SUPPLEMENTARY MATERIAL:
ASYMPTOTIC NORMALITY AND CONFIDENCE INTERVALS FOR DERIVATIVES OF 2-LAYER NEURAL
NETWORK IN THE RANDOM FEATURES MODEL

We gather here the supporting propositions, the proofs and additional figures. The python code
used to generate the figures is also attached. In Figure 4 on page 2 we plot R(¢,, A, p, o) under
various regimes as a supplement to Figure 3.
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APPENDIX A. OUTLINE OF THE PROOF OF THE MAIN RESULT

Since Theorem 1 can be regarded as a special case of Theorem 2, it suffices to prove Theorem 2.
The formal proof of Theorem 2 is provided in Section D.1. The proof combines three supporting
results using Slutsky’s Theorem: the asymptotic results

, _ A& A 4
(A.1) C(ey) = iN(O 1) ly a||21/2 g and C(ey) Ci(e]) Eo.
(Var; [¢(e;)]) (Var; [¢(e;)]) ly — Aa,
The first two are proved in Proposition C.2.5 while the third is proved in Proposition C.2.6. The
asymptotic results are shown to hold for most j € [p], in the sense that the current proof shows
that (A.1) holds for all j € [p] \ J for some set J with negligible cardinality compared to p. More
specifically, Proposition C.2.5 leverages the flexible central limit theorems in Bellec and Zhang
%. Proposition C.2.6 shows that the nonlinear
(Var;[¢(e;)])
component (induced by the nonlinear perturbation) in {(e;) — (1 (e;) is negligible.

[2019] to obtain asymptotic normality of



APPENDIX B. FIGURE 4
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FIGURE 4. The indicator R(¢p, A, p,0) (see Definition C.3.2) of the squared

length in the infinite width. The activation functions are ReLU max(z,0), leaky
ReLU max(x,0.1z), Swish Tre== > softplus In(1+exp(z)), tanh 2:;76:: and sigmoid
== Activation functions o(x) with 7, := E[0'(Z)] = 0 for Z ~ N(0,1) have
limit R = 1 always. We consider Ridge penalty parameter A € {1073 1} and
signal-to-noise ratio p € {5,2,0.5,0.2}.



APPENDIX C. SUPPORTING PROPOSITIONS

C.1. Notation and constants. The proof will require some further notation and constants.

C.1.1. Notation. Let || M| denote the Frobenius norm of a matrix M and || M]|,, its operator
norm.

For the functions f : RP — R and G : R? — R, denote by 0; the partial derivative with respect
to the j-th coordinate for each j € [p], as well as

o= (fl@) M e R, f1 = [0 fw)| V0TI e R,
G = (G(mz))ze[n] € R™, G = [8jG($i)](ivj)e[”]><[P] c RXP

where 1 € RP, ..., x,, € RP are the observed feature vectors, i.e., the rows of X.

Let E; and Var; be the conditional expectation and the conditional variance given (X _;, G, W, ¢),
where X _; is the matrix X with j-th column removed. Let E. be the conditional expectation
given X,G, W. Let P and E be with respect to the total probability Px w ¢ c. We let ay denote
max(a, 0).

We will also consider gradients with respect to columns of X or with respect to the noise €.
Consider an expression r € R? which is a function of (X, e, W, G).

e For two given indices (7,7) € [n] x [p], the column vector d,,, 7 has the same dimension as
r and denotes the partial derivative of r with respect to x;; while

((@ir g0 )irem) i el £ 6.5) € W, G)

remain fixed. If the dimension g of r is greater than 1, then V., acts componentwise on
the components of r.

e The matrix Vx 7 is the derivative (in the sense of the Frechet derivative) of r with respect
to the j-th column X ; of X while (X _;,e, W, G) (which are random variables independent
of X ;) remain fixed; if the dimension g of r is greater than 1, then Vx, acts componentwise
on the components of r. For instance, the derivative of the residuals r = y — Aa with
respect to X ; while (X _;,e, W, G) remain fixed is the n x n matrix Vx, (y — X a) whose
i-th column is d,,, (y — X @), the directional derivative with respect to the (i, j)-th entry
of X. We may refer to Vx,(y — Acx) as the Jacobian of the map X; — y — Aa.

e Similarly, Vr is the derivative of » with respect to the noise vector € while (X, W, G)
(which are random variables independent of €) remain fixed. If the dimension ¢ of 7 is
greater than 1, then V. acts componentwise on the components of r. For instance, the
derivative of the residuals y — Aa with respect to € while (X, W, @) remain fixed is the
n X n matrix Ve(y — Xa) whose i-th column is the i-th entry of e. We may refer to
Ve(y — Aax) as the Jacobian of the map € — y — Aav.

o (This is only used in Section C.J) If ug € RP has [Jug|lz = 1, we define Xy = Xwup.
Then Vx,r is the derivative with respect to X while (X (I, — uoug ),e, W, G), (which
are random variables independent of Xg) remain fixed. If r = y — X &, the Jacobian
Vx,(y — X&) is the matrix whose i-th column is the derivative with respect to the i-th
entry of Xg.

C.1.2. Constants. The following positive finite constants L, ¢y, cg, d, Lo are independent of n, p, d.

(i) The activation function o is Lipschitz with constant L.
(ii) W is deterministic with |[W|,p < ¢1.
(iii) For some ¢ > 0, X(z) exists in (1 — 6,1+ ) and (—9,5) and is Lo-Lipschitz in (1 —0,1+4)
and (—9,9).
(iv) max (|,(1)], [Z1(0)],[Z0(1)]) < cs.



For the proof of the asymptotic normality result in Theorem 2, we only consider the case when
W is deterministic. The proof is applicable for W with entries iid N(0,1/p) by Corollary 7.3.3 in
Vershynin [2018] by conditioning on W.

C.2. Asymptotic normality result. In this section, we present supporting propositions for the
asymptotic normality result in Theorem 2. Proposition C.2.1 provides the calculation of the
Jacobian matrix Vx, (y — Av).

Proposition C.2.1 (Calculation of the Jacobian matrix). Under model (5),
Vx,(y — Aa) = — (I, — H) diag(c/(XW ") diag(We;)a)
(C.1) — A(ATA 4+ nrl,) " Hdiag(We;)o' (WX T) diag(y — AQ)
+I,—H) [(ejT,B)In + diag(G'e;)] .
Under Definitions 1 and C.2.1, we have

(C.2) Vx,;(y— Aa) =To(e;) + T1(e;) + Tr(e;) + Tni(e;)-
Definition C.2.1. Let (1,(e;) be in Definition 1. Let

(C.3) ((ej) = (u(ej) — trace [T'Nw(ej)],

where

Txi(ej) = (I, — H) diag (G'e;) ,

C4 B
“ G’ = (0,6 () VW ¢ g,

Proposition C.2.2 provides upper bounds on the components of the Jacobian matrix Vx , (y— Aa).

Proposition C.2.2. Let To,T1, T, T, be as in Definitions 1 and C.2.1. Let c¢1, L, f' be as in
§C.1.
(i) [|A(nTIq+ AT A) " oy < 1/(2y/07).
(i) |In — Hlop < 1.
(ii1) 3 jcp 1To(e) + Trle;) + Tnrle)) |7 < 2¢iL2nflal3 + 2| f'|%-
(iv) IT1(e;)|[3 < L2ct/(4nT) - |y — Aa|3.
(v) Ell&|3 = O(1).

Proposition C.2.3 shows that the training error ||y — A&||> is of order at least n with large
probability.

Proposition C.2.3. There erists a large event 2 such that P(2°) < o(exp(—cen)) for some cg > 0
and that on €,
(i) | XI%/n* < can,
(ii) 1/n - minjep Eylly — Ad3 > c2n,
(iii) 1/n - [ly — Aa3 = can-
The constant cg is independent of n,d,p. The constants csn, and ca, are given in Proposition
C.2.4.

