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Abstract

In this supplementary material (SM), we provide the proofs and computation details
leading to the results presented in the main manuscript. In Sec. [} we first recall
the definition of the statistical model used in Sec.[T]and we give proper definitions
of the denoising distributions involved in the analysis of the Bayes-optimal and
Empirical Risk Minimization (ERM) estimation. In particular, we provide the
analytical expressions of the denoising functions used in Sec. [3|to analyze ridge,
hinge and logistic regressions. In Sec. |lI, we detail the computation of the binary
classification generalization error leading to the expressions in Proposition. 2.]
and Thm. respectively for ERM and Bayes-optimal estimation. In Sec.
we present the proofs of the central theorems stated in Sec.[2] In particular, we
derive the Gordon-based proof of the Thm. [2.2]in the more general regression (real-
valued) version and provide as well the proof of Corollary. [2.3|which establishes
the equivalence between the set of fixed-point equations of the Gordon’s proof
in the binary classification case and the one resulting from the heuristic replica
computation. The corresponding statistical physics framework used to analyze
Bayes and ERM statistical estimations and the replica computation leading to
expressions in Corollary. [2.3]are detailed In Sec.[[V] The section[V]is devoted to
provide additional technical details on the results with /5 regularization addressed
in Sec.[3] In particular, we present the large v expansions of the generalization error
for the Bayes-optimal, ridge, pseudo-inverse and max-margin estimators, and we
investigate the performances of logistic regression on non-linearly separable data.
Finally in Sec. we show the derivation of the fine-tuned loss and regularizer
provably leading to Bayes-optimal performances, as explained and advocated
in Sec. 4, and we show some numerical evidences that ERM achieves indeed
Bayes-optimal error in Fig.[3]
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I Definitions and notations

I.1 Statistical model

We recall the supervised machine learning task considered in the main manuscript eq. (I), whose
dataset is generated by a single layer neural network, often named a feacher, that belongs to the
Generalized Linear Model (GLM) class. Therefore we assume the n samples are drawn according to

* 1 * *
Y = Pout <\/gXW > <y~ Pout () ) (Il)

where w* € R? denotes the ground truth vector drawn from a probability distribution P, with

second moment py+ = E [||w*[|3] and ¢}, represents a deterministic or stochastic activation
function equivalently associated to a distribution PZ,,. The input data matrix X = (XM)::1 € Rnxd

contains i.i.d Gaussian vectors, i.e Vi € [1 : n], x, ~ N (0,1).

1.2 Bayes-optimal and ERM estimation

Inferring the above statistical model from observations {y, X} can be tackled in several ways. In
particular, Bayesian inference provides a generic framework for statistical estimation based on the
high-dimensional, often intractable, posterior distribution

P (ylw,X) P (w)
P (y, X)

Estimating the average of the above posterior distribution in the case we have access to the ground
truth prior distributions P (y|w, X) = Py« (y]z) withz = wa and P (w) = Py~ (W), refers to
Bayes- optimal estimation and leads to the corresponding Minimal Mean-Squared Error (MMSE)
estimator Wymse = Ep(wly,x) [W [w]. It has been rigorously analyzed in details in [1] for the whole
GLM class eq. (LT). Another celebrated approach and widely used in practice is the Empirical Risk
Minimization (ERM) that minimizes instead a regularized loss: Wer, = argming, [£ (w;y, X)] with

P(wly,X) = 1.2)

w;y, X Z (W3 Y, Xp) +17 (W) . 1.3)

Interestingly analyzing the ERM estimation may be included in the above Bayesian framework.
Indeed exponentiating eq. (L3, we see that minimizing the loss £ is equivalent to maximize the
posterior distribution P (w|y, X) = e “M™¥X) if we choose carefully the prior distributions as
functions of the regularizer r and the loss [:

—logP (yIw,X) = [ (W;y,X), —logP(w) =r(w). 14)

Computing the maximum of the posterior P (y|w, X) refers instead to the so-called Maximum A
Posteriori (MAP) estimator, and therefore analyzing the empirical minimization of (L3)) is equivalent
to obtain the performance of the MAP estimator with prior distributions given by ([.4). Thus both the
study of ERM (MAP) and Bayes-optimal (MMSE) estimations are simply reduced to the analysis of

the posterior eq. (L2).

I.3 Denoising distributions and updates

Analyzing the posterior distribution eq. (L2) in the high-dimensional regime [[1] will boil down to
introducing the scalar denoising distributions Q+,, Qout and their respective normalizations Zy,, Zout

Pw(w) —1Aw?y Pt (y‘z) e_%vfl(z—w)z
wlW; aA =z ¢’ v waa ut (23 7w7V = )
Q ( " ) ZW (77 A) QO t( Y ) Zout (y, w, V) 27TV

Zy(v,A) =Eyp, {e 3Aw +’*“’} v Zow (W w, V) =E.on01) {Pout (y|ﬁz +w)} .
(15)




We define as well the denoising functions, that play a central role in Bayesian inference. Note in
particular that they correspond to the updates of the Approximate Message Passing algorithm in [2]]
that we recalled in Sec. They are defined as the derivatives of log Zy, and log Z,,;, namely

fw('VaA) = 87 10g (ZW) = EQW [w] and a"/fW(’%A) = EQW [w2] - fVQV

Fous (12w, V) = 0,108 (Zout) =V 'Eg,, [z — w] and 9y four (y,w, V) = W .

(1.6)

L.3.1 Bayes-optimal - MMSE denoising functions

In Bayes-optimal estimation, the ground truth prior and channel distributions Py« (w) and Poy+ (y|2)
of the teacher eq. (1) are known. Hence, replacing Py, and P, in ([.5), we obtain the Bayes-optimal
scalar denoising distributions in terms of which the Bayes-optimal free entropy eq. is written
Pouts (ylz) e 3V G

Zout* (y7wa V) 27TV v
€L.7)

P (W) 1pu2
w* ; A = —v wiyw out* 'Y, 7V =
Quw+ (w; 7y, A) Zw*(v,A)e 3 y Qout (z39,w,V)

and the denoising updates are therefore given by eq. (L.6) with the corresponding distributions
fW* (77A) = a’)’ logZW* (77A) bl fOut* (y7w) V) = aw log Zout* (%W»V) . (18)

1.3.2 ERM - MAP denoising functions

Before defining similar denoising functions to analyze the MAP for ERM estimation, we first recall
the definition of the Moreau-Yosida regularization.

Moreau-Yosida regularization and proximal LetY > 0, f(, z) a convex function in z. Defining
the regularized functional

1
Ls[f( N(z2) = () + 55 (2= 2)° (L9)
the Moreau-Yosida regularization My; and the proximal map Py, are defined by
Pslf(,)](z) = argmin, Lx[f(,.)](z; ) = argmin, [f(, z) + % (z — $)2] , (1.10)
1
Ms[F( () = min £1( i) = min | £(.2) + s (2= L1

where (, z) denotes all the arguments of the function f, where z plays a central role. The MAP
denoising functions for any convex loss I(, .) and convex separable regularizer r(.) can be written in
terms of the Moreau-Yosida regularization or the proximal map as follows

ST (g, A) = Py [r()] (A1) = Aty = A1 0h -1, My [r()] (A1),
fgll;:pyl(y>wﬂ V) = —ava[l(y, )](w) = V_l (PV[l(y> )](w) - w) .

The above updates can be considered as definitions, but it is instructive to derive them from the
generic definition of the denoising distributions eq. if we maximize the posterior distribution.
This is done by taking, in a physics language, a zero temperature limit and we present it in details in
the next paragraph.

(112)

Derivation of the MAP updates To have access to the maximum of the generic distributions
eq. (L.3), we introduce a fictive noise/temperature A or inverse temperature /3, A = % In particular
for Bayes-optimal estimation this temperature is finite and fixed to A = § = 1. Indeed with the
mapping eq. ([4), minimizing the loss function £ ([3) is equivalent to maximize the posterior
distribution. Therefore it can be done by taking the zero noise/temperature limit A — 0 of the
channel and prior denoising distributions (ot and Q. It is the purpose of the following paragraphs
where we present the derivation leading to the result (L12).



Channel Using the mapping eq. ([4), we assume that the channel distribution can be expressed
as P (y|z) o e~!:2), Therefore we introduce the corresponding channel distribution P, at finite
temperature A associated to the convex loss I(y, z)

—xl(y:2)
e A
PR (412) = < -
e (y]2) SN
Note that the case of the square loss I(y, 2) = % (y — z)? is very specific. Its channel distribution

- y—z 2
simply reads P, (y|z) = % and is therefore equivalent to predict labels y according to a
noisy Gaussian linear model y = 2z + VAE, where & ~ N (0,1) and A denotes therefore the real
noise of the model.

In order to obtain a non trivial limit and a closed set of equations when A — 0, we must define
rescaled variables as follows:

— map _1: map
‘4 - hmO N foutj(yawv W‘) - AILHOA X fout (y7w7 V) )

where we denote the rescaled quantities after taking the limit A — 0 by {. Similarly to eq. (LI), we
introduce therefore the rescaled functional

Ly, [l(y, )] (z5w) = 1y, 2) (z —w)?, (113)

+ﬁ

such that, injecting P.0¢P, the channel denoising distribution Q"

ot s and the corresponding partition

function 25" eq. ([.3)) simplify in the zero temperature limit as follows:
Qmap( V) = lim e*%l(y’z)ﬁ»ﬁ(sz)Z lim eiiﬁvlr [(y,)](z5w) (I 14)

zy,w, V)= 1i =1l , .

ey A% BrAViVaRA | AN \/3rAViVarh

o § (2 = Py, [l(y, )](w))

o o o A My w.)))

Zou (Y, V)= hm/dz MAP (g w, V) = lim | L15
¢l V)= D J Qe 5y V) = i VA (113

that involve the proximal map and the Moreau-Yosida regularization defined in eq. (I.11). Finally
taking the zero temperature limit, the MAP denoising function f15% leads to the result ([.12):

out,
Sy, Vi) = lim A SR (y,w, V)
= lim A x 9, log Zhnap — lim. AV Egmer [z — w] (1.16)

= _avaf [[(y, )(w) = V;l (PVJ( [[(y, )(w) = w) :

Prior Similarly as above, using the mapping eq. ([4), for a convex and separable regularizer r, the
corresponding prior distribution at temperature A can be written

PP (1) = ¢~ AT(W)

Note that at A = 1 the classical ¢; regularization with strength A, ‘1 (w) = —\|w|, and the £,
regularization 7’2 (w) = —\w? /2 are equivalent to choosing a Laplace prior Py (w) o< e~ "l or a
Auw?

