A Details of mmTS for Exponential Families

For a matrix (vector) M, we let M; denote its i-th row (element). Using this notation, we can write
0 = (0s)ses as a vector of parameters, one for each latent state; each 6, parameterizes the reward
under latent state s. We want to show that the sampling step in mmTS can be done tractably when the
conditional reward distribution and model prior are in the exponential family.

First, we assume that we can write the conditional reward likelihood as,
P(r|a,x,5;0) = exp [¢(r,a,2) '1(0s) — ¥(a,z) g(6s)] ,

where ¢(r,a,x) and 9 (a, ) are sufficient statistics of the observed data, 7(f) are the natural
parameters, and g(0;) satisfies 1 (a, z) " g(0s) = log y", ¢(r,a,z) "n(6s), which is the log-partition
function. Note that this assumption excludes rewards that are complex functions of the model
parameters; however, it still handles all the non-contextual or linear bandit settings of prior work.

Then, we assume the prior over model parameters 6 factors as Py (6) = [, s P1(0s). The prior over
6 is assumed to be the conjugate prior of the likelihood and have the general form,

Pl(es) = h(¢s,17 ms,l) €xXp [¢>:177(95) - m;‘r,lg(es)] )
where ¢ 1,m; 1 are parameters controlling the prior, and h(¢s 1,m, 1) is the normalizing factor.

Recall that H; = (X, Ay, Rz)z;} is the history up to round ¢. For round ¢, we can write the joint
posterior as,

Pi(s,6) = Po(s) P (0) P(H, | 5:6)
7
x Pi(s HP1 0s)P(H,; | 65) x Pi(s le P;(0s) . @
s'#s s'#s

Given latent state s, we are only concerned with computing the posterior over the conditional model
parameters 6, denoted P (). This is given by,

P.(6.) o Py(6:)P(H, | 6.) @®)
oc Pr(0s) [ [ exp [@(Re, Ae, Xo) T0(6s) — (A, Xe) T 9(05)]

t—1

-1 T T
h(¢s,1,ms1) exp |4 1m(0:) —m ] g(6 <Z¢ Re,Ae,Xz> 77(95)—<Z¢(A4,Xe)> g(05)
=1

{=1

-1 T t—1 T
h(s,1,ms,1) exp <¢s,1 + Z(?(Ré,Ae,Xe)) n(0s) — (ms,l + ZTZJ(AZ,XZ)) 9(6s)

{=1 {=1

The general form for an exponential family likelihood is still retained. The prior-to-posterior conver-
sion simply involves updating the prior parameters with sufficient statistics from the data. Specifically,

updated parameters ¢, ; <— ¢s 1 + Zz;i d(Re, Ap, Xo) and my  <— ms 1 + Zz;i Y(Ayp, Xp) form
the conditional posterior P;(6;) = h(¢st, mst) €Xp [qb;r,tn(é)s) —m, 9(0,)]. Finally, the marginal
posterior of s is given by,

Pi(s) x Pi(s)P(H; | s) Pl(s)/ Py(05)P(H, | 05)do

s

X Pl(s)/0 h’(¢s,1; ms,l) €xXp [Qﬂ:ﬂl(@) - ms,tg(os)] das (9)

s

h(Ps,1,ms,1)
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The ratio on the right can be easily computed by tracking the posterior parameters. In practice, the
marginal posterior can also be updated incrementally as

Pt(S) X P(S | Ht—l)P(Rt—l ‘ At—laXt—laS)
XX P(S | Htfl)/ P(gs | Htfl)P(Rtfl | At,l,Xt,l,s;G)dGS

s

h(¢s,t717 ms,tfl)
h(¢s,ta ms,t) '

where the second term is efffectively the posterior predictive of the observations of round ¢ — 1.

(10)
x P_1(8)

Thus, for all states s, and parameters 6, the posterior probabilities P;(s) and P () have analytic,
closed-form solutions. Thus, sampling from the joint posterior can be done tractably by sampling
state s from its marginal posterior, then conditional parameters 6 from their posterior.

B Pseudocode of mmTS for Gaussians

Next, we provide specific variants of mmTS when both the model prior and conditional reward
likelihood are Gaussian. This is a common assumption for Thompson sampling algorithms [3, 4, 2].
In this case, the joint posterior P; consists of Gaussians. We adopt the notation that N'(r | 1, 0%) oc

exp[—(r — w)?/20?] is the Gaussian likelihood of 7 given mean  and variance 0.

