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This supplementary document contains the technical proofs of convergence results
and some additional numerical results of the work entitled “Towards Theoretically
Understanding Why SGD Generalizes Better Than ADAM in Deep Learning”. It
is structured as follows. In Appendix A, we provides more construction details
of the SDE for ADAM and also conduct experiments which show very similar
convergence behaviors of ADAM (SGD) and its SDE. Appendix B compares our
work with the related work [1, 2] in more details. Appendix C summarizes the
notations throughout this document and also provides the auxiliary theories and
lemmas for subsequent analysis whose proofs are deferred to Appendix E. Then
Appendix D gives the proofs of the main results in Sec. 4, including Theorem 1
which analyzes the escaping time analysis of Lévy-driven SDEs and Theorem 2
which proves the processes with and without Lévy motion are close to each other.
Finally, in Appendix E we presents the proofs of auxiliary theories and lemmas in
Appendix C, including Theorems 3 ~ 4 and Lemmas | ~ 3.

A More Discussion of SDE in ADAM

Here we provide more discussion and construction details for the SDE in ADAM. We first investigate
the second order moment of the gradient noise in ADAM. Then we introduce the two types of
randomness in the SDE of ADAM. Finally, we run experiments to investigate the validity of the
constructed SDEs of ADAM and SGD.

A.1 SaS-distributed Gradient Noise in ADAM

In the manuscript, we have shown the gradient noise itself to be SaS-distributed. Here we further
investigate the second-order moment of the gradient noise. From the bottom row of Figure 4,
one can observe that (1) both the second-order moment of the gradient noise also reveals heavy
tails; (2) compared with Gaussian distribution, Sa$S distribution can better characterize this kind
of second-order moment of the gradient noise. All these results demonstrate that the gradient noise
in both ADAM and SGD actually satisfies the SaS distribution. So the heavy-tailed gradient noise
assumptions in our manuscript is very reasonable.

A.2 Randomness in SDE of ADAM

The SDE of ADAM approximates gradient noise m; via the combination of full gradient and
Lévy motion but does not approximate v;. This SDE should be more accurate than the one which
approximates both m, and the coefficients v;. So the randomness in the SDE of ADAM comes from
the Lévy motion and also v; caused by sampling a minibatch. But these two types of randomness
actually do not depend on each other. Note that as shown in many literatures, e.g. [3, 4], SDE
allows randomness in coefficients and also enjoys many good properties, such as stability and unique
solution. This type of SDE is usually called “SDE with random coefficients", and usually appears in

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



10* 10° 10 10 10° 10*
10° . 10° 10° . 10°
- w10 = - w 10 =
€ € € € € €
3102 3 3102 3102 3 3102
° ° ° ° ] ]
o Q100 o o Q0 [¥]
10* 10t 10* 10!
10° 10° 100 100 100 100
0 450 900 Y 450 900 0 450 900 0 450 900 0 450 900 0 450 900
Real Gradient Noise Gaussion Noise a-Stable Noise Real Gradient Noise Gaussion Noise a-Stable Noise
(a) Gradient noise in ADAM (b) Gradient noise in SGD
10 104 10° 10 10
10? 5
3 10
g0 £ g0 £ £ 210
3102 3 3107 3 102 3100 3 107
o o 10 g S S S0
10! 10* 10! 10t
10° 10° 10° 10° 100 10°
0 5x10°  8x10° 0 5x10°  8x10° 0 5x10°  8x10° 0 5x10°  8x10° 0 5x10°  8x10° 0 5x10°  8x10°
Real Second Moment Gaussion Noise a-Stable Noise Real Second Moment Gaussion Noise a-Stable Noise

(c) Second-order moment of gradient noise in ADAM  (d) Second-order moment of gradient noise in SGD

Figure 4: Illustration of gradient noise in ADAM and SGD. The left figures in (a) and (b) are the real
gradient noise computed with AlexNet on CIFARI10. Similarly, the left figures in (c) and (d) are the
second-order moment of gradient noise computed with AlexNet on CIFAR10. The middle and right
figures in (a) ~ (d) are respectively the fitted Gaussian and systemic a-stable noise. By comparison,
«-stable noise can better characterize real gradient noise in deep learning.
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Figure 5: Illustration of convergence trajectories of ADAM, SGD and their SDEs. One can observe
that for ADAM, it convergence trajectories are very similar to its SDE, which shows the validity of
the SDE construction. Similarly, we can observe the same observations on SGD and its SDE.

stochastic jump systems [5], economics and finance [6, 7], biology [8, 9], mechanics and physics [ 0],
etc. See more details of SDE with random coefficients in [3, 4].

A.3 Convergence Behavior Comparison between Algorithm and Its SDE

Here we conduct experiments on 784-10-10-sized networks and report the convergence behvariors
of ADAM (SGD) and its SDE in Fig. 5. Note SDE actually equals to injecting heavy tailed noise
into SGD and ADAM that use full gradients. We use a relatively small network since simulating
high-dimensional gradient noise u; and computing the huge covariance matrix 3, at each iteration
are too computationally expensive to compute. From the convergence trajectories of both ADAM and
its SDE in Fig. 5 (a), one can observe that they have very similar convergence behaviors. Similarly,
in Fig. 5 (b) we can observe the same observations on SGD and its SDE. So injecting heavy tailed
noise into SGD and ADAM that use full gradients leads to similar convergence behaviors to SGD and
ADAM that use stochastic gradients. These results well demonstrate the validity of current SDE



construction. Note that here we do not observe jump behaviors, since the networks are very small
and may have not very sharp minima. But these results as aforementioned can testify the validity of
current SDE construction.

B Comparison to Related Works

Dinh et al. [1] showed flat minimum can become sharp by scaling two layers at the same time. But
with this scaling, sharp minimum cannot be arbitrarily flat, as if the eigenvalues of two parameters in
the same layer has large ratio, this scaling cannot change this ratio. So flat and sharp minimum are not
totally equivalent. Combining the observation in many works that flat minima could achieve better
generalization performance than sharper ones, one could conclude that flat minima can generalize
well in most case, while sharp minima that can become flat one by linearly scaling two layers also
can generalize but other sharp minima cannot. So analyzing the flat and sharp properties is still
meaningful. Besides, the flatness in this work is defined on general non-zero Radon measure. If one
finds an invariant measure to the scaling in [1], the flatness is also invariant, providing more insights
to generalization. So it is promising to explore this invariant measure in the future.

C Notations and Auxiliary Lemmas

C.1 Notations

For analyzing the uniform Lévy-driven SDEs in Eqn. (4) and (5), we first decompose the Lévyprocess
L, into two components &; and {;, namely

Li =&+ ¢ @)

whose characteristic functions are respectively defined as
E[e!(M€0)] ot w0y S IIYII< J5 Fr(dy)
E[ei3:¢0] ! Jago, H{Ilwl1= 25 Fr(dy)

where ¢ = eM¥) — 1 — (A, I{]|y|| <1}, e (in Eqn. (4) and (5)) and § are two small constants
satisfying e ~° < 1 and will be specified later. Define the Lévy measures v as v(dy) = Hyu%prady.
Accordingly, the Lévy measures v of the stochastic processes £ and ¢ are

1 1
ve =v(AN{0 <lly| < 1), ve = v(An{llyl = 1),

where A € B(R?). In this way, the stochastic process & has infinite Lévy measure with support
{y |0 < ||ly|| < e7°} and thus makes infinitely many jumps on any time interval. But the jump size
does not exceed £~ and thus is small which actually does not help escape the current local basin. In
contrast, the Lévy measure v, (-) of ¢ is finite and is computed as

_ dy 2
@(E 5) = / y(dy) — / = — 7[_:046'
llyll>=—? iz lyll'te a

So the process ¢ is a compound Poisson process with intensity ©(¢ %) and jumps distributed
according to the law of 1/0(¢~?). Specifically, let 0 = t; < ty--- < t;, < --- denote the times
of successive jumps of ¢ and Jj, denote the jump size at the k-th jump. Then the inner-jump times
oy =ty —tp—1 are i.i.d. exponentially distributed random variables with mean value E(oy,) = @(%_5)

and the probability distribution function P (o4, < ) = 1 — exp(—20(e~?)). The probability law of
Jy, is also known explicitly in terms of the Lévy measure v:

P(JreA)= v(AN{y|llyl > °}), AeBRY).

