Supplementary Material

A Formal Statement of Assumptions

Assumption 1 For all i € [n] and j € [m;], fi;(-, D) satisfy the following:
1. B-boundedness: 3B € R s.t. Vw € W, | f; ;(w, DN < B.
g (1, D) = iy (0, D] < Llju=v]fo.

Furthermore, each f; ; (-, D) satisfies the following:
1. Hessian eigenvalue lower bound: 3H € R s.t. Vi € W, Ain (V2 fij (w, D;”;"‘)) > _H.
Assumption 2 For all i € [n] and j € [m;], f;(-, D) satisfies the following:

1. M-smoothness: IM € R s.t. Yu,v € W, ||V fi ;(u, D) — V fi (v, Dl < M|u—
vl2.

2. p-Hessian-Lipschitz continuity: 3p € R st. VYu,o € W, |V2fii(u, Dy —
V2 fij (v, DE™)| < pllu — v]2.

B Proof of Lemmalll

B.1 Unbiasedness

Proof. Recall that gw(w p) is computed as follows:

w p C Zplk avzfik’jk ('LU D;r:mglk))vfik-jk (w - avfik»jk (w D;r;nr]lk) D;e;t)

Thus we have

E[gw (w, p)]
n A . R
= E{(ikdk)}k 6 Zpik (I - av2fik7jk( D;r:l;lk))vfik»jk(w - avfik»jk( Dﬁr:l;k) D;ibtjk)]
k=1
n &
£ Efip | & 0 B [Pin (] = aV2fiy g (w0, DER )V fi g (w0 = ¥ fiy g (w, D), DY,
k=1
n & -
=BG | @2 s 2 = aV? fiugw, DRV foi(w — 0¥ i (w, D), DIy | €
=1 i G
=2 2 = aVifii(w, D)V fi(w = av fii(w, DY), D)
=1 j=1
= gu(w,p) (13)
where a follows from the Law of iterated Expectation and b follows because each index iy is selected
with probability 1/n. A similar computation shows that E[g, (w, p)] = g,(w, p). O

B.2 Bounded Second Moments

Proof. First we show the bound on E[||g,(w,p)||3]. Recall that g,(w,p) = Zgzl %flk (w

aV fi, (w, nglg‘k) Die™; e, Let ¢; be the number of times index 4 appears in {ie}$_,.

13
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Then, noting that each ¢; is a binomial random variable with success probability % and C trials, we
have

E[l|gp(w, p)l3] = ZE[(Qp(w,p)i)Q]

=D E( Y _gﬁ(w —aV fi(w, DY), DS,)?)

2 n R
<D E( Y. By (14)
i=1 €[C)in=i
n? < o
= o Y El(BY
=1
n? <~ ,C(n—1) C?
Pt
:%(n—i—C—l) — G2 (15)

where (T4) follows from Assumption |l Next we bound E[||g,,(w, p)||3]. Recall the definition of
Gu(w, p):

zk I aV?ka e ( Dlram ))Vﬁk’“ (’LU _ avfik,jk( Dtram ) ptest. ) (16)

1kyJk 1ksJk 1kyJk

Q\:

c
We can write g, (w,p) = & Z(kj:l X}, where X}, is written as

Xi =i (I = aV2fiy (0, DES NV fiy o (w = oV fiy j, (w, DES ), DEY) - (17)

1k k TksJk TksJk
We have

1 .
E[| Xl3) = Z ZPZII — aV2fij(w, DMV fij(w — aV fi;(w, DI, D)3

i=1 mi
2 ™
P rain r rain es
< *Zm D I = V2 fi j(w, DEM)|B(IV fij(w — oV fi ;(w, DIA™), D)3
=1 v J=1
(18)
2 mi '
< fz b Z (14 aH)?|[V fi ;(w — aV f;(w, DE"), D12 (19)
P? <
S—Z 121+aH (20)
272
< f(l—l—aH) i @1)

where (I8) follows by the Cauchy- Schwarz Inequality, (I9) and (20) follow from Assumption I} and
(21) follows from the fact that >, p? < 1. Thus we have

n
E[||gu (w, p)]13] 52Xk|| (22)
k=1
n2 <
El5 > Xl (23)
k=1
<n(l+aH)*L? (24)
where (23)) follows from the convexity of norms and Jensen’s Inequality. O
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C Proof of Theorem 1|