Gaussian prior Py (w) o< e~ "z . To obtain a meaningful limit as A — 0, we again introduce the
following rescaled variables

l&—i— = ]l]“ A AN = A
X I ’y X ’y )
aIld the fllIlCtl()nal

_ _ 2 1 1 _
EAT—I [r()] (w; Ay Yyi) = r(w) + = Ay (w —A; 17T) = [r(w) + §ATw2 — ww} + 571%/\1‘ Y
(1.17)



such that in the zero temperature limit, the prior denoising distribution Q%P and the partition function
Z2P reduce to

2 —Lr _i[r](wiA?t 1
Qmar (w; 7y, A) = iimo Pw(w)eféAw +yw _ iimoe a4 1[r](w; AL “/T)e_ﬁ,YTAT 1
- -
o (w =Py [ (A7) (L18)
: . —L M (AT ) _
Z2 (y,w, V) = iimo/ dw@y?P (w;y,A) = Aimoe 8T e e~ AT ,  (L.19)
— R —

that involve again the proximal map P At and the Moreau-Yosida regularization M AT defined in
eq. (LTT). Finally the MAP denoising update fors® is simply given by:

— map — map — 13 map
foi O Ay) = Jim [P (7, A) = lim 9, log 2y = lim Eguer [w]
_ 1 1 iy b ey
= Jin 0, (-5 Mo P10~ 5o
— o (M Aloy) — fazpct 1.20
= Y\ TV [r()] ( 1 W)‘g% ¥ (1.20)
= AT = AT, My ) (AT 90) = P T (AT )
1 1
= argmin,, [r(w) + §AT(w - A’y_l'YT)Q] = argmin,, [r(w) + §ATw2 —ypw| ,
and we recover the result (L12).

1.4 Applications

In this section we list the explicit expressions of the Bayes-optimal eq. and ERM eq. ([.12)
denoising functions largely used to produce the examples in Sec. [3]

L1.4.1 Bayes-optimal updates

The Bayes-optimal denoising functions ([:8) are detailed in the case of a linear, sign and rectangle
door channel with a Gaussian noise £ ~ AN(0,1) and variance A > 0, and for Gaussian and
sparse-binary weights.

Channel
o Linear: y = pous (2) = z + VAE

Zout* (y7 w, V) = Nw (yu A* + V) 5

1.21
fout*(yawvv) = (A*+V)_1 (y_w) ) awfout*(vaav) = _(A*+V)_1 ( )

° Slgl’l Y = Pout* (Z) = stgn(z) +v A*g

(- ()

(1.22)

N | =

Zoue (1,0, V) = Ny(1, A1 (1+erf () + M1

Ny(1,A%) — -1,A )

w(0,V).
Zout* (va V) ( )

fout* (ya w, V) =

e Rectangle door: y = ot (2) = 1 (b < 2 < kpp) — 1 (2 < Ky oF 2 > Kpr) + VAXE
For k,, < ks, we obtain



e (-3 (1 (557) -1 (%)) am
Fonte (1269, V) = = (N (1, A%) (AL (a1, V) A, V)

+ Ny (=1, A%) (N (kar, V) = N (6, V)

Zout

Prior
e Gaussian weights: w ~ Py (w) = Ny (11, 0)

2o t2ypu—Apu?

e 2(Ao+1) Yo + W o
Zw*(%/\) = ﬁ’ fw*(%A) = 1+ Ao’ &yfw*(%A) = 1+ Ao (1.24)

e Sparse-binary weights: w ~ Py (w) = pd(w) + (p — 1)5 (6(w — 1) + &(w + 1))

1.4.2 ERM updates

The ERM denoising functions have, very often, no explicit expression except for the square
and hinge losses, and for /1, {5 regularizations that are analytical. However, in the particular case of
a two times differentiable convex loss the denoising functions can still be written as the solution of an
implicit equation detailed below.

Convex losses
e Square loss

The proximal map for the square loss [°1%#7°(y, z) = 1(y — z)? is easily obtained and reads
1 2 o . 1 2 1 2| -1
Py |55 02] (@) = argmin, |y~ 2 + o1 (=~ | = (14 V) (w4 y7)
Therefore ([.12) yields
1 -
ST (y, w, V V1<P { ,.2} w w> 1+V) My —w ,
four (w0, V) v |57 W) (1+V)  (y—w) 126)
Qo foi ™ (yyw, V) = = (L+V)

e Hinge loss .
The proximal map of the hinge loss [""&¢(y, 2) = max (0,1 — yz)

e 1
Py [1""€(y, )] (w) = argmin, |max (0,1 — yz) + v (z—w)?| =2 (y,w, V).

E,C()

can be expressed analytically by distinguishing all the possible cases:



. 1—yz<0:Eozﬁ(z—w)2:>z*:wifyz*<1<:>z*:wifwy<1.

el —yz>0: Ly = ﬁ(z—wﬁ—i—l—yz = (2F—w) =yV e 2 =w+Vyif
l—yz* >0 2 =w+Vyifuy<1—9?V=1-V,asy? = 1.

e Hence we have one last region to study 1 — V < wy < 1. It follows y(1 — V) < w < y:

oy S o (W) = =y
Finally we obtain a simple analytical expression for the proximal and its derivative
w4+ Vyifwy<1-V lifwy<1-V
Pv [lhinge(y, )W) =Qyifl -V <wy<1 ,8,Pv [lhi“ge(y, ) w)=40if1 -V <wy<1
wifwy >1 lifwy >1
Hence with ([.12)), the hinge denoising function and its derivative read

yifwuy<1l-V
B (V) = § S5V <y < 1,05 (V) = {
0 otherwise

—%ifl—V<wy<1
0 otherwise

(1.27)

e Generic differentiable convex loss
In general, finding the proximal map in (I.12) is intractable. In particular, it is the case for the logistic

loss considered in Sec. However assuming the convex loss is a generic two times differentiable
function | € D?, taking the derivative of the proximal map
: 1 x
7)V [l(y? )] (w) = argmin, l(y7 Z) + W (Z - w)Q ==z (y7w7 V) )
verifies therefore the implicit equations:
Z*(ya W, V) =W Vazl (ya Z*(yv w, V)) ? awz*(yv W, V) = (1 + Vagl(ya Z*(yv w, V)))

-1

(1.28)
Once those equations solved, the denoising function and its derivative are simply expressed as
g&ftf (y»wa V) = V_l(Z* (va7 V) - w) ;o O c?&ftf (va’ V) =v! (awZ* (vav V) - 1) )

(1.29)
with 2* (y,w, V) = Py [I(y, .)] (w) solution of (.28).
Regularizations
e (5 regularization
2
Using the definition of the prior update in eq. ([.12)) for the ¢5 regularization r(w) = ’\%, we obtain
Aw? 1
fvlif (’75 A) = argminw % + §Aw2 - ’Yw:| = M—LA )
) (1.30)
027 A) = —— and Z%(7,A) —exp [ L2
T D A+ A waAn 200+ A)2 )
e (1 regularization
Performing the same computation for the ¢; regularization r(w) = A|w|, we obtain
=2
. . L L 1
fw1 (’%A) = argmil,, )‘HwH + §Aw —yw| = FYT v+ A<0 )
0 otherwise (L31)

1

87f41(7 A) = {A 7[> A '

0 otherwise



II Binary classification generalization errors

In this section, we present the computation of the asymptotic generalization error
eg(a) = lim Ey (1 [y # g (W(a);x)] , (IL1)
d—oo

leading to expressions in Proposition. 2.1 and Thm. 2.4] The computation at finite dimension is
similar if we do not consider the limit d — oco.

II.1 General case

The generalization error e, is the prediction error of the estimator W on new samples {y, X}, where
X is an i.i.d Gaussian matrix and y are 1 labels generated according to (L.I):

1
= out+ (Z) with z=—=Xw"*. (I1.2)
Y = Pout+ (2) Vd
As the model fitted by ERM may not lead to binary outputs, we may add a non-linearity ¢ : R —
{£1} (for example a sign) on top of it to insure to obtain binary outputs §y = +1 according to

N . . N 1.

y=¢(z) with 2z \/gXW . (I.3)
The classification generalization error is given by the probability that the predicted labels  and the
true labels y do not match. To compute it, first note that the vectors (z, z) averaged over all possible
ground truth vectors w* (or equivalently labels y) and input matrix X follow in the large size limit a
joint Gaussian distribution with zero mean and covariance matrix
wiw W*Tﬂ - [ T+ "W*ﬂ . (IL4)

*

d—so0 d|wTw  w'w Owr& O

1
o= lim Ew*7xf |:

The asymptotic generalization error depends only on the covariance matrix o and as the samples are
1.i.d it reads

ex(0) = lim Eyyl [y # § (W(a):x)] = 1 - Ply = § (W(a);x)] = 1 -2 / dxNy (0, )

d— o0 (R+)2

. 1 N Lo 2. 1 O
— | = + —atan — v = —acos | ——— | ,
2 7 Ow* O — Uvzv*v?/ T N Ow+ O

(IL5)
where we used the fact that atan(z) = F — 1 acos (fi;%) and 3 acos(22% — 1) = acos(x). Finally
. R 1 Owrir
eg(a) = dlggo E,x1[y # g (W(a);x)] = — acos (pw*dw) , (11.6)
with
e = M By x oW W', pue = lim Eye o |WHE, 0@ = lim By x—||W]2.
d—o0 d d—o0 d d—o0 d

I1.2 Bayes-optimal generalization error

The Bayes-optimal generalization error for classification is equal to eq. where the Bayes
estimator W is the average over the posterior distribution eq. denoted (.), knowing the teacher
prior Py« and channel P, distributions: W = (w)y,. Hence the parameters o and oy« read in
the Bayes-optimal case

. 1. . 1
Ow = dlgTolo]EW*,XEHWH% = dlgI;oEW*,XE”<W>W||2 =qb;

. 1. . 1
Owrw = dlgn Ew*7ngTW* = dli)m Ew*7xg<w>‘1;,w* =mMp.
oo oo

Using Nishimori identity [3]], we easily obtain my, = ¢, which is solution of eq. (I3). Therefore the
generalization error simplifies

1
(o) = Lacos (yi,)  with = 2

W

IL.7)



II.3 ERM generalization error

The generalization error of the ERM estimator is given again by eq. with parameters

. 1. . 1.
Jim By x oW = Tim By x93 = g

O

A erm

. 1., . 1
Owriy = lm Eys x=WTW" = lim Ey« x= (W) Tw* =m.
d— o0 d d— o0 d

where the parameters m, g are the asymptotic ERM overlaps solutions of eq. and that finally lead
to the ERM generalization error for classification:

2

T 1 .
eg(a) = —acos (vm) » with n = (I1.8)

Pwrq

10



III Proofs of the ERM fixed points

III.1 Gordon’s result and proofs

We consider in this section that the data have been generated by a teacher (L.I) with Gaussian weights

W ~ Py (W) = Ny (0, pye 1) with pye = E [(w*)?] . (IIL.1)

IIL.1.1 For real outputs - Regression with /5 regularization

In what follows, we prove a theorem that characterizes the asymptotic performance of empirical risk
minimization
3 RS Lot Alwl?
Werm = argming Zl Yis 77X W + —5 (II1.2)
i=1
where {y; }1<i<n are general real-valued outputs (that are not necessarily binary), {(y, z) is a loss
function that is convex with respect to z, and A > 0 is the strength of the ¢5 regularization. Note that

this setting is more general than the one considered in Thm. [2.2]in the main text, which focuses on
binary outputs and loss functions in the form of {(y, z) = {(yz) for some convex function ¢(-).