1
O(e~9)

So the main force for escaping the local basin comes from the big jumps in the process ¢ which will
be rigorous analyzed in the following sections.



Besides, for analysis, we usually need to consider affects of the Lévy motion (noise) L, to the
Lévy-driven SDEs of SGD and ADAM given in Eqn. (4) and (5). So here we define two Lévy-free
SDEs which respectively correspond to Eqn. (4) and (5):

d6, = VF(8,), (8)
and N N
dé, = */itQt_lzn\t,
dm; = (1(VF(0;) —my) &)

do: = Ba(Vfs,(0:)% — Tp).

where Q; = diag (V/Uy + €). Then by analyzing the distance Hé\t — 0;]| between the processes o,
without Lévy motion and 8; with Lévy motion, we can well know the effects of the Lévy motion to
the escaping behaviors.

C.2 Auxiliary Theories and Lemmas

Theorem 3. Suppose Assumptions I and 2 holds. Then for Lévy-driven SGD SDE (8) with (jt =1
and B2 = 0, the Lyapunov function L(t) = F(0,) — F(60*) obeys
£(t) < Aexp (~2ut)

where A = F (50) — F(0*) with the optimum solution 0* in the current local basin 2. The sequence
{0:} produced by Eqn. (8) obeys

~ 2A
16; — 6%[|3 < 7exp(—2ut).

See its proof in Appendix E.1.

Theorem 4. Suppose Assumptions | and 2 holds. Assume the sequence {(@5, my, vy} are produced
by Eqn. (9). Let 3; = % (Vwivy + €) with hy = B1, pe = (1 — e )"t and wy = (1 — e P21) =L
We define ||x||, = >, yix;. Then for Lévy-driven ADAM SDEs in Eqn. (9), its Lyapunov function
L(t) = F(6,) — F(6*) + %||ﬁt||§;1 with the optimum solution 0* in the current local basin

obeys
2ur Ba
ﬁ(t) S Aexp ( B1 (Vmax + €) + 7 (lBl - 4) t)

where A = F(éo) — F(0*) due to my = 0. The sequence {ét} produced by Egn. (9) obeys

. 2A 2ur 62) >
0, — 0|2 < == — ——=]t].
|| t HQ = M eXp < /81 ('Umax + E) + ,U/T </61 4

See its proof in Appendix E.2.

Lemma 1. (1) The process & in Eqn. (7) can be decomposed into two processes E and linear drift,
namely,

~

& = &t + et (10)

where 5 is a zero mean Lévymartingale with bounded jumps.
(2) Let § € (0,1), pe = E[¢1] and T. = 79 for some 0 > 0, py = po(8) =

1-5
4
0o = 00(0) = 152 > 0. Suppose ¢ is sufficient small such that such that ©(1) < ¢ = and

e P —2(C+06(1) quG)(u)' € (0, 4+00). Then for

> 0 and

- _ 1
3
)6%(1,5)+§ > 1 with a constant C = ’f0<u§1
all § € (0,60), 0 € (0,6y) there are py = po(9) = % and £o = €¢(0, p) such that the estimates
le&r.|l = ellpe||T- < &*  and P ([e€]7, > &) < exp(—e )

hold for all p € (0, po] and ¢ € (0,¢¢].



See its proof in Appendix E.3.

Lemma 2. Let 6 € (0,1) and gfzo be a bounded adapted cadlag stochastic process with values
inRY, T. =e7% 0 > 0. Suppose SUpy>q ||g*|| is well bounded. Assume py = po(9) = % > 0,

6o = 00(0) = 1—;5 >0, po = 5. Forgt in Egn. (10), there is 69 = 00(0) > 0 such that for all
p € (0,p0) and 0 € (0,0y), it holds

d t
P s e [ gl d:
0<t<T. |,277/0

Sorallp € (0,pg] and 0 < & < gq with g = €o(p), where é; denotes the i-th entry in &,.

> 5;)) < 2exp (—5_’))

See its proof of Appendix E.4.

Lemma 3. Suppose Assumptions 1 and 2 holds. Assume § € (0,1), po = po(d) = 16(11%061“) > 0,

0o = 6p(9) = % >0,py = min(iﬁ(lzcml),p), é In (%> < e % where k1 = { and ¢y = 2 in

peP
— _  ct — 2uT
o F[r=1] @nd €3 = gro— ¢

constants. For all p € (0, pg), p € (0,po], 0 < & < eqwitheg = eo(p), and 0y = 50, we have

SGD, k1 T (61 — %) in ADAM. Here c1 ~ c3 are positive

sup P ( sup ||0; — ;]| > 25”) < 2exp(—eP/?), (11)

6o 0<t<o,

where the sequences 0; and §t are respectively produced by Eqn. (5) and (9) in Adam or Egn. (4)
and (8) in RMSPROP and SGD.

See its proof in Appendix E.5.

D Proof of Results in Sec. 4

D.1 Proof of Theorem 1

Proof. Here we first briefly introduce our proof idea. As we proved in Lemma 3, for any 6 € (0, 1),
there exist pg, po and & such that for all 5 € (0, po), p € (0,po] and 0 < e < &g, we have

sup P ( sup |0 — §t|| > 25p> < 2exp(—e7P/?), (12)
BoeN 0<t<oi

where the sequences 0, and §t share the same initialization 8y = 50. Such a result holds for both

SGD and Adam. Besides, from Theorems 3 and 4, we know that the sequence {6;} produced by
Eqgn. (8) or (9) (namely, the dynamic systems of SGD and Adam) exponentially converges to the
minimum 6* of the current local basin 2. To escape the local basin €2, there are two possible
choices, the small jumps in the process £ and the big jumps Jj in the process ¢. As the small jumps
in the process £ is well bounded, it is not very likely that these small jumps can help escape the
local basin €2 which is verified by Eqn. (12). We well prove this more rigorously latter. For the
big jumps J, since the expectation jump time E(oy) is 1/0(¢7°%), such as E(oy) = 2% in the
a-stable (SasS) distribution, (o ) is usually much larger than the necessary time ¢ = (’)ﬁn(l /e)) to
achieve Hat — 0*|| < £°. This means that before the jump time o the sequence 6, is very close to the
optimum of €2 and thus 6; is very close to the minimum 6*. In this way, the escaping time I of the
sequence {0; } most likely occurs at the time o if the big jump .J; in the process ¢ is large. If the
jump £J7 is small and 6,,, does not escape €2, then 8; will converge to the minimum 6* exponentially
and stay in the small neighborhood of 8*. Accordingly, before the second jump time to = t1 + o9,
6, will jump. This process will continue during the time interval [0, ¢]. Since for each jump time
ty—, 0y, — is very close to the optimum 6%, the big jump size sQ;}Etk Ji,, = 6Q;*1 Yo+ Jr,. So we
can use 5Qt_12t Ji, = EQ(;} Yo+ Ji, ¢ Q tojudge whether at time ¢y, 6;, escapes the local basin
Q. Theevents {c.J; ¢ W} = {eQp'Zo- Ty, & Q}, -+, {eJio1 ¢ W} = {eQp) Zo- i, ¢ 0},
{eJr ¢ W} = {eQ, . Zo- J;, ¢ Q} are independent.



Now we prove the desired results from two aspects, namely establishing upper bound and lower bound
of E [exp (—um(W)O(~1)T')] for any u > —1. Before that, we first establish basic inequalities
for lower and upper bounds.