Proposition C.2.4. Let

(1) ¢34 := ;71/2 +14c Y2 5y i= wgl/z +14¢ Y2 where ¢ > 0 is some universal constant

specified in the proof.
(2) Cap = Vpn + 20pin +2 = cq 1=y + 205> + 2.
(3) Fy =23 L?|| X||%/n? + 2tpq ., (0(0))2.
(4) Fn=2L%(n+ || X||})/n? + 2¢a,n(0(0)).
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(5) Cam = (1+23L°n v~ +2¢3 L%y 71 4 20000 (0(0))277 1) 71 = &g i= (1 + 23 L2y +
2thq(c(0))2r~ 1)1 > 0.
(6) con = 02(262,,/3 —n"1/2)2 — ¢y := 02(262/3)2 > 0.
Then
(i) P (HX/\/f)HOp > Cg)n) < 2exp(—p).
(ii) P(IX|3/n? > c4.0) < exp(—n?).
(iii) lo(XWT)||%/n* < F.
(iv) | L~ HI} o> (14 Fy/r) 2
(v) minjepy (n~V2E; |1, — H|z) > (1+F, /1)L
Proposition C.2.5 helps us prove the asymptotic normality of {(e;) and helps us estimate the
variance term in the asymptotic normality result with the training error: Propositions C.2.5(i)
and C.2.5(iii) imply the asymptotic normality of ((e;) for most j € [p]; Propositions C.2.5(ii)
and C.2.5(iii) imply that we can estimate Var;({(e;)) using |y — A&H; for most j € [p].
Proposition C.2.5. Let
(i) ¢(e;) be as in Definition C.2.1.
(i) r=y— Aa.
(iii) € =E; [[Vx, ] / (& [Irl3] + B [IVx,rlIF]) -

Then
cley) x7E; i\ < 6e2
Van,ce '~ TEFL ) | S 66

(i) E;
(i) By ||ty 1] < 1+ VD) o/ -2V
(iii) E [Zje[p} eﬂ = 0(1).

Proposition C.2.6 shows that the nonlinear component trace(T'Ni(e;))/ ||y — A&, of the as-
ymptotic normality quantity ((e;)/ ||y — Aa||, is negligible. Since (1,(e;) = ((e;)+trace [T'nr.(e;)],
we will then have the asymptotic normality of (1.(e;)/ ||y — Aal|,.

Proposition C.2.6. Under Assumptions 1, 2, 3 and 4, we have the following convergence in
probability: for all e > 0,
> e) =0.

Proposition C.2.7 characterizes the expected value of the derivatives of the nonlinear perturbation
function G in terms of ¥/, and %7

trace ((I,, — H) diag(G'e;))
ly — Aall

(C.5) lim P <max

n—-+oo F€[p]

Proposition C.2.7. For all vector vi,vs € RP such that the derivatives below exist,

Eg [0;,G(v1)0;,G(v2)] = Eg(vlTvQ/p)Uljzv2j1/p2 + E;(vaz/p)‘s(jl = J2)/p-
C.3. The limits V (¢4, %p, A, p,0) and R(1p, A, p, o). In this section we present the results related
to the limits V (4, ¥p, A, p, o) and R(¢p, A, p, o) in (18).

Assumption C.3.1 recalls the setting in Mei and Montanari [2019] that is comparable to our
Gaussian setting.

Assumption C.3.1. Let us assume that
(i) (@)icn) ~* Unif("1(,/5)).
(ii) (wi)re(a) ~"** Unif (SP~1(1)).
(iii) G(x) is a centered Gaussian process indexed by x € SP~1(,/p), such that
(i) Ec [G(z)] = 0 and Eg [G(21)G(@2)] = Iy (2] x2/p),



(’LZ) ]EwNUnif(S:D—l(\/Ij)) [Zp(l'l/\/[?)] = 0, ]EwNUnif(gp—l(\/f])) [Ep($1/\/}3)$1] =0 and limijLoo Zp(l) =
62, .
(iv) Ele1] =0, E [¢3] = 62, E [ef] < +o0.
(v) Bo — 0o, ||ﬁ||§ — 0% and ¥,(1) — 0%y, The signal-to-noise ratio p = 03/(62 + 63y).
Proposition C.3.1 provides the limiting squared length of our confidence intervals under Assump-
tion C.3.1.

Proposition C.3.1. Let L? := |ly—Aal|3/(trace(I,,—H))?. Under the model (5) in the asymptotic
setting (6), Assumption C.3.1 and Definition C.3.1,

W.G,e

Var(y) — 63+ 02+ 63, nL?/Var(y) 277 v,
Definition C.3.1 defines V (1q, ¥, A, p, 7).
Definition C.3.1 (Definition 2 in Mei and Montanari [2019]). Let Z ~ N(0,1), p = 9%/(95 +6%1),

p =E[0(2)], pe =E[(0(2)?], m=E[(2),
p2=pe—pi—ni, 0 =i/ul, A=X\u,
U1 = ba/tp, Yo = 1/ty, Z = i(1va)) .

Let $(z) be the imaginary part of complex number z. Let C be the set of complex numbers with
positive imaginary parts. Let v, vy € C4 solves uniquely

0*v !
_ 2
V1:w1<_2_y2_) ,

1 — 0?11y

0*v -
_ 1
V2:¢2(—Z—V1—> ’

1 — 0?11y

(C.6)

under constraint (11| < ¥1/(Z) and |vo| < P /I(Z). Let

X =Vila,
2 =1+ ;! (x+ ] i“;;),
L =2 [1ip. 1*1XQ2 + lip} ’
=T [—x? (xo* — x0® + 120" + 0® — xth20" +1)]
+ ﬁ [X* (xe® = 1) (xPe" — 2x0® + > + 1)],

Ay =—x"0% +3x 0" + (Y1h2 — o — 1 + 1) xP0® — 2x% 0" — 3x* 0%,
+ (1h1 + b2 — 3U19s + 1) 20" + 2x20% + X% + 31hax 0’ — Y1,
o =cth ) ch,

V(wdepa )‘7p7 J) = (g - ¢1X%)/Q2

Random vectors uniformly distributed on the sphere Sp_l(\/]?) are close to standard normal
vectors (e.g., in the sense of § 3.3.3 in Vershynin [2018]). We expect the limit in Proposition C.3.1
to be valid for Gaussian x;, wy as well. Proposition C.3.2 guarantees that the limit V' is valid for
Gaussian vectors (2;);e[n] ~“* N(0p, 1), (wi)gefq ~"* N(0p, (1/p)I,) for the pure linear model

(4).
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Proposition C.3.2. Under the pure linear model (4) in the asymptotic setting (6), Assumption 1
and 2 with (i) and Definition C.3.1,
Var(y;) — 9% + 62, nL?/Var(y;) Fxwe y,
Proposition C.3.3 provides the ¢y — 400 limit of V.
Proposition C.3.3. Let V. R be in Definitions C.3.1 and C.3.2. Then
lim  V(Ya, ¥p, A, p,0) = R(Wp, A, p,0).

Pq—+—+00
Definition C.3.2. Let 0, p, 11,2, X be as in Definition C.3.1. Let
1 0=0
R(wpa)‘vp7g) = — _—— =2 )
(Z X /TN /D 0 #0
where
__9¥ _
o 1+152X 0= 0
X = - - 2 -1)2 2 )
(Q 271&#21?)7\/(9 27 ffwg) +41+ww22?9 040
2 = Y\,

Z _ (=Y p 1 1
7= [1+p1x92+1+p]’

1 (=X (Yo' — X0® + ¥20® + 0° — Xt20" + 1)]

T 1+p
1 —2 (=2 =2 4 — 2 2
— —1 —2 1

+1+p[x (xo* —1) (X*e" — 2x0" + 0 +1)],

o= (Y2 = X" + (1 - 3¢) XP0" + 3¢2X0” — 1o
C.4. Asymptotic normality result for a general direction. In this section we consider a
general ug € Unif (SP71(1)) instead of a canonical basis e;. Defined in Definitions 1 and C.2.1, the
functions Tg, T'1,T1,, T'Ny, (r, and ¢ are linear in e;. So we can naturally extend the functions for
a general direction ug € Unif (SP~1(1)) by linear combinations, for e.g., (r.(ug) = ug (¢u(e;))7€P
Extending the functions by linear combinations is equivalent to replacing e; with wg in the definitions

of the functions.
Theorem C.4.1 provides the asymptotic normality of (r,(uo) for a general ug satisfying [luol|, = 1.

Theorem C.4.1. Let t € R. Under model (5), Assumption 1, 2, 3 and /, Definition 1 and a
further assumption that ,(0) = O(1/p), we have

SACTR t> - @(t)’ =0

C.7 sup —— <
(1) Iv - Aal

ugeSp
for some S, C SP~1(1) satisfying |Sp|/|SP~1(1)| > 1 —log(p)/p — 1.

The operations of taking expectations in this section are defined as follows:
(i) Let Eq, Vary denote the conditional expectation and the conditional variance given X Q, &, W, G, uy.
(ii) Let Eqy,x,w.e,c or E denote the expectation with respect to the total probability.

(iii) Let Ex w e qlu, OF Ex w.e ¢ denote the conditional expectation given wuy.

