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Abstract

The softmax is the standard transformation used in machine learning to map real-
valued vectors to categorical distributions. Unfortunately, this transform poses
serious drawbacks for gradient descent (ascent) optimization. We reveal this dif-
ficulty by establishing two negative results: (1) optimizing any expectation with
respect to the softmax must exhibit sensitivity to parameter initialization (“softmax
gravity well”), and (2) optimizing log-probabilities under the softmax must exhibit
slow convergence (“softmax damping”). Both findings are based on an analysis
of convergence rates using the Non-uniform Lojasiewicz (NL) inequalities. To
circumvent these shortcomings we investigate an alternative transformation, the
escort mapping, that demonstrates better optimization properties. The disadvan-
tages of the softmax and the effectiveness of the escort transformation are further
explained using the concept of NL coefficient. In addition to proving bounds on
convergence rates to firmly establish these results, we also provide experimental
evidence for the superiority of the escort transformation.

1 Introduction

The probability transformation plays an essential role in machine learning, used whenever the output
of a learned model needs to be mapped to a probability distribution. For example, in reinforcement
learning (RL), a probability transformation is used to parameterize policy representations that
provide a conditional distribution over a finite set of actions given an input state or observation
[[L8]]. In supervised learning (SL), particularly classification, a probability transformation is used
to parameterize classifiers that provide a conditional distribution over a finite set of classes given
an input observation [7]. Attention models [21] also use probability transformations to provide
differentiable forms of memory addressing.

Among the myriad ways one might map vectors to probability distributions, the softmax transform
is the most common. For § € RX, the transformation my = softmax(6) is defined by 7(a) =
exp{f(a)}/ >, exp{f(d’)} forall a € {1,..., K}, which ensures my(a) > 0 and > mg(a) =1
[4]. The softmax transform can also be extended to continuous output spaces through the concept of
a Gibbs function [13]], but for concreteness we restrict attention to finite output sets.

Despite the ubiquity of the softmax in machine learning, it is not clear why it should be the default
choice of probability transformation. Some alternative transformations have been investigated in the
literature [6} [12], but a comprehensive understanding of why one choice might be advantageous over
another remains incomplete. It is natural to ask what options might be available and what properties
are desirable. In fact, we find that the softmax is a particularly undesirable choice from the perspective
of gradient descent (ascent) optimization. Moreover, better alternatives are readily available at no
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computational overhead. This paper seeks to fill the gap in understanding key properties of probability
transformations in general and how they compare to the softmax.

We start by considering reinforcement learning and investigate gradient ascent optimization of
expected reward using the softmax transform, an algorithm we refer to as softmax policy gradient
(SPG) [1,[14]]. In this setting, we identify an inherent disadvantage of SPG, the “softmax gravity well
(SGW)”, whereby gradient ascent trajectories are drawn toward suboptimal corners of the probability
simplex and subsequently slowed in their progress toward the optimal vertex. We establish these
facts both through theoretical analysis and empirical observation, revealing that the behavior of SPG
depends strongly on initialization. Then we propose the use of the escort transform as an alternative
to softmax for expected reward optimization. We analyze the resulting gradient ascent algorithm,
escort policy gradient (EPG), and prove that it enjoys strictly better convergence behavior than SPG,
significantly mitigating sensitivity to initialization. These findings are also verified experimentally.

Next we consider supervised learning and investigate gradient descent optimization of cross entropy
loss using the softmax transform, an algorithm we refer to as softmax cross entropy (SCE). Here,
even though the optimization landscape at the output layer is convex, we identify a detrimental
phenomenon we refer to as “softmax damping”. In particular, given deterministic (“‘one-hot”) true
label distributions, we show that SCE achieves a slower than linear rate of convergence. Then we
propose the use of the escort transform as an alternative to softmax for cross entropy minimization.
We analyze the resulting gradient descent algorithm, escort cross entropy (ECE), and show that it is
guaranteed to enjoy strictly faster convergence than SCE. In particular, a special choice of the escort
transform fully eliminates the softmax damping phenomenon, preserving the linear convergence rate
for cross entropy minimization.

Finally we propose a unifying concept, the Non-uniform Lojasiewicz (NL) coefficient, to explain
both the softmax gravity well and softmax damping, even when these might otherwise appear to be
disconnected phenomena. We show that by increasing the NLE coefficient, EPG achieves strictly better
initialization dependence than SPG. Moreover, by making the NL coefficient non-vanishing, ECE
enjoys strictly faster convergence than SCE.

2 Illustrating the Softmax Gravity Wells with Softmax Policy Gradient

We begin by considering the domain of reinforcement learning (RL), where the goal is to learn
a policy that maximizes expected return. A core method in RL is policy gradient [19], where a
parameterized policy is directly optimized to maximize long-term expected reward. It is conventional
in this area to represent parametric policies using a softmax transform to produce conditional action
distributions, hence policy gradient in practice is almost always the softmax policy gradient (SPG).

Despite the fact that SPG has been a dominant RL method for decades, only recently has it been
proved to be globally convergent for general MDPs [[1]. This result is far from obvious, since the
optimization objective is not concave, nevertheless it was shown that SPG converges to the optimal
policy under general conditions [[1]. More recently, this result was strengthened to establish a ©(1/t)
bound on the rate of convergence [14], with constants that depend on the problem and initialization.

Although these theoretical results are general and impressive, they seem at odds with the behavior
of policy gradient methods, which are notoriously difficult to tune in practice [17]. To reconcile
theory with empirical observation, we first demonstrate that the “constants” in these results are in fact
important, and understanding their role explains much of the real-world performance of SPG.

Ilustration To illustrate the point concretely, consider a simple experiment on a single-state
Markov Decision Process (MDP) (i.e., a multi-armed bandit) with K = 6 actions. In this case,
the SPG of a policy 7y for a given reward vector r € [0, 1]% reduces to the update 0;(a) =
0i(a) + 1 - mg,(a) - [r(a) —my r], Va € [K] = {1,..,K}, and mp,,, = softmax(fy1). Fig.
shows the result of multiple runs using SPG with full gradients. Depending on whether the last
iteration satisfies mg,. (a*) > 0.99, we group the 20 runs as “good” and “bad” initializations. As shown
in Fig. a) and (b), for good initializations, the sub-optimality (7* — Wgt)TT quickly approaches 0,
whereas for bad initializations, the iterates get stuck near local optima. Subfigure (c) shows average
probability of optimal actions, which shows that the trajectories from bad initializations stay near
local optima, since the optimal action probabilities stay close to 0. However, we know from the
theory that from any initializations SPG must eventually converge to the optimal policy 7*, and that
is indeed the case here: Subfigure (d) shows the long-run time to convergence (boxes are 25 to 75th
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(a) “good” initializations: 14/20 runs. (b) “bad” initializations: 6/20 runs. (c) Average probability of optimal action. (d) Average convergence time.

Figure 1: SPG behavior on single-state MDPs with K = 6 arms, fully parameterized policy (no
approximation error), rewards randomly generated (uniform within [0, 1] for each r(a)) and policy
randomly initialized on each run, 20 runs. Full gradient SPG updates with stepsize = 0.4 [[14]] for
T = 3 x 10* steps. An initialization is “good” if 7g,.(a*) > 0.99 at the last iterate.

percentiles) for good versus bad initializations, where the y-axis is log T such that 7. (a*) > 0.99,
showing bad runs take many orders of magnitude longer.

Although these findings seem not to comport with theory, they can in fact be explained by delving
deeper into the detailed nature of the ©(1/t) rates proved in [14].

Escape time To control the effect of initialization, consider a specialization of the previous problem
where we let 7 = (b+ A, b,...,b) T € [0, 1]¥ for some b, such that A > 0 is the reward gap. For a

given initialization, we say that SPG “escapes” at time ¢, if for all ¢ > t, it holds that (7* — g, )T r <
0.9 - A, i.e., after ¢ the sub-optimality stays “small”. Fig.[2(a) shows that as the initial probability of
the optimal action 7y, (a*) decreases, the “escape time” ¢y increases proportionally. In particular, the
slope in subfigure (a) approaches —1 as 7y, (a*) decreases, indicating that log to = — log 7p, (a™)+C,
or equivalently to = C'/mp, (a*). Two trajectories for SPG on a single-state MDP with K = 5 is
shown in Fig. b) and (c). This example reveals that every suboptimal vertex 7 € {2, 3,4} has the
potential to attract the iterates, while also slowing progress to render the sub-optimality plateaus in
subfigure (c). Therefore, SPG spends some “escape time” around each suboptimal corner.

08

07

0.6

05

0.4
03
0.2
0.1

0

0 2 4 6 8
t 10"

-2 -10

6 -4

-8
log 4, (a*)
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Figure 2: Dependence on initialization and softmax gravity wells.

We can see as SPG follows a trajectory defined by exact gradients, it effectively encounters “Softmax
Gravity Wells (SGWs)” at the vertices (deterministic policies), each of which attracts the trajectory
and significantly slows down progress in their vicinity. To see why the attraction to suboptimal
vertices is possible, consider the SPG in detail: for a single-state MDP, Va € [K], we have

dw‘;r T
dé(a)
Note that it is possible for an optimal action, say a1, to be less attractive than a suboptimal action
az, even when (ay) > 7 (az), since it is possible to have both r(a1) — 7, 7 > r(az) — 7.7 > 0

and 7, (az) > g, (a1), and yet still have 7y, (az) - [r(az) — w5 7| > mg,(a1) - [r(ar) — 74, 7]
This configuration causes the probability on the suboptimal action to stay above the optimal action
probability, 7y, (a2) > s, (a1). Even though the examples and analysis above might seem
specific, they provide the foundation for a useful and informative lower bound.

= mp(a) - [r(a) — ﬁgr] . (1)

Theorem 1 (Escape time lower bound). Even in a single-state MDP, for any learning rate n, € (0, 1],
there exists an initialization of the policy my, and a positive constant C, such that SPG with full
gradients cannot escape a suboptimal corner before time to = #(a*), i.e., it will hold that

1

(r* —7,) ' >0.9- A, )



forall t < ty, where A = r(a*) — maxgq- r(a) > 0 is the reward gap of v € [0, 1]¥.

Theorem [I] shows that for SPG with bounded learning rates (needed for monotonic improvement
[L, [14]) the time to escape suboptimal vertices is lower bounded inversely to optimal action probability
mg(a*), which is necessarily small near suboptimal vertices, leading to long suboptimal plateaus.

Failure of SPG heuristics ~ Given the insight from Theorem([I] one might wonder if simple heuristics
can compensate for the slow progress of SPG, possibly by using large learning rates or normalizing
the policy gradient. We show in the appendix that these heuristics unfortunately do not work well
even in simple bandit problems.

Existing observations of plateaus SPG plateaus have been observed in the literature. Previous
work [14]] did observe this effect empirically, but did not take a deeper look into the underlying causes.
With function approximation, feature interference has also been considered to be a source of plateaus
[L6]. In the multi-agent setting, it has been observed that the non-stationary nature of the environment
can also cause difficulties for SPG to adapt [8]]. However, the analysis in this paper shows that SPG
still suffers from plateaus even in the simplest setting (exact gradients, no approximation, stationary
environments). In Section[d we provide additional mathematical insight to explain why the softmax
transformation itself is the root cause, which also justifies the name SGW.

3 Escort Transform for Policy Gradient

As explained, a difficulty encountered by SPG comes from the 7y (a) factor that appears in the
gradient, Eq. (I). This creates a dependence on the current policy that potentially discounts the
signal from high-reward actions. Unfortunately, the problem is unavoidable if using SPG with
bounded learning rates to perform updates (Theorem|[I)). Therefore, we study the following alternative
transform, which we refer to as the “escort transform” [3} 20]].

Definition 1 (Escort transform). Given 6 : S x A — R, define mg = f,(0) forp > 1 by
(s, )P
Daealb(s, )P’
If there is only one state, the escort transform is defined as mg(a) = [0(a)[P/ >,/ |0(a’)

mo(als) =

forall (s,a) € S x A. 3)

P Y € [K].

To explain why this alternative transform might help alleviate the problems encountered by the
softmax, consider the gradient of expected reward using the escort transform, i.e., the Escort Policy
Gradient (EPG), for a single-state MDP, Va € [K] (detailed calculations are shown in the appendix):

dr ] r B |0(a)|P~t
d&é)a) =p-sgn{f(a)} - m “[r(a) - TFOTT] “4)
= ﬁ -sgn{f(a)} - mp(a) /P [r(a) — WJT] . 35

Note the key difference between SPG and EPG, in which the 7y(a) term in Eq. (1)) now becomes
76(a)' /7 in Eq. (5). Thus, for any p > 1, we have 1 — 1/p € [0, 1), which implies 7q(a)'~1/7 >
mo(a) since mp(a) € [0, 1]. This change will have important implications in convergence rate.

Remark 1. 9 (a)l_l/p — mg(a) as p — oo, which suggests that large values of p lead to similar
iteration behavior as SPG, whereas small values of p weaken the dependence on my(a). In particular,

ifp=1then my (a)l_l/ P =1, which entirely eliminates the dependence on current policy my.

As is the case for the softmax transform, the expected reward objective remains non-concave over
parameter € when using the alternative escort transform.

Proposition 1. 6 — w;— r is a non-concave function over R using the map my = Ip(8).

Despite the non-concavity, we manage to obtain surprisingly strong convergence results for EPG,
with proofs provided in the appendix. In particular, thanks to what we call non-uniform smoothness
and the Non-uniform Lojasiewicz (NL) inequality enjoyed by the objective, EPG is shown to enjoy
an upper bound on the sub-optimality for single-state MDPs that has a strictly better initialization
dependence than SPG.