Proof. We adapt the arguments from [24] to our nested gradients case. First observe that since each
F;(w) is convex, ¢(w, p) is convex in w and linear, thus concave, in p. Therefore we can write:

max ¢(w, p) — min o(w,pT) = max {¢>(w%,p) — Iin ¢(w7p‘%)}

pEA, w pEA,
= perAni)éW {p(wT,p) — ¢(w,p7)}
<Tp£i?éw{2¢ wp)} >

where (23) follows from the convexity of ¢ in w and the concavity of ¢ in p. Again using the
convexity of ¢ in w along with the linearity of ¢ in p, we have that for any ¢ > 1,

p(w',p) — p(w, p') = ¢p(w', p) — p(w',p") + d(w’, p') — p(w, p')
<{(p—p"), Vpo(w',p")) + (' —w), Vyp(w', p*))
=((p =9, 9p) + {(w' —w), g7,
+((p =), (Vpo(w',p") = g)) + (" = w), (Vuwo(w',p') - §;,))

Thus by rearranging terms and the subadditivity of max,
e, ottt |
T
< max {Z<(p P'), gy + (W' — w)@f&}
t=

max {Z(p, (Vpo(w',p') = 4,)) + (w, (g, — Vw¢(wt7pt))>}

EAWEW
p ;U =1

T
- (Z@t, (Vpo(w',p') = gp)) — (w', (Vuo(w',p') - g;») (26)
t=1
We bound the expectation of each of the above terms separately, starting with the first one. Note that
since 2ab = a? + b? — (a — b)?, we have that for any w € W and constant step size 7,, > 0,

T
. 1 .
> (W' —w),gi,) = *Zfllw =0l mull gl — =l =g, — wl

t=1 =1 "o w
1 .
<5 Z lw® — w3 + (7w)*[195,115 — w™ — w3 27
Nw 7—
1
= W(le — w5 — [lw™*! —w]3) Z 15,113 (28)
w

IN

T
1 7 .
27Hw1 —wll; + 7” P A
Tho t=1
2R2 o
I 1 (29)
w t=1

where (27) follows from the projection property and (28) is the result of the telescoping sum. Since

(29) holds for all w € W and its right hand side does does not depend on w, we can take the maximum

over w € W on the left hand side, and the expectation of both sides with respect to the stochastic
gradients, to obtain

T ~

2R? T G?

max Y ((w' —w), gL,)| < T 4 T T (30)

weWw t:l Nw 2
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where G2 = n(1 + aH)2L? is the bound on the second moment of the stochastic gradient with
respect to w given in Lemmal[T] Using analogous arguments and noting that the radius of A,, is 1, we
can show that
T A2

2 TGy

max —ph), gty < S 4 22 31
peA"t:1<(p p), Gp) <o ) (31

E

~ 2
where, again from Lemma G2 = n(n+C-1)B" Next, for the second term in ([26), we can use the

Cauchy-Schwarz Inequality and again the fact that max,ea,, |[pl|2 = 1 to write
T T
max } (p, Vpo(w',p) = ;) = max(p, 3 Vyo(w',p') = ;)
" =1 "ot=1

T
<> Ves(w',p') — ghll2 (32)
t=1

Note from Lemma ] that
E[|Vpo(w', p") = g5l13] = E[l1, 3] — Ve (w',p")13
< G2
for all ¢ > 1. Define 52 such that E[||V,¢(w?, p*) — §4[|3] < &2 < G2 for all t > 1. Also note that

because the batch selections are independent, the V¢ (w’, p) g;, terms are uncorrelated random
variables with mean 0. Using this fact combined with the definition of &2, we obtain

2
p

T T
E[| Y Vpp(w',p') = ghlla]* <E[| D> Vue(w',p') — g 13]
t=1 t=1
T
=E[>_IVps(w',p') — g5l3]
t=1
<Ts;

which implies that E[|| Zthl Vpd(w',p') — gtll2] < VTG,. Using this relation after taking the
expectation of both sides of (32)) yields

T
E lmax > (p, Vo (w',p') — g;>] <VTé, (33)
t=1

pAn_

Using similar arguments and the analogous definition of 52, with this time using Ry to bound
maxyew ||w||2 after the analogous Cauchy-Schwarz step as in[32] we have

T
E lﬁ% ;w,gz, ~ Vudw',p"))| < RyVTa, (34)

For the third and final term in (26), note that by the Law of Iterated Expectations and the unbiasedness
of the stochastic gradients, we have that for any ¢ > 1,

E[(p", (Vpo(w',p") — 3;)) — (', (Vwo(w',p") — §i,))]
=E[E (o', (Vpo(w',p") = 3)) = (', (Vwo(w',p) = §i,)) ', p']]
=0
Recalling (23) and (26), by combining the bounds on each of the terms and dividing by 7", we obtain

2R2, n,G2 2 G2 Rywé., 6,
4w 2y + + 72 (35
wr T2 Tt e o tup Y

We minimize the above bound by setting the step sizes as

E ¢,p) — mi P <
;ggf?(wmp) min ¢(w,pr)| <

2Ry 2
Nw = = s Mp = = (36)
GuoVT F  GNT
to complete the proof, noting that o, < G and op < Gp. O
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D Proof of Lemma 2]

The result is a sample-approximation version of Theorem 1 in [[13]]. We include our version of the
proof here for completeness.