We detail algorithms for two cases: Algorithm 4 is for a multi-armed bandit with independent arms
(no context), and Algorithm 5 is for a linear bandit problem. In the first case, we have that 6, € RE
are the mean reward vectors where yi(a, s;6) = 6, ,. In the other case, we assume that context is
given by z € RE*4 where x, € R? is the feature vector for arm a. Then, we have that 6, € R?
are rank-d vectors such that y(a, x, s;0) = ! 6. Both algorithms are efficient to implement, and
perform exact sampling from the joint posterior.
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Algorithm 4 Independent Gaussian mmTS (No Context)

1: Input: _

2:  Prior over model parameters P; (0s) = N(0,,021),Vs € S

3:  Prior over latent states P; (s)

4: fort < 1,2,...do

5: > Step 1: sample latent state from marginal posterior.

6: Sample Bt ~ Pt

7: > Step 2: sample model parameters from conditional posteriors.
8: For each s € S, sample 05 ~ N (6, diag(5)), where

-1
Ga ((70_2 + Zz;} 1{A; = a} 0*2> ,
Os0 < Ga ((70_2937(1 +o072 22;1 1{A; =a} Re)

9: Select A; < argmax,ca @\Bha
10: > Step 3: update marginal posterior.
11: Observe R;. Update

Pi(s) o< Po_1(s)N(Ry | Os.4,,54, +0?)

Algorithm 5 Linear Gaussian mmTS

1: Input:

2:
3:

4

10:

11:

12:
13:

Prior over model parameters P; (65) = N'(65,%),Vs € S
Prior over latent states P; (s)

cfort<1,2,...do
S:
6:

> Step 1: sample latent state from marginal posterior.
Sample By ~ P,

> Step 2: sample model parameters from conditional posteriors.
Define

t—1 t—1
Vi I+ Xea, X4, Fie > XoaR
(=1 =1

For each s € S, compute E « V;'F,, and S« o2Vt
For each s € S, sample 6, ~ N (0, Y.), where

-1

S (251 ¥t - 1)2*1) PN (Zglés (- 1)2*13)

Select Ay < argmax,ea X, 05,

> Step 3: update marginal posterior.
Observe R;. Update

Py(s) < Po1(s)N(Ry | X[ 4,05, X[ 4,5 X0,a, +07)
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C Proofs

Our proofs rely on the following concentration inequality, which is a straightforward extension of the
Azuma-Hoeffding inequality to sub-Gaussian random variables.

Lemma 1. Let (Y}):e[n) be a martingale difference sequence with respect to filtration (Fy)¢c|n), that
isE[Y; | Fi—1] = 0foranyt € [n]. Let Y; | F;—1 be o®-sub-Gaussian for any t € [n]. Then for any

e >0,
n 52
P ’ZYt’ >c| < 2exp {—sz] .
t=1
Proof. For any A > 0, which we tune later, we have

P (ZYt > 5> =P (H M > e’\€> < e ME
t=1

t=1

n
[1 |
t=1

The inequality is by Markov’s inequality. From the conditional independence of Y; given F;_, the
right term becomes

n
[[
t=1

We use that Y;, | F,,_1 is o2-sub-Gaussian in the first inequality, and recursively repeat for all rounds
in the second. So we have

E =E

n—1 n—1
E [e)‘y" |]_-n_1] H eAYt] < 6)\22621[43 [H e)\yt] < emzﬁ .
t=1

t=1

n 2 2
. nA2e
P E Y; > e | <mine Mt
pot A>0

The minimum is achieved at A = £/(no?). Therefore

P (ZYt >E> < exp [_Qn(ﬂ] .

t=1

Now we apply the same proof to P (— > _}" , Y; > ¢), which yields a multiplicative factor of 2 in the
upper bound. This concludes the proof. O

C.1 Proof of Theorem 1

Recall that s, € S, 0, € O are the true latent state and model. Let p(a, ) = u(a, x, s«; 0,) be the
true mean rewards given observed context and action. Let

t—1
E, = {VS €S: Z 1{B¢ = s} (u(Ae, X¢) — Re)| < 04/6N¢(s) logn} 11
(=1

be the event that the total realized reward under each played latent state is close to its expectation.
Let E = N, E; be the event that this holds for all rounds, and £ be its complement. We can rewrite
the expected n-round regret by

R(n) =E [1{E} R(n)] +E [L{E} R(n)]

<E |1{E} Z P At e, Xi) — p(As, Xt)]
+E|I{E}D (1A, Xi) = Un(Ae)) | +E |L{E} D (Un(Ar) — p(Ar, X0)) |

12)
where we use the regret decomposition in Eq. (5) in the inequality.