Basic inequalities for lower and upper bounds. Since o is exponentially distributed with the
parameter ©(e~?), we compute the Laplace transform of m (W) (¢~ 1)o7 as follows:

+oo
E [efum(W)@(s_l)o'l} - K |:/ efum(W)G(s_l)o'l . @(576)67@(5_6)01d0.1
0
B 0(e7?) _ 1
SO+ um(W)@(s*l) ~1+ua’

where a. = m(W) g( =
we have

and O (¢ %) = O(—&°). Besides, for the probability law of the big jump

v(W/e)

ClCaN
Since for the Lévy measure, we have m(W) = lim, 4 o ”&Z\;) according to [11]. So for any ¢,
there always exists € such that it holds

v(W/e) _v(W/e) O™
6(e™%)  O(=) 67

P(Qp!Bo-ci ¢ Q) =P(ch € W) =

ClCm!

2 m(W)@(E_é) _

a:(1-4") <

7—5) S aE(l + 5/)
13)
where @ holds since ¢ is enough small. Then with the help of the continuity of the function

(8,2) = Qy' ez both in O and z. Indeed, for any ¢’ we can choose R > 0 enough large such that
for small £ we have
CICN)

= 409
Further, the function (6, z) — Q' Xz is uniformly continuous in z in the ball ||z < R and is

continuous in @ at the optimum 8*. Following [11], by using the scaling property of the jump measure
v and the fact that the limiting measure m has no atoms we show that uniformly over [|@ — 6*|| < &7:

P(lle il > R) <

P (Qy' Soci ¢ 7, e k| < R) — P (QplSe-eJi ¢ Q, |lei]| < R)| < & 85,3
P (Qg' S0k ¢ Q, lleu]| < R) =P (Qq!Zo-c i ¢ Q, |lei]l < R)| < 4 5=,
(14)
At the same time, we also can establish
P (Qg'So-cJi ¢ Q) — P (Qg! o-cJi ¢ Q, e k|| < R)
(Qe* Yo J ¢ Q) (||€JkH <R | QG Yo-cJy ¢ Q) (Q;}EG*EJ]C ¢ Q)
=P (Qy'To-cJi ¢ Q) (1 - P (||leJi| < R| Qg Zo-cJy ¢ Q))
50!
=P (Qp Se-cJi ¢ Q)P (|lei]| > R| QplZe-cJi ¢ Q) <P(||leJi]| > R) < 49255;.
(15)

Upper bound of E [exp (—um(W)©(e)T')]. In this part, we consider both the big jumps in the
process ¢ and the small jumps in the process & which may escape the local minimum 6*. Instead

of estimate the escaping time I" from €2, we first estimate the escaping time Z from Q7. Here we
define the inner part of Q as Q7 = {y € Q| dis(99, y) > p} and the outer p-neighborhood of

Qas QT = {y | dis(02,y) > p}. Then by setting p | 0, we can use = to estimate I" well. Let
p = €7 where -y is a constant such that the results of Lemmas 1~ 3 holds. Here we suppose the initial
point @y € Q2.

Step 1. In this step we give the formulation of the upper bound of E e‘“”’(w)e(efl)r} . For any
u > —1, we can compute the formula of the total probability as follows

- too
E [e—um(W)@(gﬂ)E] < ZE [e—um(W)e(afl)tkH {g _ tk} + Resk} 7
k=1



where

E e—m"(W>9<f’1>tkﬂ{§ c (tk_l,tk)H , ifue(=1,0]

Resk S _1 ~
E [e-uwmW)e( m—lﬂ{ze (tk_l,tk)H, if u € (0, +00).

Step 2. In this step we specifically upper bounds the first term
R [e‘“m(w)e(sfl)t’vﬂ{é = tkH. For k > 1, we can use the strong Markov prop-
erty and obtain

E |emwmOVOEDp{E = g L = B [V fg, c @ € [0,44), 01, ¢ 27 }]

—E [e—umW)@(f’l)w {etm_l e, teo, o—k)} I {atk ¢ Q—E”}

k—1
: H e—um(W)@(f;‘*l)oiH {Btthi—l € Q_E—Y>t € [Oa Uk]}]
=1
< supE [e*“mm’)@(ﬁ”)“lﬂ{eteﬂff”,te[o,al)}ﬂ{em ¢ Q*}]

,cQ—27

_1 k—1
supE [efum(w)@(g Jou] {Ot e te [0, Ul]H
0,c Q27

Recall p = €7 where 7 is a constant such that the results of Lemmas 1~ 3 holds. The escaping
from the basin 27¢" with a big jump €.J; occurs when Q;llfﬁgl_a]l € Q<. Furthermore,

SUPg<i<o, 108 — §t|| < 1&7 with probability exponentially close to 1 (verified by Lemma 3).
Meanwhile 07 = 2£° in the a-stable (SaS) distribution is much larger than v, = O(In(1/c))

with sufficient small €, ét reaches a %e'y—neighborhood of the optimum 6* which only requires
time v.. So this actually means supy<;,, ||@: — 6*|| < €. In this way, to obtain the final

upper bound results, we only need to estimate the escaping probability P (Q; '%pe; € Q*EW)

and P (Q, ' SgeJ; ¢ Q") uniformly over ||§ — 6*|| < 7. Then we first give two important
inequalities which will used to bound each component later:

sup P (lezgs,]k ¢ Q*€7>

lo—6+ll<en
— swp P(Qp'Toeti ¢ 0 el SR)+P (Q5' Soc k¢ 2 el > R)
lo-6-ll<e>
@ _ S -1 _ e
B (QplSeci ¢ ek <R) -2 Q) ip (@a' S0z ¢ 2, |le il > R)
4 ©(e9)
_ Sl
>P (Qg*lzg*&]k ¢ Q, ||5JkH < R) — 4@§8_5§
@ _ 8Ot
>P (Qe*lzg*EJk ¢ Q) — 2955_63
® 5 Ot @ e
> 1-6 — > 1—p)=——>r
Znw) (120 = 5 ) G = MW = g =,

where @ uses the result in Eqn. (14), @ uses Eqn. (15), ® uses Eqn. (13), and in @ we set ¢’ enough
small such that p > 6" + W. So in this way, for any p we choose 4’ > 0 small enough to lower

bound sup g_g-|j<c— P (Qg ' TocJr. € 27°") as follows:

sup P (QQIEQEJ;C € Q_Ev> =1— sup P (Q;lZ]gsJk ¢ Q_EV) >1—a(1-p).

06| <e” l6—6*|<ev



Similarly, we only need to upper bound the remaining term supjjg_g-| <.+ P’ (Q;1295 Ji ¢ Q) as
follows:

sup P (Q;129€Jk ¢ 9757)

6—6||<ev

= sup P(Qg'Toci ¢ [l <R)+P (Qelzgng¢Q =, ekl > R)

||@—6*|<ev

) o’

< sup P(Q91295Jk¢9 = lle il < )+ G

|o—6+||<ev O(e~?

) § (! )

< sup P(Q,'Xg-cJi ¢ Q, |leJi| <R

lo— 9*H<5“f( - Tore i ¢ S, 12kl < B) + 555
. 5 0@

< sup P(Q,'Xg-cJp ¢ Q)+ —

lo—6+ <= (@ F) 45 CICa))

<nw) (140 + g ) G < MO+ /3 2 ot o),

where @ uses P (Q, ' Zoe Ji ¢ 27, |le Ji|| > R) < P(|leJi|| > R) < ‘Z 8%2 ;), @ uses the result
in Eqn. (14), @ uses Eqn. (15), and ® uses Eqn. (13).

Next, for any p > 0 and € we can obtain the Laplace transforms for any u > —1 as follows:

sup E[e‘“m(w) (™ ”1]1{0 e, 6[0101]”

o227
“+o0
<[1-a.(1+p)E [ / eTumWOE e @(s“;)e‘@(s“’”ldal} (16)
0
_1—a(1-p)
T l4wa.
and
sup E [e‘“m(w)®(671)01]1 {Bt e = telo, 01)} I {0(,1 ¢ Q_EWH
o227
—+o0
B —um(W)0 (e~ Yoy -6 oy _ 6(1 — p/3)
1 E . .
ag( +3) [/0 N O ™)e” do } 1+ ua.

Here we summarize the above results such that we can upper bound the first term

[ E [emmovee g r = )]
1—a.(1-p) ol
f 1+ ua.