(iv) Let E,, denote the conditional expectation given X, W, e, G.

Proposition C.4.1 is comparable to Proposition C.2.5 but for a general direction ug.

]P)X,W,E,G\uo (

Proposition C.4.1. Let
(i) ug ~ Unif (SP~1(1)) independent with X, W, G €.



(ZZ) Xo = XUO.
(i4i) ¢(ug) := ug (C(ej))je[p] where ((e;) is defined in Definition C.2.1.
(iv) r=y — Aa.
(v) €6 ==Bo [[Vx,rl%] / (Bo [Irl3] + Eo [IVx,7lZ]) -
Then

. ¢(uo) X Eo[r] 2 2

(Z) EO |:((Varo§'(1:o))1/2 o H]EOU[T(iH?) :| s 660'

(i1) Bo || oty — 1] < (14 v2) e0/ (1 - 26)/*.
(iii) Buy,x,wec [€] = O(1/p).

Proposition C.4.2 is comparable to Proposition C.2.6 but for a general direction ug.

Proposition C.4.2. Let Q be as in Proposition C.2.5. Let §;; = 1 if i = j, O otherwise. Let
Q3:=0QnN {maxil’ize[n] |:I:£ Tiy [P — 0iy in] < 5} where § is a fized positive defined in Assumption 4.
Let ug ~ Unif (SP~1(1)) be independent of X, W ,e,G. Under Assumptions 1, 2, 3 and / and a
further assumption that ,(0) = O(1/p), we have that

=O0(1/p).

trace (I, — H) diag(G'uy)) ’
— Io,
ly — Aal

(08) IEuo,X,W,e,G (

APPENDIX D. PROOFS

In this section we provide the proofs of our theorems and the supporting propositions.

D.1. Proofs of Theorem 1 and 2. Theorem 1 is a special case of Theorem 2 when there is no
intercept nor perturbation. We prove in this section Theorem 2 based on supporting propositions.

D.1.1. Proof of Theorem 2.

Proof. Let ¢ be as in Definition C.2.1. As we explain in the next paragraphs, Propositions C.2.5
and C.2.6 imply that, for a large subset J, C [p], for all j € J, we have
: ¢(ej) d
0 Tk 7 VO
y ly—Asal, P
) Sanen” L
((e;)—CL(ey) P
(iii) “oaar” ~ 0.
The above convergence are uniform over j € J,, where J, is a large subset of [p]. So by Slut-
sky’s Theorem we obtain the convervence in distribution of ((e;)/||ly — Aa||2 to N(0,1) and the
convergence is uniform over all j € Jp.
We first specify the subset J, C [p]. Notice that (iii) in Proposition C.2.5 provides the existence
of a constant c¢y; > 0 independent of n, p, d such that Zje[p] E [e?] < ¢11. We can specify the large

volume index set J, C [p] as

hi={iewiBi) < |

Since

1,/ w2 ci 52 e ELE]  log(p)
e mEE 2 ) < P <R,

lo
we have |Jp|/p>1— %.
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We claim that (i) is provided by Proposition C.2.5 and (iii) is provided by Proposition C.2.6
directly. Now let us explain (ii) rigorously based on Proposition C.2.5 (ii). From the definition of
Jp and Chebyshev’s inequality, we can see that for all € > 0,

~ c11
P(|e; < ————.
g Pl > € < @ogty)
Let r = Aa —y, V; := Var; [((e;)] and U; := ‘||r||2 /le/2 - 1‘. If ¢; < 3, by Proposition C.2.5

and simple algebra,

B ;) < (1+ ﬁ) ej/<1 —2)Y? < (24 VO)g

Let us consider € < % We let ;(€) := {IEI (2+ \[ } Then
_ _ C11
> Ple;| < >1 - ——M—.
( (6)) = (|€J‘ — 6) = €2 log(p)

Then, letting I(-) := I;.; be the indicator function, we have
P(U] > 6) =K []I(UJ > 6)]
=E [E; [l(U; > )] Io,0] +E [E; [1U; > )] Tox(o

IN

E {E Ei 10, j(g)} + PQS(e))
( +f)e/e+ﬂlog()
)

we have that, for all € > 0,

. — . . l
Choosing € := min <log Toz(7)? 2

lim maxP(U; > €) = 0.

p—too jed,
Thus we have (ii). O
D.1.2. Proof of Proposition C.2.1. Propositions are restated before their proofs for convenience.
Proposition C.2.1 (Calculation of the Jacobian matrix). Under model (5),
Vx,(y— Aa) = — (I, — H)diag(c/(XW ") diag(We;)a)
(C.1) — A(ATA +nrl,) " diag(We;)o' (WX ") diag(y — AQ)
+I,—H) [(e;—B)In + diag(G'e;)] .
Proof. The calculation of Vx vy follows directly by
(D.1) Vx,y = Vx, f = diag(f'e;) = (ejT,B)In + diag(G'e;).
For the calculation of Vx,(y — Aa), we notice that by the KKT condition,
y—Aa=(I,— H)y.

Proposition C.2.1 follows by the following intermediate steps:

0) Vx, (L~ ) = (=) (0., 19), |

(i)

+ (I — H)ijy

Op,iH = (I, — H)(0,,,,A) (AT A+n7I,) 'AT
+AATA+n7I,) N (0,,,;A) (I, — H).
(ifi) s,,;A = diag(es, )0’ (XW ") diag(We;).
The above intermediate steps can be seen from the followings.
(i) By the chain rule for multiplication.
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(ii) Notice that H := A(A" A +nrI,) ' A. For the inverse matrix, we use the fact that
d,.., [(ATA + m-In)’l} = (~1)(ATA + nrI,) " (0, (AT A))AT A+ nrl,) "t

Tigj
(iii) We notice that A = o(XW ). So that by the chain rule,
Dy A = [Bimiy0’ (@] wi)wis] " = diag(es, )0 (XWT) ding(We;).

Combining the intermediate steps above, noticing that

i1

i1,i2€[n]
[((In — H) diag(e;,)o’ (XW ) diag(We;)(AT A + nTIn)_lATy) }

= (I, — H)diag (a’(XWT) diag(Wej)a) :

and —
[(A(ATA +n7l,) ! diag(We;)o' (WX ") diag(e;,) (I, — H)y) ' }

= A(ATA +nrl,) " diag(We;)o' (WX ) diag(y — Aq),
we have our calculation. O

D.1.3. Proof of Proposition C.2.2.

Proposition C.2.2. Let Ty, T, T, TN, be as in Definitions 1 and C.2.1. Let c¢1, L, f' be as in
§C.1.
(i) |A(nTIs+ AT A) 7|,y < 1/(24/n7).
(it) | In — Hlop < 1.
(ii1) 3 jcp 1 To(e) + Trle;) + Tnule)) |7 < 2¢tL2nllal3 + 2| f'|%-
(iv) |T1(e;)|IF < L2ct/(4nT) - ly — Aa|3.
(v) Ell@l3 = O(1).
Proof. (i) Let A = UZV" be the SVD of A where ¥ € R"*? has diagonal elements the

singular values o; for [ € [min(n,d)]. Then the singular values of A(ntI;+ A" A)~! are
either o;/(nt + o) or 0. We notice that

o1/ (nT + o) < 1/(2y/n7).
So that the operator norm is no more than 1/(2y/n7).
(ii) Let A =UXV" be the SVD of A where & € R"*? has diagonal elements the singular

values oy for | € [min(n, d)]. Then the singular values of I,, — H are either (n7)/(nt + o})
or 1, no more than 1.

(iii)

2
> ITo(e;) + Tule)) + Trnlep)l < Y 1L — HIZ, | (o' (XW ) ding@W — £) e
J€lp] Jj€lp]

<ZH( XW—r ) diag(a)W — f) Hz

/
:‘0‘

W) dies@w || 2|72
r F

(XW) diag(a)

2
<2[|W|, ||l (XWT) diag(a)HF +2[|£']1%

<2202 &% + 2| £
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We used | I, — H||,, <1 in the above display.
(iv)
IT1(e)l7 < |A(nTIa+ ATA) 3, - || diag(Wey)o' (WX T) diag(y — Aa)|7
<1/(dn7) - L?-[|[(We;)(y — AG) "%
=L?/(4n7) - [We;3lly — Aalf3
< L?/(4n7) - W3, lly — Aalf3.
< LPct/(an7) - |ly — AG;.