Our first lemma is that the probability of £ occurring is low. Without context, the lemma would
follow immediately from Hoeffding’s inequality. Since we have context generated by some random
process, we instead turn to martingales.
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Lemma 2. Let E; be defined as in Eq. (11) for all rounds t, E = N}, E;, and E be its complement.
Then P (E) < 2|S|n".

Proof. We see that the choice of action given observed context depends on past rounds. This is
because the upper confidence bounds depend on which latent states are eliminated, which depend on
the history of observed contexts.

For each latent state s and round ¢, let 7;  be the rounds where state s was chosen until round ¢. For
round £ € Ty g, let Yy(s) = pu(Ag, Xy, 803 04) — Ry. Observe that Yy(s) | X, Hy is o?-sub-Gaussian.
This implies that (Y;(s))¢e7; , is a martingale difference sequence with respect to context and history
(Xe, Hy)eer, .- or E[Yy(s) | X¢, Hg] = 0 for all rounds £ € Ty .

For any round ¢, and state s € S, we have that 7; ; is a random quantity. First, we fix |7, | =
N¢(s) = u where u < t and yield the following due to Lemma 1,

P Z Yy(s)| > oy/6ulogn | < 2exp[-3logn] =2n"3

LeTt s

So, by the union bound, we have

E) SZZiP Z Yy(s)| > o/6ulogn | <2|Sn?

t=1 seSu=1 LET:, s
O
The first term in Eq. (12) is small because the probability of E is small. Using Lemma 2, and that
total regret is bounded by n, we have, E [1{E} R(n)] < nP (E) < 2|S|.

For round ¢, the event p1(A; ., X;) > U (A ) occurs only if s, ¢ C; also occurs. By the design of

C'; in mUCB, this happens only if G;(s.) > 0+/6N;(s)logn. Event E; says that the opposite is true
for all states, including true state s.. So, the second term in Eq. (12) is at most 0.

Now, consider the last term in Eq. (12). Let Ty, = {t < n : B, = s} denote the set of rounds where
latent state s is selected. We have,

1{E} Z (Ue(Ar) — p(Ae, X))
=1

=E ]l{E}Z Z (Ap, X1, 8) M(Atth))l

seSteTs

=F ]l{E}Z Z (A4, Xt,8) — R+ Ry _M(At’Xt)>‘|

seSteTs

<E ﬂ{E}Z< )+ > (R — At,Xt))>
seS teTs

<> (1+20 /6N () logn) .

seS
For the first inequality, we use that the last round ¢’ where state s is selected, we have an upper-
bound on the prior gap Gy (s) < o+/6Ny(s)logn. Accounting for the last round yields an
upper-bound of o+/6N,(s)logn + 1. For the last inequality, we use F occurring to bound

Dover, (B — pu(Ar, X)) < o+/6N,,(s)logn.

This yields the desired bound on total regret,
R(n) < 3|S| +20+/61logn <Z \/Nn(s)>

seS

< 3|S| + 20\/6|S| logn Y~ Nu(s) = 3|S| + 20/6[S|nlogn,

ses

where the last inequality comes from the Cauchy—Schwarz inequality.
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C.2 Proof of Corollary 1

The true latent state S, € S is random under Bayes regret. In this case, we still assume that we
are given the true model 6., so only S, ~ P; for known P;. We also have that the optimal action
Ay = argmaxge 4 f1(a, Xy, Sy; 0,) is random not only due to context, but also S,.

We define U;(a) = arg maxsec, p(a, Xt, Si;6.) as in mUCB. Note the additional randomness due to
S.. We can rewrite the Bayes regret as BR(n) = E [R(n; Sk, 0.)], where the outer expectation is
over S, ~ Pj. The expression inside the expectation can be decomposed as

R(n,S,,0,) =E

]I{E} ZILL(At7*7Xt7 S*) - :u(Athta S*)]
t=1

H{E} Y (Ui(Ar) = (A, X1, 80)) |

t=1

+E +E

1E}S (0(Ars X, S2) = Us(Ar,))

where FE, E are defined as in Appendix C.1, and we use the decomposition in Eq. (6).

Each above expression can be bounded exactly as in Theorem 1. The reason is that the original upper
bounds hold for any S,, and therefore also in expectation over S, ~ P;. This yields the desired
Bayes regret bound.