Theorem 2. For a single-state MDP, following the escort policy gradient with any initialization such
that |01(a)| > 0, Va, we obtain the following upper bounds on the sub-optimality for all t > 1: E]

2 16:11 9.KYr 1
(gradientascent) forp 2 2, p= 1, with N = 9.292||.‘t[(|_|11)/p7 (Tf* — W@t)TT S W . ;,
(gradient flow) forp > 1, withn; = 10:1; (m* —mp,) 1 < !
# =" TR 0T a2 (1) 4 1

where ¢ = inf;>1 mg, (a*) > 0 depends on the problem and initialization, but is time-independent.

As p — oo, Theorem [2] implies an O(1/(c?t)) convergence rate, recovering the same rate for
SPG [14], as expected (Remark . For p < oo, EPG achieves the same O(1/t) rate as SPG, but
enjoys a strictly better ¢2~2/? > ¢? dependence. In particular, for p = 1, there is no dependence on
¢, which is also consistent with Remark On the other hand, K/ — K increases as p decreases,
which means it is not always good to choose small p values due to trade-off between K and c.

Similar results can in fact be obtained for EPG in general finite MDPs, denoted as M =
(S, A,r,P,7), where S and A are finite state and action spaces, r : & x A — R is the
reward function, P : § x A — A(S) is the transition function, A(X) denotes the set of
probability distributions over any finite set X, and v € [0,1) is the discount factor. Let
V() = Eggmp(-)saimm(-]s1)s5001~P(|sesa1) Yoo o' (st, ar) denote the expected return (value func-
tion) achieved by policy 7, where p € A(S) is an initial state distribution. The goal is to maximize
the value function, i.e., to find a policy 7* that attains the value V*(p) = max .s.aa) V"™ (p).

Theorem 3. Following the escort policy gradient with any initialization such that |61 (s,a)| > 0,

—~)3. s.)1?
Y(s,a), and ni(s) = % to get {0, }i>1, for all t > 1, the following sub-optimality
upper bounds hold for my,,

2
1
T ’
oo u o0
where ¢ = infscs inf;>1 w9, (a*(s)|s) > 0 is problem- and initialization-dependent constant, A :=

|A| and S = |S| are the total number of actions and states, respectively, and pn € A(S) is an initial
state distribution which provides initial states for the policy gradient method.

n
D

20- A%/P. 8
forp=>2andp =1, Vi(p) = V7™ (p) <
n

= 272/p (1 — )6t ’

Remark 2. Using p = 1 in Theorem[3] the iteration complexity of EPG depends on polynomial
functions of S and A, which significantly improves the corresponding results for SPG [[I4) Theorem
4], where the worst case dependence can be exponential in S and A.

Finally, as for SPG, adding entropy regularization leads to linear convergence rates for EPG. Note that
SPG with entropy regularization enjoys a linear convergence rate O(1/ exp{c*t}) with dependence
on ¢ = inf;>; ming,,q) o, (a]s) [14]. Our results show that EPG with entropy regularization has
strictly better dependence than SPG.

Theorem 4. For an entropy regularized MDP with finite states and actions, following the escort policy
gradient with any initialization such that |0, (s, a)| > 0, ¥(s,a), andn; = (1—7)3/(10-p*>- AP +c,)
to get {0, }4>1, for all t > 1, the following sub-optimality upper bounds hold for my, :

forp > 2, f/”i(p),‘}mt(p)< 11/ 1l o . 1+ 7log A

S eolCr ] T ©

where ¢ > ¢ == inf (s,a) infs>1 g, (a|s) > 0, 7 is the temperature for entropy regularization, T is
the softmax optimal policy, and c., C are problem-dependent constants.

Relationship to Mirror Descent (MD) As an additional observation, note that simply removing
7p(a) in Eq. (1) yields an update 6; 1 = 6;(a) +n;-r(a) and 7, , = softmax(6; 1), which can be
combined to yield an update 7, , (a) g, (a) - exp{n; r(a)} that is equivalent to Mirror Descent

. drg T . .
Here, gradient ascent, as expected, refers to 641 = 0, +1n; - % and gradient flow refers to the continuous

. h do, d‘rr;;'r
version when e ne - 0, *



(MD) with KL regularization. Given this similarity between SPG, EPG and MD, one might hope that
EPG could be reduced to a particular version of MD. However, unlike SPG and MD, the EPG gradient
does not specify a conservative vector field and cannot be recovered by MD using any regularization.

Remark 3 (EPG cannot be reduced to MD). Recall that for a (convex) potential ®: A — R and its
Bregman divergence Dg : AXA — R, the MD update is w1 =arg max, . 7' 7—(1/n;) Do (||ms).
In particular, using ®(7) = m ' log 7 as the potential and Dg (rt||7") = Dy (7||7") as the divergence
one obtains Ty, (a) < 7g,(a) - exp{n; r(a)}. Equivalently, this update can be expressed 7y, , =
argmax, ca 7' Orp1 — P(7) where 0141 = 04(a) + n¢ - r(a).

Now suppose EPG is MD, i.e., there is some ® such that f,(0;11) = argmax,ca 7' 0441 — (7).
Then we would have to have f,(0,41) = V®*(0,41) where ®* is the Fenchel conjugate of ®. Taking
the derivative w.r.t. 0 yields

! T 2 2 FH*
({;Z) = <dfgé®) = p-diag(1/0) (diag(ﬂg) — ﬂ'gﬂ'ér) (:) d%ﬂw) (7)

By Schwarz’s theorem, d23;2(9) must be symmetric, however diag(1/0) (diag(mg) — mom, ) is not

symmetric. Therefore, there cannot be a regularizer ® that makes EPG equivalent to MD.

Remark 3]implies that standard techniques for analyzing mirror descent (e.g., Bregman divergence
and convex duality) cannot be directly applied to EPG, necessitating our analysis based on the
non-uniform smoothness and NE inequalities for Theorems [2]to [}

Experimental Verification To support these findings and reveal some of the practical implications
of EPG versus SPG, we conducted a simple experiment on a single-state MDP with K = 3 and

r = (0.2,0.9, 1.O)T. Fig. a) depicts the dTrgT(t‘l*) values for SPG, where the dark regions around
the corners show areas of slow progress. In particular, the region around the lower-right suboptimal
corner exhibits MBT(;I*) < 0, and 7y (a*) will actually decrease under SPG updating in this region,
prolonging the escape time according to Theorem|[T] In short, the dark regions correspond to SGW's
for SPG. Subfigure (b) further shows how SPG is attracted toward the suboptimal corner, visually
consistent with subfigure (a). By contrast, the solid lines indicate EPG methods with different p
values. As noted in Remark [I] smaller p values have better resistance against attraction to SPG
gravity wells, while larger p values behave more similarly to SPG. We also observe that MD (with
KL regularization) has similar performance to EPG with p = 2 in this case. Finally, Subfigure (c)
plots the suboptimaliy gap before (7* — 7p,) "7 < 0.005 is achieved. It is clear that SPG does get
stuck on a suboptimal plateau while EPG methods do not suffer from this disadvantage. We note that
EPG curves for p > 2 behave nicer than p = 1 since the escort is differentiable when p > 2.
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Figure 3: Empirical visualization for EPG and SPG.

4 Non-uniform Lojasiewicz Coefficient: An Underlying Explanation

Remark [T] provides an intuition for why EPG has better initialization dependence than SPG. This
intuition can be formalized using the notion of Non-uniform f.ojasiewicz (NL) coefficient, which
plays an important role here since both SPG [14] and EPG analyses are based on NL inequalities.

Definition 2 (Non-uniform Lojasiewicz (NL) coefficient). A function f:X — R has NE coefficient
C(z) > 0 if it satisfies NE inequality with coefficient C(x), i.e., there exists £ € [0, 1] such that for
allz € X, [Vf(z)|2 > C(x) - [f(z) — fa*)]' =




In Definition 2] £ is called NE degree, which impacts the convergence rates of SPG methods [14}
Definition 1]. From a result in [14], if 7y = softmax(#), then 7, r has NE coefficient mp(a*); that is

Moreover, this coefficient is not improvable and it appears in the SPG convergence rate O(1/(c?t)),
where ¢ := inf;>1 7, (a*). Now consider EPG. If mg = f,(6), then we have

drgr

do = || (diag(mo) — mog ) rll, > mo(a®) - (z* — 7o) . 3

dmj)r ) ) mo(a* N
‘ dGH = ||p - diag(1/0) (dlag(m) - ﬂ'g’f('g) ’I"H2 >p- |0((a*))| (= 7r9)T T, 9)
2
This implies that l’;”&f))l = m -mo(a*) P where mp(a*)' TP > my(a*) provides strictly larger

(partial) NE coefficient, hence in Theorem 2] EPG obtains a strictly better result than SPG.

The improvement of NL coefficient explains a better dependence of EPG on initialization. It is
then natural to ask whether the escort transform can also benefit other scenarios, which is answered
affirmatively in the next section.

S Escort Transform for Cross Entropy

We now turn to classification, where the goal is to learn a classifier that minimizes the cross-entropy
loss. As in RL, the softmax transform is the default choice for parameterizing a probabilistic classifier.
Different from RL where the objective is linear, the objective here involves log probabilities:

puin —logmg(ay) = H(y) + min_ Dir(yllme), (10)
where Ty = softmax(6), y € {0,1}¥ is a one-hot vector encoding the class label, and a, is the
true label class so that y(a,) = 1. Note that the entropy #(y) = 0 here. The objective in Eq.
is smooth and convex in #, which implies that gradient descent will achieve an O(1/t) rate [13].
Furthermore, for 6 that satisfies min, mg(a) > i, With some constant 7,,;, > 0 (7 is bounded
away from the simplex boundary), the objective is strongly convex, resulting in an even better, linear
rate O(e™"). Despite these nice properties, we still find that the softmax transform proves problematic
for gradient descent optimization. We refer to this new disadvantage as “softmax damping”.

Illustration Consider running gradient descent in a simple experiment where K = 10 and y a
one-hot vector. Let &, := — log 7y, (a, ). If one hopes for a linear convergence rate, i.e., &, = O(e™ "),
then log 6; = —O(t) is expected. But Fig. la) shows a different picture with a flattening slope.
Subfigure (b) plots log d; as a function of log ¢, which shows a straight line for sufficiently large ¢
with a slope approaching —1. This figure verifies the convergence rate is indeed 6; = O(1/t), instead
of the linear O(e~") rate. Subfigure (c) shows the ¢, measure ||y — 7y, ||3 also has a similar rate,
indicating that this is an inherent optimization phenomenon and is independent of the measurement.
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Figure 4: Softmax damping phenomenon and escort cross entropy.

NL Coefficient Explanation The NL coefficient can be used to explain why this rate degeneration
occurs for softmax cross entropy (SCE). Note that for myp = softmax(6#) we obtain

H d{DKL yum} = ly — o3 > minmo(a) - Dir.(y/mo)- (an

2



Once again the min, 7y(a) term cannot be eliminated for the softmax transform, but here it has a
different consequence than before. To see the NL coefficient of SCE cannot be improved, consider
the example where y = (0,1) T and 7 = (¢,1 — ¢) T, where € > 0 is small. Note that Dkr,(y||7) =
—log(1—¢€) > eand ||y — 7|2 = 2¢2, which means for any constant C' > 0, we have C -
Dx1(y||7) > C-€e > 2¢* = ||y —7||3. Therefore, for any Lojasiewicz-type inequality, C' necessarily
depends on min, mg(a). Now for any convergent sequence 7y, , i.e., such that Dxr,(y||m,) — 0, we
necessarily have min, g, (a) — 0, which makes the gradient information insufficient to sustain a
linear convergence rate. That is, the fast convergence rate is “damped” in this case. The difference
between this phenomenon and the previous “softmax gravity well” is that here the vanishing NL
coefficients change the rates rather than the constant in the bound on the sub-optimality gap.

Escort Cross Entropy As in Section [3| for policy gradient, we propose to also use the escort
transform for cross entropy minimization. A simple calculation for my = f,,(6) shows

H d{ Dxv(yllmo) }
df

2

— |lp - diag(1/6)(y — mo)||2 > L —
2 162

. mainm,(a)lfz/p - Dx1,(y||me).  (12)

Note that the term min, 7 (a)*~2/? > min, 7 (a) is strictly better than the softmax cross entropy
when p > 2. In particular, for p = 2, the escort cross entropy (ECE) has (partial) NL coefficient
min, ﬂg(a)l_Q/ P =1, which fully eliminates the dependence on the current policy my. This leads to
our last main result, which restores the linear convergence rate.

Theorem 5. Using the escort transform with p = 2 and gradient descent on the cross entropy

2
objective with learning rate 1, = %, we obtain for all t > 1,
1
log 7, () = Dict(vllm0,) < Dicw wllm,) -exp { — 0= 0 (13)
—logmy, (ay) = T Ty, ) - €Xpy — ———o—
g o, Ay KL\Y||To,) >~ VKL\Y||T6, p 2(3_'_0%) 5

where 1/c} = g, (ay) € (0, 1] only depends on initialization.

For reference, we run gradient descent on the cross entropy objective in the same experiment above,
but with the escort transform. As shown in Fig. d{d), log §; now becomes linear in ¢, or equivalently
—log mp, (ay) = C - e~ ", verifying the theoretical finding of Theorem

6 Experimental Results

We conduct several experiments to verify the effectiveness of the proposed escort transform in policy
gradient and cross entropy minimization.

First, we conduct experiments on one-state MDPs with K = 10, 50, and 100, and 20 runs for each
K value and for each algorithm. In each run, the reward r € [0, 1]% and 74, are randomly generated.
The total iteration number 7' = 5 x 10. As shown in Fig.|5(a), EPG with p = 2 quickly converges
to optimal policies consistently across all the K values, significantly outperforming SPG.

