma E.6 Under Assumptions[& Eand 2.4, b, € Ran(AEK))for allt, and by, € Ran(.Agf)).
Specifically, o, € V(D) such that ||t |0 < 00 and AP = b

ProofofLemma @ Recall from (I18)) that by, = BooGoo. Define o, = By (B(IOBOO)T Joo- We
claim that .AOO U = b, because

AVt = (BooBL) B (BLBso) g
BB, (Bx (B)') (BL) 9
5. (B (L)) guc

:boo ;

(151)
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where the third equality is because B (l’:)’OO)Jr is the projection operator onto Ran(B.,) =
Nul*(BL), and the fourth equality is because B, (BL )" is the projection operator onto Ran(BL.) =
Nult (B).

It remains to establish that ||t |lo < oo. To show this, we see that
|l (6)P1otat)
D
[ [ (velon®).a) (ML) @)
D JaxQ
(Vo0 (8). @) (Moo c) (&) ) i) 2006
= [ ] M ) (M) (@) (Ml (a9 )0
- / (Ml o) (@) - goc (@)0(d)

mln / |gOO |2 dCC)

where A, is the least nonzero eigenvalue of the matrix Mo, (and hence A}
eigenvalue of M ). Since

Eo|goo ()" = Eo‘/ wo(da)’

(152)

is the largest

-/ (so(@oow),w)— | #(@x®). ol mo(de) 153

< /D |9(©me (8), ) 110 (d8) ,

oo 2 < Eo / e (8) 10/(d6)

Amin / / ), 2))’ o (d6)v (dz) (154)

<A 1% <o,

min ¢

there is

(End of the proof of Lemma O

Coming back to the prof of Lemma [E:3] we have shown that, as t — oo, approaches the
asymptotic dynamics
T, = -ALT, - b, (155)

with Af,f ) positive semidefinite and b, in the range of Aéﬁf ). This is a stable system. Hence, the rest
of the task is to examine what happens at finite time. To do so, we perform a change-of-variable with

=T+ U, (156)

with
Uoo = Boo (BL,Boo) s (157)

as is defined in the proof of Lemmal[E.6| The dynamics of z; is governed by
Z¢ = Tt = — (AEK) + A,EV))Tt — bt (158)
=~ Az~ Az = (b= (A A i)

Thus, in integral form,

t
z, = II(t,0)z0 + / 1(t,s)( — AV zs — (by — (A + AV )aan,))ds, (159)
0
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where I1(¢, s) is the fundamental solution (a.k.a. Green’s function) associated with the time-variant
homogeneous system

2 =-A"2, . (160)

Since AgK) is positive semidefinite for all ¢, there is ||TI(z, s)||o < 1 for ¢ > s, where with a slight
abuse of notation we also use || - ||o for the operator norm. Hence,

t
l1z¢llo <[[TI(Z,0)llol|zollo +/0 HH(t»8)\\0(||v4gv)|\0||zs||() +1bs — (AVO + Agv))ftooHO)dS

t
<lzallo [ (1A ozl + [, = (A + AL )i ) s

(161)
By Gronwall’s inequality, we thus have
lzello < (llzollo + / 1By — (AU + ALY it lods ) el 14 o (162)
Therefore, ||z;]|o remains bounded for all time if we can show that
= A A iloat <o [T 1A e <00 a6y

Since

16 = (A + AT it llo < [1be = bocllo + [(AS") = AL )itoo o + | AL o (164)
we see that (163) is guaranteed by Lemmas [E.2]and
This completes the proof of Lemma|E.3] O

E.2.3 Proof of Lemmal[E4

From we have that
t
. 1
lim ‘ ][ Tds|| = lim H (T, —Ty)ds|| =0. (165)
t—o00 0 0 t—oo || T 0
By (94), we then obtain that
t t
lim ‘ ][ (A§K>Ts + bs) ds +f AT ds|| =0. (166)
t—o0 0 0
By (102) in Lemmal|E.2]as well as Lemmal|E.3| we know that
lim ][ AV, ds =0. (167)
t—o00
Therefore,
t
Jim ‘ ][ (A§K>Ts n bs) dsl| =o0. (168)
oo 0 0

Next, by (103) and (104) in Lemma[E.2]as well as Lemma[E:3] we know that

t t
lim ’ ][ (AgK)TS n bs) ds — ][ (Af,f)Ts v boo) ds| =0. (169)
t—o0 0 0 0
Therefore,
t
lim ][ (Ag?TS + boo) ds| =0. (170)
t—o00 0 0
With .. defined in (I57), as boo = AL uo, there is
t
lim ‘Agy (][ Tsds—uoo) =0. (171)
t—o0 0 0
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Let ¢!/ denote the component of a vector field £ € V(D) that is in the range of A%

setting, Ag{ ) has a least nonzero eigenvalue that is positive, and hence the above implies that
t Il
lim <][ T.ds — ftoo> =0
t—o0 0
0
or
t Il
lim (][ Tsds> —Us|| =0
t—o0 0
0
and therefore, as Nul(Agf )) = Nul(BooBL,) = Nul(BL,), it follows that
t
lim ‘ B, (][ Tsds> —Blux| =0.
t—o0 0 0

Similar to (T03), it can be shown that [ ||B;

Now,

t
fa;&“
0

Hence,
t

lim (T, A%

t—o00 0

E.2.4 Proof of Lemmal[E5

Since

— Boollodt < oo. Therefore, we have

t
lim ‘ <][ B;Tsds> - Bgoﬂoo‘ =0.
t—o0 0 0

t
me:wa;&nMMS
0

((f ) (f o))

¢ ¢
T)ods > lim <(][ BITSds> , (][ BITSd5)>
t— 00 0 0 2.0

= (Bl @00, BT, uoo> 0

“{ o

:

() o (42) (a2 o),
<boo, A(K> boo> .
0

" BT (A >)waaoo

>a,0

oo () = /D (0, 2)wo(d6)

we know that when viewed as an n-dimensional random vector, g, has the distribution

where

(Coo),

o =Eo [Jo0 (%) 7o (%5)]

- /D (0, :)0(0, 73 1100 (d6) — /D 20, 2:) 100 (d6) /D (025100 (6

by the covariance of wp, (27). Thus, we decompose Cy, as Cw,

Joo NN(O)CW>7

— 00 — 2 with

(@&))M = /D<P(9ami)80(9,fcj)uoo(d0),
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(172)

(173)

(174)

(175)

(176)

77

(178)

(179)

(180)

(181)



(¢®), = [ elo.ainniad) [ o6 2))nnlas). (182)