Theorem IIL.1 (Regression with ¢ regularization). As n,d — oo with n/d = o = O(1), the
overlap parameters m, q concentrate to

m — o q — (p*)?+(6%)2, (IIL.3)

d— o0
where the parameters p*, 0™ are the solutions of
Ap?+6%) 52
{HEET) a8, Mol (s) s + 60

(I11.4)
Here, M. [I(,.)](x) is the Moreau-Yosida regularization defined in ([.T1), and g, s are two i.i.d stan-
dard normal random variables.

(u*,6%) = argmin sup
n,6>0 7>0

Proof. Since the teacher weight vector w* is independent of the input data matrix X, we can assume
without loss of generality that

W= \/apdel )

where e; is the first natural basis vector of R?, and pg = ||[W*||/Vd. As d — 00, pg — \/Pw=-
Accordingly, it will be convenient to split the data matrix into two parts:

X=[s B, (IIL5)

where s € R"*! and B € R"*(?~1) are two sub-matrices of i.i.d standard normal entries. The weight
vector w in can also be written as w = [v/dy, vT]T, where 11 € R denotes the projection of w
onto the direction spanned by the teacher weight vector w*, and v € R~ is the projection of w onto
the complement subspace. These representations serve to simplify the notations in our subsequent
derivations. For example, we can now write the output as

Yi = Pout+ (Pdsi), (IIL.6)
where s; is the ¢th entry of the Gaussian vector s in ([IL.5)).

Let @, denote the cost of the ERM in (III.2), normalized by d. Using our new representations
introduced above, we have

1 ¢ 1T A(dp? + |Iv]*)
= min ﬁg (i, s+ blv) + ST (I1L.7)

where b] denotes the ith row of B. Since the loss function I(y;, z) is convex with respect to z, we

can rewrite it as
Uyi, 2) = sup{qz — 1" (yi, )}, (II1.8)
q

11



where I*(y;, q) = sup,{qz — I(y;, 2)} is its convex conjugate. Substituting into (IIL7), we
have

A(dp? + |v)?
o (qTs ( K
by = n;lvn Sl;p 4 + W q"Bv — p Zl Yiy i) T . (I11.9)

Now consider a new optimization problem

L (w2 + w117
2d

= . ,LLqTS ”qH hTv | q 1
@ == = - =", - 1’ 1
d m}vn sup + N + ] I E qi)

where h ~ N (0,141) and g ~ N (0,1,,) are two independent standard normal vectors. It follows
from Gordon’s minimax comparison inequality (see, e.g., [4]) that

. (I11.10)

P(|By — | > €) gzp(léd—c’ ze) (IIL11)

for any constants c and € > 0. This implies that ®, serves as a surrogate of ®,4. Specifically, if D,
concentrates around some deterministic limit ¢ as d — co, so does ®,4. In what follows, we proceed

to solve the surrogate problem in (ITL.I0). First, let § = ||v||/v/d. It is easy to see that (IIL.I0) can be
simplified as

o T h 2 2
@d_mmsup{q(uswg) slal 1) le (m}

1,620 ¢ d 2
(@) gl 62||h|| Qs 08 1, A + 6%)
= - - - U(yi qi) + ————
:%;%iggsgp{ e P OLL
- Mp2+62) S o crrlal -
= mi, i‘i%{ R = e T e e (“S+5g)+;l (v 3:)]

1,620 70

®) G I L
= min sup{ 5 ~ 9rd ZM (yi, )] (si +695) ¢ -

In (a), we have introduced an auxiliary variable 7 to rewrite —d L\;g ”L\/g as

lalinl _f olal® e
ff >0 2d 27d ’

and to get (b), we use the identity

ir;f{%cf - qz+€*(q)} = inf{(zx)2 +€(x)}

z 2T
that holds for any z and for any convex function ¢(x) and its conjugate £*(q). As d — oo,

standard concentration arguments give us u — land 137, M [ (Yi, )] (psi + d6g;) —
Eg s M:[l(y,.)](us + dg) locally uniformly over 7, and 4. Us1ng and recalling (IIL6),
we can then conclude that the normalized cost of the ERM &, converges to the optimal value of
the deterministic optimization problem in ([IL.4). Finally, since A > 0, one can show that the cost
function of ([IL.4) has a unique global minima at y* and 6*. It follows that the empirical values of
(1, 0) associated with the surrogate optimization problem converge to their corresponding
deterministic limits (1*, 6*). Finally, the convergence of (u, 0) associated with the original optimiza-
tion problem towards the same limits can be established by evoking standard arguments (see,
e.g., [5, Theorem 6.1, statement (iii)]). ]

II1.1.2 For binary outputs - Classification with /5 regularization

In what follows, we specialize the previous theorem to the case of binary classification, with a convex
loss function in the form of I(y, z) = £(yz) for some function £(-).

12



Theorem IIL.2 (Thm. 2.2|in the main text. Gordon’s min-max fixed point - Classification with 5
regularization). Asn,d — co withn/d = a = O(1), the overlap parameters m, q concentrate to

m — o q — (p*)?+(6%)2, (IIL.12)

d— o0

where parameters p*, 0* are solutions of

A2 + 62 52
(i*,6%) = arg min sup {W — &} Ay oM, [5g + 5iPou Ww*sﬂ} . IL3)

1,6>0 >0 2 27

and g, s are two i.i.d standard normal random variables. The solutions (11*,5*,7*) of (IL13) can
be reformulated as a set of fixed point equations

x_ Y g, S s) D (S * . -
o= AT* +QE[S Pout ( Pw S) PT (6 9+M SPout (\/ Pw S))]a
o
o Y Ry P (6 + 1 5 Pous (VP (I1.14)
O = a1 [9- Pre(8"g 4 1" 8Pout* (v/Pw+5))]

()% = QE[(8*g + 11" sout+ (v/Pur ) — Pre (8 g + 1" 50outs (v/Pw5)))’]

where M. and P denote the Moreau-Yosida regularization and the proximal map of a convex loss
Sunction (y, z) — £(yz):

M (2) = min {e(x) + M} . P.(2) = arg min {£(x) + M} .

2T z 2T

Proof. We start by deriving ([II.13)) as a special case of ([11.4). To that end, we note that

Mo iy, ))(z) = min {l(y;x) + (”C;sz}

{252

x 2T

= min {é(x) + (a:—yz)2} = M (y2),

where to reach the last equality we have used the fact that y € {+1}. Substituting this special form
into (IL.4) and recalling (IL.6), we reach ([IL.13).

Finally, to obtain the fixed point equations ([II.14), we simply take the partial derivatives of the cost
function in (IIL.T3) with respect to p, d, T, and use the following well-known calculus rules for the
Moreau-Yosida regularization [6]:

OM.(2) z—P:(2)

8z T ’
IM-(2) _ (2=P:(2)?
or 272 '

III.2 Replica’s formulation

The replica computation presented in Sec. [[V]boils down to the characterization of the overlaps m, ¢

in the high-dimensional limit n,d — oo with o = % = ©(1), given by the solution of a set of,

in the most general case, six fixed point equations over m, q, QQ, T, g, Q Introducing the natural

variables ¥ = Q — ¢, 3 = Q + 4, n= pqu and 7 = %2, the set of fixed point equations for arbitrary

13



Py, P+, convex loss I(y, z) and regularizer r(w), is finally given by
m = e [Zy (Vi) fur (V€1 fu (72%6.5)]
qZEs[ w (\ff n)fw( 3 E) }
e 2o (Vi) (#265)]
1= 0By | Zouse () foure (s V/Puris pue (1= 1) fon (.06 3) |
0= By | Zowe /s e (1= ) o (0. )]
S = 0By [Zows (0 VB IEs poe (1= 1) Dofous (3,076, 2)] -

The above equations depend on the Bayes-optimal partition functions Zy,+, Zou+ defined in eq. ([7),
the updates fy«, fout+ in eq. (C8) and the ERM updates fy., fout €q. (C12).

(IIL.15)

II1.3 Equivalence Gordon-Replica’s formulation - /> regularization and Gaussian weights
II1.3.1 Replica’s formulation for /> regularization

The proximal for the ¢5 penalty with strength A can be computed exphcltly in eq. (L30) and the
corresponding denoising function is simply given by f2:* (v, A) = oA + +- Therefore, for a Gaussian
teacher ([IL.1) already considered in Thm. ([I.14) with second moment py«, using the denoising
function ([.24), the fixed point equations over m q, 3’ can be computed analytically and lead to

Pw+1M pw*m +q 1

= =, q=——=—, Y= .

A+X (A+X)? A+X
Hence, removing the hat variables in egs. (ITL.13)), the set of fixed point equations can be rewritten in
a more compact way leading to the Corollary. [2.3|that we recall here:

Corollary II1.3 (Corollary. in the main text. Equivalence Gordon-Replicas). The set of fixed
point equations (IL14) in Thm. |[IIL.2)that govern the asymptotic behaviour of the overlaps m and q is
equivalent to the following set of equations, obtained from the heuristic replica computation:

m = azpw* 'ny€ [ out* () fout* (ya V Pw* 1] f Pw* (1 - )) ' fout (y,ql/Qf,z)}
= m?/py- + X2 By [ oute (0 /PrTi prvt (L= 1)) - Foue (4%, 2)1 (IIL17)

-1

(I11.16)

= ()\ —a-Bye |:Zout* (¥, VPw €, pws (1= 1)) - O four (y7q1/2§,E)D

with n =
according to Pout*

N(0,1) and E,, the continuous or discrete sum over all possible values y

Proof of Corollary. [IT1.3[ Corollary.[2.3). For the sake of clarity, we use the abusive notation
Py (y,w) = Py[l(y, .)](w), and we remove the .