Proof. Note that F}(w) is the empirical average of the functions fz j(w—aV fl j(w, Dgz}i“), D)
forj =1,...,m;, so we can write F;(w) as the empirical expectation over j:

i £ rain es| 1 - £ rain es n
B o (w - aV oy, D), DY) = 3™ w0V i o, D), D) = i) 3)
i =

Using this notation, we show the strong convexity of F; when o < 1/M and each fm-(-, DY) is
p-strongly convex in addition to satisfying Assumption[T} We have

IVEi(u) = VE;(v)]|
= ||&; [(I — aV? fij(u, DMV fi i (w — aV f; ;(u, DI™), DIes)
— (I = aV2fi;(0, DIV fi (v — a¥ fi i (v, DIF™), D]
= |1 [(1 = aV? fi;(u, DM (V fig(u = aV fi i (u, DI, DY)
— Vfij(v = aVfi;(v, DEM), D)) - ((I —av?fi (v, DEM)
— (I = aV?fij(u, DY)V f; j(v — aV fi j(v, DI, D] | (38)
> (| [( = aV2 fij(u, DEM)(V fii(u = a¥ fij(u, D), DY)
— Vfij(v = aVfi;(0, DI, D)
— |5 [((1 = aV? i 5(v, DEIM)
— (I = aV2fij(u, DIFNIV fiy(v = aV fi (v, DIF™), D] |
= |18 [(1 = V2 fi;(u, DEIM)(V fij (u = a¥ fij(u, D), DY)
= Vfig(v = aVfi(, D", D)
— o[, [(V2 fi (u, DA™y — V2 £ (v, DY)V f; (0 — aV fi (v, DY), DEH]|| - (39)
To lower bound the first term, we use the M -smoothness of fz i (s Dg‘}i“), which implies that the

minimum eigenvalue of I — aV2f; ;(u, D) is at least 1 — oM for all u € W. Thus,

IE; [(I — aV2f; i (u, D;‘?“))(Vﬁ,j(u —aVfi(u, DY), DY)
—Vfij(w—aVfi;v, D), D]

> (1= aM)||E; [V j(u—aVf;;(u, D), DY) = Vi (v — aV f; j (v, D™, DE??)M
(40)

By the ji-strong convexity of fl i (s D;";‘) and the triangle inequality, we have

15 [V fi,j (u—aV fi j (u, DY), D) — V f; (v — aV fi (v, D), D] |
> fl[Ej [u — aV fi j(u, DY) — (v — aV fi j(v, DFEM)] |

> ﬂ(llu ~ol| — ally [V iy (v, DE) Y f, (u, DI ||>
> i (Il = vll = o, [V fis (v, D) =V fis (u, D)

> o (Jlu = oll = adfju— o) o)

17



where the second-to-last inequality follows from Jensen’s Inequality and the last inequality follows
from the M/ -smoothness of each f; ; (-, D;raj‘“) Next we upper bound the second term in (39). We have

1B [(V2 fij (u, DEE™) — V2 fi (v, DE)V £ 5 (v — oV fi (0, DI, D] |
S B [I1(V? fi(u, DA™ — V2 fi (v, DY)V fij (v — aV fij (v, DI, DEDI] - (42)
< E;[I1(V? fij(u, D) = V2 £ (0, DE DIV fij (v — aV fi i (0, DA™, DEY[] - (43)
< VBV fi(u, DER) = V2 i (0, DEMIPIES IV fi g (v — o fi (0, DA™, DY)
(44)
< L\JB, (192 s (u, D) — V2, (0, D) |2 (45)
< Lplu— ] (46)

where ([@2) follows from Jensen’s Inequality, (43) and {@4) follow from the Cauchy-Schwarz Inequal-
ity, @3) follows from the L-Lipschitzness of f; ;(v, DY) for all j € [m;], and (46) follows from
Assumption Combining (39), @0), and @T) and [@6) yields that F} is fi == (i(1 — aM)? — aLp)-
strongly convex under the given conditions. O

E Proof of Lemma

Proof. We show the smoothness of each F, by upper bounding the norm of the difference of its
gradients. Using (38) and the triangle inequality,

IVEi(u) = VEi(v)]|
< B [(7 = aV2fi i (u, D) (V fi(u = ¥ fij(u, DIS™), D) = Vi (v = aV fi; (v, D), DE)]|