Since C' is PSD, its square root (Ci) 12 s well-defined. By the property of multivariate Gaussian,
we can write

Goo £ (Coc) 0, (183)
where < denotes equality in distribution, and w € R"™ follows the distribution

w~ N(0,1d,) . (184)

This means that almost surely, ., € Ran (((700) 1 2) , and which would imply that g, € Ran (C).
This means that almost surely, we can write

Goo = C‘éi)w(l) _ C'C()g)w@) (185)

for some pair of w), w( e R™. Our goal is then to show that both C W™ and ¢ 2 w® belong
to Ran(B],). Here, under Assumption since p(0, ) = cp(z, ) when @ = [¢  z]T, there is

V(0. z) = [cvi(;iz)x)} . (186)

Therefore, first, we have

(cg;>w<l>)v:/ 6, z:) Z@B.’I:] W), (d6)

n 1 (187)
:/ V(0, ;)T - [C(a) (Ej:l ‘P(Gawj)wj )‘| fioo (d6)
D 0
=BL¢
with
£0)" = lC(a) (E?—W("’%)wﬁw : (188)
0
This means that (C_’éé)w(l)) € Ran(BL).
Second, there is
(C’@w(z))i — (/D (6, ;) 1100 (dO ) Zw 2)/ ' x) oo (dO)
n (189)
:/ V(0 a;)T - [C(e) (ijlw§2) f%@(e/’wf)“mwa/))] fioc (dO)
D
:B;O,S(?) ,
with
0) (>, w? 0, 2;) o0 (d6
5(9)(2) — C( ) Zj:l W, fD 90( ,CEJ),U,OO( ) (190)
0
This means that (C’g)w(2)) € Ran(BY,). Hence the lemma is proved. O

E.3 Long-time fluctuations under curvature assumptions

When the limiting measure (i, does not necessarily interpolate the training data, such as in the
regularized case, we have the following condition on T'; which guarantees that (4 1)) holds:
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Lemma E.7 If

lim Eo / ' / (T4(8), VYV (©,(8), )T (6) o (dB)dt > 0, (191)

T—o0

(including when this limit is +00) then holds.
Proof of Lemma E.7; With ©, defined in (93), for (4I) to hold, it is sufficient to show that

T
lim D.dt <0. (192)
T—o0 0
Recall from that
T 1 T v T «
][ 0.t = Tl - 2][ (T, AT, odt — ][ (T, AT odt . (193)
0 0 0
Since Ty = 0 and AEK) is PSD, we see that the assumption (191) is sufficient. O

Note that condition (I9I) is natural since we know from Proposition [2.6] that
limy 00 VVV(04(0), 11:) = VVV (O (0), eo) exists and is positive semidefinite g-almost
surely. This lemma allow us to derive the following result:

Theorem E.8 (Long-time fluctuations under assumptions on the curvature) Ler A.(0) denote
the smallest eigenvalue of V'V (©4(0), j11) (defined in (29)) and assume that for a constant C
(to be specified in the proof) such that

—/ min{A;(8),0}uo(d) = O(e~ ") as t — oo. (194)
D

Then (191) and hence hold.

Remark E.9 70 intuitively understand (194), note that we know from in Proposition[2.6] that
A+(0) — 0 pg-almost surely as t — oco. Condition can therefore be satisfied by having A.(0)
converge to zero sufficiently fast in the regions of D where it is negative, or having the measure of
these regions with respect to o converge to zero sufficiently fast, or both.

Proof of Theorem[E:8} Our goal is to verify (191)) in order to apply Lemma[E.7| We first see that

Eo [ (T:(6). 79V (©1(6), 1) T1(6)ud6)
>E, /D Awin(TIV(©4(6), 1)) T4 (6)[2110(d6)

SE, /D min Do (VY (©4(8), 1)), 0} |T4(6) p10/(d6)

(195)
_ /D min {Amin(VVV(04(8), 1)), 0} (Eo|T+(6)]%) pi0(d6)
2/ min{)\min(VVV(@t(G),ut)),O}< sup E0|Tt(0)|2> po(dB)
D OE€supp o
ST, ( / min{Amm<vvv<@tw>7w),0}uo<d0>) ,
where we define, for £ € V(D),
1/2
€low = sup (Eolg(@)]) ", (196)

6esupp Lo

which is a norm on V(D).

Hence, if we assume that | [, min {Anin(VVV(0, 111)), 0} 110(d6)| is small asymptotically, then
what remains is to upper-bound || T'; |sup. Recall from that the dynamics of T’ is governed by

T, = —(A%) 4+ AYNT, — by, (197)
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Thus, in the || - ||sup norm defined above, we have
d (K) | 4"
—NTtllsup <[l = (A" + A" )Tt — be|su
T <1 = (A + AT = Bl 08)
K %
<A Tl + 1AL Tl + 1Bl -

We then want to bound the growth of || T";||sup by upper-bounding the RHS. Note that for £ € V(D),
| AE €], = sup Bol(45€) (B)]?
6eD

= sup Eo| VVV (©,(8), 11,)€(6)?
ecD

< sup [VVV(0,(6), 1) PEol€(6) 2 (199)
ecD

S(CVVLPCAP + )\)2 sup }E0|€(0)‘2
6cD

:(CVVSDC@ + )\)2 H&HEup 3
LAY €][2,, = sup Bo|(A¢)(6)[?
ecD

=sup Eo| [ V'VK(©4(8),0:(60')&(6")0(d8")?

ecD D
<sup o [ [V'VK(©4(6).01(6)I6(6) Pho(a)
0eD D (200)
<sup(Ce,)* [ Bolg(6)po(ae)
0cD D
<(Cvy)" sup Eol¢(0")]
6’'eD
:(CVV’)4||£H§up .
Thus,
AP |up + ALY T lsup < (CZ, + CovoCy + N Tt lsup - (201)
To bound || by ||sup, We recall that
b, (0) = / VK(©,(0),0,(8))w(d6")
b (202)
— [ Ve@.0). @) (@) (d)
Q
with
gi(x) :/ ©(04(0), x)wo(dO) . (203)
D
This implies that VO € supp (o,
1 n
b:(6)] < -~ Cr ; G2 (21)] (204)
and so
1 < ?
Eo|b:(0)| <C%¢E0 (n ; |gt($l)|>
1 n
SO%goEO (n l_zl |gt(wl)|2> (205)
1 n

<C%,- 3 Bolgu(an)?