2

We used HA(nTId +ATA)! H < 1/(4nT) in the above display.

op
(v) From the KKT condition, we have
nrllall3 = (Aa)" (y — Aa) =y H (I, — H)y.
Let the singular values of A be oy for [ € [min(n, d)], then the singular value of H ' (I,, — H)
2
are —2L— . 2T ¢ [0,1/4]. So that ||a||3 < 1/(4n7) - ||y||3. Taking expectation we have

nt+o? nr+o;
Ella)3 < 1/(4n7) - E|fol, + XB+ G +¢|;
=1/(47) - (85 + 1BI3 + E [Sy(l|lz1[3/p)] +62) = O(1).

D.1.4. Proof of Proposition C.2.5.

Proposition C.2.3. There ezists a large event Q such that P(Q°) < o(exp(—cgn)) for some cg > 0
and that on €,
(i) | X|%/n* < can,
(i) 1/n-minje, Ejlly — Aal|3 > con,
Gii) 1/n - lly — AGIE > o
The constant cg is independent of n,d,p. The constants cs, and ca, are given in Proposition
C.2.4.

Proof. We first notice that by the KKT condition for the ridge regression type estimator &, we
have
Eclly — Aa|; = Ec||(I, — H)yl3 > Ec||(I, — H)ell5 = 62| T, — H| %

Next we show that ||y — A&l is concentrated around E. ||y — Aa||: By KKT condition, V. (y —
Aa)=1,—H. Since | I, — H||,, <1, |y — Aa|| is 1-Lipschitz in € (see also Bellec and Tsybakov
[2017] for general results of this kind). By the triangle inequality and the independence between
X ; and ¢, if u(e, X ;) is a function that is 1-Lipschitz with respect to e for every value of X ;, then

|Eju(e, X ;) — Eju(e, X ;)| < Ejlu(e, X;) —u(g, X;)| < [le — €[[2E;[1] = [[e — €[l2-

This implies that E;||y — Aa||; is also 1-Lipschitz in €. By the concentration inequality for Lipschitz
functions of a standard normal random vector (See Theorem 5.2.2 in Vershynin [2018] or Theorem
5.5 in Boucheron et al. [2013]) applied to the mappings € — ||y — A2 and € — E;||ly — A2,
we have that for some universal constant c; > 0 and for all ¢ > 0,

P(E;|ly — Aals > EEj|ly — Adllz — vVnbet) > 1 — 2exp(—csnt?),
P(||ly — Aals > Ec|ly — A@|s — v/nbet) > 1 — 2exp(—csnt?).
By the union bound, the following event occurs with probability at least 1 — 2(p + 1) exp(—csnt?):

N {Eily - Adls > BB, lly — Adlls — vadet, |1y — Adll2 > Eelly — Adlls — Vot }.
J€[p)]
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Since X ;, X _j, € are independent, we can exchange the order of expectation by Fubini’s Theorem,
EEjlly — Adz — vnfet = EjEc ||y — Adllz — vnbet,
= B [(Elly — A& - Var.|ly — A&||>)"/?] - vrbet,

1/2
> 0.5 (1T, — HI3 —1)}°] - bt
> 0.E; || I, — H||p — (0 + vVnbet)
=0, [EjHIn — H|p—nt— 1] .

The first inequality above is due to the fact that E. ||y — A&||5 > 62 |I,, — H|% and the fact that
Vare||y — Aal|2 < 62 by the Gaussian Poincaré Inequality [Boucheron et al., 2013, Theorem 3.20]
with respect to the 1-Lipschitz mapping € — ||y — Aa||2. The second last inequality above is due

to the fact that for any two positive real number a, b, (a? — b2)i/ 2>q-0. By a similar argument,

Eclly — Aallz — vnbet > 0c[|[I, — H||p — v/nt —1].

From Proposition C.2.4 we can have for all £ > 0 and some universal constant c5 > 0,
P <l/n . ml[n] Ejly — Aal; > 602 (1+F,/7)" ' —t— 1/\/ﬁ)j_> > 1 — 2pexp(—csnt?).
JjElp

P (1/n ly— AGIE > 62 (1 + Fo/r) ™t —t = 1/v/)}) > 1 = exp(—cont?).

Consider the intersection of the above events with the event {||X ||§, /n* < ¢4, }. We notice that
on that intersection,

F, < QC%Lz/TL + 2ch2047n + 21,[)d7n(0(0))2
< 2¢3 L ey + 24hg(0(0))? 4 o(1),
(1+F,/7)"' > G =G +0(1).
Taking ¢ = ¢3,,,/3, we obtain

P (1/n - min B[l - Aal3 > 62 (2¢2,0/3 — 1/\/ﬁ)i> >1—2pexp(—9~'esc5 ,n)
J€lp ,
— exp(—n?)

as well as P (1/n ly — Aal|3 > 62 (2¢2,,,/3 — l/ﬂ)i> >1—exp(—97"esE3 ,n).

— exp(—n?).
(]
D.1.5. Proof of Proposition C.2.4.
Proposition C.2.4. Let
(1) ¢34 := ;}/2 +14c Y2 5y i= w,:l/z +14+c¢ Y2 where ¢ > 0 is some universal constant

specified in the proof.

(2) Cam 1= Ppn + 207 +2 — ¢4 1=, + 200/ 2 + 2.

(3) Py = 26 L2 | X |2 /n + 260, (0(0))

(4) Fui= 212 (n + | X|[2)/n? + 2060, (c(0))°.

(5) Capi=(1+2c3 L2 7 4262 L2 ¢y 171 + 20,5, (0(0)) 277 1) 7 — &g := (1423 L2y +
2¢4(a(0))27~ )71 > 0.

(6) com = 02(265,,,/3 —n1/2)2 — ¢y 1= 02(2¢2/3) > 0.

Then
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(i) P (HX/\/;BHOP > CS,n) < 2exp(—p).

(i) P(|| X% /n* > ca.n) < exp(—n?).
(iii) |o(XW )|} /n* < F,.
(iv) |I, — H|% /n > (14 F,/7)72. -

(v) min;ep) (nil/zE]— L, — HHF) >(1+F,/7)" L.

Proof. (i) Corollary 7.3.3 in Vershynin [2018] provides the high probability upper bound for
the operator norm of random matrix,

P(| X |[op = v+ /D +1) < 2exp(—ct?)

for some universal constant ¢ > 0. Taking ct? = p, we have

P (IX/VBllyp = Uph/? +1+¢712) < 2exp(—p).

(i) By Lemma 1 in Laurent and Massart [2000], we have the concentration for | X%, the
chi-square random-variable with degree of freedom np, as follows: For any = > 0,

IP(||X||% —np > 2/xnp + 2z) < exp(—=x).

Here we take z = n? for simplicity of proof.
(iii) If o is L-Lipschitz, then

|o(z)| < Ljz| + |o(0)],
= (o(x))? < 2L%? +2(0(0))%
Taking * = = w;, and summing over (i, k) € [n] x [d] we have
lo(XW )|[5/n? < 2L2|| XW T[3/n? 4 2¢4,,(0(0))?
< 261 L2(| X |[3:/n® + 24,0 (0(0))*.

(iv) Let oy, I € [min(n,d)] be the singular values of A. If n > d, we define o; = 0 for i € (d, n].
We notice that by the SVD of H,

I, — HIE = (1+a;/(m))2

i€[n]

2
S 1
>n
I+ ZZEmin(n,d) 0'12/(7’2,27’)
-2
=n(1+ [ Al%/(n7))
where the inequality is due to Jensen’s Inequality.
(v) This is by the convexity of z — H% on RT and Jensen’s Inequality, E](ﬁ) > m for
any random variable X supported on R*. We then notice that E;[[| X||%] < n + || X%
O
D.1.6. Proof of Proposition C.2.5.

Proposition C.2.5. Let
(1) ((e;) be as in Definition C.2.1.
(ii) r =y — Aa.
(iii) € =E; [[Vx, ]/ (& [Irl3] +E; [IVx,7lIE]) -

Then
ce)) X750 <62
Var, s ? e ) | < 8¢

(i) E;
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(i) By (|t — 1] < (1 v@) /0 - 2%
(iii) E [Zje[p} eﬂ = 0(1).