Second, we compare the algorithms on Four-room environment for 20 runs. There is one goal with
reward 1.0 and 4 sub-goals (“sub-goals” mean goals with lower rewards) with reward 0.7 as shown
in Fig.[5[b). At a (sub-)goal state, the agent can step away then step back to receive rewards. The
policy is parameterized by one hidden layer ReLU neural network with 64 hidden nodes. In each run,
the starting position is randomly generated. We use value iteration to calculate V* and we calculate
the true gradient by closed form. As shown in Fig.[5(c), SPG is easily stuck in plateaus due to the
presence of the sub-goals, while EPG with p = 2 quickly achieves the optimal goal.

Next, we do experiments on MNIST dataset. For each (x,%), where z € R is image data and
y € {0,1}10 is the true label, the training objective is 1 — 7 (ay|x), where y(a,) = 1. We use policy
gradient methods, since the mis-classification probability minimization problem is a special case of
expected reward maximization. We use one hidden layer neural network with 512 hidden nodes and
ReL.U activation to parameterize 6. The dataset is split into training set with 55000, validation set
with 5000, and testing set with 10000 data points. As shown in Fig.[6[a) and (b), for both training
objective and test error, SPG has plateaus due to SGWs, which is consistent with the observation in
[S]. At the same time, EPG with p = 4 does not have this disadvantage: it converges quickly and
achieves better results than SPG. Experiments for other p values are shown in the appendix.
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Figure 5: Results on one-state MDPs and Four-room.

We use mini-batch stochastic gradient descent in this experiment, and the results show that with
stochastic gradients and neural network function approximations, (1) SPG still plateaus even when
starting from nearly uniform initializations; (2) EPG outperforms SPG in terms of not suffering from
plateaus even with estimated gradients.
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Figure 6: Results on MNIST.

Finally, for SL, we compare ECE and SCE on MNIST. For each training data (z, y), the training
objective is — log mg(a,|x), where y(a,) = 1. The neural network and dataset settings are the same
as above. As shown in Fig. [f[c) and (d), ECE with p = 2 is faster than SCE to achieve the same
training objective, which benefits generalization, providing smaller test error than SCE.

7 Conclusion and Future Work

We discovered two phenomena that arise from the use of the standard softmax probability trans-
formation in reinforcement learning and supervised learning, and proposed the escort transform to
alleviate or eliminate these disadvantages. Our findings of the softmax gravity well and softmax
damping phenomena challenge the common practice of using the softmax transformation in machine
learning. However, there are other factors to consider when assessing such transformations in machine
learning, such as the “temperature” of the softmax, or how the different transforms might impact
generalization in the learned models. An important direction for future work is to investigate whether
similar phenomena occur in other scenarios where the softmax is commonly utilized, such as attention
models and exponential exploration.

Our underlying explanation using the concept of Non-uniform fLojasiewicz (NL) coefficient also
provides an alternative theory to systematically study probability transforms, which goes beyond the
classic convex “matching loss” theory [2,[11] and guarantees better optimization results. We expect
further use of the NLE coefficient to be beneficial in other problems in machine learning.

Broader Impact

This research pursues a fundamental and mostly theoretical goal of understanding how a basic
component in machine learning, the softmax transformation, impacts the convergence properties of
subsequent optimization methods. The implications of this research are very high level and broad,
since we investigate a widely used component. It is difficult to identify specific impacts, since this
research does not target any specific application area that would directly impact people or society.
If forced to make society level claims, we could attempt to claim that modifying architectures in
ways that that improve optimization efficiency would have an effect on the overall energy footprint
consumed by machine learning technologies, given how much computation is currently being
expended on training softmax classifiers and policies.
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A Policy Gradient Method

The policy gradient method we analyze in the main paper is the following Algorithm [I]

Algorithm 1 Policy Gradient Method
Input: Learning rate n > 0.
Initialize parameter 61 (s, a) for all (s,a) € S x A.
fort =1toT do v
Or11(s,a) < 0¢(s,a) + ne(s) - aa‘gt(;%) for all (s, a).
end for

Note that € A(S) is an initial state distribution which provides the initial states for policy gradient.
Using different parameterizations, we will have different policy gradients W in Algorithm

B Proofs for Section 2| (Softmax Gravity Well)
Lemma 1 (Smoothness [14]). Vr € [0,1]", 0 — g 1 is 5/2-smooth, i.e., for all Ty = softmax(6)
and 7y = softmax(0"), we have,

drgr
de

1o oI5

W | Ot

(mgr — mg) T — <

,9’—9>’§

Proof. See the proof in [14, Lemma 2]. O

Theorem |I| (Escape time lower bound). Even in a single-state MDP, for any learning rate n; € (0, 1],
there exists an initialization of the policy 7y, and a positive constant C, such that SPG with full

12



gradients cannot escape a suboptimal corner before time ¢g = #(a*), i.e., it will hold that
1

for all ¢ < tg, where A := r(a*) — max,zq- 7(a) > 0 is the reward gap of r € [0, 1]¥.

(14)

Proof. Consider the reward vector 7 = (b+ A,b,...,b)T € [0,1]¥ for some b, where A > 0 is the

reward gap. Then we have,
mgr =mp(1) - (b+ A) + (1 —7mp(1)) - b.
Note that a* = 1. We have,

ra*) —mgr=b+A—m,r
=(1—-me(1)) - A.

And Va # 1, we have,

r(a) —mgr=>b—myr
= —mp(1) - A.

Therefore, the 5 norm of softmax policy gradient can be upper bounded as

dr)r 2 | = 2 '
ol Lrg(a*)? (r(@") =g )"+ ) _mo(a)* - (r(a) —mir) ]
2 a=2

1
2

2

K
=mp(1)- A [(1=m(1))* + > mp(a)’

1

K 27 2
< (1) A~ |(1—m(1))” + <Z 7Te(a)) (lzllz < flzll)

= V2 mp(1) - (1 — mp(1)) - A.

T

15)

(16)

K
lwe(l)Q (1 —me(1))? - A2 4+ 7p(1)2 - A2 Zwe(a)ﬂ (by Egs. (T3) and (16))

a7

d . .
Let 01 < 0+ 1y - %ﬁr, and 7y, , = softmax(f;) be the next policy after one step gradient

update. Define the following two kinds of iterations:

tgood = {t > 1: 7797:+1(1) > 71-9):(1)} ’
thad = {t > 1:mg,,, (1) < 7, (1)}

For all ¢t € ty,q, we have,

1 1 1
779,5(1) 7T9t+1(1) Ty 41 (1) © 7Y,

(18)



For all ¢ € tg004, We have,

Topy (1) = 7o, (1) = [1 5 (e - mlr)} 1= (@) - mﬁr)]

dm] r dm] r
. l(ﬂ'gt+1 — 7T9t)T7‘ — <¢ 9t+1 — 0t> -+ <TZZ’0H1 — 9t>‘|

D)=

IA
Bl

5 dm] r
: l4 N1 — 9t||§ + <th’9t+1 - ‘9t> (by Lemma([T)
t

INA
NIOWID [ 5] =

< (e € (0,1])

(m, (1) € [0,1])

Dividing both sides of Eq. with 7g, , , (1) - mg, (1), we have,

1 1 7o, (1)
o @) =2 T, ()

7r9t+1(1)
<AL (79,1 (1) > mp,(1) > 0)

§ ~7T9t(1)2 A

<A

IA
o ol

Therefore, we have,

2o 1 il 1 1
= 2 7re5<1>‘7res+1<1>}+ 2 [mn‘mma)

s=1, s€tgood -

> 2w

s=1, s€tgo0d -

t—1 r
. A}

s=1, S€Lgood

s=1, sEtpad

IN

(by Eq. (T8))

IN
(]
| ©

9
< —-A-t.
-2

Let mp, (1) < % for some constant ¢ > 11. If t < % . % . ﬁ, then we have,
- - 1

1 S 1 9

mo, (1) — e, (1) 2

_7T91(1) c
1

ZC-(l—) =c—12>10,
C

Therefore, for all t < % 1

WA/

(by Eq. (21))

which implies 7, (1) < . Cx we have,
(m* —mg,) Tr = (1 —7,(1)) - A
>0.9-A.

1
T, (1)°

(by Eq. (13))

14

(by Eq. (13))

19)

(20)

1)



C Proofs for Section [3| (Escort Policy Gradient)

C.1 Escort Policy Gradient Closed Form in Bandits

For completeness, we show the detailed calculations for the escort policy gradient in bandits, i.e.,
Eqs. (@) and (3)), which are duplicated here for convenience,

drg v [0(a) P~

=p-sgn{f(a)} - =———2—— - [r(a) —mjr
d@(a) =p-sg {9( )} Za/ ‘G(CL/)‘P [ ( ) 6 ]

-sgn{f(a)} - ﬂg(a)l_l/” . [T(a) — 7T9T’I“] .

||9H
According to the chain rule, we have,
T T
dmgr _ dmg dmgr _ dmg . 22)
do do dmg do

We calculate the Jacobian of the escort transform 7y = f,(6). We have, for all i, j € [K],

dmo(i) _ d { 60) P }

ao(z) — do(G) | Xa 10(a)P

0ij - p - |0G)|P~" - sgn{b(i)} - (32, 16(a)P) = 10" - p - 0(5)|P~" - sen{6(5)}
(X l6(a")|7)?

, 6¢) [P~ , ()P~ .
=i 0 B b .72 0 R A4 N ,
j - p-sgn{f(i)} S 9@ P sgn{0(j)} SR 7o (%)
where
(1, ifi=j,
%ij = {O, otherwise. 23)
Then we have the Jacobian as,
drg\ " diag(sgn{6})diag(|0]"") -
() =r "y - 1s7). 29
Combing Eqgs. (22)) and (24), we have,
drgr diag(sgn{6})diag(|6P~1) T
r7aia s s T U Al
which implies Eq. . Using mp(a) = %, we have, if 0(a) # 0,
dmg o@)Pt T
= p-sgn{f(a) “lr(a) —my T
&9(a) W@} oy @ o]

— i b)) - < b [r(a) ~ ]

- W -sgn{0(a)} - mo(a) - [r(a) — g 7]
= o S 0@} - mola) - (@) — wr],

which is Eq. (5). On the other hand, if §(a) = 0, then sgn{f(a)} = sgn{0} = 0 makes Egq.
trivially equal to Eq. ().

C.2 One-state MDPs

Proposition 6 — m, r is a non-concave function over R using the map g := f,(0).
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Proof. Consider the following example with K = 3 and p = 1: r = (1,9/10,1/10)T,
01 = (2,2,2)7, mp, = f1(61) = (1/3,1/3,1/3)7, 63 = (5,10,15)7, and w9, = f1(62) =
(1/6,1/3,1/2)T. We have,

(rlrinln =L (2437 _28
01 922779 \3 760/ 120 360

DN | =

Denote 6 == 3 - (61 + 62) = (7/2,12/2,17/2) . We have 75 = f1(8) = (7/36,12/36,17/36) ',

195
TGgT = .
360
Since 3 - (7‘(’;—17“ + Wgz r) > Wgr, we see that E,.,(.) [r(a)] is a non-concave function of 6. O

Lemma 2 (Non-uniform smoothness). Suppose r € [0,1]%. Let mg := f,(0), and mo := f,(0).
Denote 0 == 0 + & - (0" — 0) with some & € [0, 1]. Then, we have,

. 2.1/ p .
o forp>2 m,ris %-smooth, ie.,

drgr 3-p2- KYP

T [’ / ! 2
;- — 0 —0) <————-||60 —9|5.
(779 71—9) r < do >‘ = 9. ||05||?) || H2

_ T,io 22K .
o forp=1myris AH smooth, i.e.,

drgr K
)T = (S0 =0} < g1 01
1

Proof. Denote the second derivative w.r.t. 6 (i.e., Hessian) as

d (dn]r

=p- % {diag(%)(rfm;r%l)}.

Note that S(r, ) € RE*X whose element at position (i, j) € [K]? is

A ) = )

S @0)

ARy moli) dfr(i) —mjr}

=gy O T gy
L-(Sij-ﬂ'i—ﬂ'i'ﬂ' ] '9i—7T(i~(5ij

_ .t 0 mld) d&ﬂ;un )=o)y
(i) 5 ml)
9(7/) 'pz' 9(]) (7’(‘7)77{'3—7")

W@(i)
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where d;; is defined in Eq. . We calculate the spectral radius of S(r, #). For any nonzero y € R,

K K
SN Sy

i=1 j=1

|yTS<T7 e)y’ =

~—

P01 J00 10 - 7 1)y

7

27 o v S 0 =i 40

o) 2 0g)
<petp= 13 J0 - (0 -0l
w2t | S0 03 T ) - ) 9). 25)

where the last inequality is by triangle inequality.

