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A Gradient Descents for SOC algorithm

Here we derive the gradient descents for the SOC algorithm, shown in equations (7) through (10) in
the main paper. Let

1
f= 5||Y - S7'0CSX — BU|%
Using the identity
X7 = Tr(X7X)

and expanding the product (Y — S~1OCSX — BU)T(Y — S~'OCSX — BU), we rewrite the
optimization problem as

f :% Tr(Y'Y —v?'s~toCcsx — YT'BU
—XTsTcToTs Ty + XxTsTcToTs s~ 'ocsx + xTsTcToT s~ BU
~UTBTY +UTBTST'OCSX + UT BT BU).

To calculate the gradients of f, we use the identities

0 _ AT RT
ox TH(AXB) =A"B (12)
9 T
ox D(AXTB) =BA (13)
% Tr(B'XTCxB) =(CT + C)XBBT. (14)

The gradient of f with respect to C'is

% :%(—OTS‘TYXTST —0Ts Ty xTsT 4 20Ts-Ts~to)csxxTsT
+ 0TS TBux”sT + 0TS~ TBUXTST)
=-0Ts (v -s'ocsx — BU)xTs™. (15)
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Similarly, the gradient of f with respect to O is

% :%(—S‘TYXTSTCT - STy XTSTCT + (257757 HOCSX XTSTCT)
+ S TBUXTSTCT + s~TBUXTSTCT)
=-S5 Ty -stocsx - BU)XTsTcT. (16)

The gradient of f with respect to B is
0 1

oB’ "2
=— (Y -S"'ocsx - BU)U". (17)

(YUt + s tocsxut —vyuT + s~tocsxut +2BUUT)

Last, the gradient of f with respect to .S is calculated as follows:
1
§||Y —-S7'0CSX - BU||2.=(R-Y|R-Y),

where R = S~!OCSX + BU. Then, using the property

0x—1 0X
— _X—liX—l
dq dq

we calculate
R=-5"1858"10C5X + S~'OCSX,
such that

1. .
S(RIR=Y)+ (R-YI|R)

(R—Y|R)

(R—Y|—S7185710CSX + S7t0CSX)
(

—STT(R-YV)XTSTCTOTST 4+ CTOTS T(R-Y)XT|S).

f=

Thus, the gradient of f with respect to S'is

0

75 f=5"Ty -s'tocsx - Bu)xTsTcTors™*
—-cTo’s Ty —s~'ocsx - BU)XT. (18)

To simplify the notations, we use £ =Y — S~1OCSX — BU and rewrite the gradients (T3) through
(I8) as

Veof =—0Ts TEXTST

Vof=-STEXTSTcT

Vaf=—-EUT

Vsf=S"TEX"TSTCTO"s T —cTO"s TEXT,

where we use the notation Vx () = ai ().
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