+ I [(( = aV?fii(v, D) = (I = aV2fij(u, DIV fii (v — aV fi (v, DES™), D] |
(47)

We consider the two terms in the right hand side of (47) separately. Denoting the first term as =, we
use Jensen’s Inequality then the Cauchy-Schwarz Inequality twice, as in (@3) and #4)), to obtain

= < (B[ — aV?fi(u, DEMIPIE; [IV fi(u = ¥ fij(u, D), DY)

R r rain S 1/2
— Vi (0 = aV f (v, DER), DY) Y

<1+ @M)\/Ej IV fij(u—aV fi j(u, D), D) =V f; (0 — aV fi j (v, D), D) |[2]
(48)

where to obtain @8] we have used the M -smoothness of fz j- Considering the term remaining inside
the square root, we have

E; [V fij(u— aVfij(u, DF™), DY — V fi (v — aV f; (v, DFA®), DY |1?]

< NPE; [ — ¥ fii(u, DI — (0 — 0¥ 5o, D) 2] (49)
= NP8 [l — ol + 20(u — o) (Vi (o, DI — ¥ fos(u, D))
+ 02|V fi j(u, D) — V f; (v, DI |12]
= 82 (= of? + 20%( — o) BV oy D) — Vo0, D)
b OBV oy (0, DE) ~ (0, D)
< N (llu = olf? + 2087 |lu — v + 02812 — v]|?) (50)

_ 2 N 2
=M (14+aM) |u—uv] (1)
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where (50) follows from the M-smoothness of fz i (s D;rf;.i“) and the Cauchy Schwarz Inequality.
Thus we have

2 < M1+ aM)?||lu—vl (52)

Note that we have already upper bounded the second term in (7)) in the previous lemma (see Equation
(@6)). Thus we have that the smoothness parameter of F; is

M; == M1+ aM)? +alp (53)

O

F Proof of Lemmald

Proof. We again use the shorthand X}, as defined in Appendix (I7), and we also define
Xij =pill —aV?fi j(w, DMV fi j(w — oV fi j(w, DIA™), DY) (54)

for a fixed ¢ € [n] and j € [m;]. Note that X is a random variable while X ; is deterministic. Also

observe that g, (w, p) = % chzl nXy, that each n X, is an unbiased estimate of g,,(w, p), and the

X.’s are independent. Using these facts, we have

E[[|gw(w, p) — guw(w, p)|13]

C
1
=Ell 5 >_nXk — gu(w.p)|3] (55)
k=1
1 C
= GED_ InXk — gu(w.p)|3] (56)
k=1
1
= GElInX1 = gu(w,p)|3] (57)
*iiim X5 = gu(w, p)ll3 (58)
= nC 2 m = ©,J Gw »D)ll2

1 &

1 n . )
= o> S Xy — V@) + eV (w) — guw, )3
i=1 v 7

1

—2(nX,; ; — ninﬁ'i(w))(ninﬁ'i(w) — gw(w,p)) (59)
Consider
>0 = iV (0) (0piV Fi0) — g (w.9)
= (i VF () = gu0,9) D _(0Xe; — iV Ei(w)

3

= n(np VE(w) = gu(w,p)) | Y (pill = aV2f,(w, DE™)V filw - aV fi(w, D), D)) = mip VFi(w)
j=1

= n(np; VE;(w) — guw(w,p)) [mipivFi<w) — mp;VE;(w)
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Therefore we have
E[l|gw(w, p) — guw(w, p)|3]

I o= 1 & R R
= 5> > [nXij = npiVEw)[3 + [npiVEs(w) — g (w,p)]3
i=1 =

= ZzniiZHpiXi,j_piZ:lXi,j/H%—FZz;”inFi ——ZpZ,VF NE
= = J'= i=
C’Z o2 + D2

G Proof of Theorem

Proposition 2. Suppose Assumptionholds and W = R%. Let !, and 77;; be constant over all t,

denoted by n,, and n,, respectively, where 1,, < (2/ M ). Let (wk., pT.) be the solution returned by
Algorithm(l|after T iterations. Then,

2(¢( ) + B) + 477p\/ﬁBép + anUQ%J
T(2nw —nZM) 20y —n2M)  (2—n,M)

E[|Vud(wh, p7)I3) <

)