First part. For p > 2, the first term in Eq. (23)) is upper bounded as,

7T6(i) . . W@(i)
‘z; 6(i)2 (r(i) — 7;7') 'y(z)2 < i 0(i)2 '

|r(i) — Ty r| - y(i)? (by triangle inequality)

< <max g?(?g “Jr(a) — 77;7“|> . ||y|\§ (by Holder’s inequality)

a f(a

m(a) 2

< (max 3 ) 3 ) € 0.1, va)
_ 1 1-2/p 2
= o - (@7 - ol

1
<ol 022) (26)

16113

The last term in Eq. (23) is upper bounded as,

- o j Tl ) = 7))

‘diag (%) (r—myr- 1)H Nylly (by Cauchy-Schwarz)
2

) 3
o) -]

a

T T (CL) 2 % )
<l 2'[2(99@)] Ml (@) 10,3 Vo)
_ mg(a) 2. 2
-3 () e

1 1-1/p) 2 2
= oz 2= (mot@* 7)ol

< H91||2 : <Z779(a)11/p> lyll3 - (We(a)lfl/p € [071]> 27

A
|

ol
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The intermediate term is then upper bounded as,

> mp(a)' P =KMP. % 3 (K - mp(a)) T

a

1-1/p
K-
< K1/P. <Z ;r:(a)) (by Jensen’s inequality)

=K, (28)
Combining Egs. (23) to (28), we have

ly S0y <p-(p—1)- He”g yl3 +2-p? HQHQ CKYPyl3
3-p*- K'/P 2 1
D i ) K'YP >1 29
< g Wik (K7 2) (29)
According to Taylor’s theorem, we have, for p > 2,
drir 1 T
_ T.. [ ’r_ _ . ’r_ /o
(mgr — 79) 7 <d9 0 9> > ‘(9 0)" S(r,0¢) (0 9)‘
3.p2.  KYp

<=———— ¢/ —0]5.  (byEq.(@29))
202 2 @

Second part. For p = 1, according to Eq. (25)), Egs. and (28), we have,

1 2-K
|y S0 0y <297 o KT lyll3 = T Iyl (30)
o1z 10117
According to Taylor’s theorem, we have, for p = 1,
dr ] r K
(mgr — W@)TT — < 0_ 9 — 0>‘ < 16" — 0] O
do 1613 2

Lemma 3 (Non-uniform Fojasiewicz). Let mg = f,,(6). For any p > 0, we have,

where ™" = arg max, ca 7 "1 is the optimal policy.

d T
T T > p -F@(a*)l_l/p . (7‘('* _ 7T9)T’I“,
> 0lp

Proof. The result follows from calculating the gradient norm,

T r K 7ola 2%
‘%2:§@QRWW@®1
% wa>@>
( — T T'I"
‘ )| (7'(' 9)
= P @)V (=) T WQZM
g, ™ ”'(“)LMW> -

Theorem 2} For a single-state MDP, following the escort policy gradient with any initialization such
that |01 (a)| > 0, Va, we obtain the following upper bounds on the sub-optimality for all ¢ > 1,

. . 21|16 |1?
e (gradient ascent) for p > 2, with n; = SM!%’ we have,
9.K'/r 1
* T
_ <z - ..
(W 7T9t) r= 2-2/p ¢’

18



2- H(Jt

e (gradient ascent) for p = 1, with n; ”1 , we have,

9.
(7% —7p,) T < 5

o t“

e (gradient flow) for p > 1, with n, = o, we have,

1
* T <
(7" —mg,) 7 < 22 (t—1)+1

where ¢ = inf,>1 g, (a*) > 0 depends on the problem and initialization, but is time-independent.

Proof. First part. For p > 2, according to Lemma 2]

dm, 3.p2. K1/p
T < 0" p 2
Moy, — mo,) T — 0 9>37-9 — 9,2, 31)
( O¢+1 9) dat t+1 — VUt 2. ||0t,§||12, H t+1 t||2
where
dw(;:r

Ore =0 +&- (041 —6,) =0, +E& -1y -

for some € € [0, 1]. The ¢,, gradient norm can be upper bounded as,

5 - 8 ]

a=1

db; ’

mo(a)

dr] r
6 9(0,) : (T(Cl) - W;’I‘)

db

p .

P

a=1
K » »
= | (mo(@) 7 r(a) — i vl
ol | &=
1
K B 1/p
p » p-K
< o 1) == (32)
161l l; ] 101,
According to the triangle inequality, we have,
dwe—,z
16rllp = 190lp = &m0 - =25
p

.Kl/p
p

2 2- 116217
:Heth'(l_f'w) <nt:9-]92~K1/1’

> (6], - (1 - gzp) (€ €[0.1)

) (255

—= H‘%Hp (p=2) (33)

Combining Egs. (31)) and @), we have,

drgr

3.p2 - KP

2
i - —(—=.0 —0 < — . ||1# -0
( Ot1+1 at) r < 6, y Ut+1 t> > 2_||9t§”2 H t+1 t||2

g

< ———— |01 — 9t||27
41102 ?

19



which implies,

9.p2.K1/p 9
Tﬁt’gtﬂ - 9t> + W NOr+1 — O3

770t7" — 7Tot+17" <

.
T T _<d779t7“

2

- dﬂ‘;';r 9.p2.K1/p.n . dw;r 9t1:9t+nt.d7rg;r
do, A6z " | de , + de,
el | dmgr _ 2063
9.-p2- K1/p e, e = 9.-p2- K1/p
o5 R -1/ 1
< - : e, (@) TP (= m,) (by Lemma[3)
9.-pR - Kl/p [m
o, (a*) P 2
o qr L@ =) 7]
22 2
< g L@ —me) ] (34)
where ¢; := min; <,<; 7, (a*) > 0. Eq. is equivalent to,
A2 2
* T * T t * T
(" —mg,,,) T — (7" —mq,) TS_Q.Kl/p (= me,) ] (35)

Denote §; == (7% — mp,) " r. We prove 6; < QKi;/p -1 by induction. For ¢ = 2, since ¢ € (0, 1),
9-KYr 1

2y

02

IN

1<

22/
Suppose §; < 2K721//: - 3,1 > 2. Consider f; : R = R, fy(z) =z — ngil/Z - 22, Clearly, f; is

. 9.K1/P
monotonically increasing in |0, 272/1,] We have,
2—2/p

Cy
5t+1 < 6t 9. Kl/p . 5? (by Eq @)

_9- KV 1 e (g ke 1\’ s UKL 9K
=22y 9 KUr 22l A R r =
t t t t

_9-KYP (1 1
- 0372/1) t +2

9. K1/p 1
= C?_Q/p t—‘rl’ ( )

which completes the proof for §, < 92K21//: - 1. Then we have, forall ¢ > 1,

<

9.KYr 1 9.Kr 1
t = (infy>q mg, (a*))2=2/P t~

(7T* — W@t)TT’ S 2_72/17 .
Ct

Second part. For p = 1, according to Lemma[2]

d7r g K
(7T9t+1 - Wet)TT - < th 9t+1 0 > ||0t+1 - 0t||Qa 37
where
dﬂ';f’l“
Ore =0; + & (Opp1 —01) =0y + &t d@l ;
t
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for some € € [0, 1]. The ¢; norm can be upper bounded as

According to triangle inequality, we have,

10r.elle = [10clln — & - e - |

K
2 10ells = & me - 7o

~ o (1-¢-3)

" |7, (a)
= Z Htt(a) (r(a) — Ty 7‘)
a_1 p
= AR Z:l [r(a) — mg 7]
< IIHIt{Il' (re[0,1]%)
dwé:r
do;

(by Eq. (38))

19l

2
>2 0 (€c)
Combining Egs. (37) and (39), we have,
dmg v K
_ T 7< 04 _ >
o, Tg,) T ,0 0:)] <
R N R O
9-K
<L .
— A 1017

which implies,

dmg r 9.-K
T T 0 2
To,T = Mg,y T = _<7d0t Brp1 — 9t> y AR 16241 — 6213
2 2
o dwgtr 9. K 3 dw(;:r
"\ aes |, T TedE || e |
2
Lo | dmgr = 2o
9-K | db, T 9K
I i
< oK [m (7 — wet)Tr} (by Lemmal[3)
1 " 2
=g [ =) ]

Using a similar induction argument as in Eq. (36)), we have

9-K
(m* —mg,) 1 < -

21

_ 2-[16:1F
(Ut 9K

NOes1 — 013

[10e+1 — 013,

<9t+1 =0, +n-

(38)

(39)

-
dﬂ'gt T

do;

)

(40)



Third part. For the gradient flow, we have,

d{(7* —mp,) " 1} B dmg v
dt T dt
db, T dﬂ'g;?“
- (dt) ( do, )
B dwélr ? do, d?TéZT‘
- " ag, at " as,

2
< —n- [HGPH ~7Tet(a*)1_1/p (7 — ﬂgt)TT:| (by Lemmal[3))
tlip

0 2
_ 77r9t(a*)272/p . [(W* . Wet)Tr]Q (771& _ ” t2||17>

p
2—2p * T, 12
S (e 7% B

which implies,

i ; _ 1 ) d{(m* — Wet)T 7} — 22
dt | (m* —m,)Tr [(7* — 7, ) T7)? dt '
Taking integral, we have,
1 1
T = T =+ 62_217 . (t — 1)
(m* —mg,) T (w*—mg,) T
>4 e@-1), (=) e (0,1])
which is equivalent to
1
(m* — 7r9t)T r< O

T2 (t-1)+1°

C.3 General MDPs

Lemma 4 (Policy gradient theorem [[19]). Fix a map 0 — mg(al|s) that for any (s, a) is differentiable
and fix an initial distribution p € A(S). Then,

ovr(u) 1 Omg(als) o
o0 _1_733[229 Z 90 Q™ (s,a)l.

a
Lemma 5. The escort policy gradient w.r.t. 0 is

VT 1 mlals)
90(s,a) 1—v ™ (s)-p- 0(s,a)

<A™ (s,a),
where AT (s, a) is the advantage function defined as

A™(s,a) = Q™ (s,a) = V™ (s),

Q™ (s,a) =7(s,a) +7 Y P(s/|s, )V (s).

s’

Proof. According to LemmaEL we have,

ovre(p) 1 Omg(als’)  ymo(y
90 _1_73,5%29 Z 20 Q™ (s',a)|.

a
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For s’ # s, 6325?'3/) = 0 since 7y (a|s’) does not depend on (s, -). Therefore,

avﬂe(u) _ 1 o 87T9(G|S) o
200.) 17 ~dy?(s) - [ s W'Q (S7a)1

L roge (U9 o
— e (Fo) @)

1- 9(37')

For each component a, we have

oV (p) _ ! ~di(s) p- molals) [Q”e s,a) Z?Te )- Q™ (s a)]

L dm (s ).p.diag(ﬂ"S)) (Id — 175 ) Q™ (s, ).

09(s,a) 1—7 0(s,a)
_ 1 ) mo(als) o o o ™o (
_m.d# (5)-p- 005 0) (Q™(s,a) — VT (s)) <V ng als) - Q™ (s a))
1 -~ mo(als) o x,
) G A ) 0

Lemma 6 (Non-uniform smoothness). Suppose r(s,a) € [0, 1] for all (s, a). Let mg := f,(8), and
o = fp(0'). Denote 0 == 6 + & - (6 — 0) with some & € [0,1]. Denote A = |A| as the total
number of actions. Then we have,

n . 8p2 AP 1 .
o forp>2, V™ (p)is T mms |‘9€(S")‘|g-smooth, ie.,

ovre(p) 4-p*- AP0 - 63
T/ _ e _ — < : 5
‘V (p) = V7™ (p) < 50 0 9> = (1-9)®  ming|[fe(s, )2’

o forp=1V"(p)is

.)”2-sm00th, ie.,
4. A7 10" — 0113
1—7)3 ming |[0g(s,-)7

8-A% 1
(1—=v)3%  min, [|0¢ (s,

\V”e’ ()~ veoi) - (0 g e>] <

Proof. Denote 6, = 0 + au, where a € R and u € R4, Forany s € S,

omg,, (a|s) B Omg,, (a]s) 00,
Za: dax _Z < 0o la= o’aa>‘
_ Z‘ 871'9 a| u ‘

a=0

Since %’Te"((‘flg) =0, for s’ # s,

z

5779

R

S

—Zp “)‘ u(s,a) — mo(s) Tuls, )|

~—

Z ||9 mg(als)t™ 1/p ., }u s,a) — ma(+|s )Tu(s,-)|
< WG, mé*xlu 5,0) —mo(|s) Tuls, )| - 3 molals)' =177
< e 2 Il AT (by B @9)

2.p- AP
= ot e @)
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Similarly, the second derivative is,

0?7y, (als) B 0 [ 0Omg,(als) 00,
; 0a?  la=0| ; <89a{ da } a:()’%>
B 0%y, (als) 06, 00,
=2 < 962 azoaT’aT>

a

5 [( )|

a

Let S(a,0) = 8;;5’((;';) € RAXA i, j € [A], the value of S(a, ) is,

0l G — molals) - S
S 99(s.)
s e(f,j) - [6jamo(als) — mo(als)me(j|s)] - O(s,a) — djame(als)
=P Oia- 9(8,@)2
p? . malils)
gy Bemalals) —mlals)ma(ils)] - Gt
P [i5mo(ils) — ma(ils)ma(i]s)] - O(s, i) — dijmalils)
—p-mplals ) ! !
p-Tolals) o
s o melals) o5 me(als) me(ils) o o malals) ma(ils)
O e P G e T T ) Bg) T ) 0G0
tpmaaly) - 2p U O 1) 2O,

where the § notation is as defined in Eq. (23). Then we have,

A A
D0 Siguls, duls, )

(G 10| =

<p-(p—1) ”E’S(aljg ~u(s,a)? +2-p?- 7;9((a|5))| u(s,a)| - (g"(i'7|f))>Tu(s, )
S mafals) {2 (B o - (2 o) 0t >>u
oy molals) 7 uts. o) (o)1) )
+ o ook | (ro1) )t
+ S motela)-| (o1 ) (uts @t )| @)



First part. For p > 2, according to the Cauchy-Schwarz inequality, we have,

Z 67%0%«(;”5) o < w . Zu(s a)? + ”92( P)||2 (s, 2 - o (]s) =272
+ T T B - o) ~/715 + ||e<(s )||2) A1 o 1) =27 e - (s, ) © u(s, )l
M~us-2 4p P |u(s, -)||2
< oo e+ e AT lu0lE by Ea. @)
2 p2 (142 A7)
N 16(s,-)|I2 lull3- 43)

Define P(a) € RS*5, where V(s, s'),
Nssry = ZW@ (als) - P(s']s, a). (44)

The derivative w.r.t. ac is

&

] =Z[8”9°‘<“8) ]Ms’s,a).
a=0 (s,s’) o 3(1 a=0

For any vector z € R, we have,

{813(@) ao“””} ZZ {8@ ‘ 0} P, a) - ().