=1
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On the other hand, similar to i we have

Eo|g:(x —Eol/ (©.(6 wo(da)‘
2
= o,(0 / 0.0), de’ do
= [ (st©0).2) - [ c(©u0)2)ucld0) wotde)
/ ‘go ©,(6 7:c)|2/10(d0)
Thus, there is V@ € supp uo,
Eo[b:(8)* < (Cvy)?(C)? (207)
and so
[b¢]|sup < CvpCo - (208)
Therefore, based on (198)), we have
||Tt||bup < ((Cvy)* + CyvpCp + N Ttlsup + CvpCyp - (209)
Since Ty = 0, we thus have
t
||TtHsup SCVgoCLp/ e((Cv¢)2+vawC¢+A)(t75)ds
0
t
(g, C, el (076 0T T Cart )t / o~ (C90) " +Cvv,CotN)s g (210)
0

< CveCo e((Cve)?+CvveCotA)t
T (Cvyp)? + CuveCy + A

Now, using (195)), we see that in order for (191) to hold, it is sufficient to have

lim e(C9e)*+CvvpCotA)t </ min {Amin(VVV(8, 1)), 0} uo(d9)) -0 Q11)
D

t—o0

and therefore sufficient to have
- / min {Amin (VVV(0, 1)), 0} 110(d€) ~ O (e*<<Cw>2+va0w+A>t) (212)
D

O

To intuitively understand (194), note that we know from in Proposition [2.6|that A;(6) — 0
po-almost surely as t — co. Condition (194)) can therefore be satisfied by havmg A+(8) converge to
zero sufficiently fast in the regions of D where it is negative, or having the measure of these regions
with respect to pp converge to zero sufficiently fast, or both.

E.4 Proof of Theorem 3.6/(Regularized case)

Recall from Proposition [3.3]that the dynamics of g, is governed by

¢
@)+ [ [ Tialaan(a)o(de)ds = gu(a) @13)
0o Ja
with
Ly s(z, @) = / (Vo(84(0),x), J;.s(0)Vp(Os(0),2")) 110(d0) , (214)
D
with J; s being the Jacobian of the flow ©,.

In the ERM setting, supp 7 is singular, and we have o(dx) = n=!' > | 0, (dz), where n is the
total number of training data points. With the definitions given in Appendix [A, we will also continue
to consider g; and g; equivalently as n-dimensional vectors,

(ge(x1) - g(®a)",  @l®) o Gelza)) (215)
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respectively. Thus, I'; ; can also be represented by the 7 x n matrix

Lis(xr, ) -0 Tys(@r,zn)
: : (216)
Ft,s(xnaml) Tt Ft,s(wn;wn)
Under such an abuse of notations, we can simplify (213) into
t
g+ [ Teagds =g, 17)
0
Thus, the goal is to prove that
t
i sup f Eolguldt < o[ 218)
t—o00 0
In fact, we will prove that for any realization of the randomness of Py, there is
t
tim sup { i3t < ] 219)
t—o0 0
As in (38)), we also define
e (z,z') = / (Vp(8,x),e)VVVeO)75(9, &) 1100 (d) (220)
D

where for simplicity, we write V;(-) for V' (-, u) and Vo (+) for V (-, fioo ). Then the heuristic argument
outlined in Section [3.2]before Theorem [3.4]amounts to rewriting (217) as

t t
gt -|-/ I . gsds = g —|—/ (T2, —Ts)gsds (221)
0 0

and then arguing that 1) I'*° is a nonnegative convolution-type Volterra kernel, and 2) the second
term on the RHS is small. Rigorously, we need to introduce an extra level of complication: for every
to > 0, we can rewrite (217) into

t to
=g - / T, .gsds — / Ty.\guds
to 0

t t to (222)
=g; — / I3 . gsds —|—/ (I, — Ty s)gsds — / Ty sgsds .
to to 0
Then, for any 7" > ¢, by multiplying ¢; and integrating from ¢, to T, we get
T T pt
[ alar+ [ [ i gn)sdsa
¢ oo (223)

T T t T to
S/ <9t,§t>9dt+/ <gt,/ (reeg — Ft,s)gsd5>f/dt+/ <9t,/ ['tsgsds)pdt .
to to to 0

to

Then firstly, the second term on the LHS is nonnegative because of the nonnegativity of I'¢® as a
convolution-type Volterra kernel, as proven in Appendix

Hence, we have

T T T t
/ lge|2dt < / (g0, G) ot + / (g, / (15 . — Ty )guds)odt
to 0 to to

t

T to
+ / <gta / Ft,sgsds> dt .
to 0 17

T T % T %
/ (90, 30)odlt < / lge2dt / lg2dt ) (225)
to to to
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By Cauchy-Schwartz,



/T <gt’/ - Ft,s)gsd8>ﬁdt
( to: lge dt) (/tT
( ool dt) ( [ [z

9t Ft,sgsd3> dt

B T to 2 3
<([natzae) ([ ][ vuosias] a
to to 0 o
3 1
T 2 T to to 2
S(/ IIgtI%dt> </ (/ T, ,%ds) (/ ||gs,%ds)dt>
to to 0 0
1 1 1
T 2 to 2 T pto 2
g(/ ||gt|3dt> ([ olzar) (/ / ||rt,sgdsdt)
to 0 to J0

Therefore, putting everything together, we have
1

T 3 T 3
</ IIgtI%dt> <</ |gt||,2;dt>
to to
T % T t b
+ / g7t //Hrg’ifrt,s”gdsdt (228)
to to to
to 3 T ,to 3
+(/ ||gt||12>dt) (/ / ||Ft,s||§dsdt> ,
0 to 0

and hence, using ff - dt to denote the averaged integral ﬁ f; - dt,

T 3 T
<][ ||gt|3dt> §<][ |gt||,%dt>
to to
T T ,t 3
+ ][ g7t / 052, — Ty sl Zdsdt (229)
to to Jto
to % T rto %
([ Catiza) (£ [ ivalzasae)
0 to 0

. N :
1[/ / 102, — T |2dsdt f lgrll2dt
to to to
T 3 to 3 T o
<(f taca +</ |gt|5dt> £ [ wizasi
to 0 to 0
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t 2
/ (P25 — T 5)gsds dt) (226)
to

)

[SIEENY

and

g\ﬂ
/\

(227)

1
2

[N

or

(230)
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Lemma E.10 Under all assumptions in Theorem|[3.6] except for being replaced by a weaker
condition,

[ ] (1016) - @nc(o) + [0®)) e O P(d)at < e, 230
0 D
we have -
lim / / 052, — Ty.4||2dsdt =0 (232)
to—o0 to to ’
and vty > 0,
T to
Jim ][ / ITs.s||2dsdt =0 . (233)
o to 0

We will prove in Appendix[E.4.2 that indeed implies 231).