Dictionary We first map the Gordon’s parameters (u, 4, 7) in eq. ([IL.T4) to (m, ¢, ¥) in eq. (IL.I7):

NN 2 +0% e q, T Y.
so that
_ m2 B ,U/Q ) B 52
T ed @R T ETse

From eq. (I.7), we can rewrite the channel partition function Z, ¢+ and its derivative

Zoues (1,0, V) = Bz [P (472 +0)]

%VIEZ [P (yV7z +0)]

where z denotes a standard normal random variable.

(IIL.18)
8wzout* (ya W, V) =
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Equation over m  Let us start with the equation over m in eq. (IIL.17):
m= ZQPW*Ey,é [Zout* (ya vV PwrNE, Pw+ (1 - 77)) Sout (ya vV P&, Pw+ (1 - 77))
Xfout (ya q1/2€7 Z3)i|

. b i (i )
(Using eq. (ILIY))

\/7 0z + p€ 5 5 . -
e p=———"—aEyc. | 2lu y\\/ﬁﬁ (Pr (y, V2 +6 f) V2 +é f)
(Dictionary)
\/m 5z + e
———aE¢ . [z | Pr | @outr \/ﬁm mg _ \/mf

(Integration over y)

=

9) (Pr (Poues (VAwrs) 09 + pis) = (39 + ps)) |
(Change of variables (£, z) — (g, s))
=al, [(s - %g) (Pr (pouts (v/Pw+8),09 + us))} (Gaussian integrations)
_ 0By [s-Pr (Pour (VPwrs) 39 + ps)]
1+ %]Es,g [g - Pr (Sﬁout* (\/ pw*S) ,5g + /1'5)]
CFug s pour (Vwrs) (Pr (89 + 1) Gour- (vAwes)]

(Second fixed point equation)

=aE; 4 [(5 —

:)\T—l—a

where we used the fact that P« (y]|2) = 0(y — Yout= (2)), the change of variables

s = pE+oz 5 _ _6g+ps
/ 2+52 /#2+52

& , (111.19)
_ _0f—pz ds—pg

9= Ve /o
and finally in the last equality the definition of the second fixed point equation in eqs. (III.14):

5 o Foa 19 Pr (Pou (VPurs) 09 +ps)] (I11.20)
AM+a—1

Equation over ¢ Let us now compute the equation over ¢ in eq. (IILI7):

2
q— mz/pw* = 220‘]}3%5 |:Zout* (yv vV pw*ﬂ& Pw+ (1 - 77)) fout (y, q1/2£7 E) :|

= 30y | Pow (s (VI 24 V7€) g5 0 (0 3E) — VA"
(Using eq. (LI8))

(ym St “‘;) (o (v Vi %) - mgﬂ

=4 52 = O¢]Ey7£7z

(Dictionary)
) £ 2
z+
= ol <pr <%ut* (m M2f52> ViE 525) ~ Vi + 525)

(Integration over y)

= allg [(pf (Pout (VPwrs), 09 + pus) — (69 + /w))ﬂ
(Change of variables (£, z) — (g, s))
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Equation over ¥ Let us conclude with the equation over X in eq. (II.T7) that we encountered in
eq. (IIT:20). Let us first compute

OB y.¢ | Zouts (0 VBT, pue (1= 1)) Dufous (44726, %) |
— By | P (v (VI V) ) 3 (0 (4 39) ~ 1] (Using cq. QLTS

Pt (yh/p?\j%) (&JPT (y, V2 + (525) - 1)1 (Dictionary)

_“ o 02+ 18 /12 § 52
- TEﬁ,z [8wpr (Sﬂout* ( Pw* \/7) +6 f
1
=a (Eg s [0uPr (Pouts (v/Pwrs),09 + ps)] — 1) (Change of variables (£, z) — (g, s))
therefore, the last equation over ¥ in eq. (II.17) reads
Z = ()\ - QE%& |: out* ( vV Pw+T) § Pw* (1 - )) 8wfout <y7q1/2§72):|>
4
1 -1
7= (A= B0 0P (oo (VAs) G+ )] = 1)

=
aEg s [0uPr (Pouts (v/Pwr8) .09+ ps)] =7A+a — 1.
Noting that

=2E
=

Y,§,2

(Integration over y)

-1

[
Eg s [0uPr (Pourr (v Pwrs),09 4 ps)] = SE 9.5 [AOWPr (Pout* (v/pw=5),09 + ps)]

1 1
= gEg,s [39737- (Pout (\/ Pw+5),0g + pus)| = 5]Eg.,s [9Pr (69 + ps@out+ (V Pws))]

(Stein’s lemma)
where we used the Stein’s lemma in the last equality, we finally obtain
aEy s [0LPr (Poutr (VPw+5),09 +pus)| =7A+a—1

= mﬂzg,s [g . 7)7— (@Out* (W‘S) , (;g + [LS)] '

Gauge transformation We still remain to prove that

E&g [g - Pr (Saout* (\/?S) og + /JS)]
Es,g [S - Pr (Sﬁout* (WS) ,(59 + /JS)]

By (0 (Ponee (/7). 89 + 15) = (69 + 1))’

Es.g 19 Pr (89 + 1sPouts (v/Pwrs))]
ES,Q [S - Pr (59 + HSPout* ( Pw*s))]
E

g5 |

((pr — 1) (89 + psPous (v/pw=5)))?
(I11.21)

AS @out+ (y/pw+s) = +£1, we can transform s — S@out+ (\/pw+5) = §. It does not change
the distribution of the random variable 5 that is still a normal random variable. Finally denoting

P :1, 0g + pspout* (, /Pw~ s)) =P, (5g + [1SPout* (, o s)), we obtain the equivalence with

eq. , which concludes the proof. O
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IV Replica computation for Bayes-optimal and ERM estimations

In this section, we present the statistical physics framework and the replica computation leading to
the general set of fixed point equations (IT)) and to the Bayes-optimal fixed point equations (T3).

IV.1 Statistical inference and free entropy

As stressed in Sec. [l both ERM and Bayes-optimal estimations can be analyzed in a unified framework
that consists in studying the joint distribution P (y, X) in the following posterior distribution

_ POyw,X)P(w)

P (wly,X) = Py.X) av.1)

known as the so-called partition function in the physics literature. It is the generating function of
many useful statistical quantities and is defined by

Z({y,X)=P((y,X) = /Rd dw Pyt (y|w, X) Py (W)

- /n dzPoy; (y|z) /Rd dwP,, (W) (z - &XW) ;

where we introduced the variable z = ide. However in the considered high-dimensional regime

(IV.2)

(d — co,m — oo, = ©(1)), we are interested instead in the averaged (over instances of input data
X and teacher weights w* or equivalently over the output labels y) free entropy ® defined as

®(a) = By x [dlingo ClilogZ(y,X)] . (IV.3)

The replica method is an heuristic method of statistical mechanics that allows to compute the above
average over the random dataset {y, X}. We show in the next section the classical computation for
the Generalized Linear Model hypothesis class and i.i.d data X.

IV.2 Replica computation
IV.2.1 Derivation

We present here the replica computation of the averaged free entropy ®(«) in eq. (IV.3) for general
prior distributions P,,, Py~ and channel distributions Py, Poyt+, S0 that the computation remain
valid for both Bayes-optimal and ERM estimation (with any convex loss [ and regularizer r).

Replica trick The average in eq. (IV.3)) is intractable in general, and the computation relies on the
so called replica trick that consists in applying the identity

1 v [ 1010gEyx [Z (v, X)"]
i 0] iy o 12005

(IV.4)

This is interesting in the sense that it reduces the intractable average to the computation of the
moments of the averaged partition function, which are easiest quantities to compute. Note that for
r € N, Z (y,X)" represents the partition function of € N identical non-interacting copies of the
initial system, called replicas. Taking the average will then correlate the replicas, before taking the
number of replicas 7 — 0. Therefore, we assume there exists an analytical continuation so that r € R
and the limit is well defined. Finally, note we exchanged the order of the limits » — 0 and d — oc.
These technicalities are crucial points but are not rigorously justified and we will ignore them in the
rest of the computation.

17



Thus the replicated partition function in eq. can be written as
1
]E [Z (y7 = W* X [H /” dZ Pout"- y|Z / dW PW" )(5 (Z — \/EXW(I>
1
=E d d*Pou* * d*PW* *) § *__Xw*
x/n [ @t P i) [ aw R (v (2 - Joxor )
- 1
X dz® P, e (y]z® / dw® Pya (W) 5 (z“ — Xw“)
[H/" o ) [ aw B s (-

1
dz® P,y (y]2z® dw?Pye (W) 6 | 2% — —=XWwW*
o 0l [ aw s () (2 = )

Rn
(IV.5)

n
with the decoupled channel P, (y|z) = H Pout (yulz,)- Note that the average over y is equivalent
p=1
to the one over the ground truth vector w*, which can be considered as a new replica w9 with index
a = 0 leading to a total of r 4 1 replicas.

We suppose that inputs are drawn from an i.i.d distribution, for example a Gaussian N (0, 1) More

precisely, for i, € [1: d], u,v € [1:n], Ex [asg“)x;y)} = 0,,045. Hence 2 f S e is
the sum of 1.i.d random variables. The central limit theorem insures that z{ ~ N (Ex[z5], Ex[242]]).
with the two first moments given by:

EX[Za] f Zt L Ex [ (M)} -0

(IV.6)

Ex[z2b] = dZUE [ () g, (1 )}ww dZ”(SUw w;’ Twewh
In the following we introduce the symmetric overlap matrix Q({w"}) = (Fw®-w) , . Let
us define z,, = (z“)a o0.r and W; = (wf)e=0.. The vector Z,, follows a multivariate Gaussian
distribution z,, ~ P;(z; Q) = N3(0,41,Q) and as Py, (W) =[]/ _, Py (@) it follows

Eyx[Z (y,X)"] = Ex/n dy H/ dz® Poya (y|z* )/Rd dw® Pya (W) 6 (z“ - \}ng“)

_ UR dy /RM dZPou; (y2) Pz(i;Q(W))]n UR+ s (W)r ’

because the channel and the prior distributions factorize. Introducing the change of variable and the
Fourier representation of the §-Dirac function, which involves a new ad-hoc parameter Q:

L= /]R"'+1><1'+1 dQ H 0 (anb - Z w; wf)

a<b
~ N 1 d A
0</RT+1XM Q[ . dQex (—dTr [QQDexp (2;W2Qwi> ,

the replicated partition function becomes an integral over the symmetric matrices ) € R"+1x7+1
and ) € R™T1*7*+1 ‘that can be evaluated using a Laplace method in the d — oo limit,

r A (r) o
Eyx [Z(y,X)"] = / d@ / dQed® " (@:Q) av.7)
Rr+1xr41 Rr+1xr+1
~ . a0 ¢
2 exp (d extr, {cp (Q,Q)}), (IV.8)
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where we defined
2(Q,Q) = ~Tr [QQ| +1og Wi (Q) + alog WL (Q)

v (Q) = / A Py (%) 17O V9

RT+1

vi@ = [ dy /R P52 Q) Pouc(1]2),

Q

e
det(27Q)"/?