B [g(u,ph)] 2 max (Blg(uf,p)]} — - — O
T:P1T)] = et TP T B)
where G’f, =n(n+C—1)B%/C.
Proof. Note that
E[|Vuwo(wh, p7) 3] = E [Er[[[Vwd(w], p7)|[3]] (60)
1 T
=E |7 > [Vuo(w', )3 61)
t=1
1 T
=7 2 Ellol] (62)

where the un-subscripted expectation in the right hand sides of (60) and (61) is over the stochastic
gradients which determine the sequence {(w?’, p*)}+. Thus to show the bound on E[|| V., ¢(wT., p7.)||3]
in Proposition 2} we bound the right hand side of (62). To do so we borrow ideas from the proof of
Theorem 1 in [28]]. First recall that by Lemma F} is M-smooth for each i € {1,...,n}. Then for
any u,v € W,

Fifu) < Bi(w) + VE) (u—v) + 5 Ju—of? (63)

Conditioned on the history up to iteration ¢, denoted by F*, the above equation implies

t+1 t
[Zpl If]
T ~
M
<]E Zp <v Zp > t-‘rl_wt)_’_?”wt-ﬁ-l_thQLFt (64)
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Note that V,, S0, p!Fi(wt) = gf, and w'*t! — w? = —n,,¢% . Thus, we have

Zp wit! |]_-t

n . . M R
E | piFi(w') — m(gl,) " gl + 2n5)llgi}2|fﬂ (65)

n
= > piEw") = nullghI” + 55 (95 I1” + E (6, — ¢, 171 F7])

(66)

2

where (66) follows because g, is an unbiased estimate of g‘,. Using Lemmal4] we have
SN < 2M n% Mo?

E LR (witY|F < LB (wh) — {1y Ty t 2 4 T 9w 67)
;lez (W™ )IF] < ;lez (W) = {n 5 | 9wl (

2
Rearranging the terms, we obtain

2 Mo?
(0 = 25 ) gt |2 < E sz sz wtth|F| 4 TS (68)
=K me Zpt“F aIva (69)
t+1 t+1 L (1| Tt 772]\;[02
+E Zp Fy(w +)—ZpiFl-(w+)|}' + e (0)
=1

We bound the second expectation in the above equation:

n

B YA A = Y st
i=1

n

E D0 - p§>ﬁi<wt+l>|ft]

=1 =1
<E|Ip oY (Biwth) |ft] )
=1
< VaBE [[|pt! - pt||o| F'] (72)
< 2VnB(E [[n,9L )21 F']) (73)
= 2n,/nBG, (74)

where (71) follows from the Cauchy-Shwarz Inequality, (72) follows by the bound on f; ¥ for all
i, (73) follows from the update rule for p combined with the projection property (since p* € A,

I = (0" + mpgt)ll > It — Ta, (p° + 17,85)I1). and (74) follows by Lemma [} noting G2 =

nntC-1)B Using this result, summing (70) from ¢ = 1 to 7', and taking the expectation over

¢]
all the stochastic gradients of both sides and using the Law of Iterated Expectations to remove the
conditioning on F*, we obtain

(0 — 2 )ZE gt 1]

<E|S phw)| —E S5 B @ | + 20, vaBe, + LR
— . 11 ' 7 ? p p 2
i=1 i=1

R R Tn2 Mo?

< d(w,p) + B + 2Ty,v/nBG, + %

Next, dividing both sides by T (nw - ) we have
T A~ A A ~
(b wl,p!) + B 2n,/nBG NwMao?
T Z (gt 7 < LWt D 2 /0BGy (75)
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which by (62) is the desired bound on E[||V,é(w}, pT)|[3].

Next we show the bound on the optimality of p7.. As before, we start by evaluating the expectation
over T:

E[¢(wr,p7)] = E [Er [p(wh, p7)]] (76)
T

= qus( t t)] (7

T; (wh, p)] (78)

Next, since ¢(w, p) is linear in p, we have that for any p € A,, and any ¢ € {1, ..., T},
E [p(w',p) — ¢(w',p")|F'] = E [(p — p")g,|F']
=E[(p—p")g |F]+E[(0—0") g, — 3,)IF'] (79)
=E[(p-p")gLIF"] (80)

where follows because g, is an unbiased estimate of g;,. Using and the identity 2ab =
a? 4+ % — (a — b)?> with a = p — p’ and b = 7,4}, yields

E [¢p(w',p) — ¢(w',p")|F'] =E | 5— (Ilp = p'113 + (1:)*[15, /1 — llp — (0" + 71,3, I13) Ift]

L 2np
81

- A
<B |5 (o= 1B+ (?I5508 - o -+ D) 1] e
L P

- A
<E| 35— (Ip =13 + ()?G2 — I — " 13) |fﬂ (83)
L <"lp

where (82) follows from the projection property and (83) follows from Lemma[I] Summing from
t = 1 to T and taking the expectation over all the stochastic gradients of both sides and using the
Law of Iterated Expectations to remove the conditioning on F*, we obtain