O
The ¢, norm is upper bounded as,

8P(Oé) (97'('9
H e a_ox’ = max ZZ [ o -P(s']s,a) - x(s)
<maXZZP (s'|s,a) - M‘ . zllso
871'
=maxd |7 Omelale)] | e
2.p- Al/P
<max ————— - ||ull2 - || 2]|co- by Eq. (45)
Similarly, taking second derivative w.r.t.
0?P(a) 0wy, (als) ,
{ da? a=0:| (5,5") B za: [ da? a=0:| P(ls,a).
The /., norm is upper bounded as,
82P(Oc) o 8 T, / ’
‘ 902 o ‘ = max ZZ [ 8&2 ’ _0] -P(s'ls,a) - x(s)
0°my_ (als
<max Y 5P lssa) - [ o
0%my,, (als)
e [
2. 1+2-AY
< max 2 Gl el oy Ee @) @)
8 )ip
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Next, consider the state value function of 7y,
V7oa (s Zﬂ'g (als) -r(s,a +’yZ7rg (als) ZP "Is,a) - V™ou (5,
which implies,
V™ (s) = el M(a)rg,, 47)
where
M(a) = (Id —yP(a)) ", (48)

and ry, € R for s € S is given by
s) = Zﬂ'ga (als) - r(s,a).

Since [P(a)], oy 2 0,V(s,s"), and

M(a) = (Id —yP(a)) ™" =Y '[P
t=0

we have [M(a)] 5 oy = 0, V(s, s"). Denote [M(a)]; . as the i-th row vector of M (). We have

S,8

1 1
1=— - (Id—~P 1 Ma)l=——- 1
= (1= yP() 1 = M(0)1 = — 1.
which implies, Vi,
1
M = E M .
H[ (O{)]l 1 - [ (O[)}(z 7) 1— v
Therefore, for any vector x € RS,
|M @)z, = max]|[M(a)]], 2|
< max||[M (@), - ll7l
1
— . - 49
= llal (49)

Since (s, a) € [0,1], ¥(s, a), we have,

(50)

6. oo = max |ry, ()] = max

Zﬂ'ga (als) - r(s,a)| <

Since ﬁ =0, for s’ # s,
([ 9r0.(s)\ " 90
o 00, Oa

_ ‘ (2t ->})T (s, .>'

Ore,, (s)
Oa

— |- (diag(1/0a(s, )) (diag(ma, (15)) = 7o, (1s)ma, (1)) (s,)) (s, )|
< p- |[diag(1/6a(s,)) (diag(mo, (-5)) — 7o, (15)m, (1)) (s, )], - s, Mg - 5D
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The ¢; norm is upper bounded as,
| diag(1/0a(s, ~)) (diag(ﬂe ([s)) = 7o, (ls)ma, (-1s) ") (s, ) Iy

- 1/p
=2 oo Hg \r<s,a>—m<~|s>ws,->|

s Ml

1
< W 'ij |T(57a) - Waa(‘|3)T7”(3a ')| 'Zﬂaa(a|5)l_l/p
p a
< S o, (als) M (r(s,a) € [0,1])
||9 [18a(s, )l <
v (by Eq. @9) 52
< o7 y Eq. (52)
10a(s,)lp
Combining Egs. (51 and (52)), we have,
Org,, . Jrg,, (s)
Ja s Oa
< maxp - [|diag(1/0a(s, ) (diag(ma, (|5)) = ma,, ()70, (1s) ") (s, )|, - uls, )
p- A/
< maxi -] (53)
10 (s, )l 2
Similarly, for the second derivative, we have,
0?ry,, ~ max ?ry, (s)
oo s oo
e (2 [0V T 00
T s 89(1 Oa 19e"
T,
= InSaX ( 892 > Oé
32{@ (IS)TT(S )}
T 9
:m?,x (s, ) 90, (s, - )2 ( ,.)
3 .p2 . A]-/p 9
ax ————— —— - ||u(s, - by Eq.
Hea(s’)”% || ( )H2 ( @)
2 Al/p
< maxi w3, 54
TACBIE
Taking derivative w.r.t. « in Eq. 7)), we have,
OV7™a(s) T OP(a) T Org,,
8@ —’y@bM(O[) aa M( )T@ +€ M()aa

Taking second derivative w.r.t. o, we have,

TVl — 992 a0 22 bt () 22 sy, - e () T2 pr
2y el M(a) 81;20‘) M(a) 852@ +el M(a) 8;;9; . (55)
For the last term,
a5 < led, a5
< ﬁ : ’ 8;;?; ol (by Eq. @9))
< 1i7 max 3|9pz f;g lull3. - (by Eq. G4)) (56)
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For the second last term,

OP(« Org,,
20 pr(a
1 OP(a Org,,
=150 8((1 ar(a) da
<2.p.A1/P.Hu”2. 1 H %
- -y s [10Cs, )l
2'p"41M7'H””2-1nax 1 .‘
(1—7)? s [10Cs, )l

297 A7l !
< -max u||2- by Eq. (57)

es M(a)

For the second term,

0%P(a)
da?
1
< .
_1—W‘
2.9 (1+2- AYP) - ||ulf3 1
< max :
-~ 16Cs, )13
2~p?~<1+2-Al/p>-||u\|§,ma 1
(1—=79)? 16(s, )12

2.p%- (1+2-AYP) 1 )
< . . by Eq. 58
— (1 _7)2 m ||0( )H2 HUHZ ( Yy BEq (IS_UD) ( )

el M(a)

M(a)rg

a

IN

For the first term, according to Eq. {@3)), Egs. (49) and (50),

OP(«) OP(a) OP(«) OP(«)
Oa Oa Oa Oa

- 1 2-p-A1/T’ lal 1 2-p-A1/P Il 1 .
< — max— - |lulo - - max Nlullg - —— -
L—y s [10(s,)lp L=y s [[0(s,)lp 1—v
4.p2 .A2/p 1 9
= ———— max ——— - ||ull5. 59)
(1—7)3 s 10Cs, )2 ?

Combining Egs. (56) to (59) with Eq. (33), we have,

0?V™oa (s)
Oa?

e;rM(a) M () M(a)ro, o M(«) M(a)re

“la=0

s

+7-e

OP(a)
Ja
8.-~2.9p2. A2/ 9.~ .p2.(14+2. AP 4.o~-p2. A2/ 3.p2. AP 1
S( ry p 5 + 'Y p ( +2 ) ’Y p 5 + p ) maX 5 ||UH%
(1=7) (1=) (1=7) 1—vy 16Cs, )3
8. p2. A2/p
< —— m
T (=2 oG,

827‘9a
oo

eq M(a) + e M(a)

+ 27 - M ()

oo

a=0 a=0

1
0. a3, (60)
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which implies for all y € R54 and 6,

PV, () e () g
062 Iyl 062 yll2 2

PAVALT
< max <‘9V(5)u,u>'.||y||g

lull2=1 002
2VT0a(s)| 90 00, )
e (| e aa>’ i

- 0 [0OVT™a(s)
7Hum\|3):(1 <89a{ Oa }‘ =0 Oa >‘ Iy ||2
D?V™oa (s)

_ . 2

= max |Z=oe |l
8-p2-A2/p 1 )

<Er L yl3- (byEq. @) (61)
TR TP TR LLE 60

Denote 0 = 6 + £(0" — 0), where £ € [0, 1]. According to Taylor’s theorem, Vs, V6, 6,

AV (s) 1] orves)
Tor (5) — V7 (s) — 0 —0) == |-y _g
Ve te) = vete) - (Tt )| = 5| -0 S e o
4.p2.A2/p 1 , 9
- max -l —0 by Eq.
(=P " g 19— 0l (by Ea- @)
4.-p2. A2/p 1
A : o' —0)3. (62)

(1=7)*  ming [0 (s, )13

2. 42/p

Since V7 (s) is 8'(11_7)3 e Helg(s iz -smooth, for any state s, V7™ (p) = E,, [V (s)] is also

8-p2-A2/P 1
— -smooth.
(1—v)3  min, [[0¢(s, )7

Second part. For p = 1, we have,

0 2. p? _
(o, uts, )| < 2 malals) 2 uts, )l | (o' ~7) s )
) ) p
2'p2 1-1/p T :
T els) | (rolle) ) (e by Ea. @)
Therefore we have,
82 4. 2
& I Tae (e, I - Iy 2471
> lp
4-p%2- A
< oy I “

Similar to Eq. (6), we have,

0?P(a) 0*my,, (als)
H 902 lazo”||_ = msaxza:’ da? ‘ 0 el
4.-p2- A
< OBl 3 - [l co- (by Eq. (63)) (64)
’ p

29



Similar to Eq. (34), for the second derivative, we have,

0%ry, 0*{m, (|s) "r(s, )}
‘ o R RS D

= max
s

2.p2. Al/p
mas 2P AT s )1 by Be, @)
0a(s, )2

2. p2 Al/p

< max S (|3 (65)
[[0a(s, )17 ?
Similar to Eq. (56), we have,
9%r 0%r
T O Oo
D@5 | < e || |
1 8%rg
< — & by Eq.
T 1—x ’ 0a? la=0 (by Eq. @)
1 2.p2. Al/P

< - max |3 (by Eq. (63)) (66)
1—v 10a(s, )7 ?
Similar to Eq. (58), we have,

9?P(a) 1 9?P(a)
.
< = . .
Tt o, | | < = || | GyEs @)
4-p* - A-ul3 1
< —= — || M by Eq.
T [ TONS 1 el L, eyEe @D
4-p* - A lul3 1
< - max r by Eq.
T e LY )
4 - p? A 1 9
< — ull3. by Eq. (67)
1—~)2 ||9( e lullz ( (&0)
Combining Egs. (57) and @), Egs. (66) and (67) with Eq. (53), we have,
0%V ™oa (5) 5 | T OP(a) OP(«)
_— < 2% - M(a)——M(a)————M
aa2 a=0 — ’y eS (a) aa (a) aO& (a)rea a=0
0%P(a)
-
+7-€s M(Q)WM(Q)TGQ -
OP(a) Oro,, 0y
2y |es M M M o
T2y |es Mla) O (o )8a a=0 +|es M(a) 0a2 la=0
8.~2.9p2. A2/P 4.~ .p2. A 4d-~-p2.A2/P  2.p2.Al/P 1
S(vpg phayr A Ay AT 20p )max SRV
(1=9) (1—=7) (1—=7) 1—~ 16Cs; )15
8. A2 1
< - max 3. (p=1) (68)
L=72 s lleGs )l
Similar to Eq. (61), Eq. (68) implies for all y € R54 and 6,
0?V™a(s) D?VTea ()
TV ) 1 o7V re(s) o2
‘y 50 y‘ < max |5 ’ o 9ll2
8. A? 1
< Ao max o ——os - lyls. (Eq @68)) (69)
a—p " e e )
Similar to Eq. , we have, Vs, V0, ¢,
ovre(s) ’ 4-A? 10" — 013
V7mo(s) — V™ (s) — 00 —0) < - max Eq.
o= - (% STy e &
4-4? 10" — 013

T (1=9)% min, [[8e(s, )3
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. . . 2 T T, .
Since V™ (s) is (187%3 e |\91£(s,-)\|’;"sm00th* for any state s, V™ (p) = E,., [V™(s)] is also
8-A®

1
(1-7)° " min. [0¢(s

STE: -smooth. ]
s )T

Lemma 7 (Non-uniform Eojasiewicz). Suppose (s) > 0 for all state s and 7o := f,(6). Then,

-
dy _ming mo(a*(s)|s)t— /P

a7 || ma [0, ]

p

VS

where a*(s) == argmax, 7*(als), Vs € S, is the action that the optimal policy 7* takes under s.

B V(o) = V),

00

P

Proof. Note that a*(s) is the action that optimal policy * selects under state s.
Wy () I
00 y — \ 90(s,a)
v \*|”
> - M7
‘[§:<8ﬂsa%@)

7r9
_Vﬁzjgza \ (by Cauchy-Schwarz, [Ja/ly = (1, |al}| < 1]l - /]2
p. Tol@(s)ls) ; ‘
=— d’”’ —— = AT (s,a™ (s by Lemma
1__VVﬁZ o ar(e)) AT G)| (by Lemmaf)
1 mo(a”(s)|s)

= — dTe(s) - p- ———L - |A™(s,a™(5))]. dT(s) >0, me(a™(s)|s) >0

Define the distribution mismatch coefficient as Z:’;g = max, jg E ; We have,
GV”"(,u) 1 dpe(s) mo(a*(s)]s) ro (.

% fzd” o s AT )

1 Y
1 1

dﬂe 1 1_1/,
(s)-p- (mo(a™(s)]s)) 7 [AT (5,07 (s))]
16(s, )l
> BENRNE dg p- mm; min 7y (a* yi=t/e. Zd” - |A™ (s,a"(s))|
15 V5 |4 16T,
11 |lar || 1 .
D ) | p- mln —— ~minmg(a*(s)]s)7VP ) dT (s) - A™(s,a*(s))
1—v V5 ||y [6Cs )M, = 2.4
. —1
r ||% min, 7Ta(a*(S)IS)l Y - x
=——="||-% . d AT (
S Hdﬁe H max; [[0(s, )|, 11— Z Zﬂ- (als) (s,a)
. =1
r|% min, mo(a*(s)|s)' "7 n
=—7="|7m| Vip) = V™ (p)],
VS | di’ max; [[6(s, )],
where the last equation is according to the performance difference lemma of Lemma §] O

Lemma 8 (Performance difference lemma [9l]). For any policies w and 7',

V) =V () = 7 T () Yonlals) - A7 (5.0

S a
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Algorithm 2 Escort Policy Gradient Method with Parameter Normalization

Input: Learning rate n > 0.

Output: Policies mg, = f,(6;).

Initialize parameter 61 (s, a) for all (s,a) € S x A.

Normalize parameter 0 (s, a) i g 1((; ‘;f‘ forall (s,a) € S x A.
fort =1to 7T do

Cir1(s,a) < 0(s,a) +7- % for all (s, a).