Finally switching the two limits » — 0 and d — oco, the quenched free entropy ® simplifies as a
saddle point equation

Nl

and P;(z; Q) =

lim g (IVv.10)

(r) )
®(a) = extrg, {lim W} )

over symmetric matrices Q € R™1*7+1 and € R"*1X"+1 In the following we will assume a
simple ansatz for these matrices in order to first obtain an analytic expression in r before taking the
derivative with respect to r.

RS free entropy Let’s compute the functional (") (Q, Q) appearing in the free entropy eq. (IV.10)

in the simplest ansatz: the Replica Symmetric ansatz. This later assumes that all replica remain
: : _ 1,a b _ 1 al|2

equivalent with a common overlap ¢ = 5w* - w” for a # b, anorm @ = 5||w?||3, and an overlap

with the ground truth m = éw“ - w*, leading to the following expressions of the replica symmetric

matrices Qs € R™H1X" 1 and ), € RTHIXT+1:

Q° m ... m Q° M m
N H o 14
O = m Q .. q and O = m 5Q .. (j ’ aV.11)
mo g Q R . v

with Q° = py+ = 3||w*||3. Let’s compute separately the terms involved in the functional (") (Q, Q)

eq. (IV.9) with this ansatz: the first is a trace term, the second a term \I!‘(,VT ) depending on the prior

distributions Py, Py~ and finally the third a term \I/(()Tu)t that depends on the channel distributions
P, out* ’P out-

Trace term The trace term can be easily computed and takes the following form:

Tr(QQ) = QOQO + rmm — %T’QQ + rir—1)

. V.12
5 14 ( )

rs

Prior integral Evaluated at the RS fixed point, and using a Gaussian identity also known as a
Hubbard-Stratonovich transformation E¢ exp(y/a&) = e?, the prior integral can be further simplified

VQ)| = [ Pt
rs Rr+1

=Ry 3 QW [ G Py () e i 7= (@) S (5P (S 9
R~

A * 1 A "
= Eé,w*e%Qo(w )? {Eu, exp ([mw*w - §(Q +§w? + qu/wa}>] .

(Iv.13)
Channel integral Let’s focus on the inverse matrix
— —1 —1 —1
Qoo 01 01 01
1 |Qoi Qu Qi Qnp
Qs = Qo—l -1 =1 -1 (Iv.14)
01 12 11 12
O -1 -1 -1
01 12 12 11



with
W = (@ = rm(@+ (= 1)g)tm)
o == (@ =rm@+ (r=1a)'m) " m(g+ (r—1)g)”!

Q' =Q-9 ' —(Q+(r—1)g)q(Q—q)* 1
+(Q+ (r—1)g)'m (Q° —rm(Q+ (r —1)g)'m) ~ m(Q+ (r —1)g)~"

Qn =—-(Q+ (-1 '¢Q—-q"
HQ+ (r = 1) 'm (Q — rm(Q + (r — 1g)~'m) " m(Q + (r — 1)g)~*

and its determinant:

det Qus = (Q — @)1 (Q + (r — 1)q) (Q° — rm(Q + (r — 1)g)"'m)

Using the same kind of Gaussian transformation, we obtain

} _ /dy/R+1 dzeféiYQr—sli—%log(det(QﬂQrs))Pout<y|2)

_ Ey 567% log(det(2mQys))

T
< [ 4 P (gl e [/ 0Py (y]2) e~ Q0 = =3 (@01 -00) =" ~00 e

—1

v (Q)

IV.3 ERM and Bayes-optimal free entropy

Taking carefully the derivative and the » — 0 limit imposes Q° = 0 and we finally obtain the replica
symmetric free entropy ®.:

1
O(a) =Ey x [ lim —log (Z (y7X))] (IV.15)
’ d—oo d
R PR S A o
= eXtI'Q7Q*7q7q7th —mm + iQQ + iqq + U, (Qa m, Q> + oWqyt (Qa m,q; pW*) s
where py+ = limg_,oo By« 2||W*||3 and the channel and prior integrals are defined by
Wy (Qurin,0) = Be |2y (g2 ma 1) log 2 ('/%€,Q +4) |
Vout (Q,m, ¢; pu) = Eye [Zout* (y mq %€, pye — mq_lm) log Zout (y q'%,.Q — q)} ,

(Iv.16)

where again Z,,¢+ and Zy+ are defined in eq. (7)) and depend on the reacher, while the denoising
functions Z,; and Z, depend on the inference model. In particular, we explicit in the next sections
the above free entropy in the case of ERM and Bayes-optimal estimation.

IV.3.1 ERM estimation

As described in eq. ([4), the free entropy for ERM estimation is therefore given by eq. (IV.I3) if
we take — log P (y|z) = (y,z) and — log P (w) = r(w). As described in Sec.[[.3.2]they lead to the
following partition functions:

)

Z‘i‘, (v,A) = iimo e~ AMa-1lr(A )T ) =g y? AT
—
e—iM% [1(y,))(w) av.amn
B oV = 0 v s

with the Moreau-Yosida regularization (L.1T).
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IV.3.2 Bayes-optimal estimation

In the Bayes-optimal case, we have access to the ground truth distributions P (y|z) = Pous+ (y|2)
and P (w) = P, (W), and therefore Zou; = Zout+, Zw = Zy+. Nishimori conditions in the Bayes-
optimal case [3]] imply that Q = py+, m = q = qp, Q = 0, m = ¢ = . Therefore the free entropy
eq. simplifies as an optimization problem over two scalar overlaps qy, Gp:

L .
(bb(a) = extry, g, {_2qbqb + \I]\l))v (qb) + OZ‘I]Eut (Qb§ pw*)} ’ IV.18)
with free entropy terms W2 and ¥P . given by
W (4) = Be |2 (0/%¢,0) log Zu- (2/2¢,0)]

WP (65 pwe) = Ey e [Zout* (y,ql/Qé,pw* - q) 10g Zout (y7q1/2§,pw* - q)} :

and again Z,,;» and Zy,« are defined in eq. (7). The above replica symmetric free entropy in the
Bayes-optimal case has been rigorously proven in [1]].

IV4  Sets of fixed point equations

As highlighted in Sec. [l the asymptotic overlaps m, ¢ measure the performances of the ERM or
Bayes-optimal statistical estimators, whose behaviours are respectively characterized by extremizing
the free entropy and ([VI8). This section is devoted to derive the corresponding sets of fixed
point equations.

IV4.1 ERM estimation

Extremizing the free entropy eq. (IV.13)), we easily obtain the set of six fixed point equations

Q = 20299V oy , Q = —20, ¥,
= —200,Vout , q=—20,T,, (IV.19)
- Oéamll’out ) m = 6m\IJW

These equations can be formulated as functions of the partition functions Z,,4+, Zyw+ and the
denoising functions fout+, fw, fouts fw defined in eq. (L8) and eq. - The derlvatlon is shown in

Appendix. [[V.5.3|and defining the natural variables > = Q —¢.2=Q+4q, n= and n= "’2
it can be written as

m = EBe 2o (Vig.n) fur (Vi) o (126.2)]

q=Ee [Zw* (Vg.) £ (@1/2572)2] :

= Ee |20 (Vi&.1) 00w (4%65)]

= 0By | Zous () foe (0o VBT v (1=) fo (3,076, 5)]
0= 0By | Zow (s poe (1) S (0 026.2) ]

S = —ak,. [ Zowtr (s /o TiEs pur (1= 1)) B Fout (y,q”%,Z)} ,

and we finally obtain the set of equations eqs. ([II.15).

(IV.20)

IV4.2 Bayes-optimal estimation

Extremizing the Bayes-optimal free entropy eq. (IV.I8), we easily obtain the set of 2 fixed point
equations over the scalar parameters qy,, g,. In fact, it can also be deduced from eq. (IV.20) using the
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Nishimori conditions fi = fuss fout = fouts M =q = b, X = pws — @M =G =Gpand Q =0
that lead to the result in Thm. from [[I]

2
Gp = olEy ¢ [Zout* (y,qéﬂ&,pw* - qb) fout (y,qﬁﬂf,pw* - Qb) ] ;
(IV.21)

= Ee |:Zw* (Qi/2§,4b> Foe (thl)/Qg,(ib)Q] )

IV.5 Useful derivations

In this section, we give useful computation steps that we used to transform the sets of fixed point

equations (IV.19).
IV.5.1 Prior free entropy term
In specific simple cases, the prior free entropy term
Wy (Q11,4) = Be |2 (0126, mg 1) log 2, (¢2€,Q +4) |

in can be computed explicitly. This is the case of Gaussian and binary priors Py« with (5
regularization. In particular, they lead surprisingly to the same expression meaning that choosing a
binary or Gaussian teacher distribution does not affect the ERM performances with £ regularization.

Gaussian prior Let us compute the corresponding free entropy term with partition functions Z,«
for a Gaussian prior P+ (w*) = N+ (0, py+) and Z£2* for a £, regularization respectively given by

eq. and eq. ([.30):

"(2/1“,* 2

o h 2 ST TRy
wr 75 - pr*+17 W v, - A+)\

The prior free entropy term reads

Wy (@i, 0) = Be [ 2o (g2 a4 log 2622 (3/26,3+ Q)

=E¢ | Zuwr (mgﬂ/zém(jflm) 2()\?;4_@) ~3 log <>\ +Q+ (j)
:/df./\fg (0,14 pyrri®q™) 2(}\ffg+q)—zlog (A+Q+q)
=3 (3150 el era)

(IV.22)

In the Bayes-optimal case for py,» = 1, the computation is similar and is given by the above expression
withA=1,Q =0,m =¢:

\Ij‘l?vayes (q) — % (q _ log (]_ + q)) (IV23)

Binary prior Let us compute the corresponding free entropy term with partition functions Z,« for
1

a binary prior Py« (w*) = 3 (§(w* — 1) + d(w* + 1)) and Z£2+* for a £, regularization respectively
given by eq. (L.23) and eq. :

72
e TAT™

A
Zoyr (v, A) = e 2 cosh(y), Z22(y,A) = .
(7, A) (), 22N = e
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The entropy term Uy, reads

o, (Qm q) = E¢ {zw* ( “1/2¢ g 1m) log Zt2> (ql/%,qmﬂ

=E¢ | Zy» (mq*ﬂg,mq lm) m - %1og (/\ +Q+ q)
-5 _mg i —1/2 g 1 5L 4
/ \ﬁ p cosh(mq 5) 2(}\+Q+q>210g(>\+6,2+q>

(IV.24)

We recover exactly the same free entropy term than for Gaussian prior teacher eq. ([V:22)) for py,» = 1.