The lemma will be proved in Appendix [E.4.T] and let us first proceed with the proof of the theorem
assuming this lemma. Suppose for contradiction that (219)) does not hold, meaning that

T 1
lim sup (][ ||gt||§dt) 2 = ||Goollz + € (234)
T—o0 0

for some € > 0. We will select a pair of ¢y and T for which the inequality (230) cannot be satisfied.
Firstly, by the convergence of g; to oo, It, > 0 such that Vi1, ts > t,,

1
ta 2
(f o) < gl + e 239)
t1
Secondly, by our assumption (234)) and the first part of Lemmal|E.10| 3¢y > ¢, such that both
to 3
(f " oliar) " < gl + 26 236)
0
and .
I, — Ty, 2dsdt < — (237)
A)ﬂ;t el 61goc o+ 3¢
are satisfied. In particular, (236)) implies
to 3 1
([ oPar) <l 20 (239)
0
Let
2
5= ( - ) >0. (239)
65 - (/Igoolls + 2¢)
By the second part of LemmalE.10} 3¢, > t( such that VT' > t;,
T pto
][ / T ||2dsdt < & (240)
to 0

so that the last term in (230) satisfies

to % T to %
(/ wm%Q (f / wmwwﬁ> <l (241)
0 to 0

By our assumption (234])), we can choose a T' > ¢, such that

T 1
(][ lg:l15dt)* > ||goolls + Ze . (242)
0

Since )

to 2
(f oliar) " < gl + 26, 43)
0
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we can assume without loss of generality that % is large enough so that

T 1
(][ lgel5dt)* > llgoolls + e (244)
to
Thus, back to the inequality (230), the LHS is strictly lower-bounded by
€
Joollo +36) (1 = =) =llgcllo + 36, 245
(Igsclls + 36) (1 = G=—r—5) =lgello + 3 (245
whereas the RHS is strictly upper-bounded by

9ol + G€+ g€ = llgoollo + 3¢ (246)
This gives a contradiction, and hence we have proved Theorem U

E.4.1 Proof of Lemma[E.10

It remains to prove Lemma To do so we will need an auxiliary result, that we state and prove
first:

Lemma E.11 Let Al'y s :=1'y s — I'2° .. If VVV is uniformly positive definite with eigenvalues
lower-bounded by ), then there exists constants C' and C" whose values depend on |D'|, C,, Cy.,
Cvvy, and Ly, such that

IATy |y < Ce =) / (1884(0)| + (140, (8)| + U, (0)) e =@ +02)) 1o (d0)  (247)
D

where AG.(0) = ©,(0) — O, (0).

Proof of Lemma|E.11; To bound || AT 4|5, we bound ||AT, 4n||, for n € R™. Note that AT, 41 can
be obtained in the following way. Consider the two systems

4 6(0) = ~VIVL(©,(0))€,(6)
(248)
- /Q Vp(0.(0), ') (') (da’)
LE1(6) = ~VVVa (0 (0))E1(6)
(249)
€.0) = | Vel (0). (e (da)
Then there is
(Coam)( / V(©,(0), @) - £,(0)110(d6)
(250)
(52, ) (x / Vip(0(60), ) - £(8)110(d6)
and hence
(AT ) () = /D Vo (©,(6), )&, (B)0(d6) — /D V(O (6), )€, (8)10(d6)
- /D Vie(©,(0), ) - (£,(6) — £,(0)) 10(d6) (251)

+ /D (Vo(©:(8), 2) — Vip(©. (8), ) - £,(0)10(d6)

We will first try to bound &,(0) — &;(8) as a function of 7. Define A¢,(6) = &,(0) — £;(0). Then

SLAE(0) =~ (TVV,(8,(6)) ~ TVVee (O (0)))E, — VIV (O (0))AE, 6)
=—VVVi(©(0))AE,.(0) (252)



Thus,
Ag(0) = e”mIVVIR(O=(O) AL (6)
t
n / eIV (0 (0)) (YUY, (©,(6)) — VV Vi (O (6)))EL(8)dr 253)
t
+ / e~ TNV (O(0) (TVV,(©,(8)) — VV Vi (O (0))) AE,.(0)dr .
Since VV Vo (O (0)) — A, is positive semidefinite, we first have
€1(0)] < eV (0)] (254)
as well as
A&,(0)] <e M 7AE, ()]

n / e MYV (©,(8)) — VVVio (O (0))||€,(6) | dr

t
b [ eNEITVV(©,(6)) - TIVi(©(8)) A€, (6) dr
- (255)
<e-ag, (6)

t
+ [ NNTIV®,(8)) - TIVa(@n ()€, O)ar
t
+ / e M| VVVL(©,(0)) — VV Ve (O (8)) || AE,.(0)|dr .
To prepare for an application of Gronwall’s inequality, we introduce a change-of-variable by defining,

forr € [s, 1],
AE,(0) = AL (0) . (256)

Then we can rewrite the equation above as
[A&,(0)] ="~V |AE,(6)]

<lag @)+ [ TV (,(6)) ~ VIV (@ (O)]EL(0)
+ ATV, (0,(6)) — TIVa (@ (O)IAE Ol g,
<[z€ @)+ [ TV (©,(6)) ~ VIVae (@ (O)][EL(6)
+f ITVV(6,(8)) — VYV (O (0) [ BE, (0)]dr
Thus, by Gronwall’s inequality,

5€,6)| < ([BE,(6)| + | [TTVi(©,(8)) ~ TTVi(@w(6))€,(0)]ar)

(258)
% et VYV (©1(8)) =V V Voo (@ (6)) | dr ,
or, back in the original variable that we are interested in,
t
IAE,(0)] < (\Ags(e)l + / IVVV.(©,(6)) - Vvvm(®oo(0>)|||£;(9)ldr) (259)

X e_)‘(t_s)+f: HVVVT(@T(O))—VVVOC(@w(e))”dT .
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Now, we have
‘Art,sn(m) ‘

<| /D Vo (©4(8), )T - AE,(0)110(d6) 5
+ /D (Ve(©,(6), ) — V(O (8), 2))T€L(0)110(d8)
<Co, /D IAE,(8)]10(d6) + Crro, /D 1A0,(8)]1€,(6) 10(d6) 260)

<Cope™ [ (186,01 + [ 1V9V.(0,(0) - VIV (@ 0)) €, (0)]ar)

efst ”vvvﬂ"(er(e))_vvvoo (ew(e))lld"‘uo (da)

§ Cgyge ) / A6, (6)][€.(6)|10(d6)
D
Note that we have,

1€.(0)] = |/QVSO(@oo(@)vﬂJ’)n(w’)ﬁ(dw')l < Cvy sup n(@)| < n2Coplnls,  (261)

AE,(0) =| / (Ve(©.(8), ) — Vep(Ou (6), ) ()i (d)
< | 196(0(0),3") = V(0w (6). #')ln(a)|o(da") (262)

<n2 Cyvy|AOL(0)n]ls
and, since VVV,(0) = [, VVe(0.0)(/(@) — f.(@)i(de) and VVVi(0) =
Ja VVe(0.2)(fx(®) — fu(@))o(dz),
[VVV,(©,(0)) = VVV (O ()]l
<[[VVV(0,(8)) — VVV, (O (0))]
+[[VVV(©(0)) = VVVe (O (0))||
< LVV#?CHA@T(B)‘ + CVVsa”AfrHﬁ,om

where we use || f]|,o0 to denote sup,cq,,p | f ()| and we defined Af; = fi — foo.