§a8<1+p/3>z(1—%(1—@)’“‘1: 1+ p/3

1+ ua. 1+ ua. 1+u—p

+oo

_ - 1+ p/3)
R, = E um(W)O (e l)tk]l =1+ <a€(
! I; [e { k}} - 1+ wua.

M-O—

L

Step 3. In this step we specifically upper bounds the second term Z;:l) E [Resy]. Specifically, we
establish upper bound for each E [Res] as follows. We first consider the case where k& = 1:

—um(W)@(Efl))t :
Res, < E[e IH{FE(O,tl)}}, ifue (~1,0]
E[I{T € (0,t1)}], ifue (0, +oo)
_[E [e—’WW)@(f’l))Ulﬂ{at €(0,01): 0, ¢ Q—f”}} : ifue (—1,0]
E[I{3te (0,01): 6, ¢ Q2" }], if u € (0, +00).
< E [e‘“m(w)e(efl))”l Supg,eq-2-v 1{It € (0,01) : 6, ¢ Q= }} , ifue (-1,0]
"~ | E [supg,eq -2 {3t € (0,00): 6, ¢ Q" }], ifu € (0, +oo)



For k > 2, it needs more efforts to be upper bounded:

Res;
E [e-umWOE i (T e (tkflytk)}:| , if u € (—1,0]
< o
T E [emumOVOET (T e (tH’tk)}} , if u € (0,400).

E _e*“m(W)@(E”))tkH{t €[0,t—1]: 0, € Q=" }I{3t € (tp_1,ti): 6; ¢ Q*E”}} , ifue (—=1,0]
E |emvmOMOE Nl {1 € [0,ty1]: 8, € Q" }I{3t € (ty_1,t1) : 0, ¢ Q—E”}} , ifu € (0, +00).

In this case, for all © > 0 we can upper bound Resy, as

s

x  sup H{tE[O,Ul] : OtGQ_EW}H{Ht € (0,01) : Htgéﬂ_sw}] .

0,27

Resy < |E |z sup H{te[o,al]:eteﬂ_sw}

0,27

E

where 7 = e=4mW)O(E™))o1 | et the event E = {supg<icq, [10: — 6, < &7}. Now we bound
each term in the above inequalities:

E e—um(W)@(E ))o1 sup  143te(0,0q) 9t¢ﬂ—57}
BocQ—2<"

{

=E |e=uvmMOE" Do gy H{ﬂte (0,01): 6, ¢ Q2 Ew}(H{E}+H{EC})
{
)] =

| 6,27
| —um(W)0(e1))o e c (17)
<E |e ©osup T{3te(0,00): 0, ¢ Q" }H{E}
| 027
o CIC)
<E —um(W)0(e~1))oy .9 P
<E|e exp(— O T+ um(W)BE 1) exp(—e~P)
1 2 p/3
- _e Py < P2
l—l—uaEEXp( c )*l—i-u—p7

where @ uses the fact that supg, cq-2-7 [{3t € (0,01) : 6; ¢ 2} <1 and the sequence 6, obeys
Q2" due to Oy € Q2" and the results in Lemma 3:

sup P ( sup |0y — ;]| > 57) < 2exp(—e7P),
6peN 0<t<o;

where the sequences 6; and §t share the same initialization 8y = 50. In @ we set € small enough
such that 2exp(—e?) < p/3 Similarly, we can upper bound

1+u—p
E| sup u{ate(o,tl):atgm—e”} <E| sup u{ate(o,tl):0t¢9-€”}(u{E}+H{EC})
6o —2<7 9,27
- p/3
< —e Py <7
<exp(—¢ )_1+u_p
(18)

Since p is much smaller than 1, then we have fork = 2,--- |k

k—2
Resy, < [E [eum(W)G(e‘l))ol sup [ {t € [0,0'1} . 0, € Qiaﬂ’} ] Eleum(W)G(e_l))a1

09,cQ—27

. {1%(1/9)}“ a=(1+p/3)

sup ]I{te[(),crl]:eteﬂ }H{Hte(o,al):atgéﬂ } s T

0,27




where we use the above results, namely, supg cq—2-7 E {e’“m(w)@(s_l)"lﬂ {0,5 e telo, 01]}} <

1222020) and supg, c 207 E [e—umm’)@(a’l)olﬂ {6, € Q" te[0,01)}1{6,, ¢ n—f”}] <

14+uac

ac(14p/3)

7 . So in this case, we have
+uae

400 400 k—2

3 1-— 1-— 1 3 142p/3
Ry =Y E[Resy] < p/ T ac(l1—p)]" "a(1+p/3)  1+2p/
Pt 1+u—p P 1+ ua. 1+ ua. 14+u—0p
Therefore, for any 8, € Q~2¢" we can upper bound

1+p
1+u—p’

E |:e—um(W)@(571))F} <Ri+Re <

where p L Oase | 0.

Lower bound of E [exp (—um(W)©(e~!)I')]. In this part, we only consider the big jumps in the
process ¢ which may escape the local minimum 0%, and ignore the possibility of the small jumps
in the process & which may also help escape local minimum 6*. Here we consider the result under
0y € Q" which is stronger than the results under 8y € Q72" due to Q2" c Q<.

Step 1. In this step we give the formulation of the lower bound of E e’“m(w)@(g_l)r} . For any
u > —1, we can compute the formula of the total probability as follows

+oo
E [emmWOEr] 5 S [emmmeE i r = 1))
k=1

This inequality holds, since we ignore the small jumps in the process & which may also help escape
local minimum 6*.

For any small p > 0, we define the inner part of Q as Q77 = {y € Q | dis(9Q2, y) > p} and the
outer p-neighborhood of 2 as Q7 = {y | dis(9Q,y) > p}. For k > 1, we can use the strong
Markov property and obtain

E [e—unL(W)e(sfl)tkH{r _ tk}:| -F [6—1Lm,(W)®(s*1)tk]I{0t c Q’t c [0, tk); etk ¢ Q}:|

=E [e—um(W)@(Efl)a’kI{ {0t+tk_1 € Q,t € [0, O'k)} H{Htk ¢ Q}

k—1
. H e—u'rrl(W)@(a*l)mH {0t+ti,1 e te [07 Ui]}‘|

i=1

> inf E {efum(w)@(e_l)mﬂ{et € Q77 tel0,01)} {0, ¢ Q}}

BpeN—F
k—1

: —um(W)O(e 1o —p
,nf E e {6, € Q*,tel0,01]}]
(19)

Step 2. In this step we specifically lower bounds each terms in the lower bound of
E e‘"m(w)@(fl)lﬂ}. Recall p = ¢” where 7 is a constant such that the results of Lemmas 1~ 3

holds. The escaping from the basin 2 with a big jump £.J; occurs when Q' X, _¢.J; € Q. Further-

01—

more, SUPg<;<,, [0 — 0| < €7 with probability exponentially close to 1 (verified by Lemma 3).
Meanwhile 01 = 27 in the a-stable (SaS) distribution is much larger than v. = O(In(1/e)) with
sufficient small €, §t reaches a 1 7-neighborhood of the optimum * which only requires time v.. So
this actually means sup,<, <oj|9t — 0*|| < £7. In this way, to obtain the final lower bound results,
we only need to estimate the escaping probability P (Q, ' SecJ; € 27" ) and P (Q, ' Zoc /1 ¢ Q)

uniformly over |8 — 6*| < &7.

Based on the results in Eqn. (14) and (15) which provides the upper bound of
P(Q(;}Zg*a(]l ¢ Q) and some important inequalities, we first upper bound the term

10



infg_g-|j<c— P (Q;1296Jk ¢ Q*Eﬂ) as follows:

inf ]P’(Qe Soedy ¢ O )

l6—6~[|<e¥
T P (Qalﬁe&fk ¢ |ledi < R)+IP (QQIEQ&‘Jk ¢ ||5Jk||>R)
<P (Q5'Zo-<i ¢ el <B)+ 5 G+ (@5 Basi ¢ 07l > )
50"
<P (Q;'e-c )i ¢ Q) + Ee 5; P (|leJx|| > R)
2 NCIGE) 5’ O &oE
<m(W)(1 +9 )@(6_6) 4 @(6—6) Z@(&“S)
¥ eEh s o)

=m(W)(1+ 4 +

amw) 6z = MV e)g =5y

where @ uses the result in Eqn (14), @ uses Eqn. (13), and in ® we set 6’ enough small via setting
small ¢ such that p > ¢ 4- 5 ( y- So for any p we choose 4’ > 0 small enough to upper bound

- (Q‘;lz"dk < Qiew) S (Q‘;lzeg‘]’“ ¢ Qisw) > 1-ac(1+p).