T
1 1 Np A
E t - _—E _ o t1y2 p A2 4
; [p(w', p) — g 2 Elllp—p'll3] - o, [lp =" H5] + 5 G (84
1 My A
= 5, Ellp—lz] + 576 (85)
1 TG2
<-4+ (86)
Tlp 2

where (84) follows from the telescoping sum and (86) follows from the fact that p, p* € A,, and A,,
is contained in an {5 ball of radius 1. Dividing both sides of (86) by 7" and rearranging terms

G2
7 ZE ] 2 Efp(wf. )] - (an + ) 57)
P

Finally, since (87) holds for all p € A,,, we maximize the right hand side over p € A,,, yielding

1 d t ot T 1 77Pé’123
T;E[cﬁ(w,p)] > max [p(wf, p)] - T

From (78)), the left hand side above is equal to E [¢(w7., p7-)], thus completing the proof. O

Theorem 2] follows immediately from Proposition 2] by setting the step sizes appropriately.
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H Proof of Theorem

First we have the following proposition for unspecified constant stepsizes.

Proposition 3. Suppose Assumptions[I|and[2] hold and WV is convex and compact. Let the step sizes
nt and np be constant over all t, denoted by 1., and ny, respectively, where 1, < (2/M). Let
(w7, pT.) be the solution returned by Algorzthmlafter T iterations. Then we have

2(p(w',p") + B) 47]p\/ﬁBGp o2
+ L —
T2 —n3M) (200 =03 M) (2 =1, M)
T T - 1 npéf;
E [¢(wT7pT)] 2> max {]E [¢(wT7p)]} - s T

PEA, Mp

E[||gw (wF, p7)II3) <

N

Proof. Here it is helpful to rewrite I}y as a prox operation. Defining Iy : W — {0,+oc0} as
Iy(w) = 0if w € W and L)y (w) = 400 otherwise, the update rule for w becomes:

W™ =Ty (w* = n,g,,) = argmin{(g;,, u) + ﬁ\lufwt\@ + Iy (u)} = prox,. 1, (0" —n},9,,)
u€ERd Nw
and the projected stochastic gradient is equivalent to
_ 1 N
9oy = nT(wt — prox,. 1 (W' —n3,4,,))
w
The rewritten objective, using Iyy to remove the constraint on w, is as follows:
min maX{CI)(w p) = ¢(w,p) + Iy(w)} (88)
weR p

With these notations in hand, we are ready to begin the proof. We make analogous initial arguments
to those in the proof of Theorem 2 in [[14], and cite two results on the properties of the prox operation

from the same paper. By the M -smoothness of F} for each i, we have equation (63), and thus for any
te{l,.., T},

Zp@ f+1

T
LR M
t t t t+1 t t+1 t12
Vo 35 - = —
+< iEZIpZ (w)) (w w') + 5 [lw w'(3
v
(V E pLE; (w! ) I;,+7<n$u)2||§;||§

M
2

"
NE
=

-
Il
_

I
NE
:‘g

-
Il
_

A ~ T _ _ _
PiFi(w') —nl, (95)" Gt + 5 (k) 30113 + 16, (65,) " gL,

|

i=1

where in the identity we have used the definitions of g¢ and & . Next, using Lemma 1 in [14] with
x=w',v=mn!,and g = g!, we obtain

M ~ _
ZptF ) <Zp = [ 1g'113 + D (') = D ()] + - 00,195,113 + 72 (53) " gL,
i=1
zn: || T t+1 _ T t % t\2|=t (|2
— L1513 + Dy (w*™h) = Dy (w")] + 5 ()19 12

+ 17, (00,) 9" + 1, (0,) " (9 — 9")
1
where &/, == §!, — g% and g = o (w' = prox,. 1, (w' —ny,g;,)) is the projected full gradient with

w
respect to w. Thus after rearranging terms,

D(wt,pt) < Bt pf) - (na - <n;i,>2> 19413 + 1, (5% 91) + L 13% g, — o'l

sz lz

< @(w',p) — (nfu - (nfu)2> 132113 + 7, (825 9" + i 1185, 12
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where the last inequality follows from Proposition 1 in [14] with z = wt, v = 7}, g1 = §!,, and
go = g,. Rearranging terms, we have

(n,a - <nz,>2) 1912

< o(w',p') — (W pt) + g, (01, ") + 1[I0, I
= (@(w',p") = (W™, p")) + (P(w,p) — @(w ) + 0, (00, 9) + 1017
= (2(w',p") = 2(w™,p")) + (G(w ") — P(wT ) + 110 (01 9" + 10 100,12

Taking the expectation with respect to the stochastic gradients conditioned on the history up to time ¢
of each side, we have