(263)

As a result, we have
[AT: sl

<|Inll; HIAT sl
< Oy =) / (cvwm@s(e)u / t (LVWC¢|A@,.(9)|+cvvq,||AfT||ﬁ,oc)cv¢dr)
} el vacq,m;r(enwvwuAfru,;,wdrMO(dg)
+vag;67)‘(t75)/ Cv,|AO(0)|10(dO) .
P (264)

Therefore, using Cy, C', etc. to represent constants that depend on C, Cy,, Cyvy, Cvv, and
Lvyv,, we have

IAT 415
< Coe=9( / |A©,(6)|110(dB) + / A0, ()] [ 180 O1FIAT e dryy, (dg)
D D

t
+/D (/ |1A®,.(0)| + || fr — foouﬁmdr)ecl N IA®T(9)|+HAf7-I\a,mdruo(d9)> )
) (265)
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Note that || A f, |7, can be further upper-bounded by C, [, |A®,.(8)|10(d@). Furthermore, defin-
ing

56, = [ 12.0)luo(a) (266)
D
we can write the bound above as

AT el < Coe ([ |A@UO)(d8) + [ 80,(6)|cC 1 180-015Sr )
D D

t _
+ /D ( / |A®,.(0)| + AB,dr)eC J: ‘A@T(")l%@r%(de)).

(267)
Finally, let
U,(6) = /t 1A0,(0)|dt (268)
and
U, = /D Us(8)110(d0) = /t e (269)

Then there is

AT, |5 < Coe -9 /

(\A@t(0)| + (1A, (0)] + UL(6) + T,) eC1<Us<9>+Us>) 110(d6)
D

< 2Cpe ) / (1404(8) + (120,(6)] + U, (6)) ™ (V-@+0)) g (dp)
D
270)

(End of the proof of LemmalE.11]) O
Proof of Lemmal|E.10; LemmalE.11]entails that, 3C, C’ > 0 such that
2
AT < Cem20=2 ( / (metw) +(120.(0)/ + Us<0>)ec““(">”s>> uo(d0)>
D
<4Ce (=9 / |1A@,(0)]? + <|A®S(9)|2 + U5(0)2>eQCl(Us(e)JrUS)uO(dO)
D

<ACIDe ) [ 1804(0)] + (180, (6)] + U (6)*)e* U010 (a),
D
271)
where for the last inequality, we assume that |D’| > 1 (or, to accommodate the more general case,
just replace |D’| by max{|D’[,1}).
To prove Lemma[E.T0] the first goal is to show

[e%e] t
lim / | ATy o||Zdsdt =0 . (272)
to to

to—00
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There is

0o t
/ / AT, | 2dsdt
to to

oo t _
<40|D/| / / / 6_2’\“_8)<A®t(0)|+(|A®S(0)|+U5(0)2)620/(U5(0)+U3)>dsdtuo(da)
D Jtg to

0 t
<410|D/| / ( / ( / e ds) [ 4@, (0)
D to to

+ / ( / e*W*S)dt) (|A®S(9)|+Us(e)Q)eQC’<Us<9>+US)ds>uo(d9)

to s

§2C|D’|A—1/ (/ |A@t(0)\dt+/ (120,(0)] +U,(0)°) " @475 1y (d)
D

tU tO

§4C|D/|>\71/ / (|A®s(0)| + Us(0)2> eQC’(Us(9)+Us)dsu0(d0) .
D Jty

(273)

By our assumption, the RHS is finite for ¢ > 0. Hence, by taking ¢, large enough, the value of

ftzc f:ﬂ |AT; s||2dsdt can be made arbitrarily close to zero.

The second goal is to show that vty > 0,

T to
lim f / [T .s|[2dsdt = 0.
T—o0 to 0

T pto
lim ][ / |75, ||2dsdt = 0
T—o00 to 0

As a first step, we show that

because Vn € W(2), there is
(002 ) = [ (6(6). 7177~ Ob(6)) (o)

<eA(-9) / 1B(68) [210(d6)
D
<) | Moo 5 ]

where
b(6) = /Q V(@ (8), () d).

and M is defined as M, := B B, or concretely, for n € W, (w),

(Men)(@) = |

([ Vo(0u(@).2)7 Vel ®(®'). 2 o8 (a7 (e
Q D

:/ M (z, x', poo )n(x) 0 (d')
Q

where
M@, @, i) = /D V(O (0'), ) - Vip(© (6'), & )11o(d0') .

In the ERM setting, M, is effectively an n x n matrix. Thus,

T rto T ,to
£ msgasas { [ e eim gasar
to J0 to J0

T
§||Moo||3][ e A =to) g 5 as T — oo

to
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(275)

(276)

277)

(278)

(279)

(280)



Hence, it is sufficient to show that

T to
lim]L/ ATy || *dsdt =0 . (281)
0

T—oo Jy
0

We have

T to
/ / | AT, 4 ||*dsdt
to 0
T to
§4C|D’|/ (/ (/ ¢4 ) 2@, (0)
D to 0
to T , _
+ / ( / e’Q’\(t’S)dt)(|A®s(0)|+Us(0)2)e2c (U5(9)+U5)ds)uo(d0)
0 to

T
g20|D'|xl/ </ e A=) | A@,(0)|dt
D to

to ’ 7
+ / e~ 2 (to—s) (‘A®3<6)| + US(0)2)62C (Us(e)"rUs)ds) 1o (dO)
0

§4C|D/|/\_1/ / (‘A®6(9)| + Us(0)2)eQC’(Us(9)+Us)dsluo(d9)
D JO

(282)

<00
by assumption (231)). Therefore,

][/ AT, | 2dsdt = 7// AT, J[[2dsdt —— 0. (283)