Proof. (i) The first inequality follows directly from Theorem 2.1 in Bellec and Zhang [2019].
(ii) By Second Order Stein’s lemma applied to the mapping X ; — 7 (cf. Theorem 2.1 in Bellec
and Zhang [2018]), we have

V = Var; [((e;)] = E; [||7|3] + E;[trace[(Vx,r)?]].
By Second Order Stein’s lemma applied to the mapping X ; — r — E; [r], we have
V = Var; (X]T(r —E, [r]) — trace [ijr])
=E; [|r - E;r||3 + trace[(VXjr)2H
= Var; [C(e;)] — I|E; [r]]]3-
By the fact that 2ab € [—a® — b2, a? + b?] for two real a and b,
|E; [trace[(Vx,)?]]| <E; [IVx,7lF] -

By Gaussian Poincaré Inequality [Boucheron et al., 2013, Theorem 3.20] applied to the
mapping X ; — r;(X ;) for each i € [n],

E; [llr —E; [7] 3] < E; [IVx,7lF] -
So that V < 2E; [|[Vx,r|/%] . We also notice that

Ej |: ||’I’||2 _ 1” _ V_1/2Ej H”THQ _ VI/QH

V1i/2
By Jensen’s Inequality,
1/2
By [Illmll2 = By [r] 1) < (B [(1; ]I = 1))
1/2
(E; [lIr — &5 [r]13])

E;[[[Va,r(%]-

The last inequality above follows by the Gaussian Poincaré Inequality [Boucheron et al., 2013,
Theorem 3.20] applied to the mapping X ; — r;(X ;) for each i € [n]. By |[a—b| < v/ a2 + b2
for two real a,b > 0,

<SVTE; ([I7lly — IE; [rlll,]] + V=12 ‘HEJ [rlll, — V72|

IN

1B [r]ll, = V72| < V7% < V2B (I Va, 3.

] < (1+v3) (Ej [||v§jr||%]>”2

E,(IVx, 7] "
< (1 + \/5) ((]E'[IITHZ] - E[VXJH%DJF)
(1+\f) &/(1— 267,

where € = E;||Vx, 7%/ (E;|7]3 + E;[|Vx,r[[%). In the above we let a/0 = +oo by
convention.

So that

il

1/2
Vi

-1

J
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(iii) We first recall a large probability event 2, defined in Proposition C.2.3. Since 1 = I + I
and Zje[p] 65 <p

E Ze? <E ZE?IQ + o(pexp(—cgn)).

j€lp] J€lp]
Let Ty, T1,T1,, TNy, be as in Proposition C.2.1. Then Vx,r=Ty+T1+TL+Tnr,
IVx,rl% < 2|To + Tv + Tnullz + 2/ T1 |7
We have

E; | To+T T E;||T

E; E;||V 2
Jj€lp] J€p] ||’I°||2+ || XT'H

By Proposition C.2.2 and Proposition C.2.3,

. BT ||y~ L2/ ) Byl

Q
e E;llrl3 + Esl|Vx,r|% ol Ejllrl3 + Eil|Vx,r|%
< (1/4)[/26%’(/}1)7”7_1,

= (1/4) L2t + o(1).

E;|[|To(e;) + Tr(e;) + Tny(e
S e el in| < Viean) 2| 32 [T o+ Tl
Jj€lp] T2 TR X T j€lp]
< 1/(czam) - (232%0E [J&l3] + 28 [|1£]3])
< 26365 L LE[|[&]13] + 26 4 [|18 + VG (@13 -

Proposition C.2.2 and Assumptions 1 and 3 provide us E {H&HQ] =0(1)andE |||B + VG(ml)Hg] =

O(1). Combining the above we have E [Zje[p] ] <O(1).
O

D.1.7. Proof of Proposition C.2.6.

Proposition C.2.6. Under Assumptions 1, 2, 3 and j, we have the following convergence in
probability: for all e > 0,

trace (I, — H) diag(G'e;))
ly — Aall

n—+oo \ jElp]

(C.5) lim P <max

Proof. Let us first define

> e) =0.

(1 Un—]- (H117H227"’ ,Hnn)T~
qj := trace(Tnw(e;)) = trace [(I, — H) diag(G'e;)| = v, [G'];.
r:=Aa —vy.
Q be in Proposition C.2.3 such that

() Q= {1/n- |1y — AG|3 > csn} -

(ii) P(92°) < o(exp(—cgn)) for some constant cg > 0.
(v) Q3 be such that (cf. Corollary 2.8.3 and Proposition 2.5.2 (i) in Vershynin [2018])
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(i)

ﬁg = { max |mg;mi2/p* §i1,i2| < 5} N {
i1,i2€[n]

max |XJ-T1Xj2/n — 05,5, < 5}

J1,32€p]

n max (T < 1/4}
{iE[n],jE[p] il<p

(i) P(Qy) < o(exp(—cion'/?)) for some universal constant ¢1o > 0.

(Vl) Qg = Qﬁﬁg

By Chebyshev’s inequality,

P (max 9 > e> <P <{max 9| > 6} N Qg) + P(Q5)
ietr] [Irl, i€lpl (Il
1951
<P[<{max ————= > e, NQ3 | + P(QF
- ({je[p] n=1/2¢/? ’ (%)
A e}
<P max —————— > ¢ N Q3 | +P(Q5
<{je[p] n=1/2cL/2 3| RO
<P maXL . > €0 | +P(Q5)
- J€lpl p=1/2¢5/2 70
E [max; ’I5
S [ ]E[p} qj Q3] +O(1)

nezca p,

So to show our proposition, it suffices to show that

E {maxqu[gs} = o(n).

J€[p]

Letting v,, = 1,, — (Hy1, Hoa,- - , Hpy) T, we notice that by some algebra,

E 2 I E
iy
=F

=E

Let

max (trace [(I,, — H) diag(G'e;)])
Li€lp]

e (0]167))" I,

Li€lp]

2
Iz,

T " NN v, I=
_E‘Ié?;](vnEG [[G ]]([G]J) ] ”IQS.:|

M (ej) == Eq [[G';([G) ]

From Proposition C.2.7, on Q3, the (i1,42)-th element of the above matrix is

M, iy (€5) = (@) @y /D)3, 52005 /07 + Sy (] @i, /D) /.
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Let 0;, 5, = 1 if ¢; = i3, 0 otherwise. We look at Taylor expansions around d;, ;,, and do some
arrangement as following: for iq,i € [n| and ’mlmm /p— 51-1,1-2| <9,

E;(wlw@/p) =3,(0i,,) + Eg(ml,m)(wl%/p — iy i)

= %0 (8i,,i5) + S0 (0) (2] @iy /D — i i)

+ (30 (Kiy i) — S000)) (@] @iy /0 — 04,3 ) (1 = 83y )

+ (3 (Kiyip) — 35 (0)) (wiTlei2/P — iy iz )0iy in>

Eg(mzwig/p)l’iljxigj = X7 (0)zi,jTiy; + (E;’(wlwiz/p) —37(0)) @4, @i; (1 — b4, 4,)

+ (2 (@] @i, /p) = Z(0)) @iy j@i0is ia
where k;, ;, satisfies |k, i, — 0,4, < @] @i, /p — 8i,4,|. From this we have decomposition of
M (ej) := E¢ [[G'] [G/]ﬂ into several matrices with small operator norm easy to calculate. With
a slight abuse of notations A, B,C, D, E,F,G, H, we have

M=A+B+C+D+E+F+G+ H,

where
A = (3,(1) = 2,(0)) L /p,
B =%,(0)1.1, /p,
C =3,(0)(XX"/p)/p,
D;, i, = (5 (Kiy i) — 50(0)) (] @iy /D)6iy iz /P
E;, i, = [Z (ki i) 2l @i /0 — 5y 0)] @iy /D — X3 (Kiy i5)] 61 =in /s
F = 200X, X7 /0%,
Gi,in(e;) = (Zy (@ @i, /p) — 55(0)) @i, ji,50i, 20 /7,
H;, i, (e;) = (2 (@], @i, /p) — T (0)) @i, 4,01, =iz /D7
It suffices to show that ¢(IN) := E [max;c[,) v, N(ej)vnlQ | = o(p) for N being from A to H.
We notice that ||I,, — H||,, <1 implies |v, ;| <1 for all i € [n]. Then we have

(i) q(A) = o(p) provided that 3},(1),%,(0) = o(p).
(ii) ¢(B) = o(p) provided that Z' »(0) = o(1).
(iii) ¢(C) = o(p) provided that E [HX/\fH } ) and %7(0) = o(p).
(iv) ¢(E) = o(p) provided that sup,cj;_s 1445 2y (), E”(O) =o(p) .
(v) q(F) = o(p) provided that ¥7(0) = o(p).

(vi) q(H) = o(p) provided that sup,cp_s 146 Zp (), 25 (0) = o(p).