Similarly, we only need to lower bound the remaining term inf|jg_g- || <+ P (Q;lEgng ¢ Q) as
follows:

inf P(Qp'Secly ¢ Q)
16—6]i<e™
:|e len*flg (Qgp'ZocJy, ¢ Q |ledi|| < R)+P (Qp ' ZocJi, ¢ R |eJi|| > R)
e yeE) -
> inf P(Qp!Zpcig0 HsJk||<R) o= P (@' Sec TR il > )
—1
>\|0 ler}‘fHQI‘ED( Eg*éJk¢ﬂ||€Jk”<R) E 6; (QelzoEJkEQHEJkH>R)
/ —1
>P (Qy) To-cJ & Q, [leJi]| < R) — igi%
5/9 —1
P (Qy Se-cJ ¢ Q) — QGEE_J;
9 / & SIC o) _
Znw) (18- 500 ) i) = moW) - )2 — a1 - )

where @ uses the result in Eqn. (14), @ uses Eqn. (15), and ® uses Eqn. (13).

Next, for any p > 0 and € we can obtain Laplace transforms for any v > —1 as follows:

inf E [efum(w)@(s_l)‘”]l {Ot e telo, Ul]H
0pc—<"

+o00
>[1—a(1+p)E [/ e—um(W)e(a*l)al . @(8—6)6—8(66)01d01:| (20)
0

1—a(1+p)
1 4 ua.

)

and

it B[O (0, € -7 s € 0,00} 10, ¢ 0]
6o

too - S\ —O(e a-(1—
>[1—a:(1+p)E UO eTumMIOET oL (e =0)e Ol é)aldal} :7f€ruai)'

11



Step 3. Here we summarize the results in Steps 1 and 2 such that we can lower bound the desired
results E {e‘“m(w)e(gfl)r] Specifically, from Eqn. (19), for any 8, € Q¢ we can lower bound

+ k—1
E {efum(W)G)(s*l)F} > as(1 —p) i 1—a(1+p) _ l-p
=~ 1+ wua. P 1+ uae 1+u+p’

where p | 0 as € | 0. The proof is completed. O

D.2 Proof of Theorem 2

Proof. In this step we prove the sequence {§t} produced by Eqn. (8) or (9) locates in a very small
neighborhood of the optimum solution 8* of the local basin €2 after a very small time interval.

Step 1. In this step, we prove the first part of Theorem 2. Since we assume the function is locally

strongly convex, by using Lemmas 3 and 4, we know that the sequence {gt} produced by Eqn. (8) or
(9) exponentially converges to the minimum 6* at the current local basin 2. So for any initialization
0y € 2, we have

16: — 67[3 < cxexp (—cat),

_ 2A — __2ur _ B2 ; _ 25 — ;
where ¢; = m and ¢y = I oS (/31 4) in Adam, ¢; = m and co = 2u in SGD.

Therefore, for any initialization 8y € €2 and sufficient small £, we can obtain

~ ~ 1
0;— 6|53 <clift >v. = —In(—).
16,67l < <Pife > v = (20)
where C3 = m(ﬁl — %) in ADAM, C3 = 2/,& in SGD, and A = F(go) — F(G*)

Step 2. In this step, we prove the second part of Theorem 2. By replacing p with p/2 in Lemma E.5,
we can directly obtain the results. O

E Proofs of Auxiliary Theories and Lemmas in Appendix C

Before analysis, we first introduce two useful lemmas which will be used in subsequent analysis.

Lemma 4 (Gronwall’s Lemma [12]). Suppose g(s) : [0, to] is a non-negative continues function. If
Sfor almost s € [0, o]

g'(s) < a(s)g(s)

where q(s) is a continuous function, then we have

o) < g0 esp ( [ t i(5)as).

Lemma 5 (Theorem 5.3 in [13]). Consider aset A € B(R\0) with0 € A and a function f : R — R
with Borel measurable and ﬁmte on A. Then we have

(1) The process fo J 4 f(x)v(ds, dx))o<i<r is a compound Poisson process with characteristic

function
(eXp (M / / F@)u(ds d@)) — exp <t /A (€M@ _ l)z/(dx)).
(2)If f € L*(A), then
([ ) - f

12



E.1 Proof of Theorem 3 for the Linear Convergence of Lévy-driven SGD SDE (8)

Proof Step 1. In this step, we upper bound the gradient norm of the Lyapunov function £(t) =

F(6,) — F(6*) of (8) with Q; = I and 3, = 0. More specifically, we can upper bound d£(t) as
follows:

dL(t) = (VF(8,),d8,) = (VF(8,),~VF(8,)) = ~|IVF(8,)]3 @1)

Step 2. Here we prove the linear convergence behavior of L(t) = F ((Z) — F(6*) by using the
results in Step 1. Since F'(0) is locally u-strongly convex, then we have

F(y) = F(6) + (VF(8),y - 6) + T lly — 6]3.

Next, by minimizing y on both side (y = 6., for the left side and y = 6 — fVF (0) for the right
side), it yields

IVE8)I3 > 2u(F(0) — F(6.)). (22)
Hence, plugging the above equation into Eqn. (21) gives

dL(t) < —2u(F(0) — F(0,)) = —2uL(t).

In this way, by using the result in Lemma 4, we can easily obtain
t
L(t) < L(0)exp (—/ 2ud8> < Aexp (—2ut),
0

where we use £(0) = F(8,) — F(6*) = A where 8* is the optimum of the current basin.

Step 3. Finally, we explore the local strong-convexity of F'(8) to show the linear convergence of
|6; — 6*|3. Specifically, by using the strongly convex property of F (), we can obtain

* H *
F(0) - F(0) > Lo - 07|
So this gives
A~ 2A
6; — 073 < = exp (—2ut) .
I
The proof is completed. 0

E.2 Proof of Theorem 4 for the Linear Convergence of Lévy-driven ADAM SDE (9)

Proof. Step 1. In this step, we upper bound the gradient norm of the Lyapunov function of (9)
defined as

~ 1.
L(t) = F(0:) = F(07) + S lImullZ., (23)

where é\t = % (’\/ Wtﬁt + E) with ht = 51, Mt = (]_ — efﬁlt)*l and Wy = (]_ _ e*ﬂ2t)*1. Here we
define [|||2 = °, y;a7. Then we can compute the derivative of Lyapunov function as

d d d
1 _ 1 1
dﬁ( ) <VF Bt d0t Z 3\7 t,idmm— — Z 2/\2 mt 1V,,t St Zd’Ut i Z 2§2 mt thst i
i=1 im1 25t i=1 Tt
Py P

(24)
where m; ;, vy ; and S, ; respectively denote the i-th entries of m, v, and ;.