IV.5.2 Updates derivatives

Let’s compute, in full generality, the derivative of the partition functions defined in Sec. |l.5|and that
will be useful to simplify the set (IV.19).

Oy Zw (7, A) = 2y (7, A) x Eq,, [w] = Zy (7, A) fw (7, A)
1 1
OrAZw (7,A) = _§Zw (7, A) x Eq., [w2] = ) (8VfW('V>A) + fv2v('7a A))
O Zout (y7w> V) = Zout (y7w7 V) X V_lEQuut [Z - w]
— Zout (y7 W, V) fout (y7 W, V) (IV25)

aVz'yout (va V) OUt (y7w V) (EQout [V_z(z - w>2] - V_l)

1
2
1

= §ZOUt (vaa V) (awaUt (y7w’ V) + f(?ut (y7 w, V))

IV.5.3 Simplifications of the fixed point equations

We recall the set of fixed point equations eq. (IV.19)

Q = 72048Q\Ijout y Q *26A v,
= —200,Vous , ¢ = 20,0, (IV.26)
ﬁ”& = a@m\llout 5 - 677L\IJW )

that can be simplified and formulated as functions of Z,ut+, Zw+,fout* s fw*, fout, and fy defined in

eq. (L8) and eq. (L12), using the derivatives in (IV:23).

23



Equation over ¢

0qWout = OgBy ¢ [Zout* (y, mq =2, s — mq*lm) 10g Zout (y q"%¢,Q - q)]
=Ey ¢ [0qw* 0w Zoutr 108 Zout + 0gV*Ov Zoutr 10g Zout

Zou *
+3 2 (0gwds Zous + aqvavzout)}
out
m 3/ m2q? 2
= ]Ey,E _Eq ffout*zout* log Zout + T (awfout* + fout*) Zgut* 10g Zout
Zou * 1 _ 1
+7t 54 1/2£foutZout Y (awfout + fozut) Zout
Zout 2 2
1
= iEy,f [7m2q72a£ (fout* Zout* log Zout) + m2q72 (awfout* + fgut*) Zout* 10g Zout
+ (85 (foutzout*) - (awfout + fgut) Zout*)} (Stein lemma)
1
= iEy,é [—m?q? (O fout+ 108 Zout + Zout+ fruer 108 Zout

1
- (awfout* + fgut,*) Zout* log Zout)] + iEy,g [_mq_lzout" fout*fout]
1
+ §Ey,£ [awfoutzout + mq_lzout*fout* fout - (awfout + fc?ut) Zout*]

1 _ _
= _§]Ey,§ |:Zout* (yqu 1/2£a Pwr — Mq 1m> fc?ut <y7q1/2§u Q - Q)} )
(Simplifications with (TV:23)))
that leads to
2
§=—200,Vou = aEy ¢ [Zout* (y,mq*”zf,pw* - mq*lm) fout (y q"/%¢,Q - q) ]
av.z27n

Equation over 1m
O Wour = By ¢ |:amzout* (y mq~ 2, pys — mq_lm) 108 Zout (y q"%¢,Q - q)}
=E, ¢ [(0mw 0w Zouts + Om V™ 0y Zouer ) log Zout)
=FE,¢ {(qfl/szouﬁzow —mg " (O foutr + Fue) Zout*) log Zout]
=Ey¢ [0¢ (fourr Zout* 108 Zout) — (O fours + fogut*> Zout+ 10g Zout]  (Stein Lemma)
=E,¢ [mq_l (Ous fout* Zoutr 108 Zout + fout* Ouw Zoutr 108 Zout
— (O foutr + fo2ut*) Zout+) 108 Zous) + Ey ¢ [Zout+ fout+ fout]
=Ey¢ {Zout* () fours (y mq~%E, pus — mq_lm) fout (y q'%¢,Q - q)}
(Simplifications with (IV.23))

that leads to
m = Oéamq!out

=alE, ¢ [Zout* (.5 -) fout (yamq71/2§,pw* _ mq’1m> Fout (y,ql/zﬁ,Q B q)] . (IV.28)

Equation over Q
8Q\Ilout = ]Ey,{ {Zout* (y, mq71/2£’ Pw* — mq71m> aQ IOg Zout (yv q1/2€, Q - Q)]

=E,¢ [Zout* (y mq 2, pr — mq’1m> dqV Oy log Zous (y q'%¢,Q - q)}
1

— iEy’g [Zout* (y,mq—l/Q&pW* — mq_lm) (5wfout + fut) (y, q1/2£, Q- q)}
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leading to
Q = —2C¥6Q\Ijout

=—ally ¢ [Zout* (y,mq_mapw* - mq_lm) O fout (y,q1/2§7Q _ q)} —q. (Iv:29)

Equation over ¢
030 = OFe |2y (1126 g i) log 24, (4%€,Q +4) |

_ z..
= Eg aqw*awzw* log Z,, + (%V*aVZW log Z + 7 (&;w@wzw + 8qV6VZW)]
- 262

=E¢ |- 2 G2 e 2y log 2y + ——— q (O fn + for) Zur log 2

ol CURET N (ORI zwﬂ

= Be [~ 24820 (o B log 20) + A (0 fu + 12.) 2o o 2

+ (;qlﬂag (fwZw) — % (B fo + £2) Zw*)] (Stein lemma)
= %]E5 (1122472 (O forr 2w 108 2y + Zr fai log Zyy — (Ow furr + far) 2o log Zy)
=G Zyr fur o+ (MG 2 fofur + ZarOufor = (O for + 13) Zuv) ]

1 . 2
- —511*35 [zw* (mq*ﬂg,mq*m) fw (cjl/ 26,Q + é) ] (Simplifications with (TV:23))

leading to
¢ = 20,0, = K [ZW ( 126 g )fw( 1/2¢ q+Q) } (IV.30)

Equation over m
Uy =0 Eg[ s (mq 12¢ 1ng 1m) log 2. (A”%QM)}
= E¢ [(05w* 0w Zwr + 05V Oy Zyv ) log 2]
= Be (0712w o =G (Oufur + f2.) 2 ) log 2]

=E¢ [mg~ Y0¢ (forr Zwr log Zy) — (O furr + for) 2w log Zy] (Stein Lemma)
=Ee¢ [mG " (0w fur w108 2y + Zys fon 108 2 — (O fur + fon) Zwr log Ziy)
+ 2w for fo]

— B¢ [ 2, (g2 mg i) foe (a2 g~ m) £ (6%, Q + ) |
(Simplifications with (TV:23)))
leading to

m = 205,%, = B¢ |2 (™26 g m) S (g~ 2 mg i) fu (1/%€,0+ Q)|
Iv.31)

Equation over ()
0V (Q11,4) = Oge [Zue (g2, g i) log 24 (4'/%€,Q +4) |
— Ee {zw* (a2 ) 50900020 (426, + q)}

- _%Eg {Zw* (mg 1/2¢ mq—lm) (0 fu + fi)} (with (IV25))
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hence

Q = —20,0,, = Eg [ZW* (mqﬂ/%, mq*m) B, fu (q“"’g, g+ Q)] +q. (IV.32)
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V Applications

In this section, we provide details of the results presented in Sec.[3] In particular as an illustration,
we consider a Gaussian teacher (py+ = 1) with a noiseless sign activation:

Pout*(y|z) = 6(y7 Slgn(z)) ’ Py (’UJ*) :Nw* (Ova*) ) (V.1
whose corresponding denoising functions are derived in eq. ([.22)) and eq. ([.24).

Remark V.1. Note that performances of ERM with {5 regularization for a teacher with Gaussian
weights Py (w) = N, (0, 1) or binary weights Py (w) = 5 (0(w — 1) 4 6(w + 1)), will be similar.
Indeed free entropy terms Vs, eq. (IN.16)) for a Gaussian prior (IV:22)) and for binary weights (IV.24))
are equal in this setting, so do the set of fixed point equations.

V.1 Bayes-optimal estimation

Using expressions eq. and eq. ([.24), corresponding to the feacher model eq. (V-I)), the prior
equation eq. (IV.2T)) can be simplified while the channel one has no analytical expression. Hence the
set of fixed point equations egs. ([V:23) for the model eq. (V1)) read

v
1+ ¢y

2
qb = ) Cjb = aEy,£ |:Zout* (Zh q113/2€7pw* - qb) fout* (y7 qkl,/Qé_,pw* - Qb) :| . (V2)

Large o behaviour Let us derive the large a behaviour of the Bayes-optimal generalization error
eq. that depends only on the overlap ¢y, solution of eq. (V.2). g, measures the correlation with
the ground truth, so we expect that in the limit o« — oo, g, — 1. Therefore, we need to extract the
behaviour of gy, in eq. (V.2). Injecting expressions Z,u4+ and foue+ from eq. (L22), we obtain

2
(ib = OéEy,& |:Zout* (% q];l,/gga 1- qh) fout* (y, %1/257 1- qb) :|

qb£2
TT-qp

Nﬁg(o, 1-— qb)2

=2a [ Déy? = D¢ :
/ §<1+erf<‘/qT’5 >) Wl_qb/ (1+erf<*/q7"5 ))

V2(1—qp) Vv2(1—qp)

where the last integral can be computed in the limit ¢, — 1:

€2 (ap+1)
fE —e 2(0—ap) 2(1—gqyp)
/Df /df V2o
V@
(1+erf< %2(1 — )) <1+erf< %>)
£2
—_el—ap
Jon Y 1-— qb Co
~ df 1- qb
14 erf £ 1+erf ) v2m
V2(1—qv)
with ¢y = f dn—=t——— =~ 2.83748. Finally, we obtain in the large o limit:
e JE)
b=k S Qb = L
VIi—a’ L+Gy’
with k = f;L ~ (.720647. The above equations can be solved analytically and lead to:
1
Qb:*<ak\/m—012k2> ~ 1-—=, @ = k*a?,
2 a—oo a?k?
and therefore the Bayes-optimal asymptotic generalization error is given by
: 1 11 04417
bayes _ - ~
eg VP (a) = 7Tacos(\/qT)) i e (V.3)
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V.2 Generalities on ERM with /5 regularization

Combining the teacher update for Gaussian weights eq. with the update associated to the
{5 regularization eq. ([.24), the free entropy term can be explicitly derived in (IV.22)). Taking the
corresponding derivatives, the fixed point equations for m, ¢, ¥ eq. are thus explicit and
simply read

1 w2+ w17
., =t Te gy o P (V.4)
A+ (A+X)? A+
All the following examples have been performed with a ¢, regularization, so that the above equations
(V.4) remain valid for the different losses considered in Sec.[3| In the next subsections, we provide
some details on the asymptotic performances of ERM with various losses with /5 regularization and
pW* = 1.