We notice that the above are true by assumptions on ¥, and X. For D and G, we notice the
following:

l¢(D)] :=

E [m:fu]{v D(e;)v, I, H < E [Jvn|"|D||vallg,] < 1) E[|D|Ig,]1,,
JElp

where the absolute value operation is taken element-wise for the vector v,, and matrix D. By the
Lipschitz assumption of ¥ around 0, for iy # iz,

E [|di ol Ig,] < E[|(Sy(Kiyi) — Sp(0)| |2 i, /0| Ig, /1] < Lo/p-E (2] @i, /p)?] = La/p*.
This implies |¢(D)| = O(1). For |¢(G)|, we notice that

4(G)] = |8 maxo] Gies ol || < B [mosx o0 IG(e)] o0 Iy, | < B max 17 16 (e,) 1,7,

JEP
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where the absolute value operation is taken element-wise for the vector v, and matrix G(e;). By
the Lipschitz assumption of Eg around 0, for i1 # ig,

E | max |gz-1,i2<ej>|fﬂ3] < L,E [m (@] wig/mxmxmugs] /p?
a| JEp]

<Ly -E [maX |xi1jxi2j‘[93:| /P’
FE
< L26P_3/27

where we used that max; |2, ;T,;|Ig, < p'/2. So that |¢(G)| = O(p*/?) . Combining the above we
have our proposition. O

D.1.8. Proof of Proposition C.2.7.
Proposition C.2.7. For all vector vi,vo € RP such that the derivatives below exist,
Eg [0;,G(v1)0;,G(v2)] = Zg(”?%/!’)vljﬂzﬁ/ﬁ + E;(vag/p)é(jl = j2)/p-
Proof. Let ti,ty € RP. Let
G(t1,ts) = Eq [G(v1 + 11)G(v2 + )] = Sp((v1 + 1) " (v2 +22) /p).

Let j1,j2 € [p]. Let us assume that the derivatives below exists,

Oty;, Oty 9 (t1,t2) = B [0, G(v1 + 11)0;,G(va + t2)]

Oty Ory, G (b1, 80) = X7 (01 + 1) T (02 + t2) /) (vij, + trjy) (Vag, + t25,)/D°

+ 30 ((v1 + t1) T (v2 + t2) /)6 (1 = j2)/p.

Then
Ec [ale('vl)asz(UQ)] = at2j2 atljlg(oim Op)

= E;’(vaz/p)vlpvzjl /P2 + Zé(vrvz/PW(jl = j2)/p-

D.2. Proofs of the limits V(¢4,%,, A, p,0) and R(¢p, A, p, 0).

D.2.1. Proof of Proposition C.5.1.

Proposition C.3.1. Let L? := |ly—Aal|3/(trace(I,,—H))%. Under the model (5) in the asymptotic
setting (6), Assumption C.3.1 and Definition C.3.1,

Px,w.G.e

Var(y;) — 0% + 0% + 0%, nL?/Var(y,) ~ 257 V.

Proof. In this proof we consider the model in Mei and Montanari [2019]. Under this model, the
limit of (1/n) ||y — A&H; is given in Theorem 6 in Mei and Montanari [2019] as

. AAN2 _ (p2 2 2 71/%1)\ .
i E|(1/0) ly ~ AGIE - 65 + 02+ 6%0) (£ - 5 )| <o

The limit of Var(y;) follows by
Var(y1) = E [y7] - 53
=E[(Bo+z{ B+C(z1)+e1)?] - B2
=E[(z{B8)%] +E[(G(x1))*] +E [¢}]
— 03 + 0%y, + 02.
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The limit of (1/n) trace(I,, — H) is implied in Mei and Montanari [2019] by the following facts.
Let us first denote Z = (1/,/p)o(XW ). Let

o T
Z(t)=(1+1) {g ZO ] c R(vtd)x(n+d)

Let u = (1/)11p2)\)1f € R* and let log denote the complex logarithm with branch cut on the negative
real axis. Let A\;(Z(t)) be the eigenvalues of Z(t) in non-increasing order. Let

S (ut)=(1/p) Y log(\(Z(t)) - iu).
1€ [n+d|
From Proposition 7.3 in Mei and Montanari [2019],

2 2
O 7 (u,0) = = trace((u’I, + Z'Z)'Z" Z) = = trace(H).
p p

From the fact that Z(t) = (1 +t)Z(0), we have from the chain rule and the definition of ¢,
0 7 (u,0) = (1/p) D> (N(Z(0)) = du)™" - (3u) + 1 + o
1€ [n+d)
From Proposition 7.2 and Step 2 in Lemma C.1. in Mei and Montanari [2019],

Jim E(1/p) Y0 (A(Z(0) = i)™ = (v + v2) /] = 0.
i€ [n+d]

So that we have
lim E|(1/n)trace(l,, — H) — (1/2)(1 — ¢, ((v1 + v2)/ps)ui — ¢q)| = 0.

n—-+oo

We notice by the definition of u and by (C.6),
1= p((v1 + 12)/p)ui — pa = 1+ (v1 + 12)(=2) — ¢a
2

2
1+¢pch+¢2+hﬂlg§ >wd
— %x

20%x )

1—0%x

=2+, (2x +

This implies
lim E|(1/n)trace(Il,, — H) — 2| = 0.
n—-+00
Combining the above, we have the limit of nL?/Var(y;). O
D.2.2. Sketch of Proof of Proposition C.3.2.

Proposition C.3.2. Under the pure linear model (4) in the asymptotic setting (6), Assumption 1
and 2 with (i) and Definition C.3.1,

Px w.e

Var(y1) — 9% + 62, nL?/Var(y,) —5°V.
Proof. In this sketch of proof, we consider the setting for the pure linear model,
y=XpB+e,

with Gaussian x; and wy, under Assumptions 1 and 2 with (ii). The limit of (1/n) trace(I,, — H)
satisfies
lir}rl E|(1/n)trace(l, — H) — 2| =0,
n—-+0oo

under the same reasoning in Section D.2.1, which also holds for x;, w) being Gaussian.
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So it suffices to show that the limit of (1/n) ||y — Aa]|, is the same as that in Section D.2.1,
that is,

. COAAIZ (2 4 92 YA _
Jim_E|(1/n) ly - AG1E - 05 +02) (£ - )| <o

First, by Remark 8 in Mei and Montanari [2019], we can consider 3 € SP~1(|| ,6'||§) independent of
X, e, W, instead of 3 being deterministic, since the training error ||y — A&||3 as a function of 3 is in-
variant in distribution after orthogonal rotation of 3. So letting E denote EX,W,e,ﬁNUnif(SP—l(|\/3\|§))>
by the fact that y — Aa = (I,, — H)y, we have

(1/mE [y - A&l3| = (/) |1, — H)yll
= (1/n)E[|(I, - HY(XB +2)3]
= (1/n) [E [trace(HXBBT X )| +E [trace(Hee")] |
= (1/n) [63E [trace (HX X /p)] + 028 [trace (H ]|
where

H:= (I, - H) = (n7)*(AAT +n7l,)"

We notice that the expected value of traces above can be calculated by the quantities in (228) in
Mei and Montanari [2019]. We also claim that the calculations of the traces in the (228) are the
same for the random vectors on the spheres and the Gaussian random vectors, cf. Section C in
the Appendix of Mei and Montanari [2019], especially Lemma C.1, Proposition 7.2 and Lemma
C.7 there. So that ||y — Ac’ng has the same limit as that in Theorem 6 in Mei and Montanari
[2019]. O

D.2.3. Proof of Proposition C.3.3.
Proposition C.3.3. Let V. R be in Definitions C.3.1 and C.3.2. Then
lim V(wdﬂl}pv)‘ P, o ) R(w‘m)\apu U)~

Ya—+

Proof. In this proof we let — denote the convergence when 14 — +00. We recall all the notations
in Definition C.3.1 and C.3.2. We notice that |x| < |v1| - [e] < 1/A? is always bounded when
g — +oo. From (C.6),

2

vi(=z) =1+ x + 1 f ;CQX,
(D.2) -
va(—2) =t + x + 1= oox

The quantities vq, 15 are purely imaginary with positive imaginary part, so that x is a negative
real. In fact,

G iy
== (= )/ (-2) = A

is purely imaginary. We can specify the real and the imaginary parts of vy, vs,
Y1 — P2 y
(PrpaA) 127

From the fact that .£, 2, o are real numbers, we deduce that x is real number. So that a(2b+c) = 0.
From the fact that 11,5 € C4, we have 2b + ¢ > 0 so that a = 0. This shows that v, v are purely

vy =a+ (b+ o), vy = a + bi, c= x = (a® — b — be) + (2ab + ac)i.
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imaginary numbers and y < 0. Next, from (D.2), we have
2 2
T "X 0°X
_ 3) =
st = (505 25 (s 1)
2 2
- (X + 1£Q§X) (¢2 +x+ 13&32()()

Yo + X + T2 + xaA

= =

When ;7 — 400 and g # 0 and 15 # 0 fixed and x is bounded, negative, we have
0*x
1—0%x

2 Py —1 o 2
= X~ + ( -0 ) X — —
14 92X 1412
2
-2 _ We—1 ) _ —2 _ a—l P -2
(Q 1+2sz) \/(9 1+2wzi> Hanuae
3 .

When p = 0, we define Y := — 1+¢152X and we have y — X still holds.