We first consider Adam in which h; = 81, iz = (1 — e #1171 and w; = (1 — e=72t) =1, We also
assume 31 < (B < 2, which is consistent with the practical setting where $; = 0.9 and 83 = 0.999.
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Let [V s, (@)2},» denotes the i-th entry of the vector V fs, (@)2. Under this setting, we can first
upper bound the first term P; as follows:

P
d d 1

<VF Ht d0t Z g d'm,“- —Z 2/\2 mt ,vatst Zdvtl
i=1 i=1 tl

o~ d d

~ m 1 __ ~ ~

:<VF(0t), _(,/jtT:—e> + ﬁl Z § (VF (et mt l Z 2 t i vfst (et) ]Z - /Ut’i)vﬁtstﬂ'
V®E i=1 “b? i=1

—~ d
~ m 1 o~ - ~ ~
-5 <VF<et>, )45 (VPG T - b Z - 2_: g (V15,00 = 5,)75.51,
d 1 R
= ﬁl Z = mt i Z fim?,i([vfst (at)Q]i - ﬁt,i)vﬁté\t:i'
t,i i=1 J4

Next, we plug the specific formulation of V3,8, ; = 2/3 1f into the above equation and obtain:
Hir/ Ve

d d
A=Y gl = 5 g (95 (00 5 oo
i tz

i=1 201/t
d —2
2 mi; Bo Ba [vat(Ot) li/we
—— L fer (1 Wiy + o ST IV
& ; Ntsii ( ( 4ﬂ1) 0, 461 o

d =2 ~ .
B mii (o B2 Pae B2 [V/s(0e))iv/wr
=—h Z (1 461 i 451 (€ + /wivy;) + 451 /o1 (e + wtﬁt7i)>

d —~9
my
(ﬁl—) i (ﬂl—) ]2
1 st,z t

i=

Then we consider the second term P, under the setting 5; = % (\/wtﬁt + 6) with pu; = (1_6—5175)—1
and w; = (1 — e~ #2t)~1. Similarly, we can upper bound P; as

1 __ ~
PQ = — Z ﬁmiivtsm
i1 “Sti
. I Bt o 1 Btl—e_ﬂlt Uy g
—_ . —F1 - — —P2 2
- ”31-2 25z, " | e N T ) T3 T T\ T
1= s

2 d m%z e Pt + (1 Bae= P2t (1 — e=Fit) [ U,
_ — — S — 6 J—

2 = si; 1 —e Mt 2B1e= Pt (1 — e P2t) 1—ehat
6 mt ;e At 1 B2 [ O
2 utst 1—e it 254 1—eBat

_ & Z m?z e~ At L_ B n Pae
2 S, 1—ehit 281 2B1(e+ /wir ;)

i=1

\/\@

_ d =2 _
B2\ e Prt th,i 1 B2 e Pt 2
= (51 1—eft i=1 St T2 b= 2 )1 —ehut Hth . < 0,

—Batiq_ . —B1t
where @ uses % < 2/35 since B2 > (1; in @ we assume 31 — 22 > 0. Therefore, by

combining the upper bounds of P, and P, we can upper bound

ac(o) < - [ - 2] Il 03
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On the other hand, noting h; = 31, p; = (1 — e ")~ and w; = (1 — e~#2*) 71, we have

. hy ~ _ [ Ui 1—e Bt =
g = v/ i) =81 —e Pt —— | < —_— i
o, e (6 Tyt ) Bl( ¢ ) (6 + 1—e B2t | — 51 €+ m U,
® l—e Pt —\ @
Sﬁl €+ m Vi,i < ﬁl (6 + Umax) s

where @ uses /1 —2 > 1 — y/x for 0 < x < 1 and @ holds since \/V;; < Umax. By using the
assumption |7, ||? > 7||VF(6,)||?, we can establish

1 T ~
|21 > ————||T||2 > =————||VF(8,)||2. 26
s > gy I > 5 IVF @) 6)
Then from the locally p-strongly convex property Eqn. (22):
IVF(6)]3 > 2u(F(8) — F(6.)).
then we plug the above inequality into Eqn. (26) and establish
2ut ~

e 1 e
3 > o lmll3 > (F(6:) — F(6.)).

o 61 (6 + Umax) o 61 (6 + Umax)

Finally, we can write Eqn. (25) as

2ut Ba 1 51 (6 + Umax) .
< - Bl (1, Bi(et vmax) B
et = B1 (€ + Vmax) + pu7 {51 4 ] (2 T 27 [l
2ut B . . 1 )
== — 21 (R, - FO) + = |[m|2 .
T Br(e+ Vmax) +puT {61 4] ( (6:) ( )+2||mt||st
=—al(t),
where ¢; = ——287 |3, — B2
! B1(etvimax)tur |P1 R

Step 2. Here we prove the linear convergence behavior of L(t) = F (02) — F(0*) by using the
results in Step 1. More specifically, by using the result in Lemma 4, we can easily obtain

L(t) <L£(0) exp (/Of clds) = £(0) exp (—51 T ii:x) e (51 - 542) t)

where @ uses £(0) = F(6,) — F(6*) = A due to iy = 0.

Step 3. Finally, we explore the local strong-convexity of F'(8) to show the linear convergence of
|8; — 6*]|3. Specifically, by using the strongly convex property of F(8), we can obtain

F(0) - F(6") > Lllo — 67|

So this gives

o~ 2A 2,U/T 52
0, — 072 < — — —=t].
|| t HQ — U €xp < 61 (€+'Umax) +/J/T (ﬁl 4 ) >

The proof is completed. O

E.3 Proof of Lemma 1

Proof. To begin with, the process £ is defined as & = Y., ALJI{||L|| <e°}. Then by
setting the set A = {y | |ly|| < €%} in Lemma 5 and noting f(x) = 2 € L'(A), one can find
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E[¢] =t [, f(x)v(dz). Therefore, we can decompose the process £ into two processes € and linear
drift, namely,

& = & + pet,
where £ is a zero mean Lévymartingale with bounded jumps. Then we prove our results in two steps.

Step 1. We first estimate the value of p.. Since £ is a Lévyprocess, by Lévy-1to decomposition
theory [13, Theorem 6.1] its characteristic function is of form

E@“*£01—exp<{/° (e“*y>1MAwyﬂ{HyHSJ})H{HyHSE’5}dy>7
R\ {0}

which can be further split into two Lévyprocesses £(1) and § (o) with characteristic functions

E[ei(k,ﬁ(n,t)] = exp (t/ (ei(k,y) —1-— i<Aa y>) dy>
0<lyll<1

E[ei*€@.)] = exp <t/ (em,m - 1) dy) .
1<]lyll<e?

Let we consider € on the set {y | 0 < |ly|| < 1}. We construct a compensated compound Poisson
process

¢
L= ZAL'S]I{l > ||ALg|| > 6/}—t/ yr(dy) :/ / yuL(dy7ds)—t/ yv(dy),
1>(lyll>¢’ 0 J1>lyl>¢

s<t 1>|lyl[>¢

and

where €’ is a very small constant. By applying Lemma 5 on > __, AL.T{1 > [|AL,|| > €'}, the
characteristic function of Lj is

E[eiO\»LQ] = exp (t/ <€i<>"y> -1- i(A,y}) dy) :
e <Jlyll<1

This means that there exists a Lévyprocess L’ which is a square integral martingale such that
L" — §yase — 0. As L' is a square integral martingale, we have E(§(;)) = E(L’) = 0, which
means that y. is only related to £3). Therefore, we have

1<]|lyll<e™?
-5 -5

l[pell® = / lyll*v(dy) = —/ u?dO(u) = —u2®(u)|i_ + 2/ uO(u)d < 20 (1).
1<|lyll<e™? 1 1

Thus, we can bound ||| < ¢7°,/6(1). Finally, by setting 6§y = (1 — §)/3 and py = (1 — §)/4
we can obtain ¢||p.||T. = '7°7%,/O(1) < £%¢ by setting ¢ sufficient small such that ©(1) <
1

c1-2p-5-6"*

Step 2. Since the increment is non-negative, the quadratic variation process [c£]¢ is a Lévysubordi-
nator, namely,

t
£d 2 AAS2:2 2Nd,d ,
€ =23 |AE sLA /2N (dy. ds)

s<t <llyll<e=2
where AES = é\s — ég_ where ég_ = limyqs é

o~

Since the jumps of [¢£€]? are bounded, its Laplace transform is well-defined for all A € R:

Ee)\[sg]f = exp t/ (e/\EQH’yHQ _ 1)1/(dy) = exp (t/ (6)‘82"2 — 1)d@(’u)> .
0</lyf <=3 O<uge™s
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For any A > 0, the exponential Chebyshev inequality indicates

P ([e€]f, > ) =P (M€ > A7) < RN

—exp (—)\e” ~T. / (X" — 1)d@(u)> .
O<u<e—9

For A = A\. = e 2 with 0 < p < py = (1 — §)/4 we have maxy<,<.—s Ae?u? < A\.e2179) <