Opp1(s,a) ﬁ for all (s, a).
end for

C.3.1 An equivalent algorithm

For convenience of analysis, we introduce Algorithm 2] which is equivalent to Algorithm[I]as shown
in Lemma[9

Lemma 9. Using the escort transform mg = f,(6), Algorithmwith constant learning rate 1 and
Algorithmwith learning rate n,(s) = n - ||0:(s, -)||2 are equivalent, i.e., for all (s, a),

~ Qt(s,a)
i = 5D g
(&) = B

urs (als) = my, (als).

Proof. Fort = 1, according to Algorlthml we have, for all (s, a), 0y (s,a) = H 9011 ((s %p and.
101 (s, a) [P 161 (s, a)|P
TS0 N =, (als).  (70)
4, (als) S 10i(s,a)p Yo 10i(s,a) M otts)l}, = 7, (als)
Suppose 0;(s, a) = 0u(s:0)_ for some t > 1. Using similar calculation as in Eq. , we have, for

16:(s,) 1l
all (s, a), 5, (als) = o, (als), and,

Cipr1(s,a) < O(s,a) +7 - M (Algorithm 2)
00,(s,a)
Gt(s,a) V™o (1) . . . o
||9t(8, a1 + 1 10:(s,)lp D0 (5.0) (induction hypothesis and urs = T9,)
91:(57 a) 1 Ve (p) 2
+ ne(s) - . ne(s) =n-||0:(s, -
= Tedsly T 0G0y =1l
1 oV (u))
= .16 , + N/
T, (e ) G
1
=— 0 ,a). Algorithm |1 71
oG, ek (e 7
Therefore we have,
Ori1(s,a) M (Algorithm 2))
G105, )l

#.HHI(M).M (by Eq. (7T))
lEacanllFy [10e41(s, )y
_ O 11(s,a)
[10+1(s5 ) llp
Using similar calculation as in Eq. , we have, for all (s, a), 75,  (als) = m, ., (als). O

Theorem [3} Following the escort policy gradient Algorithm [[] with any initialization such that

|01(s,a)] > 0, ¥(s,a), and n(s) = % to get {0 }4>1, for all ¢ > 1, the following

sub-optimality upper bounds hold for mg,,
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e for p > 2, we have,

.12
20. A2/P. § dy, 1
* . iy M < l e N .
Vv (p) 14 (,0)_ 62—2/]9.(1_7)6-25 1% HII’LHOO,
e for p = 1, we have,
.12
) x 20-A%- S ||d} 1
Vi) =V = Gy f Hu” ’

where ¢ := infscs infy>1 mp, (a*(s)|s) > 0 is problem- and initialization-dependent constant, A :=
|A| and S := |S| are the total number of actions and states, respectively, and p € A(S) is an initial
state distribution which provides initial states for the policy gradient Algorithm T}

Proof. Note that for any 6 and p,

dZ" (s)= E [dfﬁ (5)]

= SO@M (I—7) Zﬂyt Pr(s; = s|so, g, P)
t=0
2 E [(1=7)Pr(so = slso)]
= (L=7) - pu(s). (72)
According to the value sub-optimality lemma of Lemma[I0]
Vi) = Vo) = 7= S (9) 3 (" ) = molals) - Q" (s
1 G \ \
=T 2 (s) ~dy, (8);@ (als) = m(als)) - Q" (s, a)
<15 | ) o als) — ) Q' (5.0
1 1 T * * .
< [ DOl - mateh) - @ (s0) (o B @t min ) > 0)
1|1 e
- e - v, 73)

where the first inequality is because of
Y (n"(als) — mo(als)) - Q7 (s,a) > 0,
and the last equation is again by Lemma[I0]

8-p2-A2/P 1
(1-7)%  min, [[0¢(s,)[13°

For p > 2 and p = 1, according to Lemma@ V7 () is -smooth with 5 =
i.e., we have, in Algorithm[2}

4-p>- A7 |G — 63
T (1= ming [fee(s, )2

V™) = 5 > (74)

VT () = Vo () = (o G
t

where
Ore = 0p + & (Goa1 — 0r)
OV ()
90,

=0, +&-7- , (Algorithm 2)
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for some ¢ € [0, 1]. Denote s¢ == arg min, ||0 (s, [12. We have,

~ - Ve . . .
615 ) > 1utsc. M — € || 20U (riangle inequality)
8915(55,') »
A V™o
> min (s, ) — € - || T as)
E 00y (se,-)
p
The £,, gradient norm can be upper bounded as,
V™ (1) 1 , mo(als) rle
gr T RPN Sl L L) by L
|G = |2 e G A ) (by Lemmal§)
P m(als) I
< . . AT
— 1 _ ’y lza: 0(87 a) (8? a)
p 1 1-1/p T v
= : mo(als |AT (s, a
T TGl [Z( ()= |47 3,)])
S (2 0s) ]
< £ - . 1. -
L= 16(s, )y lza: 1—v
p- Al/p 1
<P ax—— (76)
(L= s [0(s,)llp
Combining Egs. (73) and (7€), we have,
o S p- AP 1
min ||0; (s, -)||p > min ||6(s, )|l —& -7 - - — -
N (R YT
- p- Al/P _ B )
=1-¢-n- T <||9t(s, Ilp =1, forall s, Algor1thm|2|)
_ 1—~ (1=
=S (n_loepQ-Aw’byLemma@
L—9
- 0,1
o (€eb)
(2 175+2\/5 -7\ 2
o NG 10 p- Al/p V5
> 2 (p>2 AYP > 114 e (0 1]) (77)
- \/5 py b — ) )
Combining Egs. (74) and (77), we have,
mE 5 VT () = 7] 4-p*- AP ||C~t+1 - étH%
Ve () — V() — ( M e g, < : L
(:U’) (:u’) < aat Ct+1 t> (1 _ 7)3 mins ||9t,§(37 )HIQJ
5.p2. A2/p . -
- [ =03, 8)

AT
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which implies,

V7o () — V701 () = Ve () — Vo1 () <§t+1(s, a) = M, Algorithm@)

||C~t+1(57')||p
OV (1) = _ 5.p2. A2p -
< (T W g EAR AL - Eq.
< < o0 Gt 9t> + 1) [Ge41 = Ol (Eq. (78))
n,HﬁV”‘”(u) 2 5eptiAe 2,H3V”§t(u) ? OV (1)
90, 2 (1—=7)? 90, 2 t
A=y v _ (=P
20 - p2 - A2/p a0, ) g 10 - p2 - A2/p
L -1 2
1—~)3 ar min‘gw~t(a*(s)|s)171/” ) .
L I L A V() = V7 ()]
20- )R- A% | VS ||, maxs [|0 (s, )|
_ (1 — 7)3 d:&* : * 2—2/p * T 2 N _
=g s | | 0 =V GOP (16l =1, oralls)
. =2
S ke S [ e (0 () ]8)22/P L [V (1) — Ve ()12
=790.42-9 | 1 min7g (a”(s)|s) [V (u) = V7o ()™,

where the last inequality is by Eq. (72). Then we have,
V() = V0 () = V70 (u) = V™% (1) (by Lemma[)

1—7)° dr
= ‘% || minme (@t ()l V) = V()] (by Eq. (79) and Lemma[j)
o0
.2
(1—9)° di 2—2/p * 2
R S SN | Y . Vv — Vo
<% a5 | a c V*(w) (W],
which is equivalent to,
(1- ’7)5 dZ* 2-2/p 52
Ty el 7 R

where 8, = V*(p) — V™ (). Using the similar induction argument as in Eq. (36), we have,

20-A%2/P.8 1 dr
V* () — V™ () < . |
(/j/) (/’[’) — (1 . 7)5 .t 02,2/1) L N ’

which leads to the final result,

* o 1 1 * o
VO -V < e a] v - vl (B @)
« |12
20- A%/P. S i 1
_CQ—Q/p_(l_,y)6.t 1 N 7 OO.

Lemma 10 (Value sub-optimality lemma [14]). For any policy m,
* T ]' s * *
Vi(p) =V (p) = 7—= > _dj(s)D>_ (x"(als) — (als)) - Q" (s, ).

1—7

S a

Proof. See the proof in [14, Lemma 21].
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C.4 Entropy Regularized MDPs

The objective for the entropy regularized policy gradient method is,

Vﬂ(p) =V (p)+7-Hp,7), (80)

where H(p, 7) is the “discounted entropy”, defined as
Hip.m) = E —' log m(ay|s) |, 81
(p ) so~p,a~7(|st), ; v g ( t| t)‘| ( )

st41~P(-|s¢,a¢)
and 7 > 0 is “temperature” of the regularization.
Lemma 11. The entropy regularized escort policy gradient w.r.t. 0 is

ovre(w) 1 mo(als) in,
8?(3,(1) C1l—n i (s) b 0(s,a) AT (s,a),
o) 1 ro(1s)

06 15 -dre (s) .p.diag< 0(s.) > (Id - 17r9(.\3)T) [Qm)(s,,) _ 710g7r9(~|8)} .
where AT (s, a) is the soft advantage function defined as
Aﬂe(sva) = QM(S, a) — 7 logme(als) — V”e(s)
Q™ (s,a) =r(s,a) + vzp(sﬂs,a)yﬁe(sl).

Proof. According to the definition of Ve,
V™ () = E Z mo(als) {Q” (s,a) — Tlog ﬂg(a|s)] .

Taking derivative w.r.t. 0,

W00 _ g 5 27000 e, 0) — rlogmp(als)]

00 svp 00
Q™ (s, a) 1 9Ome(als)
+S@MZW0 l 00 _Tﬂg(a\s) 08 1
=E ZLW(CL‘S) [Q”(s a) — 7log me(als }—l— E ZTF (als) 7( e)
T ) 20 g o 0
9 N
= B 275 [0 o) - g mtals)

V™ (s
+7- S@ﬂzazﬂe(ab)g P(s'|s,a) - 0

1 o Omelals) [ xr,
= ﬁ dﬂ (3)2 9(976 . |:Q (s,a) — TlOgﬂ'o(a|s)] ,

where the second equation is because of

1 Omg(als)] _ Omg(als)
2”9 als) Lm (als) 09 _za: a0 392”9 als)

Using similar arguments as in the proof for Lemma ie., for s’ # s, %’;“’((S‘ﬂs)) =0,

ovT(w 1 Omo(als) [ A,
90(s,) 1—~ g (s) - [ a 9005, [Q (S»a)—Tlogﬂe(ﬂs)”

“i5 w0 () [0 -rec)

(")
0(s,+)

S

1
— (o) ding

) (Id — 1mo(-|s) ") [Q”e(& ) — 7log 7T9(-|8>:| .
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For each component a, we have

oV () 1 o mo(als)
0(s,a)  1—~ H ()P 0(s,a)

[ mo(als)
14 (s)-p- o)

. {Q” (s,a) — Tlogmg(als)

@™ (s,0) ~ rlog ma(als) = V™ (s)

-t dre(s)-p- Ze(iaf)) A (s,a). O

Lemma 12 (Non-uniform Lojasiewicz). Suppose pi(s) > 0 forall s € S and mg = f,(0). Then,

1
2

Nl

8‘7‘“’9 (,LL) V2T . p ) 1 d;r:_ - . ~
> - min §) ——————— -minmyl(als /p . L . [V‘ITT _ /e
00 ) VS s #(s) max, [|0(s, )|, s o(als) a7 N (p) (p)
Proof. According to the definition of soft value functions,
VT (p) = V™ (p) = [ny r(se, ar) — 7log m (ar]se)) | — V™ (p)
so~p, at""ﬂ' ),

st+1~P(- \% at)

- (s, lZv s1a1) — Tlog mi(ailse) + V™ (1) — V7™ (s,)
éoNPa(ltNﬂ' St
St+1~P(-|se,at)

—V™(p)

l Vi (r(se,a0) = Tlog m(ar|se) + 4V 7™ (se11) — V™ (s1))
t=0

so~p,ar~mr(+|st),
st41~P(-|s¢,a¢)

=) lz 72 (als) (( a) = rlogm(als) + 7 3 P(s/]s, a) V0 (") — V™ <s>)]

s/

— LS. [Zwiws» (07 (s,a) = Tlog wi(als)| = V™ (s) |

T (82)

Next, define the “soft greedy policy" 7 (-|s) = softmax(Q™ (s, -)/7), Vs, i.e.,

) exp { Q™ (s,0)/7
To(als) = , Va. (83)

S exp { @ (s, ')/}

We have, Vs,
Do wr(als) - Q7 (s,0) — Tlog s (als)] < max D wals) - | @7 (5,a) — Tlogm(als)

= Zﬁg(a|s) . [Q”‘*(s,a) - Tlogﬁe(a|5)}
= TIOgZ exp {@W" (s, a)/T} . (84)
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Also note that,
)™ (s,a) — T log 779(@|8)}
)™ (s,a) — 7 log Te(als) + Tlog 7g(als) — 7 log 7r9(a|s)}

|
{

=" m(als) - (@™ (s.) — 7log Fo(als)| — mDicw(mo(-13)][7o(-|5))
{

= TlogZexp Qre (s, a)/T} — 7 Dxr,(mo(:|s)||Ta(¢]5)). (85)

Combining Eq. (82), Egs. (84) and (83)), we have,

- . 1 .
g _ T — 7\'9 _ _ o
O =V = 1) [Zw (als) - [Q™(s,a) = Tlogmi(als)| = V™(s)
e NAC) [ﬂogzexp{@ws,a)/r} s
1 _
-1 di (s) - 7 Dicu(mo ([s)|[ 7o ([5))
| Qe (s,) 6 L
T i . cy(s
< 1 — de . 5 ‘ . —logmo(s,-) — — 1 (by Lemma([T3))
1
— T - o —_ _
— zszdp s) "o Q (s,-) —Tlogmy(s, ) — cols lH (86)
where ¢y(s) = (@70 T:gﬁe(s ) 1 . Taking square root of Eq. G@I we have,