Pa +x + + X2 = 0,

0?0,

— X > X =

The quantities have limits

D = D = py H(=Xha\) = =X,

Z . (=Y p 1 1
2= (0 | )

o — o = ﬁ [—X* (Yo' — X0 + ¥20” + 0> — Xb20" +1)]

+
+ ﬁlp [X* (xe* — 1) (X°0" — 2x0” + > +1)],
o[ = = (b = )X + (1= 3¢2) X" + 3aXe® — ¥n.
So that
V= (LA 2>~ R= (L — N )| D"
Furthermore, by simple algebra, we have that when o = 0, (£ — A\, /.<.) /@2 =1. |
D.3. Proof of Theorem C.4.1.

Theorem C.4.1. Let t € R. Under model (5), Assumption 1, 2, 3 and /, Definition 1 and a
further assumption that ¥,(0) = O(1/p), we have

¢ (uo) ) ’
ok sup | P e Gl | 2 < 1) — (1) = 0
(C.7) JSup Pxwed) (|yAa||2 0

for some S, C SP7Y(1) satisfying |S,|/|SP~(1)] > 1 —log(p)/p — 1.
D.3.1. Proof of Theorem C.4.1.

Proof. Let ¢ be as in Definition C.2.1. Provided with Propositions C.4.1 and C.4.2, we will show
that, for a large proportion of ug € SP~1, given uog,
; ¢(uo) d
(1) (Varg[¢(uo)])1/? ~ N(O’ 1).
. ly—Aal, P
) Sar@op™ ~ 1

wo)—Cr(ug) P
(iii) 7€(H13)—A%(H20) — 0.
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The above convergence are uniform over ug € Sp, where S, is a large subset of SP~1(1). So by
Slutsky’s Theorem we have our proposition.

We specify S, as follows. Let v, = 1, — (Hi1,Haa,+ ,Hpp) ', 7 := y — A and qo :=
trace(T'nr(uo)) = trace [(I, — H)diag(G'ug)| = v, G'uo. Notice that (iii) in Proposition C.4.1
and Proposition C.4.2 provide the existence of a constant cg > 0 independent of n, p, d such that

max (Euo,x,mc,e (€8] Eug x . W.Ge [qg/ [ fm]) <co/p

We specify the large volume index set S, C SP~1(1) as

_ 2c¢y
Sp = {“0 € SP7': max (EX,W.,s,G\uO (5] " Ex,.w .G uo [qﬁ/ [ IQS:|> < }

Since

2¢ 2¢
P (55) = Pu (Baxow .t (8] 2 s 0F Exx vt [6/ 173 10] 2 1o )

Euo, x,W e, [€2] + EBuo,x, W e {Q(Q)/ H7'||§Iszg}

5 log(p) < log(p)/p
)

the relative volume |S,|/|SP~1(1)] > 1 —log(p)/p — 1 as p — +oc.
We notice that (i) can be directly obtained from Proposition C.4.1 (i), by noticing that

(Xuo) "B [r] / |[Eo [r]]l, ~ N(0,1).
For (iii), we notice that for any ¢ > 0,
> e>
IQs > €>
+Px wecllg,)

(’4("@—@("0)
ly — Aall,
2c )
< o o ep(-min(aa, i)

=o(1).

q0
> E) = sup Px w.e.Gluo < W
2

sup Px w e Gluo >
uoESp

’u.()ESp

qo
< sup Px weGluo <‘
ugESy ||T||2

For (ii), we first recall Proposition C.4.1 (ii). Let € > 0 be a fixed number. From the definition
of S, combined with Chebyshev’s inequality, we can see that for all € > 0,

209
P >€) < 55—

uiléli;p X,W,e,G|uo(|€o| €) < & log(p)
Let ug € Sp. Letting r = Aa — y, Vo := Varg [((uo)] and Uy := ’||r||2 /VOI/2 — 1|, we have that if

1
60S§7

EO [Uo} S (1 + \[2) 60/(1 - 26(2))}'_/2 S (2 + \/5)60.

Now let us focus on € < 1/2. We let Qq(€) := {Eq [Uo] < (24 V2)é} . Then

269

]P)X,W,E,G\uo (QO(E)) — ]P)X,W,E,G\uo (EO [U()] < (2 + \/i)g) > ]PX,W,E,G\U()(|60| < E) > 1_m
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Then, letting I(-) := I;.; be the indicator function, we have
Px we.Gluo(Uo > €) = Ex w e clu, [L(Uo > €)]
=Ex.wecluo [Eo[l(Uo > €)] oy o)) + Ex,we,cluo [Eo [[(Uo > €)] Ing (o)

[]EO[UO]

<Ex we,Gluo Iﬂo(e)] +Px.w.e,qluo (25(€))

< (24 V2) /et o 21og< )

Choosing € := min (m, %), we have that, for all € > 0,

lim  sup Px w e Glu,(Uo >¢€) =0.
p_>+oou0€S

Thus we have (ii). O
D.3.2. Proof of Proposition C.4.1.

Proposition C.4.1. Let
(i) ug ~ Unif (SP~1(1)) independent with X, W, G €.
(ZZ) XQ = XUO.
(iii) ¢(ug) := ug (C(ej))je[p] where ((e;) is defined in Definition C.2.1.
(iv) r=y — Aa.
(v) € :=Eo [IVx,rlE] / (Eo [Ir[I5] +Eo [IVx,7lI7]) -
Then

, ¢(uo) X [ Eo[r]) > >
(i) Eo [( Waro L)% IUEOU[TO]Hz) } < 6e5.

g 1/2
(ZZ) EO HW 1H 1+\/7)€0/(172€0) / .
(i) Buy,x wec 5] = O(1/p).
Proof. (i) The proof is the same as that of Proposition C.2.5 (i).

(ii) The proof is the same as that of Proposition C.2.5 (ii).

(iii) For a general vector ug satisfying ||ug||, = 1, the propositions discussed before for canonical
basis e; can be updated as follows.

Step 1. We show that Proposition C.2.2 (iii) and (iv) can be replaced with
PEuq | To(uo) + Tr(uo) + Txw(uo)ll7 < 21 L2n]| &3 + 21117

and
1Ty (o) |l < L2ci/(4n7) - |y — Adll3.
We will use the fact that Eq,uoug = (1/p)I, and ||ugll, = 1.

PEuq [ To(uo) + Tr(uo) + Trvi.(wo)llp < pEu, [ In — HI3,,

(o/(XWT) diag(@w - f)uoH

< B, [ (o' (XWT) ding(@)W — 1)

/
:‘0‘

o XW ) ding@Ww || +2 (7
P r

(XW ) diag(@)W — f’HF

2 / AR E ~ I 12
SQHW”OP‘O’(XW )dlag(a)HF+2Hf [

<220 |al2+ 2| £
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We used [[I, — H||,, < 1 in the second inequality in the above display. In the equality
above, We used the fact that E,,uoug = (1/p)I, and that

E., (o—’(XWT)diag(a)W - f’) uon

= E,, trace ((a’(XWT) diag(a)W — f’) uoug (0’(XWT) diag(a)W — f’)T)
= trace ((J/(XWT) diag(a)W — f/) Eu, [woug ] (a’(XWT) diag(a)W — f')T>

2
o' (XW ) diag(@)W — f’ o

~ (1/p)|

Noticing that ||ug||, = 1, we have

T (wo)l[5 < [|A(nTTa+ AT A)7H2, - || diag(Wuo)o' (W X ) diag(y — AQ) |3
<1/(dn7) - L* - |(Wuo)(y — Ad) |17
= L?/(4n7) - [Wuol3lly — Aa|3
< L?/(4nT) - WG, lly — Aa3.
< L2/ (4nm) - |ly — Aal;.
Step 2. By the proof of Proposition C.2.3, there exists a class of large events

{Q(wo0) }ugesr-1(1) such that Ex ¢jw ¢ u (Lo(ue)) = 1 — o(exp(—ci2n)) for some constant
c12 > 0 independent of ug and that on Q(uyg),