C.3 Proof of Theorem 2

The only difference in the analysis is that we need to incorporate the additional error due to model
misspecification.

LetE = {Va € A,z € X,s € S:|iia,z,3) — pla,z,s)| < e} be the event that model 0 has
bounded misspecification and £ be its complement. Also let E, E be defined as in Appendix C.1.

If £ does not hold, then the best possible upper-bound on regret is n; fortunately, we assume in the
theorem that the probability of that occurring is bounded by . So we can bound the expected n-round
regret as

R(n) =E [1{&} R(n)] +E [1{E, &} R(n)] + E [L{E, £} R(n)]

S on +]E :U.{E,g} ZN(At,*7Xt) - ﬂ(AtuXt)

t=1

H{E,E}Y  (1(Are, Xi) — Us(Arw))

13)

+E +E 1{E75}i(Ut(At) — (A, X)) | s

t=1

where we use the regret decomposition in Eq. (5).

The second term in Eq. (13) is small because the probability of E is small. Using Lemma 2, and that
total regret is bounded by n, we have, E []l{E, 5} R(n)] < nP (E) < 2|§|.

If € occurs, the event p( A ., X¢) — Uy(Ay,.) > € for any round ¢ occurs only if s, ¢ C} also occurs.
By the design of C; in mmUCB, this happens if G¢(s.) > 01/6N:(s) logn. Since

Gi(s0) = S 1By = 5.} (AL X)) — e — Rp) < S 1By = 8.} (ul(Ar X0) — Ry).
/=1 /=1

we see that event F; says that the opposite is true for all states, including true state s.. Hence, the
third term in Eq. (13) is bounded by en.
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Now, consider the last term in Eq. (13). Let Ts; = {¢t < n : B; = s} denote the set of rounds where
latent state s is selected. We have,

1{E.£} Y (U(A) ~ u(At,Xt»]

=E [1{E,£}) (Z (Ap, Xy, 5) — u(Ath))
s€S \teT.
=en+E |1{FE, E}ZZ (As, Xi,8) 5Rt+RtM(AtaXt))‘|
seSteTs
<en+E ]l{E,c‘f}Z ( )+ Z Ry — AuXt)))]
ses teTy
§6n+2(1+20\/m) .

ses
For the first inequality, we use that the last round ¢’ where state s is selected, we have an upper-
bound on the prior gap Gy (s) < o1/6Ny(s)logn. Accounting for the last round yields and
upper-bound of o4/6N,(s)logn + 1. For the last inequality, we use F occurring to bound

2er, (B — p(Ar, Xy)) < o/6N,,(s) log n.

This yields the desired bound on total regret,

R(n) < dn+ 3|S| + 2en + 20+/6logn (Z \/Nn(s)>

ses

ses

< on+ 3|S|+2en+ 20\/6|S| lognz N, (s) = 0n + 3|S| + 2en + 20/6|S|nlogn,
where the last inequality comes from the Cauchy—Schwarz inequality.

C.4 Proof of Corollary 2

Both latent state S, € S and model 0, € © are random, and drawn as S,, 0, ~ Py, where the prior
P; is known. In this case, the true model 8, is not known to us.

Using marginalized means fi(a, x, s), and £,6 > 0 as defined in the statement of the corollary, we
write,

Z]I{BE = s} (i(Aeg, Xo,s) —e — Ry),

and Uy (a) = argmax,cc, fia, Xt, ) This is in contrast to G(s) and Uy(a) in mmUCB, which use
i(a, z, s) from a single model. Conceptually though, both fi(a, x, s) and fi(a, x, s) are just e-close
point estimates of y(a, x, s) due to the assumptions made about the true model 8, in the theorem and
corollary, respectively.

We can rewrite the Bayes regret as BR(n) = E [R(n; Sk, 6.)], where the outer expectation is over
Sy, 04 ~ P;. The expression inside the expectation can be written as,

R(na 5*70*) < on+E 1{Eag} ZN(At,*aXhS*;H*) - ,U(At,Xt,S*;H*)

t=1

1{B,} S (Ui(4r) — (A, X1, 5.6.))
t=1
where &£, E, E are defined as in Appendix C.3, and we use the decomposition in Eq. (6).

LB EFS (u(Ar, X, S30.) — Ul Ar)) | +E

The expressions can be bounded exactly as in Theorem 2. The upper bound is worst-case and holds
for any S, 0., and thus also holds after taking an expectation over the prior Sy, 6. ~ P;. This
bounds the Bayes regret, as desired.
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