1

0 e - s oo

La—
<
3
3
—~
S
N—
|
<
3
)
~
[
[N
ﬁ
I Lt
2
g
<3

1
2

@75, )~ riogmats, ) —ents) 1| ”

* 1 ~
< Ay (s) - — - ||Q™ (s,-) — Tlog (s, ") — ¢ 1H zlls < ||z
=2 p()\/?Q() amo(s,7) — cof (lall> < llzlh)
1 1
< L V&) - ||gm (s, - 1 —cols)-1| .
SVI=y Ve d;;e Z @ Tlogm(s, ) — co(s

(87)
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On the other hand, the entropy regularized policy gradient norm is lower bounded as

_ ) oE
> 55 ol o oy Conchy-Sebarz oy = KL, Ja)| < [l - el
. 1S.ﬁ s dr (s)
-"p-diag(g"(i"|‘f))> (Id — 1o (-|s)T) [Q”"(s,-)—rlogﬂ'g(s,-) —ce(s)-l} 2 (by Lemmal[TT)
- 15 1172%9(8) ||9(p)||

2
1 1 ~
> C— Zdﬁs(s) P -min g (als)!~/P - HQ”(S7 ) —1logmy(s,-) — ca(s IH (by Lemma|T4))

S 1—v4% [16Cs, )l
Denote Cy(s) = Q™ (s,-) — Tlogmy(s,-) — cg(s) - 1. We have,
V™ (1) 1 1 p . 1-1
D p— d?(s) - ————— -minmy(als /p. s
90 , = S 1 — v ; o ( ) ||9(S, )”p o 9( | ) ||C9( )||2
> S s e minmg(ale) 7 G0
TVS 1yt 10Cs, ), ~a >
1 1 D - a2
> — -min~/dp° (s) - mln -minmg(als)' =P . /27 . L
Vs Viss MV 6.l "= a7 |
1 . 1 Z drrg HCH
=7 || T
(N p . e |||
> — . -min+/d;’ (s mmi min my(als P27 || =
VS VI= MMV min ey, e melels) |

V) = V)] by Ea. @)

Nl=

— -min+/pu(s) - mlnﬁ min 7g(als) /P .

72 ORI

where the last inequality is by d¢ (s) > (1—7)-pu(s) (cf. Eq. ). Note that min, , 7 (als)!~1/P >
ming , mg(als), which is a better dependence than [14, Lemma 15]. O

Lemma 13 (KL-Logit inequality [14]). Ler w9 = softmax(0) and my: = softmax(6"). Then for any
constant ¢ € R,

1
Dy (mallmo) < 510" =0 —e- 1|5
Proof. See the proof in [14, Lemma 27]. O
Lemma 14. Let 7 € A(A) and q > 0. For any vector v € RE, we have,
1 z'1
’diag(q)(ld—le)(x—ﬂUKi) 2Zmainq() T = 12
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Proof. Denote G = G(m,q) = diag(q) (Id — 17 ") € RE*X_ Denote the eigenvalues of G G as
A< << g
First, we show that A\; = 0.
G'G1 =G diag(q) (Id — 17 ") 1
= G'diag(q)(1-1)=0-1,
which means 1 is an eigenvector of G T G with eigenvalue 0. And for any vector z € RS, we have,
GGz = |Gz|% >0,
which means G'T G is semi-positive definite. Therefore A; = 0.

Second, for any vector z € RX 2 can be written as linear combination of eigenvectors of GTaG,

r=a1 - ——taz- -2+ +ak- Vg
VK
AL ot
= — a . 'l) .. a . ’l} .
K 2" U2 K VK
Since GT G is symmetric, {\/17, v,..., vk } are orthonormal. The last equation is because the
representation is unique, and
oot L _21
K VK
Denote
, r’1
r=z—— -1=ay-v2+ - -+ax VK.
K
‘We have,
12113 = a3 + -+ + k. (88)
Since vy, . .., vk are eigenvectors of G| G,

GTGQJ/:CLQ'/\2'U2+"~+CLK')\K-UK.
Therefore we have,

1

3 T
1Ga'll2 = (IG2/113)* = («/TGTGa)

N

N

2
2

=
(

1
> (a ‘/\2+"'—|—a%(-)\2)2
=V |- (by Eq. (88)) (89)
Next, we have,
UTGTGUQ 1 9 1 )
Ay = -2 = G _ ldi T 1
’ Vg U Vg Vg 1G w2l 0] Vs || iag(q) (02 T Vg )H2
1 K ,
=——" 2. _ T
e |2 () — )
> L -minq(a)2 . ||v2 — Ty 1H2
~ vy vy 2
K-
= min q(a)Q v2 v2 F - (ﬂ- ’UQ) (’U;l _ O)
@ Vg U2
Z ming(a)" (90)
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Combining Egs. (89) and (90), we have,

diag(q) (Id — 17 ") (x R 1>

— = G2l

2

> A2 - |22

> min g(a) -
a

T
1
x—L-l

O
K

2

Theorem[d] For an entropy regularized MDP with finite states and actions, following the escort policy
gradient with any initialization such that |0, (s, a)| > 0,V(s,a),and n; = (1—+)3/(10-p?>- AY/P4-¢;)
to get {0; };>1, for all ¢ > 1, the following sub-optimality upper bounds hold for 7, :
[1/pllc 1+ 7logA
explCr e 1) (-7

where ¢’ > ¢ = inf(, 4) inf;>1 7, (als) > 0, 7 is the temperature for entropy regularization, 7 is
the softmax optimal policy, and ¢, C; are problem-dependent constants.

€2y

forp > 2, VT (p) — V™ (p) <

Proof. According to the soft sub-optimality lemma of Lemma|[T3]

VT (p) = VT (p) = ﬁ [d5° (s) - 7 - Dicw,(ma, (18) |77 (-|9))]
dzet s o .
=1 i 5 Zé: e Es; ~[du" (s) - - Dxw(mo, ([s) |77 (|s))]

< T X g 9 D ()il

< H;sz (45 () - 7+ Dict (o, (15) 12 ()]
b e e

where the last equation is again by Lemma and the first inequality is according to dze‘ (s) >

(1 =) - u(s) (cf. Eq. (72)).
According to Lemmalél using % in Algorithmwith learning rate 7 (s) = 1 - [|0;(s,-) |2 is

t

equivalent to using W%(”) in Algorithmwith learning rate . We have, in Algorithm

< 4-p* APy e G — 013

. o OV (u) = -
P (o) — ey - (2 6 )

20, T (1=9)3 min, |0y ¢(s,)[|2’
(93)
where
Ore =00+ & (Gg1 — 0)
- 7,
=0, +&-m- u, (Algorithm2)
00,
for some ¢ € [0,1]. Denote s¢ == arg min, [|0; (s, 2. We have,
- - oV . . .
1856 My = 18uCse, My — € - || 22U (by triangle inequaity)
aet(sﬁv )
s oV T
> min||6.(s, )|, —&-n- Ni('u) (94)
s 80t(‘9§7 ) »
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The £, gradient norm can be upper bounded as,

-

AV () _ 1 o mo(als) in, p|®
‘89(5»‘) [; -y () 6(s,a) AT (s,a) ] (by Lemma([TT)
P rolals) i |]”
SlVigzow@'A (> a)

D=

__r 1 rolals) =P LA (5. a)])
TGO P:(MI) |A<,>D]

a

1
S S S Z(l.mlogA)” ’
T 1=y 00l |45 1—v
CAYP (14 71log A 1
<P ( +2Tog ) max— . (95)
(I=7) s [10(s, )l
Combining Egs. (94) and (93)), we have,
A A p- AYP . (14 1log A) 1
min [|6¢ ¢ (s, )|l > min || (s, )[[, — &7 Sy
e P ? (1—7)? min, [|0:(s, *)||
CAYP L (1 log A ~
—1_¢.qy.P ( + 7 log ) (1925, Ml = 1, forall s, Algorithm[Z)  (96)
(1=1)
Note that = (1-—7)° We have,

10-p2-A2/P.(147log A) *

WA p-AYP . (1+7log A
win (s, 2 1 - LA OATIOEA) oy g, )

(1—7)% p- AP

—1—¢. .
¢ 10-p2- A2/P (1 —7)2
et B
10-p- Al/p
(.2 1_5+2\/5 -7\ 2
- NG 10 p- Al/p NG
> i. (p >2, AYP >1,1—~€ (0, 1]) 97)
=5 > >
Combining Egs. (93) and (97), we have,
- (g (V) oo | AP A e (G — 0
VSt — V"o _ — , — 60 S . —
(M) (M) < 8975 Ct-‘rl t> (1 _ 7)3 mins ||9t,§(5; )H;z%
4-p* AP 4. 5 ~ 9
W 1 [Ce+1 — O]
5.p2  A2P 4o .
TR [[Ge1 = Odl3, 98)

42



which implies,

- s o e ~ Gt (s, a .
V70 () = V70 () = V70 () — Ve () (9t+1(s,a) = m Algomhle)
t+1\9, " )llp
OV ™6, (1) = - 5.p2 A%P fe. .
< (—= - =z - T - )
<~ G 0,)+ Ty NG BIE by Ee @)
~ 2 ~ 2 ~

V™o (1) 5.p% APt o [0V () = ; V™o () .

= _n- _ . . . - =60 + n- ———=, Algorithm
T o, (1—7)? o, |, i1 =0t } gorithm{Z
1—7)3 oV e ’ 1—7)3
_ (1= , (1) n— (1-7)
20 - p2 : A2/p + Cr 80~t 10 - p2 : AQ/I) + Cr
* 1—1
(1-v* 21 X - min, o 75, (als)*~>/* || dj Snt g
— - — -min u(s) - L N = A VT (u) — V7 Lemma
= ZO-N-A2/P—|—CT S S ‘LL( ) maxg ||0t(5a)Hz2> dﬂé)t . |: ('u) (l’[’):| ( m
« 11—1

(1 _’Y)S " T d;, . 2-2 e TG y
0. A% 1) S dfét -min g, (als)* =7 [V () =V (“)] (Hat(s’ lp =1, forall S)

(1 )4 dﬂ* —1

_ —) T =2 . i 5 2-2/p |7 — V7™,
= T0-A%1¢,)-8 | p min g, (als) {V ()= v (“)} o (byEa. (@)
99)

which implies,

VT () = VT () = V70 () = V™1 (u) - (by Lemma[J)
1-7*7 dii* ; 2-2/p  |yrm: Yal)
— | D | VT (1) — Vo by Eaq. dL
< A ey 8 || el V™) = V™ (W), (by Eq. @) and Lemma[)
<1
Q-7 dy; 2-2/p . |yrmr Y
- = AV () = Vo
=~ (10 K A2/p + C'r) .S [ N C [ (,LL) f(u):| 5
which is equivalent to,
<1
o Y Q-7 dj 2-2/ et yau
Telp) — V() < [ 1= B | I | R PV () — VT
VT () =V (u)_( W ey s || (775 ) = V7 1)
(1) P
—7) T 1% 2—2/p (et 7T,
< — PO | . . E — t
—eXp{ (0-A27 )5 || w| °© } 77 ) = Ve ()
(1) P
-7 T M 2—2/p 77 Yar)
< — N | e . (t — . pa _
—eXp{ (0-A27 )5 || w| € ( 1)} V7 ) =V )
o
L1
(1_7)4'7— d; 2-2/ 1+T10gA
< - N = | Po(t—1)%. e
_eXp{ (10- A2/ 4 c)- S || p ‘ = l—y 7
o

which leads to the final result,

~ ~ 1 1 ~ -
T I < - . ||= Ly I Y
V) = V() S T HuHm (77 () = 77 ()]
)4 ac”
< l ~exp{ — -7 N
2l (10- A2/ 4 ¢;)- S || p

where ¢ = ¢!7V/P > ¢ = inf ,) inf, 7, (a|s) > 0.
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‘ .0'2.(t_1)}.

1+ 7log A
=7




Lemma 15 (Soft sub-optimality lemma [[14]). For any policy m,

Vo (0) = V7 (0) = 1= 2 [45(6) - 7 Dia (19w (ls))-

Proof. See the proof in [14, Lemma 26]. O

D Proofs for Section |5 (Escort Cross Entropy)

Lemma 16 (Non-uniform smoothness). Let my == f,(0), and mg: = f,(8’). Denote ¢ =6 + ¢ -
(0" — 0) with some & € [0, 1]. Then for p = 2, we have Dx1,(y||mg) is B-smooth, i.e.,

d{D
Dic () - Dra o) — (P g ) < 2 - o,

with 8 = ﬁ +2. (maxi ay((;))z )

Proof. The gradient of Dkr,(y||mg) w.r.t. 6 is

d{Dxr(ylme)} _ d{—y " logmy}
do do

(5 (e
— - diag <;) (diag(s) — momy ) d1ag< 16 > (=)

=p- diag(;)(ﬂe —y).

Denote the second derivative w.r.t. f (i.e., Hessian) as

K(y,&) _ % {d{DKI_;i(GyHT‘-O)} }

—p- {diag(;)m —y)}.