Eo lly — Adll; > n -z

The starting point of the construction is as follows: Since the mapping € — Eo ||y — Aa|,
is 1-Lipschitz, by Theorem 5.2.2 in Vershynin [2018], for some universal constant ¢5 > 0
and for all ¢ > 0, there exists an event 2(ug, ) such that:

(i) On Qa(uo, ), Eo lly — A&ll, > E.Eo |ly — AGi, — yibet

(i) P(Qa2(ug,t)) > 1 — 2exp(—csnt?).
By the reasoning in the proof of Proposition C.2.3,

EeEo ||y — Aall, — vVnbet > 0. [Eo I, — H|  — /nt — 1] .
From Proposition C.2.4 and its proof,
Eo [lLn = Hllp /v 2 Bo(l+ Fo /7)™ = (1+ |2 L%E0 | X |} /0 + 200 (0(0))?] /1)
Since I, = ugug + Qq, ug = uj +ug Qy, ug Q, =0, .
2
Eo | X% = Eo || Xoug +XQ|
2
=Ko {HXOUJHF} + ||XQO||§; + 2E, trace (XouS—Q(—)rXT)
=n+[1XQulf +0<n+ | X%

So that we have
Eo [T, — H||p /v/n > (1+ F,/7)7!

where F), is as given in Proposition C.2.4. Following the rest of the proof of Proposition
(C.2.3, we will have a desired large event Q(ug) for ug € SP71(1).
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We notice that, letting E := E,,, x w.,c, we have

[ Eo [|Vxorl3]
E[] =E .
] | Eo [[7[13] + Eo [[Vx,7lI%]

Eg [HVXOT”%’] I
| Eo (73] + Eo [[Vx,rlIF]

Eq [”VXOTH%’] I
Eo [[7[3] + Eo [V x,r[[%] )

<E + P (Q(u0)°)

+ o(exp(—cian))

(B0 [211To(uo) + T (wo) + Trn (o) 5]
Q uo
Eo [T [12] + Eo [V xo7 2] (o)

Bo [2ITswollz]
Q
Eo [[7]13] + Eo [V x,r[[%] 2

+E + o(exp(—ci2n))

< (2/n)cz B [ITo(uo) + T (t0) + T (o)}

+ L2c2/(2n7) 4 o(exp(—cian))

< (2/n)ezh(1/p) (263L%nE &3] + 2E [ £']1%.])

+ L2/ (2n7) 4 o(exp(—c12n))

= O(1/p).
The last two inequalities above are due to Step 1. The fact that E [||&H§} = O(1) is provided
in Proposition C.2.2. Assumption 1 and 3 provide us E [Hf’”ﬂ /n=E {Hﬁ + VG(ml)Hg =

O(1).
|
D.3.3. Proof of Proposition C.4.2.
Proposition C.4.2. Let 2 be as in Proposition C.2.5. Let 6;; = 1 if i = j, 0 otherwise. Let
Q3:=QnN {maxihize[n] |a:£ Zi, [P — 0iyin] < 5} where 0 is a fixed positive defined in Assumption /.

Let ug ~ Unif (SP=1(1)) be independent of X, W ,e,G. Under Assumptions 1, 2, 3 and 4 and a
further assumption that ,(0) = O(1/p), we have that

2
trace (I, — H) diag(G'uy))
. . e Io. | =0@1/p).
(C 8) Euo,x W e, ( ||y—Aa||2 Q3 O( /p)

Proof. Let us first define

(1) Un = 1n - (H117H227 e 7Hnn)T~

(ii) go == trace(T'nw(uo)) = trace [(I,, — H) diag(G'ug)| = v, G'uo.
(iii) r:=y — Aa.

iv) Q be in Proposition C.2.3 such that

(i) Q:={1/n|ly — A&l > c2n}.
(if) P(92°) < o(exp(—cgn)) for some constant cg > 0.
(v) Q3 be such that (cf. Corollary 2.8.3 in Vershynin [2018])
(i)
Q3 = { max |z} @i, /p — 0y 15| < (5}

i1,i2€[n]
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(ii) ]P’(Qg)é o(exp(—cyon)) for some universal constant c1g > 0.
(Vl) Qg =QnN Qg.
We abbreviate E := E,,, x w .. The order of ||r||, is specified on event € so that

E [/ vl - In, | < (1/m)ez hE (a3, -

By some algebra,

E [qglﬁg] [(trace (I, — H) diag(G'uo)] )2 Iﬁa:|

E
E[(v) G'uo)” I,
E

[UIL Eq [G’EUO [woug ]G’T} vnfm}
— (1/p)E [0 Ec |G'GT | valg, |,
where we used Eq, [uoug | = (1/p)I,. So it suffices to show that
E [UILEG [G’Gﬂ vnfﬁa} = O(p).

Let M := E¢ [G’G’T} . From Proposition C.2.7, on Qg, the (i, i2)-th element of the above
matrix is
Miy iy = Xy (€] 20, /D) (@] @0, /D) /D + Ty (2] @4, /).
We look at Taylor expansions around ¢, ;,, and do some arrangement as following: for i1, € [n]
and ’:c;-';a:ig/p — 5i1’i2| <9,
E;(ﬂilwm/p) =3,(0i,,5,) + EZ(nil,iz)(wZ%/p — i1 is),
= 50 (8iy,i5) + S0 (0) (] @iy /0 — 65y 4,)
+ (B0 (Kiy i) — 2000)) (] @iy /0 — 62y i) (1 — 83y ,)
+ (Eg(ﬁil,m) - ZZ(O)) (33;:5812/17 — iy in )04y ins
Sy (@] iy /p) (@4, @0, /9) /0 = T (0) (@, 24, /p) /9 + (55 (@, @1, /D) — T3 (0)) (2], 24, /D) (1 = 8iy,) [
+ (EZ(CE;ECBQ/?) - E;’(O)) (wz—'[wh/p)(sil,h/pv
where r;, i, satisfies [k, i, — 0,4, < |®] @iy /p — iy 4,|. From this we have decomposition of

M :=Eq |G'G'T| into several matrices with small operator norm easy to calculate. With a slight
abuse of notations A, B,C, D, E, F,G, H, we have

M=A+B+C+D+E+F+G+H,

where
A= (3,(1) =% (0)) I,

B =5%/(0)1,1,,
C =x,(0)(XX"/p),

D, iy = (S0(kiy ) — S0(0)) (], @iy /D)6y 20

Ei, iy =[S0 (Kiyi0)®] @iy /p — S0(0)] @iy /0 — 0 (Kiy ia)] iy =ias
F=x5(00(XX"/p)/p,

Gi, i, = (ZZ(CBZGB@/P) —-%7(0)) (@ iy /D)0iy 215/

H; ;, = (E;’(wl%/p) —-%7(0)) (-’BZTI Xy [P)0iy =iy /D-
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It suffices to show that ¢(IN) :=E [v,) Nv, I5 3] O(p) for N being from A to H. We notice that
[In — H]J|,, <1 implies |v, ;| <1 for all i € [n]. Then we have
(1 q(A) = O(p) provi.ded that E%,(l), ¥,(0) = 0O(1).
(it O(p) provided that 3,(0) = O(1/p).
(

)

) ¢(B )

(i) p) provided that E [HX/\/;?HOJ — O(1) and X(0) = O(1).
) )
) )

»Q

0

Q

(iv O(p) provided that sup,cp_s 146 Zp (), 25(0) = O(1) .

(v O(p) provided that ¥7(0) = O(1).

(vi) q(H) = O(p) provided that sup,cp_s144) 25 (2), £, (0) = O(p).
We notice that the above are true by assumptions on ¥, and X. For D and G, we notice the
following:

»Q

)
(B)
(©)
(E)
(F)

<

l¢(D)| := [E [v,, Dv,Ig, ]| < E [|vn|"|Dl||va|lg,] <1, E[|D|Ig,]1,,
where the absolute value operation is taken element-wise for the vector v,, and matrix D. By the
Lipschitz assumption of 2;’ around 0, for iy # io,

B s alln) < B (550002) — S50 olia/o] ] < La B [(@laia/o)?] = Lo/
This implies |¢(D)| = O(p). For

9G] = [E [v] Gl ]| < E[lva]" |Gl lva| Ig, | < 1TE[|GIIg, ] 1

q(G)|, we notice that

where the absolute value operation is taken element-wise for the vector v, and matrix G. By the
Lipschitz assumption of ¥7 around 0, for i; # iz,

E (g0 Ig,] < L2E [(®) @, /p)?] /p < L2/p”.
So that |¢(G)| = O(1). Combining the above we have our proposition. O
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