This concludes the proof of Lemma[E.T0] O

E.4.2 Interpretation of the Assumption (231)

Below, we will illustrate the assumption (231))

Q= / / (1A, (8)] + Uy (8)2)cCHUe@+00) 41,10 (d6) < oo, (284)

in Theorem [3.6by giving examples that satisfy this condition.
First, consider an example where 3« > 0, « > 1 such that V@ € supp p and V¢ > 0,
|AG.(0)] < k(t+ 1), (285)

that is, all characteristic flows share a uniform asymptotic convergence rate on the order of ¢~“. Then
VO € supp po,

U,(6) = / A0, (6)|ds < (14 1)~ (286)
t =

and thus

< (a=1)
U< —(t+1)" (287)

Therefore,

Q< / / (1A©4(8)] + Uy(6)%)eC+Wo(®+00) 4y 1)
(288)

2C 1k

g/o ( (t+1)~° +(ai1) (t +1)*2(°‘*1>)ea T dt,

which is finite as long as o > % Thus,

Proposition E.12 [f3x > 0,a > % such that V0 € supp o and V't > 0,
|AO(0)] = |©:(0) — O (0)] < k(t+1)77, (289)
then the condition (231)) is satisfied.
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Moreover, the assumption allows flexibility in having non-uniform convergence rate for different
characteristic flows, ®;(8). Suppose that 3« : supp pop — R4 and o > % such that V6 € supp po,

IA®,(0)| < k(O)(t + 1)~ . (290)
Then -
U:(6) =/ |A®,(6)|ds < le 1)~b (291)
t o —
and so
/ / (|A®(0)] + U (8)%)e2 Vo ®)dty4(d0)
s// n )—“+(@)Q(H1)—2”—1))@7203—”59%75 (292)
a—1
201 1(8)
/ (0)%)e =1 po(dB) .
Therefore,

Proposition E.13 Suppose 3o > % and a function k : supp o — Ry, which satisfies

/ (n(e) + H(0)2>62%f§9) 110(d8) < 0, (293)
D

such that V0 € supp po,

A, (0)] = |0:(8) — O (0)] < £(0)(t +1)"" . (294)
Then the condition is satisfied.

E.5 Relationship between Theorem 3.6/and [11]

As a comparison to our result, Chizat [11, Theorem 3.8] shows that under assumptions including
as well as the uniqueness and sparseness of the global minimizer, an alternative type of particle gradi-
ent descent (with a different homogeneity degree in the loss function and under the conic metric, which
give rise to gradient flow in Wasserstein-Fisher-Rao metric instead of Wasserstein metric) converges to
the global minimizer for large enough m (depending exponentially on d) with a uniform rate. This im-

( m)

plies that in that setting, lim; o0 limy, 00 m|| ;" — fil|2 = limy,— 0 limy— 00 m|| f; ('”) —fill2 =0,

Py-almost surely.

F The Monte-Carlo bound and variation norm

The bound (#1) on the long-time fluctuations motivates us to control the term [, [|¢(6, )| 1100 (d0)
using a sultable choice of regularization in (3). In the following, we restrict our attentlon to the
shallow neural networks setting, and further assume that

Assumption F.1 D is compact.

Under this assumption, there is

[ 1o izutae) = [ [ o0.a)Pitiainae) < Ko [ Cude), @09

2 . . . . _ 2 . .
where Ky = max__p ||¢(2,-)[|2. Thus, we consider regularization with () = 3¢, in which case

(3) becomes
neEP(D)

min £n) with £(0) =517 = £33 [ @utas) (296)

Interestingly, this choice of regularization leads to learning in the function space F [3] associated
with ¢, which is equipped with the variation norm defined as

e ()] = onf {/plel'n(de); f(z) = [Lep(z 2)u(d0) } = (AT, g¢=1. (297)
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We call [}, |¢|?(d0) the g-norm of . One can verify [44] Proposition 1] that indeed, using any
q > 1 above yields the same norm because /i, the object defining the integral representation (2)), is in

fact a lifted version of a more ‘fundamental’ object v = [, cpu(dc, -) € M(D), the space of signed
Radon measures over D. They are related via the projection

[ x@ntiz) = [ extutde) 298)
b D
for all continuous test functions y : D — R. One can also verify [LI] that w(f) =
inf{|v|lvv; f(z) = [ ¢(z,x)v(dz)}, where ||v||v is the total variation of y [5]).

The space F; contains any RKHS whose kernel is generated as an expectation over features
k(x,x') = [ ¢(z,2)p(z,2')fio(dz) with a base measure iy € P(D), but it provides crucial
approximation advantages over such RKHS at approximating certain non-smooth, high-dimensional
functions with hidden low-dimensional structure, giving rise to powerful generalization guarantees
[S]. This also motivates the study of overparametrized shallow networks with the scaling as in (I), as
opposed to the NTK scaling of m~1/2 [36].

To learn in F7, a canonical approach is to consider the ERM problem

min sIf = £l2 + 32 (), (299)

By (297), this is equivalent to (296)). Next, we prove the following proposition, which characterizes
the properties of the minimizers and shows that the measure obtained from (296) indeed has its
2-norm controlled:

Proposition F.2 Under Assumptions and @ the minimizers of the loss L(p) defined in

are all in the form

ia(de, dz) = 8., (de)jis (d2) + 3, (de)ji_(d2) (300)
where c > 0 and ji. € P(D) satisfy
Vzesuppii : —F(z)+en /D (2, 2') (1 (d2') — i (d2')) = Aex,
vzeswppis - P(2)+ e /D K(22) (i () — i (d2)) = —Aer,  (30D)
VzeD : \ — F(2) 4 ¢ /D K(z,2") (ip(dz') — i_(dz")) | < Acx.

In addition, the constant c) is unique and positive if F (2) is not identically zero on D, the closure of
the supports of i+ are disjoint (i.e. supp fi. Nsupp fi— = (), and the function

fu= [ otz mdedz) = er [ ple) i (dz) = - (42) (302)
is the same for all minimizers and satisfies
IVIlPEG <=0l 1= A+ el < Am(f)P. (303)
where Ky = max__p, [|4(z,-)||2 = max,_p K(z, 2).

Remark F.3 Note that the proposition automatically implies that v1(fx) < v1(f«) < oo. It also
implies that

/ el (de, dz) = Jeal” = ally < ()7 Vg€ Ry (304)
D

where vy = fR cpx(de, -). Finally note that the proposition holds if we replace the empirical loss by
the population loss.