We have K (y,6) € REXE whose element at position (i, j) € [K]? is
d{ ey
)
oty - 10 (3) — ma(i)mo ()] - (i) — (mo (i) — y(d)) - 0y

. o
s @) o me() me(d) o y(d)
TP GG T Gy ag) T e

where the J notation is defined in Eq. (23). For any 2 € R¥,

|$TK (y,0 Z Z K; jx(i
_ i m6(J) y(i)
<p-(p—1)- mol?) (i) +p? - mo (i) x(i)| + Z (100)
- - 0(i)? - 0(4) 0 £
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where the last inequality is by triangle inequality. The first term is upper bounded as,

mp(1 2 1 \1-2/p 2
9?2()2) cx(i)” = W Z?Tg(z) /p . x (i)
= H91||2 2Ll (=2
- HQIHQ 3. (101)

The second term is upper bounded as,

. 2 L 2
[‘ W@m(i)} < ‘ (7;0((;))) |3 (by Cauchy-Schwarz)

=z 2 (o' =77) el
< [Zmo| 1 6=

2
p
1
= oz - Il (10)
1915
The last term is upper bounded as,
y(@) y(i)
9(1’)2.9:(2)2§<m?x9(i)2 el (10

Combining Egs. (100) to (103), for p = 2, for any =z € RX, we have,

1 1 Y
2
z' K 0 <p- -1 x + X + .

)
= oy -l + 2 (ml ()) 3

According to Taylor’s theorem, we have,

Dra ) - D tyle) ~ (AT gy — 2|~ 0)T se0.00) (07 -0
3 max y(i) el _ o2
< |+ 10 - 08 -

Lemma 17 (Non-uniform Lojasiewicz). Let mg = f,(6). For any p > 2, we have,

p2

2 1913

-min mo(a)' "7 - Dk (yl|ms).
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Proof. According to the definition of KL-divergence, we have,

Dy (yllme) = Zy ( ((a(j))
< Xa:y(a% (m -

N (o) o) 5 ma(a) - 1) = o)
Z o(a) +mg(a)) - 70(0)

) (logz <z —1)

)—m 2 1
— Z g/p ) ’ mg(a)l—z/p
. )) 2 # Tgla :M
Z (1ol - mo(a)i-2/p ( 0(a) ZQ,IG(CL’)P”)
1 N~ (w(@) = o)’
min, 7g(a)' /7 Ea: 0(a)?
1

1 1
=92 — . d —
|| ||p min,ﬂrg( )1 2/p p Hp lag(e)( 7Tt9)

The proof is completed with the observation that

Wrlolmel) i (3 tra =) -

Theorem 5} Using the escort transform on the cross entropy objective, we have, for all ¢ > 1,

2

2

2
e (gradient flow) for p = 2, with n, = ”ept” ,

Dxu(yllme,) < Dxw(ylme,) - e,

2
e (gradient descent) for p = 2, with ry = 4.|(‘z:‘_|‘?2) s

€1

Dic(yllms,) < Drcyllma,) - exp { — 2L

7r To,) - €XPq — =— =5 (s

KL\Y(|Te,) = KLY To, p 2.3+ )
where & = ‘aﬁgfﬁ;‘z = 79, (ay) € (0, 1] only depends on initialization.
1 2

Proof. First part. For the gradient flow, we have the following update,

do, d{Dxxv.(y|m,)}
B i St A C Al Ll P B 104
dt 't do, (1on

Then we have,

d{DKL@Hm)} _ (detf (d{DKL@nm})

dt db,
d{ D (yllms,) } |
Eq.
H et oy g @)

—2/p
< i @' syl by Lol

. _ (16112
= T e, (@) %" - Dk (yl|ma,) (m = £

2
= —Dxkuw(y||me,), (p=2)
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which implies,

d{log Dk (ylme,)} 1 A Dxe(ylme,)}
dt Dxw(yllms,) dt -

Taking integral, we have,

log Dk (yl|mg,) — log D (yllme,) < —(t — 1),
which is equivalent to

Dxw(yllme,) < Dxw(yllme,) - e~ =Y.

Second part. For the gradient descent, according to Lemma@ we have,

DKL(yHﬂ—Ot-H) — Dxwr(yl|me,) — <M

do;
where
0 (i)
p= 42. (max )
||9t 5”2 gtE( )
6 2
pu— . -h t
||6t75||12) * et,f(ay)27 (y 1S one-no )
and

d{D
Ore =0+ & (01 —0) =0 —&-mp - UDxr(ylmo. )} KL(yHmt)}-

do,
The ¢, gradient norm is upper bounded as,
HDxelylmo)} | _ g moulo) ~y(a)|” ’
dﬂt p o Ht(a)
mo () |* | 7o,(ay) — 11|

= ay) =1

2 0@ | | tay (wien) =1
) o L] [
S| Z @ | T T(ay)l =

1 1 !
= | o 3wyt
[10: 115 Z |04 (ay) [P

aFay
1 1 1
" } (=2

LI0:NIE — 104(ay)|P
(Ve +y<vVz+./y)

IN

PR
T Bellp  10e(ay)]

Next, we have,

p Z Qt(ay), if 9t(ay) > 0,
0t+1(ay) = gt(ay) — M- m . (WGt(ay) - 1) {S 9t(ay), if@t(ay) <0.

Therefore we have |0;11(a,)| > |6:(a,)|. On the other hand, for all a # a,,, we have,

- D < (ay), ifbi(ay,) >0,
aH_l(a)Gt(a)m.et(a)~7re,,(){>9t( y)s if 0¢(ay) <O.
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Therefore we have for all a # a,, |6;:41(a)| < |6:(a)|. Denote % = \9H19(1aﬂyp)\. We have, for all ¢ > 1,

|0¢(ay)| _ 10 (ay)| S 10:(ay)|
0 N 1/p = 1/p
10l (32, 16 (a)[P) (Zai% 10, (a)|P + |9t(ay)|p>
N 1(ay)
- 1/p
(Zaa, 101(@)17 + [03(ay)1)
_ 0i(ay) _ 1 (109)
161ll, e
Combining Egs. (I08) and (I09), we have,
d{DKL y”ﬂ'e 1 1 1
: < + < (1+c). (110)
H dby o N0elly  [0e(ay)| — [16e[p (
Then we have,
d{D o,
[00clly = 60— ¢ - BREGIT} |y g, o)
dé; )
> |16l — H A Drcr. (llmo )} (by triangle inequality)
d6; ,
> [0l — & me - H9tH “(I+e1).  (byEq. (TI0))
p
. I 1+ o HgtHZ
o+ |1 - € ] ("f4-<3+c§>
[ 1+¢
> B s T e [o,1
>0l |1- poats|  €eo
[ 1 V241 1+4c¢ 1
— 1oy |(1-75) - (1- G i ) + 75
V2 2v2 3+ ) V2
> ”3'2,"’ (1/c1 € (0,1], ¢1 > 1) (111)
Similar to Eq. (I09), we have,
f= o + (by Eq. (108)
= y .
[00ell2  Orelay)?
1
< (64+2-c2). (112)
[162¢lI7 ( 2

Combining the results, we have,

d{Dxx.(y||me,)}
DKL(yH’iTG,Hd) (y||7r9t) - <d—9t’0t+1 — 9t>
1 1
=2 e (6421 - [|0rr1 — 0413 (by Eqgs. (TI03) and (T12))
2

< AR (3+¢1) 10141 — 6:]13,  (by Eq. (TT1))
p
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which implies (using the update 0,1 = 0; — 1 - M),

do,
d{ D (yllmo)} ||, 2- (3 +¢t d{ Dxcr (y]|0,)} ||
Dra (o) = D) < - - | A2 R
2 P 2
S 1 PR e .79 Y Y O 1
8- 3+c) db, ) 4B+
M P2 1-2/p
< - : - mi —2/r.p by L 7
= 8(3—}-6%) M m;nm;t(a) KL(y”ﬂ—(’t) ( y emma
1
2(3+C%) KL(yHﬂ-Gt)? (p )
which is equivalent to,
1
D <|l—-————|-D
) < 1= 5| Dol )
1
SDKL(@/HWGFJ'@XP{ m}
1
(t
< Dict.(yllma,) - exp { = (3“)}
1
01(ay 2
where & = | ﬁglng = 75, (ay) € (0,1] O

E Experimental Details and Additional Experiments

For the one-state MDPs, for each value of K € {10, 50, 100}, the policy is parameterized by 6 € RX.
For SPG, my = softmax(6), and for EPG 7y = f,,(6). The total number of runs for each algorithm
under each K value is 20. In each run, we randomly generate the reward 7 € [0, 1]¥, and then
randomly initialize 7y, within the (KX — 1)-dimensional probablhty simplex. SPG and EPG start
from the same initial policy g, . The total number of iterations is 7' = 5 x 10%. Fig. I 5|shows the
results of SPG and EPG with p = 2. The learning rate of SPG is set to be = 0.4 [14]]. The learning
rate of EPG is 7, = 0.2 - [|04]|2, (Theorem.

Additional experiments Fig. a)—(c) show the results of EPG for p € {2,3,4,5} in one-state
MDPs, where each curve is the averaged result of 20 runs.

For the Four-room environment, the policy is mp = softmax(6) for SPG, and my = f,(6) for
EPG, and @ is the output of one hidden layer neural network with ReLU activation function and
64 hidden nodes. Fig. 5] shows the results of SPG and EPG with p = 2. The optimal value
function V* is approximately calculated using value iteration with threshold of two consecutive
iterations ||V; — V;41]|3 < 1 x 10710, In each iteration, the true objective is used by calculating the
stationary distribution d™%: and the state-action value (Q™%:. We use Adam optimizer [10]] and the
total number of iterations is 500. The total number of runs for each algorithm is 20. The p value
for EPG is searched within {1, 2, 3,4, 5}. The learning rates for SPG and EPG are searched within
{0.001, 0.005,0.01,0.05,0.1,0.5} and 0.01 is used for both SPG and EPG.

!
°
&

RN o . oL SEmezeos . . |
500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000 ] 500 \DOD 1500 2000 2500 SDOD 0 100 200 300 400 500
2 t t
(a) K = 10. (b) K = 50. (©) K =100. (@) V*(p) = V™ (p)

Figure 7: Results of EPG with different p values on one-state MDPs and Four-room.
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Additional experiments Fig. d) shows the results of EPG with p € {1, 2, 3,4, 5} on Four-room
environment, where each curve is the averaged result of 20 runs.

For the MNIST dataset, the policy is mg = softmax(¢) for SPG and SCE, and 7y = f,(6) for EPG
and ECE, where 0 is the output of one hidden layer neural network with ReLLU activation function and
512 hidden nodes. We use SGD with momentum 0.9 and the total number of epochs is 100. The total
number of runs for each algorithm is 20. Fig. Eka) and (b) show the results of SPG and EPG with p = 4.
The learning rates for SPG and EPG are searched within {0.001,0.005,0.01,0.05,0.1,0.5} and 0.05
is used for both SPG and EPG. The batchsize is searched within {10, 20, 50, 100, 200, 500}, and 20
is used for for SPG and 50 is used for EPG. The p value for EPG is searched within {1,2,3,4,5}.
Fig.[f[c) and (d) show the results of SCE and ECE with p = 2. The learning rate and batchsized are
searched within the same range as above, and we use the learning rate 0.01, and the batchsize 20 for
both SCE and ECE.

Additional experiments Fig. [8|shows the results of EPG with p € {2,3,4,5} on MNIST, where
each curve is the averaged result of 10 runs. The best result in terms of the test error is with p = 5.
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Figure 8: Results of EPG with different p values on MNIST.

E.1 Failure of SPG Heuristics
According to Theorem ] the SGW results from the SPG progresses being upper bounded by the

small probabilities of the optimal action. Therefore, one may wonder if some simple heuristics would
fix the SGW problem. We consider the following two natural heuristics.

001
ol ol
o : i 0 0 o o

t t 10° t 10!
(a) SPG and EPG with p = 2. (b) SPG-L: SPG with large 7, = 0.4/7, (a"). (¢) SPG-N: SPG with £ normalized gradient

Figure 9: Sub-optimality results (m* — g, )—r r on a single-state MDP with K = 50.

SPG-L: Large learning rate Since the progress in each iteration of SPG is upper bounded by the
order of 7y, (a*), we could possibly use a large learning rate such as 7, = 0.4/mg, (a*) in SPG to
compensate the slow progress around SGWs.

We run the SPG-L update on a constructed bandit problem with K = 50. Unfortunately, as shown in
Fig. Ekb), after about 1 x 10° iterations, SPG-L still gets stuck on a sub-optimal plateau.

The intuitive explanation for the failure of SPG-L is that learning rate should be small enough
to guarantee monotonic improvement [1} [14] for smooth functions, which means SPG with large
(unbounded) learning rate is not even guaranteed to be asymptotically convergent.

SPG-N: Normalized policy gradient Another heuristic is to update using normalized policy
gradient. The intuition is that since the progress is upper bounded by the original SPG norm, which
has small scale, we could hope the normalized gradient would provide nicer progress. In particular,
we normalize the policy gradient by dividing its {5 norm, and then do update with = 0.4.

We run the SPG-N update on the same problem as shown in Fig.[9{c), and it also failed. We do not
have rigorous explanations for the failure of SPG-N. A speculation is that after /2 normalization, the
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normalized policy gradient still has small scale, since it is not necessary that the policy gradient norm
is on the same scale as my,, which is the quantity that needs to be canceled.

EPG As shown in Fig.[9(a), EPG with p = 2 does not suffer from the plateau and works well.

E.2 Comparing SPG, EPG, and MD

As noted in Remark 3] EPG cannot be reduced to MD with any regularizer. Also as shown in Fig. [B[b),
EPG and MD with KL regularization behave similarly in the 3-action case. We conduct experiments
on bandit problems with K = 50, 100, 500 actions to compare EPG with MD. In each iteration, all
the algorithms use the same stochastic gradient to do updates. Each curve is averaged over 20 runs.

i\

*® 5 \ AR i e
1
1000 2000 8000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

e .

(a) K = 50 (b) K = 100 (¢) K = 500,
Figure 10: Sub-optimality results (7m* — m)t)T r on single-state MDPs using stochastic gradients.

As shown in Fig.[I0] EPG and MD with KL regularization have comparable performances, signifi-
cantly outperforming SPG. However, EPG in its nature is a policy gradient method, which has cheap
update in each iteration, while MD needs to solve an optimization problem to do one update.
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