<nz, - Aj(nz,)?) E [, 1317
<E[(@wt,p') — @(w™,pH)) [F] + E [(p(w' ™ p ) — p(wt*ph)) | 7]
+ 0B [0, gNF] + mu B ([0, 1717]

I\D‘EI

n

> p§>F@«<wt+l>|ﬁ]

i=1
+ 0B [(00, 91 F] + nuE (116,117 F] (89)

Note that we can use the Holder Inequality to bound the second expectation in (89). In doing so we
obtain

(%f( >> (% 1317

n 1/2
< E I:(q)(wt’pt) _ (I)(wt+1 t+1 ) |ftj| 4+ E ||pt+1 ptHQ (Z t+1 ) |]:t

=E [(fb(wt,pt) — ®(wttt, Hl)) |.7:t] +E

+ntE [(6L, )| F'] + nbE (165,117 F]
<E[(®(w',p') — @(w™, p")) |F*] + 2vnBE [[In,gb 2| F*] + n,E [(6,, g") | F']

+ 0t E [|I8%, 115177 (90)
<E[(®(w',p") — @(w' ™, p"*)) |[F'] + 2v/nBn} Gy + 1t E (5L, g")|F] + nl,E 116,131 7]
1)

<E[(®(w',p') — d(w'™,p™)) |F] + 2vnBn' Gy + 1 E [II%IISIW} (92)
<E[(®(w',p') — d(w' ™, p)) |F'] + 2vnBnt Gy + l,00 (93)

where follows from the definition of B and the update rule for p combined with the projection
property, (9T)) follows from the definition of Gp, (92) follows from the facts that g* is a deterministic
function of the stochastic samples that determine the stochastic gradients up to time ¢ and g?, is an
unbiased estimate of g’,, and (93) follows from the computation of E[||§,,||?] given in Lemma
Summing over t = 1, ..., T, setting the step sizes to be constants, and taking the expectation with
respect to all of the stochastic gradients and using the Law of Iterated Expectations, we find

~ T
M
(”w - 2(%)2) SB[, 1] < Bt p") — E [B(w" pT )] + 270, By, + Tnuo?
t=1

< ®(w',p') + B + 2T, B\/nG, + Tnwo?,
Next we divide both sides by T' (nw — % (nw)z) to yield
T A
Z ||g H < 2(¢(’U}1,p1) +~B) + 477P\/EBG§7 + 0-1211 _
b T2y —n3M) (20w —12M) (2 —n,M)
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Using an analogous argument as (62)), we have that the left hand side of the above equation is equal
to E[||gw (wT, pT)||3], thus we have completed the proof of the convergence result in w.

For the convergence with respect to p, note that the update rule for p**! is identical to the update rule
analyzed in Proposition 2] and the output procedure is the same for both algorithms. Furthermore,
since the convergence analysis of p does not depend on the update rule for w, the analysis with
respect to p in the proof of Proposition [2] still applies here, thus we have the same bound. O

The only significant difference between the bound in Proposition[3]and the bound derived in Proposi-
tionis that the term with o2 is not multiplied by the step size 7,,, thus appears to asymptotically
behave as a constant. Therefore, in order to show that the right hand side in the above bound con-
verges, we must treat o2 as a function of the number of stochastic gradients computed during each
iteration. Recall that o2, is an upper bound on E||g,, — ¢¢,||2, and note from Lemma[d] that we can
write it as 02, = 52 /C, where 52, does not depend on C or 7', and C'is the number of sampled task
instances used for each stochastic gradient computation, and each sampled task instance involves
a constant number of function, gradient and Hessian evaluations. We can therefore define C' as
an increasing function of 7" in order for afu to decrease with 7', while the total number of oracle
evaluations performed by the algorithm will be O(CT).

To balance terms, we must choose 7, and o2 to be of the same order with respect to 7". Thus for

some 3 € (0,1),letn, = O(T~") and C = O(T”). Since here C grows with T', we can assume
without loss of generality that C' > n (since if this were not the case, the only way we would get
improvement over the 1/5 rate, to 1/4, would require 3 = 1, which would mean C = m = n = T, which

is not realistic). In this case, G‘g can be numerically upper bounded as

Gf\z — n(n"_C_].)Bz: n2

A2 2
— N < 94

Replacing éf, with this upper bound in the results from Propositionand plugging in the appropriate
step sizes completes the proof of Theorem [3]

I Generalization Results

L1 Proof of Proposition[i]

The result is a standard Rademacher complexity bound, see for example [23], thus we omit the proof.