Proof of Proposition|F.2: The fact that this loss can only be minimized by minimizers follows from
the compactness of the sets { € P(D) : L(p) < u,u € R}. The minimizers of £(y) must satisfy
the following Euler-Lagrange equations [57]:

V(c,z) e D —cf?‘(z)+c/ K (2,2 u(dd ,dz")+ 3N\c|* = eV (2)+iNe> > V', (305)
D
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with equality on the support of 1 and where V is the expectation of the left hand side with respect
to p(de, dz). Minimizing the left hand side of (303) over c at fixed z, we deduce that

VzeD : min (cV(z) n %/\\c|2) >V, (306)
(&

with equality for z in the support of fi = fR u(de, -). This means that for any z € supp i, there
can only be one ¢ = ¢(z) in supp p, with ¢(z) satisfying the Euler-Lagrange equation associated

with (306)

V(z)+Ac(z)=0 & V(z)=-X(z2) (307)
If we insert this equality back in c(z)V (2) + $A|c(2)|? = V, we deduce that |¢(2)| = c), with the
constant ¢ related to V as

1 _
—5)\|C)\‘2 =V, (308)

and furthermore, Vz € supp [,

R {—AC)\ if c(z) = ¢ (309)

Viz) = Aen  ife(z) = —cn

These considerations imply that the minimizer must be of the form (300)), and if we combine (306)
and (308) and evaluate the minimum on c explicitly we deduce that {11 and c) must satisfy the

equations in (301). It is also clear from (B0I) that we must have supp ji, N supp ji— = 0: indeed if

there was a point z € supp /i1 N supp fi_, then at that point V(z) would be discontinuous, which
is not possible since this function is continuously differentiable for any p by our assumptions on

. Finally, to show that we must have that ¢y > 0 if F'(z) is not identically zero on D, note that if

cx = 0, (303) reduces to

V(c,z) €D : —cF(z)+ 3Ac[> >0 (310)

which can only be satisfied if F'(z) = 0.

To show that ¢, and the function in (302) are unique, let p and )y be two different minimizers and
consider

fi= [ et mntdends) and = [ cple,u(de,dz) G311
D D
Let us evaluate the loss on apiy + (1 — a)py, € P(D) with a € [0, 1]. By convexity of £, we have
Llapin + (1 — ) < allun) + (1 — a)£(h) = L) = £(1) (312)

Since apy + (1 — a) )y, cannot have a lower loss than this minimum, we must have equality in (312,
which reduces to

I = afr = (1= a)FA]l5 + adleal + (1 — a)Alc3 [

= |l£+ = £all5 + Aleal? (313)
2

=l fe = A5 + AlcAl?

where ¢y and ¢, are associated with p» and iy, respectively. Clearly these equations can only be
fulfilled for all @ € [0,1] if ¢y = ¢} and f) = f} P-a.e. on (2

To establish (303)), notice that if y is a minimizer and f is given by (302), then we can derive from
(309) that

- / fr(@) Ful@)p(dz) + | £+ Aeal? = 0. (314)

This gives, using Cauchy-Schwartz,

Nea? = /Qfx(w)(f*(w) = Ix(@)o(de) < |fAllp (1« = falls - (315)
Now notice that

INEEE / K(2.2)) (i (dz) — f-(d2)) iy (d2)) — f-(d2) < 4EKnr . (316)
DxD
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Using (316) in (313) and reorganizing gives the first inequality in (303). To establish the second,
let 11, € M (D) be the measure that minimizes [}, |c|u(dc, dz) under the constraint that f, =

Jp co(z,-)ps(de, dz), so that [ |c|p.(de, dz) = 41 (f+)—the measure p. exists since we assumed
that f, € Fi. Evaluated on p., the loss is

L(p) = A (fo)l. 317)

Any minimizer ) of £(u) must do at least as well, i.e we must have

L = £all7 + A/D el a(de, dz) = || fo = Falls + Aleal® < A(£2) . (318)
This establishes the second inequality in (303). O

G Additional Details of the Experiments

G.1 Setup of the experiments reported in Section 4]

The numerical experiments reported in Figure T]are under the student-teacher setting, where a teacher
network gives the target function for the student network to learn, with both the student and the
teacher being shallow neural networks. Both D and §2 are taken to be the unit sphere of d = 16
dimensions, and we take $(z, ) = max(0, (z, x)). The teacher network has two neurons, (¢1, z1)
and (cg, z2), in the hidden layer, with ¢; = ¢ = 1 and z; and z5 sampled i.i.d. from the uniform

distribution on D and then fixed across the experiments. We vary the width of the student network
in the range of m = 128,256, 512,1024 and 2048, with their 2’s sampled i.i.d. from the uniform
distribution on D and their ¢’s sampled i.i.d. from N'(0, 1). We train the networks in the ERM setting,
where we sample n = 32 vectors i.i.d. from the uniform distribution v on 2 as the training dataset,
which then define the empirical data measure 2(dx) = L 37" | 65, (dx). We use the mean squared
error as the loss function. We rescale both the squared loss and the gradient by d in order to adjust to
the é factor resulting from spherical integrals. The models are trained for 20000 epochs with learning
rate (which is multiplied to the RHS of (8)) set to be 1. For each choice of m, we run the experiment
x = 20 times with different random initializations of the student network. The average fluctuation is

defined as 2 % [ £™) — F(m)|12 for the training loss and £ S°F_ . [ £ — F0™)|12 for the exact
r 2ak=1IlVk % g w 2ak=1 Ik v

population loss, with f(™) = % Soroif ,gm) being the averaged model, similar to the approach in
[28]. The other plotted quantities — loss, TV-norm and 2-norm — are averaged across the x number of
runs. The TV-norm (i.e., 1-norm) and 2-norm are defined as in Appendix [F]

In addition, we also run the same set of experiments except for initializing the ¢’s of the student
networks at 0 instead of i.i.d. from A(0, 1), for the unregularized case. We show the results in
Figure 2] Adding regularization or using zero-initialization both result in lower TV-norm and 2-norm,
and moreover, lower average fluctuation and (slightly) lower average value of the population loss.
This demonstrates their positive effects on both approximation and generalization.

G.2 Additional experiments using the population loss

In addition to the experiments described above, we also train the networks under the population loss.
In this setting, we optimize the student networks by gradient descent under the population loss where
the data distribution v is uniform on €2, which allows an analytical formula for the loss value and the
gradient using spherical integrals. We also consider both of the initialization schemes of the c’s of the
student network described above.