In general for a generic loss, the proximal eq. ([.I2) has no analytical expression, just as the fixed
point equations (IV.20). The square loss is particular in the sense eqs. have a closed form
solution. Also the Hinge loss has an analytical proximal. Apart from that, eqs. (IV.20) must be solved
numerically. However it is useful to notice that the proximal can be easily found for a two times
differentiable loss using eq. (L29). This is for example the case of the logistic loss.

Y=

V.3 Ridge regression - Square loss with ¢, regularization

The prior equations over m, g, > are already derived in eq. (V.4) and remain valid. Combining
eq. ([.22) for the considered sign channel with a potential additional Gaussian noise A* in (V.1)) and

the square loss eq. ([26), the channel fixed point equations for §, i, 3 egs. lead to

wo_ Lt 5=
A+ S+1
2 + G O (AtgtAn) -2y s
— — L =a .
NS ! (T+1), V-2)
i a2
mf>\+2, mf2+1.

V.3.1 Pseudo-inverse estimator

We analyze the fixed point equations eqs. (V.5) for the pseudo-inverse estimator, that is in the limit
A= 0.

Solving > Combining the two first equations over X and Sin (V.5), we obtain

A—12+4—a—-A+1 1-— -1 1 1
goVetA-DP+A-a-Atl | d-atla-l] 1latl N g0
2\ A—0 2\ loo — 1
that exhibits two different behaviour depending if & < 1 or a > 1.
Regime oo < 1 In this regime « < 1, eq. (V.6) becomes
1-«a «@
E =
A + 1-a’
that leads to the closed set of equations in the limit A — 0
(1—-a)?+ar 1 -« - (1—-a)ar Aa
Y= z , Y= ~ ,
AM1l—a) (a—1)24+Ax501—a
a(l - a) \/7 \/7 R /\a\/g )\a\/g V)
m= ~ ) :
A—&— 1—a)V maso0 T A+ (1—a)r=0 1—«
_a(m(l+A%) —20) . aX(2(a—=2)a+7(A*+1))
q)\:>0 l—a) 13507 7l-a)l-a+A?
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Hence we obtain for o < 1:

mpseudo . g qpseudo _ O[(ﬂ'(l + A*) — 2&) (VS)
Vo (1l — )
and the corresponding generalization error
: 1 2a(1 — @) .
ud _
egse o (a) = ; acos ( 71M*)20¢> ifa<l. (Vg)

Note in particular that egse“do (@) — 0.5, meaning that the interpolation peak at o = 1 reaches the
a—

maximum generalization error.

Regime oo > 1 Eq. (V.6) becomes

g Ltfatl N\ _Llfatl N 1
2\a—1 2\a—1 a—1

In the limit A — 0, the fixed point equations eqs. (V.3)) reduce to

N4l= 0‘1, S=—a-1,
o
(04—1)2%—1—@ ~ o — 2 *
T q:( ) (I+qg+A%)—=1], (V.10
2 2
=4/Z h=(a—1)4/2.
m — m=(a—1) -

In particular we obtain for o > 1:

, 2 ; 1 2
mpseudo — — qpbeudo — (1 + A* + - (Oé _ 2)) , (Vll)
™

s a—1

and the corresponding generalization error

1 a—1
pseudo _ .
ed (a) — acos <\/72r ATA) T (0 2)> ifa>1. (V.12)

Large o behaviour From this expression we easily obtain the large o behaviour of the pseudo-
inverse estimator:

pseudo )_l ] a—1 1 (14 o\ 1?2 e
G WERMWIarA) F(a—2)) " a—1 a5 Vo

where C = 3 (1+A*)—1landc= @ In particular for a noiseless teacher A* = 0, ¢ = 72:22 ~
0.240487, leading to

S () = 0'\22)5 ) (V.13)
V.3.2 Ridge at finite \
Let us now consider the set of fixed point equation eq. for finite A # 0. Defining
to=+v/(a+X—1)2 +4)
ti=(to+a+r+1)""
ty =/2(a+ DA+ (o — 1)2 + A2
ts=(t2+a+A+1)""
ty=+va2+2aA—1)+ (A +1)2,
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the equations can be in fact fully solved analytically and read

1t0—a—)\—|—1

=3 )
A 1
E:§(t0+a—)\—1)
2 (78a2t1+2a+7rA*+7r)
q:

@2 +a(ta+22—=2)+(A+1)(ta+A+1))’

G=(4aX(m(A* + ) (ta+ (a0 + A) (2 +a+ A) + 21+ 1)
— 8atz(ta+ (@ + A) (V2(a+ DA+ (0 — 1)2+ A2 + a + \) +2X) — 8ats + 4a?)),

2\/204
T

m=——
to+a+A+1

- 2\/204)\

T to—a+A+1°

Generalization error behaviour at large o Expanding the ratio % in the large «v limit, we obtain

m C ™

— ~1——withC=-(1+A") -1

i 55 M 5 (1+A%)
leading to

; 1
egdgc)‘ (o) = — acos (m) ~ -~ withe= @ . (V.14)
™ V) a=oo \Ja ™

Thus, the asymptotic generalization error for ridge regression with any regularization strength A > 0

decrease as 0'\2/5?5, similarly to the pseudo-inverse result.

Optimal regularization The optimal value A°P'(«v), introduced in Sec. [3] which minimizes the
generalization error at a given o can be found taking the derivative of ﬂq and is written as the root of

. . Vi
the following functional

. m a1a9
F[Oz7>\,A]=8>\<\/a>: 2

aszay

with

as
=—4
“ a\/a2+a(t2+2)\—2)+()\+1)(t2+)\+1)’
ag:2(a2t3+a(2)\t3+(t2+2)t3—1)+()\+1)(t2+)\+1)t3)—77(1+A*),
o
3_t17
CL4=O&<2—8ﬁ1)+TF(1+A*) .

Unfortunately, this functional cannot be analyzed analytically. Instead we plot its value for a wide
range of « as a function of A (for A* = 0) and we observe in particular that there exists a unique
value \°P* ~ (0.570796 as illustrated in Fig. [1| (left) that is independent of . As an illustration,
we show the generalization error of ridge regression with the optimal regularization A°P* = 0.5708
compared to the Bayes-optimal performances in Fig. [I] (right).
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a=1 — a=30

a=2  —— a=50
—351 a=3 —— a=100
— a=5  —— a=1000
—— a=10  ==- A°Pt = 0.570796
— =20 H
—40 - . 1,
0.5705 0.5706 0.5;07 0.5708 0.5709
0.5
0.4
0.31 1071

0.2

0.14

1073 1072 107! 10° 10! 10?

0.0

20 40 60 80 100

«
Figure 1: (Left) Absolute value of the derivative of m/,/q with respect to A plotted in a logarithmic
scale. \°P! is reached at the root of the functional F'[c, \] that corresponds to the divergence in the
logarithmic scale. Plotted for a wide range of «, the optimal value is clearly constant and independent

of a. Its value is approximately A°P* ~ 0.570796. (Right) Bayes-optimal (black) vs ridge regression
(dashed red) generalization errors with optimal £ regularization A\°P* ~ 0.570796.

V.4 Hinge regression / SVM - Hinge loss with ¢, regularization

The hinge loss [""8°(y, 2) = max (0,1 — yz) is linear by part and is therefore another simple
example of analytical loss to analyze. In particular its proximal map can computed in eq. (.27) and
the corresponding denoising functions read:

: 1-3
yifly < i

fous (y,ql/Qé,E) R R R

0 otherwise (V.15)

1:p1-3 1
—pif g < fy < 7a
awfout (y7q1/2§72) =

0 otherwise

The fixed point equations eq. (IV.20) have unfortunately no closed form and need to be solved
numerically.
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V4.1 Max-margin estimator

As proven in [[7]] both the hinge and logistic estimators converge to the max-margin solution in the
limit A — 0 as soon as the data are linearly separable. We will start with the fixed point equations for
hinge, whose denoising functions (V.13)) are analytical. Taking the A — 0 limit is non-trivial and we
need therefore to introduce some rescaled variables to obtain a closed set of equations. Numerical
evidences at finite o show that we shall use the following rescaled variables:

m=00N), §=0(\), T=001), m=0(1), ¢=0(), T=0(\1).

The fixed point equations eq. ([V.20) simplify and become

m m2+ 4 1
= —=, q=————=—, E:f,
143 (14 %)2 143 (V.16)
. 2 R 2a - 2c
m=Iulen), §=xTa@n), E=FIx(emn,

with

%@mz/}%m<>%( J>O—JO

o) ) v

V.17)
L
Iq(q,n)z/ dENE(0,1)5 <1+erf< 20 ))(1\/?15)2
Vi
Ii(q,n)z/ dENg(0,1) = <1+erf< 20 )) .
Large o expansion Numerically at large o (and A — 0), we obtain the following scalings
¢=0(?, m=0(a), T=0(1), ¢=06(1), m=06(a), Z=0(). (V.18)
Therefore, in order to close the equations, we introduce new variables (cq, Cn) such that
_ 2 _ Cn
= cqa”, n=1-—. (V.19)
a—00 «
In this limit, we can extract the large o behaviours of integrals Zy5,, 75, Zs::
I?O(C vC ) I(?o(clhcn)
Ta(an) =T legen) . Tolam) = 10 To(qn) = 20 (V20)
where 27, 72°, 72° are ©(1) and read
_ 1
. Ve <erf (\/5 16"%) + 1) +2¢” %0 [CrCy
m (Cqs Cy) = e )
~Teyeg o 1 3/2
e e Zoneq (\/277(3cncq + 1)e?nca (erf(\/i Cncq) —+ 1) + 4(cyeq)? + 2 /cncq)
¢ 127, /cq ’
. Vor (e (k) 1) 2T e
Ii] (Cq,Cy]) = 471_@ .
V.21)
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Hence the set of fixed-point equations eq. (V.I6) simplifies to:
ﬁ: _ 21—2930(0117 CU)
1 =222 (cq, cn)