1.2 Proof of Theoremd]

Proof. Since DE | x D; ., is a mixture distribution, we have, for any w,

Frs1(w) = Epun  pes | op,,, [fnt1i (W — aV fary(w, DY ), Dty )] (95)

n+1,j

141,57

= Z ai]E(D;mi" D, )~D; [fn+1,j (w— aVﬁHLj(w, Dgfiiknl,j)a Dfil,j)] (96)
i=1

= a;F;(w) (97)
i=1

Therefore, using Proposition[T]and a union bound over the n tasks, we have that with probability at
least 1 — nd’ over the choice of samples used to compute F;(w),

log 1/4’

7

Fop(w®) = aiF(w*) <Y aiFy(w*) + 2a:R%, (F) + a;B (98)
=1 =1
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Table 4: Omniglot N-way, K -shot classification accuracies (%). After meta-training, 5,000 few-shot
classification problems (task instances) are sampled uniformly from the 25 alphabets (tasks) used
for meta-training, likewise for the 20 new meta-testing alphabets. For each alphabet, the average
accuracy on task instances from that alphabet is computed, and statistics are taken across these average
accuracies. ‘Weighted Mean’ weighs the alphabet accuracies by the meta-training distribution, which
corresponds to the quantity MAML aims to optimize, whereas ‘Mean’” weighs all alphabets equally.
‘Worst’ is the minimum alphabet accuracy, and ‘Std. Dev.’ is the standard deviation across the
alphabet accuracies, with 95% confidence intervals given over three full runs for all statistics.

Meta-training Alphabets Meta-testing Alphabets
(N,K) Algorithm  Weighted Mean Mean Worst Mean Worst Std. Dev.
(10,1) MAML 98.5 1.2 91.0+ .4 545+£25 859+03 710x+12 63+.1
’ TR-MAML 95.6 £.3 940+.1 895+10 83.6=%x.5 70.2+24 66+.3
(10,5) MAML 99.1+.1 95.0£.1 70.1+£28 921+.1 829£0.1 38=x.1
’ TR-MAML 985+ 4 986+ .4 962+1.0 93.8+.7 87.7+£14 32+.5

Making the substitution § = nd’ and using the fact that a; € A,, and the definition of w* yields that

n

; ; ~ |log(n/d)
Fr )= 5 (w") + 20,9, iBy\| ——= 929
1(w )7;2%;10 (w*) + 2a;M,,, (F) +a Py (99)
i max 3 i - 3. [loz(/0)

= iy * R .
= 1%151\};12%)5 2 pi s (w*) 4 2a,R;,, (F) + a; B e (100)
(101)
with probability at least 1 — ¢, which completes the proof. O

J Additional Experimental Results and Details

We performed all experiments on a 3.7GHz, 6-core Intel Corp 17-8700K CPU. For all experiments,
there was no significant difference in the time required to run TR-MAML compared to MAML.

J.1 Sinusoid Regression

For the sinusoid regression experiments, we adapted the codebase from the original MAML paper
[12] available at https://github.com/cbfinn/maml, which is written in in Tensorflow https:
//wwu.tensorflow.org/. We used a batch size of 25 task instances with J (the number of
evaluation points in each task instance/few-shot learning episode) equal to K. We set 7, = 1073,
a = 1073, and used one step of SGD update and the Adam optimizer for the meta-learning update
step for w for both TR-MAML and MAML, consistent with the original sinusoid experiments [12].
To update p in TR-MAML, we used vanilla projected SGD (without an optimizer) with learning rate
7p = 0.0001 when K = 5 and 7, = 0.0002 when K = 10.

J.2 Few-shot Image Classification

For the image classification experiments, we adapted the codebase from the repository available at
https://github.com/AntreasAntoniou/HowToTrainYourMAMLPytorch that implements in
Pytorch https://pytorch.org/ the experiments in the paper [1]. Again we kept most of the
default parameters consistent. The Adam optimizer was used for the meta-update of w and vanilla
SGD was used to update p. We set 1, = 2.0 x 1075 for the 5-way experiments, 1, = 1.6 x 107°
for the 10-way experiments, and 7, = 1.0 x 107> for the 20-way experiments. In all cases, we set
J = 10. After meta-training for 60,000 iterations with a batch size of 8, the most recent meta-trained
model was evaluated on both the meta-testing and meta-training tasks (alphabets). One step of SGD
was used for both meta-training and meta-testing in all experiments. Images were augmented by
rotations of 90 degrees, with augmented images considered part of the same class (thus there were
20 x 4 = 80 images per class), but each image in each class in each task instance was rotated by the
same amount. Additional results for the 10-way classification case are shown in Table 4]
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For the mini-ImageNet experiments, we set 1, = 1.6 X 10~% and J = 15, and execute for 60,000
iterations with a batch size of 2 task instances. We use 5 steps of inner gradient updates during both
meta-training and meta-testing.
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