The results are shown in Figure 3| We observe that the mean squared fluctuations remain at a
1/m scaling with a general tendency to decay over time. In the unregularized case with non-zero
initialization, the mean squared fluctuation decays at the same rate for different m in roughly the first
103 epochs, after which it decays faster for smaller m. Interestingly, this coincides with the tendency
for student neurons with z not aligned with the teacher neurons to slowly have their |c| decrease to
zero due to a finite-m effect, which is also reflected in the decrease in TV-norm. Aside from this,
the mean-squared fluctuations decay at similar rates for different choices of m, which is consistent
with our theory, since their dynamics are governed by the same dynamical CLT. Moreover, the values
of the fluctuations for these choices of m are indeed lower than the asymptotic Monte-Carlo bound

49



1 - 1.50

125

= 100

ep 075

m=256

Avg 2-norm

= 2

=N s

20 —

= — m=128 o0 \ S
= < 050

Nt m=512 <C \ -

13 S \ m=1024 \ 0.25 105

. \ m=2048 \

108 103 0.00 0.0

0 1 2 3 10! 10° 10! 10° 10! 10° 10! 10°

4 150 3.0

o 1072 S 102 125

~ 25

s . &

. K@ ~ 1.00 3 20
[+ g ap 10 310 e 7 =}

0 = 20 0.75 o 1
0 = = m=128 — en o 1
- m=256 = 2 05 20

<7 0.50 710
<10 m=512 =T 10 « -

. = m=1024 0.25 © 05

m=2048
10-% 10°% 0.00 0.0
0 1 3 10° 10 10t 10 10 10 10 10
1 - 1.50 3.0
i before
e after o 10 1.25 o 25
r..J' = a = 100 = 20
s x ) 32

X } o r o
".\.“j'!%.‘ op 1074 g = =

< N Sealt > p 0.75 s
0 = ;f, ~N

. . 2050 o010
10 . =
= \ =

< \ 0.25 © 0.5

105 4= 10-5 0.00 0.0
0 1 2 3 10" 10* 10 10* 10! 10* 10 10*

angle t t t t

Figure 2: The first two rows are a replicate of Figure [T, whereas Row 3 shows the result for using
zero-initialization of the ¢’s in the student network and without regularizaton.

given in (@1) with poo and fo, replaced by the target measure and function, respectively, as well as ©
by v, whose analytical expression and numerical value in this setup are given in Appendix [H] We
also see that the average loss values remain similar over time for different choices of m, justifying
the approximation by a mean-field dynamics. Also, we notice that with either regularization or
zero-initialization, the student neurons are aligned with one of the teacher neurons in both z and ¢
after training, which then results in lower TV-norms and 2-norms than using non-zero initialization
and without regularization.

The code is implemented in C++ and run on a cluster with single CPU. For n = 128,256,512, 1024
and 2048, the approximate running times of each run of 20000 epochs are 1 min, 2 min, 8 min, 30
min and 150 min, respectively.

The hyperparameter in regularization, A, is manually selected from 0.01, 0.05 and 0.1.

G.3 Additional experiments with a non-planted target

We also conduct an experiment in which the target function is not given by a teacher network. D, Q,
¢ as well as the widths of the student networks remain the same as in the previous experiments. The
target function is f, (x) = [5 ¢(2, x)fi.(dz), where fi, is the uniform measure on the 1-dimensional

great circle in the first 2 dimensions, i.e., {(cos#,sin6),0,...,0 : § € [0,27)} C S The student
networks are trained using gradient descent under the population loss where the data distribution v is
uniform on 2, which allows an analytical formula for the gradient using spherical integrals, similar
to the experiments in Appendix [G.2]

The results are shown in Figure . We observe that the behavior of the fluctuations are similar to
those found in Figure[3]

H Analytical Calculations of the Resampling Error

Derivations similar to the one presented here can be found in [53}[15}15]]. In the setting of ReL.U
without bias on unit sphere, we take D = = S C R4, (2, ) = max((z,x),0), and v is
equal to the uniform measure on S, In this case,

K(z,2') = /Qgp(zm)@(z’, z)v(dx) = m&ina + (m — @) cos ), (319)
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Figure 3: Results of the experiments in the student-teacher setting and where the student networks
are trained by gradient descent on the population loss, as described in Appendix [G.2] Each row
corresponds to one setup. Row I: Using unregularized loss and non-zero-initialization; Row 2: Using
regularized loss with A = 0.01 and non-zero-initialization; Row 3: Using unregularized loss and
zero-initialization. In each row, Column I plots the trajectory of the neurons, 8; = (¢;, z;), of a
student network of width 128 during its training, with x-coordinate being the angle between z; and
that of a chosen teacher’s neuron and y-coordinate being c¢;. The yellow dots, blue dots and cyan
curves marking their initial values, terminal values, and trajectory during training. Columns 2-5
plot the average fluctuations (scaled by m), average loss, average TV norm, and average 2-norm
during training, respectively, computed across x = 20 runs with different random initializations of
the student network for each choice of m. In Column 2, the solid curves give the average fluctuation
in the exact population loss and the black horizontal dashed line gives the asymptotic Monte-Carlo
bound in 1) computed in Appendix [H for this setting. In Column 3, the solid curves give the total
population loss, and the dotted curves give the unregularized population loss (for the regularized case
only). In Columns 4 and 5, the horizontal dashed line gives the relevant norm of the teacher network.

with « being the angle between z and z’, and

R 1 1
| ez aPetiz) = 5 [ (@2)00w) = s (320)

Thus, taking 1. to be the measure representing the teacher network, 1, = m% Yot 6, (dz)dy (de),
we have

/D 108, )21, (d6) = /D /Q 106, @) 2 (d) 1. (d6)

62
_ /D Sy (@0) (321)

1

2(d+1)
On the other hand,

1902 = [ | | el0.2hn.a0)] viaw)
_ /D /D K (z, 2\ . (d0) 1. (d6') (322)

1 = -
:W Z K(Z/L',Zj)

tig=1
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Figure 4: Results of the experiments with a non-planted target using the population loss, as described
in[G.3] Row I: Using unregularized loss and non-zero-initialization; Row 2: Using regularized loss
with A = 0.01 and non-zero-initialization; Row 3: Using unregularized loss and zero-initialization.
In each row, Column 1 plots the projection of the neurons’ z; in the first two dimension. The other
columns are under the same setting as Figure 3]

In the experiments described in the main text, we take m; = 2, and z; and z5 are initialized with a
fixed random seed such that their angle, 12, equal to 1.766. Thus,

1
£l = 771_(0 +7)+ 1 (sinagg 4 (m — ag2) cos aga) ~ 0.012 (323)

1
A(d+1) (d+ 1)

Together, we get a numerical value of the RHS of if we replace piso, foo and by ps, fi and v,
respectively.
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