£3(1-9) J 0as e | 0. With help of the elementary inequality e* — 1 < 2z for small positive x the
second summand appearing in the exponent in right-hand side of (27) can be now established as

T. / (X" — 1)dO(u)| < [2T A2 ( / + / )u2d6(u)
O<u<e—9 0<u<l l<u<e—9

/ u?dO(u)
0<u<l
<20T A€ +20(1) T\ 2179

27

<

<OTi .2 + 2T\ 219

/ d6(u)
l<u<e—9$

where C' = ‘f0<u<1 u2d@(u)‘ € (0,+00) is a constant. Consequently, for all 0 < p < pg and
0 < 0 < 6y we see that the exponential inequality

P ([5A]dTE > sp) < exp (f)\es" +2CT € + 2@(1)T5/\552(1’5)) < exp(—e~"/?)

holds for small enough ¢ with p € (0, p/2). This is because

1-8 _ 1-5

—A\ee? + 20TAe? + 20(1)Tehee2179) = =P 4 2025 2" +20(1)2 95" 3"

1-5_1-6
3

@
< —e P +2(C+0(1))e21-9- T < e P4 2(C+0(1)es 17 < —gmr/2,

where @ holds by setting & enough small such that (e ? — 2(C + ©(1))es(1=9)) /e=r/2 > ¢=p/2 _
2(C 4 ©(1))es(1=9+% > 1. The proof is completed. O

E.4 Proof of Lemma 2

Proof. Step 1. Suppose sup,s ||g’|| < ¢, for some constant ¢, > 0. Then we consider the

one-dimensional martingale
d t
=Y [ i dE.
i=170

We estimate the probability of a deviation of the size ” of € M, from zero with help of the exponential
inequality for martingales, see Theorem 26.17 (i) in [14]. Indeed for any p > 0 and 6 > 0, we have

P (sup le M| > 6") <P (sup le M| > g | [eM]r. < 54p> +P([eM]r, > ).
t<T. t<T.
Inspecting the proofs of Lemma 26.19 and Theorem 26.17 (i) in [ 4] we get that for any A > 0
P <sup leMy| > e | [eM]r, < 64”> < exp (—Ae” + Nh(Aege! 7))
t<T.

where h(z) = —(z +In(1 —z)4)z72 Forany 0 < p < p; = (1 — §)/2 weset A = \. =72 s0
that h(Aecye!=%) — 1/2 as e — 0 by using LHopital’s rule. Hence we obtain the estimate

4 - 1\ 2 —p/2 _
P sup |[eMy| > & ’ [eM]r, <™ ) <exp|—e7 "+ 3 < exp (—5 P ) < exp (—5 p) ,
t<T.

>Le

which holds for small enough € and p € (0, p/2]. In @, we set £ enough small such that 0 <
eP/2 _gr/2 < q,

Step 2. Since ||g*|| < ¢4 is well bounded, then there is a constant ¢; with

~

M, = / g2 di=€)? < 1[c€)".
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Then we can use Lemma 1 to upper bound:

P([eM]r, >e*) <P (c1 €] > e“p) < exp (—p),

where @ uses p < py < 2 with pg = % in Lemma 1 and sets ¢ sufficient small such that

gPo—4P < ¢;. This is because if 70 < %, then it yields P ([sé];i > e4p/c1> < exp (—p) due to

([5&] 8”0) < exp (—p). So the result in this lemma holds with pg = min(py = 1%5, p1,p2) =

11—6, po = min(py = §,p1) = g. The parameters py and py in the operator (-) are from Lemma 1 as

the results here is based on Lemma 1. Under this setting, we have

_d¢:
(s e [ oot

The proof is completed. O

>€p> <2€Xp( € p)

E.5 Proof of Lemma 3

Proof. Step 1. In this step we prove the sequence {8, } produced by Eqn. (8) or (9) locates in a very
small neighborhood of the optimum solution 8* of the local basin €2 after a very small time interval.
Since we assume the function is locally strongly convex, by using Theorems 3 and 4, we know that
the sequence { (9;} produced by Eqn. (8) or (9) exponentially converges to the minimum 6* at the
current local basin €2. So for any initialization 8y € €2, we have

16: — 67[3 < c1exp (—cat),

_ 2A _ 2uT B2 — 2A — 3
where ¢; = m and ¢y = Bt T (61 ) in ADAM, ¢; = m and co = 2p in SGD.
Therefore, for any initialization 8y € €2 and sufficient small £, we can obtain

n * (12 7 . Cl
|6: — 07|53 < e Whentzvgf—ln .
Co &P

Step 2. Here we prove that for the time ¢ € [0, v.], the sequence {0} is always very close to the

sequence {6;} when they are with the same initialization 6 in the absence of the big jumps Jj, in the
stochastic process L.

To begin with, according to the updating rule in SGD, we have

R tAv:No1— tAv:No1—
[6inscnas = Burnan | =| [ (-VF@)+VF@))ds+ [ ezl
0 0

@ tAveNo1— R tAveNo1—
[T pe—dads e [ s
0 0
(28)

where in @, F'(0) is ¢-smooth, namely ||[VF(0,) — VF(03)|| < £]|0; — 05| for any 6, and 85 in
the local basin €2.

Then we consider ADAM which needs more efforts. According to the dynamic system of ADAM, we
can first establish

mt—mt:/ot(w(w VF( ))ds—/ot(ms—ms)ds.

Therefore, with the assumption ||m; — || < 7o, || fg (ms — m;)ds||, it yields

t
/ (ms —my)ds = ’
0

t
gf/
0

< Hm [ ' (my — 2,)ds / (VF(0,) — VF(@.))ds

|1Tm"
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Moreover, we can upper bound \/7 = Vloe 2t L . Then let g(z) = Y=~ 2 <
ot

WsVs+€ 1—e—P1t 1_,’_5\/1_6_3 T1—e- A1t =
cs = min(q(0), g(+00), q(t*)), where t* is a time such that ¢’(t*) = 0. Since ¢(0) = 2ﬂ1 by

LHopital’s rule, q(+oo) = 1and ¢(t*) < oo is a constant, ¢, < oo is a constant. So there exists a
constant ¢ such that < —% —_ Then similarly, in ADAM, we also can establish
Vw +e Umin 1€

tAv:No1— — tAv:No1—
Nsms HsTg —1
— + — ds + / eQ, " X.dL;
/0 < VWsVs + € VwsVs + e) 0 @
tAv:No1—
/ Q;'=.dL,
0

® tAvNo1— R
< cst 16, — 8,|ds + ¢
~ (Vmin + €)[Tm — 1] Jo

Next, we can employ Gronwall’s to estimate

Het/\vg/\alf - et/\vsl\cnf” =

sup  ||0; — 0¢]| < exp (k1ve) sup €
0<t<o1Ave 0<t<v,

Y

/QlZ%s

Where k1 = £ in SGD, and k1 = Wﬁm—l\ in ADAM. Since when ¢ is small enough, v, =
ln (%) is much smaller than 7. = ¢~ when ¢ is sufficient small. It yields
> ef )

/leus

P ( sup |6, — 6y > 5”) <P (exp (K1ve) sup &

0<t<o1Ave 0<t<w.

® ~ _ _
<IP’( sup € / Q' dE, || + e\ pe|| Tx >€”+C3’“p>
0<t<wv. 0
t ~ —
—]P’( sup € / QX dg, Zsp(sp(H%”l)psp)
0<t<wv. 0
@
< exp(—p),
where @ uses Lemma 1: (1) the process £ can be decomposed into two processes §A and linear
drift, namely, & = &; + pct, where £ is a zero mean Lévymartingale with bounded jumps;
Q) lle€r.|| = ellpe|T: < €%°. In @, (1) we set p(1 + c3x1) < p and also set € suf-
ficient small such that gP(I+esmi)=p _ 5” > 1; (2) by assume pg = po(d) = 11;65 > 0,
0o = 00(5) = 15° > 0 and po = po(p) = £, we use Lemma 2 by setting g = Q; ' =; and obtain

P (SUPogths ’Zi:l fo gsfd52

g0 =¢o(p).