2017
5y = M m:QOLIO*O(C(pCTI)

Y=1-2I(cq,cy)

1 =2I(cqy0) m (V.22)
. 272°(cq, C) - -
q= Rkl 5 g =40’ (T3 (qucn))2+QIq (cgs ),
(1 — 2T (e, c,,)>
which can be closed by rewriting the equations egs. (V.19):
pe g I en) 1
q a? 2(Z(cqrcy))? 0% (V.23)

q = cqa® = 40 (I3 (cq, Cn))2 .
Equivalently (cj, cy) is the root of the set of non-linear fixed point equations (£, (cq, ¢,), Fy(cq, cy)):

IE;” (cq» Cn) _ o 2

Fy(cqscn) D ool w2 %o Fyleg, en) = 4(ZL3 (cq,0))” — g5 (V.24)
2(Z3 (cq: cn))

that cannot be solved analytically. However a unique numerical solution is found and lead to
(cr,cr) = (0.9911, 2.4722). Therefore the generalization error of the max-margin estimator in the

™ N L
large o regime is given by

eglaxfmargin(a) = %arccos (\7@) = %arccos (1 — Zz) = g , (V.25)
with K = @ ~ (0.5005, leading to
epaxTmmargin (o) = 0‘5305 . (V.26)
V.5 Logistic regression
The logistic loss is a combination of the cross entropy loss I(y,z) = —ylog(o(z)) — (1 —

y) log(1l — o(2)) with as sigmoid activation function o, that simplifies for binary labels y + 1
to ['o8istic(y 2} = log(1 + exp(—yz)) with the two first derivatives given by
2 2
ogistic Y 27logistic Y Y
9, [losist ,2) = ——— 0z1'°s ,2) = = .
(v, 2) e*v + 1 z (v, ) 2(1+cosh(zy))  4cosh (£)

Its proximal is not analytical, but it can be written as the solution of the implicit equation (L28)
providing the corresponding denoising functions ([:29). Solving the fixed point equations (IV.20), we
obtain performances that approach closely the Bayes-optimal baseline as illustrated in Fig. [2| (left).

V.6 Logistic with non-linearly separable data - A rectangle door teacher

The analysis of ERM for the linearly separable dataset generated by (V.I) reveals that logistic
regression with /5 regularization was able to approach very closely Bayes-optimal error. Therefore
it seems us very interesting to investigate if logistic regression could perform as well on a more
complicated non-linearly separable dataset obtained by a rectangle door channel

. ( 1o
= sign | |—=Xw
Y va
This channel has been already considered in [1]] and we fix the width of the door to kK = 0.6745 to
obtain labels 1 with probability 0.5. We then compare the ERM performances of logistic regression

with /5 regularization to the Bayes-optimal performances given by (V.2)) with denoising functions
derived in eq. (I.23)). We show in Fig. 2| (right) the comparison only for an arbitrary hyper-parameter

— K) . v.27)

33



€g

0.4

0.31

bayes

€

map __

0.0125 4

0.0100
50

0.0075

0.0050
0

0.0025

0.0000

0.0

i

T
2.5

T
5.0

T
7.5

10.0

A=0.001
A=0.01

A=0.1

A=1

A=10.0

A=100.0

A=0 Max-margin
Bayes

0.2

0.1

10
«

0.4

0.31

€g

0.2

0.14

—— Bayes
A=0.01
A=0.01 sim.

0 1

0.0

(S

«

Figure 2: (Left) Logistic regression - Generalization error as a function of « for different regulariza-
tions strength \. Decreasing ), the generalization error approaches very closely the Bayes-optimal
error (black line). The difference with the Bayes error is shown as an inset. Logistic flirts with
Bayes error but never achieves it exactly. The asymptotic behaviour is compared to numerical
logistic regression with d = 10% and averaged over n, = 20 samples, performed with the default
method LogisticRegression of the scikit-learn package [§]]. (Right) Rectangle door teacher with
k = 0.6745 - Bayes-optimal generalization error (black) compared to asymptotic generalization
performances of {5 logistic regression (dashed yellow line) and numerical ERM (crosses).

A = 1072, as results are similar for any regularization. As we might expect, the logistic regression is
not able to reach the Bayes-optimal generalization error. Both Bayes-optimal and ERM performances
are stuck in the symmetric fixed point m = 0 up to a;; ~ 1.393. Above this threshold it becomes
unstable and Bayes error decreases to zero in the a — 0 limit, while the logistic regression with
arbitrary A remains stuck to its maximal generalization error, meaning that in this non-linearly
separable case, the logistic regression largely underperforms Bayes-optimal performances.
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VI Reaching Bayes optimality

In this section, we propose a derivation inspired by [9-18]] of the fine-tuned loss and regularizer (17)
discussed in Sec. 4] We assume that the dataset is generated by a teacher such that Z,u¢+ (., w, .)
and Z«(7,.) are respectively log-concave in w and 7. The derivation is based on the GAMP
algorithm introduced in [2] for the model eq. (I)), that we start by recalling.

VI.1 Generalized Approximate Message Passing (GAMP) algorithm

The GAMP algorithm can be written as the following set of iterative equations that depend on the
update functions (L.6):

1 Ag = _é Zz:l Xiiawfgut,y
W= fu(y' A
" , ’73 = ﬁ ZZ:l Xﬂiféut,ﬂ + AiUA)f
&t =0, fu (4, AY) and : (VL)
t _ 1y\~d 2 At
¢ f ( . Vt) V/J« —d Zi:l Xuicw,i
= 7w )
out out (Y u.}t _ 1 Zd X ‘UA]t _ Vt t—1
BT =1 Mg pJout,u

It has been proven in [|19] that the GAMP algorithm with Bayes-optimal update functions fy, = fiy+
and fout = fout+ (L8) converges to the Bayes-optimal performances in the large size limit. Yet
the GAMP denoising functions are generic and can be chosen as will depending on the statistical
estimation method. In particular we may choose the denoising functions for Bayes-optimal estimation
(L8] or the ones corresponding to ERM estimation (L.12)

F¥E (1, A) = 0y log (Zy+)

f:jges (y7 w, V) = aw log (Zout*) )

fomr(y Ay = A7ty — A_laA—l,\/MA—l [r()] (A™1y),

erm,l

fout (y7w7 V) = _8WMV[l(y7 )](w) )
whose corresponding GAMP algorithms (VI.I)) will achieve potentially different fixed points and
thus different performances. As it is proven that GAMP with Bayes-optimal updates lead to the
optimal generalization error, so that ERM matches the same performances it is sufficient to enforce
that at each time step ¢ the Bayes-optimal and ERM denoising functions are equal fPaes = ferm,

Enforcing these two constraints will lead to the expressions for the optimal loss [°P* and regularizer
r°Pt, so that ERM matches Bayes-optimal performances.

(V1.2)

VI.2 Matching Bayes-optimal and ERM performances

Imposing the equality on the channel updates we obtain

bayes rm,l
fm?tye (y,w, V) = f§ut (y’ W, V) And 801 1Og (ZOUt*) (y>wa V) = _awMV [lopt (y’ )] (w) :
Integrating, leaving aside the constant that will not influence the final result, and taking the Moreau-
Yosida regularization on both sides, we obtain:

My [log Zoues (3, V)] (W) = My [-My [I°°* (y,.)] ()] = =1 (y,w) ,
where we invert the Moreau-Yosida regularization in the last equality that is valid as long as
Zout+ (Y, w, V') is assumed to be log-concave in w, (see [[11]] for a derivation). We finally obtain
)2
1P (1,2) = =My 1 (Zow) (5 V)] ) = = min (50 4108 Zos (1) )
(VL3)

Let us perform the same computation for the prior updates. First we introduce a rescaled denoising
distribution:

) 1 1 _1.\2
Quwr(w;y,A) = =————— Py« (w)e‘iA(“’—A +) 7

Sl 1 (VL4)
log (Z~w* (7 A)) =1log (Zw+(7,A)) — §A_172 7
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so that the the prior updates read

f‘?,ayes (7, A) = 0y10g (Zw+) = Ay + A_18A71,Y log (ZNW*) ,

FE™T (1, A) = Paa [r] (A1) = A7y = A7100 -1, My [r] (A7)
Imposing the equivalence of the Bayes-optimal and ERM prior update,

JEE (4, A) = 3T (,8) & Oa-iy Tog (B ) = =0a 1, Mas [FP] (A1), (VL)

(VL5)

and assuming that Z, (v, A) is log-concave in 7, we may invert the Moreau-Yosida regularization,
that leads to:

Pt (A1) = =My [log (2 ) (247 | (w) (VL7)
o ((w= AT 8 A S
= /{11111; (21\1 +log Zyw+ (v,A) ) = min §Aw yw + log Zy« (7,A) ) .

The last step, is to characterize the variances V' and A involved in (VL.3) and (VL7) that are so far
undetermined. To achieve the Bayes-optimal performances, we therefore need to use the variances V'
and A solutions of the Bayes-optimal GAMP algorithm (VLI)). In the large size limit, these quantities
concentrate and are given by the State Evolution (SE) of the GAMP algorithm, that we recall herein.

State evolution of GAMP In the large size limit, the expectation of the parameter V' and A over
the ground truth w* and the input data X lead to [[19]:

By x [V] = pwr — v, Ew:x [Al = b, (VL8)

where g, and i, are solutions of the Bayes-optimal set of fixed point equations eq. (13).

VI.3 Summary and numerical evidences

Choosing the fine-tuned (potentially non-convex depending on Z,,¢« and Z+) loss and regularizer

(z —w)?

1°P (y, 2 :—min( + log Zousr (¥, w, pw+ — )
(y,2) P T o (Y, w, pur — @)

) (VL.9)
r°P! (w) = — min (Qtibwz —yw +log Zy- (7, éb)>
ot
with ¢, and i, are solutions of the Bayes-optimal set of fixed point equations eq. (I3]), we showed
that ERM can provably match the Bayes-optimal performances. In particular we illustrated the
behaviour of the optimal loss and regularizer A\°P* and r°P* for the model (2)) in Fig. of the main text.
Note in particular that even though the loss [°P! is not convex (but seems quasi-convex), numerical
simulations of ERM with (VL.9) (black dots) presented in Fig. [3|show that ERM achieves indeed the
Bayes-optimal performances (black line) even at finite dimension.
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Figure 3: Generalization error obtained by optimization of the optimal loss [°P* and 7°P* for the
model (2), compared to ¢5 logistic regression and Bayes-optimal performances. Numerics has been
performed with scipy.optimize.minimize with the L-BFGS-B solver for d = 10® and averaged
over ns = 10 instances. The error bars are barely visible.
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