> Ep) < 2exp(—e P)forall p € (0,po] and 0 < & < g with

Step 3. In the first step, we have analyzed that the sequence { é\t} will converge to the optimum 6*

of the basin 2. Moreover, in the second step, we prove that 8, is very close to 6. In this step, we
show that in absence of the big jumps of the driving process L the sequence 6; is close to 8*. For
brevity, we set 8* = 0. Then we define a function h(0) = In(1 + F'(@)) > 0. Since for a small local
convex basin €2, the function F'(80) can be well approximated by a quadratic function. In this way,
for small @ one can always estimate cg||0]|?> < h(0) < c7||@]|? for some positive constants c and c7.

Furthermore, the derivatives 0;h(0) f+€,((9) and 0,0;h(0) = a”F(e)(HgS_e})(o)) ©)9,F(6) 4y

bounded since the assumptions on the function F'(6), namely F'(€) being upper bounded, E-smooth.
Next we can apply the It6 formulation to the process h(0;):
d tAT- Ao — tAT-No1— o
0 <h(@unznor) = h(0) +Z/ 0:h(0, )0 + L Z/ 0,0,1(8,_)d[6", 07
0

i=1 3,7=1

+ Yy (h(es Zah AOZ>

S<tAT-No1

® tAT-No1— VF(G ) R tAT-No1— (VF( ))TQ 125_
Sh(‘g)_/o <1+F( 0, )’ e+m>d5+/ i+ F@,) ok

d
oy <h(95) —h(0s-) — Z&h(es_)ﬁ92> :

S<tAT-No1
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where @ uses df; = —_F \/% + eQ;'3,dL, and the path-by-path continuous part

[0%,67]¢ = 0 of the quadratic covariation of @° and 6’. Since in Adam by assumption
ﬁf/\Ts/\cnf <1V+1;((00t))’ 6+%> ds > 0, the second term is non-negative due to F'(6) > 0.
Note in SGD, ms; = VF(0;). So in SGD we do not make the assumption (VF(0;),m;) > 0. In
SGD, € + /ws_v,_ equals to one. In this way, we can estimate the last term as

>
s<tAT:-No1
1 d
SPIEDS

1,J=1s<tAT:No1

h(s) = h(0s-) = Y 9ih(6,-) A6}

1
/ (1 —v)0;0;h(0s— + vAB,)dv

0

JAGIAGY < sy | A6]* = cs[6]],

s<t
holds with some cg > 0. Furthermore, since v; and X; are assumed to be bounded, then we can
upper bound [6]¢ as follows:
@
[0]7 < cole L] = cole€]!
hold for some constant cg for all ¢ < ;. @ holds since we assume there is no big jump during ¢t < o.

% and considering F'(0) < ¢7||0],

we can obtain the following results when ||0|] = ||0o|| < &” with enough small :

t o~
/ g° dg,
0

where ¢y is a certain constant. Combining the above results gives

Then by combining all the results and letting g° =

1 _
0 < [0t no |2 < ~h(@irtinos_) < 10 (a?f’ Lo osup
Ce 0<t<T.

+ﬂmdﬂ4fﬁﬂi>~

_ _ P t N p
IP’( sup (|6 > 6”) <P (s% > E) +P (E sup / g° d&| > E)
0<t<T. Aot 4cig 0<t<T. |.Jo 4cip
_ Iy
P T. > — P d > =
P (et 2 ) + ( € > =)

6

Then by setting 5 < p and sufficient small € such that £— > 1 gwmg 4 . Then let the results

in Lemma 1 and 2 hold simultaneously by setting po = po(é) 10 O 90 =6p(6) = 2 >0,
po = 5, and small enough €, we have |[eér.|| = ellu||T: < 5 and P ([£]4 > 6”) <
exp(—e~P) in Lemma 1, and P(SUPogtSTE 6’2?21 fotgéfdﬁz‘ > sp) < 2exp(—e7P) in
Lemma 2. By using these results, we have
P ( sup |6 > 5”) <4exp(—e7P).
0<t<T. Aoy

forall p € (0,pp] and 0 < & < g¢ with eg = €¢(p).

Step 4. In Steps 1 and 2, we guarantee P (SUPogtngAal 16, — 6,]| > 5’7) < 4exp(—e~P). Then

after v, time, we have ||0;|| < € for all t > v.. In this way, the result in Step 4 holds. So in this
step, we combine the results in Steps 1, 2 and 3 and extend the initialization in Step 3 to all possible
parameter in 8y € 2:

P ( sup  ||0; — étu > 5”) <dexp(—e?),

0<t<v:No1
forallp € (0, po} and 0 < e < g with eg = ¢(p) by setting py = po(§) = L2 > 0, 0y = y(6) =
120 50,p = £, p(1 4 c3k1) < p and small enough . Note here we can remove the extra factor
/)by setting €9 = €0(p), po = po(d) = m > 0,00 = 0p(8) = 152 > 0, py = LUFgem),
p € (0,po).

Step 5. In this step, we extend the result in Step 4 from the time interval [0, 7. A o7) to the time
interval [0, 07).
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Let Hf denote the sequence produced by SGD (4) or Adam (5) driven by the process £. Then it is easy

to check that for any ¢ < o3, we have Of = 6y, since there are no big jumps in 8;. Then consider any
6o € Qand k > 1, we have forany p > O and § > 0

P ( sup [|6; — 8y > eﬁ)

0<t<o1

S]P’( sup |\9t—§t|| 26p|kT5<01> —HP’( sup ||9t—§t\| zep‘kTEZm)

0<t<kT:-No1 0<t<o1

<P ( sup  [|6; — 6] > 5P> +P (KT > o)
0<t<kT:-:ANo1

SP( sup H0t—§t|| ng) +P(1€TE 20’1).
0<t<kT.

Besides, by using the linear convergence results of ét to the optimum solution 8* = 0 in the local
basin €2, for enough small ¢ we have |07 || < 27 with initialization 6y € . Then we let 6,(6)
denote the sequence 6, but with initialization @ and define

E; = sup |05 =0, (05.)] <P, 0<i<k—L.
te[iT.,(i+1)T:] N

Note that the probability of E = {Supte[QTa] 6% — §t(0§)|\ > 5’3} is given in Step 4 where
05 = 6. Furthermore for any k > 1, we have

k—1

N E: € { sup |05 — 6, < 25”}.

0 te[0,kT:]
As a result, we can obtain

k—1 k—2
P ( sup [|0F — 6 > 2ef’> <P (U E) =P (ESU(EoEﬁ UEEES (U EiEz_ﬁ)
te 1=0

[0,kT] izo
k—1
<3P (Ef,OfTE c Q) < k sup P (ES).
i=0 Goet2
For k = k. = ¢ 2" and any 6 > 0 we have
P (o1 > k.T.) = exp(—k.T.O(e 7)) < exp(—"~*"20(e 7)) < exp(—c7)
forall 0 < p < (2 — &)r with enough small €. On the other hand, we have
P sup [65—8y >2e | <k sup P(ES) < e 2 exp(—e ) < exp(—e7/?)
tel0,kT.] A

2log(rlog(e)))
log(e)

IP’( sup ||9§*(9\t|| 228‘5>

t€l0,01)

for any p < . Therefore, the result in this lemma holds

=P | sup [|65— 8y >2¢", oy <kT.|+P| sup |65—86,|>2", oy > kT.
te[0,01) te(0,01)

<P sup [6F -8 > 27 | +P (01 > KTL) < 2exp(—eP/?).
t€]0,kTz]

forall p € (0,po] and 0 < € < gg with g9 = £¢(p) by setting pg = po(d) = 16(11—&-;;-53/@1) > 0,

b0 =00(8) = 352 > 0, po = min(w,p) with p > 0 and small enough ¢. Besides, we also
require v = é In (%) = é In (5—@,) < &% where ¢; = % and ¢, = W (ﬁl — %)
in ADAM, ¢; = % and co = 2 in SGD. That is, The proof is completed. O
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